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Abstract

We investigate the motion of protons of arbitrary energy (belov and above tran-
gsition energy) in a storage ring. The motion is described both in terms of the
fully six-dimensional formalism with the canonical variables x, ﬁx, z, ﬁz’
0 =8 - vget, n = AE/E, = pgy and in terms of a dispersion formalism with new
variables_Q, ﬁx, %, 52, 8, 56. Since the dispersion function is introduced into
the equations of motion via a canonical transformation the symplectic structure
of these equations is completely preserved. In this formulation it is then pos-
sible to define three uncoupled linear (unperturbed) oscillation modes which are
described by phase ellipses. Perturbations manifest themselves as deviations
from these ellipses. The equations of motion are solved within the framework of

the fully six—dimensional formalism.

The equations, so derived, could be used to develop a nomn—linear, six—-dimensional

(symplectic) tracking program for protons of arbitrary velocity.
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1. Introduction

In DESY Report 85-084 we considered the non-linear equations of coupled synchro-
betatron oscillations of ultrarelativistic protons and their solution within the
framework of a six—dimensional formalism®’. These equations, which are already
canonical, can form the basis of a non-linear six-dimensional (symplectic) track-

ing program?.2.4>,
The aim of the present work is to extend this formalism to the case where:

1) The protons have arbitrary constant average velocity. Such a generali-

zation is needed, for example, for tracking studies in DESY IIIZ.2®>.

2) The equations of motion are written using dispersion. This formalism
then allows one teo split the problem into an "unperturbed" part which
describes linear uncoupled oscillations and a "perturbétion" part re-
presenting the remaining terms. We are then in the position to inve-
stigate the influence of these "perturbation” terms by studying the
deviations of the phase diagrams from the ellipses describing the 1i-

near uncoupled oscillations.

We assume that the ring contains ne skew quadrupoles and solenoids so that in

linear approximation the betatron oscillations are uncoubled.



2. Equations of motion

The (canonical} equations of motion for a particle in a storage ring are:

o = 9K .. 9K
apy Px x
LI ..?.l(_, '-_a-—K-.
z' = dp, Pz = 3z (Z2.13a)
v _ _ 9K ¢ _ 9K
S R

where the Hamiltonian is the same as that introduced in Ref. 1 and is given by

_ f E= 2 e e \irz
K=-+K, - X + Ky » 2) o \ ez~ myc? - (py - p Ay}2 - (pg - o Az}zf -
' e
T Ky Ky s D) - DA (2.1b)

>
A = (Ay, Ay, Ag)

is the vector potential and the electric and magnetic fields are obtained from:

M

i (2.2a)

Y
c at 7

TN
H

rot K . (2.2b)

By replacing the energy, E, and time, t, by the variables

E -~ E, 4
n = Ey an Vg *+ b

moc? 1z
EO

2
(E, = design energy ; By = jg.~ [ ] ;i Vo = design speed = cB,)



equations (2.1) can be written in the form

, _ 2K . ":z_ﬂ(-
X = a/l:\)x EH Px ax ’
zizﬂ. "ﬁ:z_a_.K
af)z ¥ zZ az ’
, K, oK
Vo * B = 5y 7N T TR v, - )
where
~ VO ~ VO .
Px =f, " Px 3 Pz f " Pz (2.8)
" Vo : f.2 2 m,c? 2z
and K=E0-K=—(1+Kx-x+KZ-z)-\BO-[(1+n)-(Eo]]—
~ e 1t/ 2
- AZ - (D, — Bo = Ay)Z2
Px = Bo g Ax z ° E, Az)?,
—(1+Kx-x+Kz-z)-Bo,-E§—AS<. (2.6)
O

We now replace the monotonically increasing quantity v, -t by the (small) oscil-

lating quantity, o, which describes the distance of the particle from the center
of the bunch:
g=8—-vy+ bt .
This can be achieved by means of the canonical transformation
(- vy » £}, n — 0,1

for which we use the generating function

B(p,q, s) =Kin,0, 8) =-0c-n+s.7.



The transformation equations resulting:

S
(- vy t) = - Eﬁ? = -voet=0-85;0=8"-Vyet
_ ok, _
M=-%g =a=n

lead firally to canonical equations of the form

x-' =i{— . ﬁ’:—aE H
an ! X ax ?
20 = 2L 5 AW (2.7a)
3 z oz
Pz
oo
“am 0N 3o

with the Hamiltonian

A 3E
_ 3
o= Kov

q—<1+Kx-x+Kz-z)-so-/<1+n)2-[ :
) 4]

-~ e A e )
(px - Bo Eqo AZ 4+ (pz - Bo E, Az)zllfz

Bz - [(1 + m* - [“‘gcz )1
0

X fi -
1

-1+ K e X+ Ky - 2) - Bo + 5 Ag - (2.7b)
. (]

In order to make calculations tractible the square rvoot in (2.7b):

. Ii i (Bx - Bo éi Az + (ﬁz - Bo éi Az)zlixz
| B2 . [(1+m? - (M )7 f

Ey



must be developed in a power series:

~ [ ”~ e
{px ~ Bo E; Ag)2 + {py - Bo E; Az)2

ga - 1+ m* - | mgzz )1

*oees | (2.8)

=

L}

Jors

1
N [

The power  at which the series'is truncated defines the the order of the appro-

ximation to the particle motion.

In the following, only terms up to quadratic in ﬁx and ﬁz will be kept, whence:

H=n-(1+K-x+K, -2 1+m+

+ .

1 (Px ~ Bo % Ay)?2 1 {Pz ~ Bo % Az’z._
285 (1 + 7

-t Ky e x+ Kz e 2) - By s g Ag see (2.9)
O
with 7§ defined by
¢,z
~ 1 1  p.c _ D
1+ )=—J(1+ )z - = 2= . = (2.10)
n Bo : [ Eq ) Bo Eq Po

©
1

momentum corresponding to energy E = Ej(1 + 1n);
po - 4 " Tr n Eo- (2.11)

In terms of the wvariables x, z, 8§, ¢ the eqns. (2.2) for the fields can be

written as : '

2=By =R ; (2.11a)



N - a2 \

Bx = h T\ ay (h-Ag) 3 Az
-1 a . _ 8 ) ‘

Bz =y { 3s Ax T gy (heAg) } ; (Z.14b)
8, L3

Bs = oo Ay = 3o Ay

where

h=1+K, - x+K; « 2z

Since vector potentials will not appear in the final equations of motion, we
may use any form for the vector potential that leads via (Z.11) te the correct

fields for the various magnhet types.

We will assume here that the ring only contains quadrupoles, dipolies, sextu-
poles and cavities. The vector potentials suitable for describing these ele-

ments are:
a) Cavity
. 217
e(s,0) = V(s) - sin [k - T °° + ¢l
1 L

1 L Zn . = =
Ag = B " Ko Vis) » cos [k« 7 - 0+ 0] ; Ay =A; =0

b) Quadrupole

K = Kz = 0 ;
OB,
.

£ 21 €:Po 2 _ g2y - 1 2 — 2
E, Ay = 5 E, go (z x2} = 2 Bo * 2o (z x4}
9B '

. e Z
= . == = A, =0
with g, Po-C [3x]x=z=0 : Ay >



¢) Sextupole

Ky = K; = 0 5
B [ BZBZ]
= ¥ N A » ;
x ax? Jx=2=0
1 3232
= = 2 ~ 22y . .
BZ -2 (x ZZ) [ axz x=2=0 :
£ - - 1 - 2y . “Po = — . e 2
Eq Ag = o 6 (% 3xz2) E, Bo Ao c (x 3xz2)
328
with A\ = —— - =
Po*C OX% Jx=2=0
d) Bending magnet

(Ky,Kz» # (0,0) ; Ky « Kz = 0

e F—"
Pp*C : Bx - Kz ’

e
Pp-C : BZ = Kx !

€ A =-L(1+K, -x+K, -2
Po-C ] 2 X A

The Hamiltonian (2.9) can then be written in the form

2 1 Px * Pz
Ho=pg = L+ K o x Ky =20 = Bo» T ¥ 002 * T4 F(pg)
o
1 .2 2 Z
T2 Bo + L(Kx + go) » xZ + (Kz — go) + 27]
2 1 3 2
+ BO . XO . E (x3 - 3xz%)
bk L8V ks 2T L g+ g] (2.42)

ke2m © E, L
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with
Pg =N

Ap
Po

fipy) = n(s) (see eqn. 2.10) (2.13

(a constant term, (- % Bg), in the Hamiltonian, which has no influence on the

motion has been neglected)

For the equations of motion we now have

w = X L Px (2.14a)

Al oM 2 prl
pxz—'a—;:-BO.(Kxi-go)-x
1 :
-5 Bo + ho + (x2 - 22) + Ky - B - fipg) ; (2.14b)
g = L Pz . (2.14¢)
ap BO 1+ f(po»i
~t oH 2 2 2 2
pzz._gg__Bo.(Kz—go).Z+Bo.x0.xz+Kz-Bo-f(pU);(2.14(1)
o = g%ﬁ =1 - +K » x+K; »2) - B2 . £ (py)
g
~AZ ~2
+
- 12 . —Px 7 Pz - £2(py) ; (2.14e)
28 [1 + f(py ]2
; K _ eV(s) . Zn
Py = 30 = E, « gin[k - L " o+ @] . (Z2.14f)
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Remark
In equ. (2.14) the first four equations describe betatron oscillations and the
last two synchrotron motion. Equation (2.14f) relates to energy conservation.
Using equ. (2.14a,c), (2.14e) can also be written in the form

' =1 -[1+Ky « x+Kz 2z % (x’2 + z°2)] . Bg » 7 {pg). (2.15)

This result can also be obtained directly from the defining equation for o:

0'=S—Vo-t;

(2.16)
do _ R de
ds ~ ¢ ds
with*’
dt = ak (2.17)
v
de = [1 + Ky »+ x +K; » 2 ¢ % (x'2 + 2'2)] « ds + -+- . (2.18)
From eqns. (2.16, 2.17, 2.18) one then gets
r — vo 1 ’ i ’
o =1 - [+ - x+K; - 245 (x 2 +z2'2)] . (2.19)

This agrees with eqn. (Z.13) since

df(py) 1 (1 + pg)

_ - L
dpg Bo ‘[(1 . pZ ~ [mocz]z' Bo
i Eo

R N
p-c
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3. Introduction of digpersion

Equations (Z.14) describe coupled synchro-betatron motion.

transverse coupling described by the terms
2
- (Ky « x + K, « 2) » By » flpy)

and ~

2 .~z
1 Px * Py
ZBg 1 + fipgy)

The longitudinal and

(3.1a)

(3.1b)

in the Hamiltonian (eqn. (2.12)) depends on the curvature of the orbit in the

bending magnets and on the energy deviation of the particles.

We nov introduce dispersion (see later: eqn. (3.5))

B = (p., D., D, D.)

1’ 21 ar aQ

e ~

and replace the quéntitites X, ﬁx, z, ﬁz’ 0, pg by new variables §, ﬁx, Z, Pz,

g, ﬁg which according to the definition of dispersion satisfy

x = flpg)- D, ;

“
fl

Px = px — flpg)- D, ;

M2
I}

z = flpg)s Dy

Pz = Pz ~ fipg)- D, ;

This replacement

(3.2)

(X, Bxs Z;.ﬁzy U; po’) —> (;! i;x: Et Ez: 8! ;)Cf)

can be achieved using the generating function

Fz()(, z, T, E’x! Bzv i;()’)

+

!
N

Px * [x = f(py) « D] + fipg) « D, » x
Pz + [z =~ f(pg) + D] + £(pg) - D, + 2

(D, - D, + D, - D,J » f2(py) + Ppg + ©
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with the result that:

X = =2 =x-flpg) « D, ; (3.33)
Opy

~ oF - .

Px = ?;f =px + f(py) - Dy ;5 (3.3b)

- oF -

z = —= =z - f(pg) » Dy ; (3.3¢)
opg

. oF . .

Pz = B, =Pz * fiPg) * Dy (3.3d)

. JF, df (pg) . - - .

0 = —== =0+ —— + {~ py*D, + x:D, = pz-Dy *+ z2:D,} ; (3.3e)
¥py dpgy
F, . :

Po = =2 = bg i _ (3.3F)

~ oF

H o=n+ == (3.4)

These in turn lead to eqn. (3.2).

On taking into account the defining equations for the dispersion in the general

case of arbitrary velocity 8, (see eqns. (2.14)):

’ D,
D, = — ;
BO " Z
’ 2 2 ‘
D, = — Bg - (Kx + 8o - D, * Bo + Ky 3
D (3.5)
’ a
D, = 73 ; .
Bo 2

= DY = ~(Kz - go) + D, + Ky

’ 2 2
Dy, ==-8Bp « (Kz ~ gp) *+ Dy +Bg - Kz ;



- 14 -

we have the new Hamiltonian (3.4):

~ 1 - ~ 1 - -
Ho= =5« [PF + P51 + 5 BS « ((Kg + 8¢ + X2 + (K7 = o) + 27}
2BZ
eVis) L 2m . df(py)
+ . + cosfk « = - [g - "
E, K- 27 L g

X (= Ppg * D, +X +D, - Dy » Dy+ 2z + D]+ o)

I
B [

BZ . f2(py) + [Ky - D, + K, + D,]

~ ~ 1 ~ ~
+ Py - Bs - Fipg) - =5 - {Ipy *+ f(py - D,12
285
. . . £(pg)
"L v £ho) - DI - T
g

A - ~
+ g2 . ?? » {[x + f(pg) » D, 13

-3 . [x + f(py) » D,z + f(py) » D12} . (3.6)

In this Hamiltonian, the coupling term (3.1a) which arose from the orbit curva-
ture no longer appears; Instead, there appears a term for the cavities
eVis) L 2n o~ _ df(py)

A = EO . Re7m . COS{k - T . [0‘ - d;)g

X
X (= pygeD, + X+D, — P D, + 2-D,) + 0]}

representing a coupling between the longitudinal and transverse motion which

disappears if

V(s) - D, (s)
Vis) » D, (3)

Vis) « D,y(s8) =
Vis) « D, (8}

|
[

(- no dispersion in the cavities).

If the term, A, and the function f(Bd) in equ. (3.6) are developed as a power
series in o and 50 respectively (see (2.10), (2.13)), then we obtain
eVig)

A="E, - liozn

kKe2n 3

- cosg — o-sing - %'02 + 7 ¢ cos¢ ... (3.7a)
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. df{py . - - -
with o =0~ —=— + {- pg*D, * x:D, = pz+D, + 2D, 1} ;
dpy
~ 1 ~ 1 1~2
fF(Py) =5 * Pa~ 5 3 * 5 Py & --- (3.7b)
Bo : Bo*To z

In this expansion the first (constant) term in A has no influence on the motion
and the second term vanishes since sing = 0 (no energy uptake in the cavities
for protons). Thus, the Hamiltonian M can be separated into three uncoupled

oscillation modes

Hox = E§E CPEa S BE . B+ gy - X2 (3.8a)
o _
Moy = =5 « D2 + 2 B5 - (K& - go) + 22 ; (3.8b)
285 .
~ 1 ~ 1
Hog = - -~ P« [(Ky » D, + K, » D) - ;g] -
[a] o]
1 eVis) 2n ~
- - *» T e * 2
2 E, k 1 COSQ o< (3.8c)

and a (small) perturbation term X, which contains the remaining terms:

~ ~ -~

Ho= Mgy + Hoy + Hog + H, . _ (3.8)

Hoyes Hoz, Hog describe linear oscillations in the x, z',' o directions respecti-
vely and the term X, describes a (small) perturbation.

~ ~

The components Mgy, Hyy, MHyg have the general form

Koy = % F(s) « p2 + % G(s) - yZ ; (3.9)

(y = x, z, O)

and from the transfer matrix M(s+L,s) resulting from this unperturbed Hamil-
tonian:
CO8 Zﬂ'Qy + a(s)-sinZnQY B(s)-sinZ‘nQy
M(s+L,s) =
= y{(8)esin 2110}, cos Z'HQY"(I(S)'SiDZﬂQY
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we can extract the Twiss parameters «, B, y. The motion can then be represented

in the form7”

yis) = f2 - B(s) - T - cos {&(s) + §,] ;
771 (3.1
pyls) = J R(s) ° {sin{Q(s) + §,] + a(s) - cos[d(s) + Qo]}
with I = % s [y » y2+ B8 - p% + 24 pyy} = const, (3.11)

Eqn. (3.11) predicts that for all three modes y and Py lie on an ellipse and
that the equation for the ellipse is s dependent and periodic. As pointed out
in the introduction these properties provide a way of using the motion in the
phase plane for recognizing linear motion. Perturbations to the linear motion
can then be characterized by their influence in causing distortion of the ori-

ginal ellipses.

The linear oscillation modes can only be discerned when the theory is written
in terms of the wvariables §, ﬁx,'§, Bz, 3, 50- Nevertheless, the equations of
motion are easier to solve when written in terms of the original set x, ﬁx, z,

ﬁz, O, Pg- This is the subject of the next section.

Remarks:
1) If the quantities (K + D, + K, - D) in (3.8c) and £ . i . 2B coq
0
in (3.8c) are replaced by their averages”’
1 SO+L ~ ~ ~ ~ ) ~
K= IS ds « [Ky(s) » D (s) + K;(s) « Dy(s)] {3.12a)
0
(momentum compaction factor)
and 02 Bz : L .
. Sq*+L .
———L:R-Zﬂ-costp-lfo as . 48) . (3.12B)
4 L - Eo
(k = —3) o]
Yo
Hoo takes the form
- N : . Qz . g2
Moo = = —o3 + P » K= 51 - 262 « ——2 (3.13)
Bo Yo (k = )
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The canonical equations are then

~ A P
g_cf:\;_,?g:..p—g.m—%) : (3.14a)
s Opg Bo Yo
dp N .
_....-dG = - 20 = e‘:rE(S) s K » _2_]_1.!_ . COSQ » O (3.14b>
s o o
or . _
d2o ~
-_— = - 2 L3 4 )
e 92 . 5 (3.15a)
d2pg .
~7 =~ 9% - Pg - (3.15b)
. St .
where Q2 = 1 f ° Tds . evis) | k - Zn | cos@ - L. {x - JL) . {3.1&)
L E L 2 2
g (0] Bo YO

From eqn. (3.15) it follows that the synchrotron oscillations are stable only
if '
Qz > 0 . (3.17)

For protons (eV{(s) > 0) with singe = 0 (no energy uptake in the cavities) this

corregponds to the usual conditions

¢ =0 for k> J; {(above "transition');
Y
° (3.18)
¢ =@ for x < JE {below "transition').
Yo
2) According to eqn. (3.1
v2 + {al(s) « vy + B(s) « pyl2 = 21+ B (s) . (3.19)
If instead of py one uses the variable By:
ﬁy = afs) « y + B(s) « py , (3.20)

the trajectory in the (y, ﬁy)—plane is a circle:

y2 + p5 = 21 . B(s) . (3.21)
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o

3) In defining the linear oscillator Hamilltonlans Hoy, Hoz: Hoo only the fac-
tor o2 was extracted from the term o2 appearing in eqn. (3.7a).

It is of course also possible to take into account further quadratic terms
in 02, namely

« (Pyg » D, = % » D2 for Moy

o4
o
A

« D2 for Ay,

N

4o(pzoD3°—

Bo

so that xoy takes the more general form

xoy = % F(s) - p§ + R(s) -y « Py * 5 Gis) - y2 .

As was shown in Ref. 7, this also leads to equations of the form (3.10) and

(3.11) so that the motion in the (v, py)—plane can be still described by phase

ellipses.
4) For Bp —> 1 (ultrarelativistic particles) f(ﬁo) becomes (see eqn. (3.7b)
f(pg)= Pg -

In this case the transformation formulas (3.3) take the same form as used in

Ref. 6.
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4. Solution of the equations of motion

As pointed out above, the equations of motion are most easily solved in terms
of the variables x, ﬁx, z, ﬁz, g, Pg-
The variables §, ﬁx, %, 52, o, 56 can then be calculated using eqns. (3.3) and

the dispersion. In particular eqn. (3.3e) can be rewritten as:

 df(py)

g =0t dpy . {* Pk * Dy, +x « D, —pz - Dy +t 2z Da} ; (4.1

In the following we give the solution of the equations of motion (2.14) and of

the dispersion equation (3.5) for various types of magnets and for cavities.

4.1 Quadrupole

The equations of motion are

~

, 1 Px

X = g‘g . I‘i'—f(;;; H {(4.2a)
.o 2

P = — Be v 8o + X (4.2Zb)

L4 __Pa
z’ = Bg i f(pg) (4.2c)
~2 2
Pz = BO . go A ; 4.2d)

2
df (pg) B df (pg)

r -4 _p2 ol Yo T PO V2 1y21 . _
o 1 - Bo Py > dpg [(x"2 + (27)2] ; (4.2e)
Py = 0 . (4.2f)

From eqn. {(4.Zf) we have
Pg(s) = pg(0) | (4.3)

If we write the solution as

v(s) = M(s,0) F(O) (4.8
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and introduce
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r
(x, x', z, z') ;

*<'!_!¢
]

P = B2 + [1 + flpy] « x' ;

ﬁz = Bg « [1 + fipsr] « 2’

4]

T 1+ fipgy)

then eqns. (4.2a,b,c,d) give:

a)

b)

g > 0:

M,,(s,0)
M, ,(s,0)

M,,(s,0)

M,,(s,0)

M, (s,0)
M,,(s,0)
M. (s,

M ,(s,0)

g < 0

M,,(s,0)
M,.(s,0)
M,,(s,0)
M, (5,0
Hai(S’O)
M,,(s,0)
Moy (5,00

M,,(s,0)

coslfg - s) ;

j%;- sin(Jg + §) ;
-Jg-sin(fg_-s)}
cos(¥g - 8) ;
cosh(Jg '« ) ; *
ﬁg.. Sinh(VE -« §) ;
Jg » sinh(Jg - 8) ;

cosh(Jg « s5) ;

cosh(STgl - s) ;

7%§T + sinh(JSIgl - s) ;
JTgl - sinh(JSIgl » ) ;
cosh(JTgl - =) ;
cos(JSligl - 8} ;
JggT-sin(JTET - 8) ;

- JTgl sin(JTgl « 8) ;

cos(VIgl + s)

{(4.5)

(4.6)

(4.7)

(4.8b)
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Finally from egn. {(4.2c) (for g 2 0) we have:

gi(s) = g(0) + s « [1

82 ) df (pg)
df (pg?
—:ﬂi;* . {xZ(O) + [s- M ,(s,00 - M ,(s8,0)]
- 22(0) - [s = My5(5,0) « M,,(s,0)]
df (py)
dpy . {x 2(0) « [s + M (5,00 « M (5,00]
+272(0) - [s + M (s,0) - Maa(s,O)]}
df (py)
el {x(O) S X0 - M (8,00 - M, (s,0)

+ 2(0) - 2°(0) - M, (s,0) . M43{350)}.(4.9)

The dispersion obeys the equations (see eqn. (3.5

and has the solution:

1}

D2

g2

2
- Bo * Bp D1 H

L)

Sl
(=R M

+ Bo - go » D3

a) g > 0 ;
DO
D,(s) = D,(0) - cos(Jg, + 8) + —EJL-——— - sin(Jgg, - ) ;
Bo - V8o
# D,(s) = = D,(0) » B2 « Vg, - SIn(Eg » s) + D,(0) « cos(VEg + 8) ;

D,(s) = D,(0) - cosh(Jg, « s) +

D,(0)

P - sinh{Jgg, - 8) ;
Bo - V8o

D (s) = D0 « B5 - Vg5 + sinh(fEg - s) *+ D(0) - cosh(Vgg + s) ; (4.10a)
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- sin(Jigyl » 8)

< BZ « JTg,T - sinh(fTggl « s) + D, (0) - cosh(VIggl « ) ;

b)Y g, < 0
- D)
D,(s) = D (0) - cosh(Jlgol .« 5) + —EiL—*————
D,{(s) = D,(0)
D, (O
D.(s) = D, (0) » cos(dIggl « 8) + 4
: ° ° 82 - MTaor
D (s) =

4.2 Bending magnet

From equ. (Z.14) we have

< = L _ P
= 2 L] ;
e 1+ fipy)
ﬁ; = - Bg.' Ki . X + Ky o gg . fipy)
o =L, Pz
= 2 - ;
gz~ 1+ fipy
pZ:"BO-Kz-Z+KzoBOof(pU>;
, df(py)

0”:1—'80.

pg = 0 .

dpgy

From (4.11f) we obtain

and to solve eqns.

Pgis) = pgld)

{(4.13%a,b,c,d) we urite

_}
vis)

‘i]»b

1

- >
Mis,0) yv(0) + q ;

(x, x’, z, z")

. sin(JlgOE - 3} ;

1 , ;
. {(1 + Kyox + Ky-2) + 2 [(x')2 + (z )2]};

(4.

(4.

(4.

(4.

(4.

(4.

(4,

(4.

~ Dyt0) « BF « fTgol » sintdTgol + §) + D (0) - cos({lgol « ) ;

10b)

11a)

11b)

11c?

11d>

.11e}

11f)

12

13
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and obtain

M,,(s,0) = cos(JGx - 5)

bl )
M,.(s,0) = 76? . 31n(JGx - 8) 3

M,,(s,0) = - JG; - sin(JG « &) ;
M,,(s,0) = M, (s,0) ;
M,a(s,0) = cos(JGZ - 8) ;
M,,(s,0) = 7%:-- sin(JG; + 8) ;
GZ
Maals,0) = = 4G, + sin(JG, - s) ;
M, (s,0) = M ,(S,0) ;
a,(s,0) = 2= « £(pg) + [1 - cos(VBY + )] ;
X
GX
q,(s,0) = * fipg) - sin(JCx - 8)
X
q,(s,0) = %L « f(py) - [1 - cos(JGZ - 5}] ;
Z
JG,
a(8,0) = T2« £(pg) + sin(fG7 + s) . (4.14)
Z
with
Kx
Cx = T% tipy °
(4.15)
Kz
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Finally from (4.11e), o(s8) can be written as:

df (pgy?
ols) = o(0) +s - [1 - BZ .
Bo dpo’
df {pgy) ’
2 [*] x'(0)
-8By * '_d;):,_ . {Kx s X(0) + M,,(s,0) + Ky & [1- M, ., (s,0)]

+

f(pg) + [8 ~ M (5,01

+ Ky » 2(0) « M .(s,0) + K, » Z'G(—zo’ e [1 - My (s,00]
+ fipy) « [s - Haa(s,O)]}
- E; L [s - M,,(s,0) - M, (s,00] x
2 dpg 2 148 2'Ss
. Gy - Gy
x [x2(0) « Gy + ig + f2(pg) - 2x(0) - g; + fipg)]

Z

+
Lo Y L
.

[s + M (5,00 - M (5,001 - x’2(0)

- M, ,(s,0) - M, ,(5,0) x

x [-x(0)-x’ (0} + x’(0) - ki— £(pg)]
X

+ % » [s =~ Mu,(5,0) « M, (s,00] x

GZ
z 22(0) + % -+ £(pg)]

Gg
x [22(0) « G, + —5 « f2{(py)
Kz

+
B =
.

[s + M ,(s,0) « M, (5,00] «» 2"2(0)
- My,.(8,0) « M ,.(s,0) x

1 ’ __.1
x [-2(0) 27(0) +27(0) - 3~ - Fipg)l) .-
(4.16)
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By eqn. (3.5) the dispersion obeys the equations

, Dy
D, =22
Bo
’ 2 z 4
D2=_BO'KX'D1+BO°KX;
, D,
Da =%
Bo
’ 2 2 2
D, =-8 - Kz - Dy + B * Ky

and has the solution

. D, (0)
D,(s) = D (0) - cos{IKyl » 8) + 55— sin(1K,l « s) +
1
+ == o [1 - cosCIKgl « 8] ;
KK
D, (s) = = D,(0) + BZ + iKy! - sinCIKyl - ) + D(0) - cosCIKyl « s) +
1K, |
.. sin{1K,l - &) ;
x
D, (0)
D,(s) = D,(0) » cosUKzl « s) + 55— - sinClK;l - s} +
BZ . X,
o [1 ~ cosCIK, |l - s)] ;
K < ?
Dy(s) = = Dyt0) » B2 + 1Kzl + sin(1Kyl - ) + Dy(0) » cos(IKzl + s) +

IK

Z

L

. sinCIK,1 + 8) ; 41D
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4.3 Sextupole

The equations of motion in a thin lens sextupole are

b2 A, Px
x Bg * I Fipg) (4.18a)
Py = -2 Ba + ho + (X2 - 22) (4.18b)
, .1 . __Pg
z’ = Bﬁ 1+ fipgp ° (4.18c¢)
By =+ B2 ¢+ N * XZ ; (4.18d)
df (py) B2 df(py)
v _q g2, —T9 _Po Vgl 12 4 (z’)27]
) 1 Bo Py 2 Py [{x" {z’)2] ; (4.18e)
Pg =0 . (4.18f)
with
) Rof5) x ) (4.19)
A(g) = 1+ f(py) = » &(s So .
and have the solutions
Olsg + 0) = alsy — 0) ;
PglsSo *+ 0) = pglsy — 0)
X{sy + 0) = x(55 — 0} ;
, = x’ A 2 2
X' (Sg + 0) = x'(85 = 0I5 » [x2(sy — 0) - 22(55 - )] ;
z{sy + 0) = 2(sg ~ O ;
z'(sq * 0) = 27(55 — 0) + X - x(55 = 0) - z2{s, — 0) . (4.20)

For the dispersion we obtain (eqn. (3.5)):

Bis, + 00 = Btsg - O . (4.21)
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4.4 Cavity
For a pointlike cavity with
Vis) =V + 8(s - s5,)

the equations of motion are

~F

Py = 03

~r

pz =0

o’ =1 - Bz . df(pg) - Bg . gfiggl - [(x’)2 + (2')2] ;
o dpg 2 dpy !

p& = Eg . sinfk - €L . 5+ 0] 1 &(s - Sg)

From equ. (4.22e) and (4.22f) we obtain

a(sy, + 0) = a(sy — 0) ;

~

eV . Zn _
Pg(Sq + 0) = pyls, = 0) + E; + sin[k - T als, = 0) + ¢l

and from equ. (4.22a) and (4.22b) we find
d : ,
s {[1 + fipgr] x’} =0 = [1+ flpg)] » x"(s) = const.

Then by recalling the relation

n{s) = f(pg)

4.

(4.
(4.
(4.
(4.
(4.

(4.

(4.

22)

22a)

22b)

22¢)

22d)

22e)}

226)

23a)

.23b»

(4.24)
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we get:

[1+0(sy + 0]« xX'(5p+0) =[1+nsg - 0] ¢ x'(55 ~ 0

1+ ntgy — O

= X'(s, +0) = — « xX'{gy - 0) . (4.25a)
1 + nisy + O
Correspondingly, from eqn. {(4.18c) and (4.18d) we find
1+ gy — O
2’ (s + 0) = — « 27{g5 = OO . (4.25b)
1 + nisy + 0)
Furthermore, from (4.2Z22a) and (4.Z2b) we also have
x(gg + 0) = x(s,5 = 0) (4.26a)
Z(s, + 0) = z(sy — 0) . (4.26b)

Finally, for the dispersion (egn. (3.5})):

Bisy + 00 = Bisy — 0 . (4.27)
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5. Summary

J

We have investigated the motion of protons in a storage ring of arbitrary ener-
gy E, (below and above transition energy). Two different ways to describe the

motion of the particles have been presented:

a) The fully six-dimensional description of the motion with the canonical va-

riables X, ﬁx, z, ﬁz, g =8~ vy - t, n=AE/E; = pg.

b) The dispersion formalism with the variables §, Bx! E, ﬁz, 3, ﬁg defined by
eqn. (3.3).

After using the fully six~dimensional description to derive the Hamiltonian
and the canonical equations of motion, the dispersiqn function is introduced
via a canonical transformation so that the symplectic étructure of the equa-
tions of motion is completely preserved. The coupling in the synchro-betatron
oscillations nowv appears in the cavities and vanishes if the dispersion in the
cavities is equal to zero. In this dispersion formalism it is possible to define

three linear uncoupled oscillation modes.

The equations of motion are solved by using the fully six-dimensional descrip-

tion.

For studying the influence of perturbations it was shown that it is useful to
describe the motion by the wvariable §, ﬁx, E, 52, 8, 56 (dispersion formalism}.
In this case, the linear oscillation modes are deseribed by phase ellipses and

perturbations are characterized by deviations from these phase ellipses.

To avoid linear perturbations we have assumed that the ring only contains

quadrupoles, bending magnets, cavities and sextupoles.

The Hamiltonian ¥ in section 3 can be used as the starting point for a non-
linear theory of coupled synchro-betatron oscillations for protons with arbi-

trary velocity™>.

The solutions given in section 4 can be used as the basis for a nonlinear

tracking program for protons with arbitrary velocity (see e.g. Refs. 2,3,4).
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