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that mo is small for ¥ 23, but this statement is presumably net
always true and in any case needs proof. Here I shall establish a
formula for mo wvalid at large % by which Mo can be accurately
estimated provided something is known about the forward elastic
scattering amplitude of the infinite volume theery. Conversely, when
mo has already been computed by other means, the formula allows (at
ieast in principle) to extract the complete forward elastic scatter-

ing amplitude,
2. ISLNG MUDEL

To warm up, let us first discuss the soluble case of the 2~
dimensional Ising model. Thus, pick a T x L square lattice A with
periodic boundary conditions and attach to each site n of A an
Ising spin ®(n) taking values X {. The action S of a spin field at

inverse temperature P is given by

=-8 Y L b
> ¢ neA p=04 gy gintiy,

-

where fi denotes the unit vector in the positive p-direction (p= 0
for time, p = 1 for space). In what follows, we shall only consider
the high temperature {small % ) phase of the model. As in the gauge
theory case, the energy gap ZQAW.HV can then be read off from the
exponential decay at large times of the spin correlation function,

which is defined by

lomyolo)y = Wm 2 ome e /2 e
Twoo fields fietds

Alternatively, we may note that m|ZO is equal to the ratio of the

next to highest to highest eigenvalue ¢f the transfer matrix. These
eigenvalues have already been computed by Schultz, Mattis and Lieb 4
almost twenty years ago so that here we only have to recall their

beautiful exact results.

In the infinite volume limit (L = 00), the mass gap is given by
(5} m o= - 2p - ln tghP

As B rises, =, is monotonically decreasing and eventually vanishes

at the critical peint
1
(6) B, =7 in (144D

At L = 0a, there is actually a whole "mass shell" of 1-particle
states with mementum q, -¥ £ Q< ® , and energy mn given by

(7 ch mn = ch o + 1 - cosq, €_ 2 m_.

Near B and at small q, this formula reduces to the relativistic

energy momentum relation

(8) € = =, +q

The finite volume energy gap ZQ. which has also been obtained

by Schultz et al., reads

L-d

L-4
H M, =m_ +15 ¢ 1 3
( ° o 2 9uo mﬁncf4u 2 yxp 2v

1A

The first sum here represents the zero point energy of the vacuum
state and the second sum the zero point energy of the zero momentum
{-particle state. These frequency sums come with the "wrong' sign,
because of the fermionic character of the harmoric eoscillators in

terms of which the diagonalization of the transfer matrix is achieved.

For further analysis, it is useful to rewrite eq. {9} as

follows. First, using the Poisson summation formula, we have
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3. A FORMULA FOR mo IN TERMS OF THE ELASTIC SCATTERING AMPLITUDE

Let us consider a scalar field theory in d+t dimensions des-
eribing a single self-interacting spinless particle of mass o . In
the course of the discussion it will become clear how to generalize
to more complicated situations. From now oo I shall furthermore
assume that the continuwum limit has already been taken w» although
T believe that, with appropriate modifications, the result obtained

below (eq. {15)) also applies in latticd theories.

It is well known that the (infinite volume) forward scattering

amplitude F extends to an analytic function of the "crossing

variable" ¥ in the cut plane shown in Fig. 1 (F and v are defined

. - s . +

in the Appendix). In addition to the cuts starting at v = = m
F(¥)} has simple poles at y == Wﬁo, if one-particle exchange
scattering processes are possible. In that case, an effective three

particle coupling constant A can be defined through

Lom 1_4,1 = 1 a2
0D e s, (V= g mi}F0 = 3 A

Note that, due to crossing symmetry, F{(-¥) = F(¥), and the two

limits in eq. (14) coincide.

Suppose now that the theory is enclosed in a d-dimensicnal

periodic space box of size L and that mo is defined as before,

The formula alluded to in the intreduction then reads

*
In particular, some physical units are henceforth used for dimen-

sionful quantities like ZO. =, and L.

Imw

physical amplitude

\

Ia] tal ReV

Fig. 1: Analyticity domain of F(¥).

d

__ st _d-5 d [im 1-3 B
5 =~ X m, wﬂﬁwwu Xmu__gum;

- Cduq e * Flig) + 0™

Here, NH denotes a modified Bessel function (Ref., 6, § 8.432) and,

as usual, %= mL. Furthermore,

d
n:.:ﬂ“ _dq o = ,_§w+ 3*

A»ﬂvmpAo

is the Lorentz invariant measure on the one-particle mass shell.

Note that the forward scattering amplitude F is integrated over
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The shaded bubbles here represent the L =02 Euclidean vertex func—
tions (full propagator amputated, i-particle irreducible n-point

functions of ¢ ), and

O

d
@) ) = N,M%oin_mc Gm(q)

Geeq’

The L-dependence of the rhs of eg. (19) stems entirely from the
modified propagator (20). All other facters and loop momentum inte-

grations are exactly as in the infinite volume theory.

Eq. (19) can be understood heuristically by noting that in
position space the modified propagator (20) is equal to the old
propagator with the argument shifted by a pericd L in any of the
2d space directicns. The rhs of eq. (19) may then be interpreted
as the sum of all mmwmrmuounw diagrams where exactly one line is
allowed to wind around the world. A wathematical proef of ag. {19}
can be given, within the framework of Feynman diagrams, for any
massive, local Lagrangian thsory of the mwmwa.avuv. The form of
the self-interactions of @ is irrelevant for the proof, as long
as a perturbative treatment is meaningful. In view of this generality,
it seems reasonable to expect eq. (19) to be <mwwn.mpmo beyond

perturbation theory.

The proof of eq. {15) is now eaeily completed along the
following lines. First note that, for symmetry reasons, the modified

propagator (20) may be replaced by
ig,L
2d ' Gootq)

without changing the rhs of eq. (19}, In each of the diagrams, we

then substitute q . —» g, + is, 8 >» 0, so that
1 1

d.r ..rp_:
!Bt St eth

In the course of this shift of the 9, integration contour, singula-
rities are met. Those closest to the real axis are the polas of the
propagators at pN = law and (q + wvm = - Bw (in the first diagram).
Other singularities are further off and need not be considered, if

- ol
we allow for an error of order e ¥

. The pole contributioms, on
the other hand, are easily evaluated by the residue theorem, which
puts the momenta flowing through the propagators on the mass shell.
We are then left with an amputated 4-point function with all legs

on mass shell, i.e. with a scattering amplitude., In this way eq. (13)
is obtained, In particular, the term proportional to 2 arises from
a contribution of the first diagram on the rhs of eq. (19), where
the momenta flowing through the propagators are both on the mass

*
shell.
&4, APPLICATIONS

4.9 2-dimensional Ising model

This is one of the rare cases where mo is known exactly,

Comparing the continuum limit result (12) with eq. (153}, we can

read off the scattering amplitude:

(21) F(v) = -8 m N m

In 1+1 dimensions, identical particles can only scatter forwardly
gso that F in fact determines the complete elastic scattering
swplitude, Thus, the scattering operator % in the 2-particle secter

can be calculated and comes out to be

*

Note that PM = nﬂwﬁrﬁ.wm
2 . a? for all i.
1 [+]

.Wuvvm. where T

3 is the 3—point vertex

function and k
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Barring an accidental zero on the mass shell, it follows that the
effective coupling A does not vanish, too. We therefore conclude

that

ﬂrmmm Ho nmuoﬂmmnsmawmuomnrmo++ vmunwnwmmsm mo n#mnounmmﬁoﬁml
ing finite volume mass shift. Since A must be real, eq. (25) implies

that

(26) MQ <0 for large ¥.

» 50 that there

On the other hand, mo.lv + 0o for ¥ >0
must be a value of ¥, where Ko\ao is minimal. This behaviour is
quite different from the situation in the non-linear o -model

AZO is monotonically decreasing there) and is perhaps related to
the small radius of convergence of the perturbation expansion of

ZO derived in Ref. 3,

*

4.4 Realistic QCD

Let us first consider the pion mass shift mﬂ . Performing
the integral over the momentum components 4, and 44 explicitly,

eq. (15) reduces to

-o¥
(27) LTI )

[
3 (de o YVRR i e) + Ofe

* . . .
Not the quenched approximation, Vacuum polarization is crucial
for the validity of the formulae in this paragraph. Isospin break-

ing effects are neglected.

where m, denotes the pion mass, P {y) the forward ¥%=X-scatter-
ing amplitude, and ¥ = my, L. To estimate Fo ., {¥) near v= 0, we

have current algebra results and experimental data at our disposal,
Thus, denoting isospin indices by &, @, ..., the elastic X7 -scatter-

ing amplitude can be written as

T, Bup

R-?ﬁﬁﬂ = RT ﬂsﬁs

>nm..+.‘..:.w + Mkl. mvj, ,.Pn.w.ﬁ.. s)

(28)
+ mn,.. Ba' Alu,s,t)

(see the Appendix for unexplained notation). To lowest order of the

chiral low energy expansion, the invariant amplitude A ie then given

by Weinberg's formula _ou"
(29) Als,t,u) = L (s - mu
sLs ] L
Ey
F, = pien decay constant.

Recently, the next order has alsc been worked out H)

, but, for
simplicity, I shall stick to the lowest order expression. The for-

ward amplitude is then easily calculated and eq. (27} becomes

1 = [y
G0 8 = gy mx (e g FVAYE L p(en®T)
x -0

3
LI 4 S 3

Inserting the experimental values m, = 139 MeV, Fp = 93 MeV, we

finally obtain the table

4 on

1.0 0.051
1.5 0.016
2.0 0.006
2.5 0.003

16
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at least, when compared with Fee (0) ® -2, In eq. (34), R{¥) is
however multiplied by Agﬂ\svvm so that its contribution to the
proton mass shift at say %= 1 comes out to be a few percent only.
The same is true for the other two contributions, which, further-
more, come with opposite sign and almost cancel each other. The
conclusion then is that

$=1

0 Aw_u < 0.05 for

oamuno.o_ for %2 1.5

i.e. the proton mass shift is even a little smaller than the pion

mags shife,

The smallness of the pion mass has always been a potential
source of difficulties in hadron mass calculations. Here we have
seen that it is balanced, te gome extent, by the weakness of the
interactions of the pion at low energies. This property is a
consequence of spentaneocus chiral symmetry breaking and current
algebra., Because of the unphysical anomalies of the axial currents
in lattice QCD, we must therefore be careful, when carrying over
the results obtained above., The prospects for calculating the
spectrum on small lattices are otherwise rather good, since the

condition m_L 2 1 is net very restrictive.
o,

4.5 Low temperature quantum field theory

It is well-known that the canonical ensemble describing a
given quantum field theory at temperature T can be realized in
Euclidean space by letting the time coordinate become an angular
variable with period L = H\Fwﬂ ﬁww" Boltzmann constant). From a
mathematical point of view, the situation is then not very
different from the one we have studied so far, except that time

and space are interchanged and that now only one coordinate is

20

compactified, Also, the physical meaning of Zo is not so much that
of an energy, but rather of an inverse correlation length charac-
terizing the falling off of correlation functions in space-like
directions. In the present context, eq. {15) remains valid provided
the rhs is divided by d. It represents the leading term of a low
temperature expansion of ZO.

In most cases we have considered, & is positive, This means

that the correlation length decreases as Mrm temperature rises, a
behaviour, which is typical for systems where the low temperature
phase is either umbounded or bounded by first order transitions.
Especially, a phase transition in QCD in the region O £ rmJ.m "ty
M are practically tempera-

P
ture independent there. In the pure Yang-Mills gauge theory, on the

seems rather urlikely, because My and

other hand, mo is negative and may eventually drop to -1 at some
critical T. A phase transition is in fact known to exist in lattice
14)

gauge theories , although the order of the tramsition has not

yet been pinned down.
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APPENDIX: Scattering amplitude notaticuns
My conventions concerning {d+1)-vectors are:
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