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Abstract

Using the Callan-Symanzik equations as a tool to study the
short distance behaviour of the gauge invariant axial vector
current in quantum electrodynamics, we conclude that as a
consequence of Ward-identities the axial vector current is
required to scale non-canonically. The Wilson-Crewther
calculation of the anomaly can't be carried out, although its
use is legitimate in phenomenological applications treating

electromagnetism to lowest order.

[



Broken scale invariance has been sfudied recently as a tool to
understand the short distance behaviour of renormalizable field
theory 1). The properties of the gauge invariant axial vector
current T\i (X} in quantum electrodynamics (QED) in the Gell=-
Mann Low (GML) limiting theory, which is suppesed to describe the
short distance limit, have been of particular interest. Using the
Adler-Bardeen (AB)} low energy theorem 2)’3), stating the non-

renormalization of the axial vector current anomaly, and the

5) 6)

Federbush~-Johnson %) theorem (FJ), Schroer and Adler et al.
have argued that ']_;f(X) behaves in a singular fashien even in

the finite GML theory.

In this paper we analyse this phenomenon in some detail by constructing
the preasymptotic theory via the Callan-Symanzik equations 7)8). The
AB theorem is found not to be universally applicable to massless QED.

[y
A consistent state of affairs can be achieved, if -IY“(x) is allowed

to scale in a non-trivial manner,

We also discuss the Wilson—Crewtherglalculation of the anomaly and

find that it cannot be carried out in exact QED,

We start considering the complete unrenormalized gauge invariant two

L%
photon axial vector vertex function 2;;;(, _R’e.‘ﬂ.u(ht,hb)s
-tk ~i
=he.‘jel“xot"ye “ h"yGIT*[TG{x)Te(y)"f‘f,(oﬂ]c)"“’ which satisfies

the Ward identity 2)

- (Rarka) Riogp (Ry k) = 2mo Riegp b ¢ B (Raked (1)
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where @%mgeﬁ’(“%hz)‘-‘*e"sd‘qﬁd“ve I t(o‘T[-JqU)-SF(y)TS(D)‘)Io>

is the corresponding pseudoscalar vertex function and the anomaly is

Cep (k) = ST RIKT Euop + O(ud) (2)

We renormalize these Green functions in the following way 2),10)

~ .
RG?H = Zg‘RIQY‘J, (3)

and

g;? = ‘S‘Gy + (1' 25)(h1+h1)H'R,s'YH (l;)

2 2
The renormalization constant 25 =41 + % (S(‘;r) L (A f,mi) +
+ o2« tinite constant + D («3)

is calculated from graphs of the type
Fig, 1

!/
where @ denotes the lowest order contribution to "gg-g(hg,,hl).

From equs. (5) and (6) we obtain the Callan-Symanzik equations 8),11)

~ ] ~N1t
for Ti“?ﬁ and 'Ss? by varying the physical mass m and keeping ol

and the cut off A fixed 12).

We obtain 12)

(m 2= v ape@) 2) Rpn =0 Rpp+ AR spp (7)



and

(m ~a-‘)q—¥—b+ cx(sw 3‘%-(-) §;§, == "l(d)(hq*'hm)}&ﬁ’cﬂh ¥ Ag'ﬁ’g’ (8)
where

m d2s 24 2 o dZg 3 (2 3
pen=T- T80 224 014, e F- 000 ¢ 2 (3 0™

dm

Ageef‘m 'Qcyi-(ha.*hz) (1 zs)md‘m a,.mbRG'?lA

ARS?P‘: 25"m Rcyp. (9)

d.-m a'm

From standard arguments 8),11),13) it follows that @> and T are
~, o~ )

cut-off independent, so that Aseg and AR¢§‘.L share the same

property. This can also be veryfied using Zimmermann's cut-off in-

14)

dependent normal-product formalism .

Integrating equs. (7) and (8), we now construct Symanzik's preasymptotic
theory along the lines of Ref. (7), reproduced for our particular case
for the readers convenience, Weinberg'e theorem 15) tells us that for
large external momenta h,& and h,o,):ﬁ}cﬂ;, U).L) ha,) grows 1inear1y apart
from logarithms, whereas A‘R's'ﬂ*(hs.,hm) has at most logarithmiec growth,
We are thus motivated to introduce a preasymptotic vertex function
’P‘@Ptkthasz) , defined as a solution of the homogeneous equation

by
obtained from equ. (7) by dropping the term AR SO .

(m 2 +ap @) o - M) Repp (Rohasmoa) =0 (10)



dras o~
—R\sgr.ls normalized such that it asymptotically approaches ‘R‘?P

for large A

'Rs'ﬂ‘\, (Ra, hz,'m/'h o) = Rsﬂ.\ (b, h.z,'m/'}\ d) o ) %/R) (11)
where we used dimensional analysis to write:

Rlepr (VR Abaym, )= A Ropp (Raha;m /2 a) (12)

Integrating equ. (7) we obtain the vertex function of a massless non-

7),

scale-invariant theory

Reopp o aym/a,a)= 2@ Oy hyhyy - ims d g0l (13)

wr
of (X 4 2
where L) = cxp[ So olx X?’-'(.i)-] = 1 LI"T' + 0 (e ) (14)
ol
1
and g ®) = S oA x —;igcz; (15)

Z{+) exists, because '11(:() is of second order and PKX) of first order

in x for x~ o,
The interpolating fine structure constant is introduced as

o« () = ?-1 [J?,n'}\'*f?b()]

such that it has the properties:

d(0)=0 a()=d and «f{m)aex,



where °<°o is an assumed first zero of Q(x),

Fliminating (§ from equ. (13) we obtain the transformation formula

R'E (hahaym, ) = x(d.)/z[o(m’lR,.W(ha,hz,'ml'h £ (X)) (16)

G’?I"

~4
Using equ. (11) and the fact that 0((A ) and differ only by

7)

an infinite series of logarithms , we finally obtain from equ. (16):

~!las
‘R sv?rl (hi hz,m d)
(17)
~y
| 2@ /20 Ropp (hahay m/n, o ()
A
~1
Similarly we drop the A\S s¢ term of equ. (8) to obtain a pre-
s
asymptotic vertex function \S’g? by integrating now an inhomogeneous

equation:

%.as (ko hay =2 o) = = (Ravka) <{_>¢ﬂ& by~ dam s A + P10} 2 () +

(18)
+ Vop (hihai=tam e a5 00)

where Hrv? is a complete solution of the homogeneous equation,
~

The transformation formula for 3 g? is thus from equ. (18):



'EI:; Khi)hz,',m)dﬁ = ?S”:; (thb-a.'s m ]')\’d.()\"’ﬂ B

(19)
- Garka) PR o by, (00) D e /ele@®) - 1)
Since by Weinberg's theorem 15)‘R;? drops out for large A from
equ. (1) we have:
?g’s‘f (h% kay /2, 4 b‘-“) ¥ (ht*hz)’f‘ R PR (kt,hza’m/'h, ol (?\‘L)) =
(20)

=0(X"%)

el
Inserting equ. (11) into the corresponding one for 3:?9 and
using equ. {20) we get:
~7a%

b sp (hi,hp;?ﬂ,d ) =

= - Lm (hat hz\""ﬁiw (Re,hay M/, o (X)) wE) /2 (vn) (21)
%-voo

and hence we obtain the validity of the Ward identity also for the

preasymptotic theory:

U S (22)

- (hao+ hz)HRcﬂ.\ = 3 &P

so that the qr -term is actually zero in equ. (18).
~1as
We are now in a position to analyse the behaviour of 3 q? at ?‘\'40)00.

Namely
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reE:zs

A\ 36? (kg Mhpym, ) = S5 (R hyym/n, o) =

as

= %, (ha oy m A () AN EALIEY) (23)

~ (o) .
;:_:’o \S G‘? (hi)k’:z) p (0{\

7
Ség is the zeroth order term of equ. (2). It is the nontrivial

factor %) , peculiar to the preasymptotic theory, whose absence

in the massive theory makes the derivation of the AB low energy theorem 2)
go through, We now assume the existence of the GML limiting theory by
performing o —r o, on the preasymptotic vertex functions, Since
they satisfy homogeneous Callan-Symanzik equations without the term
o 16)
oy — they scale as
«[d ) 57 ¥
17)
2.-'71(°<=o) GML (24)

QML

Lo ub, Ak, = L. (h k)

According to the foregoing discussion we have the following asymptotic

relation for large A:

N

< o (Wi Ny ym o) W) /2 {2 (W) 5«9 (ha,kyy™, & (A)) =
(25)

S

2 - M, {Kead MK - N (o) c.m.
’"‘Pde x (& ] Sog (ki ky)
18)

provided the exponential factor exists .

Let us now discuss which kind of possibilities for the short distance

behaviour of the axial vector current may arise:



GML
a) if Wlkdcn§=# 0 , the anomalous scaling behaviour of 3*?

(equ. 24), prevents us from expanding about §%1=h1= 0 . An AB
low energy theorem cannot be stated and consequently implies no

constraint.

b) if the eigenvalue condition 'q(o{w)‘-* O holds and X [et{e0)]) is
19)

finite, Z ¢ is finite as well . Because we do not expect an
interchange of the limits A — O and %A~ A w to be allowed
in equ, (23), we cannot draw conclusions on :S:;L(\Zhlzb) . On
the other hand,one can by accepted argumentslgltend tﬁe FJ theorem

to the one loop approximation)where electron-positron creation from
internal photon lines is neglected., From gauge invariance it follows
that -R:;;, 2 0 in the one loop approximation, threas we know 3:;L
to reduce to its zeroth order term in this case and thus cannot vanish

in the GML limit, We thus reject this case since it contradicts the

Ward identity equ. (22).

c) if Wl(d,g)= 0 and % [of (o)1) is either zero or infinity, we
are unable to make a plausible statement. This possibility suggests

itself due to Adler's paper Ref. 18,

In conclusion our results indicate that we are able to avoid the in-
consistencies pointed out by Schroer 5) and Adler et al. 6) if

either a) or c) is realized, i.e. the axial vector renormalization
constant Z s cannot be finite 19). Notice that in distinction to the

authors of Ref, 6, we believe the FJ theorem to hold in QED with an

external gauge invariant axial vector current, since it rests on a much



firmer ground than the other statements.

This does of course not prevent the application of the Wilson-
Crewther calculation 9) to theories treating electromagnetism to
lowest order; to QED on the other hand it does not seem to be relevant

as can be seen from the following argument,

Define the Adler-Bardeen constant as

5 == T g™ ([t dty xp o T [ Tu Tpd 2mo Toy> 1)o7 (26)

Since the pseudoscalar current Wno_TSVS) is & soft operator a small

region 1Xe1<8s 1Y, }1<€a, 1Xe-VYol < Eg may be cut out of the integrals

in equ. (26) and § be defined as the limit &;— 0, L=%1,2,3 . ﬁow we

use the renormalized version of the Ward identity equ. (1) to replace
2m0 TS by 9 LT5) - g7 Eages Ny M FTRp T = 8 T3¢y

where the notation &3 is explained in Ref, 14. Since the dimension

of the symmetry current ﬁY§S(3) is always three, we can make the

Schreier ansatz for <°lT* [—Id(*) TB(") _I;S(V) [ o> fixing the

proportionality factor by the Wilson~Crewther calculation. But now one

is unable to make further progress since the l/\\i%[A?(\j)Fe?(j)] term

cannot be dropped under the integral in equ. (26), unless it is a seagull

as is the case in the simplified models discussed by Adler et al. 6).

It is the authors' pleasure to express their gratitude to Prof., K. Symanzik
for his encouragement and innumerable helpful discussions and for a
critical reading of the manuscript. R.K., wishes to thank the

Alexander von Humboldt foundation for financial support and N,K.N, the



- 10 -~

University of Aarhus for the award of a fellowship. Finally we

acknowledge the warm hospitality of Prof, H. Joos at DESY and

Profs. R. Haag and H, Lehmann at the II,

Physik.

Institut fiir Theoretische



- 11 -

Footnotes and References

1) S, Coleman, Lectures given at the 1971 International Summer

School of Physics "Ettore Majorana'" and references therein,

2) S.L. Adler, Lectures in Theoretical Physice, Brandeis University

19703 ed, by S, Deser.

3) A. Zee. Phys, Rev. Lett. 29, 1198 (72);
J.H. Lowenstein and B, Schroer, New York Univ. preprint, Technical

Report No. 18/72, October 1972

4} B. Schroer, Diplomarbeit, Hamburg, 1958 (unpublished);
R. Jost in Lectures on Field Theory and the Many-Body Problem}
ed. by E.R. Caianello (Academic Press, N.Y, 1961);
P.G. Federbush and K. Johnson, Phys. Rev. 120, 1926 (1960);
F. Strocchi, Phys. Rev. D6, 1193 (72).

5) B. Schroer, Kaiserslautern Lectures on Theoretical Physics 1972

(to be published in Springer Tracts on Modern Physics).

6) S.L. Adler, C.G. Callan Jr., D.J. Gross and R. Jackiw,
Phys. Rev. D (to be published)
Our comments do not apply to the simplified model neglecting

fermion creation and annihilation graphs.

7) K. Symanzik, Comm. Math, Phys. 23, 49 (71)

R) C.G. Callan Jr., Phys. Rev. D2, 1541 (70)

9) K.G. Wilson Phys. Rev. 179, 1499 (69)
R.J. Crewther, Phys, Rev. Lett. 28, 1421 (72)
E.J. Schreier, Phys. Rev. D3, 982 (71)

R, Nobili, Univ. of Padova preprint IFPTH-l/?Q

10) A.L. Mason, N, Cimento AA, 749 (71)



11)

12)

13)

14)

15)

16)

17)

18)

19)

- 12 -
K. Symanzik, Comm. Math. Phys. 18, 227 (70)

Since no infrared problems arise in our problem,

ve set the photon mass equal to zero.

See also the following reference for a discussion of Callan-

Symanzik equationat
S.L. Adler, Phys. Rev. D5, 3021 (72)

¥. Zimmermann, l.ectures in Theoretical Physics. Brandeis
University 19703 ed., by S, Deser.

J.H., Lowenstein and B. Schroer, Phys. Rev. Eﬁ, 1553 (1972)
J.Il, Lowenstein and B. Schroer, New York Univ. preprint,
Technical Report No. 18/72, October 1972,

8. Weinberg, Phys., Rev, 118, 838 (60)

QML
Due to equ. (22) this is also true for '55-9 .

A rescaling of T;{(X) by a factor 1 + O(4?%), the 0(0()
factor being fixed by the Ward identity for the two fermion
vertex function, can change ‘Tl(o{) by a finite amount of O(O(G).
We of course require the rescaling factor to remain finite at

the GML limit and hence not affecting n (Aeo).

If [5(00 vanishes at o =2dle with an infinite order zero

(see the loopwise summed solution in S,L., Adler, Phys. Rev. D5,
3021 (1972) ) this may not be true, This however dees not affect
the validity of equ. (24). See the discussion following equ, (IV.8)
of Ref., 7.

This follows from equ, (9), defining 'T((X) sy according to which Zg
satisfies a Callan~Symanzik equation identical in form to equ. (10).
By a discussion analogous to the one leading to equ. (25) one obtains
that Z.; (Aa'/'m"‘,o() A 4 [dw]‘i for the cut-off A —» o0,
assuming Zs(a"idw) exists for some large, finite o .
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Pig, I. Diagrams contributing to the axial wvector

renormalization constant Zg .



