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The subject of this thesis is the Regge limit of Quantum Chromodynamics. The scattering
of virtual photons at very large center of mass energy is studied in the framework of
perturbation theory. It is known that the approximation which resums leading logarithms
in the energy (the BFKL Pomeron) violates unitarity at asymptotically large energies. The
BFKL Pomeron describes the exchange of two interacting reggeized gluons in the t-channel.
We investigate unitarity corrections to the BFKL Pomeron which are characterized by a
larger number of gluons in the t-channel. They are described by n-gluon amplitudes which
obey a tower of coupled integral equations. We review the known results on the three-
and four-gluon amplitudes. These results indicate that the unitarity corrections can be
cast into a 2 + I-dimensional conformal field theory. It is the aim of this thesis to gain
further insight into this field theory structure by investigating higher n-gluon amplitudes.
We develop methods which allow to proceed to higher n-gluon amplitudes, and we study
the five- and six-gluon amplitudes. We pay special attention to the mechanism leading to
the reggeization of the gluon and to the field theory structure of the unitarity corrections.
The integral equation for the five-gluon amplitude is solved. Our investigation of the
mechanism of reggeization results in Ward type identities for the amplitudes. In addition
we find the color tensors describing the reggeization of the gluon in higher orders. The first
steps in the investigation of the six-gluon amplitude are performed, and further evidence
for a field theory structure of the unitarity corrections is found.

Gegenstand dieser Arbeit ist der Regge-Limes der Quantenchromodynamik. 1m Rahmen
der Storungstheorie wird die Streuung von virtu ellen Photon en bei sehr hoher Schwer-
punktsenergie untersucht. Die Resummation fuhrender Logarithmen in der Energie fuhrt
zu einer Wiherung (dem BFKL Pomeron), die bei asym ptotisch groBen Energien Uni-
taritat verletzt. Das BFKL Pomeron beschreibt den Austausch von zwei wechselwirk-
enden reggeierten Gluonen im t-Kanal. Wir untersuchen Unitaritatskorrekturen zum
BFKL Pomeron, die durch eine groBere Anzahl von Gluonen im t-Kanal ausgezeichnet
sind. Sie werden beschrieben durch n-Gluonamplituden, die einen Satz von gekoppel-
ten Integralgleichungen erfullen. Wir geben eine Zusammenfassung der bekannten Re-
sultate uber die 3- und 4-Gluonamplituden. Diese Resultate legen nahe, daB die Uni-
taritatskorrekturen durch eine 2 + I-dimensionale Feldtheorie beschrieben werden konnen.
Ziel der vorliegenden Arbeit ist es, durch die Untersuchung hoherer n-Gluonamplituden
weitere Einsicht in diese feldtheoretische Struktur zu gewinnen. Wir entwickeln Metho-
den, die die Untersuchung hoherer n-Gluonamplituden zulassen, und analysieren die 5-
und 6-Gluonamplituden. Die Gleichung fur die 5-Gluonamplitude wird gelost. Unsere
besondere Aufmerksamkeit richtet sich auf den Mechanismus der Reggeierung des Glu-
ons. Wir finden Ward-artige Identitaten fur die Amplituden, die den Mechanismus der
Reggeierung naher beleuchten. AuBerdem finden wir Farbtensoren, die die Reggeierung
des Gluons in hoheren Ordnungen beschreiben. Die ersten Schritte in der Untersuchung
der 6-Gluonamplitude werden unternommen. Es ergeben sich weitere deutliche Hinweise
auf eine zugrundeliegende feldtheoretische Struktur der Unitaritatskorrekturen.
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Quantum Chromodynamics is established as the microscopic theory of strong interactions
and has been successfully applied to a variety of phenomena over the past 25 years. But
even after this long period of intensive research a number of deep problems in QCD remain
to be solved. One of the major challenges is to understand the high energy behavior of QCD
in the Regge limit. The focus of Regge physics is to explore hadron scattering at very large
center of mass energies 8 and fixed momentum transfer t of the order of a hadronic mass
scale. In pre-QCD times, Regge theory [lJ was developed to describe hadronic scattering
processes at high energies. Regge theory was based on the fundamental principles of
analyticity, unitarity and Lorentz invariance. It was found that in the kinematic region of
the Regge limit, the behavior of scattering amplitudes is determined by the singularities
of the partial wave amplitudes A(w, t) in the plane of complex angular momentum w,
the so-called Regge poles and cuts. The optical theorem relates total cross sections to
the imaginary part of the forward elastic scattering amplitude. This sparks the interest
in Regge singularities contributing to elastic scattering, namely those associated with
t-channel exchanges carrying vacuum quantum numbers. The high energy asymptotics
of total cross sections receives its leading contribution from the rightmost singularity in
the complex w-plane with vacuum quantum numbers, referred to as the Pomeranchuk
singularity or Pomeron.

Starting from these concepts an impressive development in theoretical physics took
place. Inspired by Regge theory very successful phenomenological models were built to
describe high energy scattering. In 1967 Gribov invented a reggeon field theory [2J that
soon evolved into a subject of intensive study [3J. Further, it was possible to relate Regge
poles to the hadron spectrum by crossing symmetry which in turn is a consequence of
analyticity. All known strongly interacting particles were discovered to be reggeons, that
is to lie on remarkably straight Regge trajectories passing through the physical spin at the
squared mass of the particles. To the present day many of the findings of Regge theory
belong to the deep truths in in high energy physics. However, Regge theory was pushed to
the background when Quantum Chromodynamics was discovered to be the correct gauge
theory of strong interactions. With the advent of the Tevatron and the HERA machine the
interest in the Regge limit of hadronic scattering amplitudes was revived. A specific model
that very successfully describes t.otal hadronic cross sections up to the highest ava.ilable
energies at the Tevatron is the so-called soft Pomeron model [4]. This model is especially
simple and fits all available elastic scattering data by a function that slowly grows like a
power with the center of mass energy 8, the exponent being 0.08.

To the present day a profound understanding of the Ilegge limit within the framework
of QCD is missing. The ultimate goal would be to calculate the position of Regge poles
and cuts in the w-plane from first principles. Due to the difficult mathematical structure



of QCD this will not be possible for the foreseeable future. The main difficulty is that the
kinematical region of the Regge limit is characterized by high parton densities and there-
fore of genuinely non-perturbative nature. Moreover, the wealth of hadronic scattering
processes at very high energies is dominated by low momentum scales and perturbation
theory cannot be applied. The current knowledge of the non-perturbative regime of QCD
on the other hand is by far not sufficient to make unambiguous predictions for the Regge
asymptotics.

Fortunately there is a class of scattering processes that allow a perturbative treatment
even at high energies, namely hard scattering processes. They are distinguished by the
presence of a hard scale that ideally dominates the whole process. The cross sections of
such processes are rather small, but they are of very high interest form a theoretical point
of view. They make it possible to approach the difficult region of the Regge limit from
a side where perturbation theory is reliable. The hope is of course that the transition is
in a certain sense smooth. The best examples for such interesting processes are heavy
onium scattering and the scattering of highly virtual photons in which the virtualities of
the two photons should ideally be of comparable size. In the former process the hard
scale is provided by the large mass of the quark and the antiquark. Whereas that process
is of purely academic interest, the latter will be observable [5, 6] at the planned Next
Linear Collider (NLC) facility. Another process of similar, but less inclusive kind is the
production of hard forward jets in deep inelastic scattering, so-called Mueller jets [7].
They have been further investigated in [8, 9].

The hard scale ensures the smallness of the strong coupling constant 01,. But its smallc
ness can be compensated by large logarithms of the energy s, necessitating a resummation
of contributions of the order OI,log(s). This approximation scheme is called the leading
logarithmic approximation (LLA). Lipatov and his coworkers applied it first to a massive
gauge theory [10] and then to QCD [ll]. The resulting resummed amplitude has a cut in
the complex angular momentum plane. This singularity is the celebrated Balitskii-Fadin-
Kuraev-Lipatov (BFKL) or perturbative Pomeron. It arises as the solution of an integral
equation that resums an infinite amount of Feynman diagrams contributing in LLA. This
BFKL equation can be written as a Schr6dinger equation for partial waves in transverse
momentum space. Its energy-like variable is the complex angular momentum w, and its
time-like variable is rapidity. The BFKL equation describes the t-channel exchange of a
bound state of two gluons. The amplitude has a ladder topology, the ladder rungs between
the two gluons are effective interaction kernels. The gluons are reggeized gluons [12], each
of them represents an infinite sum of Feynman diagrams. The reggeized gluons have been
identified as the appropriate degrees of freedom in high-energy QCD, and they can be
regarded as collective excitations of the Yang-Mills field. A striking feature of the BFKL
amplitude is its conformal invariance in impact parameter space. It was discovered in [13]
and made it possible to solve the BFKL equation also for the non-forward direction.

It became clear immediately that the leading logarithmic approximation is in conflict
with a profound principle offield theory, namely unitarity. The Froissart-Martin theorem
[14,15] is derived from unitarity and states that total hadronic cross sections cannot grow
faster than logarithmic with energy. The total cross section of a scattering process in
LLA, however, grows like a power with the center of mass energy s. The corresponding
exponent as it results from the position of the leading singularity in the w-plane equals
WBFI<L = OI,Ne/rr4ln2 ~ 0.5 (1 + WBFKI, is called the Pomeron intercept). Therefore the
BFKL Pomeron eventually violates unitarity at asymptotically high energies. The leading

logarithmic approximation is in this sense inconsistent. A full understanding of the Regge
limit of QeD will certainly require a consistent framework, and the approximation scheme
has to be extended beyond the leading logarithms.

The growth of cross sections at high energies is connected with the increasing parton
densities inside the colliding hadrons that will inevitably lead to an overlapping of the
partons. It is intuitively clear that parton cascades can then no longer be regarded as
independent and recombination effects will become important. That will eventually lead
to saturation, thereby taming the growth of the cross sections. The leading logarithmic
approximation can be extended in a way that reflects this intuitive picture of unitariza-
tion. The resulting scheme is known as the generalized leading logarithmic approximation
(GLLA). In this scheme a minimal set of non-leading corrections is identified that leads
to a unitary scattering amplitude. The distinctive property of these unitarity corrections
is that a larger number of reggeized gluons is exchanged in the t-channel. To arrive at a
unitary scattering amplitude one has to sum these contributions with all possible num-
bers of t-channel gluons. The first attempt to include such corrections was made in [16].
The most complete and systematic approach to unitarity corrections was formulated by
Bartels [17, 18, 19]. It is ideally applied to the theoretically very clean process of highly
virtual photon ('Y''Y') scattering. With the help of t-channel unitarity relat;ions one defi nes
partial wave amplitudes in two-dimensional transverse momentum space describing the
production of a given number n of gluons in the t-channel. The BFKL amplitude naturally
appears in this approach as the first approximation.

With the inclusion of contributions with more gluons in the t-channel a new question
arises, namely that of s-channel unitarity in the subchannels. ]f one decides to demand
unitarity only in the direct channel one has to take into account only contributions in
which the number of gluons in the t-channel is fixed. The corresponding partial wave
amplitudes obey the Bartels-Kwiecillski-Praszalowicz (BKP) equations [18, 20]. These are
Schr6dinger type equations similar to the BFKL equation, but now including all pairwise
interactions of the n gluons. If on the other hand one demands unitarity also in all possible
subchannels, one is forced to take into account also contributions in which the number
of gluons changes in the t-channel. The corresponding integral equations were derived in
[19]. In addition to the pairwise interactions of the gluons they contain number-changing
transition kernels. Due to this the different n-gluon amplitudes are connected and the
integral equations are turned into a tower of coupled equations. It should be emphasized
that in this approach the full color structure is taken into account with finite Ne, i. e. no
simplifying assumptions concerning the gange group are made.

The inclusion of contributions in which the number of gluons in the t-channel is not
conserved has highly non-trivial consequences and implies a very interesting structure.
The three- and four-gluon amplitudes were -first investigated by Bartels and Wiisthoff in
[21,22]. It was observed that the amplitudes consist only of very few basic elements. The
three-gluon amplitude was found to be a superposition of two-gluon states, as was a part
of the four-gluoll amplitude. The remaining part of the four-gluon amplitude involves
a two-gluon state as well as an irreducible four-gluon compound state, described by the
BFKL and the four-particle BKP equation respectively. They are coupled to each other
by an effective two-to-four gluon vertex. The occurrence of this number-changing vertex
turns the quantum mechanical problem of the n-gluon compound states into a quantum
field theory. In fact, the whole structure of the three- and four-gluon amplitudes could
be interpreted in the framework of an effective field theory of unitarity corrections.



This observation gives rise to the hope that the whole set of unitarity corrections can
be cast into the form of an effective field theory. From the results that have been obtained
so far, some of its fundamental properties can already be inferred. The "field theory is
an field theory in two space-like dimensions and one time-like dimension. The latter
is realized as rapidity. The elements of the field theory are Green functions describing
the t-channel propagation of interacting n-gluon compound states, and number-changing
vertices. Soon after the two-to-four transition vertex had been derived it was discovered
tha.t it exhibits conformal in variance in impact parameter space [23]. That immediately
leads to the conjecture that the unitarity corrections can even be described by a 2 + 1-
dimensional conformal field theory where the two space-like dimensions are now identified
with impact parameter space instead of transverse momentum space. Further evidence for
the interpretation of the unitarity corrections as a conformal field theory was found in [24]
where the triple Pomeron vertex was found to have the form of a conformal three-point
function. However, it is known that the conformal invariance is a property that does not
persist when next-to-Ieading logarithmic corrections are taken into account. The running
of the coupling constant is bound to break the conformal symmetry. It is nevertheless
worth the effort to study the symmetry, its breaking can then be investigated in a second
step.

A prerequisite for the emergence of the field theory structure is the fact that parts of
the amplitudes reduce to two-gluon amplitudes, i. e. have the analytic properties of super-
posi tions of BFKL amplitudes. This phenomenon generalizes the well-known reggeization
of the gluon and has therefore been termed reggeization as well. When the n-gluon am-
plitudes are used to reconstruct the full scattering amplitude via t-channel unitarity the
reggeizing parts of the amplitudes in fact lead to higher order corrections to the Regge
trajectory of the gluon.

The structure found in the unitarity corrections is very encouraging so far. But the
knowledge is still rather limited since up to this point only the amplitudes with up to
four t-channel gluons have been investigated. Only the simplest elements of the effective
field theory are known, and the general underlying rules for their construction have not yet
been understood. It is the mai n purpose of this thesis to extend our knowledge beyond the
three- and four-gluon amplitudes and to learn more about the properties of the effective
field theory of unitarity corrections. The natural next step is to investigate the five- and
six-gluon amplitudes. Within the framework of the integral equations this even seems to
be the only way to proceed. This is because the equations are coupled and do not allow
to find an amplitude without knowing the lower ones. The six-gluon amplitude will be
especially interesting since we expect new elements to occur only in amplitudes with an
even number of gluons. This is clearly suggested by the complete reggeization of the three-
gluon amplitude. We will pay special attention to reggeization since it is intimately related
to tile emergence of the field theory structure. The color structure of the amplitudes will
be very important in this respect. We consider a very special scattering process, i. e.
,',. scattering, and we will only be able to investigate the n-gluon amplitudes for a very
limited range of n. The hope is of course that the information gained under these special
conditions will be of more general nature. Before giving a more detailed outline of this
thesis, we briefly mention related results and complementary approaches to the problem
of the Regge limit of QCD.

In the recent past there has been impressive progress in the field of high energy QCD,
especially in the perturbative approach. The next-to-Ieading logarithmic (NLLA) correc-

tions to the BFKL equation have been found in an almost decade-lasting effort [25]. Parts
of the calculation have also been performed indendently in [26]. The investigation of the
consequences has just started [27, 28]. The corrections to the intercept of the Pomeron
turn out to be large, but the qualitative picture is arguably not altered. The large-Nc limit
of the BKP equations has been a field of very active research. Lipatov discovered that
the n-gluon compound state in tile large-No limit is an integrable system [29]. Faddeev
and Korchemsky proved its equivalence to the XXX Heisenberg model with noncom pact
SL(2, iC) spin zero [30]. These results allow to apply very powerful tools like the quantum
inverse scattering method and the Bethe ansatz, and very interesting results have been
obtained [31J. A further recent result is the resolution of the longstanding problem of the
Odderon in perturbative QCD. The Odderon is the C = -1 partner of the Pomeron, i. e.
it carries negative charge parity. In perturbative QCD it is described by a completely
symmetric three-gluon compound state that obeys the three-particle BKP equation. Its
conformal invariance had been used in [32] to place constraints on its wavefunction. Janik
and Wosiek recently calculated its intercept which turned out to be smaller than one [33].
Mueller formulated a very elegant approach to high energy QeD in which color dipoles play
an important role [34]. This color dipole picture of high energy onium-onium scattering
was shown to be equivalent to the BFKL Pomeron [35]. The dipole picture was also used
to study the unitarity problem [36, 37, 38]. Other approaches are the formulation of an
effective action for the Regge limit [39, 40], a similar approach also aiming at a simplified
effective theory for high energy scattering (41), and the method of operator expansion [42].
Approaches of a more non-perturbative kind are the eikonal approximation in a soft gluon
background [43], the model of the stochastic vacuum [l!4], and the semiclassical approach
[45J. This list is of course very incomplete. It is intended only to give an impression of the
methods that are currently used to study the Regge limit of QCD. The Regge problem is
extremely difficult, and probably none of the approaches mentioned above, including the
perturbative one, will by itself be sufficient to gain a full understanding. Every piece of
information is highly welcome, and in this sense the different methods of attack should be
regarded as complementary. Most probably only a combined effort can eventually lead to
a complete picture of the high energy limit of QCD.

After this short review of related work I would like to give an outline of my thesis.
While doing so I also describe the main results of my work. I give a brief review of
the well-known BFKL equation and its basic properties in the introductory chapter l.
I explain the origin of the n-gluon amplitudes and motivate their physical meaning in
chapter 2. Here J also present the integral equations that govern their behavior. This is
done in great detail since the integral equations constitute the main source of information
in the study of the unitarity corrections. The exploration of the five- and especially of
the six-gluon amplitude requires a huge computational effort. It is therefore necessary to
provide methods that allow to handle the integral equations for larger n in spite of their
complexity. It is mainly in this respect that chapter 2 contains original contributions. All
necessary tools to tackle the integral equations are presented in this chapter and in the
two technical appendices A and B supplementing it. Chapter 3 is designed as a compact
review of the three- and four-gluon amplitude. With the simple example of the four-gluon
amplitude I explain the general method which is used to attack the integral equations.
In brief, the method consists in splitting the amplitude under consideration into two
parts, one of which has to be guessed in a smart way. This part should of course consist
of known elements. The integral equations can then be used to uerive a new equittion



for the remaining part. If the choice of the first part was indeed a good one the new
equation allows to gain further information about the second part. The application of the
method in the case of the four-gluon amplitude leads to the two-to-four gluon transition
vertex which will playa prominent role also in the analysis of the five- and six-gluon
amplitudes. The properties of the transition vertex are presented, and the field theory
structure of unitarity corrections is described in some detail. I emphasize that the very
occurrence of the field theory structure is closely related to the phenomenon of reggeization
in the amplitudes. Chapter 3 closes with a previously unknown property of the transition
vertex. It shows that the vertex can be constructed from well-known BFKL kernels in a
very intricate way. The remaining chapters consist entirely of original results. I turn to
the five-gluon amplitude in chapter 4. The corresponding integral equation can be solved,
and the five-gluon amplitude can be expressed in terms of two- and four-gluon compound
states. This finding constitutes a further generalization of the concept of reggeization. As
a by-product the mechanism leading to reggeization in a three-gluon subsystem is found
in its most general form. The knowledge of the amplitudes with up to five gluons allows
to gain deeper insight into the intricate interplay of color and momentum structure in
the process of reggeization. This issue is the focus of chapter 5. In the first part of that
chapter I present Ward type identities that connect a given n-gluon amplitudes with the
(n -1)-gluon amplitude. They arise when one of the transverse momenta in an amplitude
vanishes. In the second part of the chapter the color tensors are identified that accompany
the reggeization of the gluon in higher orders. In both parts I formulate conjectures on how
these results might generalize to higher n-gluon amplitudes and higher n-gluon compound
states. Chapter 6 deals with the six-gluon amplitude. The amplitude is split into two parts
according to the method mentioned above, and a new integral equation for the remaining
part is derived. I discuss its properties in detail. A piece in the equation is identified that
might possibly allow an interpretation as a two-to-six gluon transition vertex. I briefly
discuss the possible existence of a Pomeron-Odderon-Odderon vertex. The structure of
the new equation strongly suggests that a further reggeization takes place in the four-gluon
compound state. Such a reggeization might give rise to a generalization of the two-to-four
transition vertex to the color non-singlet. The practical application of this idea encounters
serious difficulties that are partly of conceptional origin. I describe these difficulties and
mention potential ways to a resolution of the problems. The problems connected with
the reggeization in the four-gluon compound state presently prohibit a full understanding
of the six-gluon amplitude. The new integral equation nevertheless provides evidence for
some of the conjectures I have put forward in chapter 5. Finally, there are two technical
appendices. Appendix A deals with contractions of tensors in su(Nc) algebra. The method
is explained and a series of identities is given that have to the best of my knowledge not
been given in the literature before. Appendix B contains a combinatorial method that
I have developed in order to bring certain momentum space integrals occurring in the
analysis of the amplitudes to a standard form. The method is suited for implementation
on a computer. I conclude this thesis with a summary and an outlook.

Chapter 1

BFKL Equation and Violation of
Unitarity

In this introductory chapter we review the perturbative analysis of the Regge limit of QCD
in the leading logarithmic approximation (LLA). The corresponding amplitude for elastic
scattering was first derived in a massive gauge theory [10] and then also in QCD [11]. The
result is known as the perturbative or BFKL Pomeron. It has since been a field of active
and ongoing research. In this chapter we restrict ourselves to the basic facts about the
BFKL Pomeron, and we do not make any attempt on completeness. For more detailed
accounts of the BFKL theory we refer to the excellent reviews [40, 46, 47]. We start
with the BFKL equation and collect some basic formulae. We observe that the leading
logarithmic logarithmic approximation violates unitarity. We describe the reggeization of
the gluon in the high energy limit of QCD. Finally, we explain the conformal invariance
of the BFKL equation in impact parameter space.

The Regge limit is the kinematical region of very large center of mass energies s and fixed
momentum transfer t of the order of a hadronic mass scale,

The optical theorem relates total hadronic cross sections to the elastic forward scattering
amplitude,

1
''tot = -;1m Aei(S, t = 0). (1.2)

It is convenient to use partial wave amplitudes. In the high energy limit this amounts to
performing a Mellin transformation

. 16+ioo dw ( S )WA(s, t) = tS . ---: M2 A(w, t),
.-'00 21fl

thereby changing from energy s to complex angular momentum w. The high energy
behavior of the total cross section is then determined by the singularities of A(w, t) in
the w-plane, the so-called Regge poles and Regge cuts. The rightmost singularity gives



that will frequently occur throughout this thesis we call it (in obvious abuse of language)
the trajectory function of the gluon as well.

The factor (-Nc) in the BFKL kernel is a color factor. If the two gluons entering
the amplitude <Pw are not in a color singlet state the color factor C[ will be different. (If
the two gluons are not in a color singlet state the amplitude is not infrared finite. It is
then necessary to introduce a regularization. When dimensional regularization is used, for
example, the calculation has to be performed in 2 + E dimensions.) In general CI depends
on the irreducible representation J of the two gluons. If Nc = 3 the factor CI equals -3,
-~, -~, 0, 1 f~r the irreducible representations 1, 8A, 8s, 10 + 10,27, respectively. In
this thesis we will use the symbol J(BFKL for the BFKL kernel only if the two gluolls are
in a color singlet.

The complex angular momentum w acts as an energy variable in the BFKL equation.
It can be shown to be conjugate to rapidity which thus acquires the mealling of a time
variable in the BFKL equation.

The general form of the solution ofthe BFKL equation can be derived from the integral
equation by iteration. Accordingly, the elastic scattering amplitude at high energies has
in LLA the structure of a gluon ladder in the t-channel,

the leading contribution and is identified with the Pomeron. As it describes an elastic
scattering process (see (1.2)) it carries vacuum quantum numbers.

If there is a hard momentum scale in the process the use of perturbation theory is
justified. The smallness of the strong coupling constant a. at large momentum scales can
at high energy be compensated by large logarithms of the energy .. This leads to the leading
logarithmic approximation in which

Under this assumptions an infinite number of Feynman diagrams contributes to the scat-
tering amplitude, and these contributions have to be resummed. This leads to the BFKL
equation. The longitudinal degrees of freedom decouple in high energy scattering, and
the dynamics takes place in transverse space only. The full amplitude can be written in
factorized form

The functions <PI, <P2 are the impact factors of the scattered colorless states. The color
neutrality implies

which is important for the infrared finiteness of the amplitude. The function <Pw can
be interpreted as the partial wave amplitude for the scattering of virtual gluons with
virtualities _k2, -(q - k)2, _k,2, and -(q - k')2 respectively. It is described by the
BFKL equation. The BFKL equation is an integral equation in the two-dimensional
space of transverse momenta and of Bethe-Salpeter type. In detail it has the form

2::l"\.Imber
of ,un!.

and the ladder rungs represent BFKL kernels.
For vanishing momentum transfer t one obtains the BFKL equation in the forward

direction. It call be diagonalized by power functions

Nca.[ (1+111/.) (1+1111.)]x(v,n)=-rr- 2'if;(1)-'if;-2-+w -'if; -2--w ,
The integral kernel, the so-called BFKL or Lipatov kernel, is given by

2 [2 k2(q _1)2 (q - k)212]
J(BFKL(I, q - I; k, q - k) = -Ncg q - (k -1)2 - (k _ 1)2

+(2rr)3k2(q - k)2[,B(k) +,B(q - k)]O(2l(k-k') .(1.9)

where 'if; is the logarithmic derivative of the Euler f-function. The full solution of the
BFKL equation consequently reads

The strong coupling constant is normalized to a. = f. The function ,B in the kernel is
defined as

+00 1+00 flv 1<Pw(k,k') = 2:: e(v,n) (k)e(v,n)*(k') .
n=-oo -00 2rr w - X(v, n)

The eigenfunctions for non-zero momentum transfer t are only known in impact parameter
space.

To conclude this section we mention the t-channel reggeon unitarity relation for the
BFKL amplitude. Let C(w; k, k'j q) be the amputated BFKL amplitude, i. e. the amplitude
<P without the reggeon propagator (w - ,B(k2) - ,B((q - k)2))-1,

is blOwn as the gluon trajectory function. It passes through the physical spin 1 of the
gluon at vanishing argument k2 = 0 because ,B(k2 = 0) = O. Since it is the function ,B



with t = _qz. After a continuation to the physical region of the t-channel it is the possible
to show [10] with the help of the BFKL equation that

discwC = !d21 (27f)3~ (q ~ I)Zo (w - (3(12) - (3((q _1)2))

X C(w; k, Ii q)C*(w; I, k'; q) .

in the kernel J(BFKL is Ne/2 instead of Ne. (In this color representation the amplitude is
not infrared finite and a regularization has to be applied.) Let us further assume that the
inhomogeneous term ¢o is a function of (kl + kz). Then the equation exhibits the solution

¢8A (kl + kz) = ¢ZA(kl + k2) .
w - (3(kl + kz)

This solution has a pole and thus can be interpreted as describing the propagation of a
single particle with momentum (k1 + kz) and the quantum numbers of a gluon. In a
sense the gluon turns out to be a bound state of two gluons here. The fact that the gluon
is a composite state of gluons is often termed 'bootstrap'. It indicates that the con'ect
degrees of freedom in high energy QeD are not elementary glnons but so-called reggeized
gluons. The reggeized gluon can be understood as a collective excitation of the Yang-Mills
field. It will be one of the topics of this thesis to understand how higher 'Fock states' of
the reggeized gluon field contribute to the reggeized gluon as a collective excitation (see
chapter 5).

When we interchange the two gluons in the color octet amplitude above we find that
its sign changes. This fact gives rise to the notion of signature. It characterizes the
behavior under the exchange of two gluons, that is the simultaneous interchange of color
and momentum labels. The reggeized gluons obviously carries negative signature.

The right hand side can be understood as a unitarity integral for the two-gluon amplitude
C. We will come back to the significance of such t-channel reggeon unitarity relations in
section 2.1 of the next chapter.

The high energy asymptotics of the BFKL amplitude is determined by the rightmost
singularity in the plane of complex angular momentum w. Since the function xCv, n) (see
(1.14)) decreases with increasing n one can neglect the contributions with n l' O. Further
it is possible to make an expansion of xCv, 0) in v around zero to find the leading singularity
in (1.15). It leads to a power-like growth of the amplitude

CisNe
WBFKL = -- 4ln 2 ~ 0.5 .

7f

One of the most interesting properties of the BFKL equation is the conformal invariance
in impact parameter space. It was proven in [13] and made it possible to find the solutious
of the BFKL equation in the non-forward direction as well.

The Fourier transformation of the partial wave amplitude ¢w is defined as

o(q - q')¢w(k, k'; q) = !dZPICPpzdzpl'dzpz'¢w(PI, Pz; PI', pz.) X

X exp (ikpl + i(q - k)pz - ik'Pl' - i(q' - k')P2') (1.23)This result is in conflict with the Froissart-Martin theorem [14, 15]. This theorem de-
rives a bound on the total hadronic cross section from unitarity. The theorem is thus a
consequence of a deep principle of field theory. In detail, the Froissart-Martin bound is Fourier transformation space defines the BFKL equation in two-dimensional impact pa-

rameter space. It is convenient to write the vectors in this space in complex notation,
P = Px + ipy. The BFKL kernel can then be shown to be invariant under the transforma-
tions

, ap+b
P -t P = ep + diad - be = 1.

These transformations are characterized by the grou p

(~ ~) E SL(2,C)/Zz,

A power-like growth will eventually violate this bound at asymptotically large energies.
This observation is the starting point of the considerations in this thesis. Before we come
to this central issue in the next chapter we will describe a few more properties of the
BFKL equation.

The phenomenon of reggeization in non-abelian gauge theories was discovered by Lipatov
[12J in 1976 when he made the following striking observation. The t-channel exchange in
the BFKL equation carrying the quantum numbers of a gluon, i. e. a color octet 1 exchange,
gives rise to a special solution. For antisymmetric color octet exchange the color factor

i. e. the group of projective conformal transformations. An arbitrary conformal transfor-
mation can always be obtained as the superposition of the following basic transformations:

translations:
rotations:
dilatations:
inversions:

p-tp+b
P -t ap; lal = 1
P -~ Ap; A E R+
P -t p-1



This observation allows to expand the solution of the BFJ<L equation in conformal partial
waves,

Chapter 2

Integral Equations for n-gluon
Amplitudes

with a constant c(v, n). The coordinate Po represents an additional parameter of the
functions E(v.n). The parameters hand li are the conformal weights of the representation,
and we have

The aim of this chapter is to set the stage for the analysis of unitarity corrections we
will carry out in this thesis. The physical process motivating our investigations is the
scattering of highly virtual photons at very large center-of-mass energy. Here the main
objects to be studied are partial wave amplitudes describing the production of a given
number n of reggeized gluons in the t-channel. The approach we will pursue in this thesis
heavily relies on the use of integral equations for the n-gluon amplitudes. We provide
all necessary tools for their study in this chapter. In the first section we concentrate on
the n-gluon amplitudes and motivate their physical meaning. After that we turn to the
integral equations. Since they are of utmost importance for the whole analysis of the
amplitudes we treat them in great detail and describe in turn all their building blocks in
the subsequent sections. In the literature the integral equations have so far been treated
only for up to four gluons. We want to study amplitudes with up to six reggeized gluons
and therefore have to extend the equations accordingly. The complexity of the problem
rapidly increases with the number of gluons in the amplitude under consideration. It is
thus highly desirable to develop suitable methods and to cast the formalism into a form
that allows to treat the problem in spite of its complexity. We pay special attention to this
aspect throughout this chapter and supplement it in this respect with the two appendices
A and B.

These two relations also explain the notation E(v,n) for the representation functions. The
representation functions can be understood as three-point correlation functions of a con-
formal field theory [40],

with the identities (1.29),(1.30) relating V, n, and h. The operators 1>0,0 can be inter-
preteted as elementary fields representing reggeized gluons. They have zero conformal
weight. The operator 0Il r. represents a composite state of two reggeized gluons that
emerges from the dynami~ of the theory.

We limit ourselves to this short review of the basic properties of the BFJ<L equation in
impact parameter space. Conformal invariance has far-reaching consequences. It places
strong constraints on the correlation functions of the theory, for example. We will corne
back to the questions related to conformal invariance in the BFKL equations and in the
unitarity corrections in chapter 3. As the physical process to consider we choose the scattering of highly virtnal photons at

very large center-of-mass energy and fixed momentum transfer. This process is not only
of theoretical interest. The total cross section of ,','-scattering can be measured at the
the planned next linear collider (NLC) facility where it occurs as a subprocess in eJectron-
positron (e+e-) scattering. There the total,',' cross section will be sizeable and allow
for a very clean test of the the high energy regime of QCD [5, G]. From a theoretical point
of view the process is extremely interesting since the highly virtual photon with invariant
mass Q2 provides hard momentum scale in the process. Due to the asymptotic freedom
of QCD we are thus in a position to use perturbatiou theory as the framework for our
calculations. We are even able to describe the whole process perturbatively because both



colliding particles have a large virtuality. Moreover, in r·r· -scattering we are not plagued
with the theoretical difficulties arising from the genuinely non-perturbative internal struc-
ture of the proton present in deep-inelastic electron-proton scattering. There is, however,
the problem of diffusion of momenta in the process. We will come back to this problem
momentarily. Already here we can state that the virtualities of the two photons should
be chosen to be large and of comparable size.

We are interested in the hadronic total cross section of r·r·-scattering that is related to
the elastic forward scattering amplitude via the optical theorem. In high energy scattering
the integrations over longitudinal momenta become trivial and the dynamics of the process
essentially takes place in the two-dimensional space of transverse momenta. At high energy
the small value of the strong coupling constant a. can be compensated by large logarithms
of the energy s, and the corresponding contributions have to be resummed. In leading
logarithmic approximation the elastic forward amplitude of r·r·-scattering is therefore
described by the BFKL amplitude, that is by the exchange of a compound state of two
reggeized gluons in the t-channel. The latter are coupled to the photons via (light) quarks,
i. e. each of the photons actually splits into a quark-antiquark pair which then undergoes
an interaction mediated by gluons. As we have seen in the preceding chapter, the power
behavior of the BFKL amplitude eventually leads to a violation the Froissart-Martin
bound (1.21) and results in a non-unitary scattering amplitude. (Strictly speaking, the
Froissart-Martin theorem was proven only for the scattering of on-shell hadrons. It is
widely believed to hold for the scattering of virtual photons as well, bu t a concise proof
is still lacking in this case.) The restoration of unitarity necessitates the inclusion of a
certain class of higher-order corrections to the leading logarithmic approximation. This
is the main point motivating the introduction of n-gluon amplitudes. Eventually, we want
to find out how unitarity will be restored in the Regge limit of QCD. We will therefore be
concerned with asymptotically large center-of-mass energies s and do not pay very much
attention to phenomenological applications in this thesis. Though, it is well conceivable
that the first unitarity corrections might already be important for the interpretation of
the data to be taken at the NLC.

The use of the leading logatithmic approximation bears a problem concerning the use
of perturbation theory that is not obvious on first sight. When leading logarithms in the
energy s are resummed the longitudinal momenta along the gluon ladder are strongly or-
dered. But there is no constraint on the transverse momenta besides energy-momentum
conservation. Due to this there is a diffusion of transverse momenta [48, 49] that can
reach far into the infrared region. This is in sharp contrast to the resummation of lead-
ing logarithms in the momentum scale Q2 which results in the well-known Dokshitzer-
Gribov-Lipatov-Altarelli-Parisi (DGLAP) equation [50]. In the latter case the transverse
momenta are strongly ordered along the ladder and diffusion does not take place. Diffusion
does Occur in r·r·-scattering at high energy that is of interest to us. The contribution of
small momenta is still not small at the NLC, for instance. But the situation is quite fa-
vorable at least from a theoretical point of view. Choosing the virtualities of the colliding
photons large enough we can make the contribution from the dangerous low-momentum
region very small. This makes a perturbative calculation quite trustworthy. Therefore
r·r· -scattering is arguably the best possible process for the theoretical investigation of
high energy QCD. Ideally, the virtualities of the two photons should be of comparable size
to suppress DGLAP evolution.

The method suited to restore unitarity in the perturbative approach is known as the

generalized leading logarithmic approximation, and we will pursue this method here. It
constitutes an approximation scheme in which a minimal set of non-leading corrections is
identified that leads to a unitary amplitude. In essence, the minimal set of contributions
required here comprises subleading logarithmic corrections with a larger number n of
reggeized gluons in the t-channel. These are what we call unitarity corrections. As we
will see in a moment, one has to sum over all possible n to fulfill the requirement of
unitarity. Quark exchanges in the t-channel are always suppressed by powers of the enet-gy
s with respect to the corresponding gluon exchanges. They are not taken into account
in the generalized leading logarithmic approximation. Let us now try to understand how
such corrections may result in a unitary amplitude. The corrections will in general give
contributions to the scattering amplitude that grow like powers of the center-of-mass
energy s. The respective exponent will depend on the number n of reggeized gluons that
are exchanged and, like in the BFKL amplitude, be related to the spectrum of the n-gluon
state. Obviously, a finite sum of powers cannot grow slower with energy than alogarith m.
This already makes clear that we have to take into account an infinite set of coutributiollS.
We have to sum over all possible corrections with n gluons. Let us assume that only
corrections with an even number n of gluons give rise to a new exponent. (We will fi nd
good reasons for this assumption in the course of our investigations.) The sign of these
corrections is expected to alternate. The full amplitude then acquires the form

00

A(s) = i L (-l)¥-AnsWn ~ const.log2(s)
nE2N

with some coefficients An, and now it is well possible that in the high energy limit ihe
amplitude is bounded by a logarithm as indicated. The knowledge of how exactly the
mechanism sketched in (2.1) works is admittedly rather limited. In fact only the first
exponent, i. e. the BFKL exponent WBFKL (1.19), is known. We refer the reader La [24]
for a more detailed description of how the second term in the series (2.1) can be obtained
once the spectrum of the four-gluon state is known.

The most complete approach to a systematic treatment of nnitarity corrections was
formulated by Bartels [17, 18, 19]. Its aim is to arrive at all effective description of
QCD in the Regge limit in the spirit of a reggeon field theory [2, 3], the requirement of
unitarity being built in from the very beginning. Of course, the BF](L amplit.ude with
its two t-channel gluons should be incorporated into the whole approach as the lowest
order contribution. It appears natural to define partial wave amplitudes similar to the
BFKL amplitude but now with n reggeized gluons in the t-channel. In section 1.1 we have
seen the t-challnel reggeon unitarity equation for the BFKL amplitude, cr. (1.17). It is
valid when the amplitudes are continued to positive t, that is to the physical region of the
t-challnel. Its essence can be summarized symbolically as

where C2 is an amputated amplitude. We include a reggeon propagator to arrive at
D2 = C2(w- ,B(kt}-,B(k2))-J. We have chosen a new symbol D2 for the BFKL amplitude
here since we are now considering the special physical process of r·r* -scattering. The
amplitude D2 obeys the BFKL equation (1.7) with a special choice of the inhomogeneous
term, namely the coupling of the two gluons to the photons via a quark loop. The unitarily



00

discwA(w, t) ~ LGnG~ .
n=2

for a special phenomenological application of the fOllr-gluon amplitude. In [22] a part of
the four-gluon amplitude D4 in which the four gluons form two pairs of color singlets was
used for the description of the process of high-mass diffractive dissociation in deep inelastic
electron-proton scattering. The rapidity gap between the proton and the diffractively
produced system is caused by a colorless exchange between the proton and the photon.
The latter is modelled by a two-gluon exchange. In the amplitude for this process the
initial state is therefore indeed a three-particle state, and the cross-section takes the form
of a three-to-three scattering process. In [22] the appropriate limit for this process was
identified as the well-known triple Regge limit in which s » M2 » Q2 » AbeD' wherc
M2 is the invariant mass of the diffractively produced particles.

The n-gluon amplitudes are defined to have as external lines two photons a.nd n gluons.
The photons are coupled to the gluons via their splitting into a qllark-antiquark pair to
which the gluons are attached. Being n-gluon amplitudes the Dn carry as arguments n
color labels aj in addition to the transverse momenta k; of the gluons. The color labels
correspond to generators ta, of the gauge group SU(Nc) in the adjoint representation.
As partial waves the D" have also as an argument the complex angular momentulll w.
Since all Dn will carry the same argument w we will suppress it in our notation. In our
notation we will suppress the photon momenta as well. The n-gluon amplitudes are thus
characterized as

relation (2.2) can be generalized to include n-gluon intermediate states. Symbolically, the
generalization has the form

We include a reggeon propagator to find Dn = Gn(w - Ei=1 {1(kj))-I. Here the Dn
describe the production of non-shell gluons in the t-channel. They are non-amputated
amplitudes, i. e. have propagators on the external gluon lines. The correct treatment of
t-channel unitarity relations including multi-particle amplitudes is highly non-trivial. To
our knowledge the most complete survey of this extensive technology is [51], and the reader
is referred to that reference for the details. We will content ourselves here with having
motjvated the physical meaning of the n-gluon amplitudes Dn we are going to study.
Below we will outline the formal definition of the amplitudes Dn•

Once we take into account subleading corrections with more reggeized gluons in the
t-channel and consider multi-particle amplitudes like the n-gluon amplitudes Dn there
exist of course subchannels of the scattering amplitude and we have to care about unitary
also in the subchannels. The approach initiated by Bartels is designed to ensure unitarity
not (lnly in the direct channel but also in all subchannels. This implies that the number of
gluons in the t-channel gluons is not conserved. Due to that the set of integral equations
for the n-gluon amplitudes is turned into a tower of coupled equations including number-
changing integral kernels. (A detailed description of the integral equations will follow in
section 2.2.)

'The non-conservation of the number of reggeized gluons in the t-channel evolution
cont.rasts sharply with the situation in the Bartels-Kwiecinski-Praszalowicz (BKP) equa-
tions [18, 20]. The latter describe the t-channel evolution of a compound state of a fixed
number of reggeized gluons in the Regge limit. Their large-Nc limit turned out to be
equi"alent to a completely integrable model [29]. namely the XXX-Heisenberg model with
conformal SL(2, C) spin s = 0 [30]. Although the BKP equations do not apply directly to
our n-gluon amplitudes D" they will play an important role in the effective field theory of
unitarity corrections that we are heading for. As we will explain in more detail in section
3.3 there will be different elements in the effective field theory. First we will have n-particle
Green functions, that is number-conserving elements. Their behavior will be governed by
the BKP equations. In addition, there will be number-changing elements which we will
call vertices. They arise as a unique feature of the approach pursued here, and turn the
quantum mechanical problem described by the BKP equations into a quantum field theory.

We will now outline the formal definition of the n-gluon amplitudes D". The way
the amplitudes D" are defined is inspired by Regge theory. A condensed but still rather
exteJlsive description of the methods that have to be used here can be found in [52], more
complete reviews are contained in [53] and [54]. The procedure starts from a physical
2 + -n multi-particle scattering process. One identifies certain kinematical variables with
the tlse of so-called Toller diagrams and hexagraphs. After deflning partial waves one can
eveI1ltually get the desired amplitude by taking an appropriate mixed Regge and helicity-
pole limit. Although it is in principle possible we will not carry out this program for
the amplitudes under consideration in this thesis. The procedure becomes technically
com]llicated very quickly with the increasing number of gluons in the amplitude. Moreover,
the physical processes we would have to start with for larger n are very artifical and of
purely academic interest. However, the method outlined here appears to be very natural

The transverse gluon momenta ki in the amplitude are all chosen to be outgoing. Tile
D" are non-amputated amplitudes, i. e. they have propagators for the outgoing reggeized
gluons. Further they are multiply-cut amplitudes. We take discontinuities in the 11 - 1
energy variables defined from one photou and the i flrst gluons (1 :s: i :s: n - 1).

Sj = (P'YO;I +t Pi) 2

1=1

Here P'Y0;l and Pi are the four-momenta of the left photon and the gluons, respectively.
The amplitudes D" can be defined for the non-forward direction

as well. All results in this thesis will hold for the non-forward direction, and we will not
mention this in each case separately.

The simplest of the n-gluon amplitudes is D2• It is identical with the well-known BFKL
amplitude discussed in chapter 1 (there it was denoted </1). There the inhomogeneous term
in the BFI<L equation was not specified. In D2 it is given by the lowest order coupling of
the two t-channel gluons to the virtual photons through a quark loop. The two outgoing
gluons in the BFKL amplitude D~la2 are in a color singlet such that we can factorize the
color structure and deflne the momentum part D2 by

We repeat here two simple but very important properties of the momentum part (see
(2.7» of the BFKL amplitude. The first is that it vanishes when one of its momcntum
argument vanishes,



The inhomogeneous term D(3;o) is now the quark loop with three gluons attached to it.

In (2.12) we find for the first time a new kernel in the equation. Id~;{a} is a transition
kernel from two to three reggeized gluons. The second term on the right hand side of the
equation therefore tells us that at some point in the I-channel evolution we can have a
transition from two to three gluons. The last term describes the evolution of a system
of three gluons, and the sum extends over all pairwise interactions of the three reggeized
gluons via the kernel J(J~;{a}. Let us look at the term in which the first and second gluon
interact via a kernel. In this term the momentum a.nd the color label of the third gluon
are not affected. The kernel should thus be understood to contain a factor Oa,b,. The
symbol <81 denotes again the integration over the loop momentum in the first two gluons
and propagator factors for each of them. The other terms are obtained in analogy.

The equations for higher n are built in a very similar way. They contain as the
respective inhomogeneous term the lowest order coupling of n gluons to the quark loop.
We denote this lowest order term as D(n;O)' A detailed discussion of the quark loop and
explicit formulae for n :::;6 will follow in section 2.4. In addition, the higher equations
contain also higher transition kernels Id~;:{a} from two to m gluons. A general formula
for arbitrary m as well as the explicit formulae for m < 6 are contained in section 2.5.

Since we will make use of the integral equations fo-; up to n = 6 in this thesis, we IlOW

state them explicitly. The general rule should then be obvious. For n = 4 we have

Concluding this section, we introduce a shorthand notation for the arguments of D2•

Later we will use it for the arguments of other functions as well. In the case that an
argument of a function, say D2, is a sum of two or more transverse momenta we will
only give the indices of these momenta, and a string of indices stands for the sum of the
corresponding momenta 1. So we have for example

In the preceding section we have introduced the main objects of our investigations, namely
the n-gluon amplitudes. In the present section we get to know the source from which we
will draw information about the amplitudes. This source of information is provided by a
set of integral equations. I-lidden in them is an amazingly rich structure, and they will
help us to gain insight into the principles underlying the Regge limit of QCD.

The n-gluon amplitudes Dn obey a tower of coupled integral equations. They were
derived in [19] by means of s-channel dispersion relations. Not surprisingly, they bear some
resemblance to the BFKL equation. They are equations in two-dimensional transverse
momentum space. Like the BFKL equation they describe the t-channel evolution of the
amplitudes under investigation. In this evolution, the complex angular momentum w again
plays the role of an energy variable. Its conjugate is rapidity, and it acquires the meaning
of the time-like variable in the evolution.

The integral equation for the two-gluon amplitude D;,a, is of course identical to the
BFKL equation, (w - t l1(kj)) D~,a,a,a.a5

We have moved the trajectory functions to the left hand side of the equation to make the
generalization to larger n more transparent. The inhomogeneous term D(2;0) denotes the
lowest order coupling of the two gluons to the photons via the quark loop. The quark loop
will be the subject of section 2.4. The integral kernel J(J~;{a} is, roughly speaking, the
BFKL kernel (1.9) without the gluon trajectory functions 11. An exact definition of the
integral kernels will be given in section 2.6. The superscript {b} --+ {a} corresponds to
the color labels of the in- and outgoing gluons. The convolution symbol <81 stands for an
integral J ~ over the loop momentum and a propagators & for each of the two gluons
entering the kernel from above.

The integral equation for the three-gluon amplitude D~,a,a, has the form

(
w - ~ l1(k)) Da,a,a, = Da,a,a, + J({b} ...•{a} <81 Db,b, + '" J({b} ...•{a} "" Db,b,b, (2.12)W I 3 (3;0) 2...•3 2 W 2...•2 '€>I 3 •

i=l

Here we again have to explain the meaning of the convolutions and the summation symbols.
In short, the sums contain all combinations of the respective amplitudes and kernels in
which the t-channel gluons do not cross. Before we give an example of the combinatorics
we write the integral equations in pictorial language. That makes the integral equati ons

IThe notation is safe as long as we do not go beyond n = 9 gluons. This, however. is very unlikely for
the foreseeable future.



very catchy which is highly desirable since they are at the very center of the discussion in
the following chapters.

In each diagram only two gluon lines from the amplitudes enter a kernel. An integration
J ~ over the loop momentum and a propagator ~ for each of the two gluons entering
the kernel from above are implied again. The momenta and color labels of the other gluons
are not changed. With the help of the pictorial notation it is also very easy to understand
which combinations of amplitudes and kernels have to be convoluted such that t-channel
gluons do not cross. For example, the sum in the last but one term in the equation (2.18)
for the four-gluon amplitude extends over the four convolutions

(w- ~P(ki)) "W'
(w- ~P(ki)) 'w'

(w - EP(ki)) "~~r

'~' + 'W'
'~' + 'T~~r+ 2: 'w
'~' + '~' + 2: '~l
+2:'~

'~' + "~-- + 2: "~'

+ 2:"W' + 2: 'W' (2.19)

In this section we collect some essential facts about color algebra. While doing so we also
introduce the so-called bird track notation2 for structure constants. This diagrammatic
notation is extremely useful for the problem of contracting indices of arbitrary color ten-
sors. Such a powerful tool is highly welcome here since tensor contractions constitute an
essential part of the computations necessary in the study of the integral equations. The
diagrammatic method that serves this purpose is described in detail in appendix A.

We are interested in the structure of the gauge group G = SU(Ne) wit.h generators to
(a = 1, ... , N; - 1) in the Lie algebra su(Ne). The algebra of generators is

For the case of su(3) the to are given by the well-known Gell-Mann matrices oX°, to = oXa /2.
The antisymmetric structure constants labe can be expressed in terms of generators as

The thicker oriented lines stand for quark color representations, the unorientated lines
correspond to gluon color lines. The lobe are obviously invariant under cyclic permutations
of the indices. Normalization of generators is such that for the Killing form

IT -X=i-V
a b a b a~b

The anticommutator of two generators is

{to, tb} = ~e <Sob+ dabete ,

and the symmetric structure constants dabe are expressed in terms of generators as

A J [A A']~~= =2 +
b c b '-..c b c b cWe will now in turn discuss the elements occurring in the integral equations: the

inhomogeneous terms D(n;O) representing the coupling of n gluons to a quark loop and the
inte~ral kernels [(2->n' But before doing so, we first have to consider some color algebra.

2 A more complete account of this notation can be found in [55] where it is also applied to other Lie
groups. OUf normalization convention slightly deviates from [55J.



With this we have collected all basic elements of the bird track notation. For later use we
give the decomposition of a quark-antiquark state into a singlet and an adjoint represen-
tation (known as the Fierz identity),

has been used already in [22] for the investigation of the four-gluon amplitude. We IlOW

add to this the two tensors

~ [tr(tahetdte) - tr(tetdteha)]
t

~[~-~]
where or, ... , 0 are color labels in the quark (fundamental) representation. In bird tracks
it becomes

(2.40)

(2.41)

All three are invariant under cyclic permutations of the color labels (as are obviously all
tensors defined according to (2.33), (2.34)). It will turn out that these color tensors are
very well suited for the whole problem of solving the integral equations. When interpreting
the results in terms of reggeon color representations, the decomposition of these tensors
into the lower order tensors fabe, dabe and Oab is also useful:

{b}

[ II] * e{b) - II * e{b} - f, bOb eb1b-:>A. - A - BIB2 I a3 2

{a}

for the contraction of the set of color labels {b} of an arbitrary color tensor e{b}. The
symbol * stands for the contraction of the set {b} in color space. The extension to more
than two elements in the set {b} is straightforward.

Generalizing (2.23) and (2.28) we define further tensors that are built from traces of
generators in the following way3

as is easily derived using (2.22) and (2.27). From this we get by cyclic permutation

dabed = 2~e oadl1be + ~(dadkdkbc + fadkikbe) .
tr(tbttb-:> ... tbn) +tr(tbn ... tb-:>tbt)

~ [tr(tb1tb2 ... tbn) _ tr(tbn ... tb2tbl)J.
I

(2.33)

(2.34) dbaed = dabde

which turns out to be useful for calculational purposes. For j"bedc we haveThe definitions are valid for any n E IN. For n = 2,3, however, the tensors arising from
(2.33), (2.34) are proportional4 to Ob,b-:>'fb1b2bJl and db,b-:>b3respectively. For the cases
n = 2,3 we will stick to the conventional definitions of structure constants given earlier
in (2.23), (2.28). To avoid confusion, the notation with upper indices will be used only in
section 5.2 where the most general case will be needed.

The following three tensors are special cases of (2.33), (2.34). We will make extensive
use of them throughout this thesis. The tensor

1
4N

e
(oabfede + fabeOde)

1+8 (Jabkdkcldlde + dabkikcldlde + dabkdkerfldc - fabkfkerflde)

1
4N

e
(n h-. + h-. n )

+~ (/\11\ + J\i/\ + ?\fA - /'\i1\ )tr(tatbtetd) + tr(tdtetbta)

Q+g
(2.38)

(2.39) and further identities can be obtained from (2.47) by making use of the invariance under
cyclic permutations. The tensor dabede! can be decomposed in a similar way,

1
4N2 OabOedOe!

e
1

+-N (Oabdedkdke! - oabfcdklke! + dabkdkedOe! - fabkikedOe!)
8 e

1+ 16 (dabkdkcldldmdme! - dabkdkerfldmfmc! - dabkikcldldmfmc!

-dabkfkeIfldmdme! - fabkdkcldldmfme! - fabkdkctfldmdmef
- fabkikcldldmdmc! + fabkikcl ftdmfmc!) . (2.49)

310 appendix A we wm for brevity refer to tensors built from traces over generators in this way as
'standard tensors'. To the best of our knowledge this term does not carry a fixed meaning in the literature
on Lie algebras.

'In detail we have according to (2.25), (2.28), and (2.23)

da• ~.. (2.35)

dobc 1
(2.36)2dabc

lobe 1
(2.37)2/ ••,.



1
--(\(\ (\

4N;
1

+8Nc ((\ f\1\ - (\ "" + f\1\ (\ - "" (\ )
1+- (f\'T1I\ - J\l'"I/\ - !\iII\ -J\1I/\16

- ~ - J\""iII\ - J\11'7\ + /\111\) .(2.50)

D(~;~)(kl,k2)=~ +~ +~ +~
(2.56)

The two gluons are attached to the quark loop in all possible ways to preserve gauge-
invariance. The s-channel cut (indicated in each diagram by the dotted vertical line)
implies that the cut quark lines are set on-shell. DU;~) depends on the transverse momenta
of the two gluons and on their color indices. The latter dependence is of course trivial and
we can define the momentum part D(2;Oj(k1, k2) of this amplitude byand again other possible decompositions of dabcdcf are obtained from this by cyclic per-

mutations.
To conclude this section on color algebra, we add a remark on invariant tensors. The n

gluons of the amplitudes Dn form an overall color-singlet. They can therefore be expanded
in color space into a linear combination of invariant su(Nc) tensors. Invariant tensors in a
sim pie Lie algebra can generally be constructed from traces of group generators. Consider
a tensor

An analytic expression for D(2;o)(kI, k2) was first found in [56]. Here we give only a special
case, namely the formula for transversely polarized photons and for the forward direction
k1 = k2. It has the form

D (I) - ~ 20', 11d 11 [1 - 20'(1 - 0')][1 - 2y(l- y)W
(Z-O) - L, ef- 0' dy ------------,

• f 271" 0 0 y(1 - y)P + 0'(1 - 0')This trace is obviously invariant under the action of a Lie group element U E G on the
generators

where we have replaced the momentum k1 by the momentum 1 measured in units of VQ2,
Q2 being the squared invariant mass of the photon. The sum extends over the light flavors
of quarks which we have assumed to be massless. For longitudinally polari~ed photons
a similar formula can be obtained. The explicit formula for D(2;o) will not be used in
the following. We will only need the fact that in general D(2;0) is symmetric under the
exchange of its transverse momentum arguments

where UA is (by definition) the group element U in the adjoint representation. The invari-
ance of the tensor e therefore leads to

Let us choose the group element U to correspond to a generator tC via the exponential
map. On the Lie algebra the adjoint representation then acts as the commutator [tC, 1
Therefore the infinitesimal version of (2.53) leads to the condition

n

L fca;b tr( tal ... tb ... tan) = 0,
i:::::J

tb being inserted at the ith position in the trace. Equation (2.54) is often used as the
defining property of an invariant tensor. Our tensors ,sab, fab" dab" dabcd etc. are obtained
as sum or difference of traces of the form (2.51) and thus invariant tensors fulfilling the
con<!ition (2.54). The same holds for products of invariant tensors like ,sabfcd •. For the
stmcture constants fabd, the invariance condition (2.54) results in the well-known Jacobi
identity

in the ultraviolet region, i. e. the growth with the momenta is not stronger than logarithmic.
For the amplitudes D(n;O) with n > 2 we again have to attach the n gluons to the

quark loop in all possible ways to preserve gauge invariance. nut the fact that we are
dealing with multiply-cut amplitudes reduces the number of diagrams to consider. The
cuts forbid the crossing of t-channel gluons as indicated in figure 2.1. The ordering of the
gluons along the loop is thus fixed up to the possibility of coupling the gluons to the quark
or the antiquark. Therefore we have 2" cut diagrams for the inhomogeneous term D(,,;o).

It turns out that all the amplitudes D(~;ij')n can be expressed in terms of D(2;o), the
momentum part of D(~~)as defined in (2.57). To see how this reduction mechanism
works let us have a look at two neighbouring gluons along the quark loop. (They are not
necessarily neighbouring as arguments of the amplitude, c. f. gluons 1 and 3 in figure 2.1.)

Let us now consider the inhomogeneous terms in the integral equations (2.11)-(2.15). The
terms D(~;ij)n describe the lowest order coupling of n gluons to the quark loop. D(j;~) is



The color structures for two and three gluons attached to the quark loop are more or less
trivial: in both cases there is only one color tensor (8a1a, and fala,a" respectively).

We have seen that the diagrams contributing to the quark loop come in 2n-1 poairs.
Among them there is one pair that is special. This is just the pair consisting of the two
regularization terms mentioned earlier in which all gluons couple to the quark line or the
antiquark line. A closer look shows that this last pair can be added and subtracted with
different color structures in such a way that the remaining 2n-1 -1 pairs are regularized to
give ~ D(2;O) each. Therefore the quark loop D(~;ii)n can be expressed as a sum of 2n-J - 1
amphtudes D(2;O) .

In this thesis, we will need the expressions for the quark loop with up to six gl Ilons
attached. As explained, all of them can be written as the sums of D{2;o) amplitudes. For
three gluons coupled to the quark loop we find

In the high energy limit the quark-gluon vertices have to be contracted with a longitudinal
momentum p. The Dirac trace over the quark loop then contains

kIT :::tr( ... p fl p ... )8(k2
).

lei kj

The 8(k2) comes in since the quark has to be set on-shell. Using a Sudakov decomposition
k = Otq' -I-f3p -I- k, with q' = q -I- xp, q'2 = p2 = 0, 2p' q = s, and ki = _k2 one finds for
this expression

where we use the notation introduced in (2.10). In the case of four gluons the ampli tude
contains two different color structures,

D(~;~r3a, (kt, k2, k3, k4) =
_g2da,a,a3a, [D(2;O)(123, 4) -I-D(2;O)(1, 234) - D(2;O) (14,23)]
_g2d·,a1a,a, [D(2;O)(134, 2) -I- D(2;o)(124, 3) - D(2;O)(12, 34)

-D{2;o)(13, 24)].k, -I-kj

This means that due to energy-momentum conservation only the sum ki -I-kj of the two
momenta enters. We can apply this to all gluons along the quark loop and thereby reduce
the momentum part of each diagram to one corresponding to a diagram in which only two
gluons are coupled to the quark loop. The color structure is not affected by this reduction.
A remark is in order concerning the contribution in which all gluons are coupled to the
quark line or the antiquark line. This term acts as a regularization term. As we will see
below it can be added and subtracted in such a way that the full D(~;ii)n can be expressed
in terms of D(2;o),

Let us now see how the color structure of the quark loop amplitudes builds up. Ob-
viously, each diagram contributing to D(n;O) contains a trace over n su(Nc) generators.
The 2n diagrams come in pairs in the following sense. Consider a diagram with k gluons
coupled to the quark and n - k gluons coupled to the antiquark. Then there is also a
diagram with the k gluons coupled to the antiquark instead of the quark and the other
n - k gluons now coupled to the quark. The momentum structure of the two diagrams is
the same up to a factor (_1)n. (This is because the coupling of a gluon to a quark differs
from that to an antiquark by a sign.) The color part of the second diagram is again a trace
over generators ta" but in the trace they now appear in reversed order compared to the
first diagram. Adding the two diagrams one thus finds a color tensor of the kind da, ...dn
for an even number n of gluons and of a tensor of the kind !",...dn for an odd number
n of gluons (cr. (2.33), (2.34) for the definition of the d- and f-tensors). There are 2n-1

pairs of such diagl·ams. Having in mind that due to the photons at the two ends of the
loop the color tensor is not altered if the first or nth glllon is coupled to the quark instead
of the antiquark and vice versa, we conclude that the number of different color tensors
contributing to the coupling of n gluons to the quark loop is in general 2n-3 if n ~ 3.

When five gluons are coupled to the quark loop there appear four different color structures
in the corresponding amplitude,

D(~;~r,a,a'(kl' k2, k3, k4, k5) =

_g3ua!a,a,a,a, [D(2;O)(1234, 5) -I-D(2;O)(1, 2345) - D(2;O)(15, 231)]

-I-r,a!a,a,a, [D(2;o)(1345, 2) - D(2;O)(12, 345) -I-D(2;O)(125, 34) - D(2;o)(134, 25)]
-I-r1a,.,a,a, [D(2;o)(1235, 4) - D(2;o)(14, 235) -I-D(2;o)(145, 23) - D(2;O)(J23, 45)]
-I-r,a,a,a,a, [D(2;O)(1245, 3) - D(2;o)(13, 245) -I-D(2;O)(135, 24)

-D(2;o)(124,35)]}. (2.66)

For six gluons attached to the quark loop we find the following expression. Now eight
different color structures contribute,

DRa,a,a,a,a,a. (k k k k k k)
(6;0) }, 2, 3, 41 5, 6 =

g4{da,.,a,a,a,a, [D(2;o)(12345, 6) -I-D(2;o)(1, 23456) - D(2;O)(16, 2345)]

-I-da,a,a,a,a,a, [D(2;O)(13456, 2) - D(2;O)(J345,26) -I-D(2;O)(126, 345)

-D(2;o)(12,3456)]
-I-da,.,.,a,a,a, [D(2;o)(12346, 5) - D(2;o)(1234, 56) -I-D(2;O)(156, 234)

-D(2;O)(15,2346)]
-I-da,a,a,a,a •• , [-D(2;O)(1256, 34) - D(2;oj{l346, 25) -I-D(2;o)(125, 346)

-I-D(2;O) (134,256)]-1-



+ d·3.'.'.'.'.' [D(2;o)(12456,3) - D(2;o)(1245, 36) + D(2;o)(136,245)
-D(2;o)(13,2456)]

+d·'·'·3.'.'.' [D(2;o)(12356, 4) - D(2;o)(1235, 46) + D(2;o)(146, 235)
-D(2;o)(14,2356)]

+ d·'·'·3.'.'.' [-D(2;O)(1246, 35) - D(2;o)(1356, 24) + D(2;o)(124,356)
+D(2;o)(135,246)]

+ d·'·'·3.'.'.' [-D(2;o)(1236,45) - D(2;o)(1456, 23) + D(2;O)(123, 456)
+D(2;o)(145, 236)]}. (2.67)

These rules can easily be inverted in order to construct the reggeon momentum diagram
from a given momentum space integral. The reggeon momentum diagrams have to be
understood as integral operators. The integration has to be carried out with a function of
the two upper momenta. We emphasize that our notation implies only two propagators
for a given reggeon momentum diagram.

A few more examples of the diagrammatic notation for momentum space integrals are
contained in section 2.7.

We now introduce a further diagrammatic notation for the momentum space integrals
occurring in our analysis of the integral equations. It will be applied in the next section
where we will present the integral kernels f{J~;;:{.}. With the help of so-called reggeon
mvmentum diagrams we hope to make our results more transparent and easier to read. A
reggeon momentum integral looks like the following example:

E;=I kj-l

The integral kernels [(J~;;:{.) were calculated in [18] by means of s-channel dispersion
relations. As explained in section 2.2 the kernels are convoluted with different amplitudes
in the integral equations. Only two of the gluons in the respective amplitude actually
interact with each other. The kernel acts trivially on the momenta and color labels of the
other gluons. We will therefore discuss only the non-trivial action of the kernel here.

The kernel for the transition from two gluons with transverse momenta q" q2 and color
labels {b} = {bit b2} to m gluons with transverse momen ta kl, ... , km and color labels
{a} = {al' ... , am} is given by the general formula

propagator
(1- ktl-2

propagator
(1- k, - k2 - k3)-2

kj k2 k3 k.

W~ now state the rules for translating these diagrams back to explicit integrals. At the
sa~ne time we apply the rules step by step to the above exam pie.

(i) Assign momentum variables to all lines according to momentum conservation (see
diagram).

ii) Write down an integral J ~ over the loop momentum. (There is always a loop
since some amplitude, for instance D2, has to be attached to the upper two lines
and thus be written under the integraL)

For the kernels that are needed for up to six gluons in the t-channel this means in our
diagrammatic notation for color tensors and momentum integral kernels

Id~;{·}(ql' q2;{k;})

[(J~;-+{.}(q}, q2; {k;})

[(J~::{·}(ql' q2;{k;})

[(J~;{·}(ql'q2; {k;})

[(J~;{·}(ql' q2; {k;})

(iii) Find in the diagram the vertex which has two lines attached from above (vertex A
in (2.68».

(iv) Write down the square of the sum of the momenta attached to this vertex from
below. (In our example (k2 + k3)2.)

(v) Write down propagators for the two Jines attached to this vertex from above. (In
our example (1- kd-2(1- k1 - k2 - k3)-2.)

Far the digram (2.68) this results in

I I _ J d21 (k2 + k3)2

Ix1 - (211")3 (I - kd2(1- kl - k2 - k3)2 .

Hg2qiq~ [X -H-N ] (2.71)

mg3qiq~[),( - }1-1'{ + M ] (2.72)

t-m g4qiq~[¥ -}1-rl +M ] (2.73)

t-m1lqiq~ [)( - 11-ri+ hJ] (2.74)

f r r r r t lqiq~ [X - Jd -Ii +W ](2.75)

Here the inverse propagators qiq~ are required in order to ca.ncel t.he propagators im-
plied by our graphical notation. This is necessary because t.he kernels J(J~;;:{.} in the
integral equations are defined without propagators; there t.he propagat.ors come in via the
convolution denoted by the symbol 0.



We emphasize that the kernel [(J~;-+{a}is not identical to the full BFKL kernel (1.9) as
it does not contain the trajectory functions (3. In equation (2.11) they have been moved to
the left-hand side to make the generalization of this equation to n > 2 more transparent.
Also the kernels J(J~:{a} for n > 2 do not contain any trajectories and are not infrared
finite. It is only in the full integral equations that the divergences cancel.

which is local in impact parameter space. The integrals a, b, and c correspond to real
corrections, that is to s-channel gluon production.

Further we have two integral types corresponding to virtual corrections. These are
factorizing and are connected with what we already know as the trajectory function (3 of
the reggeized gluon:

t(12) = J I
When convoluting the amplitudes Dn with the kernels [(Z4m according to the integral
equations, we have to deal with a large number of momentum space integrals. It turns
out that all these integrals can be classified by a small number of standard integrals.
These five standard types of integrals are even sufficient for addressing the case of n-gluon
amplitudes for any value of n. (Strictly speaking this applies to the so-called reggeizing
pieces of the amplitudes as will be explained in the next section.) We will therefore give a
complete list of the five different standard integrals (or diagrams) which at the same time
serve as a few more examples of our notation.

All five standard integrals occur already when dealing with three outgoing gluons. We
therefore give the list for n = 3 here, the generalization to larger n being obvious. First
we have

II J dZI kZ

fA. = (211')3J2(I_lkdzDz(kl+kz,k3)

2
--z(3(kl)Dz(k1 + kz, k3) .
Ncg

This means that the bubble diagrams correspond to gluon trajectory functions (3 for the
line they are drawn on.

It suggests itself here to write the BFKL kernel using the standard integrals introduced
above. When the kernel is applied to the BFKL amplitude Dz we find

The first argument of the function a is the index of the momentum attached to the vertex
A from below. (As in section 2.5 vertex A is the vertex in the diagram with two lines
attached from above.) The momentum structure of the diagram is then fixed by giving one
of the other two outgoing momenta since the diagram has to be folded with a symmetric
function of the upper two momenta, namely with the BFKL amplitude Dz. We choose
the outgoing momentum with the lowest index as the second argument of the function
a thereby completely fixing the corresponding momentum integral since the momentum
carried by the third outgoing gluon line can easily be inferred from the total number of
gluons. Therefore our notation for a has to be supplied with the total number of t-channel
gluons it describes. (In the case of more than three gluons we here choose the group
of momenta containing the lowest index as the second argument of a.) Applying this
notation, our earlier example given in (2.68) would be assigned the expression a(23,1)
when applied to Dz. In section 2.5 the reggeon momentum diagrams stood for integral
operators. In this and in the following sections we use the same diagrams also for the
convolution with BFKL amplitudes. The meaning should be clear from the context. The
function a and the functions b, c, s, t to be defined below always mean the integrals with
Dz included. The second type of diagram is

1..-1 J dZI (k1 + kz)Z (3 )
b(12) = ,.( I = (211')3J2[I _ (k1 + kz)J2 Dz I, j; kj -I .

[(BFI<L 0 Dz = Ncl [c(12) - b(1) - b(2) + ~t(l) + ~t(2)]

Ncg
Z [X - H - N + ~9 I+ ~I 9]

The notation introduced here makes implicit use of the fact that the BFKL amplitude
Dz is symmetric in its two momentum arguments. Without this assumption it would, for
example, be necessary to give explicitly a third argument to fully specify the integral a
in (2.76). We have chosen to restrict the short-hand notation to the case of a symmetric
function since in the remaining chapters we will only apply it to the case of Dz.

As an example of how the convolutions of n-gluon amplitudes with kernels can be
reduced to the standard integrals may serve

This can be easily checked using the explicit definition (2.72) or (2.70) of the kernel. When
studying the n-gluon amplitudes D~ we encounter a problem counected with these convo-
lutions in momentum space. For each convolution it is rather easy to find a representation
in terms of the standard integrals, as the above example shows. The actual problcm is the
rapidly increasing number of convolutions we have to deal with when coming to larger n.
We will explain this problem in more detail in the followiug chapters. For n = 5 g;luons
the problem is at the edge of being tractable by haud. For n = 6 gluons the problem has
to be attacked with the help of some computer power. It is cxactly for this reason that we
introduce the classification of momentum space integrals in this section. In appendix 13
we give an algorithm suited for implementation on a comput.cr, for instance in the PERL
script language. The example above is inteuded to illustrate that the notation illdeed
allows to handle the rather complicated integrals in compact form.



Closing this section, we remark that even the five standard types of integrals mentioned
above are not completely independent if we take our definitions (2.76)-(2.80) literally.
Relations between them occur in the case that one of the outgoing legs of the diagrams
has zero momentum. One finds, for example, that the function b emerges from a when
the arguments of a exhaust the outgoing gluons, that is for three gluons we would get

Chapter 3

Three and Four Gluons, the
Transition Vertex V2---+4In addition, we find the function I from s when the second argument of s vanishes, for

example

In spite of these relations we prefer to treat the five integral types as fnndamentally
different because they correspond to very different locality properties in impact parameter
space. The function c, for instance, corresponds to a contact interaction whereas the
function a contains a non-locality.

This concludes our discussion of the elements of the integral equations and we can now
proceed to solving them (at least partially).

In this chapter we collect the known results on the three- and four-gluon amplitudes that
will be extensively used in the following chapters. At the same time the review of the
four-gluon amplitude offers the opportunity to present in this comparatively simple case
the method we use for attacking the integral equations. We start with the three-gluon
amplitude. The corresponding equation can be solved exactly. We then come to the four-
gluon amplitude and explain how the integral equation can be used to gain insight into
its structure. The analysis of the four-gluon amplitude leads us in a natural way to the
two-to-four gluon vertex V2-H that plays a prominent role in the analysis of the integral
eqnations also for higher n-gluon amplitudes. Its properties are described in some detail.
The field theory structure of the unitarity corrections with up to four I-channel gluons
is discussed. We emphasize that its emergence is closely related to the phenomenon of
reggeization. In section 3.4 we explain the conformal invariance of the transition vertex.

Besides the known results the present chapter also contains one new result. In section
3.5 we show that the two-to-four transition vertex V2-t4 can be written as a sum of
convolutions of free propagators and BFKL kernels. The corresponding representation is
given explicitly and the potential significance of the result is briefly mentioned.

The amplitudes with three and four gluons, D3 and D4 were first investigated in [21,22].
It was found that the integral equation (2.12) for the three gluon amplitude can be solved,
the solution being

which can be shown by direct computation. In addition to performing the color algebra
contractions and the convolutions in momentum space one has to make use of the integral
equation (2.11) for the two-gluon amplitude D2•

The result (3.1) means that an actual three-gluon state does not appear. In the
contrary, the amplitude turns out to be a superposition of two-gluon states. We call this
phenomenon the reggeization of the amplitude. It generalizes the notion of reggei1.ation



previously attributed to the fact that the BFKL equation in the color octet channel can
be solved by a pole-ansatz and thus describes a one-reggeon state. In the case of the
three-gluon amplitude reggeization again occurs in a channel corresponding to the adjoint
representation, i. e. in the octet channel for the case of Nc = 3. We should emphasize
that the reggeization of D3 is a property of the momentum space part of the amplitude.
The analytic properties correspond to those of a superposition of two-gluon compound
states. Nevertheless, D3 remains a three-giuon amplitude carrying three color labels, i. e.
the color part of the amplitude is not affected.

It is worth noting that the solution (3.1) is obtained from the lowest order term (2.64)
by replacing the quark loop amplitudes D(2;O) by the fuil BFKL amplitudes D2 while
keeping the color and momentum structure.

We did not give a proof of (3.1) here. In chapter 4 we will discover that the reggeization
of the three-gluon amplitude D3 is actually a special case of a more general identity. The
general case will be discussed in detail when the five-gluon amplitude is studied in that
chapter.

3.2 The four-gluon amplitude and the two-to-four transition
vertex 112-+'1

Again, this is obtained from the lowest order term (2.65) by the replacement D(2;O)-l> D2.
The ansatz for the reggeizing part and thus the decomposition (3.2) is to some edend
arbitrary. Recently, a different ansatz for the reggeizing part was investigated in [57. 58).
That ansatz, as also discussed in [22], is more convenient for the analysis of high mass
diffractive processes. We will not further discuss other possible choices for the splitting
(3.2) of the amplitude here. All choices will, of course, lead to equivalent results for the
complete amplitude. The choice given above is singled out because it leads to a very
simple picture for the remaining part Di, especially when interpreted in view of a field
theory structure of unitarity corrections. Moreover, the choice (3.3) is special in that it
satisfies the Ward identities to be discussed in section 5.1.

The natural next step is to derive a new integral equation for the unknown irredllcible
part Di. To this end we insert the ansatz (3.2),(3.3) for the full amplitude into the original
integral equation (2.13). The known result (3.1) for the three gluon amplitude is inserted
as well. Due to the choice of D~ we can then apply the equation (2.J.l) for the two-gluOll
amplitude to the expression wD~ on the left hand side. That exactly eliminates the lowest
order term D(4;O} on the right hand side and produces additional terms containing only the

convolution of D2 amplitudes with the kernel J(J~:{'} or products of D2 with trajectory
functions /3. Besides the terms containing Di all other contributions to the right hand
side consist of convolutions of two-gluon amplitudes D2 with the integral kernels. Our
new equation thus takes the form

The method that we use to gain insight into the structure of the n-gluon amplitudes is,
in principle, very simple. One starts with a guess on what the solution or at least a part
of the solution might be. The full solution is then assumed to be a sum of the part we
have guessed and a remaining term. That ansatz is inserted into the integral equation and
a new integral equation for the unknown part is derived. So far this is always possible,
independent of how good or bad our guess was. But now the new integral equation will
tell. If the guess was not very good, the new integral equation will be very complicated
and it will not be possible to extract any further information. If the guess was good the
new integral equation is simplel and allows to gain further information on the unknown
part. Of course, this procedure is not uniquely determined. As we will see, the quark loop
is an excellent source of inspiration for the choice of an ansatz. Only in a later step in the
investigation of the six-gluon amplitude in chapter 6 we will for the first time have some
difficulties in finding a good guess. Let us now see how the method works in practice.

In [21, 22) the four-gluon amplitude was split into two parts,

(
_ ~{3(k'))D[""'3"(k k k k )-V.""'3·'D _1-"'J({b}->{'},o,Dlb,b,b3b,w 6 "4 I, 2, 31 4 - 2-+4 2 L...J 2-+2 '<Y 4 •

i=l
(3.4)

The sum on the right-hand side of this new equation extends over all pairwise interac tions
of the four gluons. In the inhomogeneous term V2-t4D2 we collect all the terms containing
D2, hence the notation. V2-t4 should be understood as an integral operator acting 011 the
two-gluon amplitude. As we will explain in more detail below, it describes the transition
from the two-gluon state to a fully interacting four-gluon system in the t-channel. The
explicit expression for the two-to-four transition vertex was computed in [21, 22J. To
arrive at this explicit result the following steps h;we to be done. First we have to con tract
the color tensors of the amplitudes with those of the kernels. This is done along the
lines described in appendix A. The second step is to bring the momentum space integrals
to their standard form, that is to classify them according to the scheme explained in
section 2.7. Both steps result in lengthy calculations because of the large number of
contractions involved. The results of the su(Nc) tensor contractions are then multiplied
with the corresponding momentum space integrals. Finally, a1l terms can be collected
to give the vertex V2-t4. Due to cancellations the resulting expression is comparatively
compact. Remarkably, a1l terms belonging to the color tensors d"'''''3'' and d02""" drop
out. One 'finds the following colol' and momentum structure for the vertex:

a reggeizing part Df and a part Di that for reasons to be explained below is called the
irreducible part of the four-gluon amplitude. The reggeizing part is - in analogy to the
three-gluon case - chosen as the superposition of two-gluon amplitudes,

D:·,·,03" (kl, k2, k3, kl) =

_g2do""", [D2(123, 4) + D2(1, 234) - D2(14, 23))
_g2d""'3" [D2(134, 2) + D2(124, 3) - D2(12, 34) - D2(13, 24)).

V2'~~"3" ({ qj}, kl, k2, k3, k4) == 0.,.,0'3" V ({qj}, kl, k2; k3• kl)

+ °"'3°.,.,V( {qj}, k[, k3; k2, k4)

+ 0".,0'2'3 V ({ qj}, kl, k4; k2, k3) .

'The word 'simple' is obviously a critical point. Its ex.act meaning will hopefully become clear in the
course of the present section.

The function V is the same in all three t.erms on the right hand side. The qj are the
two momenta entering from above. Since throughout this thesis \l.l_->4 is almost al ways



V(k2, kj; ks, k4)

V(ki, k2; k4, k3) ,

because the integrand of the trajectory function fJ (see (2.79) and (1.10)) exhibits two
divergences of the same form. Similarly, one can show that the combination

1 1
a(h, II) - 2' 8(12, III - 2' 8(12,13) (3.12)

is infrared finite separately for any partition of the momenta {k;} into three sums Ii, h, h.
Finally, the term c(l) is infrared finite separately since in this term (see (2.78)) the poles of
the propagators are cancelled by the zeros of the BFKL amplitude D2 in the integral. The
finiteness of these three groups is completely independent of the total number of momenta
k; that are split into the groups denoted by Ij. It should be obvious from equation (3.6)
that the integrals in the vertex function come in exactly these infrared finite combinations.

Having discussed some nice properties of the transition vertex V2•..•4 we now come back
to the main problem of understanding the full four-gluon amplitude D4• When the ansatz
(3.2) was made the goal was to arrive at a simple equation for the yet unknown part D;[.
A glance at the new integral equation (3.4) tells us that the ansatz inspired by the quark
loop was a very good guess. In fact, the equation contains only the vertex V2•..• 4 and a
homogeneous part. Therefore, the integral equation (3.4) for D;[ can now be iterated. The
structure arising from this is

D;[ = G4 • V2 •..••i . D2 , (3.13)

G4 being the Green function of the four-gluon state. The Green fUllction obeys the DKP
equation with four t-channel gluons which is a four-particle Schrodinger equation. Its
Hamiltonian is given by the homogeneous part of the integral equation (3.4), i. e. by the
sum of all pairwise interactions f{2 ...•2 of the four gluons. Unfortunately, the eigenvalues
and eigenfunctions of the Hamiltonian are not known and (3.13) remains a formal solution
only. Though, some properties of the four-gluon state have been worked out in [24]. We
will return to the interpretation of the structure inherent in (3.13) momentarily in section
3.3.

Even without knowing an analytic formula for D;[ we ca.n deduce two important prop-
erties. Like the two-gluon amplitude, the irreducible part of the foul'-gluon amplitude
vanishes (modulo logarithms) when one of the outgoing gluon momenta is set to zero,

D~414'Cl'4'(kr,k2,hk4)lk'=O=0 (iE {1, ... ,4}). (3.14)

To prove this we proceed order by order in the iteration of the Hamiltonian L: f{2-.2. The
identity holds in lowest order since the vertex itself has this property (see (3.10)). In
the next order, (3.14) holds because [(2->2 also vanishes if one of the outgoing momenta
becomes zero, etc. Similarly, we can show that the irreducible part D;[ is completely
symmetric in the four gluons, that is under the simultaneous exchange of color and mo-
mentum,

contracted with a BFKL amplitude D2 from above, we will omit these arguments in the
following and consider the quantity V2•..•4D2• The vertex function V(ki, k2; k3, k4) has the
explicit form

rL x {2 [c(1234)
4

- b(123) - b(124) - b(134) - b(234) + b(12) + b(34)
+a(13, 2) + a(14, 2) + a(23, 1) + a(24, 1)
- a(l, 2) - a(2, 1) - a(3, 12) - a( 4,12)]

+[ t(123) + t(124) + t(134) + t(234) - t(12) - t(34)
- 8(13, 2) - 8(13,4) - 8(14,2) - 8(14,3)

- 8(23, 1) - 8(23,4) - 8(24,1) - 8(24,3)

+ 8(1, 2) + 8(1, 34) + 8(2, 1) + 8(2,34)

+ s(3, 12) + 8(3, 4) + 8(4, 12) + 8(4, 3)]} (3.6)

where we have made use of the notation introduced in section 2.7.
Let us now describe the known properties of the vertex function V and of the full

tr-ansition vertex V2•..•4• The first observation is that V(k1, k2; ks, k4) is symmetric in its
first two and in its last two arguments

alld symmetric under the exchange of the first pair of arguments and the second pair of
arguments (that is why our notation separates these pairs by a semicolon)

Therefore, according to (3.5) the full vertex V2->4 is completely symmetric under the
si multaneous exchange of color and momentum of the gluons.

The combination of integrals in V D2 vanishes when one of the outgoing momenta
vanishes,

This result can be proven easily using iden tities of the kind mentioned at the end of section
2_7 and the fact that the BFKL amplitude D2 vanishes at zero-momentum argument. This
p:roperty of V D2 is carried over to the full vertex,

D~4,4,4,4, (k2, ki, ks, k4)

D~a'4'4Ia'(k3,k2,kl' k4)
D~n'4'4,a, (k1, k2, ks, kr) .

Further, the function V D2 is infrared finite, that is the infrared divergences in the different
iategrals contributing to (3.6) cancel in the sum. This can be easily seen after noticing
that already certain combination of very few standard integrals are infrared finite. For
iastance, the combination

b(l) - ~t(l)

is. infrared finite for any sum of momenta that is substituted for I. The proof is obvious
by inspection of the corresponding integrals (see section 2.7). The factor 1/2 comes about

Although we do not have an analytic expression for the irreducible part, we have gathered
by now quite some knowledge about the slructure of the four-gluol\ amplitude D1. Ne-



theory structure is the phenomenon of reggeization. Without reggeization in the three-
gluon amplitude and in the part Dr- of the four-gluon amplitude one would not have been
able to arrive at the simple structure (3.16). We will therefore pay special attention to
the mechanism of reggeization in the unitarity corrections.

glecting for a moment color and normalization factors, this structure is illustrated in the
following diagram

The first part is the superposition of two-gluon states (the reggeizing part Dr-) coupled
to the quark loop. In the second (irreducible) part D~ a two-gluon system couples to the
quark loop and then undergoes a transition to a four-gluon compound state via the vertex
V2-H• From this we learn that the complete amplitude consists of only a few basic building
blocks: a quark loop allowing the coupling of the t-channel gluons to external particles,
the two-gluon Green function (BFKL amplitude), the four-gluon Green function, and
the two-to-four transition vertex. The Green functions describe the quantum mechanical
propagation of bound states of t-channel gluons. With the transition vertex we have in
addition a number-changing element connecting different n-reggeon states. This turns
the quantum mechanical problem of n-gluon states into that of a quantum field theory of
reggeized gluons, All this happens in the 2-dimensional space of transverse momenta. The
complex angular momentum w plays the role of an energy variable. Its conjugate variable,
i. e. rapidity, plays the role of the time variable.

The structure of unitarity corrections becomes even more interesting when we change
from transverse momentum space to impact parameter space by means of a Fourier trans-
form. As was observed in [23] the transition vertex V2-t4 in impact parameter space is
invariant under conformal transformations. (We will come back to the conformal invari-
ance in some more detail in the next section.) Recalling that also the BFKL amplitude
(and in a similar way the four-gluon Green function) is conformally invariant in two-
dimensional impact parameter spa.ce, we conclude that a.ll the basic elements occurring in
the four-gluon amplitude exhibit conformal invariance. The occurrence of a field theory
structure and of conformal invariance gives rise to the hope that the complete set of uni-
tarity corrections can be cast into the form of an effective field theory. Its basic elements
should be n-gluon Green functions and number changing vertices. It should be a 2 + 1-
dimensional euclidian field theory. The two space-like dimension are the two dimensions
of impact parameter space, the time-like dimension is realized as rapidity. In addition,
we expect the effective field theory to be a conformal field theory. The latter property
would of course have far-reaching consequences and would allow to apply all the beautiful
and powerful methods from conformal field theory. We will briefly mention some of these
consequences in the next section.

So far only the simplest elements of a potential effective field theory have been found:
the two-gluon compound state, the two-to-four transition vertex V2-t4 and the four-gluon
compound state. An analytic formula for the latter is still missing. The concept of an
effective field theory has not been derived from first principles. It has to be tested and
further elements should be derived. To achieve this is seems natural to proceed to higher
n-gluon amplitudes. Exactly this constitutes the ma.in goal of this thesis, namely to deepen
our understanding of the field theory structure of unitarity corrections by studying the
five- and six-gluon amplitudes. A very important ingredient for the emergence of a field

The most striking property of the transition vertex V2-t4 is its conformal invariallce in
impact parameter space which was proven in [23J. To explain it in a more detail let
us consider an amplitude A4 that is the convolution of the vertex V2-t4 with a BFKL
amplitude <P2 from above and with a four-gluOll state <P4 from below. The latter is assumed
to be a solution of the four-particle BKP equation. The amplitude A4 has the form

2 4

A4 = ! IId2qj IId2ki <P2( ql, q2) V;-'.~2.3.'({q;), kl> k2, k3, k4) X
i=l i:::::l

X <p~'.2.3··(kl,k2,k3,k4)O (~qj - ~ki) .

We change from transverse momentum space to impact parameter space by meallS of a
Fourier transform,

2

<P2(ql>q2) !II [d2pj'eiQ'Pj'] <P2(PI',P2')
J=I

4

<p4(kl,k2,k3,k4) = !II [d2pie-ik,P'] <P4(Pt,P2,P3'P'I)
&=1 .

where the coordinates P are understood in complex notation as introduced in section
1.4. This procedure defines the Fourier transform of the transition vertex. Assuming the
conformal invariance of the functions <P2 and <P4 one can prove the invaria.nce of the whole
amplitude A4 and infer that the vertex in fact is conformally invariant. In this context
conformal invariance means the invariance under a simultaneous Mobius transformation
of all coordinates P according to the map (1.24) in section 1.4. Motivated by the conformal
invariance, an operator representation for the transition vertex V2-t4 in impact parameter
space was worked out in [24, 59].

In [23] four subgroups of the integrals in the vertex fUllction (3.6) were found that
are infrared finite separately. Their properties under conformal transformations in impact
parameter space were then considered separately to eventually prove the in variance of
the full vertex. These groups turned out to be suitable also for finding the operator
representation for the vertex [24, 59]. In [57] it was shown that the proof of conrormal
invariance can be simplified by making use of a representation t.hat can be found already
in [22] for the forward direction (~i ki = 0),

2

L[G(l, 23,4) + G(2, 13,4) + G(l, 24, 3) + G(2, 14, 3)
2

- G(12, 3, 4) - G(12, 4, 3) - 0(1, 2, 34) - 0(2, 1, 34)

+ G(12, -,34)]. (3.20)



This representation holds for the non-forward direction as well. The function G is

2
!L [2c(123) - 2b(12) - 2b(23) + 2a(2,1)
2

+ t(12) + t(23) - 5(2,1) - 5(2,3)]

~ [2¥ -2}1-21i +2M

+;2.1+1;2. - AliA]

This result on the triple Pomeron vertex was found in [24]. The constant in the three-
point function (which is actually a function of the three conformal weights) was calculated
in [62, 63]. With this impressive result we conclude our short review of the conformal
invariance of the two-to-four transition vertex.

In this section we present a newly discovered property of the vertex 112....•4. The new
result is of possible relevance to a more conceptional problem, namely the emergence of
conformal invariance in the vertex. The vertex 112....•4 is a basic (in fact the first number
changing) element of the effective field theory. We have made the surprising finding that
it can nevertheless be built entirely from well-known BFKL kernels and free propagators
(1/k2). We do not present the full derivation of the new representation here. The basic
idea is to express the kernels /(2 ....•m with m ~ 4 in terms of two-to-two kernels /(2 ....•2·
(This was done for the two-to-three kernel J(2 ....•a also in [64]2.) Then the color tensors
can be shown to arrange in such a way that that the kernel /(2 ....•2 can be replaced in these
expressions by the full BFKL kernel including the trajectory functions {3. The way the
BFKL kernels are convoluted with the propagators in the new representation does not
allow to read off the conformal invariance of the vertex immediately. Therfore our new
representation is probably not helpful for actual computations. But it is well conceivable
that it can contribute to the understanding of the conformal symmetry present in this
element of the effective field theory. It might also help to gain insight into the properties
of the vertex under crossing. Unfortunately, we are presently not able to reveal the deeper
meaning of our new result.

To display the formula, we first define JC to be the product of a full BFKL kernel with
the two propagators entering from above,

After Fourier transformation to configuration space, the function G was shown to be
conformally invariant by itself. The conformal invariance of 112....•" can then be derived
easily. Therefore it might seem that the function G acquires a fundamental meaning as a
generalization of the BFKL kernel for the case of more than two reggeons. G is infrared
finite and it vanishes when the first or third argument vanishes, but it does not when
the second momentum becomes zero. A direct interpretation of the function G seems
difficult since a real two-to-three transition does not occur in the amplitudes. Only the
combination (3.20) of the functions G has all the nice properties discussed in section
3.2. We will meet the function G again in chapter 6 where a different combination of G
functions will occur. The function G is certainly valuable at least at as a calculational
tool.

The conformal invariance might turn out to be a general feature of the unitarity cor-
rections. The present situation seems in fact very promising concerning this issue. In case
an effective conformal field theory of unitarity corrections can be formulated the conse-
quences would be fantastic. Conformal field theories (CFTs) in two dimensions have been
a subject of very intensive and fruitful research in the past years, see for example [60, 61].
A result that is immediately relevant to the unitarity corrections is the fact that conformal
symmetry imposes very strong constraints on the correlation functions of the theory. An
example is the three-point function in a CFT. It is fixed up to a constant for a given set
of three conformal fields. In a general CFT there is a set of quasi-primary fields <t>(z,z)
that transforms under conformal transformations z -+ f(z) as

(
Of)h (of)h _<t>(z,z) -+ oz oz <1>(J(z), f(z» .

-1 1 1
JC(ql' q2i kl, 1<2)= -N 2 22J(BFI<L(ql, q2i 1<1,1<2),

cg ql q2

where (cf. (1.9» the kernel J(BFI<L includes the trajectory functions {3. Using JC the vertex
function 11 (see (3.6» can then be written as

1
-h,+h,-h3 -h,+h3-h,-h,+h,-h, 'z12 z23 zla

4 (" ) (4 ")(V D2)(1<j, k2i I<a,k,,) = - 4(~1T)aJ g d21i 0 ~ Ij - ~ I<j

X{ - [D2(11 + h + la, 14) + D2(11 + h + I", Ia) + D2(1, + la + 14, h)

+D2(lI, 12+ la + 4) - D2(11 + h, la + 14) - D2(l1 + la, 12+ 14)

-D2(11 + Ll, h + la)]
X [JC(II, hi 1<1,k2),,(la - l<a)8(14 - 1<,,)+ JC(la, 14; ka, k1)8(11 - I<I)o(h - k2)]

+ [D2(11 + h + 13,14) + D2(11, 12+ Ia + I,,) - D2(11 + 14,12 + la)]

X [JC(II,lai kl, ka)<5(h - k2)8(I" - k,,) + JC(h, I"i k2, kl)8(11 - kJl8(la - ka)] +

Here the real-valued quantities hand h are the conformal weights of the state <t>,and h
does not indicate the complex conjugate of h. (For the relation of the conformal weight
to conformal spin and scaling dimension see section 1.4.) The three-point function G(3) =
(<1>.<1>2<1>a)has the form

where Zij = Zi - Zj. Most interestingly, the transition vertex V2....•4 has exactly this form
wh en projected onto three BFKL eigenfunctions. In detail this projection is done by choos-
ing the functions 4>2and 4>"in 3.17 as given by conformal eigenfunctions E(v) (plO' P20) ,

4>2(PI" P2') E(v')(PI'c, P2'c) (3.25)
4>:""3" (PI, P2, Pa, p,,) = 8.,.,8'3" E(v.), (PI., P2.)E(Vb) '(Plb, P2b) . (3.26)

21n that. reference also the two-to-four kernel 1(2-+4 was expressed in terms of the kernel }(2-+2. The
identity given there is nol suited for deriving a new representation of the full vertex V2_~4 iu terms of full
BFl<L kernels as we give it here. We have found a different way t.o express 1\2-+4 in terms of K2-+2 which
can be seen in the last two lines of equation (3.28) below.



+ [DZ(l1 + lz + 14,13) + D2(11 + 13+ 14,h) - D2(11 + h, 13+ 14)
-D2(11 + h, 12+ 14)]

X [K:(lj,14;kl,k4)5(12 - k2)5(h - k3) +K(h,h;k2,k3)5(lj - k1)5(l4 - k4)]}

+ 4(~:)3 J (gd
2
li) 5 (~Ij - ~kj)

X [D2(11 + lz,13) - D2(lj + h,lz) + D2(1l> lz + 13)]

X{ [K:(11,h; k1 + k2, k3) - K:(lj - k1, 12;k2, k3)] 5(13 - k4)

- [K(Il> h; k1 + k2, k4) - K:(lj - kj, h; k2, k4)] 5(h - k3)

- [K:(11,13;k1, k3 + k4) - K(ll' 13 - k4; kl> k3)] 5(h - k2)
+ [K:(12,h; k2, k3 + k4) - K:(h, h - k4; k2, k3)]5(11 - kj)}

+ 2(~:)3J (g d
2
li) 5 (t1j - ~kj) D2(lI,12)

X [K:(11,h; k1 + k2, k3 + k4) - K:(11- k1, 12;k2, k3 + k4)
-K(h, h - k4; kj + k2, k3) + K:(11- kj, h - k4; k2, k3)] (3.28)

x [(~I) - (~I) - (~) + (r'l=U)
- (IT{) + (~) + (I~) - (I~)]}

+~D2 (II) X [(H) - (M) - (HI)+ (M)] . (3.31)

Here an integration with the weight 1/(21f)3 over the loop momentum is implied as are
the 5-functions according to the gluon lines that are not involved in the interactions.

Since this formula is rather complicated we try to make it slightly more transparent by
using a diagrammatic notation. We define a diagram for K, the BFKL kernel including
the propagators for the gluons entering from above,

ql q2

K(qj, q2; kl> k2) = H. (3.29)
k1 k,

Let us further introduce a pictorial notation for the momentum arguments of the BFKL
amplitude D2• We write

and the generalization of the notation to other combinations of the four momenta ki is
obvious. Now equation (3.28) can be rewritten as

(V D2) (k1, k2; k3, k4) =

- ~ { - [D2 ( 11) + D2 ( J-L) + D2 ( J-l ) + D2 ( 11 )
- D2 ( AA) - D2 ( ,l~ ) - D2 ( hL )] X [( H II) + (II H ) ]

+ [D2 ( 11) + D2 ( 11) - D2 ( hL )] X [( ~ I) + (I~ )]
+ [D2 ( J-L ) + D2 ( J-l) - D2 ( A A) - D2 ( ,l~ )]

X [(~) + (IHI)]}
+~{[D2 (A I) - D2 (J-L) + D2 (I A)] X



Chapter 4

With a well-chosen Dr; we will come to a new integral equation for the yet unknown
quantity D~. Again, this decomposition is not unique. Our ansatz will lead to an equation
for D~ that can even be solved. This situation is the best we can hope for and further
justification for the ansatz is certainly not needed. The natural choice for Dr is once more
suggested by the inhomogeneous term D(s;o). This means that our ansatz has exactly the
same color and momentum structure as D(s;o) in (2.66), but we replace D(2;o) by D2

resulting in

D~·1.'.3 ••a'(kl' k2, k3, k4, ks) =
_lua1a,a3a.a, [D2(1234, 5) -I- D2(1, 2345) - D2(15, 234)]

-I- /",a,a3 •• a, [D2(1345, 2) - D2(12, 345) -I- D2(125, 34) - D2(134, 25)]
-I- 1",a,a3a,a. [D2(1235, 4) - D2(14, 235) -I- D2(145, 23) - D2(123, 45)]
-I- 1",a,a •• ,a3 [D2(1245, 3) - D2(13, 245) + D2(135, 24)

-D2(124, 35)]}. (4.2)
In this chapter we do the next step in the investigation of unitarity corrections in high
energy QeD. We want to study the five-gluon amplitude, thereby going now beyond pre-
vio usly known results. We prove that the five-gluon amplitude Ds is the superposition of
two-gluon amplitudes D2 and irreducible four-gluon amplitudes Di. This result consti-
tut-es a further generalization of the concept of reggeization and we will gain first insight
on how reggeization works in higher n-gluon compound states. To arrive at these results
we first identify a reggeizing part Dr; in the full five-gluon amplitude and derive a new
integral equation for the remaining part D{ This step is tech nically very similar to the
corresponding procedure for four gluons as we have outlined it in the preceding chapter.
Thvugh, the computational effort necessary here is already considerable. In the case of
fou r gluons we were able to iterate the integral equation for the remaining part and could
rea<1 off the structure of the solution already at this stage. The situation in the five-
gluvn amplitude is more complicated at this point. Fortunately, we will be able to write
the inhomogeneous term of the new integral equation in terms of the known two-to-four
ver1;ex V2-H• Using the known results on the four-gluon amplitude we are even able to
solve the equation. Remarkably, the solution does not require an analytic expression for
the four-gluon compound state which we are still lacking. A very important piece in
the solution of the integral equation for the remaining part D~ is the mechanism leading
to xeggeization in a subsystem of three gluons. The reggeization in the three-gluon am-
plit;ude discussed in section 3.1 now turns out to be a special case of that more general
me.:hanism of reggeization. We will be lead in a natural way to the conjecture that each
am plitude with an odd number of I-channel gluons exhibits full reggeization. We conclude
the chapter with a discussion of the results in the context of an effective field theory.

This is inserted into the integral equation (2.14). We insert into that equation the expres-
sions (3.1), (3.2), (3.3) for D3 and D4 as well. In order to find the new integral equation
for D~ we have to simplify and collect all terms not involving D~ and D{ These terms
will contribute to the inhomogeneous term of the new equation for D~ and we will now
discuss them. From the left-hand side of (2.14) we get wDr;, which can be treated using
the BFKL equation (2.11). Due to this, the inhomogeneous term D(s;o) in (2.14) is ex-
actly cancelled and we get further terms involving only convolutions of D2 functions with
kernels [(2-72 or trajectories (3. From the right-hand side of (2.14) we get contributions
of the type [(2-7sl81 D2, L: [(2-74 Q9D3, L: [(2-73 Q9D~, and L: [(2-72181 D§l. All of these
can be written as sums of convolutions of D2 with the kernels [(2-7m' The corresponding
contractions of color tensors are performed Ilsing the diagrammatic method described in
appendix A. In that appendix we also give the explicit formulae for some of the con-
tractions required. The total number of contractions needed here is close to one hundred.
Most of them can be obtained from those given in the appendix with a moderate amount of
work. The momentum integrals are brought to their standard forms as classified in sectioll
2.7. The respective momentum integrals and color contractions are then multiplied and
can be collected. This last step amounts to collecting several thousand terms and sorting
them according to the different color tensors. At least in this step the use of a computer
algebra program is needed to cope with the large number of terms. In the analysis of the
six-gJuon amplitude in chapter 6 we will need computer power also in order to be able to
deal with the huge number of momentum space integrals.

In the derivation of the new integral equation the terms involving Di remain un-
changed. They will be treated at a later stage of the analysis. The sa.me is true for t.he
homogeneous term containing D£' The combinations of the D! and D~ amplitudes with
the kernels are therefore the same as in the original equation (2.14). We thus find the
following equation for the unknown part D~of the five-gluon amplitude:

4.1 A reggeizing part and the integral equation for the re-
maining part

In the first step, our analysis of the five-gluon amplitude Ds follows very much the same
lines as the study of the three- and four-gluon amplitudes. To get started we identify a
reg;geizing part Dr; of the amplitude and split the amplitude accordingly,



The first term on the right hand side is the result of the computation described above.
We will now treat it in more detail.

The first interesting observation concerns its color structure. All terms proportional
to r,a,a,a.as (and the other three permutations of this occurring in (4.2)) are cancelled
between the different contributions to this inhomogeneous term and drop out. Something
similar happened in the case of D4 where there is no term proportional to da,a,a,a. in the
vertex V2-->4 and only lower tensors (i. e. products of o-tensors) contribute.

Secondly, we observe the following symmetry of the new inhomogeneous term we have
calculated. The sum extends over all (ten) possibilities to have a pair of gluons in a color
singlet. For each of these permutations of the gluons color and momentum labels are
exchanged simultaneously, i. e. the sum in (4.3) stands for

I: la,a,a,Oa.asH(I, 2, 3; 4,5) = lala,a,oa.asH(I, 2, 3; 4,5) -/- la,a,a. oa,asH (1,2,4; 3,5)
-/- ... -/- oa,a,!a,a.asH(3,4,5; 1,2) . (4.4)

the ladder expansion' of the irreducible amplitude D{, cf. (3.13). More specifically, it is
for each of the ten terms in (4.4) that we find in a three-gluon subsystem exactly the
momentum structure that also determines D(3;O)' The similarity is also evident for the
color structure, namely the three-gluon su bsystem comes with a tensor la~c.

Clearly, this suggests to construct a solution D~ in analogy to the three-gluon ampli-
tude. While D3 is a superposition of BFKL amplitudes D2 we now should choose D~ as a
similar superposition of irreducible four-gluon amplitudes D{. The following combination
of D{ amplitudes is of this kind and in fact is a solution to equation (4.3). We will olltline
the proof of this [act momentarily.

D1ala,a3a'.S(k k k k k) -!!.x5 11 2, 3, 4, 5 - 2

x {/.,a,cD~ c·,·,·s (12,3,4,5) -/- 1.,a,cD~ c.,a,as (13,2,4,5)

-/-1.,.,cD: C·'·3·' (14, 2, 3, 5) -/- fa, a.cD: ca,a,., (15, 2, 3,4)

-/-la,a,cD~ a,c•• a. (1,23,4,5) -/- 1.,a.cD: a,co,a. (1,24,3,5)

-/-1., •• cD,; a,ca3·' (1, 25, 3,4) -/- 1.3a,cD: a,.,ca. (1,2,34,5)

-/- la3•• cD~ a,a,ca. (1, 2, 35,4) -/- la,.scD~ a1a'.3e(], 2, 3,45) } (4.6)

The function H is the same in all ten permutations. This symmetry is an outcome o[
our computation, and it has not been used to derive (4.3). On the other hand, it is
not an unexpected property of the inhomogeneous term. Already in the corresponding
equation (3.4) in the four-gluon case the inhomogeneous term, i. e. the vertex V2-->4, had
this symmetry.

A closer inspection of the function H reveals that it is actually a superposition of
vertex functions V which we encountered in the discussion of the two-to-four vertex
V2-->4. Namely,

9H(l, 2, 3;4,5) = 2[(V D2)(12, 3; 4,5) - (VD2)(13, 2; 4,5) -/- (VD2)(I, 23; 4, 5)]. (4.5)

In each of the terms one pair (i, j) of gluons is merged2 into one gluon which then enters the
irreducible four-gluon amplitude from below. This gluon in D{ has momentum (kj + kj)
and color label c. The merging of the two gluons in color space happens via a la;.;c tensor
(i < j). The position in the amplitude D{ at which the 'composite' gluon with color c
and momentum (kj -/-kj) enters does not matter since D{ is completely symmetric in the
four gluons, d. (3.15). All possible pairs of gluons are treated in the same way. The way
pairs of gluons are merged (or arise from splittings) becomes more transparent when (4.6)
is written using bird track notation,To obtain this striking result is was necessary to go through the full calculation of all

convolutions of amplitudes with kernels as described. It is only afterwards that we are
able to discover the simple structure in terms of V. Unfortunately, we do not know a way
leading to (4.3), (4.5) that avoids this tedious calculation.

D1.la'·'····(k k k k k)-!l.x5 1, 2, 3, 4, 5 - 2

x { [1111]* D~ ~1~'~3~' (12, 3, 4, 5) -/- [JU I] *D:b,b,b3b. (13, 2, 4,5)

-/-LUll] *D~b,b,b3b'(14,2,3,5)-/- [JilL] *D~b,b,b3b'(15,2,3,4)

-/-[1111] *D:b,b,b3b'(l,23,4,5)-/- [UlI] *D~~,b,b3b'(l,24,3,5)

-/-[LllL] *D~bl~~3b'(1,25,3,4)-/- [1111] *D:b,b,b3b'(I,2,34,5)

-/-[IIJ.L] *D~b,~b,b'(I,2,35,4)-/- [1111] *D~b'~'b'b'(l,2,3145)}. (4.7)

Up to this point, our analysis of the five-gluon amplitude followed essentially the same
lines as in the case of [our gluons. Whereas there the new integral equation could simply
be iterated, this is not possible here. To find the solution for D~ we now have to go beyond
the procedure applied for n = 3 and 4 gluons.

Taking a close look at the integral equation (4.3) for D~ we discover that its structure
bears a strong resemblance to the equation (2.12) [or the three-gluon amplitude D3.

In the second term on the right hand side of (4.3) a pair of gluons of the amplitude
D{ is convoluted with two-to-three kernels. In the corresponding term in (2.12) it was
the two-gluon (BFKL) amplitude D2 that was convoluted with the same kernel. There
the first term on the right hand side, i. e. D(3;o), was the superposition of quark loop
amplitudes D(2;O) tllat are the lowest order terms in the ladder expansion of D2. In (4.3)
the corresponding term (4.4) is, according to (4.5), the superposition of functions VD2•

(In fact it is even the superposition of full two-to-four reggeon vertices V2-->4D2 as we
will see below.) These vertex functions, in turn, constitute the lowest order terms in

J This statement has to be taken with some care, since the terms V D2 are of course not of lowest or"der
in the coupling constant g. In the contrary, D2 already contains an infinite series of ladder diagrams. What
is meant here is that each cJjagramin the ladder expansion of D! starts with a full two-gluon ladder and
a vertex attached to this.

1: Depending on the context one would like to use different words for the formula (4.6). From the point
of view of constructing the solution it is clearly a 'merging' of two gluons, with the concept of a t-dl.aonel
evolution in mind one would prefer to speak of a 'splitting' of g11l003.



The next terms in the integral equation that we look at are the products of D!'s
with trajectories (3. These arise on the left hand side either from wD! via (3.4) or from
the original [L~=i(3(ki)] D~ after (4.6) is inserted. Those in which the argument of the
trajectory function does not correspond to a gluon undergoing or arising from a splitting
cancel directly between these contributions. It can be easily checked that the others are
exactly cancelled by the terms from the right hand side in which the two gluons emerging
from a splitting interact with each other via a kernel J(2~2'

It is a bit more complicated to study the expressions still left in the integral equa-
tion after the cancellations discussed so far. These are D!'s undergoing a two-to-three
transition via the kernel J(2~3 on the RHS and convolutions of D! functions with kernels
[{2~2 in which one of the gluons undergoing or emerging from a splitting is involved in
the interaction (both sides). The latter do no longer include such convolutions in which
the interaction is between the two gluons emerging from the splitting. In the terms un-
der consideration three of the five outgoing gluons participate in the splitting or in the
interaction. The other two gluons do not interact and can be in an arbitrary color state.
Among the five gluons there can be a total of ten different three-gluon subgroups, and we
will argue that the cancellation takes place in each of these subgroups separately. To this
end let us concentrate on one of these subgroups, say the one with the first three of the
outgoing gluons affected.

The mechanism that makes these contributions cancel between the two sides of the
integral equation is the same that already caused reggeization in the three-gluon amplitude
D3. This does not come as a surprise since it was just the similarit.y of the corresponding
integral equations that lead us to the ansatz (4.6). The ident.ity actually bringing about
the reggeization of the three-gluon subsystem is in pictorial language

We will come to the interpretation of this structure later in this chapter in section 4.3.
Now we explain how (4.6) can be shown to solve the integral equation (4.3). The

only pieces of informat.ion about the irreducible four-gluon amplitude D! we need for the
purpose of t.his proof are its complete symmetry in the four outgoing gluons, cf. (3.15),
and the int.egral equation (3.4) it fulfills. Fortunately, an analytic solution of the latter is
not required.

We start from the integral equation (4.3) derived previously and insert. the conjectured
solution (4.6). On the left hand side then we find ten terms of the kind wD!- To these
we apply (3.4). Thereby we produce different terms and we first concentrate on the terms
involving the vertex function V. For example, applying (3.4) to

f., .'.3° •.• , (V D2)(12, 3; 4, 5)

+f.,.,••0.3.' (V D2)(12, 4; 3, 5)

+f.,.,.,0.3 •• (V D2) (12, 5; 3,4)

containing three different vert.ex functions V. Similar expressions are obtained from the
other wD! terms on the left hand side. In some cases a minus sign arises due to the
antisymmetry of the structure constant f.be. For instance, from the second term in (4.6),

in which the pair (1,3) of gluons is merged we get

- f.'.'.30.,., (V D2)(13, 2; 4, 5) + f.'.3.'o.,., (V D2)(13, 4; 2, 5)
+f.,•3., 0.,., (V D2)(13, 5; 2, 4) .

Therefore we find exactly the same thirty vertex functions that occur also on the right
hand side of (4.3) according to (4.4),(4.5). We have thus confirmed that the conjectured
solution (4.6) indeed reproduces the correct lowest order term in the integral equation,
namely the combination of vertex functions V D2 given above. Moreover, we see that the
first term on the right hand side of the integral equation (4.3) is not only a superposition
of vertex functions V D2 but of full transition vertices V2~4 (applied to D2 as usual).

Let us now consider further terms in the integral equation (4.3) that we have not
treated yet, namely those involving the irreducible four-gluon amplitude D!. I'Iaving
applied (3.4) to the wD! terms on .the left hand side the homogeneous term of that
equation produces convolutions of D! amplitudes with kernels J{2~2' In these first a
kernel acts on D! and then the splitting of one gluon into a pair happens according to
the combinations in (4.6). On the right hand side of the integral equation (4.3) the last
term also gives us convolutions of D! amplitudes with kernels [(2~2, but here the order
of the convolution and the splitting of gluons is interchanged: first one gluons splits into
two and then two of the now five gluons interact via a kernel [(2~2. Among the terms just
mentioned a subclass cancels immediately. Consider the case that the two-to-two kernel
acts between two gluons none of which undergoes a splitting (LHS) or has emerged from a
splitting (RHS). Then the order of interaction and splitting along the t-channel evolution
is irrelevant and these terms are in fact the same on both sides.

Only the three-gluon subsystem is shown, and the horizontal lines at the top are meant
to suggest the irreducible amplitude D! that the gluons enter. The arrows indicate the
symmetry of this amplitude under the simultaneous exchange of color and momentum of
the two gluons. The kernels are the ones defined in section 2.6.

The splitting of a gluon is depicted here by the corresponding color diagram and is
meant to indicate the behavior in momentum space3 as well. The terms on the left (right)
hand side of (4.12) are exactly the ones that occur on the left (right) hand side of the
integral equation (4.3). To prove (4.12), the convolutions are evaluated as described in
the preceding sections. However, here the situation is slightly complica.ted by the fact
that the two gluons entering from above can be ill an arbitrary color state. In the case
of D3 these two gluons were in a color singlet state, effectively reducing all color tensors
to an overall f.'.'.3' Here we have to be more careful and treat three independent color
classes separately. (Of course, this could have been dOlle already for D3 but there it was

3 Strictly speaking, this is done in abuse of our notation that. usually separates momentum aud color
space. Confusion should hardly be possible here as all terms have been desuibcd in detail before.



of reggeization also occurs in the five-gluon amplitude gives us some confidence that the
idea of a field theory structure will be a good guiding line also for the investigation of the
six-gluon amplitude.

Given the fact that the three- and five-gluon amplitudes exhibit complete reggeization
caused by the same mechanism, one is naturally lead to the question whether the same is
true for each odd number n of gluons. Indeed, the mechanism leading to rcggeization in
a three-gluon subsystem is very general. It is completely independent of the structure of
the quark loop that we started with in the analysis of the integral equations. In deriving
(4.12) we only made use of the fact that the amplitude to which the upper two gluons
are attached - in this case D{ - is symmetric in the two gluons. Therefore we can
conclude that for a given odd n one important condition for the reggeization of the n-
gluon amplitude is fulfilled as soon as the irreducible part of the (n - 1)-gluon amplitude
is symmetric. However, we have to keep in mind that this is only one of the two conditions
leading to complete reggeization. The second condition necessary for the reggeization of
D~ was that the inhomogeneous term in the integral equation (4.3) had the specific form
(4.5), i. e. could be written as a special superposition of transition vertices '12->4' For a
part of an arbitrary n-gluon amplitude with odd n to reggeize it. is obviously necessary that.
the respective inhomogeneous term has a very specific form. With our present knowledge,
we are not able to derive this specific form of the inhomogeneous term for general n. The
complete reggeization of amplitudes with an odd number of gluons is therefore only a
(plausible) conjecture.

We would like to add a remark that concerns our choice of notation. Actually, this
remark goes beyond a pure issue of notation. In the splitting of the four-gluon amplitude
into two parts in (3.2) the superscript I in D{ was meant to indicate that this part of
the amplitude is irreducible - in contrast to the other part. For four gluons this was a
good choice of notation since that part in fact contaius a new irreducible compound state
of four reggeized gluons. In the case of five gluons, we again split the amplitude into two
parts, cf. (4.1). The first part Dl! is a reggeizing one as the superscript n indicates. But
now we have discovered that the remaining part D~ reggeizes as well! For this reason we
have avoided to call this part 'irreducible'. Nevertheless our notation makes perfect sense
when extended in an appropriate way. The first superscript lor II. should be understood
as specifying the (non-)reggeization of the respective part with respect to the two-gluon
state. We can then introduce a second superscript to indicate the (non-)reggeization with
respect to the four-gluon state. (We will actually be forced to do so when considering the
six-gluon amplitude in chapter 6.) For a proper notation we should thus identify

For some of the t.erms in (4.12) it is necessary to use the symmetry in the upper two
gluons which is a property of D{. Each of the three terms on the left hand side of (4.12)
contributes to two of the three color classes in (4.13) via the Jacobi identity (2.55). Having
dissected the integral equation this far, it is finally a comparatively short calculation to
check that (4.12) holds. Thereby we have finished the proof that D~ as given in (4.6) in
fact is the solution of the integral equation.

In this chapter we have been quite successful in dealing with the integral equation for
the five-gluon amplitude. It was even possible to solve the equation. Now we want to
interpret our findings in view of a possible field theory of unitarity corrections. Let us
first summarize the essential results we have obtained in this chapter. We have split
the five-gluon amplitude into two part.s. The first part was the reggeizing part Dl! that
is the superposition of two-gluon amplitudes D2• We have found an integral equation
for the remaining part D~ and have solved it. It turned out that the remaining part is
the superposition of irreducible four-gluon amplitudes D{. Neglecting all normalization
factors and color tensors, this situation can be sketched in the following way:

The first term on the right hand side is the reggeizing part Dl! of the amplitude (see
(4.2)). The sum extends over all partitions of the five gluons into two groups. The second
term is the one found in the preceding section. Here the sum includes all possible pairs of
gluons that then merge into one.

On first sight, it may seem that we did not discover anything new here. We only find
the known amplitudes D2 and D{, and the well-known two-to-fourtransition vertex V2->4.

There is no new transition vertex and no new irred ucible amplitude that would include
a five-gluon compound state. But exactly this 'nothing' is quite an intriguing result.
It shows that the five-gluon amplitude reggeizes completely. This result (4.14) clearly
constitutes a generalization of the concept of reggeization and proves that reggeization also
takes place in more complicated amplitudes. Especially interesting is the reggeization in
the second part that turns out to be a superposition of irredncible four-gluon amplitudes.
In this part all possible pairs of gluons can merge into one more composite reggeon and
we have to sum over all these pairs. The mechanism at work here is therefore exactly the
same as in the three-gluon amplitude.

Reggeization was an important prerequisite for the emergence of the two-to-four vertex
and thus of the field theory structure in the four-gluon amplitude. That the phenomenon

the second superscript now telling us that this part reggeizes with respect to the four-gluon
state. The notation can easily be extended to accommodate reggeization wit.h respect to
a potential six-gluon state or even higher compound states.



Chapter 5

momenta ki to zero. Roughly speaking, the amplitude DOl can in this case be expressed in
terms of the amplitude DOl-I' The reduction is accompanied by an interesting behavior of
the corresponding color structure for which we can extract a general rule. This behavior
in color space does not only involve the gluons to which the one with vanishing momentum
is coupled in the original amplitude (for example in the reggeizing parts) but involves all
gluons of the amplitude. In this sense our identities constitute a global property of the
amplitudes.

We will be able to find a formula valid for the reggeizing parts D~ of the amplitudes
and for these we can even give a general proof for arbitrary n. For the remaining parts D~
we limit our study to the cases n = 4,5 as we know them from the preceding chapters. We
will then make a conjecture on how the the mechanism works for higher n here. If it can
be confirmed, the identities might provide a valuable tool for the further investigation of
the field theory structure of unitarity corrections. Specifically, we will find a characteristic
difference between the parts of the amplitudes that exhibit reggeization and such parts that
do not. Moreover, the identities obviously lead to strong constraints on the amplitudes.
Both facts might turn out to be very helpful especially for the investigation of higher
n-gluon amplitudes with n ~ 6 where a more complicated structure is expected to arise.
We will discuss the potential significance of the Ward type identities for the field theory
structure in more detail in subsection 5.1.3.

We start with considering the reggeizing parts DI; and study for each n how the color
tensors rearrange in the case of a vanishing momentum ki. It seems to us quite instructive
to see the mechanism at work in concrete examples. With these we also hope to convey
the impression that the Ward type identities impose very strong constraints on the color
and momentum structure of the amplitudes. After that we state the general rule for the
amplitudes D;; in (5.17), (5.18) and sketch the proof for arbitrary n. Tlien we turn to the
amplitudes Di and Dl and formulate the conjecture how higher D~ have to be treated.

Ward Type Identities and
Reggeization Tensors

Equipped with solutions of the integral equations for up to five I-channel gluons we are
now in a position to study two novel aspects of their structure. Both concern the intricate
interplay of color and momentum structure present in the amplitudes. This interplay in
the high energy limit reflects the non-abelian character of QeD. It is thus expected to
resi<!e at the very center of the field theory structure we are heading for. As we have seen,
the phenomenon of reggeization is intimately related to the emergence of a field theory
structure and actually a prerequisite for it. With the results of the present chapter, we
hope to do a step towards a deeper understanding of this relation. It is therefore quite
natural that both aspects we want to investigate here deal with reggeization. The first
aspect is the subject of section 5.1. It is of a more global nature and relates n-gluon
amplitudes of different n. In section 5.2 we encounter more local properties, namely the
color tensors accompanying the reggeization of a single gluon. .

So far we only know the structure of the amplitudes with up to five I-channel gluons.
Our aim in the present chapter is to extract from this limited set of results as much
information as possible. We then try to formulate conjectures how the observations made
here can be generalized to a larger number of I-channel gluons. At this stage, we will
not be able to decide whicll of the results found here are general features of the field
theory and which depend on the special process under consideration, i. e. on the coupling
of the n gluons to the photon via a quark loop. It is also conceivable that some of the
results are only valid for amplitudes with a small number of gluons and in general have
to be replaced by more involved relations. To settle these questions requires either to
derive similar results from a different starting point, for instance within an effective action
approach [39, 40], or the investigation of amplitudes with more gluons in the I-channel.
In this thesis, the study of the six-gluon amplitude in the next chapter will offer the first
opportunity to put our conjectures to the test.

5.1.1 The reggeizing parts D;:
After recalling that the BFKL amplitude D2 vanishes in case one of its momentulll argu-
ments vanishes (see (2.8))

we consider first the reggeizing parts D,~of the amplitudes DOl, with n ranging from 3 to
5. This includes also the full amplitude D3 since it consists of reggeizing pieces only. The
simplest relations hold for the case in which we set the first momentum kl = 0, namely
the vanishing of the amplitudes1,

The same is true for setting the nth (i. e. the last) momentnm to zero in the amplitude
D;;,

The Ward type identities to be discussed in this section relate n-gluon amplitudes of
different n and allow to gain further insight into the interplay between their color and
momentum structure. These identities of Ward type arise when we set one of the n gluon

IStrictly speaking, we here make incorrect use of notation since the amplitudes Dn are for different n
objects in different ®n[su(N,)] tensor spaces.



We will see below that the identities (5.2) and (5.3), although seemingly trivial, fit well
into the more general rule that determines the color structure of our Ward-type identities.
When setting one of the momenta k2, ... , kn-1 to zero the amplitudes do not vanish. For
the three-gluon amplitude we find

g!a,a,a3D2(k1, k3)

9 [,1.1] * D~,b, (kl, k3) == 9 [1,1. ] * D~lb, (k1, k3)

== 9 [,1.111] * D~blb,b3b, (kl, k3, k4, ks)

== 9 [1,1.11 + IJt 1+ 1-*] * D:b,b,b3b, (k" k3, k4, ks) . (5.12)

In the second line we have used the 2-gluon amplitude including color labels, that is
D~lb, == fJb,b,D2 (see (2.7)). The way the color structure is written in the second line serves
to make the general rule for the color structure more transparent. For the reggeizing part
Df of the four-gluon amplitude we find

DfalQ2aaa4!
k2=O

(5.5)

(5.6)

== 9 [111,1.] * D~b,b,b3b, (k1, k2, k3, ks)

== 9 [11,1.1+ IJU + J!L1] * D:b, b,b3b, (kl, k2, k3, ks) . (5.13)

The last lines in (5.12) and (5.13) are again implied by the fact that the color tensors in
D:b,b,b3b, are invariant tensors. For k3 == 0 we need the analogue of (5.10), (5.11) which
is slightly more complicated. Applying (2.22) two times we get the two identities

This can be seen directly from the definition of Df. For k2 == 0 the two expressions in
square brackets in (3.3) become equal due to (2.8) and the color tensor in (5.6) is the
difference of the two color tensors in (3.3),

/OIQ2QaB40S _ /Qt02(1"QS(13

ja20t(13Q4(1S + jalQ2a3asQ4

!aJaac dca2Q4QS + fa2aac d01Ca4tl.S

fO
t
(13C dU2CU4(1S + fa2(1ac dCQja4as.

(5.14)

(5.15)

dabcd dbacd - 11, 1,- - - 2" abk kcd, D~ata2a3a4as I
k3:::Q

9 [JlII + 1,1.11] * D:b,b,b3b, (khkz, k4,ks)

9 [11,1.1 + II Jt ] * D:b,b,b3b, (k), k2, k1, ks) .

as follows from (2.26). The color tensor corresponding to D3, 1.e. fhb,b3' is an invariant
tensor. According to (2.54) the second line in (5.6) can thus also be written as

9 [11,1.] * D;,b,b3 (kl, k2, k1)

9 [1,1.1+ JlI] * D~,b2b3(kl' k2, k4) •

The Ward identities collected here for the reggeizing parts D~ of the n-gluon am pIi-
tudes (n ~ 3) can be summarized as follows. For vanishing momeutum kj the momentum
part of the amplitude D~ reduces to D~_l' the momentum arguments being the (n - 1)
remaining transverse momenta. (Here we again identify D!} == D3 since D3 reggeizes
completely, and D!}_l should be understood as D2.) In color space the label aj of the
zero-momentum gluon has to be contracted via a fa,a;c tensor with the color labels of all
gluons j to the left, that is with j < i, and these contractions have to be added. The label
c has to be taken at the jth position in the amplitude D~_l' Since the amplitudes D~(_l

consist of invariant tensors in color space, we can alternatively contract the label Uj with
all color labels aj to the right (j > i) with a faiajc tensor. In the latter case the label c is
at the (j - l)th position in the amplitude D~_l' Casting this into formulae we have

DRa, ...an(k k )1 -
n b ... , n kj=O-

i-I- "1, DRa, ...ajc ...ai ...an(k ~k· k)
-gL-J QjC1iC n-l tj 1""1 tl"') n

j=1

Dfal<l2Qa041
k3=O

The Ward identities for the reggeizing part D~ of the five-gluon amplitude arise in a
similar way. Setting one of the outgoing momenta to zero in (4.2), we find that the four
different momentum structures reduce to two. When k2 == 0, for instance, the expressions
in square brackets in line 1 and 2 in (4.2) become equal up to a sign, as do the expressions
in square brackets in line 3 and 4. The corresponding pairs of color tensors can be added
using (2.22),
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where the hat indicates that the corresponding quantity has to be left out. The formulae
include the special cases k1 = 0 and kn = 0 as well: the respective sum in (5.17) or
(5.18) is empty or it contains (n-l) terms and vanishes due to the condition for invariant
tensors (2.54). These Ward identities for the reggeizing part of the n-gluon amplitude can
even be shown to hold for arbitrary 11(see below). This is of course only true in the case
that we choose the reggeizing part D~ to be obtained from the corresponding quark loop
D(n;O) by replacing D(2;O) -t D2 as discussed in section 3. Other choices for D~ in the
decomposition into reggeizing part and irreducible part of the n-gluon amplitude will in
general violate the Ward identities.

In the preceding chapters explicit formulae for the reggeizing amplitudes have been
displayed only for up to five gluons. In addition, we will encounter the reggeizing part D/1
of the six-gluon amplitude in the next chapter (see (6.2)). It can also be shown to fulfill
the Ward type identities (5.17), (5.18) following the same lines as for up to five gluons.
We even have the possibility to prove the Ward type identities for arbitrary 11. Due to the
construction of the amplitudes D~ from the quark loop (by the replacement D(2;O) -t D2)
it is sufficient to prove the identities for D(n;O)' The quark loop is the sum of 2n diagrams2

as explained in section 2.4. Consider now two of these diagrams that differ in the coupling
of the ith gluon. It is coupled to the quark line in one and to the antiquark line in the other
diagram. Due to this the two diagrams have opposite sign. But otherwise the momentum
structure is the same when setting k; = O. The color structure differs by the position of
the generator ta, within the trace. Starting from one of the two diagrams we can shift
ta, around the loop to the left (or to the right) by iterated use of (2.22). Doing so we
come across all gluons j with j < i since the cuts in the amplitude (see fig. 2.1) forbid
crossing of t-channel gluons. Therefore this procedure generates exactly the terms needed
for (5.17) containing a trace over (11- 1) generators contracted with a fa'a;e' (Although
it is a bit tedious, the correct signs can be checked without difficulty.) Th~ two remaining
terms with a trace over 11generators cancel due to the sign mentioned above. The second
form of the Ward identity (5.18) is obtained by shifting the generator ta, around the loop
to the right instead of to the left.
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for any i E {I, ... , 5}. Once we have found the amplitude Dl in the form (4.6), only
two more ingredients are required for the proof. One is the vanishing of DJ for vanishing
argument (3.14), the other is the defining property (2.54) of invariant su(Ne) tensors. The
latter applies here since the four gluons in the irreducible amplitude DJ are in a color
singlet. With these two pieces of information at hand the ca.Iculation leading to (5.19)
and (5.20) is almost trivial.

5.1.2 The amplitudes D~ and D{,

We now come to examining the Ward identities for that part of the n-gluon amplitude
which is not the superposition of two-gluon amplitudes. This requires n ?: 4 since only in
this case we have a non-vanishing part D~ as defined in the preceding chapters. On the
other hand our knowledge of this part is rather limited: it is only up to 11 = 5 that we
kllOW its structure, and even here we do not have an analytic formula for the four-gluon
state. Therefore we have to restrict ourselves to D! and Dl here.

For D! we have already found (see (3.14)) that it vanishes whenever one of the mo-
mentum argument vanishes. The study of the amplitude Dl is surprisingly simple. It
fulfills Ward identities very similar to those valid for the reggeizing amplitudes D~, i. e.
(5.17) and (5.18). The only difference is well in agreement with what one would naturally
expect. Whereas the amplitude D~ was reduced to a superposition of D~_l'S when one

The Ward identities discussed so far suggest an underlying pattel'l1 also valid for higher
n-gluon amplitudes. In this section we try to make an educated guess about the general-
ization of the identities to higher n. This is done in the form of several conjectures. Each
of the conjectures applies to a certain part of the amplitudes, for instance to the part of a
l1-gluon amplitude that reggeizes into two-gluon amplitudes. Since the integral equations
only constrain the full amplitudes Dn, we will not be able to prove the conjectures for
the different parts separately. The main conjecture we make here is actually that it is
possible at all to split the amplitudes into different parts in such a way that the latter
fulfill the conjectures below. This main conjecture, however, can very well be Pllt at test
by investigating amplitudes with more t-channel gluons or by deriving the field theory
structure from a different starting point. With this situation in mind, we now state what
we expect for the different parts of the amplitudes.

Our first conjecture is that the number-changing vertices of the elTective field the-
ory (as they result from the appropriate splitting of the amplitudes into reggeizing and
non-reggeizing parts) vanish when one of the outgoing gluons has vanishing transverse
momentum. It is certainly true (see (3.10)) for the two-to-four transition vertex V2-H

which is up to now the only known number-changing element. In order to find out about
other number-cha.nging elements we have to study higher n-gluon amplitudes. This will
be done in the next chapter for the six-gluon amplitude where we will try to find out
about a possible two-to-six transition. Unfortunately, we will not be able to arrive at a
final clarification of this issue. This is due to other conceptional problems we will come
across in that case. Here we mention only that these problems are connected with finding
a proper definition of what can be called an 'element' of the field theory and refer the
reader to section 6.3.2 for more detailed discussion.

Connected with the preceding one is the conjecture that the non-reggeizing parts of the
amplitudes vanish if one of the outgoing gluons has zero momentum. Examples found so
far are the two-gluon (BFKL) amplitude D2 and the irreducible part D,j of the four-glnon
amplitude.

'1As mentioned ah'eady in section 2.4 the two diagrams with aU gluons coupled to the same line (quark
or antiquark) do not give rise to a separate D2 tel-m in the reggeizing parts since in the quark loop they
act as regularization terms only. We can therefore disregard them for the present discussion.



The final and probably the most important conjecture concerns the reggeizing parts
of the amplitudes. If some part of a n-gluon amplitude can be written as a superposition
of non-reggeizing parts of lower amplitudes it should satisfy the Ward identities found in
the previous sections. However, we know from the way we have treated the amplitudes
so far that the choice of a reggeizing part is at our disposal. Therefore, this conjecture
amounts to a condition for a good choice of a reggeizing part. 'This brings us back to the
problem already mentioned in section 3.2 and we will now discuss it in more detail.

There is some freedom in decomposing the amplitudes Dn into a reggeizing and re-
maining part as discussed in chapter 3. Our conjectures about the Ward identities should
be used as conditions for the sensible decomposition of the amplitudes into reggeizing and
irreducible parts. We expect such conditions to become especially helpful already in the
the course of investigating the six-gluon amplitude. To illustrate the potential significance
of the Ward identities let us briefly discuss the next step towards constructing the effective
field theory, namely the investigation of the six-gluon amplitude D6• In the first step, the
quark loop offers sufficient inspiration for the sensible choice of a reggeizing part. However,
in the six-gluon amplitude a new problem will arise. After decomposing the amplitude
in the canonical way into reggeizing part and a remaining part, D6 == D: + Dl, we will
find a new integral equation for D{ We anticipate that here a further decomposition will
be required to fully understand its structure. Namely, the part Dl will most probably
contain a part that is the superposition of irreducible four-gluon amplitudes Di

and not too quickly jump to conclusions that go substantially beyond the subject or color
structure. At the end of the section we will of course come back to the issue ofinterpl'eting
the results in a larger context.

In general the process of reggeization can be viewed in two differen t ways. To illustrate
this let us have a look at the reggeizing part Dl1 of the four-gluon amplitude (3.3). In
diagrammatic representation it is the first term in the right hand side of (3.16). In the
picture of t-channel evolution the amplitudes start with the coupling of two reggeized
gluons to the photons via a quark loop, then we have the propagation of the two-gluon
state in the t-channel, and finally one of the gluons (or both) split - or 'decay' - into
two or more gluons. To the splitting of the reggeized gluons belongs a certain color tensor,
as given in (3.3) for Df. Viewed from a different angle, we can say that a group of gluons
in the reggeizing part Dr merges - or 'collapses' - to make up a more composite gluon
which then enters the two-gluon compound state from below. We will use both pictures
in parallel here and, depending on the context, speak of 'merging' or 'splitting' to mean
the :very same phenomenon of reggeization.

We will now turn to the case of arbitrary n and consider the reggeizing parts D~l of
the amplitudes. From these we derive the color structure accompanying the merging of
a number of reggeized gluons into a single reggeon. This will lead us in a natural way
to a simple classification of the composite reggeons according to their decay properties.
Thereby, we hope to gain further insight on how reggeization works. However. we ha.ve to
keep in mind that the amplitudes D~ constitute only the simplest part of our amplitudes
and are derived from the special structure of the quark loop. In a second step we will
therfore have to find out whether the reggeization in more complex amplitudes like D!
works in the same way. that is whether it is accompanied by the same color tensors as in
the two-gluon amplitude. Only in this case we may speak of a general property of the
mechanism of reggeization.

Let us pick one of the terms in the reggeizing part D~(kl"'" kn). 'It consists of a
two-gluon (BFKL) amplitude Dz with its two arguments made up from a group of the n
momenta each. Let us assume that the first of these groups contains 1 gluons (1:::: 1 :::: 11-1)
and that the other group is made of the remaining Tn gluons (m == n - I). For simpLicity,
we will further assume that the 1 gluons in the first group are the first I gluons in the
amplitude with momenta kl, ... , k/. Other terms in D~ with a splitting into 1 and m
gluons are then obtained by permutation of color and momentum labels. We can thus
characterize the chosen term by its momentum structure,

This means that the part D~,R is irreducible with respect to the two-gluon amplitude, but
it is reducible with respect to the four-gluon amplitude. But in this case we do not have
a quark loop suggesting a good choice for D~,R. Exactly at this point the Ward identities
will be highly useful for the task of identifying a correct choice for the reggeizing part in
this decomposition. To summarize, we expect roughly the following structure to arise in
higher n-gluon amplitudes. There will most probably be irreducible m-gluon compound
states for all even m. Based on each of them there will be a hierarchy of reggeizing parts
of amplitudes, all of them reggeizing with respect to the same m-gluon compound state.
The amplitudes in each of these hierarchies should then obey Ward type identities of the
kind discussed in this section. Unfortunately, at the moment we do not know a way to
prove this conjecture at than to explicitly analyze the higher n-gluon amplitudes.

Dz( kl + ... + kl, kl+1 + ... + kn).~ '--v------'
1

Whereas the preceding section was devoted to the study of the more global interplay of
color and momentum structure in the amplitudes, we now turn to more local properties
of the color structure. Namely, we will be able to assign to a reggeized gluon a kind of
'quantum number' that specifies its behavior in the process of reggeization. The cleanest
environment to study the mechanism of reggeization is clearly provided by the two-reggeon
compound state or BFKL amplitude. To see how higher and higher 'Fock states' of the
reggeized glllon occur we will therefore investigate the reggeizing parts D~ of the n-gluon
amplitudes that consist of superpositions of two-gluon amplitudes. Here we will focus our
interest on the color structure of single terms. For the most part the present section will
deal with pure color algebra. One should therefore be very careful with the interpretation

In this section we will not care about the sign of the special term in D~ we consider3. We
will also neglect the additional factor gn-2 that comes with the term above.

To find the color tensor corresponding to (5.22) for arbitrary n we have to remind
ourselves of the way the reggeizing parts D~ were constructed. The individual terms in
D~ were obtained by the replacement D(z;o) ~ Dz in the quark loop amplitude. The
color tensor belonging to (5.22) can therefore be deduced from the corresponding lowest
order term in which n gluons are coupled to the quark loop. Specifically, in the term or

3Especially in the case of an odd number of gluons, the relaLive signs of the terms in D:; have to be
treated with care since the signs change when the order of the color labels in the tensor is reversed.



interest in the quark loop there are two contributions: one with the 1 gluons of the first
group coupled to the quark and the other m gluons to the antiquark, the second with
quark and antiquark exchanged. (This was described in more detail in section 2.4.) The
tratce in color space taken along the quark loop then gives for the first contribution

A special case of that general fact is the well-known formula describing the successive
emission of two gluons off a quark,

Here we have to have in mind4 that the conventional normalization of structure constants
fabc and dabc differs from our definition of d- and f-tensors with upper indices. Further,
we have to use dab = /jab and f"b = O. A seemingly trivial special case of (5.30) is the
emission of a single gluon. Namely, if 1= 1 only the first term on the right hand side give
a contribution, and due to dab = /jab we end up with a trivial identity. Nevertheless, this
case is quite important for the consistency of the assignment of 'quantum numbers' we
want to carry out.

Coming back to our main problem now, we apply these identities to the color tensor
of the term we have picked in D;;. The color tensor of that term depends on the total
number n of gluons. For even n the color tensor associated with our term is the d-tensor
in (5.26). Applying (5.30) now to the first group containing 1 gluons we arrive at

Hen we have given new color labels to the gluons according to the group they are in. The
first 1 gluons now carry color labels bi, the m glnons in the second group have now been
assigned the color labels dj such that the connection with the original labels is

Th e second contribution contains a trace in color space in which the generators occur in
reversed order,

Th~ relative sign between the two contributions depends on the total number n of gluons.
(Tllis is because the coupling of a gluon to a quark or antiquark in the quark loop differ
by a sign.) If n is even, they come with the same sign. So the color tensor we are looking
for is

i,···b,cdcd, ...dm + fb, ...b,crd, ...dm

1 1+__, db, ...b'dd, ...dm + __ l,···b'fd, ...dm.
2!1c 2Nc

For odd n the color tensor is the f-tensor in (5.27) and here the application of (5.30) to
the 1 gluons in the first group gives

as ~efined in (2.33). If n is odd, the two color traces in (5.23) and (5.25) come with
opposite sign and we get a tensor of the form _ i,···b,crd, ...dm + l,···b,cdcd, ...dm

1 1___ db, ...b, fd, ...dm + --l,···b, dd, ...dm
2Nc 2Nc •

The relative signs a.gain depend on the order of gluons we started with due to the definition
of the f-tensor. We will not pay special attention to this detail here and concentrate on
the tensors in the four terms separately.

These two decompositions of the d- and f-tensors contain all possible combinations
of even and odd 1 and m, and the reggeization tensors we are looking for can now be
extracted from the two decompositions. Obviously, the tensors describing the splitting
in the two groups are correlated. We will now try to assign a kind of quantum number
to the two reggeized gluons according to the way the respective reggeons split. This can
only make sense if we demand that the two gluons in the two-reggeon state carry the
same 'quantum number'. There will be four possible types of reggeons. We first want
to fix the type of a reggeized gluon with color label c that does not split. This case is
included in the above identities as the splitting into one gluon (I = 1 or m = 1) via a
d-tensor (since we had dab = /jab)' We want to call this type a reggeized gluon of type f
in the adjoint representation. Now we can read off from the first term in (5.32) that such
a reggeon decays into an odd number of gluons with a d-tensor. From the first or second
term in (5.33) we find that it decays into an even number of gluons with a. f-tensor. This
assignment is consistent also if both 1 > 1 and m > l.

Secondly, there is also the possibility that a reggeized gluon with color label c splits
into an even number of gluons via a d-tensor. We want to call such a reggeized gluon a

as it was defined in (2.34). It should be noted that in both cases the color labels of the
one: group corne in ascending order in the tensor whereas those of the other group have to
be ~aken in reversed order.

Now we make a little digression. It will turn out useful to have a look at the color
structure arising from the successive emission of 1 gluons off a quark. In color space this
pro-cess is associated with

Applying the identity (2.31) to the right hand side we immediately find the left hand side.
Using the definitions (2.33), (2.34) of d and f tensors we can rewrite this as



reggeon type I even 1 odd

I, adjoint rep. It\ >R
d, adjoint rep. m 5R

I, singlet Fk\ 5R
d, singlet Fk\ ~

as defined in (2.33) and (2.34). For 1 ~ 3 (l ~ 4 for the singlet reggeons) the d- and
I-tensors in the table can be decomposed further into contractions of structure consta.nts.
The corresponding formulae for up to I = 5 (I = 6 for the singlet reggeons) can be fo-und
in section 2.3.

In the case of I = 2 the d-type reggeons can be interpreted as symmetric in the two
gluons, and the I-type reggeons are antisymmetric in the two gluons. This holds in the
adjoint representation as well as in the color singlet. However, this interpretation of d
(I) as symmetric (antisymmetric) has to be refined for I ~ 3 since then the tensors are
not completely (anti)symmetric in the I color labels. Instead the symmetry of the d- and
I-tensors in individual pairs of gluons becomes more complicated.

In the reggeizing parts D~ of the n-gluon amplitudes the different types of reggeons
in our classification occur inevitably at the same time, since the tensors (5.32) and (50.33)
contain them together. This is not necessarily the case in more complicated part..s of
the amplitudes that contain a compound state of more than two reggeons. For example,
higher amplitudes will contain a part that does not reggeize with respect to the two-gluon
amplitude but does reggeize with respect to the four-gluon amplitude. An example is the
part Dl of the five--gluon amplitude. It is well conceivable that in such amplitudes the
four reggeons in the compound state are less correlated than in the two-gluon state and
the reggeon types can occur independently.

The example of the part Dl of the five--gluon is, however, not suHicient to clarify the
situation. On the one hand, it confirms our classification: the four gluons in D~ are of
type I in the adjoint representation and one of them in fact splits into two with the tellsor
that should be expected from our classification. On the other hand, we do not expect the
other types of reggeons to appear in Dl if our classification is right, since those require two
splittings in the whole amplitude. We thus have to go at least to the six-gluou amplitude
to study their behavior.

In this respect the I-type reggeon in the adjoint representation plays a special role. It
is the only type ofreggeon that occurs in D~ when only one of the two reggeons decays, i. e.
when the other one splits trivially into one gluon. This observation leads us to suspect that
the I-type reggeon in the adjoint representation can appear in each possible compound
state. In the next chapter we will investigate the six-gluon amplitude and find hints that
agree with this conjecture. For the other types the correlation of the two reggeons in the
two-gluon compound state seems to be essential. It seems natural the expect that their
behavior in higher compound states is more complicated. Most probably, the knowledge
of the reggeizing parts D~ is not suHicient to fully understand these types. This will also
be confirmed by our investigation of the six-gluon amplitude in the next chapter.

At present, the classification developed in this section has the status of an observation.
We are not able to derive the decay tensors from -first princi pies for any reggeon in any
amplitude. This would probably require a different approach. Possibly an efTective action
framework [39, 40] offers a suitable starting point. Certainly, our findings have to be
tested in the investigation of higher n-gluon amplitudes. Especially the universality of the
concept outlined here is by no means obvious.

There is certainly a deeper connection with the notion of signatu re to be discovered
here. The reggeon of type I in the adjoint representation can be identified as a reggeized
gluon with the usual negative signature. The reggeon of type d in the adjoint represen-
tation can probably be identified with a reggeized gluon carrying positive signature. For
the singlet reggeons the situation is not so clear. It will of course be very interesting to

reggeon of type d in the adjoint representation. From the first lines in (5.32) and (5.33) we
find consistently that such a reggeon splits into an odd number of gluons via a I-tensor.
An interesting observation is that a reggeon of this type can only occur if it is composite
of at least two gluons. Otherwise the corresponding terms in the above identities vanish
due to f"b = O. Consequently, such a reggeon can be found in the two-gluon state only if
both reggeons decay.

Now we proceed to the last two terms in the right hand sides of (5.32) and (5.33).
Here we observe that each of the two groups of reggeons has zero total color charge.
The corresponding com posite reggeon is obviously in a color singlet state. This seems
rather counter-intuitive. But our main focus in this chapter is the color structure and we
therefore want to take the above identities seriously. Consequently, we have to treat these
singlet reggeons on equal footing with the reggeons in the adjoint representation discussed
before. Again, we can consistently define two different types, d and I. A singlet reggeon
of type I splits into an even number of gluons via a I-tensor and into an odd number of
gluons via a d-tensor. A d-type singlet reggeon decays into an even number of gluons via a
d-tensor and into an odd number of gluons via a I-tensor. Here we do not have a certain
decay mode we want to fix as of type d or J like in the case of the adjoint representation.
Therefore in the assignment we could as well interchange d and I. Like in the case of the
d-type reggeon in the adjoint representation the singlet reggeons are composite of at least
two gluons. They cannot occur in a term in D~ in which only one of the two reggeized
gluons in the two-gluon compound state decays.

We have been able to extract from the two color identities (5.32) and (5.33) in a
consistent way a classification of reggeized gluons in the reggeizing amplitudes D~. The
classification is valid for arbitrary n and all possible combinations of numbers I and m
that merge into one the two gluons entering the two-gluon state. Let us summarize the
assignments of reggeon types and the corresponding reggeization tensors in the table 5.1.
1 denotes the number of reggeized gluons that merge into a more composite one. The
diagrams for the color tensors are drawn with four and three legs here for illustration only.
Of course they represent the tensors of type d or I for an arbitrary number I of gluons



un derstand this relation to signature also in the other cases. However, at present it seems
a bit too early to draw final conclusions. Before that the universality of the reggeization
teIJsors should be investigated. In addition the somewhat confusing situation with the
silIglet reggeons should be clarified by finding a consistent interpretation for them.

In this chapter we turn our attention towards the six-gluon amplitude. We hope to find
answers to several questions by studying this amplitude. We expect that a transition from
two to six gluons can happen in two steps by successive two-to-four transitions. Since a
pair of gluons in the irreducible amplitude D! is not necessarily in a color singlet state
the second step in that transition will provide information on the two-to-four vertex in
the color non-singlet. It will also be intercsting to find out if there is a direct transition
from two to six gluons, i. e. a new number-changing element of the effective field theory.
To find out about these questions will certainly require to understand the mechanism
of reggeization in the four-gluon state, as has been indicated already in the preceding
chapters. We will therefore be able to put the conjectures formulated in chapter 5 to
the test. In addition, the six-gluon amplitude offers the possibility of studying a possible
'Pomeron-Odderon-Odderon vertex.

We use our tried and tested method to attack the integral equation for the six-gluon
amplitude. A reggeizing part is identified in section 6.1, and a new integral equation for
the remaining part of the six-gluon amplitude is derived in section 6.2 where we also
discuss its properties. A new piece is discovercd in the equation that cannot be expressed
in terms of the known two-to-four vertex. This piece is the subject of section 6.3 where we
discuss its properties and prove its conformal invariance. We speculatc on its role in the
effective field theory. In section 6.4 we try to identify a part of the six-gluon amplitude
that reggeizes with respect to the four-gluon state. Such a part would permit to apply
our procedure for dealing with the integral equations to the new integra.! equation found
in section 6.2. Unfortunately, the structure of that integral equation is rather intricate.
We encounter technical as well as conceptual problems which prcscntly prevent us from
finding conclusive answers to the questions raised above. We speculatc on possible ways to
resolve the occurring problems. In section 6.5 we investigate the possibility of a Pomeron-
Odderon-Odderon vertex and in fact find contributions to such a vertex in the integral
equation derived in section 6.2. Finally, we discuss the results obtaincd in this chapter in
the light of an effective field theory of unitarity corrections.

Encouraged by the success we have had so far with that procedure wc again use the quark
loop amplitude D(6;0) to construct from it a reggeizing part D~/ as a superposition of



help of the method described in appendix A. Some of the contractions are given explicitly
in that appendix. Many other contractions are obtained from these by permutations (»f the
gluon color labels. The computer algebra program is then used to multiply the resl1lting
sums of elementary tensors with the corresponding integrals, and to finally collect all terms.
In the final step more than 2.104 integrals have to be sorted according to their color tensor
coefficients. (This shows that our method of dealing with the integral equations will in
its practical applicability be limited to relatively small numbers n of gluons.) I-laving
collected all terms in the equation which contain the amplitude D2 we have found the
inhomogeneous term of the new integral equation for Dr

In the derivation of the new integral equation the terms containing the irredlIcible
four-gluon amplitude D£ and the second part Dl of the five-gluon amplitude remain
unchanged. Their combinations with the kernels are the same as in the original equ ation
(2.15). The resulting integral equation for Dl is then found to have the form

(w - t{3(ki)) Di""'J"""(k\,k2,k3,k4,k5k6) =

(W"""""" D2)(ki, k2, k3, k4, k5k6)

+ 2:= f.,.,.,!.,.,.,L(I, 2, 3; 4, 5, 6)

+ 2:= d""""O.,.,I(I, 2, 3,4; 5, 6)

+ 2:= d·"""'O., •• J(I, 2, 3, 4; 5, 6)

+'\" !({b}--+{.} <0. DIb,b-,b,b. + '\" J({b}--+{.} <0. DIb,.,b,.,b,U 2-+4 I()I 4 ~ 2-+3 '01 5

+ '\" J({b}--+{.} <0. DIb, b,b,b.b,b.L.- 2--+2 '0' 6 .

and it will be our first task to find a new integral equation for the remaining part Dr In
detail, the reggeizing part of! is

D:"""'·'s,. (ki, k2, k3, k4, k5, k6) =

g4{d'I""""'. [D2(12345, 6) + O2(1,23456) - D2(16, 2345)]
+d"""'·'s'. [D2(13456, 2) - D2(1345, 26) + D2(126, 345) - D2(12, 3456)]
+ d""""'·'s [D2(12346, 5) - D2(1234, 56) + D2(156, 234) - D2(15, 2346)]
+ d""""'·" [-D2(1256, 34) - D2(1346, 25) + D2(125, 346) + D2(134, 256)]
+ d"""""'· [D2(12456, 3) - D2(1245, 36) + O2(136,245) - D2(13, 2456)]
+d'I""'s'." [02(12356,4) - D2(1235, 46) + D2(146, 235) - D2(14, 2356)]
+ d""""'·" [-D2(1246, 35) - D2(1356, 24) + D2(124, 356) + D2(135, 246)]
+ d"""'G's" [-D2 (1236, 45) - D2(1456, 23) + D2(l23, 456)

+D2(145,236))} (6.2)

as obtained from (2.67) by the replacement 0(2;0) -t D2 while keeping the color and
momentum structure. This expression already indicates one of the major difficulties we
have to overcome during the treatment of the six-gluon amplitude: the large number of
terms we have to take care of.

The first four terms on the right hand side are the result of the computation outlined
above. We will now describe them in detail.

The first observation we make is again that certain color structures are completely
cancelled in the equation. All terms proportional to d""""'s" (and the other seven
permutations of this occurring in (6.2)) are cancelled between the different contriblltions
to the inhomogeneous term and drop out. The same mechanism was observed in the
equations for the parts D£ and Dl of the four- and five-gluon amplitudes for the tensors
d"""·' and f""""'s respectively.

As in the integral equations for D£ and Dl the inhomogeneous term has a high degree
of symmetry which we will explain for each of the terms below. This symmetry is not only
nice by itself, but it is also a highly welcome possibility to check our calculation.

The first term on the right hand side of (6.3) differs in its structure from the other
terms and will be treated separately in section 6.3. Here we mention already that it is
symmetric in the sense that it is the sum of terms that are obtained from each oll,eI' by
permutations of the gluons.

The same is true for the second term on the right hand side of the new integral
equation. The sum extends over all partitions of the six gluons into two groups each of
which contains three gluons,

2:= f.,.,.,f.,.s" L(I, 2, 3; 4, 5, 6) = !"""!"'s ••L(I, 2, 3; 4, 5, 6)

+ f""'1 f','s'GL(1, 2, 4; 3, 5, 6)
+ ... + f.,.s'.!""" L(I, 5, 6; 2, 3, 4). (6.4)

The original integral equation (2.15) for the six-gluon amplitude is now used to derive
a new integral for the unknown part oi. The method in this step is exactly the same
as for the four- and five-gluon amplitudes. We insert into the integral equation our
complete knowledge on the reggeizing parts D~ of the amplitudes Dn with up to n = 6
gluons, including the ansatz (6.1),(6.2) for the six-gluon amplitude. The corresponding
formulae for n $ 5 can be found in the preceding chapters. Then we apply the BFKL
equation (2.11) to the expression wDf! on the left hand side. This is possible because
Df! was chosen as a superposition of BFKL amplitudes, cf. (6.2). We thereby produce
convolutions of D2 amplitudes with two-to-two kernels and products of D2 amplitudes
with trajectory functions {3. The insertion of the reggeizing parts D~ of the amplitudes
on the right hand side leads to convolutions of D2 amplitudes with the integral kernels.
We have to perform the corresponding contractions of color tensors and have to bring the
integrals to their standard forms as classified in section 2.7. The main problem consists in
the huge number of combinations of amplitudes with kernels. We have to perform close
to 250 contractions of color tensors, and we have to find the standard form of more than
3500 integrals. Whereas the color tensors can still be calculated by hanel this is no longer
possible for the huge number of momentum space integrals. We have therefore developed
an algorithm for this purpose that is suited for the implementation on a computer. The
algorithm is explained in detail in appendix B. We have written a PERL script based
on this algorithm that produces an output which can directly be used as an input for a
computer algebra program like MAPLE. The tensor contractions are calculated with the



The function L is the same in all terms in the sum and only its arguments are exchanged in
the different terms. A closer inspection reveals that the function L permits a decomposition
into vertex functions V known from the two-to-four transition vertex (see chapter 3),

g2
4[(V D2)(12, 3; 45, 6) - (V D2)(12, 3; 46, 5) + (VD2)(12, 3; 4, 56)

-(V D2) (13, 2; 45, 6) + (V D2) (13,2; 46, 5) - (V D2) (13,2; 4, 56)

+(V D2)(1, 23; 45, 6) - (VD2)(1, 23; 46, 5)

+(V D2) (1,23; 4, 56)] . (6.5)

The first term on the right hand side of the integral equation (6.3) differs in its structure
from the other terms. We will therefore discuss it separately in this section. The study of
the other terms will be resumed in section 6.4. We start by giving an explicit representation
of the term under consideration and proceed by listing its properties. After that we
speculate on the place the new term might find in the effective field theory of unitarity
corrections.

The sum in the third term on the right hand side of tlle integral equation extends over
all partitions of the six gluons into one group containing four and one group containing
two gluons,

6.3.1 Explicit representation and properties

The first term on the right hand side in (6.3) has the following color and momentum
structure:

d·'·2·'··o ••••I(I, 2, 3, 4; 5, 6)

+ d·'·2·'·'O ••••1(1,2,3,5; 4, 6)

+ ... + o.,.2d·,······ 1(3,4,5,6; 1,2). (6.6)

(1¥·'·2.'.'.'.' D2)(k1, k2, kJ, k4, ks, k6) = Ld.'.2.,d •••,., (1¥D2)(1,2, 3; 4,5, 6).
(6.10)

The sum extends over all (ten) partitions of the six gluons into two groups containing
three gluons each,

Also in this case we find that the function I is the same in all terms in the sum. Remark-
ably, also this function can be written in terms of the vertex function V,

Ld.!.2.,d •••,., (W D2)(1, 2, 3;4, 5, 6) = d.'.2.,d.'.'.G (W D2}(l, 2, 3; 4, 5, 6)

+ d.'.2.' d.,.,., (WD2)(1, 2, 4; 3, 5, 6) + ...
+ d.'.'.G d.2.,., (W D2}(1, 5, 6; 2,3,4) . (6.11)

J(I, 2, 3, 4; 5, 6) = _g2[(V D2)(I, 234; 5, 6) + (V D2)(123, 4; 5, 6) - (V D2}(14, 23; 5, 6)].
(6.7)

The sum in the fourth term on the right hand side of the new integral equation (6.3),

The function W D2 is the same in all permutations. (Again this is an outcome of our
calculation and was not assumed at any stage when the equation (6.3) was derived.) The
sum thus contains the same permutations of the six gluons as the second term (6.4) on
the right hand side of (6.3). For the notation to be consistent the function W·'·2.'.'.'.'
should be understood as an integral operator acting on a BFKL amplitude D2• It thus
carries two more momentum arguments qj for the momenta entering from above. We will
again su ppress these two momenta in the following.

In contrast to the other terms in (6.3) discussed so far the function W does not permit
a decomposition into the vertex functions V known from the two-to-four transition vertex.
We therefore give its full momentum space representation as we have obtained it as a result
of our calculation. We again use the standard integrals defined in section 2.7. Then W D2

has the explicit representation

extends over the same permutations of gluons as the term discussed before (see (6.6)).
Again the function J is the same in aU terms in the sum, and it can be written as a
superposition of vertex functions V as

J(I, 2, 3, 4; 5, 6) = _g2[(V D2) (134, 2; 5, 6) + (V D2) (124,3; 5, 6)

-(V D2}(I2, 34; 5, 6) - (V D2)(13, 24; 5, 6)]. (6.9)

We would like to emphasize that the symmetry of the sums contributing to the inhomo-
geneous term of the new integral equation is an outcome of our calculation. We have not
used it to derive the new equation. That we find the symmetry in the resulting equation
gives us confidence that we did not make any errors in the long and tedious calculation
lea.ding to (6.3). We also would like to stress that the representation of a part of the
inhomogeneous term as a superposition of well-known vertex function V is an outcome of
OUl: calculation and was not used to derive the new equation. Unfortunately, we do not
kn<>w a way that directly leads to the comparatively simple structure arising in the terms
dis-cussed above.

Before coming back to the terms in the equation that can be decomposed into vertex
fUllctions V we discuss in the following section the first term on the right hand side of
equation (6.3).

g6
(W D2)(kJ, k2, kJ; k4, ks, k6) = 16 X

{2 [c(123456)
- 6(12345) - b(12346) - 6(12356) - b(12456) - b(13456) - b(23456)
+ b(1234) + b(1235) + b(1236) + b(1456) + b(2456) + b(3456)
+ a(1245, 3) + a(I246, 3) + a(1256, 3) + a(1345, 2) + a(1346, 2) + a(1356, 2)
+ a(2345, I) + a(2346, 1) + a(2356, 1)
- b(123) - b(456)
- a(124, 3) - a(125, 3) - a(126, 3) - a(134, 2) - a(135, 2) - a(136, 2)
- a(234, 1) - a(235, 1) - a(236, 1) +



- a(145, 23) - a(146, 23) - a(156, 23) - a(245, 13) - a(246, 13) - a(256, 13)

- a(345, 12) - a(346, 12) - a(356, 12)
+ a(12, 3) + a(13, 2) + a(23, 1) + a( 45,123) + a(46, 123) + a(56, 123)

+ a(14, 23) + a(15, 23) + a(16, 23) + a(24, 13) + a(25113) + a(26, 13)

+ a(34, 12) + a(35, 12) + a(36, 12)
- a(l, 23) - a(2, 13) - a(3, 12) - a(4, 123) - a(5, 123) - a(6, 123)]

+(t(12345) + t(12346) + t(12356) + t(12456) + t(13456) + t(23456)
- t(1234) - t(1235) - t(1236) - t(1456) - t(2456) - t(3456)
- 8(1245,3) - 8(1245,6) - 8(1246,3) - 8(1246,5) - 8(1256,3) - 8(1256,4)

- 8(1345, 2) - 8(1345, 6) - 8(1346,2) - 8(1346,5) - 8(1356,2) - 8(1356,4)

- 8(2345, 1) - 8(2345,6) - 8(2346, 1) - 8(2346,5) - 8(2356, 1) - 8(2356,4)

+ t(123) + t( 456)
+ 8(124, 3) + 8(124,56) + 8(125,3) + 8(125,46) + 8(126,3) + 8(126, 45)

+ 8(134, 2) + 8(134, 56) + 8(135, 2) + 8(135,46) + 8(136, 2) + 8(136, 45)

+ 8(234,1) + 8(234, 56) + 8(235, 1) + 8(235,46) + 8(236, 1) + 8(236,45)

+ 8(145, 23) + 8(145,6) + 8(146,23) + 8(146,5) + 8(156,23) + 8(156, 4)

+ 8(245, 13) + 8(245, 6) + 8(246, 13) + 8(246, 5) + 8(256, 13) + 8(256,4)

+ 8(345,12) + 8(345, 6) + 8(346, 12) + 8(346, 5) + 8(356, 12) + 8(356, 4)

- 8(12, 3) - 8(12,456) - 8(13,2) - 8(13,456) - 8(23, 1) - 8(23,456)

- s(45, 123) - 8(45,6) - s(46, 123) - 8(46,5) - 8(56,123) - 8(56,4)

- 8(14,23) - 8(14,56) - s(15, 23) - s(15, 46) - 8(16,23) - 8(16,45)

- 8(24, 13) - s(24, 56) - s(25, 13) - s(25, 46) - 8(26,13) - 8(26,45)

- 8(34, 12) - 8(34,56) - 8(35, 12) - 8(35,46) - 8(36,12) - s(36, 45)
+ s(l, 23) + 8(1,456) + 8(2, 13) + 8(2, /156) + 8(3, 12) + s(3, 456)
+ 8(4,123) + s( 4,56) + 8(5, 123) + s(5, 46) + 8(6, 123) + s(6, 45)]} . (6.12)

Notably, the color structure corresponding to that permutation of momenta, i.e. the tensor
d.'.2.3d ••• ,." has exactly the same symmetry properties. Further, W is symmetric under
the exchange of the first three and last three arguments,

From these symmetries of the function Wand from the permutations that enter the sum
in (6.10) we can conclude that the full expression TV·'·'·3.'.'.' (1, 2, 3, 4, 5, 6) is completely
symmetric in the six outgoing gluons, that is under the simultaneous exchange of color
labels and momentum arguments.

Next we look at the behavior of W when one of its momentum arguments vanishes.
Not unexpectedly, we find that W vanishes whenever one of the six gluons carries zero
transverse momentum,

Starting from the explicit representation (6.12) the proof is straightforward. Of course,
we again have to use the relat.ions between the different standard integrals mentioned at
the end of section 2.7 and the fact that the gluon trajectory function jJ(k) vanishes for
k = O.

Further we find that the function W is infrared finite. The proof just requiI'es a
close inspection of the standard integrals occurring in (6.12). It is easily seen that the
integrals come in the infrared combinations (3.11) and (3.12) discussed already in section
3.2. (Again, the integrals in (6.12) have been arranged in a way that hopefully makes this
transparent.)

The function W cannot be decomposed into a superposition of vertex functions V
known from the two-to--four vertex. But it turns out that a decomposition into a sam of
G-functions (3.21) is possible,

W(k2,k),k3ik4,ks,k6)
W(k3, k2,k) ik4,ks,k6)
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(WD2)(kl,k2,k3ik4, ks, k6) = S-X

[G(123, -,456)

- G(12, 3, 456) - G(13, 2, 456) - G(23, 1,456)

- G(123, 4, 56) - G(123,5, 46) - G(123, 6, 45)

+ G(l, 23, 456) + G(2, 13,456) + G(3, 12,456)

+ G(123, 45, 6) + G(123, 46, 5) + G(123, 56, 4)

+ G(12, 34, 56) + G(13, 24, 56) + G(23, 14,56)

+ G(12, 35, 46) + G(13, 25,46) + G(23, 15,46)

+ G(12, 36, 45) + G(13, 26, 45) + G(23, 16,45)

- G(l, 234, 56) - G(2, 134,56) - G(3, 124, 56)

- G(l, 235, 46) - G(2, 135,46) - G(3, 125, 46)

- G(l, 236, 45) - G(2, 136,45) - G(3, 126,45)

- G(12, 345, 6) - G(12, 346,5) - G(12, 356, 4)

- G(13, 245, 6) - G(13, 246, 5) - G(13, 256,4)

- G(23, 145, 6) - G(23, 146,5) - G(23, 156,4) +

On first sight this expression appears to be very complicated. Closer inspection reveals
that it has a series of very interesting properties. Some of them very much resemble those
of the function V we have described in sections 3.2 and 3.4. We will now study these
properties. At subsection 6.3.2 we will elaborate on the question how the new piece (6.10)
has to be interpreted in the context of the effective field theory structure of unitarity
corrections.

Let us first have a. look at the symmetry properties of the function W. We find that
W is fully symmetric in its first three arguments

W(kl, k2,k3;ks,k4,k6)

W(k),k2,k3;k6,ks,k4).



+ G(1, 2345, 6) + G(2, 1345,6) + G(3, 1245,6)

+ G(l, 2346, 5) + G(2, 1346,5) + G(3, 1246,5)

+ G(l, 2356, 4) + G(2, 1356,4) + G(3, 1256,4)]

that these term can be written as superpositions of well-known vertex functions 1I. We
will in this section disregard the new piece discussed in the previous section.

In chapter 4 we already encountered a situation similar to the one which we find
here in the integral equation (6.3). Also there the inhomogeneous term of the integral
equation for D~ could be written as a superposition of vertex functions 1I. It was a
characteristic indication for the occurrence of a further reggeization of the amplitude D~
with respect to the irreducible four-gluon amplitude Dr. This idea even allowed us to find
the exact solution of the equation. We cannot expect that the remaining part DJ of the
six-gluon amplitude reggeizes completely. But the occurrence of the vertex functions in
the inhomogeneous term of its equation strongly suggests that a part of DJ will reggeize.
To gain further insight we should therefore construct an ansatz for the remaining part in
order to simplify the integral equation (6.3). The remaining part DJ should thus be split
into a reggeizing part and an irreducible part,

This decomposition has a very strong implication. The function Gis conform ally invariant
in two-dimensional impact parameter space (see section 3.4). Therefore, the decompo-
sition (6.17) immediately proves the conformal invariance of the function W in impact
p.arameter space.

It is worth noting that all the properties of the new piece (6.10) have also been found
in the two-to-four transition vertex 1I2-+4 (see chapter 3). A closer look reveals that even
tile construction of the functions 1I and W in (3.6) and (6.12) follows the same scheme.

It is now natural to ask where the new piece (W D2)·!·,a3 ••• '.6 finds its place in the
effective field theory of unitarity corrections. As we have seen in the preceding section
tile new piece has properties that very much resemble those of the two--to-four transition
vertex 1I2-H. It is fully symmetric in the six gluons, it is infrared finite, and it vanishes
w'hen one of the gluon momenta vanishes. In addition, it is con form ally invariant in impact
parameter space. It seems to be perfectly obvious that the new piece vv·!a'.3.'.' •• is a
new two-to-six gluon transition vertex V2-+6, and that it constitutes a new element of
the effective field theory. However, it might be too early to draw this conclusion. There
is also a second possibility [65]. In this proposal a coupling scheme is chosen in the first
three gluons and in the remaining three gluons. Then the function W is split into several
parts according to the symmetry or antisymmetry under the exchange of the gluons 1 and
2. say, and under the exchange of the pair (12) of gluons with gluon 3, and analogously
for the other three gluons. Based on the result of this procedure it is possible to define
new two-to-four vertices with symmetry properties different from those of the well-known
two-to-four vertex 1I2-+4. Based on these one can in turn define new four--gluon amplitudes
that then become basic elements of the effective field theory. Due to this a direct transition
fr<lm two to six reggeized gluons is avoided. This second possibility has not yet been fully
in vestigated. Finally, there is a third possibility. As we will see in the following section, a
pcoblem occurs when we try to understand certain contributions to the other terms in the
new integral equation (6.3). It is conceivable that the resolution of that problem might
possibly bring about an 'interference' with the term under consideration in this section.
Tllis is very unlikely since the other terms can be written as superpositions of the well-
known vertex functions 1I whereas this is not possible for the function W. Nevertheless,
tllis third possibility can at present not be excluded.

To conclude this section, I can say that the interpretation of the new piece as a two-to-
six gluon transition vertex is certainly very tempting. But the other possibilities are still
vi.able and deserve further study before a final interpretation of the new piece is possible.

where this time the term 'reggeizing' refers to the reggeization with respect to the four-
gluon compound state, cr. the discussion at the end of sections 4.3 and 5.1. The reggeizing
part should be a superposition of irreducible four-gluon amplitudes, symbolically

The problem is now to find the correct color and momentum structure for the right hand
side of this symbolic equation.

We should have in mind that the inhomogeneous term in the integral equations for
Dn, that is the quark loop, is always an excellent source of inspiration for the choice of
a reggeizing part D;:. To make a good guess for the reggeizing part D~,R we should
therefore have a close look at the inhomogeneous term of the new integral equation (6.3).

Let us first look at the terms (6.7) and (6.9) containing the functions I and J. We will
pick one permutation in the sums (6.6) and (6.8) only, the other permutations can then
be treated in analogy. We see immediately that the color and momentum structure in the
first four gluons in the terms

is exactly the same that we know from D!(.
A second observation we make is a certain mismatch between Jabe and dabe tensors.

Whereas there are terms of the kind

present in the equation which can be written in terms of 1I the corresponding terms with
d.be tensors (the new piece, see section 6.3) cannot be written in a similar way. This
already indicates that the J- and d-tensors have to be treated differently.

In order to come from an ansatz of the form (6.19) to the cancellation of the inhomo-
geneous term in the integral equation we have to use the integral equation (3.4) for the

Now we come to discuss the other terms that are present in the new integral equation
(6.3) for the part DJ of the six-gluon amplitude. In section 6.2 we have already shown



irreducible part D~ of the four-gluon amplitude. We want to write the arguments of the
Dl's in the ansatz in such a way that they have exactly the same momentum structure
which we find in the vertex functions V in (6.3). This is in complete analogy to the parts
D~ in which the momentum structure was taken from the quark loop. In the case of D~
we could also keep the color structure. This was possible because the color structure of
the two-gluon amplitude D2 was trivial, i. e. the two gluons were always in a color singlet
state. That allowed to factorize the two-gluon amplitude into a color part (<I.,.,) and
a momentum part. Now the situation is more complicated since such a factorization is
not possible for the irreducible four-gluon amplitude. We have to use the full amplitude
D~blb,b,b,. Since we certainly need the six color labels al, ... , a6 in the ansatz (6.19), the
mathematical procedure we have to use is the contraction with a tensor e,

the integral equation (6.3) and apply the integral equation (3.4) for D! to the inserted
term on the left hand side, those inhomogeneous terms on the right hand side are exactly
cancelled which contain a function V in which three momenta occur in a sum.

Since a f-type reggeon can also split into two gluons with a tensor fa,.,e we malie the
following ansatz for D~,R2:

The sum extends over all possible pairs of pairs out of the six gluons. The two gluons of
each pair then merge into one reggeized gluon entering the amplitude D{ Let us now see
what happens when we insert this ansatz into the integral equation (6.3). We cal1l then
again apply the integral equation for the amplitude D~ to the term inserted on the left
hand side. This exactly cancels all terms on the right hand side contained in the functions
L. The latter are thus completely eliminated by the ansatz D~·R2. In addition, a part of
the inhomogeneous terms containing the functions I and J is cancelled. Using the identity
(2.43) we can split the tensor d·,·,·,a, in (6.8) into fundamental d.be, f.be, and <labtensors.
(There are two decompositions of this kind possible. We should choose the one 'matching'
the momentum structures.) Then our ansatz D~,R2 cancels a.ll those terms on the right
hand side of the integral equation which contain a function 11 that is mult.iplied with a
tensor of the kind fa,.,efe.,., <1.5 •• ,

The cancellations mentioned above are of cou rse accompanied by the emergence of
other terms in the integral equation that contain convolutions of the function DI with
kernels and products of D! with trajectory functions /3. They will eventually contl'ibute
to a new two-to-four gluon vertex that describes the transition of two of the four gluons
in D~ to four outgoing gluons.

But there is also a further class of possible terms in the equation which cannot con-
tribute to such a vertex. In these terms a splitting of one gluon into two happens at the
same moment in rapidity in which two other of the gluons interact via a kernel [(2-t3 to
give three gluons. Such terms are contained in the last but one term in the integral equa-
tion ~6.3) when the known solution (4.6) of the five gluon amplitude is inserted. The ansatz
D~,R has the advantage of cancelling such terms by virtue of the mechanism (1.12) that
brings about reggeization in a three-gluon subsystem. Such terms that contain a one-to-
two transition and a two-to-three transition at the same moment in rapidity seem to be
very difficult to be interpreted in the sense of a field theory. Therefore their cancellation
is very appreciable in view of an effective field theory of unitarity corrections. We should
mention that the ansatz D~'RI does not produce such terms.

The choices D~,RI, D~,R2 of reggeizing parts seem to be very successful so far. Al-
though the inhomogeneous term in the integral equation contains information only for the
color singlet state of the two gluons that split (see discussion above) we ha.ve found a. good
ansatz in both cases inspired by the reggeization tensors derived in chapter 5.

As we have already mentioned earlier the terms containing d.bc t.ensors should be
treated differently. This becomes clear when we try to make an ansatz similar to D~' R2

with d.be tensors instead of the fabc,

The tensor e is an invariant tensor in the ten-fold tensor product ~i~I[Su(Ne)] of the Lie
algebra. It will obviously be very difficult to find the correct tensors for the contractions
in this huge tensor space. We have to hope that the situation is in a certain sense more
simple. It will be necessary to find restrictions on the tensors from the inhomogeneous
term in the new integral equation. Now a problem arises. In the term

for example the first four gluons are in an overall color singlet state, as are the last two
gluons. Obviously, the color tensor necessary for the contraction with D{ b,b,b,b. is fixed
by the inhomogeneous term only in the case in which the gluons with labels bl and b2 are
in a color singlet state. For the other irreducible representations we have no hint from
the inhomogeneous term which would restrict the tensor e. This problem seems to be
a conceptual one in our approach. In the first step, that is for identifying a reggeizing
part D~ in the n-gluon amplitude, the quark loop was sufficient to fix the'reggeizing part.
Here it might be that the correct color tensor for the non-singlet states cannot be fixed
unambiguously. Possibly the solution of this problem requires a better knowledge of the
irreducible four-gluon amplitude D~.

In spite of this conceptual problem it is well possible that one can find a simple ansatz
that leads to further insight. In addition, we have the Ward type identities and the
reggeization tensors derived in chapter 5 that can hopefully help us to find an ansatz of
the kind (6.19) with a good choice of the tensors e.

In section 5.2 we have found indications that a certain type of reggeized gluon has a
special meaning in that is can occur in any amplitude, namely the reggeized gluon of type
f in the adjoint representation. It seems natural to make an ansatz in which this reggeized
gluon plays an important role. To this end we split the amplitude D~,R we want to guess
(see (6.19)) into three parts,

The f-type reggeon can split into three gluons with a tensor d·,·,·,b. We therefore make
the ansatz

Di' RI = l Lda,.,.,e D{ C·'·5·' (123, 4, 5, 6) . (6.26)

The sum extends over all possible groups of three gluons that are then merged into one
reggeized gIuon entering the irreducible four-gillon amplitude Dr If we insert this into

2-~ Ld.,.,ed.,.,dDi cd••••(12, 34, 5, 6).



This ansatz produces too many V's in the integral equation. Each D! brings about three
functions V according to the integral equation (3.4). But the equation does not contain
terms equivalent to the ones in the functions L with (6.5). It seems that the two gluons
can only split with d-type tensors if they are in a color singlet. But even with the help of
a projection

does not exist. This certainly makes it technically very difficult to find an ansatz that
fulfills the Ward type identities also for the d.be and J.b tensors.

It was our intention in this section to give a survey of the results obtained so far in
the second step of the analysis of the six-gluon amplitude. We have encountered technical
as well as conceptual problems in finding a correct ansatz for the piece that reggeizes
with respect to the irreducible four-gluon amplitude. Specifically, the problems concern
the choice of the color structure of the ansatz. With the help of the results found in the
previous chapter we have been able to find at least a part of a promising ansatz. We have
outlined the problems related to the d.be and J.b tensors. So far our analysis shows that
the seemingly obvious choices for the part D~' R3 of the ansatz are unlikely to lead us to
deeper insight on the field theory structure, and a more refined ansatz will be required.

2-~L d.,.,ede.,.,D{dd.,., (12, 34, 5, 6) (6.29)

we would produce too many V's - this time with other color weights, but this does not
help. A possible way out might be to define a new four-gluon amplitude b! by the integral
equation

The Odderon is the C == -1 partner of the Pomeron, i.e. it carries negative charge parity.
In perturbative QeD it consists of a compound state of three reggeized gluons described by
the three-particle BKP equation [18, 20]. The three gluons are in a completely symmetric
state, and the color part of the wavefunction is a d.be tensor. A natural question is whether
a BFKL Pomeron can be coupled to two Odderons. The six-gluon amplitude is the obvious
place to look for such a Pomeron-Odderon-Odderon vertex. The triple Pomeron vertex
arose from the two-to-four gluon transition vertex V2->4 when the latter was projected
onto three BFKL eigenfunctions (see section 3.4). We can therefore in analogy try to
project the inhomogeneous term of the new integral equation (6.3) onto two Odderon
wavefunctions from below. The inhomogeneous term in that equation consists of several
contributions, and we will concentrate here on the piece discussed in section 6.3. We
therefore ask whether the integral

The full amplitude DJ can then be obtained from the sum of three different b!'s. With
the function b! instead of DJ an ansatz of the kind (6.28) might work. A similar ansatz
can then be formulated for the J.b tensor terms as well. With such an ansatz we will
be led to an equation for Di,1 that contains the old two-to-four transition vertex acting
on two of the gluons in b!, but this is only true if the two gluons are in a color singlet
state. However, there will be more terms. Especially, there will be terms that contain a
two-to-three transition at the same time with a one-to-two transition. This seems to us
rather unattractive. In addition, there is an ambiguity in this ansatz since we actually do
not know how to use the d-type tensors of chapter 5 in the color non-singlet channel.

It seems natural to ask whether the Ward type identities found in chapter 5 can provide
help for finding a good ansatz of the kind (6.19). We will make an instructive observation
here. Let us to this end assume for a moment that .

J (rr6d2k) (W"""""" D ) (k k k k k k)l 2 I, 2, 3, 4, 5, G
i:;::l

xd.,.,.,d.,., ••\Ii1 (k1, k21 k3)\li2(k4, ks, ka)
is a reggeizing term, and let us see if it fulfills the Ward type identity. For this we set
one momentum argument to zero. Due to the large number of terms in (6.26), (6.27) the
calculation is a bit tedious, and we only describe the outcome here. The result is that the
ansatz pR does not fulfill the Ward type identity exactly. The outcome of

pRlki=O

differs from the one expected from the Ward type identity (see section 5.1) only by terms
tha.t do not contain I.be tensors. Roughly speaking we can say that the Ward type identity
is fulfilled modulo d.be and J.b tensors. This is of course the best we can expect since these
tensors have certainly not been taken into account correctly in pR (actually, they have
been left out completely). This 'partial' applicability of the Ward type identity to pR gives
us further confidence that the choices (6.26), (6.27) are the right ones for a reggeizing part
of the amplitude Dl. The prove of the 'partially' fulfilled Ward type identity heavily
relies on the condition (2.54) for invariant tensors. This invariallce condition contains
contractions of an invariant tensor with I.be tensors since they have a special meaning for
the adjoint representation. A similar equation with d.be tensors or even with J.b tensors

is different from zero. Unfortunately, the wavefuncl.ion \Ii of the Oclderon is 1I0t known
explicitly. But conformal invariance places strong constraints on the wavefunction. In
[32] the wa.ve function of the Odderon in impact parameter space was found to have the
general form

/,

( ) (
P12P13P23) 3'\Ii Pl,P2,P3 = 2 2 2 ,p(x).
PIOP20P30

h is the conformal weight of the Odderon state and x is the anharmonic ratio

x == P12P30
P13P20

The wavefunction \Ii vanishes when two of the coordinates of the three gluons in the
Odderon coincide. This property of the Oddel'OlI drastically reduces the number of terms
in (W""""·'" D2) that can give a non-vanishing contribution to the integra.l (6.33). If
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for some of the conjectures which we have formulated in the previous cha.pter. Thereby we
have made some progress in the understanding of the phenomenon of reggeization. Finally,
we have found evidence for the existence of a possible Pomeron-Odderon-Odderon vertex,
but also here it seems too early for a conclusive interpretation.

The most important result of this chapter is contained in the integral equation for the
remaining part Dl of the six-gluon amplitude. The occurrence of the vertex function V
in this equation is an extremely strong indication for the fact that further reggeiza.tion
with respect to the four-gluon compound state takes place in the six-gluon amplit ude.
Exactly this is the necessary prerequisite for the emergence of the field theory structure
in the unitarity corrections.

a term in (W D2) depends only on the sum of two momenta, say k1 and k2, then this term
is after Fourier transformation to im pact parameter space proportional to a delta-function
of the two corresponding coordinates, i. e. proportional to o(PJ - P2). This implies a zero
in the Odderon wavefunction and the corresponding term does not contribute to (6.33).
Only very few standard integrals can actually give non-vanishing contributions. Some
of them give identical results in the integral (6.33) due to the symmetry of the Odderon
wavefunction. (They are in this sense equivalent to each other as far as their contribntion
to (6.33) is concerned.) The possible contributions to the above integral can in this way
be reduced to the following infrared finite combination of standard integrals:

We now have to look for these terms in the new piece (wa1a,.,.,.,a·D2). Interestingly,
the first of the permutations in (6.11) - the color tensor of which exactly matches the
color structure of the two Odderons - does not contain terms equivalent to the above
combination. But the other permutations do contain such terms. For example, the term

We can therefore conclude that the new piece described in section 6.3 admits a Pomeron-
Odderon-Odderon vertex. We do not study its properties any further here. It should
probably be possible to write it in the form of a conformal three-point function as it was
possible for the triple Pomeron vertex. We would like to mention that also some of the
other inhomogeneous terms in the integral equation (6.3) give non-vanishing contributions
when inserted in the integral (6.33) instead of (W D2).

In view of the presently somewhat unclear situation with the inhomogeneous terms in
(6.3), especially with the new piece (see section 6.3), it seems too early for a conclusive
interpretation of such a Pomeron-Oddel'on-Oddecon vertex in the context of an effective
field theory of unitarity correction.

In view of the problems and open questions mentioned in sections 6.3 and 6.4 it seems too
early to draw final conclusions concerning the interpretation of the six-gluon amplitude
in view of the effective field theory of unitarity corrections. Nevertheless, we have made
substantial progress in the study of this amplitude. We have identified a reggeizing partD: that is a superposition ofBFKL amplitudes. We have derived the integral equation for
the remaining part. All terms occurring in this new equation have been analyzed, including
the new piece that was even found to be conformally invariant in impact parameter space.
Unfortunately, its interpretation has not yet been clarified. We have then speculated on a
further reggeizing part of the six-gluon amplitude. Here we have encountered difficulties
that have prevented us from solving the problem. But we have found further confirmation



Summary and Outlook

formed, and we have developed an algorithm for the implementation of the momentum
space convolutions on a computer. The methods can be used for higher n-gluon amplitudes
as well.

The results on the three- and four-gluon amplitudes have been reviewed in this thesis.
The reggeization in these amplitudes was discussed. The general method used to tackle
the integral equations has been explained with the example of the four-gluon amplitude.
We have described the properties of the two-to-four gluon transition vertex and of the
irreducible four-gluon amplitude which are important also for the study of the higher n-
gluon amplitudes. The field theory structure has been explained and we have emphasized
its close connection with reggeization. The conformal invariance of the transition vertex
has been reviewed. A new representation of the vertex was given in which the vertex is
written as a sum of convolutions of BFKL kernels and free propagators only.

It was possible to solve the integral equation for the five-gluon amplitude. We have
found the amplitude to be a superposition of two-gluon and four-gluon compound states.
Stated differently, one part of the amplitude reggeizes with respect to the two-gluon state
and the other part with respect to the irreducible four-gluon amplitude. This result
generalizes the concept of reggeization to the higher level of the four-gluOll compound
state.

We then turned to the phenomenon of reggeization. It was observed that the reggeizing
parts of the amplitudes with up to five gluons obey identities of a Ward type. These relate
a given n-gluon amplitude in which one momentum argument is set to zero to the (n -1)-
gluon amplitude. The Ward type identities were even shown to hold for general n for
that part of the amplitude that reggeizes with respect to the two-gluon state. We have
formulated conjectures concerning the generalization of the Ward type identities to higher
n-gluon amplitudes. The possible significance of the Ward type identities lies in the fact
that they place strong constraints on the color structure of the amplitudes.

It was possible to study the reggeization of the gluon in the two-gluon compound state
in very general form. The reggeized gluon represents an infinite sum of Feynman diagrams
in which many gluons arrange to form a collective excitation of the gauge field. We have
been able to find the color tensors accompanying this merging of gluons for all possible
higher 'Fock states' of a reggeized gluon that is part of a BFKL itmplitude. This color
structure carries the main information about the mechanism of reggeization in the two-
gluon amplitude. It was possible to assign a kind of quantum number to the reggeized
gluon according to the way it is composite from gluons in color space. The possible
quantum number assignments include two reggeized gluons in the adjoint representation.
We have conjectured that one of these (the f-type reggeon, see section 5.2) acquires a
special meaning. Namely, we expect it to occur also in more cOl'nplicated amplitudes,
like for instance in the irreducible four-gluon state, in the same manner as in the BFKL
amplitude. For the other types we expect a more complicated behavior in other amplitudes.
Evidence for this conjecture was found in the investigation of the six-gluOll amplitude.

The six-gluon amplitude turned out to more difficult to understand than the lower
n-gluon amplitudes. We applied our so far very successful method to split off a reggeizing
part and derived a new integral equation for the remaining part. This step was the one
in this thesis that required the greatest computational effort. The inhomogeneous term of
the resulting integral equation consists of two pieces. One piece can be decomposed into
functions that are known from the two-to-four vertex. This part clearly indicates that
a further reggeization takes place. Due to technical and conceptional difficulties we have

The subject of this thesis was the Regge limit of Quantum Chromodynamics. As the
physical process to consider we have chosen the scattering of highly virtual photons at
very large energy. This process is from a theoretical point of view very clean since it can
be treated within perturbation theory. In leading logarithmic approximation it is described
by the BFKL Pomeron corresponding to the exchange of a bound state of two reggeized
gluons in the t-channe!. The BFKL Pomeron leads to a power-like growth of the total
cross section. Thereby it eventually violates the Froissart-Martin bound whicJl is derived
from unitarity. According to this bound total hadronic cross sections cannot grow faster
than logarithmic with energy. This problem renders the leading logarithmic approximation
inconsistent. It necessitates the inclusion of subleading corrections to restore unitarity.

We have investigated unitarity corrections in the framework of the generalized leading
logarithmic approximation. The unitarity corrections comprise contributions with a larger
nu mber of reggeized gluons in the t-channe!. As a framework for our investigations we have
chosen the approach formulated by Bartels. In this approach a minimal set of subleading
contributions is identified t.hat leads to a unitary scattering amplitude, and unitarity is
also restored in all subchannels. We do not make use of the large-Nc approximation, i. e.
the full structure of the gauge group is kept. The objects of study in this approach are
n-gluon amplitudes obtained from the full scattering amplitude with the help of t-channel
reggeon unitarity relations. They are designed to describe the production of n gluons in
the t-channel coupled to the external photons via a quark loop. The n-gluon amplitudes
obey a tower of coupled integral equations that generalize the well-known BFKL equation.

The known results on the three- and four-gluon amplitudes suggested that the unitar-
ity corrections can be cast into an effective 2 + i-dimensional conformal field theory. The
two space-like coordinates correspond to impact parameter space, the time-like coordinate
to rapidity. The first number-changing element of the effective field theory, the two-to-
four gluon transition vertex, had been found in the analysis of the three- and four-gluon
amplitudes. The aim of this thesis was to extend the knowledge about the effective field
theory. The study of the five- and six-gluon amplitudes is the natural next step towards a
better understanding of the unitarity corrections. The phenomenon of reggeization is very
im port ant for the emergence of the field theory structu reo We have therefore also tried
to gain more insight into the mechanism of reggeization. Especially the color structure of
the n-gluon amplitudes was of interest in this respect.

In order to study the five- and six-gluon amplitudes it was first necessary to develop
suitable methods that allow to treat the problem in spite of its complexity. The latter
is nlainly caused by the huge number of convolutions of amplitudes with integral kernels.
We have used Birdtrack notation to accomplish the contractions in su(Nc) algebra. A
classification of the momentum space integrals occurring in the equations has been per-



not been able to gain a full understanding of this further reggeization. Nevertheless, we
have found that it is possible to arrange all parts in such a way that a transition from
two to six gluons can happen via the repeated transition described by the known two-to-
four transition vertex. But this transition is uniquely determined only if the two gluons
undergoing the transition are in a color singlet state in both steps. The generalization of
the vertex to other color states causes serious problems. We have discussed some directions
that might lead to a resolution of these problems. Another piece was found in the new
integral equation that does not allow a decomposition in terms of the known two-to-four
vertex. We have discussed its properties in detail, including its conformal invariance.
This piece might allow an interpretation as a new two-to-six transition vertex, i. e. as
a new element in the effective field theory. However, a different interpretation seems
viable as well. Therefore, a conclusive interpretation of this new piece has to be deferred
until further study. Finally, we have speculated on the existence of a Pomeron-Odderon-
Odderon vertex. In fact, we have found terms in the six-gluon amplitude that do allow
such a coupling. But a full understanding of the possible occurrence of such a vertex
requires further investigation as well.

To summarize we can say that the amplitudes with up to five t-channel gluons are
by now quite well understood. We have made considerable progress in the understand-
ing of the phenomenon of reggeization. The first step towards finding the structure of
the six-gluon amplitude has been performed. The result clearly indicates that a further
reggeization takes place in the four-gluon compound state. This feeds the hope that the
field theory structure will persist also to these more complicated elements of the unitarity
corrections. The next step in the investigation of the six-gluon amplitude seems to require
more refined methods. We have to leave their discovery for future research.

It is conceivable that the use of the integral equations is not sufficient to resolve the
mentioned problems with the six-gluon amplitude. It would therefore be desirable to
derive the effective field theory structure from a different starting point as well. Lipatov's
effective action approach might be best suited here. A different approach to the effective
field theory would be very advisable also from a practical point of view. The computational
effort necessary to investigate the n-gluon amplitudes increases very rapidly with n. The
six-gluon amplitude might already be at the edge of being too complex to be treated with
our method.

The study of the unitarity corrections with up to six reggeized gluons in the t-channel
has shown that their structure is very many-faceted. The Regge limit of QeD is a long-
standing and difficult problem and much hard work will still be required to unravel its
mysteries.

Appendix A

Color Algebra

In this appendix we focus on more technical details of the color algebra that is a recu rrent
theme throughout this thesis. In section A.I we explain how the notation introduced in
section 2.3 can be used to contract su(Ne) tensors of arbitrary rank. We have applied
the method for tensor contractions with up to six external gluon lines. Some of the basic
results needed for the investigation of the n-gluon amplitudes are collected in section A.2.

When doing the calculations sketched in chapters 3 through 6 a standard task would be
to calculate contractions of the type

We will now outline an algorithm to solve problems of this kind. We restrict ourselves
here to contractions where the outgoing lines correspond to gluon color representations.
The method is, however, readily extended to arbitrary tensors involving quark represen-
tations as well. The following prescription can (and to avoid errors should) be carried out
diagrammatically.

Let us call 'standard tensors' such tensors that are the sum or the difference of traces
of generators of the form

like the ones defined in (2.33), (2.34). The typical examples that occur in the analysis
of the integral equations are labe, dabe, dabcd, labede, and dabedeJ. The first step is to
express all standard tensors occurring in the diagram by their representation in terms
of generators, that is - diagrammatically speaking - by quark loops according to their
respective definitions. (Here the terms 'quark line' and 'gluon line' refer to their respective
color representation only.) For each of the standard tensors we then get two quark loops.
The whole diagram is thus transferred to a sum of 2m diagrams, m being the number of
standard tensors involved. Each of t.hese diagrams contains only gluon lines and closed
quark lines. It is natural to call all gluon lines st.arting on some closed quark line and
ending on some closed quark line 'inner' gluon lines.



The key ingredient for our method is the decomposition of a quark-antiquark state
into a singlet and an adjoint representation mentioned already in section 2.3,

b"'b6 = 2(ta)"'(ta)6 + ~b"'b6
"f {J {J "f N

e
(J "f'

a, ... , b being color labels in the fundamental representation. In bird tracks it is

In this section we collect a series of su(N) identities2 obtained with the help of the method
explained in the previous section. The list does not exhaust the contractions needed for
the calculations described in this thesis. Instead, we try to provide here a list of identities
from which many others can be derived by a short or at least a simple calculation, for
instance by permutations of the color labels or by combining different identities given here.
In some cases, also the use of explicit decompositions of the different d and f tensors (see
section 2.3) is useful. In particular, it should be possible to construct all contractions
actually needed for the analysis of the n-gluon amplitudes up to n = 6 discussed in this
thesis without going through the whole program described in the preceding section. The
definitions of all tensors used in this appendix and the normalization of su(N) generators
can be found in section 2.3.

For two external gluons we have

applied to all inner gluon lines. To do this properly one has to draw all quark loops in
the diagrams counterclockwise before. This is not a mathematical operation although it
might be quite some exercise in drawing. Applying (A.5) again considerably increases the
number of diagrams, but the advantage is that we now can read off the result. The reason
for this is the following. The use of (A.5) replaces each inner gluon line by two diagrams.
In the first one, the inner gluon line is simply left out and does not connect the two closed
quark linesl any more. In the second one, the two quark loops are cut and joined to one
closed quark line. Since we have applied (A.5) to all inner gluon lines, we are left with
diagrams that only contain closed quark loops on which the outer gluon lines end. We can
now join the diagrams back into rather compact expressions using the identityo = trl = Ne, (A.6)

the vanishing of the trace of su(Ne) generators,

0- = trta = 0, (A.7)

and the definitions of the standard tensors given in section 2.3. The latter are supplied by

dabedde! + fabefde! = 8 (tr(tatbte)tr(t! tetd) + tr(teha)tr(tdtet!)] (A.8)
dabedde! - fabefde! = 8 [tr(tahe)tr(tdtet!) + tr(teha)tr(t! tetd)] (A.9)

which is readily proved using the de'finition of the structure constants. In general, it is
also necessary to use standard tensors of the type

["bed = -i [tr(tatbtetd) - tr(tdtetbta)] (A.10)
dabede = tr(tatbtetdte) + tr(tetdtetbta) (A.ll)

- that is f-type tensors with an even number of color labels or d-type tensors with an odd
number of color labels - to the ones mentioned below equation (A.2). For the identities
needed in this thesis (see next section) this is, however, not necessary.

In the case of the above example (A.1) the result of the procedure described here is

~ = - Ne cr--, _~r'I ~ _ ~~ _ ~ A - ~~ r'I' (A.12)hi \\ 2 1I'r\'\ 8 8 8 ....r. I\ 8

In many cases the above prescription can be shortened: for instance if a subdiagram
CM1 be reduced or equals zero, if the whole diagram can be obtained from some known
diagram by permutation of outgoing gluon lines, or by using properties of the involved
telilsors like their invariance under cyclic permutations.

lThey might be one and the same quark tine, but that does not change our argument.

-Ndab
N2 -4-;;-bab'

For three external gluons the following identities hold:

(A.13)

(A.14)

N-'?:tabe

N
-Tdabe

N2 - 4
~fabe

N2 -12
~dabe'

The use of the last two identities can be avoided for the problems under consideration in
this thesis. They have been added for the sake of completeness here. For considering the
case of four external gluons the following identities are helpful:

N dabed + ~(babbed + baedbd + badbbe)

- !!..dabed _ ~b bbcd
2 4 a

1
4Yabbed + badbbe)

The following identities apply to five external gluons:

Ikatflbmfmcnfndofoek = N ["bede
1+4 (babfede + baefbde + dadfbce + daefbed

+fade dbe + face dbd + faedbbe + fabebed

+fabdbce + fabebde)

lTo avoid possible confusion of the subscript c in N, with a color label c we ofnit the subscript and give
all results for 8U( N) in this appendix.



_F'!.- rbede
2
1- 8(oabfede + Oaefbde + fadeObe + fabeOde)

18 (Oaefbde - oaefbed + fadeObe - facdobe

+ fabeOcd + fabcOde)
_F'!.-fabcde - ~o f

2 8 ab cde
18(aabfede + fadeObc - labcOde)

(A.24)

(A.25)

(A.26)

_Ndabcde/

_~(Oabdcde/ + Oacdbde/ + Oaddbee/ + oaedbelij

+Oa/dbcde + dade/Obc + dace/Obd + dacd/Obe

+dacdeOb/ + dabe/ Oed + dabd/Oee + dabdeOe/

+dabe/ Ode + dabeeOd/ + dabcdoe/)
1

+8[(dabedde/ + fabefde/) + (dabddee/ + fabdfee/)

+(dabeded/ + fabe/ed/) + (dab/dede + fabdede)

+(daedChe/ + lacdlbe/) + (daeedbd/ + laeelbd/)
+ (dae/dbde + faedbde) + (dadedbe/ + ladefbe/)

+(dalijdbee + faddbee)
+(dae/dbcd + lae/lbcd)] (A.27)

F'!.-dabede/
2

+~(Oabdede/ + Oaedbde/ + Oaddbee/ + dade/Obe

+daee/Obd + dabe/ Oed+ dabedOe/)
1

-16[(dabedde/ + fabefde/) + (dae/dbcd + laedbcd)

+ (daeddbe/ + lacdlbe/)
+(dabddee/ + labdlce/)] (A.28)

_ ~ (0 dbce/ + dace/o + dabe/o + dabc/o4 ad bd cd de

+dabcdOe/ + Oa/dcbde + dbadeOc/ + dcadeOb/)
1+ 16 [(dabddce/ + labdlce/) + (dacddbe/ + laedlbe/)

+(dae/dbed + fae/lbcd) + (dadedbc/ - ladefbc/)

+(dae/dbde - laedbde)
+(dab/dcde - labdede)] (A.29)

F'!.-dabede/ + ~(o dede/ + 0 dbde/ + dade/.c )2 4 ab ac Vbe

1
-16 (dabcdde/ + fabelde/)

_ ~ (0 dbde/ + dade/o + dabe/o + dbacd c )4 ac be cd Vej

1+ 16 [(dabedde/ + labelde/) + (daeddbe/ - faedlbe/)

+(dae!dbed - laedbcd)]

_F'!.-dabede/ _ ~o bdede!
2 4 a

~ (Oabdcde! + Obedade!)

1
-16 (dabedde! - labelde!)

_~ (dabcdOe! + Obedade!)

1+ 16 [(dabedde! - labe/de!)

+ (dae! dbcd - lae! Ibcd)]

(A.31)

(A.32)



We will in the following identify a set of momenta with the sum of its elements. With this
identification the term in the amplitude Dr we want to consider is

Appendix B
Now we want to convolute this term with an integral kernel. Only two of the I momenta
qj will actually be affected by the convolution. Let us call these two momenta v and w,

A Combinatorial Method for the
Momentum Space Integrals The kernel J(J~;:{.} was given explicitly in section 2.6. We neglect the coupling constant

g and the color tensor for the purpose of this appendix. The momentum part of the kernel
is according to (2.70)

A main step in our investigation of a given n-gluon amplitude Dn is to split it into a
reggeizing part D:; and a remaining part. The reggeizing part is a superposition of BFKL
amplitudes Dz. Starting from this ansatz a new integral equation for the remaining part
of the amplitude is derived. In order to calculate its inhomogeneous term it is necessary to
convolute the reggeizing parts Dr of the I-gluon amplitudes (with I ~ n) with the integral
kernels Id~;:{a} (I +m - 2 = n) according to the original integral equations. The number
of momentum space integrals emerging from these convolutions increases very rapidly
with n. Therefore a method is required that allows to perform the momentum space
convolutions with the help of a computer. In this appendix we present such an algorithm.
It relies on the classification of possible momentum space integrals given in section 2.7.
With the help of our algorithm the momentum space integrals can be brought to their
standard form. For obtaining a part of the results in this thesis we have implemented
the algorithm in the PERL script language. After that a computer algebra program (like
MAPLE for example) can be used to multiply the integrals with the corresponding color
tensors and to finally collect all terms.

The main purpose of our method is to reduce the problem of convoluting amplitudes
with kernels to a purely combinatorial task. We therefore use notation known from the
theory of sets in this appendix. Below we will give a rule for the treatment of the con-
volution of one specific term in the amplitude Dr with the transition kernel J(J~;:{a}
(I + m - 2 = n), and only the momentum part of the kernel will be of interest in this
appendix. The method can then successively be applied to all possible convolu tions of
individual terms in the reggeizing parts of the amplitudes with the integral kernels.

Let us now consider one specific term in the reggeizing part Dr of the I-gluon am-
plitude. It is given by a BFKL amplitude that has two momentum arguments. Each of
them is the sum of a subset of the 1 momenta qj. Let us call these two subsets A and B,
respectively. Their union exhausts the 1 momenta,

The last term is not present if m = 2. The momenta kj, with (t E {I, ... , m)) are m
of the n momenta that occur in the integral eqnation for Dn. Due to the condition that
t-channel gluons do not cross in the integral equations (see section 2.2) they are ordered:

Which m of the n gluons in the integral equation enter the kernel from below depends
of course on the term we have chosen in the sums on the right hand side of the integral
equations (2.11)-(2.15). The quantity we want to calculate here is the convolution

where the symbol <81 again includes an integral over the loop momentum and the two
propagators ~~. The kernel acts trivially on the other 1-2 momenta in t.he term
Dz (A, B). Our algorithm will leave them unchanged, that is after its application we are
still left with some qj's in the standard integral. They have to be replaced in the end by
the respective k;'s. Mathematically speaking this is done by the one-to-one map

which has to be applied in ascending order according to the occurrence of the momenta
on both sides. On the left had side we have the 1- 2 momenta in Dz(A, B) not affected
by the kernel, on the right hand side we find the n - m = 1 - 2 momenta that are not
attached to the kernel from below.

In addition, one more step has to be performed to finish the result after the rules
below have been applied. This is connected with the definition of the second argument of
the function a which was one of our standard integrals. As described in section 2.7 the
second argument of the function a is a sum of momenta which has to be chosen out of
two sums that occur in the integral. According to our definition the second argument of



a is the group of momenta that contains the momentum k with the lowest index. In our
general treatment in this appendix it is not convenient to implement this condition from
the beginning. Instead we adjust the resulting standard integrals in the end. This is done
very easily. For example, if we have n == 4 and the algorithm below leads to the result
a(2,34) then this should be replaced by a(2, 1).

We will treat the four parts of the kernel in (B.5) separately now. The resulting
standard integrals have to be added in the end.

and we want to bring the convolution

Q(v, Wjkill ... ,kim)@D2(A,B)

to its standard form. Let now the set X denote

First part of the kernel

The first term in the kernel (B.5) is

Then the different possible cases are

1. v and ware elements of the same set A or B.
We then denote this set (A or B) by C.
The integral is s(X, (C \ {v, w}) U Y).

2. v and ware not elements of the same set A or B.
Let the set (A or B) containing v be C.

(a) #C == 1
The integral is b(X).

(b) #C> 1
The integral is a(,y,C\ {v}).

(a) #C = 2
The integral is t(X).

(b) #C> 2
The integral is s(X,C \ {v, w}).

Third part of the kernel

The third term in the kernel (B.5) is

R( k k) v2(ki,+ ... +ki"Y
v,w; ill"" im = (k

i1
-v)2 ,

and we want to bring the convolution

R(v, Wjki" ... , k;m)@D2(A,B)

to its standard form. Let now the set X denote

1. v and ware elements of the same set A or B.
We then denote this set (A or B) by C.

(a) (#A == 1) /\ (#B == 1)
The integral is c(X).

(b) (#A == 1) /\ (#B > 1)
The integral is b(X).

(c) (#A > 1) /\ (#B = 1)
The integral is b(X).

(d) (#A> 1) /\ (#B > 1)
The integral is a(X,A \ {v, w}).

Then the different possible cases are

1. v and ware elements of the same set A or B.
We then denote this set (A or B) by C.
The integral is s(X, (C \ {v, w}) U Y).

Second part of the kernel

The second term in the kernel (B.5) is

2. v and ware not elements of the same set A or B.
Let the set (A or B) containing w be C.

(a) #C = 1
The integral is b(X).

(b) #C> 1
The integral is a(X, C \ {w}).



Fourth part of the kernel

The fourth term in the kernel (B.5) is
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