DEUTSCHES ELEKTRONEN-SYNCHROTRON D E SY

DESY 85-084
Augyst 1985

—
-

/)"s. /\

[ 88-/0- 88;
&1 M?

-—-.-/

NON-LINEAR CANONICAL EQUATIONS OF COUPLED SYNCHRO-BETATRON MOTION

AND THEIR SQLUTION WITHIN THE FRAMEWORK OF A NON-LINEAR

6-DIMENSIONAL (SYMPLECTIC) TRACKING PROGRAM FOR

ULTRA-RELATIVISTIC PROTONS

by

G. R1pkén

ISSN 0418-9833

NOTKESTRASSE 85 - 2 HAMBURG 52



DESY behalt sich alle Rechte f_iir' den Fall der Schutzrechtserteilung und fiir die wirtschaftliche
Verwertung der in diesem Bericht enthaltenen Informationen vor.

DESY reserves éll rights for commercial use of information included in this report, especially in
case of fiI}n'g application for or grant of patents.

To be sure that your preprints are promptly included in the
| HIGH ENERGY PHYSICS INDEX ,
send them to the:following address ( if possible by air mail ) :

‘DESY
“Bibliothek .
'Notkestrasse 85

‘2 Hamburg 52
“Germany




DESY 85-084 ISSN 0418-9833
August 1985

Abstract

Starting from the Lagrangian of a charged particle in an electromagnetic
field, the Hamiltonian for non-linear coupled synchro-betatron oscillations of
ultra-relativistic charged particles {protons) is derived. The canonical va-
riables are X, Py, Z, Pz, T, 1 which are well-known from the six dimensional
Tinear theory (SLIM). Keeping only terms up to second order in the canonical
momenta py, Pz, the equations of motion are then solved for various kinds of
magnets (quadrupole, skew gquadrupole, bending magnet, synchrotron-magnet, so-
lenoid, sextupole, octupole, dipole kicker) and for cavities, taking into ac-
count the effect of energy deviation on the focusing strength; The equations
so derived can serve to develope a non-linear, six dimensional (symplectic)

tracking program for ultra-relativistic protons,
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1. Introduction and Motivation

In the following we derive a system of non-linear equations for coupled syn-
chro-betatron oscillations based on a Hamiltonian which is written in terms of
the variables x, Py, Z, Pz, O and n which are commonly used in the six-
dimensional linear formalism (A. Chao) }222%) and which, as shall be shown, are
also canonical in this non-linear formalism. If one only keeps terms up to
second order in the canonical momenta (so that the effect of energy deviation
on the focusing strengths is automatically accounted for), these equations,
which are symplectic, may be used to obtain solutions for the 6-dimensional
motion for specific magnet types (quadrupole, skew-quadrupole, combined func-
tion dipole, solenoid, sextupole, octupole and kicker) as well as for linear
and non-linear rf-cavities (o is a canonical variable), Since they are written
in canonical form, these equations can provide the basis of a non-linear,
6-dimensional tracking program.

Among the several applications of such a program the most interesting is the
study of chaotic behaviour:

Because the equations of motion are in Hamiltonian form, the mappings repre-
senting the motion are symplectic. Thus, it is possible to study chaotic beha-
viour®) in the 6-dimensional case taking into account non-linear fields and
energy dependence of the focusing.

Other applications are the studies of:

Non-linear resonances: Because of the non-linearity of the equations of mo-
tion, not only the Tlinear but also the non-linear resonances of synchro-beta-
tron motion can be investigated. In particular, the tracking program proposed
above would enable the position and width of both linear and non-linear satel-
lite stopbands to be estimated with reasonable precision since the non-linear
coupling between the synchrotron and betatron motion is specified in exact ca-

nonical form.

Resonance crossing: Afthough we are dealing here with a 6x6 formalism, the ba-
sic equations are organised so that by giving a constant energy deviation:

the required equations for simple betatron motion are available.



Thus, if we consider only the transverse part of the motion, the horizontal
and vertical tune shifts

8Qx = Qx(n) - Qx(0) ;
(SQZ = Qz(n) - QZ(O)

resulting from the energy dependence of the quadrupole focusing strength can
be calculated for fixed values of n. Owing to the synchrotron oscillations,
these 8Qy, 6Q, oscillate around zero and it may happen that they oscillate
across resonances located nearby. With the program mentionéd it should be pos-
sible to study the resulting blow up of the transverse amplitudes due to reso-
nance crossing and to ensure that the motion is at the same time fully sym-
plectic.

Chromaticity éffects: As is well-known the chromaticity can be corrected with
the help of sextupoles so that for off energy particles the Q-shifts &Qy and
6Q, are eliminated®). In this case, the resonance crossing no longer occurs.
Unfortunately, these sextupoles generate additional non-linear resonances
which can also present stability problems. Thus, it is necessary to choose an
arrangement of sextupoles which minimizes this effect. With the proposed
tracking program the efficacy of such a sextupole arrangement could be checked
(syﬁp]ectica]]y) using particles executing energy oscillations and not just
with fixed‘energy particles as is usually the case. This will also automati-
cally take into account the effects of linear and non-linear satellite stop-
bands,
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2. Derivation of the eguations of motion

2.1. The Lagrangian for a charged particle

As a starting point we consider the relativistic Lagrangian of a charged par-
ticle of charge e and mass m, in an electromagnetic field:

i=_moca.‘/1_l£.-+%(%’-K)-e-cp : (2.1)

where ¥ is the position vector and A and @ are the vector and scalar poten-
tials from which the electric fieid e and the magnetic field B are given by

éﬂ .
5 ot
rot A . (2.2b)

- grad@ - (2.2a)

Of

i oY

As usual, the equations of motion are derived from the Euler-lLagrange equa-
tions and in cartesian coordinates we have

d o,  aof
dt —:)‘+ _+=0 N (2-3)
ar ar

2.2. Introduction of the natural coordinates x, Z, S

The position vector ¥ in Eg. (2.1) refers to a fixed coordinate system. How-
ever, in accelerator physics, it is useful to introduce the natural coordina-
tes x, z, s°). With this in mind we assume that an ideal closed orbit (design
orbit) exists describing the path of a particle of constant energy Eq (neglec-
ting of course energy variations due to radiation loss and assuming that there
are.no field errors or correction magnets). We also assume that the closed or-
bit comprises piecewise flat curves which lie either in the horizontal or ver-
tical plane so that it has no torsion. The design orbit which will be used as
the reference system will in the following be described by the vector ro(s)
where s is the length along the des1gn orbit. An arbitrary part1c1e orbit r(s)
is then described by the deviation §r of the particle orbit r(s) from the de-
sign orbit ?0(5):

(s) = Pols) + &v(s) .

S+



The vector &r can as usual be described using an orthogonal coordinate system
("dreibein") accompanying the particles and comprising

a unit normal vector  v(s),
a unit tangent vector ?(s),

- - e il -+
and a unit binormal vector B(s) = t(s) x v(s).

We require that the vector 3(5) is directed outwards if the motion takes place
in the horizontal plane and upwards if the motion takes place in the vertical
plane 3,

Choosing the direction of 3(5) in this way, implies that the curvature K(s)
appearing in the Fresnet formulae:

T(s) = o Fols) 2 ¥h(s) s (2.4)
S = K(s)+S(s)
P=K(s)E(s) - (2.5)
dB
a’g = 0

is always positive in the horizontal plane and negative in the vertical plane
if and only if the centre of curvature lies above the reference trajectory.

In the natural coordinate system we can represent 6?(5) as:

- >

§r(s) = (v =V)*v + (67 +B) *B
(since the "“dreibein® accompanies thé particle the %-component of 8r is always
zero by definition).

However this representation has the disadvantage that the direction of the
normal vector 3(5) changes discontinuousiy if the particle trajectory is going
over from the vertical plane to the horizontal plane and vice versa. There-
fore, it 1is advantageous to introduce new unit vectors ?, Ex and 3} which

change their directions continuously.



This is achieved by putting

N ( 3(5), if the orbit Tlies in the horizontal plane;
eyl{s) =9y »
-B(s), if the orbit lies in the vertical plane;
>
. R(s)}, if the orbit lies in the horizontal plane;
ez(s) = 1.
v(s), if the orbit Ties in the vertical plane.

Thus, the orbit-vector ?(s) can be written in the form
> > > >
r(s,x,z) = ro(s) + x(s) <ey(s) + z{s) *e,(s) (2.6)

and the Fresnet formulae (2.5) now read

T+
1
7

=
—
v
L
LR
——
[

éj's‘ x(s)

L(s) = Ky(s) = T(s) 3 (2.7)

oY

d
ds

é%-?(s) = - Kx(s) -gx(s) - K,(s) 'gz(s)

with

Ky(s} *Ky(s) = 0 (2.8)

where K,(s), K (s) designate the curvatures in the x-direction and the z-
direction respectively.

For later considerations we mention that the connection between the curvatures
Ky, K, and the guide fields B;O), B§°) is given by27%)

Kx = _Eg__ -8l
0 (2.9)
Ky = - = ¢ Bff’) .



From Egs. (2.4), (2.6) and (2.7) one then has

. _dr, de de, >

SR il RV N S Sty [U P Sy
ds ds ds X z

>
r

Tos(ltxekytzoKy) + %+ 8 + 28,
so that for the expressions
2 4 - L
Vi - -V—a and (? » A) L
o
in Eq. (2.1) we have
2 . . Y2
Vi-L - {1 -Elg[xa F 32 (14K x +Kyez)2e 821} 5
'"> - L] -
(FeA) = xeA +2zA, +s5(1+Kgex+Kzo2z)*Ag . *)
In the new coordinate system x,z,s, the Lagrangian in Eq. (2.1) then becomes

Y.

- - - L] L) L] 2
L(x,2,5,%,2,5,t) = N {_1-—7}5-]:)(2 $22+ (14 Ko x +Kyez)20s2] +

+%'{;('Ax"'i'p‘z‘f(1+Kx"X+Kz'Z)'§'As} -eq (2.10)

and the equations of motion take the form

d ﬁ -— §§ .
dt a;( oX ’

d af _ of .
@ o3 ez (2.11)
4 s, ot

dt ag 9 ¢

*) The components of a vector 3 with respect to the (_éx, 32, _’F) coordinate SyS--
tem are defined by the equation

- _ > + - + -+



2.3. The Hamiltonian in the natural coordinates x, z, S

In order to obtain the equations of motion in canonical form we now use the
Lagrangian (Eq. (2.10)) to construct the corresponding Hamiltonian:

KRopy extp,o24pg-s-% (2.12)

where py, pz, Pg are the canonical momenta

o 3 o
Py = —< Pz ° ";'.i’ s Pg = =% .
9X o7 23

Using Eg. (2.10) these are given by

My X
(px=..._0._.—.+g,'.\x;
v ¢
s
Me 2
<Pz - e+ T Az s (2.13)
v
s
- moé . + 2+e 1+K. +Kn CA
-z
Putting now Egs. (2.13) and (2.10) into (2.12) we have
m,c?
¥ o =+ e 0 (2.14)
v
b-=

{thus, as 1is well known, " here is the sum of the mechanical and field

energy).



In this equation, the momenta are still written in terms of the velocity.

However, using the relation
(py - SR+ (py - 2 A,)° + ’s R
X o' X z ¢'¢ (1 +K,ox +K,e2z) €3
X z

2.2

Mg C
+ mac? = °V2 (2.15)
s

we may finally write the relativistic Hamiltonian for the motion of a particle
5
of charge e and mass m, in an electromagnetic field given by the potentials A

and ¢ as
e
2+ (pz 'E’Az)z +

Rx,2,5,py5P75Ps5t) = c o {mge2 + (py - € Ay)
Ps

2
1
% + K -z-%AS]}/z"'e'cP' (2'16)
Z

b5

The equations of motion are then derived from the canonical equations

- 28 .ok
X = apX s p){ -GX »

;- F S

Z apz » pz - o7 ) (2-17)
. 5 . akt

g = .....E.{; M ps = _..a_.g. .



2.4. The arc length as independent variable

In Eq. (2.17) the time t appeared as independent variable. In order, as is
usual in accelerator physics, to introduce the arc length s of the design or-
bit as independent variable we recall that Eq. (2.17) is equivalent to a ver-
sion of Hamilton's principle

e ps - K(x,2,5,D,P7,P5,t)} = 0 ; (2.18)

e

t2 . -
§[ dte{xepy tzep,*
Y

§x(t,) = 6z(t,) = 8s{ty) =03 6px(t1) = 6pz(t1) = ‘Sps(t:l) =0 3
§x{t,) = 8z(t,) = §s(ty) =0 ; pr(tz) = épz(tz) = Sps(tz) =0 3
St(t,) =6t(t,) =0 ,

where the variables x, z, S, Py, Pz, Pg, t are vartied independently of each
other and are held constant at the end points. (For the usual derivation of
the Hamilton equations (2.17) from the variational principle (2.18) the varia-
tion of time t is actually not needed ®), However, in order to be able to carry
out the derivation of Eg. (2.10) it is useful, nevertheless, to allow t to
vary; see Appendix I).

Eq. (2.18) can now be rewritten using dt = g% ds as7):

t,
§f dse{x'epy+tz'epyrt'- (-F) + ps(X,2,t,Px,sPz5- st =0 ;

ty

8x(s,) = dz(s,) = St(s,) =0 ; apx(sl) = 5Pz(51) = 6‘:{(51) =0 3
§x(s2) = 82(s,) = 8t(ss) = 0 ; Spy(sa) = 8pylsz) = §K(s,) =0 ;
§s(s;) =6s(s,) =0 (2.19)

with
- d -
yt = axs (y = Xy Zy t)

(where we make independent variations of the variables x, z, t, Py, Pzs (-5Q),
EF and s is the independent variab]e).
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The required equations with s as independent variable are then obtained from
the Euler equations of the variational problem (2.19):

X! ak . ! E_E_ .
apx ’ p}( - 99X >

z' = % ; p§=—§§ 5 (2.20)
with
K= -pg
:_(1+Kx.x+Kzoz_)-{M-m;cz-(px-%Ax)z-(pz-%Az)a}l/z
S(14Kyrx+Kyez) » S Ag . (2.21)

Thus, we once again have a set of eguations with canonical structure but this
time the Hamiltonian is

K =K(x, z, t, Pys Pzs -R, s)

7,8,9,10)

and the canonical variables are

(X, px) ; (Zs pz) s (ts ",E)

In the following we choose a gauge in which
=0 . (2.22)

Then from Eg. (2.14)

MgC2
Q? = e T (2.23)

VZ
1-=
C

(the energy of the particle)
and if we now use the variables (- ct) and n

E - Eg
EO

n:
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instead of t and 32, Eq. (2.20) gives

- _GE_ A':-E.’.S.
3_](. ~t SE
z' = —/ = - = 2.24
apz pZ EY ( 2)
oK ak
-Cct)' = — : n' = -
(-ct) an 3(-ct)
with
K= = +K
Eo
m.c2)?® - -
=‘(1+Kx°X+K2'Z)'{(1+U)2“(0 ] '(x'iAx)z'(pz'iA)a}l/z
E E F. "z
0 0 0
-(1+Kx-x+KZ-z)-E§—AS ; (2.25)
0
-~ C C e
Py = = Px T=— muyg + — A s
Eo X Eo Eo X
(2.26)
-~ c C e
Pz = T=pz=cmuz+ =Az .
Eo Ey Eo

Since the variable t(s) increases without 1imit, it is more useful to introdu-

ce‘the variable
o=5 -c¢*t(s) (2.27)

which describes the delay in arrival time at position s of a particle travei-

ling at the speed of light c¢.

This further change of variables can be achieved using the generating function

Fs(p’ 'a’ s) ; FS(px,pZ’n,?’-Zﬁ’ G,S) = -px. -)? b pz.-f - O"T] + S‘n + f(S)

identity transformation
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The corresponding transformation equations:

F
(-ct) = - 25%- (which leads to -ct=o0-s ; o=s-ct ;)
7= - 22 (uhich Tead m =
n= - 5= (which leads to n=mn)

then immediately give (with f(s) = s) Hamiltonian equations of the form

xtP = _._...aK . f)'l = - E.L(-
eﬁx M X ax  ?

812 AL EE .

Z' = — ; = o ev— ; 2.28
5;; P2 57 ( )
oK oK

O!' = . Vo L A
an  ° n ag

with the Hamiltonian

R . : (ﬁxm--f-a—p‘x)2 (52‘EiAZ)2 1/
K= (1em)-{1- ”*KX'“KZ'Z)'[I' (1 +0n)2 S +On)a ] ;

(2.29)

- (1+Kx-x+Kz-z)-E‘?—AS ,

o

mc22
where the term [—%—-} in Eq. (2.25) has been dropped since we assume that
0

m.c? |?
S
Eo

and can be neglected,

The canonical equations (2.28) together with the Hamiltonian (2.29) give the
defining equations for non-linear coupled synchro-betatron motion and they
will serve as the starting point for the developments to follow.
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Finally we point out that since |(ﬁy - éi-Ay)l = \éL muy, | <« 1 {y = x,z) the
square root 0 0
(By - = A% (B - = A)?
Eo Eq /2
(1 - - ]
(1 +n)® (1+n)?

in Eq. {(2.29) can be expanded in a series:

~ e -~ e
(Bx - E Ag)® (P2 - E A2)®
[1 - = :[ =
(1+n)? (1 +n)?
(ﬁx = "Eg_p‘x)z (ﬁz - “EG:E'AZ)E
= 1-4 0 -1 0 - (2.30)
2 @mE 2 (1+m)F

so that in practice the particle motion can be conveniently calculated to va-

rious orders of approximation.
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Remarks

1) From Eq. (2.28) and (2.29) we can obtain the differential equation for o:

-~

(px = E_ Ax) (pz = E“‘ Az) 1/2
[1 - 0 - 0 ]
(1 +mn)2 (1 +m)*
which with o
(Py - = Ay)
X X EOX
. _ 9K (1 +n)
x:éeﬁ_.=+(l+Kxox+KZoZ)o " . 5 " . )
X (px "t Ax) ( z - = Az) 1/,
[1 . 9 - 2 ]
(1 +n)? (1 + n)?
-~ e
(z"E’c'J‘Az)
¢ 1+ m
Z‘=§'§"'=+(1+KX'X+KZ'Z)' - e( )A -
z Py - B A)E (pg - Az)® 1/,
f1-
(1 +n)? (1 +n)?
can also be written as
2 2 21/2
' =1 - [(1+Kgex +K;ez)2+ (x")2+ (2")2] .

This result could also have been obtained directly from Eq., (2.27) (together
with Egs. (2.4, 6, 7) '

do = ds - ¢ +dt = ds - |dF| ; = ¢ =1- ’-ww

2) To derive the Hamiltonian K in Eg. {2.21} we began from a Lagrangian, It
was then simple to derive the generalised momenta py, P;, Pg (Eg. (2.13))
conjugate to the natural coordinates x, z, s without using a canonical
transformation. The function K of Eq. (2.21) agrees with that given by
C.J.A. Corsten ) but differs from that given by Courant and Snyder ) , For’
a derivation of the Courant and Snyder version see Ref, 9).
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2.5. Vector potentials for various magnet types

In order to utilize the Hamiltonian of (2.29), the vector potential,

> >
A= A(x, z, s, t} , (2.31)

-
for the commonly occur1ng types of accelerator magnet must be given, Once A is

known the fields € and B can be found using Eg. (2.2). In the variables
Xy Zy S, O these become 1)

> a r .

€= 'a_oA : (2,323}
B, = Le{2 (heoAg) - = Ay}

X 7 h a7 s/ T 3¢ "% 3

= 10 _a_. j—- - -
B, = 'ﬁ { = Ay = =X (h As) } o (2.32b)
2 2
8g = {5; Az - 57 Axt
with
h= 1+Ko*X+K, "2, (2.33)

Using the freedom of gauge, we can choose any vector potential which leads to
the correct form of the fields, Suitable vector potentials are as follows and
have been chosen for their simplicity.

2.5.1, Cavity

For a longitudinal electric field

e, =0
€, =0 (2.34)
e = £(s,0)

we write
A, =0 ;
A, =0 3 (2.35)
G
Ag = [ dB«e(s,7) ,
%

which by (2.31) immediately gives eq.
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Using a thin lens representation we may write

-

e{s,0) = V -sin[k-.%;- o + 8]+ 8(s - sqp) | “ (2.36a)

and we obtain using (2.35)

Ag *V » coslk -2L—1T co + @]e8(s - 54) (2.36b)

2T
in which the phase ® is defined so that the average energy radiated away in
the bending magnets is replaced by the cavities and k is the harmonic number,
For protons (for which there is no energy loss) one has ¢= 0. The influence
of averaged radiation loss on the motion can be taken into account by inclu-
ding in the Hamiltonian R (Eq. 2.29)) an additional term

1y
Y
o+ Cy o (Kg + K3) with C, = 2g2 10
3 Eo
This causes a shift of the closed orbit {see the term Eo in Ref. 3},
- Eq. (4.2b)). Thus, in this approach, energy loss effects can be treated cano-

nically. For protons, this term can be neglected,

2.5.2. Transverse magnetic fields

2.5.2.1.'Transverse magnetic fields in a straight section

Ay =0 § A; = 0 ;
K

x =K, =0 3 N

. 5 TR

K = (1+n).{1-[1-(1+_n)2-(1+n)2] }-E;-AS, (2.37)
By =9z *As

Bz = - 9x *Ag 3

Bg = 0 .

2.5.2.1.1. Quadrupole

The guadrupole fields are

'aBZ]
Pum (3% x=z=0 .

.

aB

BZ=X- .-—E] ;
\9X ) x=2=0
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so that we may use the vector potential

BBZ 1
A. = |—% . = 2 _ y2 .

In the following we rewrite the term éL Ag in (2.37) as
0

Eg_ AS = -Z]Lgo . (22 - XZ); (2.38&)
0
e B
9o = T ° [—-} (2.38b)
Eo X J x=2=0
2.5.2.1.2. Skew quadrupole
The fields are ]
B = ..].'.. _e—Bl - .?EE-] . X
L]
X 2\ % } x=2=0
o - 1|3 a_Bz.] .,
. -
2 {9 9Z § \ 2720
so that we may use A
N aBZ}
Ac = = ==/ - — * XZ
s 2 L oX 92 J y=7=()
or _
-Ee— Ag = Ny *xz (2.39a)
0
where
aB aB .
Ny = 1 e [_5% - _é.zi] ) (2.39b)
2 By x=z=0
2.5.2.1.3. Sextupole
32B
e () e
X ax2 X=Z:O ?
2%B,
B, e ={x?® - 22)
X" Ix=z=0
so that |
£ As = =)Ag .l.(xa - 3xz?) (2.40a)
£ 6
W1th QEB .
Ag = = [ 22] . (2.40b)
Bo 1ax® Jx=z=0
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2.5.2.1.4. Octupole
(esB
BX = J’. 3XJ ‘ o(za .
6 Y9z Jy=7-0
3°B
B, = 1 SX} + (3xz?
6 1oz> Jy=720
so that
£ Ao =u L (z% - 6x2z% + x")
Eg ° % 24
with 9°B,

Ho

.|
EO

2.5.2.1.5, Dipole

so that

e
— A

S
Eg

o

2z

2.5.2.2. Synchrotron-Magnet

’ ]x=z=0

ABy + 8(s - s4)

AB, * §(s - s4)

(KxsKz) # (0,0)

K

= (1 +mn)+{l-(1+K ox+K,+z)

- {1+ Kgex +Kpez)e—

1

.
»

Kx 'KZ =0 ;
(1+n)®  (1+n)?
e
Ag
EO S
<)

. . 3z
1 +Kgex +Kyez o

1

]

1+ Kyex + Kyez 3X

0

*

éL « 8(s - s5) *[8By+z - BB, x]

[(1+ Ky x +Kgez)eAg]

[(1+ Ky x +K;e2z)eAg]

.
»

]

i,

(2.41a)

(2.41b)

(2.42a)

(2.42b)

} -

(2.43)
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The field of a synchrotron magnet (combined function magnet) is

oB
szB(O)"'Z'[—“‘E] >
9% ) x=2=0
B (2.44)
3, = B 4 x < [ﬁz"]
x=2=0

so that for the vector potential we may write 829210)

0 0 0
aB
“"zl"'n-:e“[s%] (2% - xE)
0 x=z=0
or using Eq. (2.9)12):
€ A = 1 (1 +K,*x +K,* + 1 - (22 2y 4 (2.45)
—As = -3 K * X 2*Z) 5 % 72 - X%) + ... .
0
ith
W1 . [BBZ]
g = — N .
° Eo o x=7=0
2.5.3. Solenoid fields
Ag =0
Ky =Kz =0 3
- (px"Eg'Ax)a (pz"Eg'Az)a I
=@ -fr-o- o . ° 171 ()
(1+n)? (1 +n)?
3
sz-é-g'Az s
]
By =+ 357 Ax
- 9 2. .
BS _-EKAZ_BZ AX L]

o0
-
1

VB2 + By (radial field).
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A4

Figure 1

In the current free region (Fig. 1} the radial field By and the longitudinal

Tield Bg can be written as power series 1%)
(2]
2v+1
Br(X,2,5) = ‘io bezvsay(s) s o ; (2.47a)
V=
Bs(x,2,8) = 1 bpy(s) e vV . (2.47b)

v=0

Putting (2.47a,b) into the Maxwell equations

d' _B).- O :ﬁ l i. (Y‘ 'B ) = —9—.8
we = r or r - 3% bBs 3
B = 2 B =2
rot B =0 ESE o -a-gBr.— = BS
one obtains
T 2v 5 v d
vEO bays1x(s) *(2v+ 2) = ¥ = - vz_ﬁo P2 Lobyls)
v 2v+l d R b {2y + 2).p2V*L
20 r * 35 Dlay+1xs) = vio (2vez)S) * (2v + 2) . :
V= : =

By equating coefficients of each power one then obtains

1 '

beay+1)s) = - wora) bav (s) _

(2.48)
] i

bzvea)s) =+ oy T Paven (8)
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Thus, if the Tlongitudinal field on the s-axis
B4(0,0,5) = bg(s) S (2.49)

is known, the coefficients

bis bys Dyy ve-

19

can be calculated. The field components in the field free region are then

given by

By(x,2,5) = é--Br = X » z b(zv_bl)(s) e (x2 + z2)Y

v=0
- Z - v 2 2V

B,(X,2,5) = £-Bp =2z EO bezya1y(s) s (x® + 2%) (2.50)
\):

Bo(x,2,8) = Y bayls) - (x2 + 22)2V

v=0

The vector potential leading to the solenoid field of Eq. (2.50) s then:

1 2V
AL = - —_—  .p §)or2ZV ez
X % (Zv+ 2) (2v) (s)
= ——..——1—---— - - Z\) - . ’
Az =+ \X) Gorgy Pew st (2.51)
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3. Solution of the equations of motion

Now that the potential A(x,z,s,t) for each magnet type is known it is possible

to derive the equations of motion for the various magnets; For this purpose,

we truncate the series expansion of the Hamiltonian at second order in the ca-

nonical momenta:

(x - A2 (B - F A
[1 _ o] _ 0 ] =
(1 +n)? (1 +n)®
oy e e
Py - = A }® - = A;)2
. 1 (Px Eg xJ 1 (p; Eq z)
2 (1+n)? 2 (1+n)2 ’

so that it is possible to solve the equations of motion
the following.

3.1. Cavity

From Eq. (2.29) and (2.36) and using (3.1) (with K, = 0,

the approximate Hamiltonian K

eV

ke2n EO

2
+ 1 Pz + L
(1 +n)

cos [k » 2m

-[--'O’ + 6]« 8(s - s4)

(3.1)

exactly as shown in

K, = 0) one obtains

(3.2)

and the corresponding non-linear canonical equations according to (2.28) are

-~

Px

XV = (1 " n) : (3.36)

by = 0 ; (3.3b)
. P2

z' = (1 " n) H (3.3C)

ps = 0 ; (3.3d)
1 1 6; 6; - 1 Ey2 Fyz2 -

ot W T et (e

' = ﬂuﬂnw-%hc+@bsb-s@ (3.3f)

0
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From (3.3c) and (3.3f):

o{sy + 0) Q) (3.4a)

1§
Q
—
W
[
]

0) + & sin [k 28eg(sy - 0) + @] (3.4b)
Eo L

n(sg + 0)

1l
3
—

[T}
o
1

Also, by (3.3a) and {3.3b)

é% [(L+n)*x'] =0 =—=> [1+n(s}]- x'(s) = const;

== [1+n(sg+0)J=x"(sq+0)=1[1+n(sqg-0)Ix"(sq=~0);

1+ n{sg - 0)

* x'(sq - 0) . (3;4c)
1 +n(sy + 0)

X'(sg ¥ 0) =

Correspondingly from (3.3c) and {3.3d}

z'(sg + 0) = i : :Ezz ; g;,- z'(sy - 0) (3.4d)
and finally

x(sg * 0) = x(sg - 0) 3 (3.4e)

2(sg + 0) = z(sg - 0) .. (3.4f)

Eq. (3.4a-f) provide a complete solution to the non-linear canonical equations
for cavity fields.

Remarks

1} From Eqs. (3.4c) and (3.4d)} it follows that the terms

x'(s) *v(s) and z'(s)« v(s)
with vy = = Eca
Q

are invariants of motion in the longitudinal cavity fields.
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2) In the case

21 i
k = == « 1
l C ¢

one can, in place of (3.4b,c,d), use the approximation

- -~

n{sg * 0) = n(sy - 0) + & sing + & SRR LN «a(s, - 0) ;
Eo Eo L ° ’
Xx'(sg + 0) = [1 +nsy =-0) -nlsqg+0)]x'(sy -~ 0)
' eV, s '
# X'(Sg - 0) - =+sing « x'(sy - 0) ;
Eo
' | eV .
z'(sg + 0) » z'(sy - 0) - +sing « z' (s, - 0) .

0

Alternatively, in matrix terms, also using (3.4a,e,f) we get:

Y(sg + 0) = {M(55+0, 55-0) + 8M(55+0, 55-0)} y(s5-0) + ¢ (3.5)
where
T
.y =(X9 XI! Z’ Z', O! n) -]
% =(0,0,0,0,0, Eé-! sind ) ; (3.5a)
0

E-\£°k°—2-lr°cos<1>

M ;
65 Eo |._

(3.5b)

Mpv = 0 otherwise

and

-~

6M22 = (SMq,q_ = - 'E“\L'S-inQ M

o

SMuv = 0 otherwise. (3.5¢)
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This 1is the form for the solution of the cavity equations given in
Ref. (1,2,3) where the coupled synchro-betatron motion was studied in strictly
linear terms. In that case, the 6M matrix is non-symplectic and leads to dam-
ping of the transverse phase space. This 1is of course consistent with
Eq. (3.4c) where, if the cavity phase ¢ is not zero (or m) (SM # 0) so that
the particle is accelerated (decelerated), the transverse phase space in terms
of variables x, z, py, Py must be conserved since the equations are canonical,
but the phase space in terms of the variables x, x', z, z' changes with energy
{see Remark 1) above).

(For a discussion of transverse electric dipole fields, see Appendix II.)

3.2. Transverse magnetic fields

3.2.1. Transverse fields in straight sections

3.2.1.1. Quadrupole

From Eq. {2.37), (2.38) and (3.1), the Hamiltonian for a quadrupole is
given by

1 1
+ = g, e (x® - 22
> + 350 (65 - 22). (3.6)

The corresponding canonical equations are then (see Eg. (2.28))

v Px .
X T (3.7a)
6;2 ==8Gg° % 5 (3.7b)
1 = Pz .
z TE_:“HT : (3.7¢)
6zl =+ B2 (3-7d)
I l 6X2 622 = _ l_ 1y2 112 .
ot e e T @] (BT

n'= 0 . (3.7F)
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By eliminating ﬁx (and EZ) in Eq. (3.7a,b) (and Eq. {3.7c,d)}) one has

X" = - gex (3.8&)
bgez . - (3.8b)

Z"

where (see Eq. (2.38b))
90 e [332]
Z e = =, == . 3.9
g (1 + T]) E o9X x:z:O ( )

Writing now the solution of Eg. (3.8) in the form

¥(s) = M(s,0) ¥(0) (3.10a)
with yT=(x, Pys 2, B5) (3.10b)

5’ = x' 3

,f (3.11)

we obtain for the s-dimensional transfer matrix M(s,0)

a) g é‘O :
M, (s,0) = cos(¥g * s) ;
M., (s,0) =—-1‘/§_-'sin(/§"-5) ;
M, (5,0) = -V sin(Vges)

M22(S,0) = M11(550) a

Mys (5,0) = cosh{Vge+s) ;
M, (5,0) =-3/g-_-,sinh(\/§’-s) ;
My, (s,0) = Vg sinh(Vg'es) ;

ng(sso) = Maa(sso) o

Mik(s,0) = © otherwise . 7 (3.12a)
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b) g<0:

M, (s,0) = cosh(V[g]-s) ;

M (s,0) = :7ﬁ;r sinh(V[gl +s)

v |g] sinh(¥ jg| ss} ;

My, (s,0)

M,, (5,0)

M,, (5,0) 3

M, (s,0) = cos(¥|g] +s) 3

M, (s,0) = «/%T sin(V[gl +s) ;
%, (5,0) = - Vgl sin(VIgl+s) ;

My, (5,0) = My, (s,0)

Mik(s,0) = O otherwise . (3..12b)

n(s) = n(0) (3.13)

L}
Q
—
[}
L
1

o(s) 1 f{ 6« ([x1(5)12 + [2'(5)17)

= 6(0) - 3 {x¥(0) = [s - M,,(5,0) * My, (5,01 -
- 22(0) + [s = My, (s,0)* M, (s,0)]} -
_%hmmy[s+mgam-mﬁgm1 +
+2'2(0) + [s + My, (5,0) My (s,0) 1} -

+x(0) +x'(0) * M;,(s,0) * My, (s,0) -

. 2(0) +2'(0) » M, (5,0) * M, (5,0) . (3.14)
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3.2.1.2. Skew quadrupole

From Egs. (2.37) and {2.39) the Hamiltonian for a skew guadrupole is given by

" 1 5)(2 1 522
K 2 2 cdiemee— = —= . N, * 3'15
2 W+m 2 (T+m o ** (3.15)

and the corresponding canonical equations of motion are

x' = -(-ﬁ-i—m H (3.16a)
Pl = Nyez 3 (3.16b)
2" = ?IE%"ET : (3.16¢)
By = = Ngex ; | (3.16d)
IR IS COREN DL (3.16¢)
nt= 0 . (3.16F)

From Eq. {3.16a,b) and (3.16c,d) we obtain
x"=N+z _‘ (3.17a)

2= Nex s (3.17b)

where (see Eg. (2.39b))

N 1 e { ]'
Ne = = &, 12 _ 2 . .
(1 +n) 2 B X 92 | =220 (3.18)
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Thus the transfer matrix M(s,0) (see Eq. (3.1Q)) can be written as

M., (s,0)

% {cosh(VN'+s) + cos( VN =s)} 3

M,,(s,0) = ZiﬁT [sinh( ¥Wes) + sin{ ¥V -s)} 3

M, (s,0) %-{cosh( VT es) - cos( ¥N'es)}

MIH(S,O) = 1 {S'il"lh( i/N'-s) - sin( VN e S)} :

2V
M,, (s,0) = -‘/Z—W {sinh( VT +s) - sin(VN-s)} 3
M,,(s,0) = M, (s,0) 3
tyy (5,0) = LT {sinn(VT+s) + sin(VT+s)} 5
M,, (5,0) = M, (s,0) 3
My, (5,0) = M, (s,0) 3
My, (5,0) = My, (s,0) 3
M5 (s,0) = M, (s,0)
My (550) = M, (s,0)
My, (5,0} = M, (s,0) 3
My, (5,0) = M, (s,0) 3
M, (5,0) = M, (s,0} 3

M., (s,0) = M, (s,0) . - (3.19)
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Eg. (3.16¢), on iritegration, gives:

o(s) = o(0) - & [ ¥+ {L ()% + [2(3)))
° \
= 0(0) - %-Exa(m + 22(0)1+ My, (5,0)+ M, (5,0) + My, (5,0)°M,, (5,00} -
- %-[x'E(O) + 212(0)1-{s + M, (5,0)*M, (5,0) + M, (5,0)*M,, (5,0)} +

+ "2];' N 'X(O) ‘ Z(O)' {S = Mu(spo)'Mlz(SsO) = MIS(S,O_)'MH(S,O)} =

B [

- [x(0) *x'(0) + 2(0) »2'(0)] = M, (5,0} * M, (s,0)

x'(0) »z'(0)- {Mll(s,0)~Mlq(s,O) + M31(5,0)°M34(s,0)} -

- [x(0) »z'(0) + x'(0) -z(O)]-%{MlZ(s,O)-Mzs(s,O) + M, (5,0)M,, (5,0)}

. and finally from Eq. (3.20)

n(s) = n(0)

(3.20)

{3.21)
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3.2.1.3. Sextupole

From Eq. (2.37) together with Eq. (2.42) the Hamiltonian for a sextupole is

given by

K= 1 Px” s L Pz” + Yo
2 (1+n) 2 (1+n) &6

*{x3® - 3xz2)

and the canonical equations of motion are

x! = px .
(1+n) °

Py = -%—?xo «{x2 - z%)

-

z' = Pz :
(1+n) °

Py = +Ag*XzZ

D(x')2 + (2")%] ;

Q

n

'
PO |

n'= 0
From Eq. (3.23a,b) and (3.23c,d) one has
1
- L2 ) e (x? - 22 .
X ; (x z2)
2% = A e xz

where (see Eq. (2.40b))

(3.22)

(3.23a}

(3.23b)

(3.23¢)

(3.23d)

(3.23e)

(3.23f)

(3.24a)

(3.24b)

(3.25)
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In the case where the sextupole is a thin lens with

;\.EK.G(S—SO)

Eq. (3.223) may be easily integrated, and from Eg. (3.23e,f)

o(sg *+ 0) = o(sqg - 0)

ﬂ(So + 0) n(so -0) .
Then from Eq. (3.24a,b) one obtains

x(sqg * 0) = x(sqg - 0)

whe

x'(sq * 0) = x"(s4 - 0) - i[xz(s - 0) + z%3(s, - 0)] ;
0 0 2 0 0

z(sq + 0) = z(sq - 0)

z'(sq +0) = z'(s5 - 0) + 1 *x(sg = 0) +z(sq - 0) .

(3.26)

(3.26a)

(3.26b)

(3.26¢)

(3.26d)

(3.26e)

(3.26f)
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3.2.1.4. Octupole

The Hamiltonian for an octupole can be written in the form (see Egs. (2.37)

and (2.41):

iy -~

E 1 __Eﬁi__ + 1 m_EEi__ .1
2 (1+n) 2 (1+n} 24

and the corresponding canonical equations read

-~

v Px .
T T

Py = %’Uo »(x® - 3xz®)

1
py; = guc,'(za - 3x2z)

S RCOLENCOLERE

a
i

n'= 0 .
From Eg. (3.27a,b) and (3.27c,d) one gets
13—1 3 2 .
x* = = +(x® - 3xz?) ;
6
z" = p o (z® - 3x2z)

with (see Eq. (2.41b))

S TRy

{a3BX]
323_ =()

X=Z=

rm]m

bo * (x* - 6x%z% + z* )

(3.27)

(3.27a)

(3.27b)

(3.27¢)

(3.27d)

(3.27e)

(3.27F)
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Considering the octupole as a thin lens with
W= s(s - s) (3.28)

one obtains by integration

o(sy+0) = o{sgy) 3 {3.283)
n(se+0) = n(sy) ; (3.28b)
X(sg+0) = x(sq-0) 3 : (3.28¢c)

x'(sg+0) = x'(s5~0) +%-[x3(so-0) - 3ex(sg-0)+2z%(55-0)1; (3.28d)
z(sq+0) = z(s55-0) ; (3.28¢e)

z'(sq+0) = z'(55-0) +%-[z3(so-0) - 3ex%(s5-0)s2z(55-0)1. (3.28f)

3.2.1.5. Dipole

The Hamiltonian for a thin Tlens dipole (K, = K, = 0) (see Egs. (2.37) and .
(2.42)) is:

-~

-~ 62 -~ -~
+.%.__Z__..ﬁ_.(s(s-so)o[j_\,Bx-Z-i_\.Bz-x] (3.29)

(1+n) (1+n) E;

and the canonical equations of motion are

Px
" . 3.29a
M e ( )
Py = - £ .s5(s - So) »AB; (3.29b)
B
P2
Vo— . 3.29C
. sl ( )
Py = +—=18(s - 55) 8By ; (3.29d)
EO
R Y O IO (3.29)

n = 0 . (3.29f)
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By eliminating ﬁx and 52 one has

o~

- -E- 8(s - sg)* AB, (3.30a)

[t}

xll

" =+ E"G(S - o) * 0By (3.30b)

and by integrating Eq. (3;29e,f) and (3;30a,b) one obtains

x(sq + 0) = x(sqg - 0) 3 (3.31a)
x'(sg + 0) = x'(50 - 0) - £ 6B, (3.31b)
2(sq + 0) = z(sq - 0) 3 | (3.31c)
2'(sg + 0) = 2'(sq = 0) +%-A§x ; (3.314)
o(sy + 0) = o(sg - 0) 3 (3.31e)
n(sg * 0) = n(sy - 0) . (3.31f)

3.2.2. Synchrotron magnet

Using Egs. (2.43) and (2.45) together with (3.1) the Hamiltonian for a syn-
chrotron magnet is

~ i Px 1 Pz
K = = + = - (K, o x +K,22)em +
? W T2 ey erxrfenaen
1 .{o 1 .{o 1
where
GSO) - K; * 9o 3 ' {3.33a)
G§°) = K2 - g, (3.33b)
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and the canonical equations of motion are

X }

~1

Px

Zl

-~

Px

(1 +m)

.
¥

- Ggo) *x + Koo o

-

Pz

(1 +n)

-
]

- Ggo) *z+ K, g

- Ky ox tKp02) - 2 L(x)7+ (271 5

0

]

(3.34a)

(3.34b)

{3.34c)

(3.34d)

(3.34e)

(3.34f)

whereby the four equations (3.34a-d) can be replaced by second order equations

" by etiminating p, and p,:

X"

Z"

with

:_Glox-{-KX-

:_Gzoz-l-KZu

1 L]

(1 +n)

6{0)

1
1+

n

Writing now Eq. (3.35) in the form

V(s) = M(s,0) ¥(0) + 71

with

1]

n

(x, Exs Z, 62):

(dys 955 Gy5 Gy)

xl

Zl

-]

>

(3.35a)

(3.35b)

(3.36a)

(3.36b)

(3.37a)

(3.37b)

(3.37¢)

(3.37d)¢
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(compare (3.10)-(3.11) then

a) for 6, >0, G, <0 :

Myp (5,0) = cos( VB, '*s) ;

i (5,0) = ey« sin( VBT es)

1

M, (5,0) = - VG, «sin( VG, +s) ;

Mzz(sao) Mll(sso) 3

cosh(V |G,| +s) ;

Mss(s,0)

M,, (s,0) =‘/!167,-s1'nh(i/|62] es)

qu(s,o) v |Gzl ¢ Sinh(' |Gzl *s)
ng(sso) = Msa(sao) H

K

= X ,_n__. - .
q,(s,0) = +-é-1- T [1 - cos{(VG, +s)]
q,(s,0) = + . ul .« sin( VG, +s)
2 VG, (1 +n) . ’
. S S JIeT. .
_qa(s,O) = + Ez- ) [1 - cosh(¥IG,] -s)]
_ Kz . n . i . . 3
q,(s,0) = - e T sinh(V [G,] +s)] 3 (3.38a)



b) for G, <0, G, > 0 :

My, (s,0)
M, (s,0)
My, (5,0)
My, (5,0)
Mss (5,0)
Msy (5,0)
Mys (s,0)

My (5,0)
q,(s,0)
q,(s,0)
q5(s,0)

q,(s,0)

= cosh(V[G,] -s)

i
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1. sinh(¥'|6,] =s) 3

viG,|

Mll(sso) ;
cos{ /G_2| «5)

1 :
— +s5in{ VG, »s)
VG, ’
-VG, * sin( VG

2

M33(S$0) :

6
V0e, I+ sinh(V[6,[-5) ;

-s}

.K_X n o [
G, (I +n)
& n
vie, [T 1+ )
I_<_Z_ n . [
G, (1 +ny
Kz n

(3.38b)



-39 .

Furthermore, from Eq. (3.34e):

5 s
O‘(O) —Idg'[Kx'x-!-Kz' z]-.%. Idé’.[(xt)a+(z|)2]
0 0

K> ?
M, (5,00 M, (5,00 006y g [ ] - 2ex@he 50

1

£l

-2+ s * M,,(5,0) + My, (5,00} +x"%(0) -

-%--MIZ(S,O) M, (5,0) « [x{0) »x'(0) - x'(0)* gf Tgﬁ -
- Ky» x(0)eM, (5,0} - Ky iélﬂ [1-M,(s,0)]- g’% : {-‘-ﬁ [s - M ,(s,0)] -
—%'{S-ngs,OMMsds,OH-{zzﬂn-Gz+§%-[T%JE—E-ZUD-KZ-I%ﬁl—
~Logs M (5,0) <My (5,00} - 22(0) -
-1 M, (5,0) < My, (5,0) - [z(0) - 2'(0) ~ 2'(0) 2. -] -
2w rrTe G, 1+n

oK, 2(0)M,(5,0) - K, Z—G(zpl [1-M,,(5,0)] - z—i'ﬁ?fs M (5,007 .

Finally,

from Eq. (3.34f)

n(s) = n(0) . (3.40)
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Remarks

If we take into account field errors 4By, 4B, in the guide field, Eq. (2.45)
must be replaced by

7 AB AB
e 1 X z 1
_A = o e ® F v —— N +K- +K. + = - 2_ 2-
o ° 2 H 5{0) B(O)] (L+Kxox * Kze2) 5 6o ® (27 - X )
X z

In this case the (approximate) Hamiltonian takes the form

5x2 1 522

Trm © 7 em s erxrferzon e

AB 4B 1 AB AB
z X '
B£O) B;(:o) 2 B)((o) Bgo)
and the corresponding canonical equations of motion are now
Px
X' = ———————e— ; 3.416
T | ( )
- AB
pX - - GgO) LIS + KX. n - Z - KX ; (3.41b)
B(O) N
z
Pz -

L 3.41c
z Ty ( )
. AB
pz = - Ggo) + 7 + KZO n - X . KZ ; (3.41d)

glo)
X
' = - (Ky ox +K;*2z) - —;—-[(x')2 + (z')2] (3.41e)

n' = 0 . (3.41fF)
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By eliminating EX and Ez one obtains from (3;32a,b) and (3;32c,d):

G + n K - K
xll:_ .X —— & - . ;
1 (1 +n) X (o) X
BZ
AB
n X
M= oG e7 F e s K, - C K, .
2 @+ 2 o) O f
BZ

Comparing these equations with (3.35a,b) one sees that, due to the field er-

rors, additional dinhomogenious terms

AB, ABy
« K and + K
X z

Bgo) B§O)

appear which give rise to closed orbit shifts;

3.3. Solenoid fields

The Hamiltonian for a solenoid is obtained using Egs. (2.46) and (2.51a,b) and

by keeping only the first order terms in Ay and Aj:

(P * Ho® 2)° 1 (P - Ho® x)?
(1 +n) 2 (1 +n)

K= L
2
with (see Eq. (2.49))

l e -
H. = &= —=—=-=*bh =
0 2 g, o(s)

ry i

%~Bs(o,o,s)

The corresponding canonical equations of motion are then

Xt = Tﬁfégj;y - (by * Ho+2) 3

B g Bz R Ho
z' = IE—%&;B- - (pg - Hg = %)

52 = - Tiﬁ%1;7 . (5X + Hgo2z) o Hy 3

(3.42a)

(3.42b)

(3.43a)

(3.43b)

(3.43¢)

(3.43d)
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In order to integrate Egs. (3.34a-d) it is useful to use new variables namely:

-~

a~ p)(
T m—— * .4
y b,
- . 3.44b
pZ (1 + -n) 3 ( )
Then, with
1 - €
H = e =+ H = =~ =B 0 .
(1 + n) 0 E S(O’ ’S) s (3 45)

we obtain from Eq. (3.44a-d)

y' o= A e ¥ (3.46)
where
T - "
v o= (x, Pys Z5 Pz) 3 (3.46a)
0 1 H 0
- H2 0 0 H
A= , (3.46b)
-H 0 0 1
0 -H -H2 0

so that the transfer matrix M defined by

¥(s) = M(s,0) ¥(0) (3.46c)
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js, in the case of H = const (sharp edged fie]d)?’a);

M, (5,0) = %+ (1+ cos20) ;

M, (s,0) = -élﬁ +sin2e
-1 . .
M, (s,0) = 5 sin28
M . 2 .
1 (5,0) = i (1 - cos28) ;
My (5,0) = - H e +sin28 ;
21 » 2
M22 (S’O) = M11 (SSO) :
= 1 .
M, ($,0) = = H « i (1 - cos28) ;

My (5,0) = M, (s,0) 3

My (5,0) = =My, (s,0)

13(

1t

H

Msz(sso) -Mlu (S,O) ;

Mgy (5,0) = M, (s,0)

My, (5,0) = M, (s,0) 3
My (5,0) = =M, (5,0) 3
M,,(s,0) = = M;;(s,0) 3
My (5,0) = My (s,0) 3

M:.m (590) = M11 (330)

(3.47)



- 44 -

with

Finally from Eg. (3.43) we obtain
9(s) = 0(0) - 2 s+ {2+ [x*(0) + z%(0)] +

+ 2H « [F(0) » z(0) - P2(0) - x(0)] +

+P2(0) + B3(0)} (3.48)

and from Eq. (3.43f)

n(s) = n{0) . (3.49)
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4, Summarz

Starting from the Lagrangian of a charged particle in an electromagnetic field
we have investigated the Hamiltonian formalism of non-linear coupled syn-
chro-betatron oscillations for ultra-relativistic charged particles, The cano-
nical variables are x, py, Z, Pz, 0, N, Which are well-known from the six-di-
mensional Tlinear theory (SLIM); By expanding the Hamiltonian in a power se-
ries in these variables, one may obtain various orders of approximation of the
canonical equations. In this work we keep terms up to second order in the ca-
nonical momenta py, p, and take into account the effect of energy deviation on
the focusing strength; These equations of motion are then solved for various
kinds of wmagnets (quadrupole, skew quadrupole, bending magnets, synchro-
tron-magnet, solenoid, sextupole, octupole, dipole) and for cavities, The
equations so derived can be very conveniently coded for computers: To calcula-
te the betatron-oscillations one has only to multiply four-dimensional trans-
fer matrices together, The variable ¢ can be expressed in terms of the ele-
ments of these transfer matrices and the variable n changes its value only in

the cavities.

The general form of the Hamiltonian can be the starting point for a non-Tlinear
theory in the framework of the six-dimensional formalism, By only taking in-
to account terms up to second order in all variables one obtains just the Ha-
miltonian of the Tinear theory used in Ref, 2) and 3).
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Appendix I

Variational principle for the canonical equations

The aim of this appendix 1is to show that the variational problem of
Eq. (2.18):

§J =0 | (1)

with t, '
J= [ Ledt ; (2)
tl
and
L= 1 {a5-p5 -'Ra, p, )} (3)
;

(q,5 9, 95) = '(x, Z, S) ()
(Pys Pys P3) = (Pxs Pzs Ps)

leads to the canonical equation {2.17) when the coordinates g and the momenta
p; as well as the time t are allowed to vary 1ndependent1y ofleach other but_
are held fixed at the end points t =t, and t = t;:

8g5(ty) = 8q4(ty) =0 3
Spi(ty) = Spi(t2) =0 (5)
§t(t,) = &t(ty) =0 .

With this in mind we can write the integrand of &J:

tZ t2 . . »
§J = [ &(Ledt) = | ﬂiq+6q,q+&hp+6p,t+&w'é%(t+&A—LULq,p,tH-dt
t2 . . - * d
= [ JL{g+8q,q+8G,p+dp, t+6t) - L(q,G,P, T)] # L(q,q,:a,t)-;;-ét}-dt
t, Y " t
SL (6)
d

as S(Ledt) = (SL+1L 'az'ét) -dt . (7)



and using

. d . d
8g5 = ani -qi°a¥5t

we then obtain
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§(L - dt) =dt-ﬂ(%t-l-{z g; ep; -#} +
1
. d .
+dt e § {Q1' épi + [a%-dqi - G .HE-Gt] 'py -
2K X 2%
- — §O = — s - dt « 2. st
% 894 - 6pi} - dt « = e S
= {-— (- st) +[§?@e-£] st} o+
1 A %
+dte -[—*-q-}-ﬁp- [ +p]'6q *
§ { ap; i i 245 1 i
d
+ E[aqi';%}} .
Since
R 9% LA

- = % {[236"'131]'

j

Eq: (8) can then be rearranged to give

8L+ 5t) =
+ E ‘[[—"_"' p'[
+ [_QJ'E_ q1] * (é'|

1

dt-a-,; {i §q;ep; - StoF} +

q; + [gg% - gilepil

« (3 + 8t - 8q) *+

(8)

(9)
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so that the variation &J can be rewritten as

t [ L)
8d = _[2 dt . iE{[-g-é%+ pil+ (a4 8t - 8qy) +

4
. . t=t
+ {__:EE - 51 (P58t - op)k +LL sajepy - ot-® T (10)
i 1 o

Because the variations vanish at the end points (see Eg. {5)) the last term in
Eq. (10) is zero. The remaining integral can now only be.zero for arbitrary
variations 6qs, 8p;, St if the conditions

2% pi =0 ;
Bq.]
(11)
..‘?.gﬁ - q-_i =
api

are satisfied, However, (see Eq. {4)) these are just the Hamilton's equations
(2.17). |
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Appendix II

Equations of motion for transverse electric dipole fields

The vector potential for a constant transverse electric dipole field

€ = (hey, hey, 0) (1)
can be written according to Egs. (2.2) and (2.32)

Ay{x,z,5,t)

pey = (-ct)

bey + (0 - 5)

As(x,2,5,t) = Be, + (-ct)

Ae, + (o -5) (2)

AS(X,Z,S,t)

O -

Using the Hamiltonian of Eq. (2.29) and expanding to second order in x, py, Z,
p,s 0, N we then have:

s 1 - 1 - e
K=E[px-;—oﬂex~ (c-s)]2+-é-[pz-~é—c-)-&ez_-(o—s)]z (3)

and the resulting canonical equations are

x! = Ex - & dbey ¢ (o0 -3) 3 (8a)
Eo

Px =0 3 | - (4b)

z' = ﬁz - fi-Aez e (g -~ s} 3 (4c)
Eo

pz =0 ; (4d)

g'=0 (4e)

n' = x' -Ee-—Aex+z'-E£-£\€Z- . (4f)
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By eliminating Bx and Ez one obtains from Eq, (4a,b) and (4c,d) together with
Eq. (4e) the equations

X" = 'E"— AEZX ;
0 | (5)
e

z" = = Aez
l_:O

and their solution

x'(s) = x'(0) + = DBe, *s (6a)
EO
x(s) = x(0) + x'(0) *s + 1 fi-AeX . 52 (6b)
2 Eq
z1(s) = z'(0) + = Ae, s ; (6¢)
EO
z(s) = z(0) + z*(0) +s + 1 e be, + s* (6d)
2 E,

Using Eq. (6b) and (6d) together with Eq. (4f) one also has

n(s) = n(0) + -E?(-)- e, + [x(s) = x(0)] + Eig ey o [2(s) - 2(0)]
=n(0)+§;ﬂz—:x~[x'(0)-s+%— Eiof_\.ex° 52] +
" e 200) s +2 £ tep s (6e)
Finally, from Eq. (4e)
a(s) = o(0) . (6F)

These equations can of course be extracted by elementary methods., The aim here
is to show how they arise by applying our Hamiltonian formalism.
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