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1. Introduction and Summary

The A,

M = 1650 MeV seen in the three-pion spectra of several ex-

. - . * + + - .
periments [[j on the reaction ' p > m n 7 p. The dominant

also called w(1640o), is an enhancement with mass

decay mode has been found Bﬂ to be fn, from which isospin

I = 1 and G-parity -1 are established. The spin and parity

of this resonance are not yet known. They are usually assumed
to ve J° = 27, since the center of the A, peak is only 2ho MeV
above fn threshold and thus S-wave decay is favored. Bartsch
et al. [3] and Caso et al. [4] have analyzed the A,
with special assumptions made on the nature of the nonreso-

nant background. They obtained good fits with JP = 2° but could

decay

not exclude other JP values of the unnatural series. Evidence

. . +
against JP = 1 has recently been reported by Paler et al.[%].

In this paper we describe the result of a similar analysis as
the one by Bartsch et al.[3]. We too obtain, from our data,

the best fit for JP = 2" of the A3. An addition - and this is
the main topic of this paper - we present a more general ana-
lysis of the JP quantum numbers of the 37 states in the mass
range around the A3 mass Bﬂ. In this analysis we do not treat
resonance and background separately. Rather, we make partial
wave fits in order to determine the contributions to the total
cross section of the various spin and parity states, as a funec-
tion of the mass of the three-pion system., The reaction studied
is ﬁ+p + ﬂ+ﬂ+ﬂ-p at 11,7 GeV/c incident momentum., Here, the
signal to background ratio {about 1:2) for the A3 bump is bet-

ter than in most other experiments.

As a result we find that,if we exclude the possibility of

J 2 %, then ¥ = 27 is the only possible quantum number assign-
ment for the A3 » f7 state., Indeed in the 27 fn partial wave we
find a broad enhancement, 2co-4oo MeV wide, starting from fu=
threshold, We find no significant evidence for either_Q— pT

or 2° em states in the A3 mass region. Therefore we cannot ex-
clude the possibility that the A3 is a frm Deck-type enhance-

ment [i]. Besides the 27 frn state a leading partial wave is



+ . \ .
1" pn (S wave), throughout the mass region studied, ¥o sig-
nificant contributions from natural JP states are found. The
2" to the A3(16ho) fits well into the

assignment of JP
quark model scheme, where it is interpreted to be the isospin 1

member of the L = 2, spin singlet, C = +1 cctet,

2. The Three-Pion Mass Spectrum

The data are from 200 000 pictures of the CERN 2m hydrogen
+
bubble chamber exposed to a 11.7 GeV/c 7 Dbeam. Of the reac-

tion
+ -
T p > 2 Ps (1)

7520 events were obtained {lc fits), corresponding %o a cross
section of (1.45 + 0.15) mb. Other aspects of reaction (1)
have already been published [8]. Fig. 1 shows the dis-
tribution of the effective mass of the three pions from this
reaction. One sees a broad enhancement between looo MeV and
1400 MeV, and then the A3 as a distinct peak at 1650 MeV. In
the n+p effective-mass distribution [g] one observes sirong
A++(1236) production. We remove the A++(1236) by eliminating
all events that have M(pﬂ+g) < 1450 MeV and cos@(pn+£) > 0.97,
where @(pﬂ+£) is the CMS angle between the initial state proton
and the final pﬂ+£ system; by ﬂ+£ wve denote the ﬂ+ in the final
state that has the larger four momentum transfer from the in-
cident n+. This leaves L4252 events, shown hatched in fig. 1.
From fits to this histogram in the A3 region we obtain values
of M = (1660 * 25) MeV and I'= (190 £ 100) MeV for the A jen-
hancement} the production cross section is gy = (50 i ?g)ub.

. . s 3
The quoted errors include uncertainties due to the background

subtraction.



3. Formalism

In this section we give a brief outline of the analysis pro-
cedure, The formalism and methods employed are similar to

those used in other three-particle partial wave analyses | 9].
We factorize the total amplitude for the reaction

m. + N. > (3n) + No

in in ut

into a production amplitude AKM(gé) and a decay amplitude

BKM(fﬁ) of the three-pion system (fig. 2)‘

amplitude = E A, (%) BKM(xd) (2)

Here x_ 1is the vector of the production observables
2 2 2 2
= R + . = R - I = R -
(s (ﬂln Nln) > b (Nln Hout) i m31I (ﬂln * Nin Hout) '
and thj spin and isospin projections of L Nin’ and Nout)’
while X4 is shorthand notation for the three-pion observables
(for which we may take e.g., the total mass LI two of the

three two-pion effective masses, the Euler angles ¢ , 0 , and ¢

This factorization is a purely formal property., It does not
imply dynamical assumptions, such as the absence of quasi-two=

body production of the type =, N > {2n){(m)., It is believed

that this follows from a geneizlizztion, to four particles, of

the properties of three-particle states (G.C. Wick, Ann. Physics
18, 65(1962))., Dynamics enters if e.g. one terminates the partial-
wave sum, say at small J; if one assumes relations between phases
and magnitudes of some of the partial waves (as would be appro~-
piate for resonant (315) states); or if one associates a physical
picture with the parts of the amplitudes we called "production"

and "decay" parts.



that describe the spatial orientation of the three-pion con-
figurationwith respect to the "production configuration" of
the particles Tin? Nin and,nout’ and the charges of the pions).

K is a set of quantum numbers of the three-pion state,

I
n

(1,0,L,, T, 8.} (3)

with I = isospin, J = total angular momentum, La = orbital an-
gular momentum of pion a with respect to the dipion {be); I,

and & _ are isospin and orbital argular momentum of the dipion
{(be); finally a,b,c is an even permutation of 1,2,3. Further
guantum numbers are the spin projection+M = JZ iwith tle quanti-
L and Hout)’ and the

. . . . >
zation axis fixed with respect to T

isospin three-component I3 = i31 + i32 + i33, the latter being
fixed by the isospin-threec-components i3a of the three pions.
The sum in equation (2) is done such that the Bose symmetry re-

quirements for the pions are satisfied.

We now write down the explicit expression for the decay ampli-

tude

B. (x.) = <P i. p.i.. p i
M xd - pa 3a pb 3b Pe 2e

|T|x I, H> (%)

using suitable projecction operators., We rotate coordinates by
¢, © and ¥, project on to an a+(bc) helicity state [ﬁdj, and
sum over all helicities A, of the dipion (be). We then project
the (be) diparticle state with definite angular momentum 2,
and heltieity Aa on to a plane wave state. Finally we have to
project out a definite orbital angular momentum La and an iso-

spin I, by suitable Clebsch-Gordan coefficients. The result is

> _ 1 1 . L4 L4
(x3) = 13 /Téza+1)(2La+1) <113b,113011813a> <Ia13a,113a}113>

+*

s *

® (?a’ﬁé’—Pa) E DJ
a0 m

Bey

(¢a’ea’_¢a)

J {<L 038 ,=x_ |J,=r_> D
a a a a M=)

l ]

a

DiM (9,0, wﬂ oK (m? n°. , m? ), (5)



where Ga,¢ are polar and azimuthal angles of p in the

rigid-body system; 3’ ? polar and azimuthal angles of pb

in the rest frame of the diparticle (bc), taking the direction

of ;a to be the =z axis., All of th;se angles only depend on
and on the total three

be
. The reduced matrix element (the partisl wave

the Dalitz plot variables mib and m

pion mass g

amplitude) T contains the dynamical dependence on the effec-
tive masses of the pions. It is characterized by the quantunm

number set K but is independent of 13 and M,

We assume the dynamical dependence of the amplitude to be de=-
termined by centrifugal barrier penetration factors [11] and
s Watson final-state factor [12] for the interacting pion

pair (bc). Thus we take the reduced T matrix element to be
1
+ - - -
La 2 Qa !

K( 2 2 2 ) = q exp{id. )siné

S m3ﬂ;m12’m23 3, a be be

vhere P, is the momentum of pion a in the three-pion rest
system, q_ the momentum of b in the (bec) rest frame, and

6bc the elastic be scattering phase shift. We took inteo
. -, .
account only the three resonance-dominated # 7 1nteractions

1

described by 62, §. and §2. The phase shifts 6; were para=

metrized as 2—wave1Breit—§igner resonances [1{] e, p, and f,
with masses and widths of m_ = Too MeV, ?E = 450 MeV; mp = 765 lieV,
Pp = 130 MeV; and m, = 1265 MeV, Fp = 150 MeVy a radius of
interaction of 1 F was assumed.

The observed distribution of the three~pion variables ;d is
obtained by 1ntegrat1ng/summ1ng the modulus sguared of the

amplitude (2) over a region in xp space, at fixed mgﬁ:

> > > =Y
c(xd) «‘[;xpf y AKM(xp) BKM(xd) |
KM
= E P, 1t 3
KiK' KM,K'M KM(x ) BK y,( a) (67
vhere
=
PR KM ax . Ary (x ) 54 u,(xp) (1)



is the {unnormalized) density matrix of the three-pion state
produced. Parity conservation halves the number of indepen=-

dent elements of this matrix.

A completely general spin parity analysis of the three-pion
system would involve determining this density matrix

Pin, KM from the data, as a function of My e Actually this

is a hopeless task. Using only the most important partial

waves (the ones we actually took into account in this work,

see below)}, one would have to determine > looo independent

real parameters at each m31T value.

In order to reduce the number of parameters one integrates over
some of the kinematic variables., Integrating e.g. over the
Dalitz plot one keeps only the Buler angle (¢,0, and¥) distri-
bution [13]. We have studied this distribution in a general way

but did not reach unambiguous conclusions from it (see end of

section 4).

Another possibility is to integrate over ¢,0, and ¥, thus con-
sidering only the Dalitz plot distribution. This turned out to
be more successful in this experiment. Due to the orthogonality
of the D;M(¢,O,W) only terms with J = J', M = M' in (6) sur-
vive, and the integral of the product By, B*K'M' becomes in-
dependent of M. Therefore after integration over the Euler
angles, (6) takes the form

) (8)

2 2y ' 2 2
olms, ) ) Trogyr (g Wyyr{mggsm smag

3Myostlsg {2
K,K'

{with J=J')

wvhere the trace is with respect to M, and where

2

_ > 2 ->
23) = fd@dcosedw BKM(xd) BK,M,(xd). {9)

2
Fyge({mgpsmyp, o
Using invariance under space reflection one finds further that
only states with the same JP interfere in (8). As a simplifica=-

tion we assumed that the density matrix factorizes in the form



¥

TerK,(m3“) = aK(m3w) & K'(m3ﬂ)]

This is equivalent to assuming complete coherence between
the three-pion partial waves with the same J¥ but diffe-
rent La and Ra’ in the restricted subspace of production

variables considered{i.e. a small range of t and'm3“).

We now briefly summarize our formalism., We consider the

Dalitz plot distribution of the three-pion system in reaction
(1). As gquantum numbers we use the relative orbital angular
momentum L between n: and the pair (n;n-); the angular
momentum & of the pair (ﬂ+n-); and the spin J of the
three-pion state, with F =17+ %. The parity is then given

by P = (-1)L+£+1. We take the isospin of the positively char-
ged three-pion system to be 1, These quantum numbers are
sufficient to define the kinematical behaviour of the matrix
element for decay of the three-pion system. As for dynanmics,
we assume a final state n+n— interaction dominated by the
pion=pion partial waves that resonate in the region of availab-
le energiés, i.e., by Gg, 5: and 5; (dominated by the e,po and
f resonances, respectively). We further assume that the matrix

element is proportional to the threshold barrier penetration

factor appropriate to angular momentum L.

Y. Results

In our partial wave analysis we have included all amplitudes

that have L + 2 z 3, assuming that the higher orbital angular
momenta are suppressed by centrifugal barrier factors. (We have
however not restricted L to the smallest possible value for
given £ and JP). Since the A3 has dominant fw decay, the
amplitude with JP =0, L=4%=2, and I“+n— = 0 was also in=-
cluded. This gives 16 different partial waves. The expression (8)
was fitted to the data in each loo-MeV bin of the three-pion mass

separately, using the maximum~likelihood method. We have left



the phases between the different amplitudes free in the fit,
This leads to a total of 26 {(real) parameters to be deter-
mined in each Man bin. In most ma bins we found that-many of
the parameters were consistent with zero., In particular this
was the case for the J& = 1+, pn(L = 2) and for all 3+ partial
wvaves, as well as for the whole natural spin-parity series.
We., therefore repeated the fits without these contridbutions, and
whenever we got results as good as before, we used the results
from the fit with the reduced set of partial waves {15 parame-
ters). To check the uniqueness of the fits, various different
sets of initial values of the parameters were used. We always

obtained the same solutions.

Since we define the best fit by the maximum of the likeli-
hood funétion, we do not obtain a goodness-~of-fit parameter.
In figs. 3-5 we therefore present various t-dimensional
distributions of the data and compare them with the result
calculated from the fitted amplitudes. It is seen that there
is satisfactory agreement between the data and the fit,

Table I substantiates this by showing the x? values for the
histograms of figs. 3-5. Except for the mass bin of 1800-190c0
MeV (where higher partial waves may indeed enter) the fits

are excellent,

In fig. 6 we present the fitted contributions of the more
important partial waves as a function of Wy, in the mass
range from 1hoo MeV to 1900 MeV. The ordinate scale is num-
ber of events per bin for the partial wave; note that these
do not exactly add up to the total number of events because
of the interference terms. Those partial amplitudes not shown

in fig. 6 were found to be negligible,

see from fig. 6 that the pn states predominantly have

HWe
P 0) in the whole mass range. The fn states which

3 =17 (1
are known [i,i] to contain the bulk of the AS decay, are seen

It

n
+

-
+

o

ool

Ly}

4]

Hote that of the natural series, only JP

n
]
—
-

non-exotic states because of I = 1 and G



to be predominantly J¥ = 2", S wave. This partial wave

shows a broad peaking, starting from fv threshold at

thoo MeV and centered roughly at 1650 MeV with a width

of the order of 300 MeV. We do not see peaking in any
other fr partial wave. On the other hand, some structure
is seen in the JP = 0 en contribution, We do not yet

know how to interprete this latter effect, which appears
to be quite significanﬁ in our data. However, we note that
the JP = 0  em matrix element is peculiar in the respect
that it does not lead to any characteristic structure
(nodes, zeros or peaks) of the Dalitz-plot density distri-
bution. It therefore resembles a phase=-space distribution
and could perhaps be "faked" by the addition of many in-
coherent small effects with all characteristic Dalitz-plot

structure washed out.

Purning baek to the JP = 2" partial wave, we observe no
evidence for significant pw or en contributions to the A3

{see fig. 6).

We conclude that if (as is generally accepted) we define
the A3 as the state responsible for the fn enhancement near
threshold, then it has quantum numbers gF = o (unless J 2 4)

and a rather large width of 2oco-koo MeV,

To have an independent check of our result that the A3 bump
can only be ascribed to a 2  state, we made a second type of
fit., Here we fitted the Dalitz-plot distribution of reaction
(1) in a m, -dependent way from 1300 to 21c0 MeV, to an in-

coherent sum of the following contributions:

(a) A Breit-Wigner tail of the A2.

+ + .
(b) 3%, 0°n" ana £ backgrounds, with the m dependence

3n
described by phase space multiplied by polynomials

whose coefficients were fitted,

(c¢) A Breit-Wigner resonance for A3, with possible decay
modes fa,pn and en (including interference terms in
the overlap regions), using the three-pion decay-matrix

elements for I = 1 with a definite JP.



This is not as general as the previous fit, since we use

the additional assumption that the "background" under the

A3 has some smooth {polynomial) depehdeice on m, éapart

from the fn threshold factor), and that only one J contri-
butes to the 1650 MeV A3 bump. We indeed find the best fit

for JP = 27, Some L distributions (with various cuts) and
the m +t -~ Mass distributions in various W ranges, as ob=
tained from the best fit, are compared with the dats in fig.T.
The next-best solution obtained had JP = 1+, but its likeli-
hood was much smaller (factor mlo—h). All other J° were found

unacceptable in this type of fit.

In addition to the analysis discussed, we have also done &an

analysis of the general moments

I 0l (s,0,¥)

events

of the Euler angle distribution describing the orientation of
the three-pion decay configuration., This distribution contains
complementary information on the partial-wave amplitudes [13].
However, although we tried various different coordinate systems
(s~ and t=-channel helicity frames, transverse, and non~transver-
se), it was found impossible to draw model-independent and
unambiguous conclusions from the behavior of these moments in

our experiment.

We would like to thank the CERN proton-synchrotron staff, the
°m chamber crew, and the beam staff at CERN for their contriw
butions to this experiment. The Hamburg group is grateful to

Profs., E. Lohrmann and M.W. Teucher for their active interest

and support.
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Table I. x2 / number of bins, for the partial wave fit curves in the histograms
— of figs. 3-5.

(Note that ¥2 has not been minimized. We give it to display the amount of agreement, in va-
rious 1-dimensional projections, between the data and the partial wave fit to the whole
Dalitz plot using the maximum-likelihood method. Therefore the numnbers of L cannot be

taken as numbers of degrees of freedom).

n(r ¥ s7) (1.5-1.5) GeV |(1.5-1.6) GeV [(1.6=1.7) GeV |(1.7-1.8F GeV 1(1.8-1.9) GeV
lnterval

tit 2 _ 2 . 2 . 2 . 2
quantity x* /[ pyig X“/B s Xx“/nys X“/ny 50 xZ/ny5
histogrammed

m(n ") 25.8 / 27 11.6 / 30 33.8 / 32 2b.9 / 35 55.1 / 37
n(n n) 20.5 / 27 23.9 / 3o 26.9 / 32 ho.k [/ 35 34.8 / 37
cosﬁg 15.8 / 20 14,2 / 20 15.6 / 2o 25.8 / 20 32.5 / 20
cos, 15.0 /.20 5.6 / 20 6.6 / 20 15.3 / 20 3.1 / 20
r 22.0 [/ 2o 22.5 [/ 20 22.5 [ 2o 19.4% / 2o 21.k / 20
7 26.3 / 18 11.2 / 18 9.0 / 18 16.8 / 18 17.7 / 18

Sum over

- 6 histograms 125.4 / 132 89.0 / 138 114 .4 / 1k2 142.6 / 148 195.6 / 152




Figure Captions
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Distribution of the effective three~pion mass
+ - . .
m( w g ). The hatched histogram is the sub-

sample used in the analysis (see text).

Factorization of the amplitude for reaction (1}

into "production" and "decay" parts.

Mass projections of the three-pion Dalitz plot

++ ) . ot -
(A excluded) in 1oo-MeV intervals of m{x v n ).
The curves were calculated from the partial-wave
fits to the Dalitz plot {(see text), varying the
9 amplitudes of fig. 6 (i.e. 9 amounts plus 6

relative phases).

Distribution of the helicity anlge cos Jof the

n @ decay for the o0 and f bands in the Dalitz
plot (A++ excluded). {The bands are defined by
665 MeV < m{n 1)< 865 MeV and 11ho MeV< m(x v )
< 1390 MeV, respectivelm) The curves were cal-

culated from the partial-wéve fits as in fig. 3.

Distributions of the polar coordinates r,¥ of the
Dalitz plot (A++ excluded)., The radial coordina-
te r has been normalized such that r = 1 at the
boundary. The angle Yis folded because of Bose
symmetry. Y = O at maximum energy of the 7 . The
curves were calculated from the partial-wave fits

ag in fig. 3.

Contributions of the partial waves as a function

of m(n+ﬁ+w-).

Distributiop of the three-pion mass m(ﬂ+ﬂ+ﬁ-) with
various cuts on the two-pion masses, and of

m(n+n—) in different regions of the three-pion mass
(A++ excluded)., {The po and f Dbands used are de=
fined by 6ho MeV < m( ™ 7°) < 880 MeV and 1120 MeV

< m{r 1) <1hoo MeV, respectively,)  The curves were

calculated from the m(n+n+ﬁ-)-dependent fit.
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