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Abstract

We have calculated the pey form factors in the timelike region from
simple loop diagrams. The results for the cross section e+e—+2w+2ﬂ_
depend crucially on the model for the pion form factor. If pe - inter-
mediate states are neglected there, the calculated cross sections fall
much below the data. If these states are included and the existence of

a p'-meson is assumed, the data are explained correctly.



I. Intreoduction

(1,2)

In two experiments at ADONE, Frascati, a large cross section in

the order of 20 nb has been found for the reaction
+ - + -
e e =+ 27 2m (1.1}

+ - .. .
around Y8 = 1.5 GeV (¥§= ¢ e c.m.-energy). A similar enmhancement 1s

established in the process
+ —
yp * 21 2% p (1.2)

. 3 ., . .
at 9.3 GeV photon energy ( ). Up to now it is not completely evident that
the observed s-behaviour is due to an existence of a p'resonance. The 77—
phase shift analysis is still ambiguous in this region, and the electro-

(5)

magnetic pion form factor is, because of lack of statistics , not determined
well enough there to draw conclusioms about possible resonant behaviour.

A nonresonant interpretation of the observed peak in (1.1) as due to the 0%
channel coupled to the tail of the p-meson has been given by Kramer and
Hirshfeld (6), where one of the ype coupling constants is taken, after a

(7)

Vector Dominance extrapolation, from calculatioms of the egyy-vertex .

Assuming that the reactiom (1.1) is indeed dominated by the quasi two body

reaction

+_
e e -+ pos , ‘ {1.3)



it is natural to try to calculate the corresponding amplitudes from
triangle diagrams with low mass intermediate particles, such as in

fig. la) and Ib). Here the blobs denote renormalized vertex functions,
and the propagators are taken as dressed ones, The electromagnetic wm-~
and Tw-vertices of course contain the p-pcle. Recently (8) we have worked
out a field theoretic model for these vertices, which also determines

the pion propagator via the Ward identity+). From this model also the

pTT vertex and the pww vertex can be derived, which appear in fig. 1,

The emm vertex however is unknown except onshell (as determined by

i crr + and we have to make simple guesses. We note that due to the

e and enw vertex functions the triangle diagrams are not divergent.

The diagram la) taken alone would not lead to a conserved current, and

it must be supplemented by diagrams where the photon couples not to pions.
For a p-meson without internal structure (with a constant pTT vertex) a
contact term is needed as in QED for scalar mesons. If one adopts a Bethe-
Salpeter model of the ladder type as in I, one has to couple the photon to
the internal lines of the p-constituents, which are nucleon lines in our
model. Since the nucleons are not pointlike, such quasi contact diagrams
are s—dependent, i.e. have form factors, in agreement with recent

€D

observation - We have analyzed the s-dependence of such diagrams

(see fig. in sect. III) and then replaced it by simpler diagrams. The

overall normalization of the contact term is then derived from the required

) Ref. (8) will be quoted as I henceforth.



absence of kinematical singularities of onme form factor in the

(10)

following way. According to Kramer and Walsh we write for

the pe current matrix element

; —0q) » .
<&3 ﬁt I dpco) l O> = ;E‘}’ (5)(3» s - ?,« € -9 )
(1.4)

%) » +*
* gey (9)(6/,, A q- ’glf-e -9 )

Here denotes the olarisation vector and the photon
@M PP e (ﬂz‘ﬁ) P
(¢) four momentum. According to perturbation theory the form factors
Fééi(s) and F;ii(s) are free of kinematical singularities, since the
elimination of a third form factor via current conservation does not

create new singularities. We alternatively can express the current matrix

element by helicity amplitudes g‘ (s )
f 4

ke lf o> = B (,9,8) [ (-3

with the ¢ helicity Ap= 0,1 , and the p angles Q tp are taken relative

to the beam axis. Then from the relations (10 (m = p-mass = ¢£-mass)

! (1.6)




one sees that

(1.7)

1
Q

(o)

We shall achieve this by the normalization of the contact diagram.

In I we were restricted in the s-reglon, where the nn—Bethe-Salpeter
equation could be solved numerically. Tﬁis came through the anomalous
singularities in the dispersion representation of pe—loops with a mm-
state in the t-channel. Consequently we had to extrapolate the pion form
factor Fﬁ(s) with a generalized effective range expansion into the time-
like region with s> mpz. The pe-form factors however have more complicated
analytic properties than Fﬂ(s) due to the large p— and e-masses. These

+)

lead both to anomalous thresholds in s and to integration contour
distortions in the momentum integrals corresponding to fig. la) and 1b).

We have eliminated these difficulties by making the external p- and e-masses
s dependent, such that they agree at a point in the physical region s> 4 m2
with the physical ones. It is easy to choose the s-dependence such that no
anomalous cuts in s appear, and the extrapolation in s is not too difficult.
The calculated cross section for the process (1.,3) depends on our model for
Fﬁ(s). If no pe-loops are included in Fﬁ(s), i.e, if pe~unitarity is not
taken into account, our extrapolated form factors are much too small to
account for the experimental results. If however the pe loops are included,

the form factors are much larger than in the former case. The extrapolated

values are however rather unstable to technical details of the extrapelation.

+)

An extensive discussion of the analytic structure of ﬁ?x) has been

given by G, Képp (to be published)



i
If we impose, in the extrapolation, the existence of a @ resonance
with Yﬂr = 1600 MeV and f;.= 400 MeV, we achieve stability of the
extrapolation and agreement with the data within the (large) expexrimental

erxors.

Sect. 2 contains the formulas corresponding to the loops of fig. la) and
1b). In sect. 3 we describe the evaluation of the contact term, and the
results for the §€ form factors.are displayed in sect. 4. Conclusions

are drawn in sect. 5.

II. The #Ff- and the KW -loops

In this section we consider the contribution of the diagrams fig. la)
. L ' by
and 1b} to the.?éf helicity amplitudes, which we call TLXJ and f: (s).
I1f we denote, more generally, the two particle irreducible transition
amplitudes (or kernels) in the I = J =1 state for Tr—»>¢€ and 7ww = ¢
2

2., 2 2
by Mw(k1 ,kz ,Aﬂ and Mkfkl ,k2 ,As) resp., we have

L +4 oo 5 l . 4 , ,
E;,(S‘) = 4ﬁi3 J/ZXamnx dﬁ%txJ/;L& g, Z(}tr(lab JQZ,;l,)dg#qii)ﬁﬂhL&:)'x
- 2]

x 2|A)E(s & R.) +
(2.1)

LM (8] B 34) AL B aL 8 JRE E K]

The kinematics is as follows +):
= Vs + (4 s x
‘&:o(to) - A:. - (2.2)

]
TR B
o]

&, ]
Apo
[4e /

Throughout we put

1

1]
m
v
~

+)



!
By A (kz) we denote the dressed pion propagator taken from I, and the
x

!
2, . .
scalar part of the ) -propagator stjk } is taken equal to the pion
2 2 2 2
propagator. The form factors Fﬂ(s,k] ,k2 ) and F;hjx (s,k] ,k2 ) also follow
from I. The integration contour for k and cose may in fact be more com-
plicated than indicated in (2.1) (see sect. 3). If the kernels are

approximated by one pion exchange, we find, including a factor 2 for two

possible diagrams of fig. la:

Mo (R 8125 0) = 275 Gpur G [ 2141 (Q (4 4, )
(2.3)

*2 8, (4,4 ) 17,13 (s,4)]

My (82 8" 2y01) b Qonn Geen 24,1 (@ (B, 4, )-

. (2.4)

- @, (A, 4))

Mo (8,4 2,0)= 2 %w Goro Jene 214, 1( Q4. 4,) -
—a'z(‘ﬁ,’ﬁ )) (2.5)

MW (&:; &:, l_rz 4) = fﬂ:w (?yrru 3£rrrr [g /&:/(Z@_o(&}ﬁ:)
w (2.6)

+ @(-&,,ég))_ii;j Q:(.&'Jﬂl)({,z"éa»?]

vs

We have abbreviated

Q4 4,) - ;._/az BIA (Ch-#)) [ £ )T R) @

with Z = m(z-!/ gf) "



> —
For pointlike vertices and a free propagator, < /&,// &3/ Q{’ (&ﬁ 53)
reduces to a Legendre function of second kind. The ‘fTW- and the §7«)
vertex functions follow from our model I (they are roughly equal),
whereas the E&WT-vertex function is unknown. We assume it to be

I"l
equal to _f(kl’ks)'

" As discussed in I, our method for solving the BSE for EJa)works only

in the region §/4= pilon meass)
(G—/«)l £ et (2.8)

since for larger values of s the dispersion relaticns for the P€-lcop
inside the pion f£.f. would develop anomalous thresholds. Therefore
we again have to calculate the helicity amplitudes [:1%5) in the same
region with high accuracy and extrapclate them to the physical region
S >.4;Tn1. In the region (2.8) however the singularities of the pion
propagator in (2.3) - (2.6} lead to a logarithmic singularity in the

integration variable o at

45‘+/uf'+ g -t
a A V¥e- mar

(2.9)

These singularities require a deformation of the k-integration into the

+
complex plane ) in the unphysical region (2.8). We have circumvented thisg

+ . . . . . .o
) These difficulties are lntlmately comnected with the anomalous singularities

of the form factors J"'J’ (S) as functions of s.



difficulty by making the external ~? and & mass s-dependent:

m T e i) = E (s ) (2.10)
P

with Sp > 4 m2.

Thus our extrapolated amplitudes agree only at the point s =~Sp with
the physical ones. By this substitution the anomalous thresholds disappear,

and no other singularities are introduced, as it is evident from the

(11)

Nakanishi representation of the vertex with two equal masses:

(s am*) - /dﬂ/oue VASIEE ‘ (2.11)

T

. With the replacement (2.10) only

where 4/«."2 Ko(ﬁ) 2 3

the normal cut for S;lhﬁ~1is present.

Before discussing our results, we have to explain the calculation of the

contact term in the next section.

II1. The contact term

As stated in the introduction, the magnitude of the contact term (i.e. thcse
diagrams necessary to restore gauge invariance) is controlled by (1.7) which
follows from current conservation. Therefore we have to calculate the pion

loop contribution (2.1) at s = o with the physical external mass m. The



correct analytic continuation of (2.1) from the physical region s 2 4 m2

requires a deformation of the k-integration contour. Otherwise one of

the singularities of the exchanged pion (2.9) will cross the cos & -—contour
for some k > o and will not return for k- vo (we do not consider here the
necessary distortions of the cos &« —contour due to the propagator poles

in the intermediate pion states). A sufficient deformation is shown in

fig. 2. The departure of the k-contour from the imaginary axis is at

ﬁ = B = -'l': m_/.d.1 (3.1)
At this value, for s = o, the singularity (2.9) reaches the real o -axis
and is statiomary. In order to make the cos & -integration harmless, we
have expanded a(kl’kg ) into Gegenbauer polynomials in cos e , whereby

(12) of the

only the lowest term will survive because of the 0(4)~symmetry
Bethe-Salpeter equatiom at s = o. Thus the calculation of the pien triangle

diagram at s = o is feasable and the normalization of the contact term is fixed.

For the s—-dependence of the contact term we have to rely on Feynman diagram
considerations. It is physically clear that the contact term arises from a
coupling of the photon to charged constituents of the @- and & -meson other
than. pions. If we rely on cur resonance model I for the ¢ , the nucleon
current will give the most important contribution. The photon coupling to

a nucleon running parallel to the pions leads to the triangle diagram of
fig. 3a), whereas the coupling to an exchanged nucleon gives the complicated
structure of fig. 3b).The nucleon vertices can be taken as dressed ones,

since we are working with dressed propagators throughout, but we only consider



the XZ‘—coupling of the pheton. The ratio of the two diagrams is
impossible to estimate, since the coupling constant 3EMJ'15 poorly

(13}

known , and the calculation of fig. 3b)with vertex corrections
etc. is too complicated. We have concentrated our lnterest on this
latter diagram since in view of the large nucleon mass and the small
nucleon isovector charge we think it unlikely that diagram 3a) can

. . — . .
compensate the contribution of l4 (s = o) of diagram la). An analysis

. + 2 . . .
of the spin traces also shows that for’glca M~ the main contribution

with respect to the spin structure is, for both diagrams, of the form

<ﬁg’¥z£]g;‘cc)}o> ~ e fis) (3.1)

s

in the notion of (1.4). Therefore the neglection of diagram 3a) will not
influence the ratio of E}S} and CKSj very much, We have analysed the
z-dependence of fig. 3b and its average off~shell momentum of the nucleons,
including all spin terms, but with free propagators and bare couplings except
for thes ‘gNﬁ vertex. This was done with Feynman parameters and numerical
integrations. The fNﬁ vertex was simulated by differentiation with respect

to adjacent nucleon masses. We found, besides the dominance of the spin
structure (3.1), that the energy dependence introduced by the nucleon spin
terms is less than 10 7 between ¢ = o and s = 4 MZ. We consequently replaced
the diagram 3b by the simpler structure of fig. 4a) with scalar particles, the
¥§ spin structure being given by (3.1). The value of the mass Mczx.S Mz
ensures that the average nucleon off-shell momentum is the same as in fig. 3b).
This is pecessary to get the correct nucleon cff-shell form factor. We have

taken into account only the pion current contribution to the nucleon form

factor, This leads to the diagram of fig. 4b with a subtraction for the

*) P{ = nNuclieon Mmass

LU IR I MR D T B PR P I W Y L 0 W ' " P W e U SR AR I R e L e e



_12_

nucleon vertex:

[;,, (s) =22 (ﬁ)/dcdaoc M;M/M &3{M R4 2, )4 (&)

4T3

x A;/ﬁ:}/ﬂ:/t%’-uhfen.( 5, &:—/ &:/ {(3.2)

M.':‘b (Af) é: ( é:) ‘B‘! ; Mt)énj:( ﬁ")A:r(&:) @;ZE"‘“"" (o: &’t{t)/ f
_ ’ ' S=o

Here we have for the scalar box diagram

M4 8 2:1) - 8. /o(m/& wf3 /d7 P8, (B) A (7) >

(3.3)
» Q°<P'J£3,M:)a:(€’kﬁ Ht)'
M c * * = E © * K = (3.4)
(A k' 2:0)= = M(AS A 2=4)
+1
) b 4 . N 1
@, (73, ke M) = - g dzAMC((E—ﬁ))f;(p”,gy)le(afﬂ). (3.5)
-1
/ /
The propagators AM(‘P‘) and AM (p‘) are dressed propagators with
masses M and MC resp. The kinematics is
?40(‘30) = ¥ -:,_V-S_- - (g w3, (3.6)

{ﬁ/ ’fﬁ3/= ?M‘/‘B



The amplitude M:ub( Ay) entering the subtraction term is obtained
from (3.3) by omitting aocpl’kl’Mz)' The renormalization constant

2. . .
ZI(E ) and the subtraction momentum &k are the same as in I.

The coupling constant g, is now determined by (see (1.7))

IV. Extrapolation into the physical region and numerical results

We have worked with the following set of coupling constants:

gfﬂ 2 2.5 and Gennm s 2.4 .
& L3

The latter value corresponds to [an = 500 MeV for me = 700 MeV.

The coupling constant 8o is taken from the width of the w as (14)
t N
for ., 43.8 .
4T

(3.7)

(4.1)

(4.2)

The sign of gpww with respect to the other coupling constants is determined

. . 2 . ook
by the consideration, that for s = mp and vanishing £ four momentum the e

acts as an mass insertion into positive definite _f self energy diagrams.

Thus the s—wave contributions from la) and I} must have the same sigrn.

In the actual calculations we have multiplied the diagram la) by 3/2



to account for intermediate KK pairs, and the diagram 1b)by 2 for the

various KK¥ states. We have also given the exchanged pion an effective
-2 2

mass of/u = %}u as an average between the w and K-mass. Our results

are not very sensitive with respect to this value.

As stated in sect. 2, we have to extrapolate the amplitudes [:?9) /VS-”’

and f:?s) with variable mass m(s) from the interval _r1;5-5 é-w§ to

the physical region. We shall do this with a generalized effective range
expansion as in I. Héwever, the extrapolation is complicated by the fact

that the pion loop fig. la) leads to a very strong variation in s which

is not due to the p-pcle. This is shown in fig. 5, where the ratio of fIFEJ/EJS)
is displayed. Clearly simple vector mesomn dominance consideraticns ®)
will not work in this model. In order to facilitate the extrapolation,

we have introduced comparison amplitudes C}&Jand CV3) , which are

obtained from (2.1) by the replacements

L 2 - 4 Ml 3
Els, b ) = bo T Jl1- i)

F?Twa’(sf 'ﬁ,:"&:) __.p i gn M__/(4_ 7"%0 M%) (4_3)

(- oM
with +* = 4 /'é,l-r %:/ - ‘:?i' . (4.4)

These comparison amplitudes can be calculated in the physical region s,>4m2

L
by careful numerical integration of (2.1), and they match the ratios f: (&)/GE(S)
rather well. The form (4.3) has been choosen to simulate Fﬂ(o,kiz,kzz)

closely.



We now can extrapolate the helicity amplitudes from the interval

3

-mg &S £ M; with the ansatz

Vo, 2n Ne s iing
kL Z bk L) cT(s)N |
Cés)/fs_ : S T ¥ (4.5)

ame s

Na e Mo
10 Z AT 2 6 8L h, ) AT AR

(4 L ¢
with corresponding forms for [:(S) C—‘(S) and F(s}.
’ 1
We have set '
5
JEW = i At
- ' (4.6)
P ey eyt
J
fra)« 4 gn 22 ¥
24 - wW-ig
T .
With Na = Nb = Nb = Nc = 2 (11 free parameters) we could fit 14 data

. . . -6
points with a relative accuracy better than 4.10 ~. The extrapolated

amplitudes did not change by more than 15 7 in the region V<2 Gev

t

if one of the Na ... N was changed by one (with an important exception

b

to be explained below). We shall discuss the cross section

ot Vs - amm® (I e+ el p_/:j‘zsntjrf)}‘) (4.7)

s /2

Wi

6:?*8' - 3e=

for two versions for the pion form factor Fw(s)' The first one, which is

version B of I, has no contributions from long range pion exchange forces



due to the pe-channel. It gives slightly low values for Fﬁ(s) in
. 2 . ; .
the region s » 1 GeV . The second one is essentially the version
C of I, but with g2 g2 /161r2 = 5,23 instead of 3.74 as in XI. Im
o Semw

. 2 .
the cross section formula (4.7) we have smeared m over the p- and e-width.

1) We show in fig. 6 the results J‘.’m."2 g+ = of the first version as
3 e e 2pe
a broken line and compare them with the data of refs. (D and (2). It is

evident that the theoretical expectation is too low by an order of magnitude.
. ' . z . .

There is no free parameter to adjust except 35N“/Lﬁ ., which 1s already

close to its upper limit. The s-behaviour is not compatible with experiment.

(6)

These findings have to be contrasted to those of ref. , where a much
larger cross section followed from a VDM extrapclation. This extrapolation
is probably not justified in view of fig. 5. It is interesting to motice that
. . . < "",{ .
the contact helicity amplitudes C:(ai/fg- and /4(5) are roughly proportional

to Fﬂ(s). Their contribution reduces the amplitudes in the physical region by

1/5. The whole situation changes drastically when we turn to versiom C.

2) The helicity amplitudes of the second version do not differ very much

from the previous case in the region —4~&’5-5 é-lu; , since the pion vertex
Fﬂ(s,klz,kzz) is only slightly different. The extrapolated values for

(‘: ‘(s)/ﬁ and I:'(;) however become very unstable with respect to Na' "Nb"
and sometimes a pole develops. Optimistically one can interpret this in the
sense that our model favours a resonmance around 2 GeV which couples strongly
to pe but weakly to T, since Fw(s) is stable and shows no bump (see I). The
position of such a resonance cannot be taken from our extrapolation. We

(15)
o

therefore imgose the existence of the p' with = 1600 MeV and

G;, = 400 MeV and extrapolate the amplitude

Fos) - (s-s.+ 44 f(2))/Ts (4.8



‘ L
and similarly for {:(5), in the notion of (4.6), with s, = 2.44 GeV2

2 . .
and v = 0.35 GeV ., The extrapolations become now very stable agaim,
and we obtain the full curve in fig. 6 for 2-0 + - . This curve is
3 e e ¥pe
in reasonable agreement with the data, but possibly somewhat low above
the p'. Thus, if we disregard our indications for the existence of a o!
based on the extrapolation, we are able to calculate the product of
(Ag )
coupling constants 9 P .
et er

occurrence of a second Breit-Wigner pole in the amplitudes is assumed.

from simple loop diagrams, once the

Finally we can determine the angular distribution of the @ with respect

+ -~ . .
to the e e beam axis as given by

ols , .
an, T e (4 + ) (4.9)
nesy™= [Res))”
with b = RACIENINOY . (4.10)
* kS
[ []eso] + /f:(s)]
We find at S = Mma®
3
b = 0.08 , (4.11)

i.e. almost complete isotropy.

V. Conclusions

We have calculated two loop diagrams in which the PE state is connected
to the wmr and the #w statesvia one pion exchange. We gave arguments that
the diagrams which are necessary to restore gauge invariance have large

internal masses, and they are roughly proportional to F'(s). The loops with



pion exchange are not proportional to Ef(s), i.e. a simple @ -pole

will not adequately describe their s-dependence. If we extrapolate the
amplitudes without intermediate §& loops into the physical regiom, the
storage ring data for the process e+e_—bZH*Zr“ cannct be explained. If
the P& loops are included in E"(s,klz,kzz) and if we impose a Breit-
Wigner pole for the g' in the extrapolation function, we can explain

the zbove cross section within the still large experimental uncertainties.
These Q€ loops lead also both to.distortion of the mwr p-wave effective
range plot and to deviations of F,(s) from the @ pole formula above 1 GeV
as discussed in I. The evidence for a ?’:from our medel of course cannot
be convincing. Better techniques for solving the Bethe-Salpeter equation

directly at large s are urgently needed.

Qur picture for the ‘9' would correspond to a Q€ scattering state with
a mixture of s— and d-waves., The s-wave part, i.e. a @ plus something
radially symmetric with the quantum numberxs of the vacuum, has to be

(16)

confronted with the quark model interpretation of the _?'as a radial
excitation of the ¢ . The difference is that in our model the fermion-
antifermion triplet s—wave contemt of the @ has no nodes in its radial
wavefunctions. We do not know a decisive test between these pictures,

Our cross sections without a @’ are considerably smaller than those obtained
by G. Kopp (unpublished) and by a recent "sidewise' dispersion theoretic

(17)

treatment by G. Kramer, G, Schierholz and K. Sundermeyer . This difference

may be due to the presence of vertex functions which are necessary in our

approach to avoid divergences.
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Figure Captions

Fig. 1 a) Pion current contribution to the e transition form factors.
2 . .
E%(s,klz,kz ) denotes the renormalized electromagnetic off-shell

plon vertex,

b) Omega-pion current contribution to the & transition form factors.
F (s,k 2,k 2) denotes the off-shell fwy-vertex.
T} 1 2

Fig. 2 The broken line indicates a sufficient deformation of the

k-integration contour of eq. (2.1). The point B is at k ==t V“ﬂﬁyu‘

Fig. 3 a) Contact term diagram arising from the photon coupling to
constituent nucleons.
b) contact term diagram arising from the photon coupling to

exchanged nucleons.

Fig. 4 a) Simplified diagram for the contact term -

b) Resolution of the nucleon vertex in the diagram a).

L
Fig. 5 The s-behaviour of Re([? (S)/F‘IT(S))'

Fig. 6 Comparison of version 1 (dashed line) and version 2 (full line)

with the data of ref. (])G)and ref. (2)(%'). The curves show %‘%"e'-&yi‘
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