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ABSTRACT

It is shown that the embedding of the vertical
SU(2) symmetry and a horizontal SU(2) symmetry
group in higher simple symmetry groups SU(4)
and SU(6) is not possible. This is proved in a
direct way through the matrix algebra of the ge-
nerators.

INTRODUCTION

After the experimental success of the Salam-Weinberg theory and its
modification by the G-I-M mechanism during the early seventies,
there still remain some basic unsolved problems like the masspattern
of fermions and the related Cabbibo angles, which could be under-
stood after the solution of the family [1] problem. Therefore there
has been a great interest in the last two vears in solﬁing these
problems in a direct way, so that with a minimum of new hypotheses
one could find a natural [2] solution.

Most authors have tried to solve these connected problems through

the introduction of some interfamily (horizontal) gaﬁge symmetry [ 3]
(discrete or continous). One of the most suitable of such horizontal
symmetries, with which one can hope to explain most of the open pro-
blems with families is a horizontal SU(2) (called SUH(2)). Then the
natural way to extend the Salam-Weinberg SU(2)L X U(1) theory in this
direction is through SU(2)V X U(1) X SUL (n) [4]. On the other hand we
have the known grand unification [5] by the gauge symmetry

SU(5) D SUC(3) X SU(2)L X U(1}). But in general we are interested in
those theories which have a minimal number of coupling constants
(ideally just one). In other words the mentioned extension

SU(2)v XU(1) X SUH(n) can be natural if we can find a higher simple
group G which can break spontaneously into such a subgroup. After this
one could include color SU(3). The groups which could be sensible for
G in the first step are SU(N(8). An example with N = 4, SU(4) X U(1)
symmetry unifying electroweak interactions, which accomodates 2
generations in the fundamental representation, is studied by Deshpande
et al. [6]. These authors, however, do not study‘the horizontal subgroup
problemnm. -



The aim of this paper is to show the impossibility of the above
mentioned breaking of G into SUV(Z) X u(1) X SUH(2) or the
embedding of a horizontal symmetry together with a Salam-Weinberg
group in a higher simple group like G. The direct result of this
statement is that: if we want to explain the generation problem
(mass, Cabbibo angles) through a horizontal symmetry, then we

must be satisfied with a semi-simple group like SU(M) X SU{(N).

Tt is known that in order to have a product subgroup as the result

of spontanously symmetry breaking of some simple unitary group,

one must introduce at least one Higgs field in the adjoint repre-
sentation [ 7]. This follows from the fact that the mass terms of
gauge bosons associated with the SU(N) symmetry consist of those
neutral components of the adjoint Higgs field which results from
commutations between the generators of SU(N) and the components

of the Higgs field in the adjoint representation. The necessary
condition for such a breaking is that one must find some (at least
ane!) operators FY’ which commute with all generators of

SUH{n) X SUV(m) X U(1) to leave their gauge bosons massless, but

with nonzero commutators with other generators of SU(N) to give
masses to their gauge bosons. These are obviously very strong con-
ditions. If these operators exist, then one must choose some suitable
nonvanishing vacuum expectation value (VEV) for the neutral compo-
nents of the adjoint Higgs field which result from those commutators
to give masses to the desired gauge bosons while the gauge bosons
associated with SUH(n) X SUv(m) X U{1) symmetry remain massless. This

can break the SU(N) symmetry in the required way:

SU(N) ——> SUH(n) ¥ SO (my X Ul

v

or make possible the desired embedding. But because of such strong

group theoretical conditions (commutations) one can show group theoreti-
cally that such a breaking (or embedding) is not possible. To do this it
ig enough to show this impossibility for the case n = m = 2. Then the
generalization for n) 2; m Y2: n + m{N is straightforward because

the existence of a SU(nj) 2) group which satisfies the stated Condltldns
depends directly on the existence of some SU(2) subgroup which must

obhey the same conditions.



.We demonstrate in this paper the impossibility for the cases
N=4;n=m=2and N=6; n=m= 2.

These cases are sufficient for N 4 6 because for N{ 4 there is no
subgroup'of the kind SU(2) X SU{(2)} and for N = 5 such a breaking

goes through the SU(4) group. The generalization for Ng 8 has the

same structure as 4{N{6. It seems that in general one can not embed a
horizontal subgroup together with a vertical one: SUH(n) X SUV(m)

in a higher simple group SU(N).

We write the general group theoretical conditions for such a
breaking for SU(N) in section II and give a general construction
for the N x N matrix as a general model for the generators of U(N);
N:even. This set of matrices contains both unitary and hermitean
matrices and is very suitable for introducing the commutation
conditions mentioned above to see the impossibility in a direct
way. In section III we treat the case N = 4 and N = 6;. n =m = 2.
In section IV we make some remarks about the connection between our
work and the question of grand unified theories which contain more
than one family.

IT-Group theoretical symmetry breaking

By introducing the adjoint representation for the Higgs field we
find that the mass terms of the SU(N) gauge bosons have the form [8]

P MW = L By W R G = (2w RS ,cr])

[ﬁ 7F] (ak 7{5‘}ESU(N) ?[_—.1,...‘,,(‘,\/%1) . 2

Then the breaking SU(N) D SUH(n) X SUV(m) X U(i) is possible if and
only if

F]eSU(n) I
{a " ) A= A9y (-4 (3)

A v

ERAR

(4)

(5)



and one can find some operators {at least one) FY such that:
2 2 2.
or (Rl effi) A=t Lonto -t 0]

the following conditions are obeyved:

[quF),}::O (6)
EE’ 9FY]:O
[F F]#0 2ot [FLE] o, [9]

If such operators (FY) exist, then one can choose some suitable
VEV

for {q;} related to [F;}
<C?n>OC<[F2;FY]> — [FHFE] «<F, (9)

to give masses to the gauge bosons Wl associated with F, . The gauge
bosons Wa and WB associated with Fa and FB remain massless
because of conditions (6) and (7). This breaks the SU(N)} symmetry
down to SU(n)H X SUv(m). But we show in the next section that such

strong conditions (6) — (8) make this breaking impossible.

The general matrix form which contain unitary and hermitean matrices,
can be built by Pauli-matrices and the identity operator (oi, i = o,
1, 2, 3). This means that one can construct all the generators of
U(N) bv some linear combination of such general matrices. Then one
can enforce conditions to form different desired matrices (generators).
We show this for the example of U(4) and U(6) groups. The fact is that
by introducing such a general matrix form one has the smallest pre-
conditions and therefore greatest possibility to check the effects of

+he desired conditions.

IIT - su(4) and SU(6)

The general matrix form for 4 x 4 matrices which contains all gene-
rators of U(4):5U{4) XU{(1) has the form



o} - LS -
: ~CG~K :ldg—é » 11737}(9&}:{0‘9\“?3} (10)

witha, b, ¢, d real numbers. This means that one can construct all
generators of U(4} by some suitable linear combinations of iU}.

In other words, our desired operators FY are of course some subset
of iU}. Now to distinguish between the horizontal (interfamily) and
vertical (Salam~Weinberg) symmetries, take the electric charge basis
for the fermions to be (e1, €57 €4 e2). Thig is then in term of
quarks some fundamental basis like (u, d: ¢, s). Then the convenient
horizontal SU(2) symmetry consists of three generators

H, € SU,(2) (gHG}C{UB) (@ =1, 2, 3).

and the vertical symmetry SUV(Z) whose generators WB obey the
product subgroup condition: SUH(Z) X SUV(ZJ consists of
!
%l
. i
M@ ' B ’ 3= 17233, (OBf Pauli matrices)
16}; (12)
Ha) - () |
Wyllg) ~—1{g A (13)

Now to find some FY we force initially the conditions (6) and (7)
on the general set U :

(1, v]
[¥gr U]

O (14)

0 (15)



and then of course we need the condition (8). Then we have

[H17U}=0 —> {K:i Czb} —a-({U}—*{U’]) (16)

b=¢( d=d

[Hy:Ulz0 — b=c=0 — ({U"d’{u"i) (17)

[:H3’lJ’1 =0 no other restriction. (18)

That is,

U}after condition (6) must have the form:
U} ol —Gl l' -
: ; (19)

Tt is now obvicous that the second donditon

(2) WB’ U] = 0, (20)

cannot be satisfied by such {U }, because apart from i = O (the
identity operator) all of the other ones are some multiples of

the same WB operators. This means that one cannot find even one
such operator (in realistic examples generally one needs more than
one!) [TO] which can satisfy _ even the conditions (6) and (7) to-
gether. (Where we have three conditions {(6) - (8).) In other words,
one cannot break SU(4) into SU(2), X Sgi%) or conversely embed such

a product subgroup into SU{4).

The same impossibility can be shown for N = 6, n =mn = 2. The general

form for 6 x 6 matrices consisting of hermitean and unitary ones is

A rooK
{ Tf b—’m | 8 2 tvg?K)g?mn"'Jhy:’z 1 75 (21)



{o'} are any multiples of one of O,s ©

17 Oys Oy -

All generators of U{6) can be constructed from some linear combinations
of {U . The electric charge basis to distinguish between horizontal
and vertical symmetrles is (e e

27 €11 €50 e, e2) or (u, d; ¢, s;: t, b)
and this shows that the H = SU (2) are of the form:

‘ -. n ) (22)
%

W) )G () e

Then the WBGE SUV(Z) which must obey the SUH(Z) X SUV(Z) conditions
are

s B=1,2,3

(24}

E
=1

The first two commutation conditions which must be enforced on thej 9]

to find those generators F_, which are necessary for the desired
symmetry breaklng are [111

[HG, U] =0
[WB, U]

{25)

O (26)



(1) implies that.

Q:g e M=

[H1’U]:0 _”Xc-xéry’:u—';:c-,{:o}_ﬁ’({uzﬂgufi) (27)

he] 20 leed + 67200 = (] ~fu

(28)

E‘*S U ] =0 no other restriction (29)

In other words U"‘ are some multiples of the {Wﬁ‘ ﬁZ].

This shows that because there is no operator {(we need generally more
than one) which can satisfy even two ((1) and (2Y} of our three
conditions, one cannot break SU({(6) into SU(2)H X SUV(Z) or, conversely
embed such a subgroup into SU(6).

The same method can be employed to demonstrate that also the SU(8) case
is not possible,which we have done explicitly but do not show in detail

here for sake of brevity.

IV - Conclusions

It seems that in a formulation of the weak electromagnetic interactions
of fermions, where the quarks and leptons are labeled independently in
the fundamental basis (representation) of a SU(N) local gauge symmetry
group, it is not possible to embed a continous horizontal (interfamily)
symmetry and the vertical symmetry together into a higher simple
symmetry group - SU(N) .

This fact suggest that the simplest possibility for a grand unified
symmetry‘LS] which contains the horizontal one andexplains the generation
problem, is a semi-simple symmetry group like SU(M)XSU(N} which can

break in such a way that in the first step one has



SU(M) XS5U(N) —— SUH(n) X SU(N)
with

SU{(N) 25 SU.(3) X SU(2)., X U(1)

C( v

and in the next steps
SUH(n) X SU(N) —> SUH(n) X SUC(B) X SU(2)V X Ul
S SUC(B) X SU(Z)V X U(1)

—_ SUC(B) XUu(1)
LI,

Generally our result and the statement summarized in the last paragraph
is in accord with the conclusion reached by A. Davidson { 13] that only
semi-simple groups like SU({5) X SU(5) [14] are suitable for the gene-
rations containing grand unified theories, although these authors had
other reasons to reject a simple symmetry group like SU(N) as a unifying

group incorporating several families.
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