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JET ANGULAR RADII AND THEIR ENERGY DEFENDENCE

by

F. Steiner

IT. Institut fiir Theoretische Physik der Universitdt Hamburg
and
Deutsches Elektronensynchrotron DESY, Hamburg
Abstract:

We discuss the opening angle distributions of the hidgonic energy
radiated by quark and gluon jets in the reactions e e-—vu’t¢1i—b2 jets
and e @ ~—3p Q) — 3gw—p3 jets., Varicus jet angular radii are de-
fined as a measure of the angular size of jets, and their energy depen-
dence is calculated. We conclude that non-perturbative jets

dominate over perturbative QCD jets up to e e energies of about 3o GeV.
A comparison with recent PLUTO data at 9.4 GeV shows nice agreement.



There is now overwhelming evidence for the existence of hadronic

1) 2)

. . . + - .. . . .
jets in high energy e e annihilation and in various other
. . 3 . . . .
collisions at high energles ). The angular distribution of the jet
. . + - - .
axis relative to the beam axis has been measured in e e annihilation

1) 2)

and is consistent with that for a pair of spin 1/2 particles.
This gives strong support to the idea &) that jets are the fragments
of quarks; which are the basic constituents of hadronic matter in the
framework of quantum chromedynamics {(QCD) 5), the most promising
theory of hadroms.

Recently Sterman and Weiﬁberg 6) initiafed a new approach, called
jet perturbation theory, which makes it'possible to derive certain jet
properties from QCD and to prove the dominance of the 2-jet over the
n-jet cross section (n $ 2). However, in order to avoid infrared diver—
gencies and mass singularities due to degenerate states within the
resolution of detectcr devices, physically sensible cross sections
had to be used. This lead to the definition of "QCD jets', which are
characterized by events, where all but a small fraction of the total
energy is emitted within a cone of half angle & . Thus QCD jets are
fixed angle jets rather than fixed transverse momentum jets. Although
it is a great succesafor QCD that the jet structure of hadronic final
states could be derived without assuming the parton picture, in par-—
ticular the transverse momentum cut off, it is nevertheless extremely
disturbing that the jets observed experimentally show as a promirent
feature a very sharp transverse momentum cut off with a finite <{p.» &

1M2)3)
360 MeV. "

In the following we shall assume that the perturbative calculations
are invalidated at present energies by non-perturbative effects asso-
ciated with P and the trapping of quarks and gluons. This implies
that present fixed transverse momentum jets are of non-perturbative
origin and are therefere outside the scope of existing QCD methods,
Consequently, any attempt to understand the jets in Nature has to make

use of other methods.

It is the purpose of this note to determine the opening angle
. . . . . . . + -
distribution of the energy flow within quark and gluon jets in e e
annihilation. This allows a direct comparison of non-perturbative jets

with QCD jets in terms of a mean jet angular radius &> instead of a mean



transverse momentum <P_L) ]
. . + = * T .
Let us start with the reaction e e ~—» ¥ —» 99 —> 2 jets
and assume that the invariant inclusive cross-section for producing

a hadron h from one of the two (non-perturbative) quark jets is given

by
E, O™ _ Rm g D, P2y (1
d’P 4 '<piS
1“’ 57_? P
where Xy = Z.Pn /Ec," ’ Ec_“ =total e+e_ energy, and Pe > Ps

denote longitudinal and transverse momentum, resp., of the detected
hadron measured with respect to the quark jet axis, defined by the
quark direction, which is integrated over (dﬂ?).("/rﬂ')(otrqz" /d-n—q)
~ 4 o+ cost e’ describes the angular distribution for

the lowest order process ete” —_ (* —_> ch, e‘being the polar
angle of the quark with respect to the e’ beam. The non-perturbative
effects (q—-)h) are contained in the fragmentation function

(x, L whlch is normalized to the quark jet energy E /2

Z %D =&

the sum extending over all hadrons. The p, - dependence appears in

the form PL <& PJ_'> , which shows explicitly that non-perturbative
jets have an intrinsic energy scale, i.e. the mean transverse momentum
of the jet <PJ'> ,» averaged over all particles.

Now we ask, what is the energy fraction de = d E 7 Er.n
emitted by a quark jet intc an angular interval d& Dbetween & ond
5 +d& 7 (Here the jet opening angle & is measured with respect to
the jet axis). From €49. (1) we find

x'mnt
de _sind
¥ g dxxy D (6, X0 Een gan g (3)
dS’ ms’S‘f‘"&E" '2<P_L )
{aith the normalization
w/2
Sds (_:!_E'_.._ = 4. “w
o d >

Eq. (3) allows to deduce the following general behavior of the
energy flow near the kinematical boundaries

+) Actually D is an averaged fragmentatlon funetion, since we have

already summed over quark flavors. This is appropriate for a calo-
rimetric measurement.
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Here k is a dimensionless constant ), which depends on the detalls
of the fragmentation functions, while a is the "multiplicity strength"

+ -
determined by the asymptotic behavior of the total e e multiplilcity

<m> =2a LnEgy + )

The energy distribution de/do depends on two independent variables,

$ and E Inspection of eq. (3) suggests, however, that a parti-

cM’
cular combination of these two variables should minimize an eventual
residual energy dependence. To see this, let us define an "angular

scaling variable" T , o & T < M by

(7)
=‘l:a.ngo=cot8 , '{:angoc ad (E.L5
tand cotd, Ecn

which scales the angle 1Y by an energy dependent referende angle So.

Rewriting de/d8 as d&/AT we obtain
X

3d€__’ll 3 z S 2 a x
T ""'tr"’(f'*>§°dx'x" D) - w

1

It is obvious, that an explicit Ecﬁ-dependence of eq. (8) can only

come from an explicit energy dependence of the fragmentation functions
(apart from trivial phase space eifects related to X:n X
our calorimetric measurement we are not interested in individual par-

). Since in

ticle properties but rather sum over all hadrons, both charged and
neutral ones, it is not inconceivable that the dependence of de/ 4T

on_ECM is negligible over a wide energy range. This then leads us to
. \ . + - - .
the conjecture, that quark jets in e e annihilation may show "angular

scaling"

+) Streaktly speaking, k is constant in the case of perfect scaling.
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de _ F(t) Sam: Ft)=4 ) (9)
dT o

+)

where the "angular scaling function" F (T ) is a function of T only.
At T =0 ( 6=W/2 ) and for ‘T~>po (S—)o) we obtain from eq. (5)

the general result

2
Floy=d , Fa)—> A : (10)

3
T-»ec T
The following discussion will be based on the scaling hypothesis (9),
which simplifies considerably our problem to calculate jet angular radii.
Instead of many fragmentation functions which are functions of two vari-
ables, we have to find only one scaling function F ( T ).

9)

Recently Fesefeldt et al made a detailed analysis of 12 and 24 GeV

pp data, and demonstrated that perfect scaling of the type (9) holds,

where the scaling function can be represented by

1
(4 +ue2)’?

This scaling function, which is shown as curve (I) in Fig.l satisfies

F(_'C)-r.- (11)

all the conditions (9), (le¢), and will te used from now on.++)

There remains to fix the reference angle E,, eq. (7). We choose
<Fi) = 360 MeV, which is consistent with the PLUTO results 2)at 9.4 GeV
and with the results of SPEAR 17 at lower energies, )

As to the multiplicity strength a, we remark that a = n + 1, if the
averaged lengitudinal scaling function (summed over all particles) be-
haves like (l—x”)n. With n=3 we obtain a = 4, which is consistent with

the data on charged multiplicity, see eqsﬂﬁ%go ). &g is then given by

Eem Ecm (12

+} Scaling of this type has already been discussed by Ochs and
Stodolsky8). See also ref.9) and the discussion below.

++)From a study of special fragmentation functions we obtained
the scaling function F{®)= (4+€)"® . The following calcu-
lations have also been carried out for this scaling funetion.
It turns out that most of the results, in particular the values
for the jet angular radii, remain essentially unchanged.

+++)We do not think that the weak energy variation of <ps> found
by the PLUTQ groupz) contradicts our assumption of a constant
{PLY . The measurement of <P for all particles depends cru-
c¢ially on the correct determination of the jet axis and is very
sensitive to detector acceptance and cuts.



i i i fo=9° 9.4 GeV
ECM'ln GeV, which yields o= at 9. eV.

As a first check of our assumptions we calculate the fraction -f,(ﬁ)

of the energy cutside a cone of half angle Y

-ﬁ_QS) 2T 2.":&“80 (.053
NA+HT?  Vsin®§ + bhtan?d, cos?$

(13)

Recently the PLUTO groupz) has measured £ ( § ) at 9.4 GeV, just below
the ’T-Y9.46) resonance, the results being indicated by the dotted area
in Fig.2. The experimental jet axis is defined bjlgither the thrust or
sphericity axis, the width of the dotted area reflects the difference
between these two définitions. The prediction (13) is shown as the lower
curve in Fig.2. We find excellent agreement with the PLUTO data.

On the basisof eqs. (9,11,12) we are now in a position where we can
calculate all angular properties of gquark jets. In Fig.3 we show our
prediction for the opening angle distribution of the emitted energy from
quark jets at 9.4 GeV

e tando siné

ds (sin*§ + ltan?d, ws,_g)?lz

. (14)

The energy flow vanishes on the jet axis, has a proncunced maximum at

& = 13° and then gradually decreases with increasing opening angle
leading to a kind of plateau arcund 96°, the height of which is deter-
mined by the multiplicity strength a, see eq. (5). In order to compare

the prediction (14) with experimental data we used the PLUTO dataz) at
9.4 GeV on the angular distribution of charged and neutral energy measured
with respect to the thrust axis for thrust bins 0.85-1.0, ©.75-0.85 and
¢.5-0.75. From these data we reconstructedan angular distribution for the
total energy flow, i.e. the visible energy distribution, not yet corrected
for acceptance losses.+)For a2 proper comparison we renormalized the visible
energy distribution by multiplication with an overall factor 1.66

ensuring the correct normalization (4). The energy distribution re-
constructed in this way 1s indicated by the dotted area in Fig.3.

It is seen that the position of the peak and the qualitative shape are
correctly predicted from eq.(14 ). Since our reconstruction procedure

does not take into account any detector acceptance, it is likely that

the corrected data agree even better with the theoretical curve, espe-

cially near 96°

+) We are grateful to G.Alexander for a discussion on the PLUTO data.



As a2 quantitative measure of the angular radius of a quark jet, we

define an average opening angle £ {> by+)
T/2 w2
<3>==Sd83‘.1_% /Sdé“_if: ' (15)
o dé& ° d&

From eq. (l4) we cbtain

(SEem)y = M(4+m°'> -

I—wtars, V= VAThtams, e

The energy dependence of the average jet angular radius ¢ §D is shown
8s the full curve in Fig.4. The large values obtained, 47° and 34° at

the energies 5 and 9.4 GeVY, resp., demonstrate in a guantitative fashion
that present quark jets are broad. Even at a total e+e_ energy of 4o GeV

<a"> is as broad as 14°. For large energies tan 8, <& 41 and eq.(16)
simpiifies

(BlE D <P'L>E<n> ) BEem—2™ | (4
cM

This is a very satisfactory result, because it corresponds exactly to
what one would have expected naively, Defining a "naive jet angular

radius' O maive by

ton Sm;,,e == i& (18)
<P

and replacing <P“> by )

E <p'S
< == (4 -y P |
Fu> TS ( . (19)

+) Notice that ¢§ is an energy-weighted average.

++)Eq. (19) follows from eq.(1), M being a dimensionless constant, which
depends on the details of the fragmentation functions. With 'X =35
eq (19) reproduces nicely the experimentally Ffound 2) energy dependence
l



we cbtain immediately

o= <E.L> <"L> {20)
Ecm

tand,

haire

which ' is identical to eq. (17), ¢.e.
<{>-——7 8 naive. The energy dependence of S naive y.q. (20l)yis shown
as the upper dashed curve in Fig. 4. Here we used for the multiplicity
<‘YL> =8 Am Ecn - 5. One should notice, however, that 5 naive
underestimates <5> appreciably in the energy range between 5 and
lo GeV, and should therefore be used only at much higher energies.
Another useful measure of the angular size of a jet is given by
the angl_e 8411 , which is defined as the half angle of z cone that
contains half of the available jet energy, f (&2} = 1/2. Eq.(13)

gives

+an Sq(g_ = \17‘2 'l:G,VISo = .§_- .

Eem 21

8ar2 (Ecw)is shown as the dot-dashed line in Fig. 4. At 9.4 GeV
we obtain Sﬂz = 28° in excellent agreement with the result from
PLUTC. With increasing energy &ug_ decreases faster than £d&or
d naive: at 4o GeV one obtains gqrz = 79,
Yet another measure of the jet size is provided by the angle C‘)-max,
which is the position of the maximum of di/dg) eq.{14). The result

is

- 2 tan s,
VA-tan*§, 22

sin Shu

gnu(&") 1s shown ag the lower dashed curve in Fig. 4. It starts
at 30° at 5 GeV and falls down to 3° at 4o GeV. The maximum energy
flow 1s <~ EC.H .

The various angular radii discussed in this note illustrate clearly,
that non-perturbative jets are rather broad at present energies and
show an angular shrinkage propotional to 1/ Eep (for O1/2 and

Smax) or An Ech /Ech (-For <5> or Sntive ).

We now want to compare our non-perturbative estimates with a corres-
ponding QCD prediction. Because of the already menticned singularities
in QCD, not every definition of a jet angular radius is meaningful. It

turns out, however, that the quantity {swn? F) (( » refers again to



an energy-welighted average, as in eq.(15) ) can be calculated

perturbatively in QCD with the result To)

- _ ofs
{sin 8>Qct> =2 ( ’)

(23)

which is correct to order ®g , where & is the running coupling

i

constant in QCD, asymptotically given by

6T '
(33-2Ng ) An (Eem/A) (24

ds (ECM) ==

Ni is the number of flavars, and A & 50c MeV, In Fig. 5

. . . - +) .
<s‘“25>GCD 1s plotted as a function of ECM and compared with the
non-perturbative (NP) result derived from i&/dg (eq.{14)

Z.-I:uu&

(m,l - 9.+om&>( (25)

Gitdd> = 2tand, (W —arctan

2
NP VA-Ltan 0, A-Y%tanz§,

which asvymptotically approaches

<sin"6'>wp="17 tand, = A<pa> > Egp—> 00 . (26)

EQM
It is seen from Fig. 5 that the non-perturbative contribution is

clearly dominating at present energies, but since it decreases like

]/ECM it vanishes much faster than the QCD prediction, which vanishes
only like IIRM.,ECM. At 3o GeV the two contributions are about equal,
and we conclude that it will be extremely difficult to detect genuine
QCD jet properties below 3o GeV, since the non-perturbative smearing

effects due to fragmentation are sc large.

+) In Fig. 5 we assumed N¢ = 4 for ECM £ 11 GeV, Ng =5 for
11 £ By £ 30 GeV and N‘_ =6 for Eoy 22X 30 GeV.



Finally we would like to discuss the angular properties of
gluon jets, where we take the reaction e+e“--->Q§-—-)3g-——>3 jets
as an exanple?z%ﬁere QQ is a heavy quark-antiquark 554 bound state
of mass r4ﬂ5 L Asking again for the energy fraction emitted by a
gluon jet into an angular interval dd , we obtain the same eq.(3), but

with I%L now replaced by the smeared gluon fragmentation function

A

Xn Eem
DA-—-b 5(‘1; T(i) 03;‘(?:521 ?F_.:)atkh8> )

(27)
Here ‘; = 2 Egluon‘lECM’ jzkdenotes the gluon fragmentatio?Bfunction
and ?(g) is well-known from the analysis of positreonium ), <F"'>8v
denotes the transverse momentum of the gluon jet. It is straightfor-
ward to show that the relations (5) are true alsc for the gluon case
(with the appropriate replacements), the "multiplicity strength" Gy
being defined by

<‘n>33’ ’"3&-& X/M/ECM""'”' (28)

in analogy to eq.(6). One then repeats the considerations fpllowing-
eg. {A), and ends up with a similar secaling hypothesis for the gluon
jet as expressed in egs.(9}, (lo), but with the modified normalization

condition

[ra~]
AT F (ey=4 ,
l ? > 3 (29)

since one gluon carrieson the average 1/3 of the bound state energy.

T is defined as in eq.{(7) with tan 83 = G-} <FJ_'>%_ /MQE .

Tt is c¢bvious how to generalize the guark scaling function (11).

For the following discussion we shall use

4
(1+ 9T

) {30)

Fi} (I:)==



1o

which leads to the symmetry relation

— 2
F% (Tt = \:(Z'C) : (31)
The gluon function F% (_,‘t) is shown as the curve (II) in Fig. 1.

The following gluon estimates are made for what we call a
"minimal gluon jet', defined by having the same global jet parameters
as a quark jet, t.e. Cl3=CL =4, < P_L3&== <P‘-> = 3¢0 MeV.
In this case the T wvariables are scaled with the same reference angle
So y and the symmetry relation (31) tells us, that a gluon jet in the

3 gluon decay of a bound state of mass M has the same angular

" (Y
shape as a quark jet produced in e e annihilation at an energy
M:%Mqa. To be definite, this implies that gluon jets in the decay

T(3.46) —> 3§ have the same angular size as quark jets at Eepy=
= 6.3 GeV. In Figs. 2 and 3 we show our predictions for the T decay.
We emphasize, that a measurement of these curves will tell a lot about
the properties of gluon jets. In Fig.4 we have indicated by arrows the
positions of Y and of a hypothetical <% bound state at 28 GeV; the
open circles show our predictions for the average opening angle < a>& .
On the Y resonance we predict <8>%= 420, to be compared with a
quark opening angle of 34° at the same energy. Thus gluon jets have
larger angular radii, even if their average transverse momentum is the

same as for quark jets.
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Captions

Fig.!l:

Fig.2:

Fig.3:

Fig.4:

Fig.5:

Angular scaling functions for
(I) ete —> ¥x*—qq —> 27ets , 4. (W)

) e€—>T —> 33 ~—>3Teds , ¢q. (30) .

Fraction &(8) of total energy outside a cone of half angle Y

as a function S .Data at 9.4 GeV from PLUTO 2).

Hadronic energy distribution as a functicn of jet opening
angle & . The reconstruction procedure (from PLUTO data 2))

is explained in the text.

Energy dependence of jet angular radii. The experimental point
at 9.4 GeV is from PLUTO 2). The open circles are predictions

for the average opening angle ¢ 5) for YT(9.46) —> 39 and
for a hypothetical bound state %+ at 28 GeV.

Energy dependence of <SI'.V\2' &). Comparison between non—-pertur-—

bative contribution (NP) and perturbative QCD prediction (QCD).
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