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Abstract

The processes YY > 77 and YY ~> KK are calculated using dispersion relation
methods. The integral over the left hand cut is approximated by exchange of vec-—
tor mesons. For the right hand cut unitarity is used including two-pion and two-
kaon intermediate states. Coupling occurs in the I=0 S-wave in a form recently
given by a Berkeley group (Protopopescﬁ ef al.) and in the corresponding D-wave
by a K-matrix with poles at the £(1270) and £'(1514). Those cross sections for
nm final states, in which the S-wave contributes, show a very marked spike at
the KK-threshold; those for yy KK are of the order of yy -» wrm, depending on
the form in which strong interaction is built into the model, and on the ﬁrKY

coupling constant.
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1. INTRODUCTION

Several groups have emphasized the importance of the two-photon exchange mecha-
nism in electron-positron (electrom) colliding beam physics [1]. This annihila-

tion process, shown in Fig. 1, occurs in the form

Cre > eyt e+ Y —> 2rerX o

where X is a C=+1 hadron state. The Weizsicker-Williams equivalent photon
approach [2] indicates that the cross sections for this type of reactions are
dominant in the low c.m. energy range of the two photons. Therefore single hadron
production (e g. 7° and n) and pion pair production should be the important

final states. Since photon-photon annihilation offers a possibility to study
meson pair production undisturbed by other hadronic channels, several models

have been given for the process yy » wm [4-6].

New phase shift analysis show that 77 partial=waves are very much influenced by
the opening of the KK-channel at 990 MeV [7-8]. We therefore investigate the
processes Yy - 77 and Yy > KK in a coupled model, using essentially the disper—
sive methods of Ref. [5]. Partial-wave dispersion relations are written dowm,
where the left hand cut integral is approximated by p— and w—exchange (in the
TH—case) and.ﬁ?;exchange (KE-case). On the right hand cut inelastic unitarity
is used. The resulting system of coupled singular integral-equations is solved

by an iteration procedure.

The dispersion relations and the integral-equations are given in Sec. 2, the
difficulties of solving them and the iteration scheme are presented in Sec. 3.
In Sec. 4 the parametrization of the strong interaction part is described and
the results of the calculations are compared with other findings [9-10].

Sec. 5 we add some concluding remarks and discuss several objections, which can

be made against the model.

For a review of photon—-photon physics see Ref. [3].



2, AMPLITUDES AND DISPERSITON RELATIONS

For the process Yy =+ MM with real photons and a final state of two scalar or

%
pseudoscalar mesons M (Fig.2) there are two invariant amplitudes
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where S=(k1+k2)2, t=(q1“k1)2 and u=(q2—k])2. The amplitude T 1is related to the

cross section by
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where sM=(2mM) s Ty the mass of the final state meson. Following Ref.[11] we

can define s—channel helicity amplitudes free of kinematical singularities and

giving the correct Thomson—limit (s *+ O, Ty -+ 0) by

T'
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where the indices ++ and +- stand for equal and opposite orientied photon heli-

cities. A decomposition into partial-wave amplitudes gives
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To simplify the unitarity relations we work with amplitudes of definite isospin I
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* For the kinematic and definition of amplitudes see Ref.[5].

**f=c=1, in the following also m =l.



where c¢ and n refer to charged and neutral final particles. The subscripts
for spin and helicity will be omitted in the following and the indices 1 and

2 stand for the T and KK—channel The dispersion relations are

2,09 = %0 + ;fd,ss_,ﬂr_‘i+ 1],,,‘,. T £, (s)
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Here f (s) is the projection of the pion (kaon) Born terms (Fig.3) and Sg the
c.m. energy of the KK-threshold. The integrals over the left hand cut are approx-
imated by single mesog{exchange (Fig.4), i.e. exchange of ©- and W-mesons in

the TT-case and the K -meson in the KK-case. To avoid subtractions in Egq. (7)

we assume that these particles lie on Regge:frajectories, resg}ting in a form

factor to the elementary vector meson and K meson Born graphs.

In extension of an earlier work [5] we now take unitarity with two*ﬁion and
two-kaon intermediate states to relate Im fi(s) in the right hand cut integrals

to strong interaction. In matrix formulation it reads

Tm £(s) = F (@ g £(9) .
I Fl) = FH9) g(*) F(s)

where f(s) is the two-component vector of f1 and f2 and p 1s the phase-space

diagonal matrix

?1 9("“") 0 i 44 - 44
?(“) b o] ¢, O(4-5) , $° (i“_‘t) , §2° (.‘7{) .

F(s) is the amplitude of strong interaction related to the S-matrix
4/ ‘l/
S Aelc QUF g% (10)

and S can be expressed in its most general form by phases Gi and inelasti=-

city n

The Born terms and their modification can be found in Ref.[51].
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Combining fi(s) together with the contributions of vector meson and K exchange
to new functions gi(s) and using (8) the dispersion relations (7) read
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This is a coupled system of two singular integral-equations for the partial-

waves fl(s) and fz(s).

3. SOQLUTION OF THE INTEGRAL-EQUATIONS .

The most extensive work on singular integral-equations has been done by
Mushkelishvili [12]. The author points out, that in general a solution of a
system of equations is not possible in a rigorous manner. However one may hope
that physical cases are special enough to allow a solution. Various authors
tried to solwve singular integral-equation systems for form factors [13], but
they failed essentially because of the occurence of the phase-space matrix. To

" demonstrate this we write the system in matrix form

H{(x) §(x
€(x) = h(x) + -lf?' olx ' x‘-(;x)-f’é(—l , (13)

L
and then following the line of Mushkelishvili [12] and Omnés [14] a funection

¥(2) - }'::_dex’ %%—’- (14)
L

is introduced, with
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P (x+) ~ &lx) = H(x) £(%) . (15)



Using this function Eq.(]3) can be changed to
[ 4-2H00] Blxe) = $x) = G Al (16)
which shall Ee written with two matrices A and B |
Blxe) = Flx) #(x-) =8(x) hx) (17

The next step would be to make a product ansatz Wz) = 3(z)T(z), where @(z) is

the solution of the so-called homogeneous Hilbert problem
P(x) - AN P(x-) =0 . (18)

For one integral—equation cnly, where A is no longer a matrix, Egq.(18) can be

solved by taking the logarithm of it

b Dixe) = o Pix) = & Hix (19)

and then

i B(2) = ! j;-'i" 7or) | (20)
Fa

<5¢ x'-z .

These steps are in the general case possible only after diagonalizing & by
yas~! = M. Eq.(17) is then

L(x) Bxs) - M) U(x) $(x=) = U(x)B(x)hix) 21

The important point is, that only if U(x) is sectionally holomorphic the function

U z) possesses this property, which is necessary to go from Eq.(19) to Eq. (20).

In the case of interest A = 1+2iFp and the square-roots in o introduce branch
points, essentially violating the condition of holomorphy. But ever with dege~
nerate thresholds branch cuts occur, because using the relation A = 0_1/2 S 91/2

one can see that the eigenvalues of S
4
. A
o= 2 (o) 2 L[t (e#8 s th) - e R

have branch cuts for nonvanishing coupling (n(s) # 1.



A completly different way to get the partial-waves avoiding the difficulties
with the integral-equations would be the N/D-method. Starting with the unitarity

relations (8) the ansatz F=N°D—1 leads to

Im ({:3)=0 . (23)

The dispersion relation

Im [B(s9] g (s
J(s) lf(-‘) 3—(4)] ; Ay’ J&‘)

~ (24)
L BT Y
(where g(s) i1s the left hand cut contribution to f) expresses the partial-waves
as a function of D(s). - In the one-channel case D has the same phase as

* -1i6
i . . . . .
F = 'F| e °, so writing 2 dispersion relation for In D results in

‘ | u{ . 8(; ; (25
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In the multichannel case the phase of the D-function is not simply related to F,
so here is the problem to split a known F-matrix into an N and a D part. Formu-

lated this way we would get a system of four coupled singular integral-equations,

a problem one likes to avoid.

An approximate solution would be to identify the N-function with the K-matrix
. -1
K « F(4+.?F) (26)

fhereby fulfilling the condition Im D = -pN. The real part would then be given
FY
by dispersion relations.

We choose another approximation method, solving Eqgs.(12) by an iteratiom pro-
cedure. In the first step the nondiagonal term in Eq.(12a) is neglected and we

solve

?4 " \") ’ff \“J

4 ()=91(°)*"f'('° §-g-ie (27)

This means that one considers the 7T intermediate state only, but inelasticity

is included. The result is used for Eq.{(12b)

* There are some very special cases of K-matrix parametrization in which the

problem can be solved in a closed way.
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where gz(s) is now the modified 1nhomogeneous term

§’a(6) " §,(s)+ % f o s P () (s') £ () (29)
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The next step then would be to insert the solution for fz(s) from Eq.(28) into
Eq.{12a}, etc.

Since this iterationm method can only be done by computer and because of the

jmmense amount of time needed for the principal-value integrations, we close

the scheme by using unitarity again, namely

£,() = Re Z(e) +c [E,'?‘ £,(s) # £e, {;(«27 _ 30y

The justification for making the first iteration step only is discussed in
Sect.5.

The results are

v @ (s) 4 ; , 2490 (N E*6) g () (31a)
P60 g0+ 4O L |40 SHCRIRES
C W () EN W) § ()
" i 4 8-‘ QL —_JE’L d %" 4 (31b)
f (©) = 81(0 “ Tf‘als T ’
xl (X'-X-t'&) -

and Ez(s) is given by Eq. (29).



4. CALCULATIONS

The input parameters to the left hand cut approximation by meson exchange are
their couplings and their trajectories. The coupling constant By CE1 be de-

termined from the decay ®» » 7y [15] giving Bymy 0.112 (in units m )

SU(3) predicts [16]

= 1
Fory 7 3 ury
(32)

1
%x"t,(*d, =3 8’“"’5 ) 8’2*".("('-' = 3"" Jory .
For Bomy the experimental upper limit [17] agrees faifly well with the value
from (32). Bemporad et al. [18] give a width T(K?+ - K+Y) < 80 keV, which leads
to Btem = 0.04, a value which is somewhat larger than the SU(3) prediction; -
We use = O, = Otf(t) =,57+0.96 t, where the p-trajectory has been taken from
a fit to pion nucleon charge exchange reactions [19]. The results don't change

*
very much with a more realistic intercept of the K ~trajectory.

Recently two new TT-phase shift analysis have been published [7-8]. The CERN-
Munich group [8] 1ooked at data from 7 p > w_ﬂ+n, where the 77 energy is in the
range 600-1900 MeV, the Berkeley group [7] fitted experimental results from the
"reactions W+p > A and w+p -+ K+K_A++ in the range from 550 to 1150 MeV.
Both of these groups get a sharp rise of the nn(isospin 0) S-wave phase near the
two-kaon threshold from 90 degrees at 900 MeV to 180 degrees at 1000 MeV. This
steep increase can be interpreted in terms of a second sheet pole very near

the KK threshold (S*). Besides, there is a second pole (e) far away from the

physical region. The analysis favours the '"down" solution for energies above

the p-mass, thus settling the former "up-down" ambiguity.
g g Y

For the S-waves we use the parametrization of Protopopescu et al. [7], which is

given in a 2x2 M-matrix (related to our K-matrix by M=K l).

Concerning the I=2 waves (which only exist for mm), 502 is taken from Le Guillou,

Morel and Navelet [20], and 622 is neglected, because zll the analysis indicate
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that it is very small [7,8]. Because nothing is known about the isospin 1 phases,
which occur for KK, we put 5J1 to zero.

.
The I=0 D-waves are parametrized by a K-matrix, which consists of poles at the -
f and f' meson mass. In general a K-matrix for two resonances m, and T, s
decaying into two channels with partial widths rll’ le resp. F211r22 would

have the elements

m, 1. m, T7 .
Kp= &+ %% (=142 ,
71 7 2 (33)
M m .77
- 4 1 2. . :
Kiy = Ky = o+ ) & T W R
This leads by (26) to a simple Breit-Wigner form if F12=0=T21
. e T
T - ¢ | T a0 (34)

& ) R .

The K-matrix could be modified by non pole terms to get a background to the
pure resonance behaviour (this has been done in [8]). We don‘ﬁ make this refine-
ment, because there are no data for 6; in the KK case and we are interested only
in a rough prediction for vy ~ KK. - The authors of [8] exclude a decay of the
f' into two pions, but we want to look for the influence of a small coupling

on the Yy -+ MM cross sections. Therefore the following two situations are con-

sidered

(i) f' coupling to KK only (T;‘SO, T =7 uO,{«.)

2 ¢ )
(ii) f' coupling to KK and to (T:z"' 0.15 7%, ) 7;: = 0.5 7}‘
*
whereas the f meson is assumed to decay into 77 only (Tll =Tp = 1.1, F]Z =0y .

In our model the wn—amplitude has resonance behaviour in the f region and a

minimum in elasticity at the f' mass.

¢,
3 ' - . .
The cross sectlons Bt (refering to charged and neutral final pions and to

photon helicities of the same (+) and opposite (-) directions) are shown in

* The widths in (33) for the f meson is modified to give the correct scatter-
ing length, see Ref.[ 51].
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"
+' (Figs.5-8) only. These cross

sections have a very outstanding structure near the KK-threshold, reflecting

¢
Figs.5-10. - The S-wave contributes to &

the fact that 500 increases very rapidly in that region. The magnitude of the
spike depends strongly on the vector meson couplings as can be seen by compar—
ing Figs. 5 and 7 with Figs. 6 and 8. The cross sections are somewhat sensitive
to the magnitude of the K*'coupling, they are generally higher if K* exchange
is allowed. An f meson signal occurs in most of the curves, depending also on
the coupling constants. The influence cof the f' meson is small, if K* couplings
are zero. Besides these calculations we show for comparison the results of the
one-channel calculation [5], where the S-wave has been parametrized by a Breit-
Wigner ansatz for the & meson ("up" type solution) and the other waves are
essentially the same (no coupling of f'). Above ~1.1 GeV the cross sections are
nearly the same, but they have a structure in the g-meson region, which is no

longer there in this coupled channel analysis.

The cross sections B_c'" (Figs.9-10) don't change much when going from the
one—channel model to the two-channel case.* This is because only D-waves con-
tribute, which are the same - apart from a possible coupling of the f'meson.
The influence of the £' is stronger in Ei"than in Eic , but EL" is by one
order of magnitude smaller than B . We don't show the cross sections Gcwfor
the case of vanishing vector meson coupling, because they are nearly the same

as if the couplings were included.

4:.4__Cross sectiops for Yy + KK
"These cross sections - with the same notation as in 4.3 -~ are shown in
Figs.11-14. Comparing Fig. 1la with 11b and 12a with 12b one can see the big
influence of K*'exchange for E&ﬁ”. B;c is relatively flat, if K* exchange 1s
absent. In the case with K exchange it has a structure near the f' meson region,
besides the maximum from the kaon Born term. The detailed form depends on the
width T(f' = KK) and the size of the p/uw coupling constants. — The cross section
ESJ‘ is in the case with K* exchange of the same order of magnitude as E&f
and nearly independent of the other details in parametrization. If gt 0

it falls off by a factor of two in the considered energy range.

The cross sections for energies below .7 GeV can be found in [51].
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The cross section ELO is nearly stable with respect to changes in the parame-

trization. It has a striking dip in an interval of only 50 MeV at the f'meson

mass, whereas 5_" shows a maximum (the same situation occured for B_c(n'n") and
5_" (vv) in the f region). B_" depends on the size of the I; coupling, but it

. <
is very small compared to B .

- |

That the process yy - KK is more sensitive to K exchange, than vy = 71 18

sensitive to vector meson exchange, becomes clear from the fact that the masses
%+

of K and X are not so much different than the masses of pions compared to p

and w mesons.

Also using dispersive methods, Isaev and Kleskov made a rough model for

vy + K& [9], assuming that in the unitarity relation (8) the two-pion state is
the important one. In our notation they took for Eq. (12) F12=0=F22.and used the
one—channel solution fl for yy - 7m to get f2 from Eq. (12b), which now is no
longer an integral equatiom. Comparison with their results is not meaningful
because they did'nt use the new S-—wave phase shift and approximated the D-wave
for vy KK by an f meson. We agree with their statement that the cross sections
for yy - KR are of the order of yy - mw. However their approximation cannot be
realistic in the f‘region. Therefore we think that a structure in the KK cross
sections should occur at these energies and not in the f meson region, which

these authors get because of their D-wave parametrization.

Gensini [10] calculated the partial waves by an iteration procedure similar to
our method. He introduced a (R,$) representation instead of our (n,8) one,

writing the unitarity Eq. (8) in the form

Tm £,(8) = B, () E(&) ()

W E (S =R () |E ()P )

The assumption Im ﬁ1=0 implies the identity of ﬁl and Rl’ and this means that
the two-pion intermediate state is the dominant one. Gensini neglected the con-—
tribution of vector mesons in the crossed channels and investigated S-waves
only, using the parametrization of Protopopescu et al. [7]. The results of [10]
are comparable tothose of our model for the general structure and order of mag-
nitude only, because cross sections are not calculated in that work. Gensini
predicts a spike for o(wm} at the KK-threshold too, and we agree with the mag-

nitude of yy - mw and yy = KK amplitudes.



5. CONCLUSIONS AND REMARKS

Some critical remarks are to be made concerning the reliability of the model.
One point is that the solution of an Omnés equation is determined only up to a
polynomial of degree n, if the strong interaction phase & grows up to nm, a
freedom which corresponds to the possible appearence of CDD poles in N/D cal-
culations. And just the most interegting Tn S—wave phase 600 seems to go past
1800.* Isaev and Kleskov have discussed, how this freedom affects the results

for the one—channel calculations of yy + wn [6].

Another open question is the form of the strong interaction phases for low
energies. Carlson and Wu-Ki Tung have shown that it is the parametrization of
the phases near the threshold that influences the form of the cross sections
for ee > eemm, when instead of taking the equivalent photon approach, the

exact formula is used [21].

Our model givés Cross secfions up to 1.6 GeV and one has to ask, if it is
sufficient to take two-pion and two-kaon intermediate states only to describe
inelasticity. Thus, the 47 channel could contribute with pp states at 1.53 GeV,
presumably changing the results on the structure of the cross sections in the

f' region.

We don't have a control on the reliability of the iteration procedure. It rests on
the assumption that m7 interaction is mostly dominated by two-pion intermediate
states. This condition is not fulfilled for the energy region near the KK
‘threshold, but we think that this is corrected by using unitarity in the final

step of the iteration, see Eq.(30).

Notwithstanding these objections the rough structure of our calculations should
remain valid. One of our results is, that the yy = 7rm cross sections are very
sensitive to the 77 interaction. Already at energies greater than 700 MeV,
where the Born contribution flattens out, the S-wave phase shifts can be studied.
- The dependence of the cross sections on vector meson couplings is an outstand-
ing fact, so measurements at higher energies of the two mesons can separate the
different parameters in our model. This is especially true for the KK final
stéte, but the cross seétions for ee > ee+KK are by two orders of magnitude

smaller compared to ee + ee+wrn.

¥
We fix this ambiguity by assuming that s.f(s) - 0 for s » w.
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In Ref.[5]the partial widths for € and f into two photons had been given. With
the same asssumptions we get (f' > vy)= 0.5 keV, but this value depends very
*

strongly on the K Ky coupling constant.

The calculation can immediately be extended to virtual photons, but refining the
model only makes sense if experimental data are available. We think that it
should be possible to learn something about meson-meson dynamics from future.
storage ring experiments, when beam energies are high enough to pick up data
from two—photon processes and statistics allows to separate the different cross
sections B;?T As mentioned in Ref.[5] this can be done by measuring dOYY/dQ

at least at 3 different angles.

The author thanks Professor G. Kramer for helpful discussions and Dr. G. Schier-

holz for discussions in the early phase of this work.
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FIGURE CAPTIONS

Fig. 1: Colliding beam production of a neutral C=+hadron state.
Fig. 2: The Yy + MM Vertex.
Fig. 3: Pion (kaon) Born graphs.
Fig. 4: Crossed channel resonance contribution.
Fig. 5: The cross section c+c for charged pions for the case of equal
helicities, with vector meson exchange in the crossed channel.
Notation:
with K*’exchange'in the KK channel and coupling in the
(isospin 0) D-wave (case (ii)) described in the text,
————— with gf exchange, no coupling (case (1)),
-+ —r—+—+— without £ meson and case (11},
—e—e——.— decoupled model with a resonance parametrization of the
—meson.
Fig. 6: G+C without vector meson exchange. The notation is as in Fig. 5.
Fig. 7: The cross section O+n for neutral pions with vector meson exchange.
The details are as in Fig. 5.
Fig. 8: O+n without vector mesons; notation as in Fig. 5.
Fig. 9: The cross section O_C for charged pions in case of opposite photon
helicities; Fig.9a — without vector meson exchange, Fig.9b - with
vector mesons. The notation is as in Fig. 5.
Fig. 10: The cross section U_n for neutral pions with vector meson exchange.
Details are as in Fig. 5.
Fig. 11: The cross section c_n'for charged kaons in case of equal photon
helicities; Fig.lla —'with'g exchange, Fig. !1b - without Kl*umsons.
Notations:
vector meson exchange in the w1 channel and coupling in
the(isospin) D-wave (case (ii)),
————— with vector mesons, no coupling (case (i}),
—emr=+=+=  ywithout vector mesons and case (ii)},
- —w—e—ww  yithout vector mesons and case (i).
Fig. 12: The cross section U+n for neutral kaons; Fig.12a - with f exchange,

*
Fig. 12b - without K exchange and the notation is as in Fig. 11.

Fig. 13: The cross section G_C for charged kaons in case of opposite heli-
. cities. Notation:
]
with K exchange and coupling in the (isospin 0) D-wave

{case (ii)),
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3+
————— with K , no coupling (case (1)),

*
--------- without K exchange and case (11),

*
—ee—vime—w—  without K and case (i).

Fig. l4: The cross section GFn for neutral kaons. Details are as in Fig. 13,

but note the different scale.
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