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some larger (as yet unknown) algebra of observables. In particular we give up the
{(implicit) assumption that the charge @ is superselected. That the algebra {7 must be
regarded as an insufficient algebra of observables is quite obvious: Q is not quantized
and accordingly the physical state space 1s non-separable. So what we are looking
for are extensions A of I which may be regarded as more acceptable algebras of
observables,!

In order to cast this idea into a well-posed problem we must fix the rules of the
game. The extensions A of [ we are interested in should still live on the circle $* in
the sense that for each interval I ¢ 8? there exists a subalgebra A(I) C A containing
mwﬁ:. The algebras A(I) should satisfy the obvious condition of isotony

AL € A(LL) dI,CI (4.1)
and they should be local in the sense that
A(L) € ALY fnLnl =40 (4.2)

(" denotes the commutant as usual). It should also be possible to extend the time
evolution automorphism o of I to the algebra A in such a way that it acts covariantly
on A, ie.

a AD) = A(*D),  tER (43)

in an obvious notation. Furthermore there should exist a vacuum representation
of A in which the automorphisms a, can be implemented by a continuous unitary
representation 1 — ¢! with a unique invariant ground state  which is cyclic and
separating® for the algebras A(I). Finally we assume that et is contained in the
weak closure of U in the vacuum representation, i.e. in passing from 7 to A we do
not want to change the dynamics. This assumption that the Hamiltonian is "some
function of the current” may be regarded as a weaker substitute for the Sugawara
formula.

We will call an algebra A with these specific properties a local extension of r.
Given such a local extension one can always produce other ones simply by passing
to suitable subalgebras of A. So an obvious question is: What are the mazimal local

extensions of U 7

It is clear that the vacuum representation of any local extension A of U gives
rise to a locally generated representation of 7 in the sense of the definition given
in Section 3A. Hence according to Proposition 3.1 any such A can be realized as a
subalgebra of the algebra of all {possibly Klein-transforined) charged fields @.M o a

suitable subspace of the universal space H,

We must therefore determine those fields ﬁ.m (¢ fixed for the moment) which are

suited to generate local extensions of Ui, As was discussed in Section 3B, all fields

I'More precisely: we are looking for extensions of quotients of {7 with respect 1o ideals £ generated
by suilable subalgebras of the center of {7, n the subsequent discussion il is to be understood as
some such guotient.

11 1 is cyclic it is of course separating for the vacuum represcutation of the algebras A(J) because
of locality. So what we exclude by this assumption is the possibility that the fecal algebras contain
a two-sided ideal which is annihilated by 2. Phrased n:m‘mqm::un. we reguire that the vacuum repre-
sentation is locally faithful. 1t may thus be regarded as the defining representation of the algebra
of ohservables.
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are relatively local to the current, so we will first examine which of these fields are
relatively local with respect to themselves. (Recall that a Klein transformation does
not change the commutation relations of fields carrying the same charge.)

Let g € R be fixed and let gy, p2 be any two charge densities with support in
disjoint intervals Iy, Jp of 814 {¢} and pi[1] = p2[1] = g. According to Proposition
3.4 we have the commutation relations

¢l — FiE Tl g
@P,&E = ﬁ_nuﬂ\: (4.4)
r o6 TieR (il )
@E@E =et %E@E

where the sign in the exponent depends on the relative location of I;, I, and (.
Hence the fields of a given charge are local (on the punctured circle) if and only if

g8 =2N, NeN.

Since we are interested in maximal local extensions of 7 we next ask ourselves
whether the fields of charge g with g% = 2N can be complemented by fields of charge
g' with ¢"® = 2N', N’ € N such that the resuiting algebra still contains only local
fields. By taking products there will appear in this algebra fields carrying the charge
g + g', and if these fields are also to be local with respect to themselves we must
have that gg' € N. From this it follows that NN' = (N"}? for some N" ¢ N, and
assumning without loss of generality that N' < N we conclude that N contains as a
factor the square of some natural number M. (Since N > N', the number N must
contain in its decomposition into primes some factor which is not contained in N'.)
Under these circumstances the fields ,ﬁ.m:-{ with p[l] = g are indeed local, and since
there holds the "fusion rule”

(i1 )™ = 95 (4.5)

(cf. Proposition 3.4) they generate the fields of charge g. The existence of such extra
local fields implies that our algebra of observables was not maximal yet. Thus the
fields generating maximal local extensions of U carry charges ¢ for which N = wmm
contains in its decomposition into primes each prime factor at most once,

N =1,2,3,586,7,10,... {4.6)

Up to now we have only considered the fields generating local extensions of U on
the punctured circle. We will now remove this defect by proceeding to a quotient of
U with respect to the ideal generated by a certain specific subalgebra of the center
of U. To this end let us have a lock at the transition operators

Gy Cen —aing? olwi -
d.\m,.ﬂ,\mu —¢ g 2wigQ A&.;

considered in Lenmma 3.5. If g = 2N, N a natural number, the phase factor on
the right hand side disappears. Moreover, if we take the quotient of the *-algebra
gencrated by all fields q_.m: { € 8! and p[1] = g, with respect to the two sided
ideal generated by [c*™99 — 1], the right hand side of (4.7) simply becomes the unit
operator in that quotient. (Equivalently we may restrict the ficld operators and the
current algebra to the subspace of H where the right hand side of (4.7) is equal to
1, ef. the subsequent subsection.) This quotient algeba clearly lives on the circle §?
and not on its covering.
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We have thus reached our goal: given any natural number N we cousider the
¥

*.algebra on H generated by all fields of charge ¢ = (2A)7 and proceed ta the

gquotient algebra with respect to the ideal Z» generated by -1+ exp(2mi{2N)3 Q).

We then define for each interval T St

An(I) = *-algebra {4, rsuppp 1, pl1l = (2N)33, ?.mmv

where y°, denotes the class of e:\m with { ¢ I, The algebra 4y is defined as the smallest
algebra containing all local algebras Apn(I). It 1s spanned by its unitary elements 3.
These are of the form -

¥ =Wy, g€ V2NZ (4.8b)

where 7 is a complex phase factor, W(u) is a Weyl operator, and I'y are the charge
shift operators, cp. Bgs. (3.19){, (3.21a).

The time evolution on 4n acts on the generating elements #, by

a{thp) = pr. (4.9)

Since we have taken in the above construction a quotient with respect to ZN,
the algebra Ay is an extension of Un = U/ £x. It is obviously also a local extension
of Upn as may be seen from the discussion in the preceding section. In particular
the algebras A have a vacuum representation with the desired properties which is
induced by the vector 1 € H.

H remains to discuss the question in which sense the algebras Ay are maximal
1ocal extensions of Uy if N contains each prime as a factor al most once. So given such
N, let By be another local extension of Uy such that By(I) 2 An(I), T C S Itis
then clear that in the vacuum representation of By there will exist states with charge
g = G>Jw. Moreover, by the above discussion there cannot exist states carrying
charges g' ¢ gZ because one cannot accomodate fields carrying such incommensurable
charges in a system of local algebras. Thus the algebras An and By generate from
the vacuum the same representation of &7 . It then follows from the third part of
Proposition 3.1 that the weak closures of the algebras An(I) and By(F),7 C st
in the vacuum representation are related by a Klein transformation; thus they must
be equal since By(T) O Ap(I). Hence Ax and By generate the same system of
local algebras in the {locally faithful] vacuum representation, and in this sense Ay
1s maximal,

PROPOSITION 4.1. The local extensions of the current algebra can be distinguished
by the smallest nonzero eigenvalue of w@» in their respective vacuum representation.
Any such eigenvalue is a natural number N, and the corresponding extension is
generated by the dynamical system (An,a.). An is the *-algebra spanned by the
fields 1, of charge g € V2ZNZ of Proposition 3.4 as described in Eqs. (4.8}, and the
time evolution automorphism is given by Eq. (4.9), viz. ai{th,) = ¥

If N contains each primefactor at most once then this extension is maximal.

We conclude this subsection with two remarks. Firstly we note that we could
proceed further with the above construction and consider fermionic (half-integer spin)
extensions of the curreni algebra corresponding to charges g for which g% is an odd
integer, etc. But these algebras will appear anyway in our discussion of the superse-
lection structure of the algebras Ay in the subsequent section.
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Secondly we would like to point out that there exists an abundance of local
extensions of the current algebra if one relaxes the assumption that the Hamiltonian
H is 2 functionr of the currents {in the sense made precise at the beginning of this
section). It is then ne longer reasonable to look for the most general extension.

To give a trivial example: the tensor product of 7 with the algebra genernted by
the fields in an arbitrary local quantum field theory on the circle would then appear
as a local extension of I'. Less trivial examples are obtained by embedding U into
certain Kac-Moody algebras for groups of rank 1. On the other hand, for the
Kac-Moody algebra corresponding to the simply laced Lie group SU{2) there holds a
Sugawara formula for the energy density which involves only the U{1}-current. Hence
the latter example provides a proper local extension of the current algebra. We will
return to this example in Section 8.

4B, SUPERSELECTION STRUCTURE OF LOCAL EXTENSIONS

We were led to the dynamical systems (Ay,a;) by searching for extensions of
the cutrent algebra which can be regarded as algebras of local observables in some
quantum field theory. In accord with this view we discuss now the superselection
structure of (An,eoy), i.e. we analyze all its locally generated representations {in

anslogy to the corresponding problem for U) and the fields which make transitions
hetween these representation spaces (= superselection sectors for An).

We begin by noting that the algebra Ay still has a center. It is generated by

the Z,n-charge
V = exp(2miQ(2N)" 7). {4.10)

(Recall that VN = mw_uﬁwi.awﬁmszv =1in Apn.) As we will see shortly, there exisi
locally generated representations of Ay which can be distinguished by this {multi-
plicative) charge. In fact, the eigenvalues of V distinguish all superselection sectors
of the theory. Thus, since ¥V commutes with all observables, it generaies a gauge
group Tan of the theory and different superseleclion sectors transform according to
different representations of this gauge group.

Since Un C Ay and since in the (locally faithful) vacuum representation of Ay
the dynamics oy can be implemented by time translations in the weak closure of
Up any locally mn:ﬁ.wwmm representation of .LZ gives also rise to a locally mmumnm.*nm
representation of U in which the *-algebra Zn generated by [-1 + exp(2mi(2N)3 Q)]
is represented by 0. Thus we can rely once again on Propaosition 3.1 telling us that
each Jocally generated representation of Ap can be realized on some subspace of
our universal representation of /. Since the operator exp(27i(2N}3 Q) must be
nmwwmmmanm by 1 the maximal .,mﬁ_.ammamsoz space for Ap is thus the subspace of
H on which @ has the spectrum (2N)~32 $Z. Bearing in mind that the algebra Ay
contains operators which change the charge of a state by +(2N)% we conclude that
there exist exactly 2N superselection sectors for Ax (including the vacuum sector)
which can be distinguished by the eigenvalues

e™N  p=0,1,...,2N -1 (4.11)

hye

of the operator V defined in (4.10).

It remains to show that these sectors are locally generated, i.e. we have to exhibit
1

field operatars carrying the elementary” charge (2N )~ 2 which are relatively local
P ying g
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to the fields generating the algebras .4 x. 1t is clear from the commutation relations

(3.41) that the fields ﬁ___.mu wilh pj 3

] = (2N)7: in our canonical field bundle do not
have this properiy. But if we perform a Klei: transformation and define

,-
o_vm.. “m:.‘nzuzu.\ ma___.m_ E.: H Awh?.v:w m&.uwv
it is easily seen thatl these new fields are relatively local to 1he fields generating An.
This proves that the above representations arve locally generated, We remark that
conjugation with these fields yields onter automorphisms of the algebras Ay, and
ihe fields could e recovered from these automorphisms in the manner described in
Section 1B.

The commutation relations of fields o.am of the same charge p{1] are unaffected
by the Klein transformation and are therefore the saime as those of the original fields
¢S, Thus if p1[1] = pa[1] = (2N} % and py, pz have disjoint support on 51\ {¢} we

have in 2N
R N

* N x
45568, =

where the sign in the exponent depends on the relative Jocation of the supports of
1,02 and of (.

(4.13)

It is also noteworthy that, using the time translations U(7) defined in (3.52),
(3.11), one can extend the fields _ﬂ_m to the 4N-fold covering of §' hy setting for
arbitrary 1 ¢ R

dplt) = a(¢p) = U)PSU(1) " (4.14)

According to Lemma 3.5 this definition of ¢, does not depend on . Morcover it
follows from that lemma that

azx(py) = ¢ NV (4.15)

where ¥ is the Zyn-charge defined in (4.10). From this relation we see in particular
that the univalence antomorphism a2, is generated by

il n;om. (4.16)

Of course this operator can also be expressed as a linear combination of the operators
V5 ko= 1,...2N which generale the eenter of Axn.

We conclude this section with the remark that the algebras 4y corresponding to
even N adinit an alternative interpretation as even part of a fermiounic (half-integer
spin) field algebra Fp. Indeed, if N/2 is odd we can define Fa as the *-algebra
generated by the canonical fields e,_mﬂ pl] = (N/2)3 of Seetion 3 which live on a

“two-fold covering of 8. The lowest weight siates (ground siates) of A correspouding
1o the values of ¢ p = 0.1,... 8 - 1 of the multiplicative charge then induce
inequivalent representations of the field algebra I, In representations correspouding,
to even 1 {he univalence antomorphism aux mwaps O, inta -y, (PNeveu Schwarz
sectors”) whereas in representations corresponding 1o add » this automorplisng acts
trivially ("Rumond sectors™ ). I distingnishes hetween epin structures 37).

V. QUANTTUM FIELDS AFFILIATED WITH THE EXTENDED ALGEBRAS
5A. CONSTRUCTION OF QUANTUM FIELDS ‘

The algebraic approach to quantun field theory is based on the insight that
for the physical interpretation of a theory it is not really necessary to have any a
priori information about the physical significance of individual local operators {fields,
currents, stress energy tensor etc.). All this information is already encoded in the map
assigning to the regions of configuration space certain specific “local” subalgebras of
the algebra of all observables, and in the action of the dynamies.

So from this point of view we have already achicved a complete classification
of yuantum field theories which are related to the current algebra: Given the local
observables in such a theory in the vacuam representation one simply has to deter-
mine the lowest nonzero eigenvalue of Q%/2, which is some natural number N. The
associated map

1 An(I)

which fixes the corresponding system of local algebras, is then given by relation (4.8),
and the dynamies by the relation (4.9).

Yet in order to miake contact with the more conventional freatments of local
quantum field theory which are based on quantum fields localized at a point we want
to discuss now how such fields appear in the present setting. The basic idea is very
simple: starting from the unitary charged field operators ﬁ._m of Section 3 we will go
to the limit of charge densities p which have support at a point. In doing so we
must of course pay tribute to the fact that there do not exist bounded field operators
which are localized at a point. We must therefore "renormalize” the operators %m by
a factor R, which tends to infinity, and the limits can then be defined as operator-
valued distributions. (This procedure is of course not new, cp. for instance [38] and
references guoted there.)

‘We proceed as foliows. First we put { = —1 and choose & sequence of functions
&5 € 5 localized in an iuterval of length A about 1 € 8, which goes in the limit
AN, 0 to the Dirac measure §(z — 1). In order to simplify the notation we set for
given charge g ¢ K

beall) = Bopar($S57)),  teR (5.1}
where Rg.5 Is a renormabization constant which we fix by the condition
(T4%2, dga(03) = 1. (5.2)

Here T'y are the charge shift operators intreduced in Section 3. An easy calculation,
based on the refation {3.10) and Lemma 2.2 gives

m..m}aﬂ%n%m;.. w.
@)v.ln.».ﬁ Im_l M\uﬂ_a »v:i., i .u,A|~:L . A.uw;

Siuce 2,\&.: converges to 1 if &y approaclies &(z - 1} this expression clearly diverges
if A tends to 0.

We conld pow go on 1o show that for any test fonstion k the limit

irg{h) = ww.m: di h{t)ery aii) {

o
I




exists on u sumitable domain in H and dehnes an operator-valued distribution gg(.}.
It is however more instructive to conpute the vacnum correlation functions of the
fields ¢4(.). and then appeal 1o the GNS-construction for the reconstruction of the
field operators.

Let us fix charges g1. ...gn € R and calenlate
u..e_ypm: I SR “.Q:.w:‘ = Ab O..f.\/:_ J - lg, x_.__::.: mw.m;

for non-coinciding arguments f,, —a < f; < =, = 1....,n. For these special
configurations the limit A 0 exists in the sense of equicontitfuous functions: the
result can 1hen be extended to arbitrary points as a tempered distribution by analytic

continuation, making use of energy postivity.

From the definition of the charged fields ,ﬂ_mu the compeosition law of the Weyl
operators, and the action of the group of charge shift operators Ty on the Weyl
operators W(f} it is abvious that

%h_ _»:H v v Qu._._s,y:zv = HI_ .m.&.»s.wa,m:.mw‘ + _m_:mw: E.JE 4+t ga Tm.md
. iz

where £ is some phase factor. The actnal calenlation of € simplifies if one assumes
that g1 + --- + gn = 0 (otherwise, W vanishes anyway) and that X is so small that
the densities .mw. .7 = 1...m have disjoint supports. Under the latter assumption we
ran apply Lemma 3.3 which, together with relation (3.50) yields

A(6Y 8% = —imsignij + ity (5.7)
where we have put
i =1; — .

After ihese preparations it is straightforward to establish by induction in n the form
of &

LT .
£ =exp menu.E.. signij | - (5.8)
J<k
By taking matrix elements of the expressions in relation (5.8} in the vacuum state
we thus find that

n vﬂ_- . H \lm.M
Whalgr tas oo igntnl = E Ro;x exp |15 Mm%»m_mi? - M:Mm:.? *] .

J=1 i<k 2
(5.9)
where the square of the norm is given by (¢f. Lemma 3.2)
T =1 -
It M .P&W :u - M_, gigk Mu - :m:aqfu cos nrt .. (5.10)
J 2k =

Plugging the specific forin of the renormalization consiants Rg s into relation
(5.9} we can now proceed to the limit A ™, 0, giving

Wolgr.tiy - ignitn) =

=4

J.. cos mit {5.11)

m
- M FRAp )
exp m_um:..T 5 signtj; — 2 -
Jek el
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Sumuing up the series of cosines in (3.11})

o
cosmT T

2% S = —In(4sin® 0 ) 5.12
M - n(4sin mw ( )

m=1

we are finally jed to the resuit
. oo Uik — € grauie

Walgr.f11 . o igmdn) = : (—4 sin? ;‘a Vse. . (5.13)

ik
Here we have added —ie to the time differences, thereby defining the integration rules
for coinciding arguments in accord with energy positivity,
The expectation values of fields in lowest weight states {1, of charge ¢ can be
obtained from (5.13) with the help of the action of the automorphism

T26,(1)Te = €9 q(t) (5.14)

and the formula &, = I'.{2.

Since ¢a(t)* = ¢g{t), as can be seen from relation (5.1) and {3.42} we thus have
completed our computation of the n-point functions of the charged quantum fields
which were generated by the unitary field operators of Section 3.

The expert will recognize that we have recovered the known explicit formula
for the n-point functions of the U(1}-vertex operators that generalize the n-point
functions of the Thirring model to systems with an arbitrary number of different

charges. A better known version of (5.13) is obtained by introducing the *z-picture
fields” . .
dolz) = €79 Pgg(t),  z=e". (5.15a)
The n-point functions of these fields are given by
(0,9, (21) - . (ze)) = ] 005 (5.15b)

i<k
where zj; = z; — z), and the rules for approaching the singularities are summarized
by
loal > Jza] > o > fenl- (5.16)

of course, the operators #,(z) and their expectation values are to be understood

as multivalued functions of z. We also note that the adjoints of the :-picture fields
are given by

» —g? - -

da(s) =277 gz, (5.17)

It follows framn these results that 1y is a primary field with respect to both the
Virasoro and the current algebra, with all its well known consequences {cf. for example
{39]}. We have thus rediscovered the structure which one normally anticipates in the
investigation of conformal quantum field theories. It appearsin the present setting
as a byprodnct of our systematic investigation of all locally generated representations
of the current algebra.

Besides the above quantum fields g{z), further ones can be constructed in
a systematic fashion. For instance, the current J(:) is limit of the renormalized
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expression B[’ ~ 11= R[W (¢)—1in an obvious way, and s on. The multiplication

law (3.40) in the algebra will determine ihe operator product expansions for the
quantum fields, for instance

Po{mi_g(z2) = uu..m.qu.? +gmad(z)+ ..}, == /22

Operator product expansions do not converge as operators, but only when applied
to the vacuum. Therefore they are not really a multiplication law of an algebra
in manifest form (although they determine it indirectly, because they determine all
Wightman funciions [40]). In this respect the multiplication law in F is superior.

5B. EXAMPLES

We conclude our discussion of quantum fields by considering a few examples of
models giving rise to specific local extensions Ay of the current algebra.

—

N=1: Our first example, already mentioned, is the su(2) Kac-Moody algebra
with Kac-Moody central charge 1 ("level 17):

. ) 1
[Talz1); Tolz2)] = deapeTe(2)8(z12) — 5 apd'(212) (5.18)
where a,b,¢ = 1,2,3. With the identification

J(z) = V2T5(2) (5.19)
we see that this algebra is an extension of U. It is in fact a local extension fitting
into our setting since the stress energy temsor T'(z) can be expressed in terms of J(z)

T(z)=1:J(2):. i (5.20)

It is easy to see that this algebra generates .4;. We must only show that the smallest
nonzero eigenvalue of @?/2 is 1. But this is clear from the isospin commutation
relations of the charges @, which are obtained by integrating the currents J(z).

In the present case one sees also directly that the isospin currents J,(z) generate
Ay o osetting
w(z) = Jifz) + i3(z2) (5.21)

it follows from the commuiation relations (5.18} that v is a local field carrying the
charge g = /2. One can thus construct from ¢, ", and J the system of local algebras
making up A,.

From the discussion in Section 4 we know that in the present model there daes
exist besides the vacuum sector another superselection sector in which the nrulii-
plicative charge 2R/ takes the value --1. This is of course the set of states with
half-integer isospin which can be generated from the vacuum by the (Klein traus-
formed) quantum field q,u?\wﬁnv constructed in the preceding subsection.

N=2: The theory of a frec complex Fermi field ¢* is perhaps the simplest example
providing an exteusion of the current algebra: from its field-current commutation
relations

A {z) i 2) - e (=) ) {5.22)

one sces that the even polynomials in the smeared Ferm fields v, v* create from the
vacuwn states with charges in 2Z. Hence they generate the Jocal extension A;.

According to the discussion in Section 4 there exist 4 different superselection sec-
tors for .A; which may be distinguished by the eigenvalues 41, 11 of the multiplicative
charge ¢™?. Of special interest are the sectors corresponding to the imaginary eigen-
vahlues. It is well known, and also clear from our results, that these states can be
created from the vacuwn with the help of a field of charge w {conformal weight wr and
they induce representations of the Fermi algebra in which the fields are single-valued
on the circle (Ramond sector).

N=3: The algebra A; appears for example in the Z4-parafermion current al-
gebra analyzed by Zamolodchikov and Fateev [41]. This mode] is generated by a
complex primary field ¢ of weight w which obeys anticommutation relations with the
current

_,:NL%T&T = 3(zn)d(n), (5.23)

and there holds a Sugawara formula for the stress tensor involving only J. By applying
all even polynomials in the smeared fields ¢, %* to the vacuum we thus obtain a
representation of the current algebra which is locally generated. From (5.23) we see
furthermore that the spectrum of the charge operator @ in this representation is
+/BZ. Hence the even polynomials in 1,4" generate the local extension .4, of the
current algebra.

It is noteworthy that the fields ¢ in this model can also be accomodated in the
present setting by applying to the basic fields constructed in Section 3A a generalized
Klein transformation’. Denoting by € = C* = C~! the charge conjugation operator
which acts on the Weyl operators W(u) and the basic fields ¢, according to

CW(u)C™! = W(—u), CipgC 71 =4, (5.24)
one can represent the Zamolodchikov-Fateev-field < by

3

1
B 2

V2

From this equation one easily recovers the Z, symmetry of the model by first noting

that there exists a unitary operator V {in the vacuwm representation of ¢,,) such
that

1 (¥ + i¥_g) O, g= . (5.25)

Vg oGV ™! = 4y, C. (5.26)

It is then obvious that
VOpCeV™! = v, (5.27)

hence the map4(3') = iy defines an automorphism of the *-algebra generated by the
field ¢. Since 4% is the identity, this automorphism induces the symmetry group Z,.

N=4: The algebra .4, is the first example of a local extension of the current
algebra which is not maximal. It can be identified with a subalgebra of the algebra
Aj. In the concrete example of the mﬂmw Kac-Moody algebra discussed above it is
the algebra generated by all even polynomials of the currents Jy. J2, which in view
of the commutation relations

[y(23 ), Jol 2 )t = i8(232)d5(21) (5.28)

T'We owe this remark 1o R. Paunov.
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provide slso s local extension of the current aleebra.

According to our general resuits there exist & superselection secters for tlis
algebra which can be labeled by 1the cigenvalues o 7Y Y2 Thus for Ag there exist
besides the superselection sectors with (half ) integer isospin also seetors in which
103

the component Qg of the isospin Las the eigenvalues §. 3. ete. {giving rise to the

so-called “twisted sector” of su{?) 1431, This fact can be understood if oue natices
ihat the algelra 4y consists of the fixed points in A, under rotations by = around
the 3-axis in i=ospin space.

At this puint we terminate our discussion of examples since we think it has
hecome clear now Low our results can be used for a quick survey of the local algebraic
structure and the superselection rules in concrete models,

We would like to point ont that all extensions An can be reahized in a unified
manner {32]: they appear as coset space models (in the sense of Goddard, Kent and
Olive [42]} for the homogeneous spaces SO(4N )/ SO(2N);. where the subscript
indicates the Kac-Moody level. For other approaches to the classification of ¢ = 1
models of. [43,44.45). So from the point of view of "model building” we have discov-
ered nothing new (see also [46°). But we have seen how these algebraic structures
emerge in a systematic manner from the underlying germ: the current algebra.

V1. CHARACTERS OQF LOWEST WEIGHT REPRESENTATIONSAND THE KMS-
CONDITION

A popular é.m% of merging chiral (right or left moving}) field theories on the
cirele to a 2-dimensional field theory is based on the principle of modular invari-
ance. Roughly speaking, this principle amounts to the reguirement that the re-
sulting (Euclidean) field theory, which lives on a torus, should be invariant under
reparametrizations. As a consequence, the corresponding (Minkowski) quantum field

theory is local.

For the actual application of this method one needs to know the characters of
the underlying chiral theories. These characters are then combined into a partition
function Z{r), T being the ratio of the periods of the lattice defining the torus of
the Euclidean theory, which is invariant under modular transformations. The latter
constraint restricts the admissible weight factors of the varicus charaeters contribut-
ing to the partition function and thus fixes the Hilbert spaces of the 2-dimensional
theories. (For an alternative approach to the consiruction of 2-dimensional theories
from one-dimensional constituents see the recent work of Frohlich, and Schroer and
Rehren (17,18].)

In ihis section we want to point out how the character of the chiral theories can
easily be computed within our algebraic setting. We shall exploit the correspondence
between finite size Euclidean theories (in the imagirary time direction) and finite
temperature Minkowski space quanium field theories, to write down

i

where 3 is the inverse temperature {which will ultimately be treated as a complex
variable with a positive real part). This leads us to consider Gibbs-states (KMS.
states) on the algebras which we have constructed.
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GA. KNS-STATES ON Ay

liven a representation of the ulgebra A on a Hilbert space H a Gibbs states of
inverse temperature 3 is given by the following formula (if it makes sense)

wald) = Z 0 Trye R4, 40 A (6.2}

where H is the Hamiltonian, Z is the partition function, and the trace has to be taken
aver the representation space H. It is of interest here that for the actual compulation
of the state wy it is not necessary to determine the spectral properties of the operator
" and then to evaluate the trace. The erucial observation [33] is that the Gibbs
states can also be characterized by the Kubo-Martin-Schwinger (KMS) condition: it
says that for all 4. B € A the functions wg(Aa(B)) and Euﬁﬁkmgbu t & R are
boundary values 2t the lower and upper rim of the strip

respectively, of a function Fag which is analytic in the interior of that strip and
continuous at the boundaries. In a somewhat sloppy but suggestive notation we thus
have that

wa(Aacsia(B)) = walar B)A). (6.3)

This condition is an immediate consequence of the relation (6.2) since H is bounded
below and the trace is cyclic. Note that it also nrakes sense in situations where the
individual terms on the right hand side of relation {6.2) are ill-defined (i.e. if the

operator ¢ A is not trace class).

Relation (6.3) can be used for the calculation of the possible finite temperature
states wg if the algebraic structure of A is sufficiently simple, as is the case for the
Kac-Moody algebras and the Virasoro algebra, for instance. The basic strategy is as
follows.

Assume that there is a simple algebraic relation between the operators a.(B)A4
and A {B). To give an example: let the commutator of these operators be a multiple
of the identity C'(#)1, as is the case for the currents in the present model. Then one
rewrites relation (6.3) according to

Emhbnnibamb = EmﬁzL@.r\:v + wa{ 4, (B))

6.4
= C{t) + wal{da(B)). (6.4)

Here we have used the fact that wp(1) = 1. So one obtains an inhomogeneous
functional equation for the function t ++ w3{4a;{(8)}, and this equation can be solved
by Fourier transformation.

In the case of the Kac-Moody algebras or the Virasoro algebra the commutator
of the basic fields is not a c-nwmnber, but it is linear in these fields. So the first
equation in {6.4) provides a recursive relation between the n-point functions and the
(n-1)-point functions which can likewise be solved in 1hese models.

This method of computation is well known in statistical mechanics [47]. We
apply it here to the algebras An and begin by determining ihe KMS-states of U.
Since we are dealing with the exponentials of the currents we will use as our starting
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point & muitipheative version of (6.4) : if A and B are Weyl operators, then it follows
from the composition law (2.6} that

ay( BYA = (1) Ay (B (6.5)

where 3(1) 15 some explicitly known phase factor. Hence the multiplicative analogue
of relation {6.4) is
wa(Aaryia(B)) = n(t)ez(Aay(B)). (6.6)

We will determine in Appendix A the solutions of {lis equation. The result is the
{ollowing counterpart of Lemma 2.2,

LEMMA 6.1, Let w3 be a regular KMS-state on { U, a¢) at inverse temperature § >
Tlien there exists soane positive normalized measure o on R such that forw € § (with
Fourier components i,)

(==}

3
we{Wiu)) = \,n:im__v exp | ig'ig — W MU ncoth ﬁ?:_u . (6.72)
n=1

Conversely, given any positive normalized measure ¢ on R, then the functional wg
fixed by Eq. (6.7a) deiermines a KMS-state on U.

For future use we record

COROLLARY. Let ug(z} = 00 wtgnzt. Then wa(W(u_ W {uy)) is the same for
all KMS-states of inverse temperature 8 on U and is given by

oo
1

wa(Wu_jW(uy))=cxp| — M E T G | {6.7h)

me=1

As in the case of ground states we can read off relation (6.7a) the central de-
composition of the states wg into states with a definite value g' of the charge Q. {O
course these latter states are no longer pure states on U i # < no).

We will use this result for ihe computation of all KMS-states on the algebra Ay .
To this end Jet us show that these states are "gauge invariant™ let ¢, € Ax be any
unitary field operator’ with charge ¢ = p[t] # 0. and lel wy be any KMS-state on
Ax. Since the operators ¢*? (being elements of the center of ') are invariant under
time transiations a, and since
iAQ

RS TIPLI IS (6.5)

we obtain from the KMS-condition (6.3) the relation

waltpe ) = wale M9, ) = Mgl ) {6.9)

for arbitrary A ¢ R. But g # 0, so we see that for small A # 0 the left hand side of
Eq. (6.9) must vanish. Hence, by continuity in A

walt,) =0 g #0. (6.10)

the unitary field operators since we do not want 1o worry about demain

TWe will work age
problems, The compritations are as sbople as with the unhounded quantum fields at & point.
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The gauge invariant (zero charge) operators in Ay are just the elements of . so the
caleulation of the KMS-states an A boils down ta the determination of the measure
da{g) in relation (6.7).

Let us now remember that Ax has a nontrivial center whose unitary elements
are powers of ¥V = 2™/ vaN . They form: the group Zyn. A general KMS-state on
A is a convex combination of "primary” states which transform accarding to an
irreducible representation of Zon. viz.

Em?uiof\ﬂ\: = nmia\,\ml_.dﬁibv. (6.10a)
The representations of Zyy are labeled by
€= n_\z\mﬁfﬁ n=0,1,...,2N - 1.

It suffices thus to consider the primary states which obey Eq. (6.10a). We will call
ithem "states of charge ¢” for short. The existence of such a central decomposition
into primary states can be derived purely from the KMS-condition, similarly as in
Section 43, If we assume that the KMS-state is given by the trace formula (6.2)
then the decomposition amounts to a decomposition of H into subspaces which carry
irreducible representations of Ay,

The covariance property (6.10a) for a state of charge ¢ is consistent with repre-
sentation (6.7a) of this state ouly if the measure do(g') has the formm

do(g') = MUE:QQ. —ng — ¢)dg'. g=vIN. (6.101)

"

So it remains {o determine the relative weights w, in this sum.

To this end it suffices to exploit the KMS-condition for the operators 7 a.(¢,),
pl11 = g. From the definition (3.36) of the operators ¥, and of the dynamics ¢y in
-wmvsdczm,m:

Frouli,) = SR a0 (W (5))

(6.11)
adlipp)iy = TG (W ()W ().
The crucial observation is that the operators W(5) a (W (5)} and a (W (N (5"
conunute with the charge shift operator I'gr. This is true because the exponentials of
@ in the two Weyl operators just cancel since the time translations act trivially on
the center of 7. Heuce if wy is any KMS-state on Ax we have in view of Lennmna 6.1
that .
walvpa(val) = VP (W) ad WA}

) 16.11a)
wa (o, ) = et PRt g (e (W ()W {H)7)

F(t} = wal 99 = [ do{g') 79", (6.12)

From the assumption that w4 satisfies the KAS- condition on Ay and the fact
that the analytic continuation of the function 1 =+ wa{W(p)" a (W (F)) vanishes
nowhere on the strip 53 (as can be seen from relation (6.72)) it thus follows that Fi4}
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can be analvtically eontinued ta §4. Moreover. from the KMS-boundary condition

we see that . .
Pt +i8) = ¢ 79 AP0, : (6.13)

Proceeding to the Fourier transformation of this equation {in the sense of distribu-
tions) and plugging in the specific form of the measure o, Eq. (6.16b}. we find that
the weights w,, in this measure must satisfy the recursion relation

— ; P
Wpi1 = Wnt __wﬁ.n‘,:+u .:”.m.

Its solution is .
Wy = wle AT (6.14)

and % is determined by the requirement that the measure ¢ is normabzed. viz.
=1 (6.10¢)
n

Having determined the measure & one can now compute the expectation values of
arbitrary products of the unitary field operators in the state wg. The result is zero
unless the sum of the charges of the fields is 0. For zero charge the product is equal
to a Weyl operator by the multiplication law in Ap. The explicit form of the KMS-
state on Weyl operators can then be used. As in the case of lowest weight states
one can obtain the correlation functions of the quantium fields (fields at a point) by
proceeding to charge densities which are localized at a point. For the purpose of
this calenlation it is convenient to determine the above mentioned Weyl operator
by making repeaied use of the relation (6.11). We omit the trivial details of the
calculation.

Let us briefly discuss how these results have io be modified if one changes the dy-
namies a; by composing it with a gange transformation parametrized by a “chemical
potential® 4. This new dynamics af is given by

of () = e (¢, (6.15)

In the relations corresponding to (6.11) and (6.11a} there appears then on the right
hand side an additional factor ¢'*#9, Iis only effect is that in the weights w, of the
measure o characterizing the KMS-states for the dynamics o} ane must replace e by
e + yu. We summarize these results in

PROPOSITION 6.2. Any KMS-state on the dynamical system (Aw,el') for inverse
temperature 3 and charge ¢ = n/v2N, n=0,1,....2N — 1 is gauge invariant, i.e.
vanishes on aperators with nonzero total charge. Its restriction to the gauge invariant
part U of Ap {the "zero charge operators”) is determined by Eq. (6.7a}. where the
measure is given by (g = /2N ).

de(g') = w® Mn\am:\mﬁm_ —ng—¢— ) {6.16)

' being a normalization constant.

We mention as an aside that one can also find the KMS-states wg assaciated with

our universal representation of I7 by the above method. In this cage the individual

43

terms on the right hand side of relation {6.2) make no sense {since the representation
space is nol separable). But the KMS-coudition can e evaluated as hefore and the
KMS-states are again fixed by relation (6.7a). where the measure ¢ is now given by

dolg') = /B ome Pt 2 gyr (6.17)

4 heing the chemical potential. These states appear in fact in the string theoretic
interpretation of 2-dimensionl models. where @ is viewed as the center of mass mo-
mentum which for an uncompactified dimension has a continuous spectrum.

GB. PARTITION FUNCTIONS

Next we wish to compute the partition function in the presence of a chemical
potential p. As we know, the irreducible representations of Ax can be labeled by
the charge ¢ = n/g, g = v2N,n =8,...,2N — 1. Let us denote the corresponding
representation spaces by H,,. The corresponding partition function is

N;:wfr.u = uﬂiamlmﬁtxvtﬁw. mm.“—mv

Assuming that the trace exists, the logarithmic derivative of Z,, must be expectation
value of H+puQ in a KMS state wg , of inverse temperature g, with chemical potential
¢ and charge e, The one and only such KMS-state was found in the last section. (For
a discussion of how the existence of the trace can be deduced from the KMS-condition
see end of Appendix A.} Thus

i)

I@WFN:EL& = wg l H + puQ). (6.20)

To compute this quantity, we must have H as a concrete element of our algebra of
observables. We assume the Sugawara formula

H= MU Fomdm 4 1Q? (6.21)

m>1

(which can be established in our setting by showing that the right hand side of (6.21)
induces the time translations given in relation (3.53)). For later convenience, the
contribution involving the charge @ = Jo has been singled out. Thus

waplH + Q) = é___ﬁweu + 1@+ > wp I ndn). (6.22)

w1

The KMS-state wgz, on An is alsa a KMS state on [7. Since the Weyl operators
W) = exp(i ¥, Juii—») determine J,, we see from the Corollary to Lemma 6.1 that
the expectation value of J_,,J;, for m > 1 is the same for any KMS-state of inverse
temperature 7 on 7, and is given by

m a

== — ¢mBm > 2
) Em 1 83 In{1 — ¢ L {m 2 1) (6.23)

E.m_.—.ﬁ.wl..:-w:a
So the sum in (6.22) yields

(6.94)




The remaining terms can be written as

H%,m.
Alm% - M_:MV F(i/g}e=o {6.25)

1
Em_tﬁ WON + ,E,Qw =
where F(t) is the function defined in Eq. (6.12). According to the results of Section
6A, F(1) has a Fourier expansion F(f) = % W 18I} whose coeflicients wo

are given by Eq. (6.14), with ¢ + i substituted for ¢ in the presence of a chemical
potential p. Thus

(mg + €)* + p(mg + €)] {6.26)

bl =

1 .
e_m,lmou +uQ) = ]

m
with
m‘l_ﬁwauqun+m+tuu\w

T e Mlmgtetnw)ifz’

Lam

Wm —
The sum in (6.26) can thus be rewritien in the form

m »
I‘F nrhﬁspu+nv\ua|u£ﬂn+£,
7t

and putting these results together we obtain the derivative of In Z,, with respect to
8. This shows that

2B 10) 3 e Blmgtey’ /2 ,~Puimge)
n M= =2 .
’ [Imea(l—efm)

up to a possible normalization factor A{u). We show that the normalization factor
is 1 by examining the asymptotic behaviour as 8 — oo of the right hand side of
{6.27) and of the trace defining Z,,. In this limit the asymptotic behaviour of the
sum in (6.27) is dominated by those terms where 1(mg + €)> + u{mg + ¢) assumes
its minimum. On the other hand, the trace in Eq. {6.18} is deminated by the ground

(6.27)

states of those irreducible representations for U with charge g' where Ey + ug' is
minimat. But the ground state energy Fy equals w@.. )? as we know, and the possible
values of ¢' are ng + ¢, n € Z. As a result, both sides of (6.27) agree asymptotically
for 3 — .

The result (6.27) for the partilion function is proportional to a ratic of a dassical
@-function and a Dedekind n-function. see below.

6C. MODULAR PROPERTIES OF CHARACTERS OF A

The characters of the algebras Ay are the analytic continuations of the partition
functions Zx to imaginary 3. For their analysis it is convenient to introduce the new
variables

2wi —i3 2w
£2FIT o

=" ¢ e

We also note that the functions appearing in the numerator and denominator of Eq.

(6.27) are well known.

o
,..1._.”_ _ Awa:ﬂ_u\_ : 1o \.Nﬂ:._:w

m= ]
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is the Dedekind n-function and

. . z
@....hii,ﬁ,.ﬂg — nua:.. MU m:.lmﬂ..‘._:mv m.m..:n_.q_‘:+:wm”.

meZ

is the classical @ function. Recalling that ¢ = 2N we thus can rewrite the partition
function in the form (using the new variables)

1
7ir)

ZnlB, 1) = 2™ @, (T, (L 0)

The factor ¢2™7/2% can be eliminated by changing the zero point of energy H by
1

a constanl -5, so that the vacuum has energy Imum. This appears naturally if we
regard the stress tensor not as a function of z but of the angle 8, ¢'® = 2. In the
notation of Section 1B

mw n
7(6) = 27 () 046D - 516.0)

where ¢ is the central charge (i.e. ¢ = 1 in the present case), and {£,8} is the Schwarz
derivative )
“ i m “:.— H
{€,6} = M\m]u|

g) T

Its mode expansion reads

¢ . -1
T(8)=Lo— 5o+ ) Lne e
n#£l

The characters of Ax in the new convention

VECULI ENETqy = — m_w

are denoted by K, (7,(,N). The results of the above discussion can be summarized
in

ProPosiTION 6.3. The characters of An are given by

Ralr, (G N)=Try, (2P H4(Q)
H (6.28)

w__lh.mm@?_ﬁz?, ¢, 0)

where the trace runs over the irreducible representation space of Ax whose stafes
have charge ¢ modulo g, c = n/g, wmw =N,

We note that the characters obey the periodieity condition
KNoian = K. (6.29)
This property reflects the fact that the representation space H,, is determined by the
representation of the center Zyn of An. ie. by m modulo 2.V. I can alse be verified

{rom the explicit formula for K,,. We proceed to show
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PROPOSITION 6.4, The 2N characters hp.w = 1 - N, . N (pmluphed with ¢2")

span a 2N-dimensional representation of the modualar group SL(2,Z). whicl acis on
the variables (7., u) in Eq. {6.26) according 1o

(7.0 1) [Tg,Cgattg)

: . 1 e (6301
== g = EH ....m_. g -- U - 5 S

¢ Vs the 2 = 2 matrix with integer entries a.b.c,d £ Z.ad — be = 1.

The group law T, Ty, = Tgg. for the operators T,@(7. . u) = (75, {5, uy)
can be verified (see Appendix C). It is then sufficient to study the transformation
properties of I, for the two generators of SL{2, 2).

1
T: 1791, S5: 71— ——. (6.31)
T
We have from the result (6.28) for i,
K 1,6N) = 2 MY koo n 6.32
:A.ﬁ 1 uh, u.l exp ~3.JH)|« - m w:TJﬂ, v H - iu
and, according to Appendix C
1 ¢ Al
R LISEAS A D W \ S - SN
¢ Ka{~ 2N = > SupEyl7, (i N) (6.33)
p=1-N
where ]
S,p= —==¢ ", a,p=1-N,...N 6.34
i .(\Mb« P A w
so that the 2N x 2N matrix 5 = (5,,;) satishes
5§t =0 = 5%, C? =1 {6.35)

Here C is the Z;n-charge conjugation matrix charactenzed by [ep. (C.9))

N
3 CopBy(n G N) = K u{m (). (6.38)

p=1-N

6D. MODULAR INVARIANT PARTITION FUNCTIONS., LOCAL 2-DIMENSIONAL QUAN-
TUM FIELD THEORY MODELS

Let Ax be a maximal algebra of local right moving observables, and let Ap beits
left moving counterpart. We shall identify the left movers’ modular parameters with
—7 and —¢ so that the corresponding characters will appear as complex conjugate
to those of the right movers. We shall look for pariition functions of 2-dimensional

conformal models of the form

Z=Z(r.¢;N)= MM ST 'y (6.37)

n.n
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An expression Z of this form will be the frace of e:.qomr.mo over a Hilbert space

which is direct sum of tensor products H, ¥ H; of representation spaces for the
left- and right movers’ algebras Ay if the coefhicients my 5 are non-negative integers.
(g = ¢*™7 . y = 7). The vacuwn vector has charge 0 and appears only in My & H,,.
So it has muliiplicity 1 if m, 5 = 1. We therefore seek solutions Z of this particular

form which in addition are modular invariant.

CORDITION:
{8) the coeflicients m,, ;, are non-negative integers, and ngj =
{(b) the function Z is modular invariant,

The partition function carries information about the operator content of the 2-
dimensional theary {cf. [3]). Its modular invariance guarantees ihe crossing symmetry
of the correlation functions of all 2-dimensional primary fields (although the chiral
fields of Section 4B with charges ¢ = n/g are not local among themselves)., We note
that the permutation group 53, the crossing symmetry group of the 4-point function,
appears as a factor group of the modular group (see [24]).

The results of Di Francesco, Saleur and Zuber [48] allow to establish the following

PROPOSITION 6.5. Suppose that N is a produef of distinct primes {so that Ay is
maximal). Then the number of independent modular invariant partition functions is

2 far N=1

I(N) = (6.38)

2 for N=p1...00.

In more detail, to each splitting N = pp' of N into a product of two coprimes
there is a pair of partition functions satisfying the conditions {a} and (b). They are

given by
N

2ot = N RKegnKan (6.39)

n=1-N

where ng = ngl(p,p') is & positive integer which is uniquely determined by the re-
guirement ilat the following inequality is satisfied for a pair of integers (rp,sy) with
Aﬂcw.v_ - .moﬂvu =1

P < mg = rop' + sop 5 pp'(= N). (6.40)

REMARK: For { = 0, the case cansidered i [48], i;, = I _,, so that the two invari-

ants coincide,

SKETCH OF PROOF: The existence of a pair of integers (rq, 50 ) satis{ying rep' —sop =
+1 is a consequence of the assumption that p and p' are coprimes. Such a pair is
constructed by the Euclid algorithm and is determined up to adding to it (mp,mp'),
The inequalities (6.40) for ng = rop’ + syp fix it uniquely. The modular invariance of
the partition function (6.39) is a straightforward consequence of {6.32)-{6.34}, (C.8)
and of the identity

(6.41)

- - 2
b:w: =K, for ny — 1 = dres0

which follows from the periodicity coudition (6.29). The number of splittings of &

objects into two sets of 7 and & — i abjerts heing 247!, we obtain the number (6.38) of
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modular invariant partition functions. The proof that there are no olther hermitean
forms of type (6.37) satisfying (a) and (b) follows arguments of [49] and [30].

VII. OUTLOOK AND DISCUSSION

7A. ON THE CONSTRUCTION OF "QUARK FIELDS” FOR NON-ABELIAN CURRENT
ALGEBRAS

The construction of fields from outer automorphisms can alse be carried out in
the case of non-abelian current algebras. We shall briefly discuss the procedure for
the case of a Kac-Moody current algebra dG, or its associated loop group LG, where
G is & simple simply connected comnpact Lie group with a finite (nonempty) center Z.
The center Z of @ acts irivially on the observables. {This can be taken as a defining
property, we conjecture that it is automatic if the observable algebra A is defined
as & maximal local extension of dG for a fixed level k.) It will therefore give rise to
a superselection rule. In the vacuum sector Z is represented trivially. In snalogy
with Section 3 one should like to find localized outer automorphisms of dG which
intertwine between different superselection sectors. Such automorphisins are known
[25]. In loop group language they are given by conjugation with elements in the
adjoint loop group LG/ Z which correspond fo non-contractible loops 7 8t G/Z.
This defines automorphisms, also denoted by «, of the loop group LG which lift to
its central extension LG

An automorphism v is called localized on I,if it acts trivially on loops u : St G
with (z) = 1 € G for z € I. One verifies that the above automorphisms are localized
onlify(z)=1e€G/Zforz¢gl.

It is known that these automorphisins suffice to intertwine all the positive energy
representations (superselection sectors) for simply laced & and level 1. The resulting
field algebras appear in the mathematical literature {[23}, Proposition 4.6.9).

The localized outer automorphisms are equivalent to constant outer automor-
phisms -y, of LG {the connterpart of the automorphisms of I with constant charge
distribution). They are labeled by elements g € Z (because the fundamental group
of G/Z is Z} and form a representation of Z. Following the genersl construction
principle of Seclion 14, one associates unitary charge shift operators I'y with these
constant automorphisms. They change the representation of the center of A. One
then constructs a field aigebra T as in the abclian case. Its unitary elements are

= g WT,, e ie
and the multiplication law is given by

HJ.S H,m.u =Tg 40 To=1
WTy =Ty ()

Here 5 can be complex phase factors, and + is group muléiplication in Z.

There are, in geueral, several "natural choices” af 5, and the associated in-
tertwining map I'y between the vacuum sector and a sector of "charge” g. They
correspond, typically. 1o the differest components of & field which transforms co-
variantly under a “fundamental representation” of G (in which the center of G is
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represented nontrivially)., We shall illustrate the situation with the example of the

level 1 representation of .ﬁ\ﬂﬁmv which already appeared as the local extension 4, of
the I7{1}-current algebra.

According to the discussion in Section 5B the mﬂwv current algebra is reproduced
from the algebra A; which is characterized by the fact that the minimal charge g
carried by a field is given by Wmu = N = 1. The charged currents are quantum fields
(fields at a point) with components

¥y i (2) = D g™ (7.1)

Their Fourier transforms satisfy the commutation relations

M.H:uﬁwa,uh_ = uﬁz\mﬁwq?w:,u.!

- - (7.2)
[y bm=] = V2 + 1 brgmn
The charge shift operators
Fy=Tiip (D-=T{=T.7) (7.3)

are used to construct charged fields of charge we\m They induce the automorphisms

1
dp DL =J,— —=6,
n /2 0

%:,n_n e H:'\dv:.urH,l = d.u:uﬁu_n_n

and similarly for T'y. It is a simple exercise to verify that the map (7.4) does re-
spect the current commutation relations (7.2). The pair of fields ¢ ; 5(z) span the

defining representation of SU(2).

We hope to return to a more systematic study of the conformal QFT models
based on a non-abelian current algebra in a separate publication. For simply laced Lie
groups G and level 1 a straightforward generalization of the approach of this paper
is possible, because a stress tensor can be constructed from currents associated with
the maximal torus T of G. Therefore the non-abelian current algebra d@ is a local
extension of the abelian current algebra d7 in the terminalagy of this paper.

7B. VIRASORGQ ALGEBRA AS A GERM OF A LOCAL FIELD THEORY. CONCLUDING
REMARKS

The results of this paper {summed up in Section 1C} suggest the following more
general program.

Consider the minimal algebra of right movers’ ebservables in a 2-dimensional
conformal QFT, the Virasoro algebra Vir of the stress energy tensor (or, rather,
the algebra generated by exponentials of the smeared field T{f) for real f). The
problem is to find all (maximal) local extensions of Vir, for a given central charge
¢, and their QFT-representations, i.e. their positive energy representations and fields
that nterfwine them. We know of one superselected “charge” for all such theories,
the unitary operator exp{2aiLg) which is in the center of the algebra and generates
the univalence antomorphism az,. According to our Theorem 1 one should therefore
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he alle to find localized morphisms of Vir which change the eigenvalues of this
univalence generator.

One moral of the present investigation is the uncovering of the role of the max-
imal local extension of the giver: “germ” of the {chiral) algebra of observables. Only
by studying the extended algelras A~ we caine to a charge quantization, and, as a
result, to a class of retional conformeal guantum ficld theories. cf. [45].

It may be desirable to generalize the notion of local extension to include algebras
generated by locally anticommuting Ferini fields. The separate introduction of such
algebras was not needed when the germ of the algebra of chservables was taken to
he the chiral curreni algebra U7, since the canonical Fermi fields of charge g; with ¢}
odd are contained in the QFT-representation of the bosonic algebra Lm{» for g = 2¢,

(sec Section 4B). If Vir is substituted for U, it may be necessary or convenient to
introduce fermionic local extensions in their own right. This is suggested by a study
of the critical Ising model [51] {corresponding to ¢ = 1) whose right moving part is
most naturally constructed as a QFT-representation of the algebra of canonical anti-
commutation relations; both double and single valued representations are admitted.
It was further noted in [51] that in all unitary "minimal theorfes” [14,51,42] with
Virasoro central charge

6

. =1,2,...
(m+2)m+3) 07

cm = 1-—

there exists a (unique) primary field 1, of canonical (integer or half-integer) dimen-
sion (or spin)
1
m = - 1}).
8 ﬁsﬁ..ﬂ + 1}
The algebra generated by ¢, (which includes Vir) seems to be a good candidate for
such a local field algebra whose single- and double-valued QFT-representa- tions give
rise to the cg,-models (classified in [49]). We hope to come back to these problems

in a later paper.

APPENDIX A. GROUND STATES AND KKXMS-STATES OF U7

In this appendix we want to determine all regular ground states and KMS-
states on the current algebra I'. We will outline the caleulation for the KMS-states
at inverse temperature J. The form of the ground states can be determined by the
same method, or simply by going to the limit 4 — o in the subsequent expressions
for the KMS-states.

We recall that a linear functional w on the Weyl algebra U is a state if it is
normalized, i.e. wi1) = 1, and if it satisfies the positivity condition

n

37w (Wl W) 2 0 (A1)

ij=1

for any finite sequence of functions vy, ..., & § and coeflicents ¢y, ... ¢, € C.
Note that in view of the composition law (2.6) any state w on U is completely fixed
by specifying all expectation values w{W{u}),u € 8. A state is called guasifree if

w(Wiu)) = 9= Hel 4o g (4.2)
where g(.) is a real hinear functional and ||.[} a suitable Hilbert seminorm on the real
space &. From the positivity condition (A.2) one can deduce that ||.{| must satisfy

the inequality [53!

PLid(u,v) >0 (A3)

for arbitrary u,v € &, Conversely, if this inequality is satisfied, then the functional
w in {A.2) extends {o a state on U. We recall that the n-point correlation functions
of the current J in a quasifree state can easily be recovered from the generating
functional w{W(u)) : they are sums and products of the (truncated} 1-point and
2-point functions given by

< Jlu +4v] >,= glu) + ig(e)

Ad
< Ju — o] J[u+ o] >o= |iu]]® + {jvi® + id(w, v). (4.4)

Hence condition (A.3) amounts to the familiar positivity condition for the correlation
functions. The relevance of the notion of guasifree states for the present investigation

comes from the fact that all KMS- and ground states on U7 are convex combinations
of guasifree states.

In our calculation of KMS-states on I we foliow the argumentation in |54].

Let wg be any regular KMS state on {7 at inverse temperature 3 > 0 and consider
the function

fit) = wag (Wi{rae(W(u}}}, teR. (A.5)

According to the KMS-condition, f can be analyticaily continued into the strip Sg =
{z:0 < I'm:z < 8} and it is continuous at the boundary. Moreover, f satisfies the
boundary condition

Fli+i8) = wle(W(u)W(s)), tcR. (A.6)
Making use of the fact that according to the composition law {2.6)
e (W) Wie) = e Mo i (w)a, (W () (A7)
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we thus obtain for f the equation

dz
Fli+:8) = f{t)exp ﬁ»\w wﬂz:iiuv . {A.8)

Note that if there exists a solution f; of this equation which is analytic in the interior
of S, continuous at the boundary, and nowhere zero, i.e. inf {{fo(2)}: 2 € Sz} > 0,
then g{z) = F(z)/fo{z) is analytic and bounded on S5 and satifies g(f + 13) = g{{}.
So g must be a constant function by Liouvilles iheorem, i.e. the solution of (A.8) is
unigue up to a constant factor.

By taking the logarithm on both sides of Eq. (A.8) and performing a Fourier
transformation it is easy to exlibit a function fp with the required properties:

folz)y =exp | - M%H:‘m:ﬂtwmmm: z € Sa. (A.9)
nFk

It thus follows after an elementary computation that

wa (W, + 1)) = wa (W (uJW(f))ei Arerd

A.10
Cu, we el (4-10)

Il

where C(u,v) does not depend on £, and we have introduced the seminorm on §

o0
1 -
__,:__ww = M:.noi-ﬁw:m:::_m. (A.11)
n=1 =
It remains to determine the form of the factor C{u. v} in (A.10). From the first
and the third member in (A.10} we see that C(u, v) can only depend on wu, + =, but it
must not depend on f. Hence putting v = ~w + g1, g€ R and 1(z) = 1 we obtain

wg (W(ue —u+g1)) = C'(g)e ez (A.12)

where C'(g) is independent of u. Setting in Ab.umv u = (0 we obtain
C'g) = wa(Wigl)) = [ dotg')css". (A.13)

The existence of the normalized measure o in the second ineguality follows from
Bochners theorem. since w3 is a regular state for the unitary representation g =
{7(g1) of R. Noticing that the sct of functions v, — v,u € § exhausts the set of
all functions u € & whose Fourier component g vanishes. we have thus established
by relation {A.12) and (A.13) the form of the functional wj giver in Lemma 6.1.
Proceeding 1o the imit 3 — 2 we also obtain the form of the ground states on [ as
given in Lemma 2.2,

If wj is a primary state’ 1hen

{A.14)

TA primary stafe o b

conzists of m

o3

for some “charge” g £ R. i.e. the measure ¢ in relation (A.13) is concentrated at &
point. Since the seminorm |1.|{z satisfies the condition {A.3) we see that Eq. {A.14)
defines a quasifree KMS-state for any ¢ € R. But convex combinations of KMS-states
of the same temperature are again KMS-states, hence any normalized measure ¢ in
(A.13) gives rise to a particular KMS-state on U

U one goes in relation {A.14) to the limit 8 -» 20 one oblains a ground state w
of charge g which is a pure state (giving rise to an irreducible representation of 0y,
This follows, as in the standard framework of guantum field theory [15], from the
fact that the state w is weakly clustering, i.e.

H u:
%Wﬂcm.\lu.;n:EAEJEVQMAE\?&; HEAS\?VVEAS\?:“ TP.HS

as can be shown by explicit computation.

We conclude this appendix with some remarks concerning the relation between
the representations induced by KMS-states for different temperatures aud charge
spectra. It is clear from the above discussion that two KMS-states will lead to disjoint
representations of U if the corresponding measures o in (A.13) (giving the cemtral
decomposition) are disjoint. For example the quasifree states in relation (A.14) give
rise to disjoint representations for different values of the charge g. On the other hand,
if for two M S-states the measures o coincide (or, more generally, belong te the same
measure class) then ouc can show that the corresponding representations of U are
quast-equivalent (equivalent up to multiplicity ). This result remains true also if these
states have different temperatures, or if one of them is a ground state. (A proof of
this assertion can be obtained e.g. by applying the general result in {551.) So, roughly
speaking, one can distinguish the {quasi-} equivalence classes of representations of
{7 by the charge spectrum. As expected for theories living on a compact space, the
temperature is not a supersclection rule.

From the latter fact it follows for example that the (primary) KMS-states of
charge g can be represented in the form

1
w(W) = Tr cPHE W,

where the trace is to be taken over the representation space of the (irreducible) rep-
resentation (7, M) induced by the pround stafe of charge g, and H is the Hamiltonian
in that representation. Hence one can rediscover the weil known fact that e A7 is
a trace class operator in all lowest weight representations of i by an analysis of the
relations between the various hkMS-states, which we have computed here by making
use of the KMS-condition.

APPENDIX B. SOLUTION OF A COCYCULE EQUATION

We give here the proof of Lemuma 3.2 ile. we detenuine all continwous solutions
of the equation

Nipith gt X)) = Elpyop2 )X (py 1 p2) (B.1;
where £ is some phase factor aud X{p) are unitary operators in the coafer of e
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Xip)lis a phase factor {since wp is & pure
1

We begin by noting that ((p)+ w

state], so by multiphving X {p) with ({p) 1 we ruay assmne without loss of gencrality
that wylX{p) 1 for sll p Let us now consider Eg. (B.1) Jor the cases where

e 1= gy = 0, e

Apa )X {p) == Epopd X (p =+ pad pell 0 (B.2
Tuking matrix elements of this equaiion in the state wy we thus see that
Elpuspys ] if .3_.:._ =0, (B.3}

Moreover, setting Y {¢} = X (), where p(z) = g/z,¢ = piliand Ap = p—p we obtain
from (B.2} and (B.3). since Ap'l] =0

X(p) = X(Ap)¥{g) (B.4)
Plugging this into (B.1) we get

V(g -g (Y{2))¥ (93 4 g2)7" = E(p1, p2) X (A0 ) " 1g, (X {Ap2)) ' X(Bp1 + Ap2)

and making use of the fact that X (Apy + Apa) = X (Ap) )X (Apy) which also follows
from (B.2) and (B.3) we arrive at

Y{g1)7-6, (¥ (92))¥ {02 4 g2) 77 = E(p3,p2) X (Dp2)1 0, (X{Bp2)) . (B.5}

The left hand side of ihis equation does not depend on the particular choice of
p1. e {for fixed g1, g2). Hence setling gy — jy, pa — pp and taking into account that
X(0) = 1 we see that for g1,92 € R

Yig1)y-g (Y{g2)¥ (91 + g2) " = nlg.02)1 (B.6)

where n{.,.) 1s a phase factor. It is then clear that 5(g,,g2) satifies the 2-cocycle
equation
n(g1.92)nlg1 + 92,95) = 191,80 + 93)uigz. 93). (B.7}

As is well known, all (conlinuous) solutions of this equation are of the form

g9} = C(91)¢{g2)(g + g2) 7"

where ¢(.} is a phase factor. Hence multiplying Y(g) with ({g)™? we may assume
without restriction of generality that 5{g:,9:) = 1,1.e. thet ¥'{.) satisfies the equation
given in the statement of the Jemma. We are thus left with the equation

v o X(Ap)) = alg. 3p)X(Ap) if Apl'=0, (B.8)

where o(.,.) 1s again some phase factor.

From the composition law 4y, ¥y, = “g,4 4, and from the fact that
X(Ap)X(Ap) = X{Ap+ Ap') it follows that o{.,.) must satisfy

Qﬁbu__b\uwnih_mubbw - Q:: + .Qu,_DhL

) . (B.9)
olg,Aplolg, Ap') = olg,Ap+ Ap').

o
o

Bearing in mind the anticipated continuity properties of X (p) it is then clear that
a(g, Ap) = THAD, (B.10)

where 1.} is a real functional. An obvious special solution of the resulting equation
for X{.). viz.
1. ol X (Ap)) = e THHANY (A p) (B.11)

is Xg(Ap) = ¢ 0279, Expressing the general solution in the form

XiAp) = X1 (A0 Xo{Ap) we see that X (Ap) must be a fixed point under the action
of 7.9 ¢ R. But apurt from multiples of the identity there is no such fixed poini
(the autoworphisms g,¢ € R act ergodically on the center of ﬁ:_v_ hence X, {4p)
must be & multiple of the identity. So we conclude that X(p) = X{Ap)¥(g) has the
specific form given in the statement, and plugging this information into {(B.1) we also
get the structure of the phase factor £(.,.) in this Jemma. ¢.c.d.

APPENDIX C. MODULAR PROPERTIES OF ©-FUNCTIONS AND CHARACTERS K,.

First we verify that Eq. (6.30} does define a group law. The only non-obvious
point is checking the superposition rule for the third variable, which follows from the
equation

Co (9]

=+ - e

37 + dy T..u._.. + .&MV:SQM + dyeg )T + e1by + nr&?
creg + dyey

(crep + drez)r + crby + dydy
valid for asdy — eaby = 1.
The basic tool in deriving the transformation law (6.33) for the Ax-characters

under modular inversion is the Poisson formula

=]

S ftmy=3_ fim) for fly) = eI fede, (C.1)

—0n

It is valid whenever both f and its Fourier transform f are absolutely integrable.

It is apphied to (fm T > 0)

fla) = exp [ mit(eg + - + 2nil{ag + g
,qe g ©2)
ftm) = —mexp (i7" = 1i¢ )
with the result
= S awnpl 1¢ o 1¢ o
gV it ®qn an(T,(,0) H:W\z«_ »/ @?F&Tﬂﬁlmwu. (C.3)

We have used the identity

N
M.w?i = M M f(2Nm + p)

p=1-N m
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in which the sum over p can be replaced by a sum over any other interval of length
2N. Using the identity

n(=77") = (=ir)in(r) - (C4)
which also follows from the Poisson formula applied to the ®-series expansion
ar) = Y1y i c
of the Dedekind #-function, we find
2 il 1¢
Kalr,GiN) = " CT % 5L Rp(— =, 25 N) (C.6)
p=1-N 4
where 1
§* - _ maﬁh\2. C.7.
np J\NIN/.‘. ﬁ v
This proves Eqs. {6.33), (6,36) since
1 =
an 2 TN < b, (c:8)
p=1-N

The property (6.35), (6.36) of 5 is then obtained by a repeated application of (6.33),
which gives for ¢ = §7%

N
. ATy — " —
“EM.“?. CrpBp(1,CN) = Ky(1,—( N) 9
= K_n(7,{; V).
We note that the representations of 5L{2; Z} thus constructed are never faithful. For
any given N the infinite subgroup
a b a b 1 0

Ty = d € SL{2,Z) =

. . d - mod(24N) {C.10)

of SL(2,Z) is represented trivially.

Indeed, @, 42(7, {,2) are modular forms of weight 1 with respect to the subgroup
Dy4g for any positive integer g%. It is a deep result of Serre and Stark [31] that these
O-functions actually span the space of all modular forizs of weight w For related
work see [56,57,58].
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