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Abstract

The total pair production cross—section is evaluated using the formula
of Jost, Luttinger, and Slotnick, for the elements Hydrogen and Helium.

The accuracy of the work is 0.17%.
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Introduction

The absorption of photons by pair production has been treated by several
authors.! Regrettably the theoretically most accurate work, that of Jost,
Luttinger, and Slotnick (JLS) has up to now, not been evaluated. The JLS
calculation involves no approximations, and is good for all photon energies.
The formula of Bethe and Heitler, neglects electron screening of the nucleus,
and is therefore good only at small photon energies (below 50 MeV). The
formula of Bethe has approximations of the order 1/k and is thus only good

at high energies (greater than 10 GeV).

In this paper we present aumerical evaluations of the JLS formula, for the
cases of Hydrogen and Helium. The precision of this work is 1 part in 1000.
In both the high energy, and low energy 1imits the values obtained agree
with the Bethe and Bethe-Heitler results respectively providing a valuable
check on the work. In the intermediate region of photon energies the JLS
formula should provide the most accurate values for the total pair cross-
sections currently available. This formula has been recently verified to

+ 0.3% precision in the region 1 to 4 GeV photon energy.?

EVALUATION OF THE JOST, LUTTINGER AND SLOTNICK FORMULA

JLS, by a covariant calculation, utilizing the unitarity of the S matrix,

obtain for the total pair production cross—section

1/2

K + (K2 - 1)
o(k ) = J dqQ P(Q, K) m
) /2
K_(KZ_
with K = ko/2m
ko = incident y energy in MeV
m = mecz, the electron rest mass.



The integrand is

22 ¢2 1(Q, K)

P(Q, K) = 2 ({1 - F@)2
137 &2 Q3
where
Z = atomic charge
r, = classical electron radius = ez/mec2

F(Q) = coherent atomic scattering function
Q = momentum transfer in units of Zmec

K = energy, in units of Zmec2

and finally, 1I(Q, K) 1is given by JLS as:
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The Approximate Expression for R(t)

We see that the expansion of the integrand of R(t) for small x and

integration yield the formula
R(t) = t —_;2/4'+ t3/9 - t%/16 + etc. | (4)

By evaluating Eq.(l) for 2, 3 and 4 terms in R(t), it was.possiblé to
determine the error introduced by the approximate R equation. These
results are presented in Table I. The error in the use of R(t) will be
the dominant error in the value of Op at low photon energies, where

a value of as much as 57 error could be obtained at 2 MeV. However,
above 4 MeV the error introduced is less than 17, and above 20 MeV

less than 0.1%. Thus we are justified in the use of a 4—term equation
for R(t) in the subsequent work; bearing in mind the precision quoted

above.

The_Approximate Expression for I (Q, K) when Q << K

In the region of Q << K, JLS give an approximate formula:

_ 1 = on2 1o 2o = 2
I (Q K = (1-208) J; +3 (1 =4y -3 bnZ+

1/2
L ¥z -31/y>

13 oo LY
11 5 y) 2(1 y) (5)

This is of value in. checking any numerical evalutation of I(Q, K) as
formula (3) is difficult to compute accurately for Q << K due to the
cancellation of terms. By evaluation of both Eq.(3) and (5) over the
entire Q range using 16 significant figures in each calculation, it
was determined that for Q of the order of 4/K that Eq.(3) and (5)
agreed to at least 5 significant figures. Thus Eq.(3) only was used
in a numerical integration of Eq. (1) with full confidence it

accurately represents the JLS recoil momentum distribution.
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Tables of O from the JLS Formula

The end result of this work is to prepare tables of the cross-section
predicted by the JLS formula for various energies, along with an indi-
cation of the calculational error. In order to make a realistic compa-
rison with other formulae and with experimental data we include the
screening effect, in particular we shall use the exact Hydrogen atom
screening function, and two different screening functions for Helium.
These are the radially correlated and uncorrelated wave functions ex-

plained in detail in Reference (3).

The Equation (1) was integrated numerically by applying the definiti&n
of the integral as a summation, and increasing the number of terms in
the summation until the precision was at least | part in 1000 for the
value Op An equal number of steps were taken in variable Q for

Q values below 1 MeV/e, and above this point. This is because the
integrgnd is roughly constant up to Q = 1 MeV/ec, but falls approxi-
mately as 1/Q? beyond 1| MeV/c. Figure | presents the error with step
no. for various cases. Table II presents the values of Orp

at various energies, for atomic Hydrogen and Helium. It is interesting
to note that at high energies the JLS evolution agrees with a value of

O, obtained for the case of coherent and incoherent atomic Hydrogen

T
screening, respectively obtained from the integrated Bethe formula.? The

precision of the comparison is 1 part per 1000,

The results of the Bethe formula, which is exact in the high energy limit,
were obtained in two different ways, once by exact evaluation of the Bethe
formula at 109 MeV by computer calculation, and once by an analytical in-
tegration of the Bethe formula in the high energy limit. Both methods
agreed to much better than one part per thousand. At lower energies the
JLS and Bethe formulae give different results. As the Bethe formula is not
expected to be highly accurate at lower energies we attribute this error
solely to the Bethe formula. In fact the error goes approximately as

1/k as mentioned by Bethe. At very low energies the screening terms are
entirely negligible and comparison of the JLS with the integrated Bethe-

Heitler formula without screening can be done. To within about .1% at




3 MeV these formulae do agree. We thus conclude that the JLS formula
provides a method of obtaining reliable total cross section values. The

Table II is useful, however, only to compare theoretical predictions. Certain
small corrections have yet to be discussed which are necessary for comparison
with experimental data. Part II of this paper will he devoted to the
discussion of these points and will allow total cross secticus to be computed
to approximately 0.3% precision for comparison with experimental data. How-
ever above | GeV photon energy, the given O values are precise to }7 if

the radiation correction (computed by Mork and Olsen) of + 0.9%7 of arr

is added to the values of Table IL,
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TABLE I

CROSS SECTION EVALUATED FOR THE CASE OF COHERENT PAIR

PRODUCTION IN HYDROGEN

(Exact atomic wave function used in screening correction.) The Jost
et al formula with 2, 3 and 4-term expansion of R(t) are compared.

A(ij) = lo(i term R) - o(j term R)I.

Energy MeV A(32)/0(3) A(43) /o (4)
2 .08 .05
4 .02 .007
6 .01 . 004
10 .005 .002
20 .003 .001
40 .002 .0008
100 .0006 .0002
6 6

1000 <10~ <10~




Table Captions

Table II: Total cross section in millibarns for Hydrogen (H)
[T = total cross section = coherent (C) + incoherent (D]
and Helium (Hel) correlated wave function, and (He2) un-

correlated wave function. K is photon energy.

Figure Caption

9 error on step size for integration of JLS formula for various cases.
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