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page 24: replace formula (51) by

and the following lines by:

therefore in the case of a free current where the vertex K is a
constant, the sum of the one-particle and the partially  connected
three-particle contribution is covariant.18) In thexinteracting case
such an approximation to the commutator would violate causality and
‘yield a non-covariant expression. In order to get 5 covariant answer
in the one-particle approximation, one may aftempt to construct a so-
called "local one-particle approximation". Some aspects of this
problem are discussed with the help of the Jost-Lehmann-Dyson repre-

sentation in the next section.
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Abstract:

In this paper we give a rigorous formulation of Gell-Mann's
equal time commutation relations in the framework of general
guantum field theory. We snow that sum rules of the Adler -~
Weisberger typ can be derived without making any additional
assumptions on the high-energy behavior of amplitudes. We
discuss two different methods of derivation, the first one

is an improved version of the Fubini-Furlan method, the

second one avoids the application of the Gaul3-Theorem and

uses the Jost-Lehmann-Dyson - representation directly for

the commutator of currents. In neither case we get a dependence

on the frame of reference.
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I. Introductory remarks

The most convincing sucess of the equal time commutation
relations between vector and axialvector currents originally
proposed by M.Gell—Mann1) is the derivation of sum rules of

the Adler-Weisberger typz). In the original presentation of
Adler and Weisberger this derivation was very involved and
assumptions on the interchange of certain limits had to be

made. Fubini and FurlanE) proposed subsequently a simpler and
aestetically more appealing method, however, the connection

of their results with the equal time commutation relation

for the space integral of currents remained somewhat vague.

Not only did the rough handling of Gaui's theorem induce

certain ambiguities connected with the intermediate one particle
contributions, but also was. the .impression given as if in addit-
ion tc the equal time commutation relations assumptions on the
high energy behavior (subtractions) had to be made.

We show that a careful formulation of the C.R. which takes into
account the distribution theoretical aspects will take care of
the high energy problem, whereas a more detailed discussion on
the use of GauB-theorem for field operators will resolve the
ambiguities for low energies (i.e. the intermediate one particle

ambiguity).

Finally we will discuss (in section 4) the application of the
Jost-Lehmann-Dyson representation to the commutator. In this

way one can give a treatment which does not rely on retarded



functions and is in spirit very close to the original treatment

of Adler and Weisberger.

We will discuss the mentioned statements in the framework of
general quantum field theory4). However, the mathematical
rigour of our presentation is modest and more on the level of

the LSZ formulation than present day axiomatic field theory.

2. Definition of charges

The first problem we investigate is the question in what sense

a "charge" operator § can be connected with a conserved current

Julx)

(’)}” :
=20 (1)
We observe first, that irrespective of the conservation law (1)

the matrix element

(2)

<} IRCA IR

>
is a smooth and fast decreasing function in x, whenever Jff)

and \ §\> are quasilocal states, i.e. states of the form

L

| §> =Bl = Z(gm(xﬂ- X)) A oo H kD 6>  (3)

(ot |

where the A's are from the basic set of local fields (resp.

currents) in terms of which the theory is defined, and gnm are




fast decreasing smooth functions. Here we assumed <:Lﬂ(xﬂi =

and the restricted spectrum condition, i.e. the non occurrance
of zero rest-mass states.

The smoothness property of (2) comes (due to translational
invariance of the vacuum expectation values) directly from

the smoothness of the g's, whereas the fall-off property for
large % uses in addition locality and is a special case of

5)

the so-called linked cluster property . Hence the spatial

integral

J<tp e

always exists and defines a bilinear form,
In the congerved case we expect, however, to be able to define
an operator Q called "charge", and we try for the connection

with the charge density the following formula

Q:. ?/P‘”:" Jo (JC’R'JCT)

—> oo
i.e. we ask in what sense the sequence of unbounded operators
3, (fRffT) has an operator limit.
In choosing our space and time smearing functions fR’fT we

followed the suggestion of Kastler, Robinson and Swieca 6):

fr2¢, adgpdr e [FTT] [fo00at=4

1 X <R

5  IXl > RKR-+L

]["R(?) = ][g (ix)) =

(4)

(5)

(62)

(6b)



Hopefully the limes (5) turns out to be independent of T, so

that T+ o is superfluous.
We first want to show that (5) cannot exist in the sense of

strong convergence:

Statement I

ol o (5, 47) o (4w, 412 10> —> CR®

R—=> oo

with £ +0  unless \j/‘(X)EO'

Proof: For a conserved current we have the following

K&llén - Lehmann 7) representations:

Choo oy, = ‘if(jfw - QWXZV)A:’(x—g)f(x*)Axl (7)

hence

<$eUrdn) U go > = [pfaol® 3o 4%

(8)
. - 1 ?) d T “
with 9(]9)— 2w Qjcf'xﬁ :J(T( prex )l
We have
P fato = 27 [ (f feo) 25 oA
] ! . (9)
N 25 Ja( (r-R) Apr dr

{
where :f (r) is the derivative of (6b) for R = O,



By change of wvariable:

F%‘P‘) = %} H’(r‘) i p (p+R) (PR dF (10)

Inserting (%0) into (8) using addition theorem for sin and cos

and taking only the leading term in R we obtain:

<loUrd9) .z 4>, = &0 'R"f(g:'qnJifﬁ'z,ﬁjl)g(r’f‘F (11)

with

TR jjt'(f)f P | .

Lo f)F

The coefficient of the leading term vanishes if and only

if Pl(x*) =0 . According to a well known theorem 8) this
is equivalent to ij(XJ = 0.

It is easy to see that with our choice of infinity smooth
test function in time, the leading term is approached faster
than any inverse.powexr.'in R,

Next we want to show that the limes (5) exists in the weak
sense.on a dense set of states, First we show for this purpose

that the vacuum is annihilated weakly.
Statement 2

I3

o <o g o> = © (13)

for states I of the form \@~> =JJ} b3 U(®)E]e> where

B is quasilocal, i.e. of the form (3). U(%) is the trans-

lational operator and h(i) is a smooth function which decreases



for large r such that

/(m:n ’T'l l’l.(?) = & (14)

T =» oo
This statement is the transcription of a Lemma by Kastler,
Robinson and Swieca 6) from their algebraic framework to the

field theoretical framework.

Proof:

As in the paper of Kastler, Robinson and Swieca we "divide"
]é) by the energy operator. Here we use the fact that if

B /o) is a quasilocal state of the form (3) with Lo/B[o>= o,
then/?) = % B/o) is again quasilocal. This is so since the
smearing function gm(p,l ...pm) in (3) which according to the
finite rest-mass spectrum condition can be chosen as

~ m M

jm(fg--f’m§=0 for Eﬂ Pro < Z (M = smallest rest-mass)
allow the division byZp;c and yield again smooth and fast

decreasing test functions, and hence | ¥ is again quasilocal.

Therefore we have:

ST [H, o e g 10 = [0 bt el .G 40105 o

where ,jr = component along the radius vector .

Now we consider the left hand state as the sum of two states

Rty 00
JM?)M(?)ILD $’x = fh(?)b{mlb Ai+fh(x"}ulmu>4& (15)

®f



The first state is effectively localized in the sphere with

radius PL/2 and the second one behaves in norm as
¢

| JL(?}UL?H:D&”;(II =ff jhm h($) < u(:;-?);pﬁxﬁ}
Rl B R, (16)

~ G(R%)

This estimate holds because of Ruelle's result

5)

ros > s 2N - -
Je (R-3) < IUT-DIE> = 0
-
(X"T)l-ém
for all N> o, and the assumed fall off properties of h(%).
The contribution to (14) from the effectively localized

first state is

Rl
e JO\%B L () <] WIE-R) (047 10> o
0

and hence because the matrix element vanishes again faster
than any inverse power of (i—})z, the integration (17) leads to
a function of R which vanishes rapidly for R 2o , For the second

state in (15) we use Schwarz inequality and obtain

e
> -t—-v ' ' [
| j.i'ﬁx Lo <yl U Jo (5 49 16|
1& o ' (18)
2 1 b u@ipl 1 e (100
If we would use for f, Zpace smearing functions of the typ (6Db)
with L = constant, we obtain for the second norm

L e (e 1> <

R =0



However, by using instead of (6b) a sequence of “"stretched"

functions
{ &= 4(%)

where f(r) is a smooth function which is one inside a certain
fixed radius and vanishes outside a larger radius, we obtain

for the derivative
d r A /
— — ‘ pa—
ATJC(’R)" 2 e f

and hence for the norm

i
'&i L0 ]85 P 4 <R g 3o (37> (19)
< CR™

Together with (16) we obtain a vanishing right hand gide in

(18) for R=co.

We would like to mention that our estimates are optimal in

any conserved current theory. This can easily be seen by

taking a state \&3 = IJ’-’X L()?)J'o(j")(r)ltbwithLv‘”—)?zl'(?)*o'
Such a state is =81till normalizable, however, a cgﬁlzgzzation

which is similar to the statement I shows that

/’éﬁj <§ ' jo (:}‘R, :g'r), O> vanishes if and only if

jp s 0. Hence we have learned that in any theory the formula

L= wt J.,(j('e, i) (20)

K-> 00
breaks down, if one of the states in which the weak limes is

taken has a "long range".



-

- 10 -

If the connection between the j (fR,fT) and a charge operator
(20) makes any sense, both operators should have a dense domain,
which is independent of R. The "natural" domain of jo(fR,fT)
are the qugsilocal states and hence one would expect that Q

has to have the vacuum in its domain. But then we can show that
a noncongerved current can not give rise to an operator Q. This

was first conjectured end made plausible by.S. Coleman’ 9)

Statement III (Coleman) :

For a nonconserved current ')/“J/“ (x) = fq“‘) #*= &

the linear form

LA§) = Fm <TGy g o> “
is unbounded in l §> .

Here ,f) is again a quasilocal state @) = B|op

with B as in the previous case.

Proof: Again dividing the state II) by the energy operator

one obtains:

L(§) = %Ei"oo <Y’J\+ Cj(ng‘,:{-r)f0> (22)

+ A Ky | AU #0105
with A

l¥> = F 1§
The first term vanishes according to the previous consideration.
We want to show that the second term is unbounded in [Y¥> .
For this purpose we choose a sequence of quasilocal states f_‘f‘;)
as

> = R G F10507 A Gy, 42 | 65
(23)



o

The norm behaves for large 5y like

[ Afe, f)10ll = fja\"xj‘l") 5 (R 4, <hR4.) AT ) 24&

= ;217' f"‘ F))(f(l”l j""‘t o:(’” [+ (7)) )z e
Y2

-y I A Wit C =0 & A(x)=0

L0

Therefore

L’”‘ (\I’,IQ(JQJ})IO) :? f’_ 'e“"" [olpf,(f)f:kq:)x

i -5 il [ ™ g 3 v o2 T ol
X fa\x QW /][T( P 1x )/ % [f,(?hl on\x e l:(f(x),
%

=

which can be made arbitrarily large by choice of l Yf)

since |, = H|YpD
and hence || | @,)" -5 ' of ij (") BCIJ(-,- (1)‘ <ao

3 (f) is unbounded in ‘4)’)

Let us now come back to the formula (20) in the conserved case.
We consider the action of j, (fR,fT) on the dense set of states
B | oyas in formula (3) however, with compact support test funct-

ions gm(x, ao .xm)

Jo U 3) BIO = [1.(fa 40 B2 + B Jlednl> .,
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According to locaelity the first term is independent of R for
large R and again has the form (3) with compact support test
functions. The last term converges weakly to zero as R- o©.
Hence the formula (25) defines an operator Q which has its
domain all states (3) with compact support test functions and
furthermore the operator Q can be applied repeatedly on this
domain. It is just slightly more complicated to see that also
quasilocal states; i.e. states with noncompact (but decreasing)
test function and multiparticle in- (out) states with non -
overlapping wave functions belong to the domain of Q.

Finally it is worthwhile to mention that all our considerations
go through if the current has other tensorial indices in addition

to the index in which the conservative law holds i.e. for currents

.)/M’}AA,' *‘/‘kn (X)
In this case the decomposition of the two point function into
standard covariants is more involved, however, due to the re-
quirement that all relations hold for arbitrary Hy oo o by We obtain

the same result.

5. Formulation of egual time commutation relations

We want to consider at first the case of commutation rglations
between space integrals over time components of conserved or

nonconserved current densities.



Statement: <}j’[\)'o‘l (_}R,iT)IJ!oK(J(’R,iT)]‘@> =6 (26)

between TCP invariant states.

Proof: If © is the TCP operator we have

81665, Ge fr) |5 40661 T>= G| Gto) 550 (TS
= <1 1, Ued) | Go 40 1>

because of the choice of symmetric test functions fR and fT.
Hence we have (26). Here the index i,K designates any vector
or axial vector current. If the state‘@>>is the vacuum we can

due to the fact that lO) is rotational invariant omit the

smearing in space.

In the literature one finds very often the statement that the
vacuum expectation value of the equal time commutator vanishes.
This is wrong because there is no equal time meaning to this
quantity. Bven for free field currenits the two-point function
although perfectly well defined as a Wightman distribution can

not be given meaning for equal times. However, our symmefric

time smearing process takes care of this problem, i.e. it truncates

the matrix element automatically.

In order to avoid a lengthy discussion due to generalities we
take as 2 model case the axial vector commutation relations
of Adler and Weisberger. The currents jp (x) lead after

smearing in time to one particle truncated expectation values



<l
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NNE/RY

OS5
Jo (4D Jo G401 3 =<1 <5 40 55 40,

(27)

which are infinitly smooth functions in'f’and'? and decrease
in these variables faster than any inverse power. This statement

5)

is a direct consequence of Ruelle's results! since the one
particle (wave packet) states are quasilocal. Hence the inte-
gration with fp (%) o (y) and the limit R— @ causes no
difficulties. *

In our nonconserved current case the result will, however,
depend on the time smearing function fT(t). The statement of

equal time commutation relation in the came of our special

expectation value now is the assertion that

Le b <l 70 50, 5 e 50118 = 2 HTIT>  (en

T30 K>

where I3 is the 3rd component of the isospin operator.

Such an assertion does not run into any obvious difficulties

with the principles of quantum field theory. However, an explicit
perturbation theoretical check in some renormalizable models
would certainly add a lot to the credibilaty of relation 628).

We will discuss this problem in a future paper.

*) Here and in the following a smearing in space superfluous
since the spatial integrals converge in the ordinary sense. We
will, however, keep the fR‘s because they serve as a convenient

reminder that the spatial integration in general cannot be inter-

changed with other limits.
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Symbollically we could write

Hf

i i [ s, 0l = (29)

T=0 R0

If we only consider the left hand side between states which
lead to fall off properties in % and ¥ and hence to the
existence of R 2 00 . All so-called quasiloecal states certainly
belong to the set of admissable states, but a2 more detailed
investigation shows that (29) can also be taken between multi -

particle in- (or out) states with nonoverlapping wave packets.

We will later see that the existence of ;1m implies a high

energy property which can be sharpened by saying how fast the

right hand side is approached.

Congider now (ommitting the index 5)
- , 9 T y 7 T
(4240 = = J & Jo Geds) + Jo (9, 2) (300

and
©

J:)(}'R,&T)= Jdr J° ()C?':FT)+J (]CR :{T (30b)

t
where U () JO(I} (ff'R; :ST) [)(T('E) = J‘g(:) (J(?.j‘:l':)
= f (t)
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Lemma 1
t o

- ' \ J I , (=) ~l
J A de b nf[E 0GD, L 1 47

(31a)
= [0 45 DTG 15007 18> =0
joa['z: LJ,., <‘f'[,fﬂ( T d T (- =~
2 e SR ), 3 1 G £ =D e 5513

.t-
(31b)

— - ' - (J \ (9 T +) Ty (O -t
Jio ke el 200G dD DD, S 11 35
=6

Here , §> and \f) are quasilocal states and

2% = o J';:)(x)

Proof: Since ' (3

G0 = (e )+ DV, £7)

in order to prove (31a) we have to show that:

H L5 Gri g0 DG, 79118,
+ S Gr, 550, 150U TN,
-+ (i’ l I:J\T{*’(f'}?l; j[f): J‘f{_) (:f?!/ 3(’7:‘:")] ) _(E?p :,o e

(32)

where tr (truncation ) indicates subtraction of the vacuum
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expectation values*,
We prove that every single term in (32) goes to zero. Consider

for example the first term explicitly

R+l R+l

{
JO 8y f2 0 ety <ol [543 % 1797 >
R o

According to Ruelle 5) the truncated matrix element

el BP0 £ e T o7
)+ ¥ 3187, s

i.e. is a smooth function which decreases rapidly in both
variables % and ?. Hence after integration with ﬁé(}) the
remaining expression decreases rapidly in X and hence the
integral over the ring R¢ ()¢ R + L gives a decreasing funct-
ion in R. Therefore the first commutator decreases rapidly

ag R—= o0 , The argument for the decrease of the other terms

as well as for (31b) is the same.

———— —

*) If the integration over the‘Z's is performed as in the Lemma
the vacuum expectation value of the commutators vanishes, hence
the truncation would be superfluous. However, working with

the integrands only, the truncation is necessary for the

existence of the limes R— oo .,
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4
Specializing [ 67 — I ) =fl(1> Yi’F) _i,lb to a one par-
—- - Po
ticle state (proton state) with a smooth decreasing wave

packet _\{J{F) (such states are guasilocal 5)) and using

lemma I we obtain:

Lo <o 10 40, 5 G g) | 9D
t

K-> o0

B J Jt_p’”’ e <UD 450, DU 4TH 1D

{—).ao

*JOL, bl <y, e ff)lpf"(jtﬁ,j(f)jfp (34)
-t
T

= Jde L DG, 1 5T

+ %:; (il[\jam(%\-. {:), Jlo“(Jf'Rf JCT)]“D

We now want to show, that the contribution for large t of the
2nd and 3rd term vanishes.

Since:

Q'l} () p> =(27) "I G ph ge wipy K (p-pr)
=2 o

the one-particle intermediate state drops ovncJ and therefore

the sum of the second and third term can be written as:

2 (1) (=
HJW Jﬁdicm <Pl 3. (0 Evys D0, 4
a

“ 0,4 ¢ (pm (P50
- ) (OA](T)-E‘V (C‘JCT)Z ‘Ua> 3; N F F+W )t

(35)

Q (po- e WE)T
- ; — term with +) > agnd t «>-C



Here E\L-a is the prejector onto the (improper) subspace
with momentum? and total mass W> M + u, where M + p is

the mass of the smallest two particle intermediate state.

If the matrix element of this projector between states creat-
ed by application of smeared out local fields would be a L,
integrable function of W, then the time limit t —o= in (35)
would according to the Riemann-Lebesgue lemma oscillate

to zero. This matrix element of the projector is closely
related to the continuous contribution of the absorptive part
in forward dispersion relations. If one could prove the local
(in every finite W intervall) L - integrability of such ab-
sorptive parts, then the term (35) drops out in the limit T ~eo.
Such a property, although it is true in perturbation theory,
has not been derived in general field theory and hence we

are forced to make a technical assumption.

In the fourth term (34) one obtains the following one particle
intermediate state contribution (neutron) for the case of

equal masses ol proton and neutron:

0ot Z [ L0 1 <ol M0 1pSp
B po
(36)

Here we already toock T -0 .
This term gives explicitly:
IR

- 7 3 < I R R
Gy j%fa Fatgl (A L!"")/ (37)
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where G, is defined by K(0) = 2MG

A A

The first term on the right hand side can be written (integration

over oneT ) as:

- : k! P A = o> Y
J A 0000 xe [0x Gi7(E 174, D7CE 57 Yl 9

where we have omitted the wave packet integration., This in fturn

one can write os

39
Lo 300 [ et o [ B L4 LR 52

if the function is an analytic function in w which approaches
a continuous boundary value around w = 0.

That this is indeed the case will become evident later on.

Furthermore it is advantageous to write (39) as

i ' ' L o—-{.dw"‘- 3 —,’r;?
be ol b b.fe ” 7Gxy -

2
W0 Lo 2nds

G127 (%425, 2 s )T pd

This is allowed because Lf§ is real and negative the integral

(40)

is an analytic function of w (since the commutator vanishes if
-y
]x“>lxol + 27T ) and due to the smearing in time there is
no subtraction in the Hilbert-relation

Ry, (ey0,5) = 5 { fuur Heldon [ ]

' o (41)

+'thta' Mol 6.8) k?rfuf)‘t

L'+ w
Wk Iﬁﬁﬁg'?
M, (w.005) = [d e G120 Ty

with™
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From now on the argument goes as in the case of derivation of
dispersion relations. One uses the analyticity properties of

M (w,0,% ) in % in order to achieve the analytic continuation
needed in (40). Due to the presence of the time smearing function
fT there is, however, no high energy problem. As in the case of
dispersion relations for scattering amplitudes, one separates

the one particle contribution explicitly.

The only one particle contribution comes from M_and is:

M_m = (’177)9 Z j<pl ?M(o') {4 ﬂijj?wfo)fp\) S+ (9% MY »

(43)
s (gumo-po) [(P-7+ 21578
Because of
2 <pl}m(o)(°|»'> <q: D(“'(wlp> =
, - ¢ _ , 2 .
Qr) M Glp) g oy -+ M)y wipd < ((f"ﬂL) (a0)
o= C - MY 2 _
=@ 24 IS K (p-9)
we obtain
“w ~{ wh Kz(wl) it . z
w2, O, ) = T f ('-Z 0)/
?}T( { ‘LJ) (Qv)s 2{%“ - lat j:T F (45)
29> bn 2R 5= £ Ko |frC2]”
@) b S0 Ko (0,0w) = 7, TP
2 7 6
since K*o) = (ZM) 69 (46)
and %E-e 1 for T—> ¢ this term compensates exactly the term

with the minus sign in (37).
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The rest of the contribution in (4o) can be written with the

help of the Goldberger-Treimann relation as 5)s

2&’ Jiu L *((,, 6y — cffim o)jj;(; Wl e

Jwﬂ- wwarl0 g
/A

s t
where C:;Wi (wa?} is analytic up to ﬁ:;ul and fr* (w p.)

+ .
scattering.

is the physical total cross section of‘r?

The wave packet Y {(p’ in (34) is now dropping out on both
hand sides and we obtain the Adler-Weisberger relation:

2 2 M ‘
1= 65§ 1+ — 4 4.,

34:;1@' wa(m I >0

- 48)

4 tst +¢t ~ 2 (

(74

S o) ||
XJ - [ prn (w,0) = s (u, )] J[,.(w)}
The existence of the limes T-»o gives the restriction on the

4.1 tst

high energy behavior of ff {LJ 0) ~ 5%,4 {w, v) and
hence leads to the absence of subtractions.
It is evident that the rate of convergence for /—>0 in (30)
is directly related to the rate of decrease of G‘é, ﬁq0)~ v‘ﬁ“w

P
Therefore the high energy behavior of the extrapolated cross
section has a direct space time significance in terms of equal
time commutation relations.

The problem of the connection between o ! (w,0) and o—td!uf/f)
has been studied by Adler 2) in a model. If one could prove

the analyticity of 6‘14(“h$) in 9 not only in a strip around
the realf’—axis 7) but in a circle around % = 0 with radius y,

4
then by using the positiv definiteness of f?j ﬂm?) on the real
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axis and applying the maximum modulus principle one could derive

o———t‘*‘t (L,0) = F-t#(w,/")

as a model independent relation. Unfortunately this property
does not allow to controll the difference appearing in (48) in

a model independent way.

The independence of the sum rule on the frame of reference

is in our language the independence on the wave packet &’ .
In order to see this independence it was very important to use
locality of the currents (in the form of proven analytic pro-
perties). If we first insert a complete set of intermediate
states in (58) before analytic continuation this independence
on the frame of reference would (as in the original derivation
of AW) not be manifest. The intermediate states after analytic
continuation do not correspond in a simple way to the inter

mediate state of the naive insertion.

If we insert in the commutator of

| T
;ﬁt:; <p [\}} (r, §7), 1s (’fR,TT)jI{’> (49)

the one particle intermediate state (neutron) we obtain:
- P S
‘Zd;’;\ (’,'— F,‘) 6!‘“)

whereas the "crossing symmetric" i.e. the partially connected

contribution from the 3-particle intermediate state (one particle-

antiparticle pair, one neutron)
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J <F'Jo [CFRY by % 930 <9, 14, i Vo (e i) 1p>

 —
x 7/— R (9:=mT) dY: (50)

= f@’J‘:ﬂqﬁ {:) 1%, 95= ds'><7z 9,= ,»]JD q? £ )od de G2 wt) di,

leads to

M g (51)
P

R
therefore their sum is covariant 18) and equal to the sum of the

boundary term and the term from the one particle pole in the

dispersion relation. The sum of these terms is part of a so -
called "local" one-particle aprroximation. This point is dis-
cussed with the help of the Jost-Lehmann-Dyson representation

in the next section

In this section we have studied the commutation relation be-
tween space integrals. Often one also formulates commutation

relation between densities, for example

L, [J‘:)(?, §), Jo (3 j.r)—) QJ (x o) § (x-3)

T=>0
(52)

or eguivalently ) ——
[i7@8 50 (3] = 2js (R §(3)
The validity of such commutation relations is more model -
dependent, and therefore more doubtful. The derivation of sum
rules is, however, much less complicated for that case. In the
next section we will study such relations from the point of

view of the Jost-Lehmann-Dyson representation.
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4. Proof of sum rules by using the Jost-Lemann-Dyson represen-
tation

In this gection we want to give a direct proof of sum rules
by using the Jost-Lehmann-Dyson (JLD)-representation for the

matrix element of current commutators.

Since we have previously understood the delicate points of
equal time commutation relations with the use of testing
functions, we feel free to take a more formal attitude in the

following.

4.1 Definitions and kinematics

To avoid unnecessary complications with higher spins we congider
the simple but nontrivial example of a truncated one-particle
matrix element of the commutator between a vector current ju(x)

and a scalar operator t(y) for scalar particles of mass N

_/7()(1?]) = <F1I[J/(X),t(j)]“%>_tf (53)

where (J,,l = Fz_'z -.—/«2 .

Then we define the Fourier transform of F/,, with respect to the

relative coordinate x - y by

~

[AGTEN VTR AC RS (54)

with ‘9:_.: ff_li’_fa'- and A = fz = Pa
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We assume some selection rules which allow the following

intermediate states in (53)%;

<|°g,l JifA[la> <’hH:|P_,7 + ¢ if f,f‘= mq or p,,,lz(rw/«)z (55a)
with W Z/k

and

ple(mep)t (5

According to eq. (55) ?;. has support for (in the special

<le thn> <ul J’/J'a,) + 0 if

frame P = (a,0,0,0)):

C]o-:'.-_,_o‘__'_ qu,__;»t

2’

9o 2 —-—a+ \/@fh*/»‘)z'*‘] (56)

?0 é a-— \kV"l +/M)l+ ?2‘

[
Because of Lorentz covariance7f; may be decomposed as follows

7‘}((‘.1,4) = f{/Aji?—f- {’/u?2 + A/‘}g (57)

*) For these selection rules we think of a physical example:
The one-particle states in (53) are n'-mesons and j“ resp.

t transform with respect to SU3 like the (+1) resp. (~1)

component of a V-spin vector. Then the particles of mass m

will be K-mesons.
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where the Bi are invariant functions of the independent scalar

products formed by the vectors P, q and A

B=E (1-2) 0pF a® G-4)s) (58)

The remaining invariants are determined by

%2 = and ‘.’P'A—‘: c

]"1+ / (59)

Furthermore we consider the expression

Flay) = 7 Fulay (60)

and the corresponding Fourier transform 7:—

Flri e = =0 (-7 F paa) o

4.2 General consequences from locality

We assume, that %P(x) and t(y) are local with respect to each

other:

[J‘/M(XJ,'JE(‘J):):O if |X~glz40 (62)

13)

With (62) and Lorentz covariance we have JLD-representations

for the functions Bi resp.T? s

Bilpigs) = f"‘q“f‘“ £(fomue) S(G-05) frlus pra)
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resp.

%’(Fi °|,A) = ja{quj ds £(g9,-40) f((‘i-u)'i.r) _‘f’(“‘uS‘; F"A) (64)

(in the following we suppress the variables P and A in the

JID~spectral functions). The spectral functions 7. and jf

have support in D(u,s)

Dlu,s)= g(’P:u) € Vi, 5 2 Mox (0, m- ItPeu)®, bt -J(?-u)i')}

P
Because 2 ig determined by the Bi through eq. (57) and (61),
one poesible spectral function 1{ with support in D may be

given in terms of the)ﬂ' ag follows

cplus) = [u"-— @—i'i‘) -f-S] g lws) + (wp) g lus

- 2 D ) ,
+ [@,p - %] A4S + 5T folx ):f,,(u,s)r
2 (65)

M - ' A : )'\]
M ol M4
(uh- 4) ~ T onlus) preg ples)a
Now we make the additional assumption that /5 (X)) has an
equal time meaning in the sense explained in the previous

section. Necessary and sufficient for this would be the existence

of the following integrals

fal'mjogg ‘f’z.zfg.s) | fo!"ujols ) (66)

——

With the conditions (66), f, 1is given at equal times as

follows
. vo_xy . §(®)
:(t::o F (%) = 2 jJVuJJs ? (uS)

(67)
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An immediate consequence of eq. {67) is the Lorentz invariance
of the matrix element of the equal time commutator between the

charge

C(x,) = ja\gx J.-n(x)
and the operator t

<p.! [Q{O}'t(oﬂl‘&% (68)

From this fact an important conclusion for the approximate treat-
ment of (68) may be drawn:
Every local approximation for 5M(x,y) with JLD-spectral functions

fulfilling (66) leads to a Lorentz invariant approximation for (68).

Now it is well known that an approximation which c¢onsiders only
a finite number of intermediate states in (53) is in nontrivial
theories always a nonlocal approximation. Therefore, the covariance
difficulties appearing in connection with older one-particle appro-~

14)

ximations of Pubini,Furlan and other authors are a conseguence

of the violation of locality. In such cases it is necessary, to

15)

take into account a locai completion of the "primitive one -

particle approximation".

4.3. Sum rules
Statement: If the tf;(lAﬁ) decrease in s as fast as demanded by
the existence of the integrals (66) we have the following

equation for-Tz in the equal time limit

> s ~ [7.
'E(x/z"?/z):f(?)[?—ﬁﬁ(o‘/uﬁ 4t o) + %Z_é) (69)
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£~

where jﬁé is a retarded resp. advanced function (related to-F')
which is defined by its unsubtracted JLD-representation (accord-

i (58) T (0, 0% a3 0) = 7 )

ng to eq. (58) we have W) ASo0)= Mgt .

’g ‘/A' ! 2] qr—ﬂ/z -
r— 1
U,
F 2 2 o — t_ :f{ { (70)
R @A—Mtd)"s

and

%m)ag 2 f omp (17)
@) gl & (a?) Y m=p

where g and & are vertex functions defined by the one-particle

matrix elements of J

Ve

resp. ts

' -3
<l°»),l _]/,,(0)’ ‘9,_-#‘&6) = (Q'ﬂ”) [(Q P+ 92,,)/,, 9({/‘12} (72a)
/A
resp.
| s (72b)
! . - N 2
(pekaltio)p> = an)™ 6(47)
We have
R
by assuming time reversal- invariance and hermiticity of the
neutral component of i#' i.e. in this case the one-particle
matrix element of %u_fulfills the continuity equation
(74)

M |
ﬁ’l <B—'J[~(O)Ifz+ﬁq> =0 i =g
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Statement (69) contains not only the existence of the Fubini -

3)

Furlan-Rosetti relation

<edleto,t@] 1> - <a [ 2(xe), t10)] P>

+ o
_ 4 , (75)
= I J A Tx @(T?‘o) <PAI Dﬁjﬂ””;t(@)]]ﬂ>
for our model, however, beyond this it gives a unique pre-

scription for the definition of the different terms appearing

in (75).

There are more advantages of the present method: It is known

that in the case of axialvector currents and equal masses

(i.e. m = p) the boundary terms and the one-particle contribution
from the retarted commutator in (75) are not well defined seperate-
1y, only their sum exists. Such a problem does not arise in the

derivation of sum rules with the aid of the JLD~representation.

0f course eq. (69) has not yet the form of a sum rule. In the case
of zero momentum transfer, i.e. A = 0, it is possible to extend
the r.h. s. of eq. (69) to the r.h.s of a sum rule directly by

using the JLD-representation, i.e., we have

1= ¢ ! )
“‘Jolqu\ Soki‘ Y (v $) jol:; f‘ (IO—/V‘ZOC (76)

’2.

The proof of eq.(76) follows 1mmed1ately by insertion of the

P

JLD-representation (64) for I~ into the r.h.s. of eq.(76)

(we only have to use, that ft(“;-?)/é‘_;’@ for W*=y% as

shown below).
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According to eq. (56) and (74) F (©,S',0,0) has the follow-

ing support

—eo < 3'= 2/47“—- (lm'f-/“)z (772)
S'=mt i V"*’/« (77b)
th-f/,()i = ¢ =« co (77e)

The physical interpretation of the r.h.s. of eq. (76) is the usual
DIAN i

one, if the operators t(y) resp. J/JXI may be identified with

interpolating field operators describing asymptotically physiecal

particles,

We only mention, that it is not possible to proof a relation
analogous to eq. (76) for A#0 by only using the JLD-repre-
sentation for%‘f (this is connected with the possibility of
proving dispersion relations for nN-scattering for instance in
the forward case with the aid of the JLD-representation for the
retarded commutator of the pion currents only 16), whereas

for A30O the proof is more complicated 17)).

Now we come to the proof of the statement eq. (69). With eq.(67)

and (7o) our statement is equivalent to the following assertion.

Assertion:

\ ff[uus) . '
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Proof:
2
Next we show that ((AA"“) ‘-‘5’) ¢ supp i{/(VrS) :
As shown in appendix A we have the following decomposition

for the 7&‘ :
7‘,‘:{“"5): fblro(uff) * f(-'r"l '{Lr';-) (79)

o
with L (ws)= 6 ir o= (44-0)

(80)

and

foo (WS = 2 () j/(5‘—/’“.‘) dup) (81)

o at) =0 i m s

(81) is unique up to terms which are different from zero only
at the pointl(,s= G/g,“b\)‘,‘dfﬂ-rj and giving a vanishing contribution
to the B, . 0f course the same decomposition is true for _\LU(M:S)
with a function 3(* (1?) .
According to the kinematics we have

(op7" >

1%

Therefore, with the decomposition (79) applied to ¥ and

lad
the JLD-representation for -  eq. (64) we obtain:

7,':(6" 14— Aplsy {((7’4-*9)2_/M2)

g >4, (82)
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On the other hand the r.h.s. of eg. (82) vanishes for m = u

according to eq. (74). Therefore

O(lf [Aq) =

0
(83)
i.e. uf/[u,s)-.-_- tﬁ'(u_c)

Now by eq.(65) Y is a linear functional in the)?, therefore

we have another decomposition for j?

\F[Yd_.l = jj[ﬂ»"] T Y [¥ia) (84)

—

As can easily be seen with the aid of eq.(79)-(81) for the 7&'
and eq.(65), the decomposition (84) is identical with the

decomposition (79) for H? , i.e.

k_f[cf..',o] = VY, eq:.—_(—si) O
(85)

Y[Y&,af) = Y,

With the prescription (85) for j& , we may insert it into the

l.h.8. of eq.(78) and get immediately by partial integration

—! Jol“u fgly (‘i(_:f_}j = jJ‘*ujals # o, (s

Finally we have to show that the‘x; defined by eq.(81) is iden-

tical with the x, defined by eq. (71) for m = pu:



By the same arguments leading tc eq. (82) we have

B (pg,s) — oA () J({w;*_/mz)
1774
On the other hand B1 may be decomposed into the contributions

from the one- and many-particle intermediate states

(2)

B=-3%"+ B

where we have according to the spectral conditions ana

eq. (72), (73) for m =

(1)
qu - o)
9> %

2y

B —> () jlo Gy {({7”@)2/“2)

- g—> 4

4.4 Some remarks to "one-particle approximationsg®

i

"
In cases for which o Jf4fX) and ij) have no physical interpre-
tation the sum rule is a formal one, i.e. not caleculable. In
such cases we would restrict ourselves to a one-particle appro-~
ximation. As already discussed in subsection 4.3%3,, the so -
called "primitive one-particle approximation" 7;;M)is a
non-ltocal one which leads in our model for wmy» u to a non -~
Lorentz invariant expression for the matrix element of the
equal-time commutator of the charge with t(o). Therefore it
is necessary to find a local one-particle approximation T;; .

— 15)
which contains . , i.e. we demand

~ T
“Ffr- —> 'FT
r “

(86)
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Statement:

L
Independent of its nonuuniqueness—E; is different from the

one-particle contribution in the sum rule.

Proof:

We consider the simplest case A = 0 and m = p. As shown in
the previous subsection, the one-particle contribution to the
sum rule is given by the contribution of the f' o , i.e. we

have in terms of F.

e

7?;,0 = (Q‘Fr)-z (Zf"f“])/,‘ £(qo+po) g(o) G (v) [(@rf)’:/})

= (1)
On the other hand t

a

is given by

fand (4)

jET

. = Q) Qpeq). Olropd g (47 Y {(grer= 1)

i.e. the one-particle contribution to the sum rule only contains
the coupling constants but not the full vertex structure of the

matrix elements eq. (72).

—— . - — - - ve ¥
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Appendix A

A theorem on the support of the JLD-gpectral functions

The spectral functions 7%1(“:5) have the well known support:
j)(u,j‘)=£@tu)e Ve, 352 Mo (0 i = ey mop- 637 4y
We now decompose 7&’ into two parts

7?;' = Foo T e (a2)

where 4 g have support in:Doz
1

j7o=j7,;us with (/(z = {J‘=(A/z—t«)z+ < !21—502 (43)

:Q)"":D' o (A4)

Assertion: 1) Y, = A (s J((#h- )% s) §(uep)

with A% =0 if W\V/A
2.)

fen (Ws) =0 i §& BT

Proof:
The domain:I% consists of all points (u,s) for which the
hyperboloids (q—u)z—s = 0 are admissable in the sense of

Dyson 15)

with the subsidary condition (u,s)e U , i.e. we
have for b(elJ% in the Lorentz-frame P = (a,0,0,0) for fixed

Z? and O but arbitrary'g:
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Up 3(2 ('C}", Z’! a,u) 2 —a+r {m+79?

Uom f (T aw) € a— ™+ 7"

(45)

(46)

7
with )[S (?f,Z"’ a,uw) = [?1+ T:(A"-Z??") +u:'-.-/}__q1+£] 2

Up to this point we have not yet used the discrete nature of

the one~particle hyperboloid

I.
Next we show that Uy NP =0 ror 2

2. = LY
Consider eq. (A5) and (A6) for one particular g4 ' ¢ = 2

Then we obtain

A _£ _ 2 L2
l/lo-r‘Mof'*_Z-;u‘,; 2 q-{-JM*a/A >0

R

Ve z _ T ’L_ (3 40_
U, = Iual - Z (J:‘ = a J(w+/A)+a /‘

From (A8) we infer Uy € O . Therefore (A7) may be fulfilled

only for m=p and & 20 ir (el > &.

II.
Now we show that for w = p only the isoclated point u = -p is

contained in Do.

(47)

(48)
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For this purpose we must add to (A5), (A6) the discrete nature
of the one-particle hyperboloid.
We must distinguish two different cases:

1. Non~overlspping hyperboleocids, i.e. B~

e

if — o+ j;“:'h::};y < f‘“ 2 -G JL{/..A’«% y
for arbitrar,{r _c? According to the spectrum conditions this is
the case for Q < 7z M

Then we have:

Por fixed Z? and < ; 4 must fulfill (A6) and either (A9)

or (A10) for every 'cf.

e B o Th
uo ~t »\-}E { T;)! A j CI‘ u) = — Tt \//l« (‘, (Ag)
, N I e
Ue =+ '5‘; (7.4 cyw) Zoma {at0)

According to I. it is not possible to fulfill (A9) and (A1o)
simultaneously. On the other hand (A6) + {A9) have the unigue
solution L1, = —a, M"-“C'/ e =0 .
2. Overlapping hyperboloids ( Q >:§';~~), i,e. ’B; = ¢ if
R .J i '.?;L < G, <=a+ JHLE -+-5be
/ i /
only for [Z’*{ > [?}{ , where lf"{}/ is the intersection of the
T o [T S
hyperboloids 7‘0 = - J/.u “ 7‘ and 70 = d \/—i{/;‘d t
One gets

—_

, S 3t
AR S S Gl Y

(A1)
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Then we have:

For fixed # and 4, must fulfill (A6) for every T and

) U+ £, (T)E, a,0) e § 1T =155

with 5:(‘51/) "j} N 31;‘)U 9r

where
jl— ((10)— {702 —q+J/_:_{T$?}
G (30 = [ o2 —a 7T
SE (6[") - { 9o = —Q1-J—t,;:::;]"z

\

_(‘1) f?o_ a- ‘i/}+:<?_€j

7!
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b) either (A9) or (410) for ,?, Ps Fi}f

Now we have according to a) and b) by using explicitly the

form of fé‘ H

If for fixed U (ue-,— JCE) o j-— {—q-ﬁ- J/."-c-?";

for [TISITl owmen (Grf) € G oo 1T
in particular for "c{?: 2./2 (remember: ]%{14 AV, ).

But this is impossible as shown in I. Therefore, Uy +Jf£
must fulfill in the overlapping case eq. (A9) too and we have

-

again the unique solution U,= -a, w=0, E=0,

ITI. According to II. the point s = (44 -u )2 is an isolated
point in D which is accompanied only by the isolated point

L/{=—P + Therefore we have the following representation for 7";0 :

£y = A8 § (6= (4h-w)*) f(urp)
' (412)

AW (F) =0 i >

Derivatives of the §-func‘hions in (A‘I2) cannot appear, because

the Bi are proportional to J‘((-q-fr)z—/«l) on the one-particle mass

shell, This representation (412) for 7";‘0 is unique up to terms,
A kS

which are different from zero at the point € i= (/1"“), U"‘F}

only but give a vanishing contribution to Bi.

Corallary:
2 . A 2
The hyperboloid (ﬁJ-M) ~P=0 is not admissible for § < (44-u)

because it is a monoton function of s and the eq. (A7) and (48)
are inconsistent for §F< 0.

With that we have proved the second part of our assertion:

P, lu ) =0 £ S & (Bh-u)" .
A
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