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Abstract

Starting mith equal time commutation ralations for the isospin

current densities.sum rules for isovector form factors are

derived in a manifestly covariant may. Locality is taken into

account by means of dispersion relations. For scalar and

pseudoscalar particlea the most general sum rule is obtained.

This sum ruls is applied to electromagnetic form factors

of mesons and nucleons.



tn.t_r o_du c t i p n

Usually it is assumed that the uiell knouin commutation relations

for the total isospin aperator I#

imply that tha time component of the isospin currsnt density

,« C* ft) related to 1̂  by

obeys equal time commuiation ralations of the folloroing form

W* > = *et»r frr&t) *'( *-?') (1.3)
In this paper ue u/ant to explore the consequences of thsss

isospin eurrent density commutation relations tuith respect to

electromagnetic form factors of pions and nucleons. A first step

in this direction ha s been made by Balac band ran, Kummer and

^
Pietschmann/7 ': ; Taking equ (1,3) betiueen one-nucleon states of

momentum p1 and p and inserting a complete set of interroediate

states on the left hand side of equ (1,3) these authors obtained

the isowector form factor of the nwciawv äs an infinite series of

matrix elements of all possible elsctroproduction processes. This

procedure has the disadvantage that the result is inconsistent

tuith local i ty if the left hand side is approximated by a f inifrte

number of intermediate states. For the case p=p' one obtains

only trivial results. A different method to study the cont&nt

of the local commutation relations fä .3 ) has been pointed out by
3)

Adler ' in connection taith high energy neutrino reactions. He

considereainstead of Ao,^ Ü^fi} the follouiing momentum

dependgnt operators:

^C?»= jdee ***£*(&) (1'4)
For retarded products of such operators he deriue^ equations

in which equal time commutators of the -/.« Cf,^) appear.

He starw-from noncovariant matrix elements and not all steps

of this derivation can be follouied with sase. It leads to

nontrivial results also for p=pf. His prorgdure is similar to

the technique used to derive a relation for the axial-vector

coupling constant renormalization in p - decay. ' Pre-

sumably the simplest utay of deriving th(j relation is by means

of dispsrsion relations defiged by Fubini, Furlan and Rosetti.

These authors rederiued fldler's relation in a manifestly

couariant uray. It is desirable to apply this method also in



connection tuith tha momentum depsndent opsrators -*•*(. Cftt)

to obtain aum rules for electromagnetic or uieak interaction form

factors. ' in this paper me derive sum rules luith apecial refe-

rsnce to electroproduction in a completely couariant mannsr,

Ule start with a matrix element uihich is related to the scattaring

amplitude of virtual photons of iaospin ane on nucleons. This

matrix element is reduced furthar by applying Gauß thaorem in
f.

section v& and the most general s um rule for the casa of scalar

nucleons is established. Important steps are the application of

dispersion relations for the retarded matrix element and the use

of croasing relations. In section 3 this sum rule is further

exploited for pion form factcrs. Section ̂  contains the analo-

deriuations for nuleon form factors. Hera me do not considar

the most gansral casa. We take p = p' and uiork only uiith the
7)

spin independent part of the matrix element.

§2. Darivation of a General Sum Rule

UJe start u/i t h the equal time commutator of isospin currents in

the follouing form:

( 2 .

Hera 5U/̂  Öf ) *s *-ne isospin current operator, so chosen that

the operator ĵ d be hermit^CUv (^-^,-^3 ) . This

commuta tor appears if we reduce the follouiing matrix elemsnt

(2-2)multiplied u»ith 3u, by applying Gauß theorem:

(2>3)

The four uector o 1 has baen chosen uiith an imaginary part in the

fortuard lightcone, Thsn the contribution at the boundary ffl->oo

vanishas. The electromagnetic intaractions are taken into account

in lowest perturbational order only, Then the isospin current can



be considered to be conserved, so that

and uje haue

4

(2'4)

> (2,5)
The right hand side of equ(jt 5) can be evaluated mit h the hslp of

the commutator squ (2,1) by specifying equ (2,5) to £' * 'O

This giuea us the follouiing sum rule:

''MV

In the follotuing tiuo sections uis s ha 11 reduce the left hand side

of equ (2,6) for some special examples and shall try to express
stäü-

it by measurable quantities. First tueVconsider the case of pions.

La t us seperate the isospin part of the pion uiave functions in

the state vectors /ô > and /p'/*", Then tue consider '̂ .̂i/C5

äs s matrix in the iscspin space of the pions. In this space

has the following decomposition :

r "i1 £a> /" ' 7 T7 rtj /"i ^ "7
Ötiß + l^v t^flJ *- '/« {•™*fyJr (2,7)

ujhere -frpt ^=^^-,

matrix elements

in--uariarvt functions. Tor ;'t)^ f /p'^ being atate uectors of particles

uiith spin zero, the most general form of the matrix alements
iT? fjt)
'MV f°r a^^ three -%- * it z*, 2 is( the index i mill be

omitted) :

77

is the isospin operator for the pion. The

7̂  ( ^-t,*-, $ ) may be decomposed in t o

r t

Here ue have introduced

nota tion,

(2,8)

and used the conventional

Besides

and (x/C - >

the invariant funct ions dspend on '

. U/i t h this expansion uje obtain the



fol lour ing expression for

(2 ,9 )
i -ja. • •*- *-• f »l i_ - ^ s tir f

(&£ +i&) n +% + o>+tfo)fy +- (&*•+.
It uiill be assumed that the invar iant ampli tudes 7l

j
obay unsubtractad dispersion relations in ^ lüith <£. , %-j

and Glki held constant

entf) i C, ( A;C*fr'J

V - ̂Z, '̂-̂  . <2'10>
Tha absorptive parts A-6* &) of T< Ô-*,/ are

J J /
determined by the decompoaition of &i*j>,Aß , innere /r̂ x is

the absorptive part of T^ :

/ n, ^ JX _ -f~ \.*Jlt Lf fJ /l / ' 5 > l ' 1 \d A -..j Ä/3 has the representation:

(2,12)

Df coursa the isospin decomposition of Â ^ ̂ A is äs in equ(2f?)

and the invariant functions A v C^} ara defined by the expantsion

aqu (2,B).Because of current conservation the amplitudes Aj' ^ s

are not all independent. From ^^ A^v = O the folloming

threa equations are obtained :

f] + (& +
In the same uiay three mora condi t ions result f r o m

which nie do not urrite doiun because they are not naaded in tha

following discussion. The three conditions in equ (2,13) can be used

to reduce <?1/C7I*.|/ . Ule obtain : __
« °° ^ &t)

fu, ~r— £•* ) -̂ l~* l £*1J . . /^ J A f l l

^ t ^ JJ j_ / <st/̂  X+ ('O^*' / - ö2/> —~. / fl^1 /"T" /
' ' r 7T? J 't _ÖKI

( 2 , 1 4 )

~"° v^
Nouu uie shoiu that the coefficients of (3̂  and v̂ , in invariance

aqu (2,14) vanish for V- Z- ai a consaquence of crossing symmetry and

For the füll matrix element crossing symmetry teils us that

(2 ,15)



From this relation the crossing symmetry relations of the invariant

amplitudes can be read ofp: (

- t - ~ ,*,, ft*f

From PT- invariance UJB deduce that the absorptive part 4*̂ , ey3

(Gqu (2 , 12 )J is real. Then .1 1 is evident from the crossing relations

equ^.16jthat the Integrals over A§ and 7̂ uanish. In the

following UJB shall explore only that part of the sum rule equ (2,6)

urhere the right hand side does not vanish that means on the left

hand side tue consider ipnly the term ujhich is antisymmetric in 0<

and ̂  . In that part only the amplitudes Aj (^ ) appear in

the sum rule. U/ith-the result of equ (2,14) the sum rule then has

the simple form:
Go

teyj (i^rlfafo}^ = -/V/J ̂  i fa'fö»') .. 171
— to \ i ' ' /

life remark that in this derivation only the equal time commutation

relation equ (1,3) betu/een the ze^o components of the current

densities was needed and no extension to other components of the

current density was necessary.

3* 5um Rule for Elec tromagne tic Form Factors of ITlesons,

The amplitude n^ (v) is connected uiith the antisymmetric isouector

part of the amplitude for scattering of virtual photons by pions.

In the folloiuing iua shall exploit the sum rule equ (2,17) by keeping

in the integral only terms comming from the pion intermediate

state and from the resonant production of uector mesons. Besides the

pion the main contribution comes from ^ •#-*"*-*• 3̂ . The (fr-%°-*c

contribution can also be calculated but from the experimental limit

on -̂̂  *7C°T f iue see that the c/* contributes

to equ (2,17) at most one tenth of the CO contribution. The

one-particle terms are calculated from

Qfa)

- (3

io ) /*> (̂rj <^j ̂ Co)lf)> <?(^ ' (p -f)) }

K is the mass of the intermediate state. The current matrix

element of the pion has the folloming form:

{3f2)
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the alectromagnetic form factor of the pion normalized to

=1 The left hand side of equ (2,17) is

The single-particle terms are easily calculated from equ (3,1).

Since tue need only the amplitude A^V^J for the sum rule the

other amplitudes A,£* are not Dritten

4,%;- -ir f i r t f * ) <Ss-̂  f KfP-r&f-Kf) & - 3 5)

For the £j c o n t r i b u t i o n UJB need the t i 'Zf ver tex for v i r tua l

p h o t o n s . lüe u j r i t e it in the f ollouiing f o r m :

(3>6)

p' and e n are momentum and polarization v/ector of the )̂ ̂  <>

is the mqmentum of the pion. The function OHW is the electro-

magnetic "C— co transition form factor. The contribution of

the <U to A/** is :.•i

*• ^̂ rrz) 6™ (<**) (%**•-&*)

Naiu uie include also the -^_f> meson äs intermediate state. For the

<-f particle contribution tue have equ (3,7) uiith (£7̂  replaced by

Gjr̂ ? etc. Under the hypothesis that these three mesons al-

ready saturate the sum rule tue obtain the follouing equation

betiueen the elec tromagnetic form factors of ÄT ÄJ and Cf* :

(3,6)

A special case of this relation has been derived by Cabibbo

and Radicati starting fron commutation relations for the

electric dipole moment operators, We set q =q' and have from

equ

A - (3>9)
If «je take the first derivative of this last equation and set *̂"= O

tue arrive at :

In the follouring u;e neglect the contribution of the ̂  and replace

DV the partial uridth T^^- of the decay



B
8 )

the formula of Cabibbo and Radicati is rederived. ' LUe insert the
T7 - iperimental number for ' *JT̂  = (/t. Z + 0,1 J (Heu. Then the re-

L
sult for the pion radius is ^ =• O-^ ± ö>öf ~? not to

far auiay from a recent experimentaliy dBtermined value

The special case q = q' is advantageaus also in other

respects. In this case the contribution of the continuum to the

integral in equ (2,17) can be expressed by elactroproduction cross

sections an pions:

Q, •t-K* — > C --h (state of isospin I )

The relation bettueen the continuum part of A. *" C**) and the

longitudinal and transversal electroproduction cross section will

be derived in connecticn u/ith sum rules for nucleons in the next

sectian. Ule denote by CT̂ £"?'Z, s) and Gj-fl**) the trans-

versal and longitudinal phctoproduction cross section of uirtual

photons for excitation energy S^ Cf*-'fei)t~ • In tsrms of these

cross sections the sum rule aqu (2,17) uiith the one-pion contri-

bution separated is :

Us

v „
luhere <f C^) i^) is the isouector part of the sum <%.6ffs) r

4. Suro Rules for Nucleon^ Electromagnetic _Fg_r_m i

In this section tue shall derive a sum rule for the isovector part

of the elactromagnetic form factor of the nucleon. Again IÜB separate

the isospin part of the nucleon maue functions in the state uectors

fp.r'y and //3ir'x> uihich noui decribB protons or neutrons of

momentum p and p1 and polarization r1 and r- respectively .
'T7The matrix element '/^v,«^ defined in equ (2,2) is decomposed in

the isospin space of nucleons äs follouis:

7 — 77 ̂ P 7 t** , r ^~ 7
" l 0 7- 1 z iT«itpJ (4,1)

T-U ^ fi***) (J1&-1The tiuo isospin independent amplitutes y*i/ and t^ obey the

crossing relations:

(4,2)
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In this paper uia shall not explore the füll content of the equal

time current commutation relatians applied to nucleons. UJe consider

the matrix elernent T ̂  , (' t r ' 3 '• f>. ~, *i ) only for the special

case r=r"' . Furthermare we take the auerage over the polarization

T . This way ute use only the spin independent part of the

scattering e.-nplitude T.̂ /,%̂  . We call this polarization

auerage again T̂  .̂  (t-' •-,'' p,-]} • The decomposition of
77 &\ i , / ' . ' ' , .
^ ( f{, "j • p,^)''t •"','-) is given by equ (2,8) \uritten douin for matrix

elements of a spin zero particle. Then all deriuations of section

jf, are also ualid for this special nucleon matrix element, The

sum rule can be read off immediately from equ (2,17):

Nou; uje Further specialize to p = p & Then the inteoral on the right

hand side of equ (4,3) can be expressed by form i «c t o r..' for elastic

and inelastic scattering ofelectron.^on unpolarized nucleons.lt is

clear that only the isoueffor part of these Form Factors contri-

butes to equ (4,3), The term dependent directly on the elastic

nucleon Form Factor is easily established by evaluating the one-nu-

cleon contribution to the absorptiue part A/̂ ; (equ (18). The

nuleon Form factors

", < * • ? , - .

are defined by ( \^\s the mass of the nucleon) :

For p = p * t h e l e f t h a n d s i d e o f e q u ( 4 , 3 ) i s :

,,.

and the one-nucleon cantribution to H.? î -v is
s^\

A M « -Ä: -*5£̂ &ä

'; •• C^f *•?- w
*— p j

The continuum part in equfllfS) will be expressed by the inelastic

Form Factors •?"._ ̂ * •,- / and ~r J '; j "> ' as introduced by

Gourdin. o is the total excitation -t:̂ ŵ > .i= C/1' f̂ /"c

ftlthough the dependence oF the cross section for scattering of

elotrons by unDolarized nucleons has been deriued by many people
*-^-

uje repeat it here for completeness and \ue deriue shor tly'--Tela tion

betmeen A.,/~t; and T̂J &mi <Ĵ - respectiuely.
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The cross section for the scattering of electrons by unpolarized

protons is calculated from

rohere k and k 1 are the momenta of the initial and final

electron. &*& stands for the masa of the electron. -ĉ v is the

current tensor of the electron «ertex :

4« - r Z

and Ajn,f is the current tensor of the proton uertex

- -x- fts QCfa

Ufith the expansion

the cross section equ (4.8) is transformsd in:

j £ 4*>m'c»*%. {a. - j£

U/e have set ^e,-o and have eualuated the tensor . product in the
Ä*?.(jLt*'rt* c^c^V'i stf.tct--H5 -*"ŷ  •** -fk*.4- ̂ ***t .•>

laboratory frame äs usualvThe corresponding photoproduction cross

section "=.0 is:

The transversal cross section ö̂ - for uirtual photons C^J"^- O )

is defined accordingly:

(4,14)

and is then substitLnfeed for d in the e lectro^product ion cross

section:

The amplitude a has been replaced by

1--«^'"«' (4 .16)

in accordance with the usual conuentions. UJith these definitions

the cantinuum contribution to A^T C& ) is:
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(4,17)

In equ(4^/7) the cross sections arg also defined uiith respect to the

isospin Factor j. L̂ "«*; ̂ftj • •"• ̂  -̂s convenient hotüsuer to introduce

the cross sections for total isospin I. The conuersion is sasily

done since

<r»> = <ro-;& _
Tha vector part of the electroproduction cross section is: fa^y

UJith thess definitions the sum rule deriued from

equ (4, 3), (4, 7) and(4,17) goes over iniits final Torrn:

4 -
^J ' /^-^^.-r^J 7 (4,19)
' - Z (. <% Ĉ "/

This equation agrees mith the sum rule äs deriued by Adler for
3) T)neutrino reactions ' apecified to electroproduction by Gourdin '

7)and Bucella, Veneziano and Gatto.

Let us compute the firat Q*' derivativ'e of equ(4,19) and put Q^ü

Using . j

(o) = (4f2o)

r f>y s •=
uie immediately obtain a sum rule derived in refa 8 from

commutation relations of electric dipole moment operaors:

•̂ *"i ^ -
&>„ (4,21)
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