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Abstract

We study a five-dimensional Gauge-Higgs unification model on the orbifold S*/Zs
based on the extended standard model (SM) gauge group SU(2), xU(1)y x SO(3)F.
The group SO(3)F is treated as a chiral gauged flavour symmetry. Electroweak-,
flavour- and Higgs interactions are unified in one single gauge group SU(7). The
unified gauge group SU(7) is broken down to SU(2); x U(1)y x SO(3)r by orb-
ifolding and imposing Dirichlet and Neumann boundary conditions. The compacti-
fication scale of the theory is O(1) TeV. Furthermore, the orbifold S!/Zs is put on
a lattice. This setting gives a well-defined staring point for renormalisation group
(RG) transformations. As a result of the RG-flow, the bulk is integrated out and
the extra dimension will consist of only two points: the orbifold fixed points. The
model obtained this way is called an effective bilayered transverse lattice model.
Parallel transporters (PT) in the extra dimension become nonunitary as a result of
the blockspin transformations. In addition, a Higgs potential V(®) emerges natu-
rally. The PTs can be written as a product eveev of unitary factors ev and a
selfadjoint factor e”. The reduction 48 — 35 + 6 4 6 + 1 of the adjoint represen-
tation of SU(7) with respect to SU(6) D SU(2)r, x U(1)y x SO(3)F leads to three
SU(2), Higgs doublets: one for the first, one for the second and one for the third
generation. Their zero modes serve as a substitute for the SM Higgs. When the ex-
tended SM gauge group SU(2)r, x U(1)y x SO(3)F is spontaneously broken down to
U(1)em, an exponential gauge boson mass splitting occurs naturally. At a first step
SU(2)r xU(1)y x SO(3)F is broken to SU(2)r, x U(1)y by VEVs for the selfadjoint
factor €. This breaking leads to masses of flavour changing SO(3)r gauge bosons
much above the compactification scale. Such a behaviour has no counterpart within
the customary approximation scheme of an ordinary orbifold theory. This way tree-
level flavour-changing-neutral-currents are naturally suppressed. In a second step
the electroweak gauge group SU(2)r, x U(1)y is broken to U(1)em by VEVs for the
unitary factors e!v at the electroweak scale. This breaking is equivalent to a Wil-
son line breaking. Making some simplifying assumptions we also calculate fermion
masses and CKM mixing angles. As for the gauge bosons an exponential fermion
mass splitting occurs naturally. Fermion masses and mixing angles are determined
by the VEVs for €7 and edv of PTs for quarks and leptons. The model predicts
a large Higgs sector consisting of altogether 30 Higgs particles. The model in its
simplest form also predicts the (too small) weak mixing angle 6y = 0.125.



Zusammenfassung

Wir untersuchen ein fiinfdimenisonales Eich-Higgs Vereinigungsmodell auf der
Orbifold S'/Zy basierend auf der erweiterten Standardmodell (SM) Eichgruppe
SU2)p x U(l)y x SO(3)p. Die Gruppe SO(3)r wird behandelt als chirale gee-
ichte Flavoursymmetrie. Elektroschwache-, Flavour- und Higgswechselwirkungen
sind in einer einzigen Eichgruppe SU(7) vereinigt. Die Vereinigungsgruppe SU(7)
wird durch Orbifolding und Dirichlet- und Neumannrandbedingungen auf SU(2) 1, x
U(1)y x SO(3)F gebrochen. Die Kompaktifizierungsskala der Theorie ist O(1) TeV.
Weiterhin setzen wir die Orbifold S!/Zy auf ein Gitter. Dieser Rahmen gibt einen
wohldefinierten Startpunkt fiir die Betrachtung von Renormierungsgruppentrans-
formationen. Als Ergebnis des Renormierungsgruppenflusses wird der Bulk ausin-
tegriert und die Extradimension besteht aus nur zwei Punkten: Die Fixpunkte der
Orbifold. Wir nennen das auf diese Weise erhaltene Modell ein effektives, trans-
verses Zweischichtmodell. Als ein Ergebnis Blockspintransformationen werden Par-
alleltransporter (PT) in der Extradimension nichtunitdr. Zusétzlich entsteht ein
Higgspotential auf natiirliche Art und Weise. Die PT konnen geschrieben werden
als ein Produkt e?ve”e”v von unitiren Faktoren ev und einem selbstadjungierten
Faktor e”. Die Reduktion 48 — 36 + 6 + 6 + 1 der adjungierten Darstellung von
SU(7) beziiglich SU(6) fiihrt auf drei SU(2); Higgsdoublets: Eines fiir die erste,
eines fiir die zweite und eines fiir die dritte Generation. Thre Nullmoden dienen als
Ersatz fir das SM Higgs. Wenn die erweiterte SM Eichgruppe SU(2); x U(1)y X
SO(3)r spontan zu U(1)ey, gebrochen wird, entsteht eine exponentielle Aufspal-
tung der Eichbosonenmassen auf auf natiirliche Art und Weise. Dies flihrt auf
Flavoureichbosonen mit Massen weit oberhalb der Kompaktifizierungsskala. Solch
ein Verhalten hat keine Entsprechung innerhalb der herkémmlichen Néherungen
einer Orbifoldtheorie. Flavourverinderne neutrale Stréme sind auf natiirliche Art
und Weise unterdriickt. Die elektroschwache Eichgruppe SU(2), xU(1)y wird durch
Vakuumerwartungswerte fiir die unitiren Faktoren e?v bei der elektroschwachen
Brechungsskala auf U(1).,, gebrochen. Ausserdem berechnen wir unter vereinfachen-
den Annahmen Fermionenmassen und die CKM Matrix. Wie fiir Eichbosonen, so
ersteht auch fiir Fermionen eine exponentielle Massenaufspaltung. Fermionenmassen
und Mischungswinkel sind festgelegt durch Vakuumerwartungswerte fiir 7 und e?v
von PTn fiir Quarks und Leptonen. Das Modell sagt insgesamt 30 Higgsteilchen
voraus. In seine einfachsten Version sagt das Modell den (zu kleinen) schwachen
Mischungswinkel 6y = 0.125 voraus.
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Chapter 1

Introduction

During the last ten years much attention has been paid to gauge theories in higher
dimensions. One of the strongest motivations for extra dimensions is based on the
very attractive idea that gauge and Higgs fields can be unified in higher dimensions
[61, 34]. Gauge bosons and Higgs fields arise from the four-dimensional and extra
components of higher-dimensional gauge fields, respectively. This scenario is called
Gauge-Higgs unification [32, 2, 17, 11, 73, 54, 29]. The gauge group in this class
of models must be larger than the Standard model (SM) gauge group in order to
obtain Higgs fields which transform according to the fundamental representation
of SU(2)r. The larger amount of gauge symmetry can be reduced to the SM one
by compactifying the extra dimensions on an orbifold. Orbifolding [36, 69] is a
technique used to break a gauge group without the use of Higgs fields. It has many
applications not only in Gauge-Higgs unification models but also in GUT breaking
[35, 7].

The SM is extremely successful in reproducing all the available data up to cur-
rently accessible energies. However, it has serious unsolved problems. One of the
biggest problems is the stability of the electroweak scale against quadratically diver-
gent corrections to the Higgs mass. This problem, called hierarchy problem, suggests
the presence of new physics at the TeV scale [1, 18, 3]. In Gauge-Higgs unification
models tree level Higgs masses are forbidden by higher-dimensional gauge invari-
ance. For infinite large extra dimensions the masslessness of Higgs fields should
hold to any order of perturbation theory. However, for compact extra dimensions
radiative corrections generate finite mass terms for the Higgs ~ 1/R, where 1/R
is the compactification scale of the theory. In Gauge-Higgs unification models the
compactification scale is usually set to O(1) TeV. This way Gauge-Higgs unification
models on orbifolds give a solution for the hierarchy problem. Electroweak symme-
try breaking occurs radiatively in this class of models and is equivalent to a Wilson
line symmetry breaking [76, 48] or Hosotani breaking [42, 41, 43]. Matter fields can
be introduced either as bulk fields [11] in representations of the unified gauge group

9



10 Chapter 1. Introduction

or as boundary fields [17] localised at the orbifold fixed points where the unified
gauge group is broken to its subgroup.

Another central problem of the SM is the arbitrariness of the Yukawa couplings
and the related problem of the strength of the CKM (and PMNS) matrix elements.
This is called the flavour problem: The question why there are three families of
quarks and leptons in the SM and how they get their masses and mixing angles.
In the literature, there are many postulated forms of Yukawa matrices [22, 21, 23].
In order to understand their origin one can try to apply a family symmetry Gy
connecting different generations. Some candidates for a family symmetry group are
continuous groups like U(1) [49], SU(2) [13, 55], SU(3) [52] or SO(3) [27, 78, 51]
or discrete groups like S3 [33], S4 [59] or A4 [58]. The groups SU(2), SO(3) and
SU(3) as well as Sy and A4 have the advantage over the groups U(1) and S3 that
they have irreducible three dimensional representations into which the three families
of the SM can fit. If one adds to the SM gauge group Gy = SU(3), x SU(2)1 X
U(l)y a gauged flavour group Gy, e.g. SU(3) or SO(3), one is faced with the
problem that the latter leads to flavour-changing-neutral-currents (FCNC). However,
FCNC are highly suppressed in the SM due to the GIM-mechanism. There are
experimental lower bounds on the masses of such flavour gauge bosons of O(103) —
O(10°) TeV, which is much above the electroweak breaking scale (but far below the
GUT scale). Hence a Gauge-Higgs unification model, which also includes a gauged
family symmetry, with a compactification scale O(1) TeV will in general fail [62],
because it leads to unsuppressed FCNC. The reason is that flavour gauge bosons in
this scenario will get masses at most of the order of the compactification scale, i.e.
O(1) TeV.

A possible solution to this problem is to built a Gauge-Higgs unification model
with the help of nonunitary parallel transporters (PTs). Gauge theories with nonuni-
tary PTs were first examined in [60, 57]. They are based on the idea to abandon
unitarity of PTs. In this class of theories PTs are no longer elements of a (unitary
1Y gauge group G but are rather elements of a holonomy group H. The holon-
omy group H is typically noncompact and larger than the unitary gauge group one
has started with. Nonunitary PTs occur naturally in effective theories as a result
of the renormalisation group (RG) flow [57]. One starts in a fundamental theory
with conventional (unitary) PTs. Blockspin transformations will in general lead to
nonunitary PTs. The most exciting property of gauge theories with nonunitary PTs
is that an exponential mass hierarchy appears naturally when the local gauge sym-
metry is spontaneously broken by a Higgs mechanism. In [56] it has been shown
that an exponential flavour mass splitting for quarks can be obtained this way.

In this thesis we show that also exponential (flavour) gauge bosons masses can be
obtained when the PTs in the extra dimension become nonunitary. This opens up
the possibility of suppressing tree-level FCNC by large flavour gauge boson masses.

Y.e. a compact gauge group whose finite dimensional representations are unitary.
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We will present a Gauge-Higgs unification model, which includes a gauged flavour
symmetry, with nonunitary PTs in the extra dimension. It will be consistent with
existing experimental constraints on FCNC. The compactification scale of the theory
is O(1) TeV.

The thesis is organised as follows. In chapter 2 we review orbifolds [36, 69] in
one extra dimension. For this analysis, we will refer to the space group D, [64].
In comparison with the more ad hoc definitions in the literature, the definition of
orbifolds in terms of space groups is attractive. The reason is that all properties
of the orbifold, in particular the orbifold space-time and the various relations the
projection matrices and twist matrices have to fulfil, can be derived directly from
the defining space group. Furthermore, we review the issue of gauge symmetry
breaking [37] through orbifolding and consider also familiar orbifold constructions
in orbifold GUTs. We will work out the Fourier mode expansions and zero modes
on the orbifold S!/Zsy, which will be useful for the topics discussed in chapter 3. In
addition, we review continuous Wilson line breaking, also know as Hosotani breaking
43, 28].

In chapter 3 we describe how an effective transverse lattice model can be ob-
tained from an ordinary S!/Zsy orbifold model. We start with the five-dimensional
space-time M* x S'/Zy where M* is the four-dimensional Minkowski space-time
and S1/Zs is the orbifold. Furthermore we put the orbifold S!/Zy on a lattice.
Hence the four-dimensional Minkowski space-time will remain continuous and only
the extra dimension is latticized. Such a scenario is known as a transverse lattice
and it occurs naturally in deconstruction theories [39, 5, 6]. This setting gives a
well-defined starting point for RG transformations. Starting with this latticized ex-
tra dimension one can calculate the RG-flow. The endpoint of the RG flow will
be an extra dimension, which consists of only two points: the two orbifold fixed
points. The bulk is completely integrated out. We call the model obtained this way
an effective bilayered transverse lattice model (eBTLM). The PTs & in the extra
dimension from one orbifold fixed point to the other will be nonunitary as a result
of the blockspin transformations. They can be interpreted as Higgs fields. When
® becomes nonunitary, a Higgs potential V(®) naturally emerges. We will discuss
in detail the physical interpretation of an eBTLM. It will turn out that for trivial
minimum of the Higgs potential and trivial orbifold projection an eBTLM equals an
ordinary S'/Zsy orbifold model with trivial orbifold projection, if one truncates the
Fourier mode expansion for all fields in the S!/Zy orbifold model at the first Kaluza-
Klein mode. In order to handle also non-trivial minima of the Higgs potential and
non-trivial orbifold projections we formulate orbifold conditions for nonunitary PTs
® and consider spontaneous symmetry breaking. As an application, we analyse in
detail an eBTLM based on the (flavour) gauge group SU(2). The most exciting
result is that exponential gauge boson masses can occur for some of the first excited
and the zero mode gauge bosons, when the gauge group SU(2) is broken sponta-
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neously. This behaviour has no counterpart within the customary approximation
scheme of an ordinary orbifold theory.

In chapter 4 we present a realistic Gauge-Higgs unification model, which includes
a chiral gauged SO(3)p flavour symmetry. This model is based on the gauge group
SU(7). The gauge group SU(7) unifies electroweak-, flavour- and Higgs interactions.
Colour will be ignored. As an intermediate step the model also unifies weak- and
flavour interactions in the gauge group SU(6);, C SU(7). Zero modes of the extra-
dimensional component of the five-dimensional gauge fields, transforming according
to the fundamental representation of SU(2); and carrying the hypercharge %, will
serve as a substitute for the SM Higgs. The theory will include three SU(2), Higgs
doublets, one for the first, one for the second and one for the third generation. They
generate the unitary part of the nonunitary bulk parallel transporter ®. We break
SU(7) again down to SU(6), x U(1)y by orbifolding. The gauge symmetry breaking
SU6)r, x U(l)y — SU(2), x U(l)y x SO(3)r can be achieved by demanding
additional Dirichlet- and Neumann boundary conditions for the SU(6) x U(1)y
gauge fields. When spontaneous symmetry breaking occurs, the SO(3)r flavour
symmetry is broken by vacuum expectation values (VEVs) for the selfadjoint part
of ®. This way the flavour gauge bosons can receive very large masses in comparison
to the compactification scale 1/R = O(1) TeV. Hence tree-level FCNC are naturally
suppressed due to the large flavour gauge boson masses. The electroweak gauge
symmetry SU(2);, x U(1)y is broken to U(1l)en, by VEVs for the three SU(2)p
Higgs doublets. We calculate all gauge boson masses in the model in terms of the
minimum ®,,;, of the Higgs potential V' (®). The model will also make a prediction
for the weak mixing angle Oy .

In chapter 5 we will calculate the fermion masses and the CKM mixing matrix in
the SU(7) model under some simplifying assumptions. We assume that nonunitary
parallel transporters for gauge fields, quarks and leptons are different.

In chapter 6 will draw our conclusions and discuss possible extensions of the
SU(7) model.



Chapter 2

Orbifolds in one extra
dimension, Fourier mode
expansion and the Hosotani
mechanism

In this chapter we review orbifolds [36, 37, 69, 72] and gauge symmetry breaking
through orbifolding in one extra dimension. In contrast to the literature, we will
define orbifolds in terms of one-dimensional space groups [64]. The definition of
orbifolds in terms of space groups is attractive since all properties of the orbifold
can be derived directly from the defining space group. Furthermore we will work
out the Fourier mode expansions and zero modes on the orbifold S!/Zy which will
be useful for the topics discussed in chapter 3. In addition, we review continuous
Wilson line breaking also know as Hosotani breaking [43, 28, 46, 45]. In the following
section we sketch the basic ideas [36] of orbifolding.

2.1 The meaning of orbifolding

We consider a quantum field theory (QFT) with gauge group G in D = d + 4
dimensions, where d denote the number of extra dimensions. The QFT is defined
on M = M* x C, where M* is the four-dimensional Minkowski spacetime and C is
a smooth manifold. Let

M = (" y™) p=0,...,3 m=1,....,d (2.1)

denote the coordinates of the D-dimensional space, where x, and y™ are the coor-
dinates on M* and C, respectively.

We suppose that both the manifold C' and the QFT possess a symmetry under
a discrete group K, i.e.

13



14 Chapter 2. Orbifolds in one extra dimension

1. K acts on the manifold C as

K:y— m(y) (2.2)
where y = (y™) and 7 constitute a representation of X on C.
2. K acts on the field space as
K+ 26) = Pu iy i) (2.3)

where ® is a vector containing all fields of the theory and P is a matrix
representation of /C on the field space.

With the symmetry group K at hand we can now construct the space C/K by
identifying points y and 7x(y) that belong to the same orbit

y=r(y) - (2.4)
According to the action of L on C' there are two possibilities

1. K acts freely on C, i.e.
(y) Fy VyeC.Vhe K k#1. (2.5)

This means that non-trivial elements of K move all points of C. The space
C'/K is then again a smooth manifold.

2. K acts non freely on C, i.e. the action of IC on C has fixed points
Tk(y) =y forsomeyecC k#1. (2.6)

The resulting space C'/K is not a smooth manifold but it has singularities at
the fixed points. Such a space is known as an orbifold.

We set C = R? and consider the quotient space R?/K. Note that for K we
cannot choose any arbitrary discrete group. Instead of that K is restricted to be
a d-dimensional space group. A d-dimensional space group is defined as a discrete
group of isometries of R%.

Definition 1 (Orbifold) Let K be a space group in d-dimensions acting non freely
on RY. We define an orbifold in d extra dimensions to be the quotient space

RY/KC . (2.7)
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Remarks: i) Space groups are also known as crystallographic groups and their clas-
sification is known for dimensions d < 6.

ii) Since orbifolds are defined as quotient spaces R?/IC, their classification follows
directly from the classification of the space groups K.

Recall that K is assumed to be a symmetry of both R? and the QFT. We declare
that only field configurations invariant under the actions (2.2) and (2.3) are physical.
This means that we demand

Qi (2", 7%(y)) = Pr 1)@ (@, y) - (2.8)

In general the action of K on the fields can make use of all symmetries of the QFT.
This means that P can involve gauge transformations, discrete parity transforma-
tions and in the supersymmetric case, R-symmetry transformations [37]. In this
thesis we consider the case where Py involves gauge transformations and restrict
ourselves to orbifolds in one extra dimension, i.e. we take d =1 in (2.7).

2.2 One-dimensional orbifolds

Let us first consider all possible space groups in one dimension and as a start do
not care whether they act freely on R or not. The real line R has two possible
isometries, the translation ¢ and the w-rotation r. The one-dimensional space groups
are therefore [64]

z = (), (2.9)
Do = (t,7] r? = 1,(t7°)2 =1)2D7Z,Zs,

where Zo = (r | 7> = 1). The space groups (2.9) are defined in a purely algebraic
way, i.e. initially we do not specify a particular representation of them. Instead of
that we define a set of generators and list the relations among them. This way the
space groups (2.9) are uniquely defined. Take for example the space group Dy. It
is generated by a translation ¢ and a w-rotation r. The generators r and ¢ fulfil the
relations 72 = 1 and (tr)? = 1. It is important and we will make use of this fact
later that the choice of the generators in (2.9) is not unique [64]. For instance the
space group Dy, can be defined equally in terms of two m-rotations

Doo = (7 |72 =72 =1), (2.10)

with 1’ = tr. Note that rr’ # r'r.

Remark: D, may have representations P, P’ of r,r’ on the field space, which are
not faithful. For instance, one can have representations P, P’ fulfilling PP’ = P'P.
In fact we will consider this possibility later in section 2.4.
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For each K let K’ be the largest subgroup of K that does not include translations.
Thus we can rewrite (2.7) for d =1 as

R/K = S'/K', (2.11)

where S! is the circle. The circle S! is the quotient space R/Z and it is constructed
by identifying the points
y—y+2rR, (2.12)

on R. Here y denotes the coordinate on R and R is the compactification radius, i.e.
the radius of S*. In (2.12) we have given a particular representation of ¢ on R. Since
in one dimension there exist only two space groups, namely Z and D, we arrive at
the two one-dimensional compact spaces

S'=R/Z , S')Zy=R/D . (2.13)

We will see later that only S'/Zs has fixed points and is therefore the only one-
dimensional orbifold.

2.2.1 Gauge symmetry breaking through orbifolding

We consider now the case where IC acts on the space of gauge fields. If K is a
symmetry of the gauge action P, will act as a gauge transformation. To be more
precise, consider a five-dimensional gauge field Ay = A’]?/ITA where T4 are the
generators of G, M € (u,y) and A = 1,...,dim(G). Let the generators T be
normalised such that tr (TATB ) = %6 4. The five-dimensional Yang-Mills action
reads

1
Sep = /d4:cdy tr <—§FMNFMN> , (2.14)

where Fyn = F{i T4, Fiiy = OmAY — OnAL, + g5 fABCAB A, M, N € (u,y),
[T A TB ] = i fABCTC and g5 denote the five-dimensional gauge coupling constant.
The T are considered here as a matrix representation of the generators of G. Under
a gauge transformation Q(z*,y) € G on the covering space R the five-dimensional
gauge field Aps(zH,y) transforms as

i
Am(at,y) — Ay (et y) = Qa#,y) Ap (¥, )2 (2", )~ — ;Q(Hf“,y)é’MQ(x“w)’l :

(2.15)
We represent r and ¢ on R by

y—y—+2rR, (2.17)
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respectively, and on g = Lie G by

Ap(z#,y) — P Ap(z*,y) P71 (2.18)
Ay (zt y) — T Ay(at,y) T, (2.19)
respectively. Note that we have restricted here to the case where the action of ¢ and

r on g = Lie G can be written as an inner automorphism. According to (2.8) we
demand !

Al —y) = P A (at,y) P~ (2.20)
Ay(zt, —y) = —P Ay(2t,y) P7* (2.21)
Ap(z#,y +27R) =T Apr(at,y) T . (2.22)
It follows that
Fu (2", —y) = P F(z*,y) P~ (2.23)
Fly(at, —y) = =P F,y(2",y) p! (2.24)
FMN(‘TM’y_{_ZR-R) = TFMN(:EM’y) T_l . (225)

Thus (2.14) is invariant under the action of Ds,. The conditions (2.20), (2.21) are
known as boundary conditions and the condition (2.22) is known as periodicity
condition.

Let us discuss the issue of gauge symmetry breaking due to the boundary condi-
tion (2.20) and the periodicity condition (2.22) for the four-dimensional components
A, (z#,y) of the five-dimensional gauge field Aps(z*,y). First (2.20) and (2.22) can
alternatively be understood in terms of local gauge symmetry breaking at the var-
ious fixed points of the orbifold. This reinterpretation comes out if one takes into

!Note that the minus sign in (2.21) is needed in order to maintain the gauge covariance for F,,
i.e.
Fuy(a", —y) = 0uAy(a", —y) — 0yAu(a”, —y) —igs [Au(z", —y), Ay(2", —y)]
= *au(PAy(xuvy)Pil) - ay(PAu(xuvy)Pil) JriggP[A#(x“,y),Ay(x“,y)]P71
= —P(0uAy(a",y) — 0yAu(a”,y) —igs [Au (2", y), Ay(z", y)]) P
= fPF#y(x“,y)P_l :
If we instead of (2.21) demand
Ay(x“7 _y) =P Ay(xﬂ7y) P_l )
we get
Fuy(a",—y) = 0uAy(a", —y) — 0yAu(z”, —y) —igs [Au(z”, —y), Ay(2", —y)]
a#(PAy(xuvy)Pil) - ay(PAu(xuvy)Pil) JriggP[A#(x“,y),Ay(x“,y)]P71
= P(0uAy(z",y) + 0y Au(@",y) +igs [Au(z", y), Ay (2", y)]) Pt



18 Chapter 2. Orbifolds in one extra dimension

account that a generic fixed point y; € R is left fixed by an element k' € K’ only
modulo a suitable translation in the covering space R, i.e.

yi = K (i) +ni - 27R (2.26)

where n; € N depend on the particular fixed point y;. Thus we conclude that the
effective orbifold projection P;, assigned to the fixed point y;, is given by

P,=T"P. (2.27)

The boundary condition for the four-dimensional gauge fields at a given fixed point
y; then reads
Aty —y) = P Au(at yi +y) P (2.28)

This formula shows explicitly that

e the gauge group G is broken locally at the orbifold fixed point y; to the cen-
traliser of P; in G
Hi={g€ G| Pg=gPl} (2.29)

e away from the fixed points, i.e. in the bulk, the gauge group G remains
unbroken.

The globally unbroken gauge group H, i.e. the gauge group of the low energy four-
dimensional effective theory, is given by the intersection

It is remarkable that this reinterpretation follows directly from the fact that the
definition of the space group generators ¢, in (2.9) is not unique. In fact one can
always redefine the generators ¢t and r such that to every fixed point y; of the orbifold
one can assign one generator of the space group. In the next section we will discuss
this topic for the orbifold S*/Z,.

2.3 The orbifold S'/Z,

The orbifold S* /Zs = R /D is the quotient space of the real line modulo D,. Recall
that Dy, is defined as
Do = (t,r |72 =1,(tr)* =1) . (2.31)

This space group has two generators, the translation ¢ and the reflection r. We
represent ¢t on R by
y—y+2rR. (2'32)

Thus we arrive as an intermediate step at the circle S' = R/Z. Figure 2.1 shows
the representation of ¢t on R and the resulting space S'. Note that ¢ acts freely on R
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Y

2R
St=R/Z

Figure 2.1: Representation of ¢ on R (thick black arrow) and the resulting space S!

and thus S! possesses no fixed points. Consequently S! is not an orbifold. In order
to arrive at the orbifold S'/Zy we represent 7 on R by

Yy—-v,

(2.33)
i.e. we divide the circle S' by a Zs transformation. Figure 2.2 shows the represen-

tation of t and 7 on R and the resulting space S'/Zs. Due to the definition of Dy,

Y

S

TR

SY/Zs = R/Dy
Figure 2.2: Representation of ¢ (thick black arrow) and r (black dot at y = 0) on R
and the resulting space S'/Zs.
(2.31), the following relations hold

r?=(tr)?=1 t=(tr)r

)

, trt=r. (2.34)
The gauge fields have to fulfil the boundary conditions
Ay(a*,—y) =P A, (z*,y) P71 (2.35)
Ay(a*, —y)

—P Ay(a",y) P!
and the periodicity condition

Ap(z”,y +27R) =T Apr(at,y) T . (2.36)
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The orbifold St /Zo has two fixed points y; = 0 and yo = 7R, where y; = 0 is
invariant under the group element r

Yy = 0—0= Y1 (2.37)
and y» = wR is invariant under the group element tr
yo =7mR 5 —7R L xR = Y2 . (2.38)

This means that in (2.26) we have n; = 0 and ng = 1. The corresponding effective
projections are therefore
P=P , P,=TP. (2.39)

Consequently we can rewrite the orbifold boundary conditions (2.35) and the peri-
odicity condition (2.36) as

Au(m“7 -y) =P Au(x“,y) P1_1 (2.40)
Ay(xu7 _y) = _Pl Ay(x“,y) Pl_l 9
Ay(z", TR —y) = Py Ay (a*, TR +y) Pyt
Ay(z", TR —y) = —Py Ay (z", 7R +y) Py " .
Due to (2.34), the projection matrices P; and P» fulfil
P=P}=1 , T=PP , TPT=P. (2.41)

The resulting physical space S'/Zs is the interval [0, TR].
At y = 0, the gauge group G is broken to the centraliser of P; in G

H ={geG|Pg=gh} (2.42)
and at y = wR is broken to the centraliser of P, in G
Hy={g€ G| Pg=gh}. (2.43)
The low energy four-dimensional gauge group is given by the intersection
H=H NHy={g9g€G|Pig=gP NPg=gP}. (2.44)

It is remarkable that in general
[P, P] # 0 (2.45)

This allows to reduce the rank of g, i.e. rank b < rank g, where h = LieH.
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In the last section we have argued that this reinterpretation follows directly from
the fact that the definition of the space group generators in D, is not unique. In
fact we can rewrite

Do = (7 |72 =12 =1) , (2.46)

with 7/ = ¢r. Remember that rr’ # r'r. In definition (2.46) the two space group
generators r and r’ are directly assigned to the fixed points y; = 0 and yo = 7R,
respectively. Figure 2.3 shows the representation of » and r’ on R, and the resulting
space S'/Zy. The orbifold defined by (2.31) and leading to the boundary condition

# = ...................... i—}
0 TR 27 R
Sl/ZQ = R/Doo

Figure 2.3: Representation of r (black dot at y = 0) and 7’ (black dot at y = 7R)
on R and the resulting space S'/Zs.

(2.35) and the periodicity condition (2.36) is known as S*'/Zs with twisted boundary
conditions.

2.3.1 The orbifold S'/Z, x Z,

In the literature, especially in orbifold GUTs, one is often faced with the orbifold
SY/Zy x 7Y [35]. Tt is constructed as follows. The starting point is a circle S* of
radius R’. We divide S' by two Zy transformations

Zy: y— -y . Zy: y ——y, (2.47)
where y' = y — 7R’/2. In this case the resulting physical space is the interval
[0,7R’/2].

The gauge fields have to fulfil the boundary conditions

Au(a#, —y) = P Au(at,y) P! (2.48)
Ay(x“, _y) =-P Ay(xu7y) Pil )

Au(x“, —y') = P'Au(x“, y')P' -1
Ay, —y') = —P'Ay(a¥,y )P L
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The projection matrices P and P’ fulfil
P =pP?=1. (2.49)

If one compares the resulting physical space S1/Zyx Z, = [0, TR /2] generated by the
two reflections (2.47) with the resulting physical space S'/Zs = [0, 7 R] generated by
the translation (2.32) and the reflection (2.33) and the boundary conditions (2.48)
and (2.40), one observes that the orbifold S1/Zy x Z is equivalent to the orbifold
S1/Zy with twisted boundary conditions if we take

R =2R. (2.50)

Therefore we will not distinguish between the orbifold S*/Zg x Z!, and the orbifold
S1 /7y with twisted boundary conditions.

In general, [P, P'] # 0. However in orbifold GUTs it is assumed [35] that pro-
jection matrices P and P’ commute

[P,P']=0. (2.51)

This means that is this case the representation P, P’ of D, on the field space is not
faithful. Due to (2.51) the rank of g is not reduced.

2.4 Continuous versus discrete Wilson line breaking

In this section we give an interpretation of the twist matrix 7" in terms of Wilson
lines [72, 30]. Remember that the five-dimensional gauge field A/(z) has to fulfil
the periodicity condition

Ap(z#,y +27R) =T Apr(at,y) T . (2.52)
The twist matrix T can always be interpreted as a Wilson line W
W = exp (2migR (Ay)) , (2.53)

where (A,) is a constant VEV for A, (z#,y). However W and therefore (A,) must
be compatible with the boundary condition for A,(z*,y) (2.35). This means that
according to (2.34) the orbifold projection P and the Wilson line W has to fulfil the
consistency condition

(WP)?=1. (2.54)
In general W, and therefore (A,), need not to commute with P. To be more precise,
suppose that boundary conditions for A, are given

Ay(zt, —y) = —P Ay (z,y) P71 (2.55)

Three possibilities [72] can occur
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1. Let {7} denote the set of generators of G, which fulfil simultaneously
[P,T*]=0 , [WPT"=0. (2.56)

Note, that these generators create the four-dimensional unbroken gauge group
H due to (2.42) and (2.43). The relations (2.56) imply [W,T7% = 0. Thus
(2.53) can be written as

W = exp <2m'gR Z <AZ> T“) (2.57)

iLe. Ay =), AjT® The Wilson line (2.57) commutes with every T € {T%}

[exp <2m'gRZ (A% T“) T =0. (2.58)
a
Due to the minus sign in the boundary conditions (2.55) A, is odd under P.
Since [P,T%] = 0, W also commutes with P
[P,W]=0. (2.59)
Together with (2.54) this yields
W2=1. (2.60)

Thus <AZ> in (2.57) can take only special values compatible with (2.60). There-
fore the Wilson line constructed from A, = AyT* is called a discrete Wilson
line. Note, that because of (2.59) a discrete Wilson line symmetry breaking
preserve the rank, i.e. rank h = rank g 2.

2. Let {T'%} denote the set of generators of G' which fulfil simultaneously
{(P,T*}y=0 , {WPT%}=0. (2.61)
This implies [W, 7% = 0. Thus (2.53) can be written as

W = exp <27m'gR Z<A3>T@> (2.62)
a
ie. Ay =3, ALT% The Wilson line (2.62) commutes * with every Tb € {T%}

[exp <2m'gR Z(Aj)Td> T =0. (2.63)

2Recall that h = LieH and g = LieG.
3Let W be given by (2.62). According to (2.61) we have for any T° € {T*}: WPT® = -WT°P =
T*WP. Thus [W,T"] = 0 for every T°.
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Due to the minus sign in the boundary conditions (2.55) A, is even under P.
Since {P,T%} = 0, W does not commute with P

[P,W]#£0. (2.64)

In this case the VEV for A, can be an arbitrary constant. Therefore, we call
the Wilson line constructed from A, = ) . AgTé a continuous Wilson line.
Due to (2.64), a continuous Wilson line induces a spontaneous rank reducing
gauge symmetry breaking, i.e. rank b < rank g.

3. The remaining generators of G, which are even under one effective projection
and odd under the other, can never give rise to a consistent Wilson line W.

Remarks: i) Following the line of thinking of section 2.3.1, the orbifold S*'/Zs with
continuous Wilson line breaking is equivalent to the orbifold S!/Zy x ZY if we allow
the orbifold projection P’ (2.49) to depend on a continuous parameter. In this case
rank reduction is also possible on the orbifold S!/Zy x Z.

Example 1 Let G = SU(3) be the bulk gauge group and let T4 = A\ be the Gell-
Mann matrices generating SU(3). We break G = SU(3) down to Hy = SU(2)xU(1)
at the orbifold fixed point y1 = 0 by choosing

-1 0 0
P =exp(mis)=| 0 -1 0 |, (2.65)
0 0 1

where Hy is generated by {T*}, a = 1,2,3,8 and the coset G/H, is generated by
{T%}, @ =4,5,6,7. Note that P; € G.
Let us first consider a discrete Wilson line, for example

10 0
W =exp(mi(As +v3X)/2)=| 0 1 0 |. (2.66)
0 0 -1

This Wilson line leads to the breaking Hy — H = U(1) x U(1) generated by T3, T®.
Alternatively, we can directly assign the projection Ps to the fized point yo = TR

1 0 0
Py =WP, =exp(mi(2X3 +V3Xg)/2) [ 0 =1 0 | . (2.67)
0 0 -1

Thus G is broken at the orbifold fized point yo = TR down to Hy = SU(2) x U(1)
generated by {T%}, a = 3,6,7,8. In fact, H = Hy N Hy is generated by T3, TS. For
T € {T3,T®} the following relations hold

[P, T% = [WP,T% = [W,T% =0. (2.68)



2.4. Continuous versus discrete Wilson line breaking 25

The projection matrices fulfil
P:=P}=1. (2.69)

In particular we have

wW2=1. (2.70)

Let us construct the Wilson line W explicitly. Since A, =, AYT® = AYT3 4+ AST®
we have

W = exp(2migR <A3> T3 + 2migR <A§> %) . (2.71)

We can built four different discrete Wilson lines

100
(Ay=0,(A=0—->Ww=|010 |, (2.72)
001
3 1 . -1 0 0
(Y= — (AHY=0—-w=| 0 -1 0 |, (2.73)
Yo2gRTMY 0 0 1
1 0 0
1 V3
<§>_—2g—R7<A§> 4gR HW(O PO (2.74)
0 0 -1
-1 0 0
sy L s VB _ 1
<Ay>_4gR’<Ay>_4gR - W= 8 (1) _01 ) (2.75)

We see that the Wilson line (2.66) is obtained from the choice <A§> = @LR and
(A8) = 49% in (2.71). Note that the orbifold projection Py (2.65) commutes with

“We stress that is possible to rewrite (2.71) is terms of equivalent sets of generators of SU(3)
such that one VEV equals 2¢+R while the other equals 0, i.e.

e (2.74) can be rewritten as
W = exp(2migR (Ay) n + 2migR <AZ/> n') = exp(mi n)
where n = % (\/3)\8 — )\3)7 n = % ()\g — \/g)\g) and <AZ> = QQLR and <AZ/> =0.

e (2.75) can be rewritten as
W = exp(2migR (A}) p + 2migR <AZ/> p') = exp(mi p)
where p = % ()\3 + \/3)\8)7 p = % (\/g)\g + )\g) and <A§> = ﬁ and <A§/> =0.

Note that with the definitions for 75, 7', p and p’ above the three equivalent sets
of generators of SU(3) read: {A1, A2, A3, 1, A5, A5,A7, A8}, {A1, A2, p, A1, As, A5, A7, p'} and
{21, 22, A0, X5, 1, A6y A7, '}



26 Chapter 2. Orbifolds in one extra dimension

every discrete Wilson line W. This shows explicitly that discrete Wilson line breaking
1s rank preserving.
Next we choose a continuous Wilson line, e.g.

1 0 0
W(a) =exp(2miar7) = | 0 cos 2ra  sin 27 | . (2.76)
0 —sin 2ra cos 27a

Let the parameter o be limited to 0 < o < 1 but otherwise arbitrary. This Wilson
line leads to the breaking Hy — H = U(1). Alternatively, we again directly assign
the projection Py to the fixed point yo = TR

-1 0 0
Py(a) =W(a)P, = 0 —cos 2ma sin 27 | . (2.77)
0 sin 2ra cos 2ma

Py now depends on . For T € {T?} the following relations hold
(P, T = {WP,T% = [W, T4 =0. (2.78)
Therefore Ay =, AgTé = AZT?. The projection matrices Py and Py fulfil
P:=P}=1. (2.79)

But now we obviously have

W2£1. (2.80)

Let us again explicitly construct the Wilson line W. Since A, = AZT? we have

W = exp(2migR < AZ > T%) = exp(2mi aXy) , (2.81)

where R o
Al >= — . 2.82
<A, > R (2.82)

For0 < a < 1 the VEV for A, (2.82) can be much smaller than the compactification
scale 1/R.

2.5 Fourier expansion and zero modes on S'!/Z,

In this section, we discuss the Fourier mode expansions of A, (z*,y) and A, (z",y)

on the orbifold S!'/Zy. Recall that the gauge fields have to fulfil the boundary
conditions

A, —y) = P Ay(a,y) P! (2.83)

Ay(at, —y) = =P Ay(a*,y) pt. (2.84)
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and the periodicity condition
Ap(zh,y+20R) =W Ap(at,y) W, (2.85)
where W is the corresponding Wilson line. In general, three cases can arise

1. W = 1. This means that we admit the trivial periodicity condition, i.e.
Ap(¥,y 4+ 2rR) = Ap (2, y) . (2.86)

The boundary condition (2.83) breaks the bulk gauge group G down to its
subgroup H,,
Hy, ={9€ G| Pg=gP} (2.87)

at the fixed point y; = 0. Let {7%} denote the set of generators creating Hy,
and let {T%} denote the set of generators creating the coset G/H. In following
we call T the unbroken generators and 7% the broken generators, respectively.

According to (2.83) and (2.84) unbroken gauge Af(z#,y) and the scalar fields
Ag(m“, y) ® are even functions, i.e.

Al (2, —y) = AL (2", y) (2.88)
Al(a#, —y) = Al(a*,y) .

Thus we can Fourier expand

1 1 n

a( o a(0) (. a(n) (. Yy

Af (', y) = \/ﬁA“ () + VAR E Aﬂ (x*) cos( R) (2.89)
a 1 a a(n) ny

Ay(at,y) = \/ﬁAy( \/ﬁ E AN (1) cos( R) .

Since cos( ) is 27 R-periodic, Af(z#,y) and A%(x#, y) fulfil also the periodicity
condition (2.86). Note that for the scalar fields A, (z",y) the situation is
opposite (a and a are interchanged) due to the relative minus sign in the
boundary conditions (2.83) and (2.84), respectively.

The Fourier coefficients AZ(”) (z*) and Ag‘(”) (M) are given by

Aa(”) xt) / Al (2", y) cos( ]g) dy (2.90)

Az(n) (zH) =

\/ﬁ/o Ay(x“,y) COS(?}:?) dy .

"Note that from a four-dimensional point of view the gauge fields A, (z",y) are seen as scalar
fields. Therefore we will also call Ay (x*,y) scalar fields.
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The zero modes read

A“(O)(x” A“ (x*,y) dy (2.91)
a(o _ a
Ay( )(SL‘“) - y(m“’y) dy

On the other hand, according to (2.83) and (2.84), broken gauge Aﬁ(m“, y) and
the scalar fields Aj(x#,y) are odd functions, i.e.

Al (2t —y) = —Aj (2", y) (2.92)
Ag (2t —y) = = A5 (2", y) .

Thus we can Fourier expand

ny
Al (gH Aa" “ 2.93
(ac ,Y) g (x#) sin R) ( )

a a(n)
Af (2t y) = \/EZA () sm(R).

Again since sin(%¥) is 2w R-periodic, Af w(@t,y) and Ag(z#,y) fulfil also the
periodicity condltlon (2.86).

The Fourier coefficients AZ(”) (z*) and AZ(”) (M) are given by

an)(,.p 1 i a (. e
AL (2 ) = 75 s Az ,Y) sm(f) dy (2.94)
Aa(”)(x“ \/_/ Aj (2, y) sm(ig) dy .

Note that in contrast to (2.89) in (2.93) no zero modes occurs. Since only
(2.89) contains zero modes the gauge group of the low energy four-dimensional
effective theory is given by (2.87).

. W is a discrete Wilson line. This means that W2 = 1. We know that a discrete
Wilson line W commutes with the orbifold projection P

[P,W]=0. (2.95)

Therefore W and P have a common set of eigenfunctions. In order to find
their eigenfunctions we first look at the periodicity condition

Ap(z”,y +27R) = W Apr(at,y) WL (2.96)
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Due to W?2 = 1 the five-dimensional gauge field A (x#,y) splits into an even
part

Ay + 2RI = + AQy(a¥, )T (2.97)
where the {7} satisfy [IW, 7] = 0, and an odd part
A% (zhy +2rR) T = — A%, (x*,y)T? (2.98)

where the {T%} satisfy {W,T%} = 0. Taking further into account that the
orbifold projection P acts at y; = 0 according to

A, —y) = P Au(at,y) P! (2.99)
Ay(x“, _y) =-P Ay(xu7y) Pil 9

we can Fourier expand [29]

1 n
() (b ) — = AA)O) (o (+4+)(n) (e Yy
Ay = Z A0+ ) § A ) eos(F)

ﬁ

A (k' y) =

0o S Cony
M ZAl(j" ) )(x“)sm(f),

1
ﬁ
Afj +)( ) \/_ ZA( +)(n) xu)cos(%) ,

AE;, )(mu,y \/_ ZA(* - (" (zH) si n(%) . (2.100)
n=0

The superscript (£, +) denotes the eigenvalue of W and P, respectively. This
means that A,(ZL’JF) (zt,y) = AH(a#,y)TT commutes with W and P

W, T =[P, TT] =0, (2.101)
Afj’*)(ac“, y) = At~ (a#,y)TT commutes with W and anticommutes with P

W, Tt ] ={P,TT"}=0. (2.102)
AL_’JF) (x,y) = AT (a#,y)T~ anticommutes with W and commutes with P

(W, T="} =[P, T""] =0, (2.103)
and A,(f’_)(m“, y) = A, (2,y)T~~ anticommutes with W and P

(W, T~y ={PT"}=0. (2.104)
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The expansion for A, is done in the same way but, due to (2.99), with the
opposite eigenvalue for W and P.

The Fourier coefficient for A++(n)(x“) is given by

A+t xH) AJrJr (z#,y) cos "y dy . 2.105
Foen == | peos(H)dy.  (2105)
All other Fourier coefficients can be obtained in an analogous manner. The
zero modes are contained in Aff’ﬂm) (z*,y) and read
+,4)(0 _ A++00 ++
AGEDO) (i) = AFTO (gt (2.106)
The Fourier coefficient A:HO) (m“) is given by
A:[Jr( ) (a*) = AJrJr (zH,y) dy . (2.107)

\/_

The low energy four-dimensional unbroken gauge group H is created by the
generators {T71}. Note that the generators {T"*} commute with W and P,
ie.

W, TH*] =[P, TT] =0. (2.108)

If we switch to the reinterpretation of S'/Zs in terms of the two effective
orbifold projections P; = P and P, = WP 6 the orbifold boundary conditions
read (2.40)

Az, —y) = P, Au(x“,y) Pl_1 (2.109)
Ay(l"u, _y) = _Pl Ay(m“7y) Pl_l ’

Ay(z, 7R —y) = Py Ay (¥, 7R+ y) P2_1
A (", 7R —y) = —Py Ay(z", 7R +y) Py .

These boundary conditions lead to the Fourier expansion

1 n
() (g ) = ——— ACHDO)( Z " Yy
A y) m“u \/ﬁ A (@ COS(R)’
(n+1/2)y

A (@) = F Z AL (o) cos( )

) (n+1/2)y
A (@t y) = \/—ZA( i) (@) sin(——F5—=) ,

AGC) () = \/T_R Z A0 (g1 sin(%) . (2.110)
n=0

®Note that due to [P,W] = 0 we have [P, WP] = 0 and thus also P = P and P, = WP have a
common set of eigenfunctions
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The subscript (+,+) denote the eigenvalues of (P;, P,). The connection to
(2.100) becomes apparent if we looks at the different eigenvalues

WI[P[P P
+ [+ ]+
+ [ -]-1- (2.111)
- |-]1-1+

Recall again that P, = P and P, = WP. The gauge group G is broken to
its subgroup Hi generated by {T"T, T+~ } at y; = 0 and to its subgroup
Hj generated by {T*1, T~} at yo = mR. The low energy four-dimensional
unbroken gauge group H is thus generated by {T'"*} and we have

H=H NH,. (2112)

2.5.1 Fourier expansion and zero modes on S'/Z, x Z,

Since the orbifold S!/Zy x Z} is familiar in orbifold GUTs, we shortly discuss
their Fourier mode expansion. We recall that the gauge fields have to fulfil the
boundary conditions (2.48)
Ay(a*, —y) =P A, (z*,y) P~ (2.113)
Ay(x“, _y) =-P Ay(xu7y) Pil 9

Ayt -y =P Au(m“,y') p 1
Ay, —y') = =P Ay(aty) P

Remember that y' = y—7R'/2 and Zs : y — —y, Z : y — —y’. The orbifold
St /Zy x 7 has the two fixed points y = 0 and y = 7R’/2. Fourier expanding

yields
Aff’*)(ﬂc“,y) _ \/%AELJrHr)(O)( \/W Z ) (g1 005(22;74) ,
A () = \/% ZA<+, (n)<xu)cos(%) ’
A( (g y) = \/WZ — ) (g Sm(@”]{#)y)’
AT (@ y) = \/W Z Al _)(")(x“)81n(%+2)y) . (2.114)
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The expansion for A, is again done in the same way but with the opposite
eigenvalue for W and P. We already know that the orbifold S'/Zy x Zj is
equivalent to the orbifold S!/Zs with twisted boundary conditions. To show
this equivalence also for the Fourier mode expansion we have to keep in mind
that

R =2R. (2.115)

Indeed, if we insert (2.115) in (2.114) we recover (2.110). The Fourier mode
expansion (2.114) well known in orbifold GUTs [35, 31].

3. W is a continuous Wilson line. In this case the Wilson line W and the projec-
tion P do not commute

[P,W]#£0. (2.116)

Therefore P and W do not have a common set of eigenfunctions.

2.6 Continuous Wilson line breaking and the Hosotani
mechanism on the orbifold S'/Z,

In section 2.4 we have seen that a continuous Wilson line is given by
W = exp <27TigR Z(AZ)T&> (2.117)
a

where T% € Hyy and
Hy ={T%c G |{T% P} = {T% P} =0} . (2.118)
We consider z- and y-independent modes of

Ay =Y AT | T%c Hy . (2.119)
a

They correspond to Wilson line phases via [28]
0 = gTRAL . (2.120)

Wilson line phases are part of the Hosotani mechanism [43]. The Hosotani mecha-
nism is used in a series of papers [28, 44, 46, 45, 73, 54]. Here we describe the main
ingredients [28, 44] of the Hosotani mechanism:

e Wilson line phases #; along noncontractible loops become physical degrees
of freedom which cannot be gauged away once boundary conditions are given.
They yield vanishing field strengths such that they appear as degenerate vacua
at the classical level.
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e The degeneracy of the classical vacuum is in general lifted by quantum effects.
Let Vers = Vesp(6a) be the effective potential for the Wilson line phases 6.
Then the true physical vacuum is given by those configurations of the Wilson
line phases 6; which minimise V.

e Suppose that the effective potential V. ss is minimised at nontrivial configura-
tions of the Wilson line phases. Then the gauge symmetry is spontaneously
broken by radiative corrections. This part of the mechanism is called Wilson
line symmetry breaking. Gauge fields in four dimensions whose gauge sym-
metry is spontaneously broken get masses from nonvanishing VEVs for the
Wilson line phases. In addition, some matter fields also acquire masses.

e All zero modes of the extra-dimensional component of the higher dimensional
gauge field become massive. Their masses are given by the second derivatives
of Visy up to numerical constants.

e The physical symmetry of the theory is determined by orbifold boundary con-
ditions and the VEVs of the Wilson line phases.
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Chapter 3

Effective Theories and
nonunitary parallel transporters

In this chapter we describe how an effective bilayered transverse lattice model can
be obtained from an ordinary S!/Zs orbifold model via renormalisation group (RG)
transformations. We start with a five-dimensional space-time M* x S'/Z,, which
is the product of the four-dimensional Minkowski space-time M? and the orbifold
S1/Zy. Recall that the orbifold S!/Zs is obtained by dividing the circle S! with
radius R by a Zy transformation. The resulting space is the interval [0, 7R|. Let G
be the bulk gauge group. In order to obtain a well-defined starting point for RG
transformations we put the orbifold S'/Zy on a lattice. Thus the four-dimensional
Minkowski space-time M?* remains continuous while the extra dimension is latti-
cized. Such a scenario is known as a transverse lattice and it occurs naturally in
deconstruction models [39, 14, 15]. Starting with this latticized extra dimension
we calculate the RG-flow. The endpoint of the RG-flow will be an extra dimen-
sion which consists of only two points: the two orbifold fixed points y = 0 and
y = mR. The bulk is completely integrated out. The effective theory obtained this
way will be called an effective bilayered transverse lattice model (eBTLM). We call
the four-dimensional boundary at the fixed point ¥y = 0 the L-boundary and the
four-dimensional boundary at the fixed point y = 7R the R-boundary. PTs ® in the
extra dimension from the L- to the R-boundary (and vice versa) become nonunitary
as a result of the blockspin transformation. They take their values in a Lie group
H which is typically noncompact and larger than the unitary gauge group G we
have started with. We always consider the case where G is the maximal compact
subgroup of H. It will turn out that these nonunitary PTs ® can be interpreted as
Higgs fields. In this chapter we will also formulate orbifold conditions for nonunitary
PTs ®. As an application, we analyse in detail an eBTLM based on the gauge group
SU(2).

35



36 Chapter 3. Effective Theories and nonunitary parallel transporters

3.1 S'/Z, orbifold model on a lattice

We consider a one-dimensional lattice I' with lattice spacing a. The points of I' have
the coordinate y = a n,, where n, = -N, +1,..., Ny, N, € N,. If we identify the
points y = —alN, and y = alV,, I' will possesses the translation invariance

t: ny—ny+2N, <= y—y+21R. (3.1)
Thus the physical extension of I' is 27 R = 2N,a. We define the reflection r on I' by
TNy — N, = Y — =Y. (3.2)

Figure 3.1 shows the representation of the orbifold reflection » on I'. The orbifold

Ny

-1 —Ny+1

) —Ny +2

Figure 3.1: Representation of the S!/Zy orbifold reflection r on the lattice T

has two fixed points n, = 0, invariant under r, and n, = N, invariant under ¢r. In
terms of the coordinate y they read y = 0 and y = wR. After the identification (3.2)
the resulting space is the latticized interval [0, N,].



3.2. From latticized interval to bilayered transverse lattice 37

TR

Figure 3.2: The latticized interval [0, Ny]. The two orbifold fixed points are n, =
0(y=0)and ny = Ny (y = 7R).

3.2 From an orbifold model on the latticized interval to
an effective bilayered transverse lattice model via
renormalisation group transformations

In this section we sketch the basic ideas which lead to an effective bilayered transverse
lattice model. We start with the latticized interval A = [0, N,], where N, > 1, and
take it as the fundamental lattice. The bilayered transverse lattice model is treated
as an effective theory, which leads at a coarser scale to the same expectation values
as the S1/Zy orbifold theory on A, however, with less degrees of freedom. The
transition from a theory on the latticized interval A to a theory on a bilayered
transverse lattice is given by RG transformations. Let ¢ be an unitary PT in the
fundamental theory and let ¢’ a PT in the effective theory. The transition from ¢
to ¢’ is given by a blockspin operator C

¢ =Co. (3.3)
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To be more precise, let ¢’ be the PT from a point x € A’ to a point y € A’ along a
path C : x — y, where A’ is a coarser latticized interval than A. The blockspin is
given by

¢ = > pC)e(C), (34)

C:x—y

where the sum goes over all paths C' : x — y in A and p(C) is a weight factor. Thus
¢’ will be in the linear span of the unitary bulk gauge group G. The blockspin ¢’
polar decomposes into a unitary part U and a selfadjoint part S

¢'=US. (3.5)

If it is possible to integrate out the selfadjoint part .S we will recover a local effective
theory with unitary PTs ¢’. We assume that this procedure will fail after n steps in
the sense that the theory would acquire bad locality properties [57] and the effective
theory needs nonunitary PTs for its locality.

Let us consider the family of latticized intervals {A% Al ... A™} 1 where A? =
A is the fundamental latticized interval [0, N,] and A™, m > n is the bilayered
transverse lattice. Obviously A" is the coarsest latticized interval as it consists of
only two points. Hence an eBTLM can always be interpreted as the endpoint of
a RG-flow. The PTs ® 2 in the extra dimension are nonunitary as a consequence
of the blockspin transformation (3.4). They can be interpreted as Higgs fields.
When ® becomes nonunitary a Higgs potential V(®) naturally emerges [68]. The
nonunitary PTs ® take their values in a Lie group H which is typically noncompact
and larger than the unitary bulk gauge group G. We call H the holonomy group.
We always consider the case where G is the maximal compact subgroup of H. As
already mentioned above, the extra dimension consists of only two points which are
the orbifold fixed points n, = 0 (y = 0) and ny, = N, (y = 7R). We call the
four-dimensional boundary at the fixed point y = 0 the L-boundary and the four-
dimensional boundary at the fixed point y = 7R the R-boundary. G r denotes the
gauge group of the R-boundary, and G, denotes the gauge group of the L-boundary.
In principle, an orbifold breaking can lead to different gauge groups G and G at
the boundaries R and L. In the following however we will restrict ourselves to the
case where G, = Gr = Gg. The gauge group G is the subgroup of G left unbroken
by the orbifold projection P i.e. the centraliser of P in G. We call GGy the orbifold
unbroken gauge group.

In the simplest approximation, the four-dimensional effective Lagrangian of an
eBTLM reads

1 .
_ a ipuva T
Eu)—-jigéR}%wF”‘ +tr (D, @) (D,®)] + V(@) (3.6)

Note that in the context of RG transformations one usually considers a family of hypercubic
lattices {A%, ..., A" AFE )
2In the following we write ® instead of ¢’ for nonunitary PTs
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Gr = Go
: R (y=7R)
@ GCH <I>*
o b4 L(y=0)
Gr =Gy

Figure 3.3: Effective bilayered transverse lattice model (eBTLM).

where the covariant derivative is given by
D,® = 0,® +ig (Aid — ®A}) . (3.7)
We discuss the terms in (3.6):
e The term F;‘ZVFWW is a Yang-Mills term for the boundary gauge fields Aff
and Aﬁ. Let gg = Lie Gy. Then Aﬁ,Aﬁ € go.
e The term tr (DMCD)Jr (Dufb)] is the kinetic term for ®. It will lead to a mass
term for the boundary gauge fields Aff and Aﬁ.

e The term V(®) is the Higgs potential. If V(®) takes its minimum at non-trivial
®,,,in the orbifold unbroken gauge group Gy is spontaneously broken.

We will see that under certain circumstances the effective four-dimensional La-
grangian (3.6) equals the effective four-dimensional Lagrangian of a corresponding
S1/Zy continuum 3 orbifold model.

3.3 Effective bilayered transverse lattice model, ordi-
nary Higgs mechanism and renormalisability
In this section, we start to work out the correspondence between an eBTLM and

a S'/7Zs continuum orbifold model by investigating two simple examples. In both
examples the orbifold projection P is chosen to be trivial. Thus the bulk gauge

3By continuum we mean that S'/Zs is treated as usual as the quotient space R/Ds, and not as
the latticized interval [0, N].
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group G remains unbroken. In the first example we consider Abelian gauge theory,
i.e. we set G = U(1), while in the second example we consider non-Abelian gauge
theory, e.g. we set G = SU(N). It will turn out that the Lagrangian of an eBTLM
equals the effective four-dimensional Lagrangian of an S'/Zs continuum orbifold
model if we truncate the Kaluza-Klein (KK) expansion for all fields in the S!/Zy
continuum orbifold model at the first excited KK mode. In addition, we need to
make certain assumptions about the minimum of the Higgs potential V(®) in the
eBTLM. We will also demonstrate the close analogy between an S!/Zy continuum
orbifold model with truncated KK-mode expansion and the ordinary Higgs mecha-
nism of four-dimensional gauge theories [19]. Since the ordinary Higgs mechanism
of four-dimensional gauge theories preserves renormalisability, we conclude that also
the truncated S'/Zy continuum orbifold model is renormalisable and therewith the
corresponding eBTLM. As already mentioned in the introduction of this chapter, for
trivial orbifold projection P and trivial minimum of the Higgs potential V (®) there
is a close analogy between an eBTLM and deconstruction models [39, 14, 15].

3.3.1 Abelian gauge theory

In the first example we consider Abelian gauge theory, i.e. we start with the bulk
gauge group G = U(1). Figure 3.4 summarises the setup. The effective four-

Go=U(1)
2 o
) G=U() o
. S
Go=U(1)

Figure 3.4: Effective bilayered transverse lattice model for the bulk gauge group
G =U(1) and trivial orbifold projection P = 1.

dimensional Lagrangian (3.6) reads

1 1
Lap = _ZF;VFL/W _ ZF:I?/FRMV +(D,®)" (D, ®) + V(&) (3.8)
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where
L L L R R R
Pl =0,A; —0,AL | FF =0,AF-0,Af, (3.9)
Dy® = 9, +ig (Aid — ®AL) . (3.10)

The fields Aﬁ and Allf are U(1) gauge fields on the L- and R-boundary respectively.
Suppose that the Higgs potential V(®) takes its minimum at ®,,;, where

1

and R = RT/{0}. Inserting (3.11) in (3.10) yields for the kinetic term

1 2
(Du@imin)' (Du@min) = 7 9°Pruin (43 = Ai)” - (3.12)

This is a mass term for the U(1) gauge fields Aff and Aﬁ. Defining A := (Aff, Aﬁ)7

we can rewrite

1
ﬁmass = Z 92p3m'n (A;}f - Aﬁ)2 =AM At s (313)

where M is the mass-squared matrix
1 1 -1
M = Z 92p$m'n < 1 1 > ’ (314)

and A? is the transpose of A. The gauge fields Aﬁ and Aﬁ can be expressed as real

linear combinations of their mass eigenstates AELO) and AE})

1
R_ = (400 (1)
A, 7 <Au + A, ) , (3.15)
v_ L (40 _ 40
Au =7 (Au Au > .

In this new basis the mass-squared matrix M is diagonal. We obtain

Emass = AM At = i
1 2
= < PPk (A + AL — 4D — D)
_ L9 1m)?

G0 (AR — ALY (3.16)

which leads to the mass
M = gpmin (3.17)
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for the gauge field A,(}), while the gauge field A,(P) remains massless. In the basis of
mass eigenstates (3.15) the Lagrangian (3.8) reads

2 1 2 1 2
0 0 1 1 2 1
Lip=—3 (a AP = 0,A0) = 7 (0.A4P = 0,AD) + 5 m? (AD)" . (3.18)
This Lagrangian describes two Abelian gauge fields AELO) and AE}), where AELO) is a
massless field and the field A,(}) is massive with mass m = gpmin.

We compare this result to an S!/Zs continuum orbifold model. Let G' = U(1)
be the bulk gauge group. The five-dimensional Lagrangian 4 reads

1
Lsp = _ZFMNFMN ; (3.19)
where
Fyn = BMAN — BNAM . (320)
The boundary conditions for the gauge fields read
Ay (2", —y) = P A, (a*,y) P~ (3.21)
Ay(zt, —y) = —P Ay(zt,y) P71 (3.22)
We take the trivial orbifold projection
P=1 (3.23)
and Fourier expand
[ ny
A, (xH, A(O) — A(”) x*) cos(—= 3.24
ny
Ay (2", y) A m“ ) sin . 3.25
o) = =3 Z (2 (3.25)
Truncating this expansion at n = 1 yields
1 1 Y
Ay (xh, AO (1) + AW (21 cos(= 3.26
la9) = A (@) 4 A (@) cos( ) (3.20)
1 Y
xt, AWM (zH) sin(2) .
Aa".y) = = AP (@) sin( )
The field strength F;n consists of two parts
Fw/ = auAu - BVAM (327)
1
- 0 _ g A0 M _ g AMY . Yy
— (04— 2,40) + (2,40 0,410 ) - Vaeos( )] .
1 - I .y
Fuy = aMAy — 3yAM = \/ﬁ |:({9qu(;1) . Sln(ﬁ) + A‘(})E SIH(E)] y

“Recall that M, N € (u,y), where = 0,1,2, 3.
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where we have inserted the truncated KK-mode expansion (3.26). We insert F,
and F),, into the five-dimensional Lagrangian (3.19) and integrate over the circle S 1
This yields

27R 1 27R 1 1
Lap = / {—7FanFMNY} dy = / (=7 FwF"™ = SFu P} dy  (3.28)
0 0
1 0 0 2 1 1 1 2 1 1 1 1 ?
= g (A -2 Al) - G (oAl - oAl ) g (A0 4 AY )

This Lagrangian describes two Abelian gauge fields AELO) and AE}), where the field
A,(f)) is massless and the field A,(}) is massive. We define

BV = A + R, A (3.29)
and express the Lagrangian (3.28) in terms of A,(P) and B,(})

e =3 (204 - aA?)' 3 (08 —am)" g g (10) @30

We observe that the field Bf}) has mass 1/R.
We compare this result to the ordinary U(1) Abelian Higgs model [65]. Let

1 4
L= —ZFWF“ + | Duo > =V (), (3.31)

with D, = 9, +ieA,, be the Lagrangian of a complex scalar field ¢ coupled both to
itself and an electromagnetic field. The potential V' (®) is chosen to be of the form

V(9) = —u* (¢7¢) + 3 (¢79)° (3.32)
where p2 > 0. With the minimum of V(¢) at
1
<¢> = E% (3.33)
where ¢g = u/A. We expand the complex field ¢(z) around the minimum ¢q as
o(z) = % (do + ¢1 + ig2) . (3.34)

We insert this expansion into the kinetic term | D,¢ |?. Thus we obtain

1 1 1
| Dyt 2= 5 (0u61)” + 5 (0uba)” + b0 A0 00 + 5 RAA +.. . (335)
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where we have omitted terms cubic and quartic in the fields A,, ¢ and ¢2. We
compare this result with
1 1 LG 2
5 <6“Aé ) + EA,Q >> (3.36)
from (3.28). This apparently coincides with the Abelian Higgs model if we identify
[19]
1
= =. 3.37
e ¢o 7 (3.37)
In addition, the comparison of (3.35) with (3.36) shows that the first excited KK-
mode gauge field Ag) plays the role of the Goldstone boson ¢o [19]. It is therefore
natural to go to unitary gauge, i.e. we set

AP =0. (3.38)

In the context of gauge theories in extra dimensions this gauge is known as axial
gauge and we will from now on call (3.38) axial gauge. In axial gauge the Lagrangian
(3.28) reads

Lap = —i (0,4 - aVAg)))Q - i (0ua - aVAgU)Z + % % <A§}>)2 . (3.39)
since B!(Ll) = AE}) for Agl) = 0. Due to the close analogy of the S!/Zs continuum orb-
ifold model with truncated KK-mode expansion and the ordinary Higgs mechanism,
we conclude that the truncated S'/Zs continuum orbifold model is renormalisable.

We compare the Lagrangian (3.28) of the truncated S!/Zs continuum orbifold
model in axial gauge (3.39) with the Lagrangian of the corresponding eBTLM (3.18).
If we require

9Pmin = % ; (3.40)
both Lagrangian’s equal and hence both theories describe the same physics. Thus
we conclude that also the e BTLM (3.18) is renormalisable.

3.3.2 Non-Abelian gauge theory

In the second example we consider non-Abelian gauge theory, i.e. we start for
example with the bulk gauge group G = SU(N). Figure 3.5 summarises the setup.
The effective four-dimensional Lagrangian reads

1 . ) 1 . )
Lap = =7 Fhu P = 2Fp, FP 4t | (D, @) (D,@)| + V(@) (341)
where
Fll=0,AL —0,A + gf " AT ALK | FR = 0,Af" — 0, Al + gfi* AL ALK

(3.42)
Du® = 9,0 +ig (Aj® — ®A]) = 9, +ig (A'L; @ - AVL;) . (3.43)
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Go = SU(N)
: L 4 R
oo sum
H S
Go = SU(N)

Figure 3.5: Effective bilayered transverse lattice model for the bulk gauge group
G = SU(N) and trivial orbifold projection and P = diag(1,...,1).

dij. Let V(@) take its

The L; denote the generators of G normalised as tr(L;L;) = %

minimum at ®,,,;, with
1

where 1y is the N x N unit matrix and pp,;;, € RY. Inserting (3.44) in (3.43) yields
for the kinetic term

1 ; i\ 2
tr (Duémmﬂ(m@m@-n)} = 7 9 Pin (A" = AL (3.45)

Defining A := (Aﬁi, Aﬁi), we can rewrite

1 ) .
ﬁmass = Z nggm-n (Affz — Aﬁz)2 =AM At s (346)

where M is the mass-squared matrix
1 1 -1
M = 2 6 Prin < 1 > : (3.47)

and A' is the transpose of A. The gauge fields Aﬁi and Aﬁi can be expressed as real
linear combinations of their mass eigenstates AL(O) and AL(U

1
V2

ALi — % (A — axm) .

Ri 7 %
AffF = — (A0 4 A0 (3.48)
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In this new basis, the mass squared matrix M is diagonal. We obtain

1 i i 2
Lingss = 192[)?,% (Aff _Aﬁ) (349)
1 2 2 2(0 i(1 2(0 (1 2
= < Poin (A0 + A — 40 — A1)
1

= 5 92/072m‘n (Ai(1)>2 .

This leads to the common mass term
M = GPmin (3.50)

for all gauge fields ALU). The gauge fields AL(O) remain massless.
We calculate the Lagrangian (3.41) in the basis of mass eigenstates (3.48). The
Yang-Mills term reads

1 A . » , 2 1 2
Lys = =7 (AL =0, AL + gf M AP ALE) — 2 (9,45 — 0,4 + gfimmafim A
1 (0 1(0 i(1 i(1
= — (aﬂA} ) — 9, A1) — (aﬂA} ) — 9, All >) (3.51)

2
n % fiik ( IO ABO) _ 43O oK) _ 430 gKO) 4 A7) Al;(l)))

1 (0 10 (1 (1
- 3 (0,41 = 8,4 + (9,410 - 5,4

2
9 rlmn m(0) g4n(0 m(0) gn(1 m(1) An(0 m(1) gn(1
+ Ef (A;L()Au()"‘Au()Au()"‘AH()AV()“‘A;L()AV())) ]

We isolate the zero-mode. This yields
1 . A o 2
Lo=—7 (aﬂAZV(O) — 9, Al 4 % f”kA{}O)A’,j(O)> . (3.52)

If we define the coupling constant
1
V2

the zero mode has the canonical four-dimensional kinetic term with field strength

(3.53)

Fi{ = 0,480 — 9, A0 + ik 410 AFO) (3.54)
In contrast, for the first KK-mode we obtain

1 (1 i(1 2
Li=—7 (BMA,,( ) — 9, AX >) . (3.55)
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. A . 2
Note that a term —% <8MA,Z,(1) — BVALU) + gf”kAfL(l)Al,f(l)> for the first excited KK-

mode does not occur due to the relative minus sign for OHA,i,(l) —(?VAZ(U and QLAf,(l) —
ayAifl) in (3.51). However there will the term

_i G2 % pimn A3 (1) AK(D) gm(1) gn(1) (3.56)

which describes the self-interaction of the first excited KK-modes. In addition, we
obtain the following interaction terms among the zero mode and the first excited
mode linear in g

1 4 . o
£ = 1 (9,410 - 8,40 fo¥ 40 4K (357)

+ (3ﬂAi(1) _ &,Aff”) fiak Aﬂ(O)Aﬁ(l) + ((%Af/(l) 0, AZ ) LY 1)Ak(0)>

and quadratic in g
1 o A ,
Lp = -3 G2 ik pimn < ATO 4B gm(©) gn(1) 4 41D AKO) gm() Ag<0>>(3.58)
L ijk pimn j m n j m n
- 3 G2 fiik s <Aﬂ(O)A§(O)Au W) gn) 4 AL(O)AIZ(UAM (1)Au(0)) '

We compare this result to an S!/Zy continuum orbifold model. Let G = SU(N)
be the bulk gauge group. The five-dimensional Lagrangian reads

1
Lsp = —ZFJ‘\}NF“MN , (3.59)

where

Fiyn = O A% — OnAfy + g5 f AR A - (3.60)

In this equation, g5 is the five-dimensional gauge coupling constant. The boundary
conditions for the gauge fields read

A, —y) = P Ay(a¥,y) P~ (3.61)
Ay(zt, —y) = —P Ay(zt,y) P~ (3.62)

As in the Abelian case, we take the trivial orbifold projection
P =diag(1,...,1). (3.63)

The Fourier expansion up to the first KK-mode reads

A%(z y) = A0 () 4 \/1_14;(1)(:3“) cos( %) (3.64)
A%,y \/71T_RA“(1)(35“) sin(2). (3.65)
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The field strength F;n consists of two parts

Fo, = 0,A% —0,A% + g5 [ AL A (3.66)
= Al ) s ()
b o [ 40 (@) + AU )V cos(L)]
AL @) + AL (@) V2eos(%)]
Fo, = 0,A%— 0,A% + g5 f° AL A (3.67)
_ \/jr_RaﬂAgﬂ) sin(L) - \/%AZ(U% sin(2)
N 2797—51% fate { A0 () AZ(U(M)\/icos(%)] { Az(l)(xu)\/ﬁsin(%)

The second term in (3.67) will lead to mass terms for the gauge fields AZ(D. As in
the Abelian case, we compare this result to the ordinary non-Abelian Higgs model.
The result is analogous to the Abelian case. In particular, the first excited KK-mode
gauge fields Ag(l) play again the role of Goldstone bosons. Therefore we go to axial
gauge

AsH) = 0. (3.68)

Due to the close analogy of the non-Abelian S'/Zs continuum orbifold model with
truncated KK-mode expansion and the non-Abelian ordinary Higgs mechanism, we
can conclude that also the non-Abelian truncated S!/Zs continuum orbifold model
is renormalisable. In axial gauge (3.67) becomes

a—_
Fﬂy_

1 a1 .y
\/ﬁAﬂ(l)E sm(ﬁ) . (3.69)

We insert (3.66) and (3.69) into the five-dimensional Lagrangian (3.59) and in-
tegrate over the circle S*. This yields

2R 1 VN 2R 1 1
Lip — /0 [~ Fian PN} = /0 — g F P — i Foy dy (3.70)
_ 1 (f% 480 _ 9, A20) 4 _I5_ pabe 4500 Ac<0>>2 1 (% e g AZ(”)Q
4 v v /—27TR 14 4 14 v
L L gam\2 oy
+§ﬁ<“>+95+ g2

where ngs and E; » are interaction terms. Note that the zero mode has the canonical
5
field strength
F;LLIEO) — aﬂAg(O) _ auAﬁ(O) + g4fabcAZ(0)A§(0) (3.71)
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if we identify

g=—2_, (3.72)

where g4 is the four-dimensional effective gauge coupling constant. This relation
is well-known from higher-dimensional gauge theories [74]. Note that while g4 is
dimensionless, g5 has mass dimension —1/2. The comparison of (3.71) and (3.52)
yields the relation

I = g=-5 (3.73)

g4 = g = ﬁ &
Finally we compare the Lagrangian (3.70) of the non-Abelian truncated S!/Z
continuum orbifold model in axial gauge (3.68) with the Lagrangian of the corre-
sponding eBTLM. First, using

2TR y 2TR y 2TR y
/0 COS(E) dy = /0 sin(}—%) dy = /0 cos?’(ﬁ) dy=0, (3.74)
2TR y 2TR y 3
/0 COSQ(E) dy=mR /0 cos4(§) dy = ZTI’R (3.75)

and inserting (3.72) an elementary but lengthy calculation shows that the interaction
terms Ly and £Ig2 in (3.70) equal (3.57) and (3.58) (including the term (3.56)),
5

respectively. Second, if we require as in the Abelian case

1
both Lagrangian’s equal and hence both theories describe the same physics. There-

fore we conclude that also the eBTLM is renormalisable.

3.4 Orbifold conditions for nonunitary parallel trans-
porters in the effective bilayered tranverse lattice
model

In the last section we have restricted to the case where the orbifold projection P is
trivial. In addition, we have made certain assumptions about the minimum ®,,;,
of the Higgs potential V(®), see (3.11) and (3.44). As a result, the gauge group G
remained unbroken and the zero mode gauge fields remained massless.

In this section we determine orbifold conditions for nonunitary parallel trans-
porters ®. As a result, we can also handle non-trivial minima of the Higgs potential
V(@) and non-trivial orbifold projections P. At first, we recall some standard facts
about Lie algebras, which can be found in [53].
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Theorem 1 (Cartan decomposition 1) [53] Let H be a real semi-simple Lie
group with Lie algebra Y. Then b has a Cartan involution 6. A Cartan involu-
tion 0 of b leads to an eigenspace decomposition

h=g®p (3.77)

of b such that
0,01 S 9 lgplCp, [P0l Co (3.78)

and g,p are +1 and —1 eigenspaces of 0, i.e.
e 0 X=X forXeg
e ) X=-X forXep

Let k be the Killing form of h. Then g and p are orthogonal under k and Kk is
negative definite on g and positive definite on p.

Remark: If h = g@p is a Cartan decomposition of h then g ® ip is a compact real
form of its complexification ().

Theorem 2 (Cartan decomposition 2) [53] Let H be a real semi-simple Lie
group with Lie algebra b, let 0 be a Cartan decomposition of its Lie algebra b and
let h = g @ p be the corresponding Cartan decomposition. Suppose H has a finite
centre, then G is the mazximal compact subgroup of H and G has Lie algebra g. The
elements of H can be written as

h=gexpX, geG,Xep (3.79)
This decomposition is called the global Cartan decomposition.

Remark: The global Cartan decomposition generalises the polar decomposition of
matrices.

Definition 2 Let a C p be a maximal Abelian Lie algebra in p and let A be the
corresponding subgroup of H. We call A a maximal noncompact Abelian subgroup
of H.

Remark: A is not unique and we will make use of this fact later.

Let us recall the definition of the Weyl group W(G, A) of the pair (G,A). We
use the notations above. Let W* be the normaliser of a in G, i.e.

W*={ge G| Ad(g)a C a}, (3.80)
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1

where Ad(g)a C a means that for all x € a we have gzg~! € a 5. Let W be the

centraliser of a in G, i.e.
W={geG|Ad(g)r ==xfor all z € a} . (3.81)
Their quotient group is the Weyl group
W(G,A)=W*/W. (3.82)

Theorem 3 (Uniqueness of KAK-decomposition) Let H be a reductive Lie
group, G the mazimal compact subgroup of H, A a maximal noncompact Abelian
subgroup of H and a the corresponding Abelian subspace in p. Then every element
h € H admits a decomposition

h = kiaky ! (3.83)

where ki,ko € G and a € A. In this decomposition

e a is unique up to conjugation with elements of W (G, A)

o Givena € A, let W, = {g € G| gag~" = a}. Then ki and ky are unique up
to right multiplication by an element of W, i.e.

kil — k?i = k?lk‘ 5 k?g — k?é == k?gki (384)
where k € W,,.

Proof 1 The existence of the decomposition can be found in [53]. It is based on the
global Cartan decomposition H = Gexpp and the equality p = UgecAd(g)a. Let us
come to the uniqueness of (3.83). First, the proof for nonuniqueness of a can be
found in [53]. Given now a € A. Suppose

kiaky ' = kjaky ! . (3.85)
Ifky = szlkl and ky = kzglkzé, then kiaks = a and therefore (1%1122)(1%;1@[?:2) = q.
By the uniqueness of the global Cartan decomposition (3. 79) it follows that k1ks =1
and k;lakﬁg =a. Thus ko € W,. Then
ko = ky Lk = kb = koky = kok (3.86)
with k = ky € W,. In addition
ki = K7k = K = K1kt = kike = Kk (3.87)

because 12111212 =1.

®For matrixgroups the adjoint action Ad can be written as Ad(g)z = gzg™*
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Definition 3 We call a € A generic if W, = W.

Corollary 1 i) (generic case) Given a € A in (3.83). If a is generic, it follows
that

kll = klw N ]Cé = ]CQU) (3.88)
in (3.85) where w € W.
i) (unitary case) Let a =1 in (3.83). Then

kiky b = kiky ! (3.89)
allows
ki=kig, Ky=kayg (3.90)
where g € G that is Wy, = G for a = 1.

Proof 2 i) We know that lzzglalzzg = a where 1212 = W,. Now let a be generic. Thus
ko e W.

it) is obvious since in this case W, = G.

3.4.1 Orbifold conditions for nonunitary parallel transporters

We now determine orbifold conditions for nonunitary PTs. Let G be the unitary
gauge group of the bulk and let g be its Lie algebra. Any orbifold projection P €
G can be written as an exponential of some Lie algebra element and is therefore
contained in some U(1) subgroup of G. If we start with this U(1) subgroup, we
can construct a maximal torus T C G. By t we denote the Lie algebra of T. Let
t = Lie T. Let {H;}]_,, with r = rank g, denote the generators of t. Since P € T
by construction we can always write

P=exp(—2mi V-H), (3.91)

where V is a shift vector 6 and H = (Hy,Hs,...,H,). The shift vector V is an
element of the weight space of g. We consider the case where g can be obtained
from a complex Lie algebra b, i.e.

h=g®ig. (3.92)

An important example is h = s[(/V,C). In this case g = su(N).

Let a be a maximal Abelian Lie algebra in ig and let A be its corresponding
subgroup in G according to Definition 2. The KAK-decomposition (3.83) holds for
any choice of a. It is natural to make the special choice

a=it. (3.93)

SEvery possible orbifold projection P can be specified by a corresponding shift vector V. Shift
vectors are listed in the literature for many gauge groups, see e.g. [9].
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Let n € a. Then we have by construction
PpP~t=yp. (3.94)
Thus P € Wen.

Example 2 Let G = SU(N) and P? = 1. Without loss of generality we can write
P as
P = diag(1,...,1,—-1,...,-1) (3.95)
——
N—m m
for 1 < m < N and m is restricted to be an even integer. Let h = s[(N,C). The
Cartan decomposition of sl(N,C) reads sl(N,C) = su(N) + isu(N). We are free to
choose
a={n = diag(ay,...,an)} Cisu(N), (3.96)

where Y a; =0, a; € R. It follows that
PnP~'=n. (3.97)
Thus P € Wen.

Let Vi,(Vg) be the fibre over the L(R)-boundary. The parallel transporter & is
amap ® : Vi — Vi. In addition, the parallel transporter ®* in the backwards
direction is a map ®* : Vi, — Vi. If we identify Vi and Vi via a map i : Vi, — Vg
[60] (i~' : Vg — V1), there remains the freedom that ® € H transforms under a
unitary gauge transformation according to

®— S(z)®S(z)" 1, (3.98)

where S(z) € G. Hence we can require for ®,®* € H and P € T C G the orbifold
condition
d=Po*P !, (3.99)

where P* = P~1. According to (3.83), we can write ® € H as
O =Up,e" U, (3.100)

where n € a = it, t = Lie T" and U,Ur € G. We insert (3.100) in (3.99). Conse-
quently we get for the right-hand side of (3.99)

P®*P~! = PURe" Ui P~ = PURe"U; P71 . (3.101)

The second equation holds since €” is selfadjoint. According to Theorem 3 however,

the decomposition (3.100) is not unique. The comparison of (3.100) with (3.101)
tells us that there is a K € Wen such that

Urp = PUrK (3.102)

Up=K'U;P™'. (3.103)
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Let us consider (3.103). We obtain
Up=KU;jP' = Ur=PULK — U, = P"'URK . (3.104)

We now restrict to involutive P. On the orbifold S'/Zy this restriction is empty
because P fulfils already P? = 1. In addition, because in one extra dimension there
exits only one orbifold, namely S'/Zs, the following is true for all orbifold models
in one extra dimension. Since P? = 1 it follows that P = P~!. Then (3.104) and
(3.102) are compatible if

K*=1. (3.105)

This result shows that K can be interpreted as a projection. Recapitulating, we can
write ® € H as
d=Upe" KU;P!, (3.106)

where K, P € W, and K? = P? = 1. This result motivates the following

Definition 4 (Sharpened orbifold condition for nonunitary ®) Let H be a
reductive Lie group, G the maximal compact subgroup of H, A a maximal noncom-
pact Abelian subgroup of H and a the corresponding mazximal Abelian Lie Algebra in
p. ® € H can be decomposed according to Theorem 8 as

o=Upe"Up, 3.107
R

where n € a, U, Ur € G and a is not unique. Given P € G. Then we demand that

1.
PnP~' =y (3.108)
2. n,Ur,Ug satisfy the condition
Up =PU, P! (3.109)
for a suitable choice of a.
Remark: For a complex Lie group H one can choose a maximal Abelian Lie

Algebra a such that (3.108) is automatically fulfilled.

Corollary 2 If ® fulfils the sharpened orbifold condition and P is involutive, then
® also satisfies ® = P®*P~1.

Proof 3 If ® fulfils the sharpened orbifold condition, we can decompose

O=ULe" UL, (3.110)
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where n € a, Ur,,Ug € G, P € G with PnP~' =9 and Up = PUL,P~. We get
PO P =PURe"U; P '2PUR P e" PUL P!, (3.111)

where in the second step we have used that PnP~' = n. Since Ur = PULP~! and
P? =1, we further obtain

PURP 'e"PU P =ULe" U= (3.112)

Let ® € H fulfil the sharpened orbifold condition. Then ¢ can be decomposed
as

®=ULe"Uy =Up e’ PU; P!, (3.113)

where PnP~! =1. P acts on G through an automorphism on its Lie algebra g. Let
Gy be the centraliser of P in G. Since P is an involutive automorphism g splits as

g=goDg1, (3.114)

where [go,go] - go, [go,gl] - g1, [gl,gl] - do and do = Lie GO. GO is called the
orbifold unbroken gauge group. gi is the orthogonal complement of gy and may be
viewed as the tangent vector to the coset space G/Gy. Let go € Gy and A, € g;.
Then gy and A, fulfil

PgoP~™' = g0, (3.115)
PA,P Tt =-4,. (3.116)

We can decompose Uy, (at least in a small neighbourhood of the identity) as
UL = go v (3.117)

according to the action of P on G. We insert this decomposition into (3.113) and
obtain

d = goelv e P(goet) P! (3.118)
A AX p— * D—
= goev " Petv PP gi Pl (3.119)
=1

= goeltv " Petv Pl g (3.120)

= goe™ gy goegy "t goev gyt (3.121)

= M el ey (3.122)

where

Al =goAygy ' €@ (3.123)

= gongy ' € o' = Ad(go)a . (3.124)

We summarise this result in the following
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Theorem 4 Suppose that ® € H fulfils the sharpened orbifold condition. Then ®
can be decomposed as

& =Ure"Uy =Ug e’ PUF P, (3.125)

where n € a, Ur,,Ur € G, a such that PnP~' = n and Ur,Ug such that Up =
PULP7'. Let P € G be involutive and let g = Lie G split as

g=00D o (3.126)

according to the action of P on g. Then ® can be written as

P = etv e ey | (3.127)

and
PAPTY = -4, (3.128)
PnpP~t = g, (3.129)

where Ay € g1 and n € a. Since ® in H fulfils the sharpened orbifold condition P
has the property
PeWen. (3.130)

Remarks: i) For unitary @, that is e” = 1, we have W.n = G and therefore P € G.
® can be written as
o =y (3.131)

Thus if €” = 1 we recover the conventional orbifold case.
ii) If a = e is generic then Corollary 1 yield Wen = W. Thus P € W.

Example 3 We consider the Lie algebra b = sl(3,C). It possesses the Cartan
decomposition sl(3,C) = su(3)Pisu(3). Let a = {n = diag(ay,as,as3)} be a mazimal
Abelian Lie algebra of p, where > a; = 0, a; € R. In addition, let \j;i = 1,...,8
denote the Gell-Mann matrices generating SU(3). Let n € a be generic, i.e. 1 =
(a1, az2,a3) where the a; are all distinct. Then Wen = W is the torus T' consisting of
all diagonal matrices in SU(3). Since P € T, the orbifold projection P has to be a
diagonal matriz. For example we can choose P € T C G as

P = exp(inV/3)g) = diag(—1,—1,1) . (3.132)

Note that this choice for P breaks the unitary gauge group G = SU(3) down to
Go=SU(2) xU(1).
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3.5 Spontaneous symmetry breaking

In this section, we discuss the topic of spontaneous symmetry breaking in detail.
First we introduce some terminology.

Definition 5 Let Gy, be the centraliser of n € a in G, i.e.
Goy = {g € Go | Ad(g)n = n} . (3.133)
Goy is called the unbroken subgroup of Go with respect to 7.

In the context of orbifold- and spontaneous symmetry breaking one is usually faced
with the situation where first the bulk gauge group G is broken by orbifolding to
Go at high energies and second Gy is broken further spontaneously to Go,. We
schematically write

G L Gy -5 Gy . (3.134)

Let us consider the case where P = 1. For P = 1 the unitary gauge group
G remains unbroken and gg the Lie algebra of Gy equals g. Suppose ® fulfils the
sharpened orbifold condition. Thus we can write ® according to Theorem 4 as

d = ULe"Us | (3.135)

where n € a, Ur,U; € G and a such that PnP = 7. This follows directly from the
decomposition (3.125) with P = 1. Let us consider the Higgs potential

V(®) =V (ULe"U7) . (3.136)
Since @ transforms under a unitary gauge transformation as
® i S(z)®S(x)" ", (3.137)

where S(z) € G, the unitary factors Ur,U; € G in (3.136) can be transformed
away. As a consequence the Higgs potential V(®) can be written as a function
which depends only on 7, and we have

Corollary 3 Suppose that the Higgs potential V(®) is G-invariant, i.e.
V(S(z)®S(x)™1) = V(@) (3.138)

for all S(z) € G,® € H. Then there exists a function V on a such that
V(@) =V(ge"g") =V(n) foralgeGnea (3.139)

and

V(n) =V(w(n)) for allwe W(G,A). (3.140)
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Thus W (G, A) is a discrete group of symmetries of the Higgs potential V(®P).

Definition 6 Let W, C W (g, A) be the subgroup of elements which leave 1 invari-
ant, i.e.

Wy, ={weW(H,A)|w(n) =n}. (3.141)
We note that W,, = (Go, N W*)/W.
Definition 7 We call n € a generic if Go, = W.
Corollary 4 If n € a is generic, then W, is trivial.
The proof is obvious.

Example 4 We consider the Lie algebra b = sl(3,C). It possesses the Cartan
decomposition sl(3,C) = su(3)Pisu(3). Let a = {n = diag(ay,as,a3)} be a mazimal
Abelian Lie algebra of p, where Y a; = 0, a; € R. In addition, let X\;,;i =1,...,8
denote the Gell-Mann matrices generating SU(3).

First, let n € a be generic, i.e. 1 = (a1,as,a3) where the a; are all distinct. Then
Gop =T =W is a Cartan subgroup of SU(3). Since Go, = W, it follows that W,
is trivial.

Second, let n € a be nongeneric, e.g. n = (a1,as,a3) where a; = ay. In this
case the unbroken subgroup Go, of G = SU(3) is generated by {1, A2, A3, A\g} and
consequently Go, = SU(2)xU(1). The Weyl group W, is Sa, that is the permutation
group of the two elements (a1, a2).

Next we consider the case where P # 1. Then g = Lie G splits as

g=00D 0 (3.142)

according to the action of P on g. Hence the orbifold unbroken gauge group G has
Lie algebra go. Suppose ® € H fulfils the sharpened orbifold condition. According
to Theorem 4, we can write

P = etv e ey | (3.143)

and
PAPTY = -4, (3.144)
PPt = g, (3.145)

where A, € g1 and 1 € a. We consider the Higgs potential

V(®) = V(e e elv) . (3.146)



3.6. The customary approximation scheme of a truncated S!/Zy orbifold
model 59

Since G is broken to Gy, ¢ transforms under a unitary gauge transformation as

® — So(z)®Sy(x) 7!, (3.147)

where So(z) € Go. In contrast to the case where P = 1, the unitary factors e in

(3.146) cannot be gauged away due to the lack of gauge invariance. Therefore the
Higgs potential V(®) depends also A, and we have

Theorem 5 Suppose that ® € H can be written as

P = ey e ey | (3.148)

and
PAPTY = -4, (3.149)
pPpP7l = g, (3.150)

where Ay € g1, n € a for a suitable choice of a. The action of P € Wen leads to a

split g = go D g1, where the orbifold unbroken gauge group Gy has Lie algebra gg.
Then

1. the Higgs potential V(®) is Go-invariant
V(So(x)®So(z)™h) = V(®) (3.151)
for all Sy(z) € Go,® € H.
2. there exists a function V on a X g1 such that
V(D) = V(e e etv) =V(n, A,) . (3.152)
Due to (3.151) we have
V', A,) =V(n,Ay) , (3.153)
when n' € o = Ad(go)a, A}, = goAyg5 " € g1 for some go € Gy.
3. in (8.152) A, cannot be gauged away because So(x) in (3.151) is restricted to

Gy CG.

3.6 The customary approximation scheme of a trun-
cated S'/Z, orbifold model

In section 3.3 we have obtained that for a non-Abelian gauge theory with gauge
group G = SU(N) and trivial orbifold projection P
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1. an eBTLM with minimum of the Higgs potential V(@) of the form

1

see (3.44), leads to the common mass term

™M = gPmin (3'155)
for all first excited KK mode gauge fields.

2. such an e BTLM with ®,,;, given by (3.154) equals a S'/Zs continuum orbifold
model with trivial orbifold projection and a Fourier mode expansion truncated
for all fields at the first Kaluza-Klein mode, if we require

R (3.156)
gpmzn - R 9 .

see (3.76).

Note that in this equation g is the dimensionless four-dimensional effective gauge
coupling constant of the eBTLM and thus py,;, has mass dimension 1.

We will now derive (3.154). In the following calculations we restrict ourselves for
simplicity to the bulk gauge group G = SU(2). However, the results of this section
can be generalised to G = SU(N) in a straightforward way. For G = SU(2), we
assume that the holonomy group is given by H = R} SL(2,C), with R} = R*/{0}.
Let & € H fulfil the sharpened orbifold condition. Then ® € H can be written
according to Theorem 4 as

d=pULe'Uj,=pUp e’ PUFP! | (3.157)

where € a, U, Ug € SU(2), p € R}, a such that PnP~! = and Uy, Ug such
that Ur = PULP~!. We have to make a choice for a. Since H is complex we can
always choose a maximal Abelian Lie algebra a C isu(2), such that PnP~! = 5 is
automatically fulfilled. Without loss of generality suppose P is diagonal. Then

a={n=diag(ar,a2)} , a1 =-az, a€R (3.158)

is a maximal Abelian Lie algebra of isu(2) and PnP~! = for all € a. We first
focus on the case where P is trivial, i.e. P = diag(1,1). Hence (3.157) reads

S=pULe"U;s . (3.159)
Let us consider the Higgs potential

V(@) =V(p UL " U). (3.160)
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Figure 3.6: Effective bilayered transverse lattice model for bulk gauge group G =
SU(2) and trivial orbifold projection P = diag(1,1).

® transforms under a unitary gauge transformation according to ® — S(z)®S(z) !,
where S(x) € SU(2). Consequently the unitary factor Uy, in (3.160) can be trans-
formed away. Thus, according to Corollary 3, the Higgs potential V(¢) depends
only on n and p

V(pULe"Up) =V(pe’) =V(pn) - (3.161)

Let V(®) assume its minimum at ®,,;,. According to (3.161) we can parametrise
any ®,,;, as

1 e 0
Prin = pmin% < 0 e ) , a1 =—az, a; €R. (3.162)

Note that the a; in (3.162) are dimensionless parameters. Since P is trivial, the
bulk gauge group G = SU(2) remains unbroken at both boundaries. Figure 3.6
summarises the setting. In order to arrive at (3.154) for N = 2, we set a; = —ag =0
and (3.162) becomes

1 /10
D, = pmin 7> ( 01 ) . (3.163)

We know from section 3.3 that (3.163) leads to the mass term
_ RS LR i1)) 2
Limass = tr [ (Dy®Pmin)' (Du®Pmin) | = 5 9 Pmin Ay , (3.164)

with ¢ = 1,2, 3, i.e. only the first excited KK mode gauge fields AL(I) become massive
with common mass m = gpmin. All zero mode gauge fields AL(O) remain massless.

Therefore we make the following
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Definition 8 We call
1 1 0

the trivial minimum of the Higgs potential V (®) for G = SU(2).

From section 3.3.2 we also know that a truncated S'/Zy orbifold model with bulk
gauge group G = SU(2) and trivial orbifold projection P = diag(1,1) leads to the
mass term (3.70)

Lonass = 2 (Ai(1)>2 (3.166)

mass 2 R2 1] 9 *

with ¢ = 1,2,3. If we insert gpmin = 1/R in (3.164), (3.166) and (3.164) coincide.
In fact we know from the discussion in section 3.3.2 that also the effective four-
dimensional Lagrangian of the truncated S!/Zs continuum orbifold model equals
the effective four-dimensional Lagrangian of the corresponding eBTLM. Therefore
we conclude

Proposition 1 An S'/Zy continuum orbifold model with bulk gauge group G =
SU(2), trivial orbifold projection P = diag(1,1) and a Fourier mode expansion for
all gauge fields truncated at the first excited Kaluza-Klein mode in axial gauge equals
an effective bilayered transverse lattice model with bulk gauge group G = SU(2),
trivial orbifold projection P = diag(1,1) and trivial minimum of the Higgs potential
V(D).

Remark: i) In general the minimum ®,,;, of the Higgs potential is given by

1 e™ 0
PCinin = pmm% < 0 e ) ) (3167)
where a; = —ag # 0. Therefore an eBTLM with nonunitary parallel transporter ®

is richer in its physical content than a truncated S!/Zs continuum orbifold model.

3.7 Beyond the customary approximation scheme of a
truncated S'/Z, orbifold model: Exponential gauge
boson masses

In this section we consider the case where the minimum ®,,,;, of the Higgs potential
V(@) is non-trivial, i.e.

Boin = pin—ez [ €0 = —ay£0 (3.168)
min = Pmin \/5 0 e ,a1 = —az . .
We calculate the mass term for the SU(2) gauge bosons by computing the kinetic
term

Limass = tr [(Duq)mzn)T (Duq)mzn)} . (3169)
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We start with the covariant derivative

D,® = 0,® +ig (A — BA},) | (3.170)
where
R _ ARi, L _ ALi,
Au = Au ti Au = Au t; , (3.171)
t; = %’Ti and 7; denote the Pauli matrices. Note that tr (¢;t;) = %5¢j. We transform
. 1 . .
Ri __ +(0 i(1
A= (AM( )+ Al )> (3.172)
A 1 A .
Li _ — i(0) _ Ai(1)
Al == (4i0) — i)

Recall that AZ(O) and Az(l) denote mass eigenstates. The covariant derivative (3.170)
reads in terms of these mass eigenstates

D,® =9, <1>+17AL 0 t;, ®] + \fAl(l {t;, @}, (3.173)
where [,] and {,} denote the commutator and anticommutator, respectively. In

order to calculate [t;, ®yin] and {t;, ®pin }, respectively, it is convenient to add the
generator to = 31, to the generators of SU(2). The set {t;},i =0,...,3 is a basis
of the Lie algebra u(2) of U(2). We can expand every diagonal 2 x 2 matrix ¢ is
terms of ¢35 and g as

1 (go+¢s O >
= ¢oty + ¢P3ts = = . 3.174
¢ = ¢oto + Pst3 2( 0 do0 — b3 ( )
Using this expansion we rewrite ®,,;, as
L fem 00 _ 1 dotos 0
q)mzn - pmzn\/i < 0 002 ) = 9 ( 0 ¢0 o ¢3 s (3175)
where
1
b0 = Pminﬁ (e™ 4 e*) (3.176)
1
¢3 = Pmin” 75 (e —e®) . (3.177)
For the commutators and anticommutators we obtain
[ti, Prnin] = [ti, Poto + @3t3] = ¢o [ti, to] +03 [ti,t3] , (3.178)
—— ——
=0 =i€i3k Tk
{ti, ®min} = {ti, doto + ¢3t3} = do {ti,to} +03 {ti, 13} . (3.179)
SN—— SN——

=t; dizto



64 Chapter 3. Effective Theories and nonunitary parallel transporters

Inserting [t;, Pmin] and {t;, Ppin} in (3.173) yields

_ 9 Lo -9 i
Dy ®min = ~/ A0 paeiity, + i/ AN (ot + p3todis) - (3.180)
Taking the adjoint (D“(I)mm)T = —% AL(O) ¢3€i3ktk — Z% Ait(l) (qb(]ti + qbgto(sl'g) and

multiplying (D, ®min)T by D, ®pmin we obtain

(Duq)min)T (Duq)min)
1 o
= 592 AN AN @2 espenaitity, (3.181)

1y ) 1
+ 592 A i) (qﬁgtitg + %063 (t:i0i36:5) + qb%tgéigé;g) (3.182)
1 A <
+ 0 592 AL(O)AL(U P30 €isk [tr, b (3.183)

with 4,7 = 1,2,3. As tr t; = 0 for i = 1,2,3, the mixed term (3.183) vanish after
taking the trace.

Let us focus on the mass term (3.181) for the zero mode AL(O)

1 s
592 AL(O)AL(O) D3€iskeiilily - (3.184)

Since tr (t;t;) = $0;; we get after taking the trace

L 4040 6 (i) 3159

For ¢ = 3 this term vanishes and thus the corresponding gauge field Ai(o) remains
massless. With €25, = €25, = 1 we obtain for i = 1,2

igz <AZ(0))2 42 (3.186)

Next we consider the mass term (3.182) for the first excited mode ALU)
% 7 Affl) Affl) <¢gtit;+ %¢0¢3 (t:i0i3633) +¢§t36i36;3> . (3.187)
The second term vanishes after taking the trace. With tr ¢2 = % and tr (t;t;) = %@j
for 4,5 € {1,2,3} we obtain
igz (A{}”)Q ¢ + 392 (Af’}”)z (63 +¢3) (3.188)
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where j = 1, 2. Recapitulating we have obtained

T{(Duq)min)T(Duq)min)] - 392 (AZ > ¢3+ g (AL(I)>2¢%
v o3 (B0 G+ a)

with ¢ = 1,2. Inserting ¢¢ and ¢3 (3.176) into (3.189) we get the final result
2 2 al a2)2 i0))?
9 Pmin (6 —¢€ ) (A,u( )>
a a2\2 % 2
2pmzn( 1+62) (Au(l)>
1 2
9 in (2 4 22 (Af}”) (3.189)

with ¢ = 1,2. Table 1 summarises the result

r [(Dﬂmm)T (Ducbmm)} _

1
8
L1
g7

Table 1
Field Mass squared
AL(O) i=1,2 %QZP?nm (e™ — ea2)2
A0 0 (3.190)
T =12 e T )
3(1
Au( ) %QQP%LML (€2 +e*2)

3(0)

Discussion: i)  We observe that only the zero mode gauge field Au( remains
massless. This follows from the fact that t3 commutes with ®,,;,

[t3, Prmin] =0 . (3.191)

Thus the U(1) subgroup of SU(2) generated by t3 remains always unbroken. Note
that also [P,t3] = 0. We have the spontaneous symmetry breaking scheme

)

su@) 2 u) (3.192)

for a1 = —ag # 0.
ii) For a; = —az =0 in (3.190) we recover (3.164).
iii) For (3.190) there are two cases of special interest:

1. Limit of small a1, i.e. 0 < a7 < 1:. In this case it is possible to find a
corresponding orbifold model as an approximation. We will discuss this case
in detail in the next section.

2. Limit of large aq, i.e. a1 > 1: In this case gauge boson masses can be very
large in comparison to the compactification scale gp,i, = 1/R. This behaviour
has no counterpart within the customary approximation scheme of an orbifold
model. We will discuss this case in detail in section 3.9.
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3.8 Linear approximation and corresponding truncated
S'/Zsy orbifold model with an additional scalar field
in the adjoint representation of SU(2)

Let 0 < a; < 11in (3.190). Thus we can approximate
%~ 1+ g (3.193)
for i = 1,2. In this approximation we obtain

e —e” =qy —ay =2ay, (3.194)

e +e?=a1+ay+2=2,

where we have used that a; = —as. Inserting (3.194) in (3.190) we obtain

Table 2
Field Mass squared
o
ALY i=12] 0% af
A30) 0 (3.195)
T
AL( S =12 59” Ponin
30
A 59 Pin

Discussion: i) The zero mode gauge fields AL(O), for i = 1,2, get small masses in

comparison to the compactification scale gpmin = 1/R.

ii) The first excited KK-mode gauge fields Aﬁl) get the common mass term gpmin =
1/R. This result is just what one would expect from the customary approximation
scheme of a truncated S!/Zy continuum orbifold model.

(3.195) suggests that there exits a corresponding S!/Zs orbifold model which
at least approximately describes an eBTLM in the limit of small as. In fact, let
us consider a S'/Zs continuum orbifold model with bulk gauge group G = SU(2).
In addition, we introduce a bulk scalar field ¢(z#,y) transforming according to the
adjoint representation of SU(2). The five-dimensional Lagrangian reads

1
Lsp = —ZE%JNJNJ‘“VJr | Do %, (3.196)

where
Fiyy = O A% — OvASr + g5 f " A3 AR (3.197)

and
D¢ = O™ + gs f* Aly6° . (3.198)
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The boundary conditions read

Ay(a*,—y) =P A, (z*,y) P71 (3.199)
Ay(zt, —y) = —P Ay(2t,y) P7* (3.200)
¢(z",—y) = P ¢(z*,y) P~ (3.201)

We choose the trivial orbifold projection
P = diag(1,1) . (3.202)

Thus G = SU(2) remains unbroken. The Fourier mode expansion up to the first
KK-mode reads

AS(2y) = ¢1_ a(0) () 4 JL_RAZW(M)COS(}%) (3.203)
A%t y) = \/1_ m(m“)sin(%) (3.204)
% (zH,y) = \/%gb“(o (z) + %¢“(1)(x“)cos(%) . (3.205)

We insert the KK-mode expansion for ¢ (3.205) in the covariant derivative for ¢
(3.198). This yields

1 1
Dud® = —— 9 470 L _= 5 430 . cos( Ly 4 I5_ pabe [ 4b(0) (1
MO Tﬂ}_{@,ﬁb + _WRBW COS(R)+27er [ 9 (zH)

+ Az(l)(x“)\/icos( )} {(bc(o( ") —I—gbc(l)(x“)\/icos(%)]
1 1
a(l) 2 (L 95_ pabe [ 4b(1) (21)1/9 cos(Z
bt i)+ 5ot 450 (@ )2 eos(%
[0 @) + 00 (2") V2 eos(£)| (3.206)
We assume that ¢ gets a VEV in its diagonal direction
¢ — (6°0). (3.207)
Inserting this VEV in (3.206) and imposing axial gauge we obtain
a_ 95 pab3 [ Ab(0)(,.u\/ +3(0) b(1) () / 4+3(0) Yy
Dy = 5= 8 [ AN @) 67O ) + AU (@) 9*0) )v2eos(%)] . (3.208)

We already see that this term will vanish for b = 3. The field Az(o) will therefore
remain massless. We insert (3.208) into the five-dimensional Lagrangian (3.196) and
integrate over the circle S!. This yields

2rR
ﬁﬁmss = /0 ’ DM¢a ’2 (3209)

= (AO6) (602 1 2g; (A0) (40 )2
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where b = 1,2 and we have inserted (3.72)

gs
TR

gs = (3.210)

The Yang-Mills term in (3.196) yield a mass term for the gauge fields Az(l) as usual
(3.70)

2R 1 1 1 1 9
com = /0 —SF FY dy = 5 = (Af;( >) (3.211)

with a = 1,2,3. Recapitulating we have obtained the following mass terms for the
truncated S!/Zsy orbifold model

] 2
Lorbifold - — - g3 (Af;fO) (%)% + 243 (AZ(”> (6°0)  (3.212)
1 1 b(1 2 11 3(1 2
+ o () + 5 (40)

where b =1, 2.
From (3.195) we read off the mass terms in the corresponding eBTLM

1 . 2 1 2 1 2
Crass™ = 5 6P (Aifo)) + 5 9" Prnin (AZ(1)> + 5 0" Prnin (Ai(l)) :

Inserting the identification gpmi, = 1/R we obtain

1ai /o oN\2, 11 2 11 2
eBTLM _ 1 0 b(1 3(1
Lot =5 (WO) 45 (A0) +3 5 (A0) . G
The comparison of (3.214) with (3.212) yields
)

e The mass term for the gauge field Ai(l coincides in both models .

e Since the zero KK modes of all fields are expected to be much lighter than
their first KK excitation, we assume
1
0y <« —.
(89) < -

8]

(3.215)

Thus the masses for the gauge fields A}L’2
models.

are approximately equal in both

e Setting
ai

3(0) \ _
(60) = 2

(3.216)
both models yield the same mass terms for the gauge fields AZ(O) with b =1, 2.
Note that 0 < a; < 1, which is compatible with the assumption (3.215). Since
ay and gy are dimensionless and 1/R has mass dimension 1, the VEV ( ¢3() )
has mass dimension 1.
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Proposition 2 An S!'/Zy continuum orbifold model with bulk gauge group G =
SU(2), an additional scalar field ¢ transforming according to the adjoint represen-
tation of G = SU(2), trivial orbifold projection P = diag(1,1) and a Fourier mode
expansion for all fields truncated at the first excited Kaluza-Klein mode in azial gauge
gives an approzimation to an effective bilayered transverse lattice model with bulk
gauge group G = SU(2), trivial orbifold projection P = diag(1,1) and minimum of
the Higgs potential at

o — 1 et 0 B
min — pmznﬁ 0 eo2 , g = —ay , (3217)

in the limit of small a1 (0 < a1 < 1), if the scalar field ¢ gets the VEV

6 — (") = =

. 3.218
gaR ( )

3.9 Large gauge boson masses from spontaneous sym-
metry breaking

Let az > 1 in (3.190). Since €™ = e~ and ay > 1, it follows e™ ~ 0 and we
obtain the following mass squared terms

Table 3
Field Mass squared
AL(O) 1=1,2 % G2p2 i, €24
A30) 0 (3.219)
AL(U 1=1,2 é G2p2 i, €24
30
A 1.9 Pin €

We recognise that for a; > 1 the gauge field masses show an exponential dependence
on a; and can therefore be very large. It is remarkable that already the zero mode
gauge fields A;’Q(O) can have masses much above the compactification scale 1/R.
This behaviour has no counterpart within the customary approximation scheme of

an ordinary orbifold model.

Proposition 3 An effective bilayered transverse lattice model with bulk gauge group
G = SU(2), trivial orbifold projection P = diag(1,1) and minimum of the Higgs
potential at

B i = Lfe O = 22
min — pminﬁ 0 a2 , g = —ag , (3 0)

in the limit of large a1 (a; > 1) allows masses for some zero mode and first excited
KK-mode gauge fields, which are much larger than the compactification scale gpmin =

1/R.
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3.10 Effective bilayered transverse lattice model and
continuous Wilson line breaking

In this section we consider the case where the gauge group G = SU(2) is broken via

orbifolding to its subgroup Gy = U(1). We embed the orbifold projection P in G

by setting
P = exp(2mi t3) = diag(1,—1) . (3.221)

This choice for P breaks G = SU(2) down to Go = U(1) where Gy is generated by
t3. Asin section 3.7 we assume that the holonomy group H is given by R} SL(2,C),
with R} = R*/{0}. The action of P on G leads to the split

su(2) = u(l) & su(2)/u(l) , (3.222)

where u(1) = Lie Gy. Figure 3.7 summarises the setting.

Go =U(1)
: L R
®: G=SU@Q) CH=R:SL2C) | &
o : L
Go =U(1)

Figure 3.7: Effective bilayered transverse lattice model for bulk gauge group G =
SU(2) and non-trivial orbifold projection P = diag(1,—1). The bulk
gauge group G = SU(2) is broken to its subgroup Gy = U(1) via orb-
ifolding.

Let ® € H fulfil the sharpened orbifold condition. Then ® can be written
according to Theorem 4 as

d=petvel ety (3.223)

where
PAPY = -4, (3.224)
Ppp~! = g, (3.225)

n € a, for an appropriate choice of a, and A, € su(2)/u(l). As in section 3.7 we
choose
a={n=diag(ai,a2)} , a1=-az, a;€R. (3.226)
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Thus we have PnP~! =7 for all € a.
Let us consider the Higgs potential

V(D) =V(pelv e edv) . (3.227)
According to Theorem 5, V(@) is invariant under unitary gauge transformations
V(So(z)®S(z)™1) = V(@) (3.228)

where So(z) € Go. Thus e in (3.227) cannot be gauged away. Consequently the
Higgs potential V(@) depends on p, n and A,

V(q)) = V(p eAy e’ eAy) = V(p)n,Ay) . (3229)
The unitary factor e in (3.223) can be written as

exp (2m‘ gR AZ(JO)) , (3.230)

where A?(JO) € su(2)/u(1) is the zero of the extra-dimensional component of the five-
dimensional gauge field. We can expand

AW = A0 4 4200, (3.231)

Let us consider the case where A, assume a VEV. Without loss of generality we lay
this VEV in the ¢;-direction, i.e.

Ay — (AL (3.232)
Inserting (3.232) in (3.230) we get
W = exp(2mi gR (A1) . (3.233)

This is a Wilson line, compare with (2.53), and since [P, 1] # 0 it does not commute

with P. Thus the VEV for <A;(O)> can be an arbitrary constant and thus W is a
continuous Wilson line, compare with (2.62).

However .AZ(IO) is not in its canonical four-dimensional form. Therefore we make
the following

Definition 9 The unitary factor in the decomposition (3.223) is given by

exp(Ay) = exp(i gaR Aéo)) . (3.234)
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Remarks: 1) In (3.234) .Aéo) is the zero of the extra-dimensional component of the
five-dimensional gauge field in its canonical four-dimensional form and can be inter-
preted as a usual four-dimensional Higgs field, and g4 is the four-dimensional effec-
tive gauge coupling constant. This definition is convenient because the kinetic term

Lonass = tr (DH<I>mm)Jr (Du®min)| should involve only rescaled four-dimensional
terms, compare with section 3.3.2.

ii) In contrast to (3.230) we have rescaled A?(JO) " by a factor 27.

A

. . . . 0
iii) e?v and g4 are dimensionless, R has mass dimension —1 and Az(/) has mass

dimension 1.
Within Definition 9 the Wilson line (3.233) becomes
W =exp(i 4R <Aé(0)>t1) . (3.235)
It is convenient to rewrite the VEV (A;(O)> as

(A0 = — (3.236)

where 0 < a; < 1 is a dimensionless parameter. Inserting (3.236) in (3.235) the
Wilson line becomes

W =exp(i g4 R (Aé(o)ﬁl) = exp(i aqty) . (3.237)

A VEV for .Aéo) is usually much smaller than the compactification scale 1/R. Thus
0 < a; < 1in (3.236) and we can approximate

a
W = GXp(i Oéltl) ~1 +Z altl = <20141 212 > . (3238)
2

According to (3.227) we can parametrise the minimum ®,,;, of the Higgs poten-

11 % [en 0) (1 i
(I)min =  Pmin ﬁ ’L% 1 0 42 ’L% 1
1

1 el (eal + ea2) o )
— Pmm§ <_ (6 )Z% as 2) +O(Oél) .

tial as

(3.239)

In the following since 0 < a; < 1 we neglect terms of O (a%). We calculate the mass
terms for the gauge fields Az(o) and Az(l). The covariant derivative reads (3.173)

- 9 43(0 .9 4301
D,®=0,® + ZEA,} ) [t3, ®] + @EA M fts, ®} (3.240)

"In an orbifold theory A, and its zero mode A{” is related by A, = \/;—RAéO) (3.264).
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where [,] and {,} denote the commutator and anticommutator, respectively. We
restrict ourselves to the case where a; = —ag = 0. Then (3.239) becomes

1 1 o
<1>mm=pmmﬁ <m1 11 > : (3.241)

We can expand ®,,,;, in terms of ¢y and ¢; as

Prmin = ¢oto + 111 (3.242)
_ L do oy _ 1 (1 i
= 3 < oo ) = pmin 75 (ml ) ) . (3.243)
where
$0 = V2pmin , (3.244)

o1 =1}, B = V2pmin 1 .

For the commutators [t3, ®p,in] and anticommutators {t3, @} we obtain

[t3, Prmin] = ¢o [t3,to] +¢1 [t3, 1] (3.245)
-0 —its

{t3, ®rin} = do {t3.to} +o1 {t3, 1} . (3.246)
=t3 =0

Inserting [t3, Ppin] and {t3, Prnin t in (3.240) we find

Dy®pmin = —i—= ¢ts AXO) 4+ Z\/_ otz AZD) (3.247)

\/_
230 (1)

Taking the adjoint (Duq)min) = z ¢1t2 M i% dots Ai , multiplying
(DMCDmin)T with D, ®,;, we obtain

1 2 1 2 1
= SR8 (40) +5 2 6t (410) -3 o dodh [tata] A0 ALY

First we observe that the mixed term vanishes after taking the trace. The mass

3(0

term for the zero mode A}, ) becomes after taking the trace

& o2 (A3(0 ) , (3.249)

D

and the mass term for the first excited mode Ai( in (3.248) becomes after taking

the trace

prr: (A3 1>) (3.250)
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Recapitulating we have obtained
Dq)TDq) _12/2 A3(0)2 122 A3(1)2
tr ( 7 mzn) ( I mzn) = 49 ¢1 m +4g Qbo n . (3251)
Inserting ¢¢ and ¢; (3.244) we finally arrive at

1 2 1 2
tr [(Duq)min)T (Du(bmin)} = 5 g2p3m'n04% (Ai(o)) +§.92p3nin (Az(l)) : (3'252)

Table 4 summarises the result

Table 4
Field | Mass squared
3(0
A P 03 (3.253)
301
Au( ) QQP%nin

Discussion: 1) The fields AL’Q(O) and A}L’2(1) are integrated out due to the choice of
the orbifold projection (3.221).

ii) The mass for the zero mode gauge boson Ai(o

)is
ay
R?

m =

(3.254)
where we have inserted gpm,in = 1/R in (3.252). For 0 < a; < 1 the mass of Az(o)
is much lower than the compactification scale 1/R.
iii) For <.A;(O)> # 0, the orbifold unbroken gauge group Gy = U(1) is completely
broken and we have the breaking scheme
AL
su@) Loua A (3.255)
Thus the rank of the gauge group G = SU(2) is reduced. This follows from the fact

that
W = exp(i gaR (A} O)t) (3.256)

is a continuous Wilson line.
iv) The first excited KK-mode gauge bosons Az(l) acquire the mass gpmin = 1/R.
This result is just what one would expect from the customary approximation scheme
of a truncated S'/Zs continuum orbifold model.

We compare this result to a S!/Zy continuum orbifold model with bulk gauge
group G = SU(2) and non-trivial orbifold projection P. The five-dimensional La-
grangian reads

1
Lsp = —ZFJ‘\}NF“MN , (3.257)

where
Fiyn = Om A% — OvAfy + g5 f " AL Ay (3.258)
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The boundary conditions read

Ay(a*,—y) =P A, (z",y) P~ (3.259)
Ay(zt, —y) = —P Ay(zt,y) P71 (3.260)

We break G = SU(2) down to U(1) by choosing
P = diag(1, 1), (3.261)

compare with (3.221). The Fourier mode expansion up to the first Kaluza-Klein
mode reads

Ai(m“,y) = \/217T—RA?L(O) () + \/%Ai(l)(x“) cos(%) , (3.262)
AL’2(x“,y) = ﬁA}L’z(l) (zH) sin(}%) , (3.263)
APk, y) = %Aiz(o) (z") + %A;Q(”(m“) cos(%) : (3.264)
Az(m“,y) = \/jr_RAz(l)(x“)sm(%) . (3.265)
We calculate Fj in axial gauge, i.e. we set AZ(I) =0 for a = 1,2,3. The result is
Fo = 0,A% — 0,A% + g5 [P AL AS (3.266)
= \/;T_RBMA;’Q(O) (*) + %Aff“% sin(%) — \/71r_R }L’z(l)% cos(%)
B fue [AO(@) + A @) V2 cos(£)| [A450 (")
o (] o] - ] o)

with ¢ = 1,2. We assume that A, gets a VEV in its ¢; direction
Ay — (AN (3.267)

Inserting this VEV in (3.266), we obtain ®

a 1 sl Y 1 1,2(1 1 Y
Fuy = _A“( )—sm(—) — —'Au ( )—cos(—) (3.268)
g Y
+ —2 > {Ai(o) (m“)( A;(O) > + Ai(l)(m“)\/icos(—x A;(O) >]
g A .Y A
\/557 R |: }l’(l)( “) st ( E )] < ;(0) > '

8Note that [t;, t;] = ifijute With fijn = €k
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Inserting Fj, in the five-dimensional Lagrangian (3.257) and integrating over the
circle S we find

) 2R 1
Lopbifold - — / {=5Fpu, P} dy (3.269)
0
2 2
= 59t (410@) (40245 6 (40 @) (402
Lo e a0y2 b1 am)?
* 294(/1” (@ )> (4,707 +3 R2<A“ )
for a = 1,2,3. We compare this result to (3.252)
LBV = L Pa0d (A30) 4 S 0 (430
1 0‘% 30)2 11 3(1)) 2
= 5 (A7) 45 (A1) (3.270)

where we have inserted gppi, = 1/R in the second step. The comparison of (3.269)
with (3.270) yield

e The zero KK modes of all fields are expected to be much lighter than their
first KK excitation. Therefore we can assume

1
A0 . 3.271

Then the mass of the gauge field Az(l) is approximately equal in both models.

e For o
AXOy = 2L 3.272
(A0 = 2 (3:272)
both models yield the same mass term for Ai(o), ie.
aq
=—. 3.273
m="11 (3273)

This is a consequence of the fact that we have rescaled the extra-dimensional
vector potential in the eBTLM such that the VEV for Az(o) is given by (3.272).
Note that 0 < ag < 1 which is compatible with the assumption (3.271).

Proposition 4 An S'/Zy continuum orbifold model with bulk gauge group G =
SU(2), non-trivial orbifold projection P = diag(1, —1) and a Fourier mode expansion
for all fields truncated at the first excited Kaluza-Klein mode in axial gauge gives
an approrimation to an effective bilayered transverse lattice model with bulk gauge
group G = SU(2), non-trivial orbifold projection P = diag(1,—1) and the minimum
of the Higgs potential at

1 1 i«

with 0 < o < 1.



Chapter 4

SU(7) unified model

4.1 Introduction: Why SU(7) ?

In this chapter we will present a realistic five-dimensional Gauge-Higgs unification
model based on the unified gauge group SU(7). The gauge group SU(7) unifies
electroweak-, flavour- and Higgs interactions in one single gauge group. Colour will
be ignored. In the following we will outline the basic considerations that will lead
to the unified gauge group SU(7).

Let us start with the electroweak gauge group of the SM

SU(Q)L X U(l)y . (4.1)

In order to proceed we need to add a suitable flavour gauge group. In chapter 1 we
have given an overview of flavour groups discussed in the literature. In particular,
there are the four continuous flavour groups: SU(2)r, SU(3)r, SO(3)r and U(1)f.
Note that a possible flavour gauge group should remain unbroken by the orbifold
projection P. The considerations of the last chapter suggest that the flavour gauge
group in our model should be SO(3) . There are three reasons that motivates this
choice:

1. We want to explain naturally why there are three generations in the SM. The
flavour gauge groups SU(2)r, SU(3)r and SO(3)r possess all an irreducible
three dimensional representation in which the three generations of the SM can
fit. For this reason we exclude U(1)p.

2. Masses for all flavour gauge fields must be very large O(103) — O(10°) TeV in
comparison to the electroweak breaking scale (246) GeV in order to suppress
tree-level FCNC. Thus for a compactification scale 1/R of the theory of O(1)
TeV such flavour gauge fields must receive masses from VEVs for the selfadjoint
part of ®. In section 3.9, see Proposition 3, we have obtained that in the limit
of large a1 gauge field masses for some zero and first excited KK mode gauge

7
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fields are much larger than the compactification scale 1/R. This behaviour
is what we need here. Note that a Wilson line breaking of the flavour gauge
group would lead to flavour gauge field masses below the compactification scale

1/R.

The three-dimensional representation of SU(2)r is not faithful (faithful rep-
resentations of SU(2)r have even dimension). However the three-dimensional
representation of SU(2) r is a faithful representation of SO(3)r. The three gen-
erations of the SM can fit is this three-dimensional representation of SO(3) p.
If we embed SO(3)p into SU(7) in an appropriate way it is possible for a
suitable minimum of the Higgs potential that all SO(3)r gauge fields can
receive masses from VEVs for the selfadjoint part of ® much above the com-
pactification scale 1/R. The three generations of the SM can also fit is the
three-dimensional representation of SU(3)p. In this chapter we discuss also
the embedding of SU(3)r into SU(7). Note that we have the embedding
scheme: SO(3)r C SU(3)r C SU(7). However for the embedding of SU(3)r
into SU(7) there remains at least an U(1)p x U(1)F left unbroken by VEVs
for the selfadjoint part of ®. Note again that we do not want to break the
flavour gauge group by orbifolding. Thus in this setting we exclude SU(3) .

3. The three-dimensional representation of SO(3)r is anomaly-free while the
three-dimensional representation of SU(3) r is not anomaly-free. This is an ad-
ditional reason why we exclude SU(3)r. We will discuss the issue of anomaly
cancellation in the SU(7) model in detail in section 4.5.

If we add the flavour gauge group SO(3)r to the electroweak gauge group of the
SM we arrive at

SU(Q)L X U(l)y X SO(3)F . (4.2)
Since VEVs for the selfadjoint part of ® break only the flavour gauge group, i.e.

SU@). x ULy x SO3)r 2 sU@). x U1y (4.3)

there remains an unbroken electroweak gauge group. The question is now:
e How can we include electroweak symmetry breaking in the model?

Note that we do not want to introduce extra Higgs fields in the model (besides the
nonunitary parallel transporters ®). The answer to this question is the following:
First we embed the flavour gauge group SO(3)r into SU(3)r. Consequently we
arrive at SU(2)r, x U(1)y x SU(3)p. The purpose is to unify weak- and flavour
interactions in one single gauge group SU(6)r [67]. The embedding of SU(2);, x
SU(3)r in SU(6), is a special maximal one. The flavour gauge group SU(3) p itself
appears only at an intermediate step towards the unified gauge group SU(6) and
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not as an unbroken symmetry for the reasons mentioned above. Second, we embed
SU(6)r, x U(1)y into SU(7) in an appropriate way

SU6)r, x U(L)y  SU(T), (4.4)

and thus arrive at the unified gauge group SU(7).

Starting with the unified bulk gauge group G = SU(7) on the five-dimensional
space-time M* x S1/Zy, we put S'/Zs on a lattice, calculate the RG-flow and
consequently arrive at an eBTLM with unitary bulk gauge group G = SU(7) and
holonomy group H = R} SL(7,C) !, with Rf = R*/{0}. This procedure was
explained in detail in the last chapter. The model contains nonunitary PTs ® € H
in the extra dimension.

The main idea is now to choose a non-trivial orbifold projection P. Via a
non-trivial orbifold projection P the unified gauge group SU(7) is broken down
to SU(6)r, x U(1)y at the orbifold fixed points, i.e.

SU(T) 5 SU6), x U(1)y . (4.5)

At first view, this seems to be curious: First embedding SU(6) 1, x U(1)y into SU(7)
and one step later breaking SU(7) again down to SU(6)r, x U(1)y. However, there
is a bonus. If ® fulfils the sharpened orbifold condition we can write ® € H as

P = pelvelety (4.6)

where 7 € a for an appropriate choice of a, 4, € su(6) ® u(1) and p € Rf. The
Higgs potential V(@) will therefore also depend on A,:

V(®) = V(petveletv) = V(p,n, A,) . (4.7

Note that A, in V(®) cannot be gauged away because G = SU(7) is broken to
Go=SU(6), xU(1)y. The gauge group Gy = SU(6)r, x U(1)y is broken further to
SU(2)r xU(1)y xSO(3) r by imposing Dirichlet and Neumann boundary conditions.

We will show that zero modes Aéo) of A, have the required properties to serve
as a substitute for the SM Higgs. In particular they are SU(2) doublets and carry
hypercharge 1/2. In contrast to the SM, the model includes three Higgs doublets,
one for the first, one for the second and one for the third generation.

If the zero modes AZ(JO) acquire VEVs in their SU(2); down component, the
electroweak gauge group SU(2)r, x U(1)y is broken down to U(1)em:

SU@)L x UMy A2 U (1), (4.8)

!Note that the linear span of SU(7) reads R} SL(7,C) and thus H is unique.
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This breaking is equivalent to Wilson line breaking or Hosotani breaking. Recapit-
ulating we have the following spontaneous symmetry breaking pattern:

SU@) x Uy x S0B3)p < SU@) x UMy A0 U1 . (49)

where the breaking of SO(3)r takes place at energies much above the compactifi-
cation scale 1/R = O(1) TeV. This way tree-level FCNC are naturally suppressed.

The electroweak gauge bosons W, Z receive masses only from VEVs for A?(JO). Their
masses will therefore be O(246) GeV.

4.2 Family unification in SU(6);, x U(1)y

As already mentioned in the introduction SU(6), unifies [67] the weak gauge group
SU(2)r, of the SM with the flavour gauge group SU (3) p. Note that SU(2)., xSU(3)r
is a special maximal subgroup of SU(6)r. Since SU(6);, x U(1)y is broken to
SU(2)r, x U(1)y x SO(3)r by orbifold and additional boundary conditions its full
meaning is of no importance for us. However, because SU(2); and SO(3)r C
SU(3)r are subgroups of SU(6);, we will discuss a model [25, 16] based on the
gauge group SU(6);, x U(1)y shortly on its own. The gauge group SU(6) has 35
generators L; which in the SU(2);, x SU(3)r basis can be written as

1
Li=——0; ® 13, (410)

2_2\/§

where 0;,7 = 1,2, 3 are the Pauli matrices and %O‘i ® 13 are the generators of
SU(2)r,. The symbol 13 stand for the 3 x 3 unit matrix.

1
Li/ =—1, ® )‘j , (411)

22

wherei =4,...,112%2,j=1,...,8, Aj are the Gell-Mann matrices and %12 RN
are the generators of SU(3)p. The symbol 15 stand for the 2 x 2 unit matrix.

1
Lin=——0; ® )‘j R (4.12)

2v2

where i/ =12,...,353,i=1,2,3and j =1,...,8.

2 - 1 — 1
L472 12®)\1,...,L1172212®/\8

V2 V2
—$U1®)\1,---,L19:$01®/\8,L20:2—\1/502®)\1,---,L27:ﬁ02®)\8,[z28:

ﬁﬂa ® )\1,---,L35:ﬁ03 ® As
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Note that all generators of SU(6)r, are equally normalised as

1
tr (LZLJ) = 5(52] . (413)
The gauge group SU(6)r, x U(1)y gives rise to 36 gauge bosons: 35 are linked to
the generators of SU(6);, and one is linked to the generator of U(1)y. Besides the
standard model gauge bosons there are 32 extra gauge bosons which can be divided
into four groups

e 12 charged gauge bosons associated to the generators ﬁm ®Aj wherei = 1,2
and j =1,2,4,5,6,7. These gauge bosons perform transitions among families.
They couple to family changing charged currents (FCCC).

Example: In the SU(6)r, x U(1)y one introduces left-handed quarks in the
fundamental representation 6 of SU(6)r, i.e. qr = (u,c,t,d,s,b)r. We pick

as an example the generator L5 = %01 ® A4. Ignoring the normalisation of

2v/2

L5, the corresponding family changing charged current reads
Jr Yu (01 ® A1) qr = b+ tyud + Jvut + l_wﬂu . (4.14)

This means that the corresponding gauge bosons perform the transitions u < b
and t < d.

e 4 charged gauge bosons associated to the generators ﬁm ® \j where ¢ = 1,2
and j = 3,8. These gauge bosons make no transitions among families but their
couplings are family dependent. They couple to non-universal family diagonal
charged currents (NUFDCC).

Example: Using the notations above, we pick as an example L4 = ﬁal ® Ag.

The corresponding gauge boson perform the transitions u «» d and s < c.

e 12 neutral gauge bosons associated to the generators ﬁdg ® Aj and 1o ®
Aj where j = 1,2,4,5,6,7. These gauge bosons perform transitions among
families and couple to flavour changing neutral currents (FCNC).

Example: Using the notations above, we pick as an example Lg = —=15 ® Ag.

22
The corresponding gauge bosons perform the transitions u < ¢ and d « c.

e 4 neutral gauge bosons associated to the generators ﬁag ®A;j and ﬁlg ® Aj
where 7 = 3,8. These gauge bosons make no transition among families but
their couplings are family dependent. They couple to non-universal family
diagonal neutral currents (NUFDNC). Example: Using the notations above,

we pick as an example L3y = —2=03 ® A3. The corresponding gauge bosons

2v/2

perform the transitions v < u, d < d, ¢ <> c and s < s.
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After the additional symmetry breaking by imposing Dirichlet and Neumann bound-
ary conditions

SU(G)L X U(l)y — SU(Q)L X U(l)y X SO(?))F s (4.15)

besides the SM gauge group, only the flavour gauge group SO(3)p survives. It is

generated by

1
SRCCRYE (4.16)

where j = 2,5, 7. Thus the corresponding gauge bosons lead to FCNC. We note that
since the bulk is completely integrated out the SU(7) model leads only to FCNC.
FCCC, NUFDCC and NUFDNC are absent.

4.3 Embedding of SU(6) x U(1)y in SU(7)

In this section we define the generators of SU(7). The unified gauge group SU(7)
is broken again down to SU(6)x U (1)y via orbifolding. This orbifold breaking can be
achieved by choosing e.g. the orbifold projection P = diag(—1,—-1,—1,—1,—-1,—1,1).
If we embed the generators of SU(6) x U(1)y in SU(7) as upper 6 x 6 matri-
ces and U(1l)y in SU(7) as a diagonal 7 x 7 matrix an orbifold breaking by P =
diag(—1,-1,—1,—1,—1,—1,1) leave the SU(6) x U(1)y subgroup of SU(7) unbro-
ken. To be more precise, take for example the SU(6) generator

1 1 (03 13>
W (01 13) 23 <13 0o (4.17)

where 13(03) stands for the 3 x 3 unit(zero) matrix. L; is embedded in SU(7) as

0001000

00007100

i , |[00000 10
Ih=——|1 000 0 0 0], (4.18)

2310 100 0 0 0

0010000

00 0O0O0UO0O0

and P acts on fq as

Li—PLiP'=1L,. (4.19)

The same relation holds for all other generators of the SU(6)r, x U(1)y subgroup of
SU(7). In order to simplify notations we drop the tilde and write the generators of
the SU(6), subgroup of SU(7) just as 6 x 6 matrices. However by this notation we
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always mean that they are embedded in SU(7) as described above. In the following,
we choose for all generators of SU(7) the normalisation

Let again 0,7 = 1,...,3 denote the Pauli matrices, A;,j = 1,...,8 the Gell-Mann
matrices, 1o the 2 x 2 unit matrix and 13 the 3 x 3 unit matrix, respectively.
The gauge group SU(7) has 48 generators

e 36 generators belonging to the SU(6), subgroup of SU(7):

1 1 1
Li=——o0o, ®13 Li/:—12®)\j s Li//:—0i®)\ja(4-21)

EOWE! 2v/2 2v/2

compare (4.10), (4.11) and (4.12), where i = 1,2,3, i’ = 4,...,11, " =
12,...,35and j = 1,...,8 4. Note that Li,..., L3s are embedded in SU(7)
as upper 6 x 6 matrices as described above.

e 1 generator belonging to the U(1)y subgroup of SU(7):

1
Las = -—==diag(1,1,1,1,1,1,-6) . (4.22)

2v21

Note that L3g commutes with L1,..., Lss.

e 12 generators belonging to the coset SU(7)/SU(6)r x U(1)y:

0 0000 01 0 000OO0O0O O
00 00 O0O0UO 0 000OO0O0O O
00 00O O0O0UO O 0 000OO0O0O O
L37=—-10 0 0 0 0 0 O ,...,Lig=—-10 0 0 0 0 0 O
00 00 O0O0OP O 0 000OO0O0O O
00 00O 0 O0UO 000 000 —i
1 0 00 00O 0 000 O i O

Next we identify the generators of weak gauge group SU(2), the hypercharge
U(1)y and flavour gauge group SO(3)r as follows

e SU(2)r : The weak generators of the SM are identified with

1
T; =V3L; = 5 0i @ 13, (4.23)
where i = 1,2, 3.
4L4:$12 ®)\1,---,L11:ﬁ§12 ®)\87L12:r1/50'1 ®)\1,---,L19:ﬁ01 ® Ag, Loo =

o2 ® )\1,---,L27:$02 ® /\8,L28:$03 ® /\1,---,L35:ﬁ03 ® As

1
2v/2
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e U(1)y : The hypercharge generator of the SM is identified with

1
Y = V21Lgs = 5diag(1,1,1,1,1,1,-6) . (4.24)

e SO(3)F : The generators of the flavour gauge group SO(3)r will be identified
with )
Hj = \/iLl/ = 5 1, ® )‘j , (425)

where i’ = 5,8,10, j = 2,5,7.

Since the hypercharge operator is normalised as
1
Y =+V21L3 = §diag(1, 1,1,1,1,1,-6) , (4.26)

we can define the electric charge operator as usual

Q=T3+Y. (4.27)

4.4 Matter fields in the SU(7) model

In this section we come to the fermionic content of the SU(7) model. After symmetry
breaking by orbifolding and imposing Dirichlet and Neumann boundary conditions
the orbifold fixed points possess the gauge symmetry

SU(Q)L X U(l)y X 50(3)}7 . (4.28)

If we put matter fields at the orbifold fixed points, i.e. as brane fields, they have to
transform according to the unbroken gauge group (4.28) only and not according to
the unified gauge group SU (7). Therefore we can introduce the SM matter at the
orbifold fixed points without any difficulty. In the following, by (X,Y,Z) we denote
the irreducible representations of SU(2); x U(1)y x SO(3)r where Y denotes the
hypercharge.

e Left-handed quarks localised on the L-boundary

L (2, % 3) . (4.29)
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=
|
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e Left-handed leptons are localised on the L-boundary

lL:<V€>L: vr :(2,—%,3).

L

e Right-handed quarks localised on the R-boundary

2
UR = (uRacRatR) : (17 ga 1) )

1
dR = (dR’SR’bR) : (17_§51) .

We put ur and dp together in a vector of two components

e Right-handed leptons localised on the R-boundary

vr = (Vr1,VR2,vR3) : (1,0,1),
ER — (6R7MR7TR) : (1,—1,1) .

We put v and eg together in a vector of two components

VR1
VR2

- VR _ VR3
R= —
ER ER

Figure 4.1 summarises the assignment of matter fields.

(4.30)

(4.31)

(4.32)

(4.33)

(4.36)

Remarks: i) Note that we have introduced also right-handed neutrinos (4.34) in the
model. The reason is that we want to be able to give neutrinos a mass. This topic
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will be discussed in detail in the next subsection.

ii) Since left-handed matter transforms according to the 3 representation of SO(3) p
while right-handed matter transforms according to the 1 representation of SO(3) r,
the SU(7) model is a model with a chiral gauged flavour symmetry. The reason
why we need right-handed matter to transform according to the 1 representation of
SO(3)r will also be discussed in the next subsection.

Go = SU(?)L X U(l)y X 50(3)}7 uR,dR,VR,eR
- al
® € H=R+SL(7,C) L o
o 4 L
Go = SU(Q)L X U(l)y X SO(3)F qL,lL

Figure 4.1: Assignment of SM matter fields in the eBTLM with bulk gauge group
SU(7). The unified gauge group SU(7) is broken to SU(2) x U(1)y x
SO(3)p by orbifolding and imposing Dirichlet and Neumann boundary
conditions. The holonomy group reads H = R} SL(7,C). Since left-
and right-handed matter transforms different under SO(3) r the SU(7)
model is a model with a chiral SO(3)r gauged flavour symmetry.

4.4.1 Neutrino masses and the see-saw mechanism

In 1998 the Super-Kamiokande experiment [24] showed that muon neutrinos undergo
flavour oscillations. This implies that also neutrinos like charged fermions are mas-
sive. In order to give neutrinos a mass we have introduced right-handed neutrinos
vr (4.34) in the model. However, if one introduces an ordinary Dirac mass term for
neutrinos

L)

mass — TWVLVR , (437)

one needs tiny Yukawa couplings which is a quite unnatural assumption. A possible
solution for this problem is the so called see-saw mechanism [26]. The see-saw
mechanism involves the introduction of an additional Majorana mass term for vg.
In the SM a Majorana mass term for vg is possible since right-handed neutrinos
carry no colour, weak isospin or hypercharge and thus are gauge-singlets. Note that
a Majorana mass term breaks lepton number symmetry.
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In the SU(7) model there is an additional flavour gauge group SO(3) r. However,
since we have introduced vg in the

(1,0,1) (4.38)

of SU2)r x U(l)y x SO(3)p, right-handed neutrinos are in particular SO(3)p
singlets. Therefore a Majorana mass term for vg is allowed and we can write

1 _
‘Cgrlzzuss = MdiracVLVR + §Mmaj0ryf«2VR +h.c., (439)

where v, is the CP conjugate of vg (representing left-handed antineutrinos), mgirqc
is the 3 x 3 Dirac mass matrix and the Mo is the heavy 3 x 3 Majorana mass
matrix. It is important that M. o is not generated by a nonunitary parallel
transporter. Therefore Majorana masses can be several orders of magnitude larger
than ordinary quark and lepton masses. An attractive assumption is that Mg or
may be generated somewhere at the GUT scale [10, 63]. In contrast, Dirac masses
for all leptons (see Proposal 1 on page 111 for details) are given through Yukawa
interactions by the nonunitary parallel transporter ®/P*" In this setup the see-saw
mechanism works as usual. We note that if we had introduced right-handed SM
matter gr and lg in the 3 of SO(3)r a Majorana mass term for v would not be
possible and the see-saw mechanism would not work.

4.5 Anomalies in the SU(7) model

In this section, we discuss the topic of anomalies and anomaly cancellation in the
SU(7) model. Since we have introduced (chiral) SM matter at different orbifold
fixed points the cancellation of anomalies in the SU(7) model is in contrast to the
SM not automatic. Before we come in detail to the SU(7) model we first discuss
the issue of anomaly cancellation in orbifold models more generally. For simplicity
we focus on five-dimensional orbifolds. In orbifold theories two types of anomalies
can arise:

e four-dimensional anomalies intrinsic to the orbifold fixed points.

e five-dimensional anomalies intrinsic to the bulk.

For the low energy consistency of the theory, it is necessary that both the anomaly
at the orbifold fixed points and the anomaly in the bulk cancels. Let us assume that
the four-dimensional anomaly in the effective low-energy theory cancels. We then
may ask: Is the cancellation of the four-dimensional anomaly sufficient to cancel also
the five-dimensional anomaly? As it has be worked out by Arkani-Hamed and others
[4, 71, 66] this is indeed the case. More precisely, for a collection of five-dimensional
fermions all one has to care about is that their zero modes form an anomaly-free
representation of the low-energy four-dimensional gauge group. This means that the
five-dimensional anomaly is independent of the details of the physics in the bulk.
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4.5.1 Anomaly cancellation mechanisms in the SU(7) model

We now come in detail to anomaly cancellation mechanisms in the SU(7) model. In
section 4.4, we have introduced chiral SM matter at the orbifold fixed points. For
the following discussion let us initially ignore the flavour gauge group SO(3)p. We
consider two different scenarios.

In the first scenario, we put both left- and right-handed SM matter on the same
orbifold fixed point. Without loss of generality let this orbifold fixed point be the
L-boundary. Figure 4.2 summarises the setting. We observe that all anomalies

qr,l  uR,dRr,vRr.er

Figure 4.2: Anomaly cancellation scenario: Left- and right-handed SM matter on
the same orbifold fixed point.

cancel locally, in particular at the L-boundary, thanks to the usual cancellation of
anomalies in the SM. Note that this scenario is not assumed in the SU(7) model.

In the second scenario, we put left-handed SM matter on the L-boundary and
right-handed SM matter on the R-boundary. This scenario is known as chiral de-
localisation [38]. This is exactly what we have adopted in the SU(7) model. This
means that since the anomaly of three U(1) gauge bosons is nonzero [47]

Tr [Y7] = —g , Tr[Vi] = —g , (4.40)
this scenario leads to localised SM anomalies at the different orbifold fixed points.
Figure 4.3 summarises the setting. At first sight, this scenario leads to an inconsis-
tent theory. However, one can introduce a bulk Chern-Simons term with a jumping
coefficient [8, 66, 71, 4, 38] in order to locally cancel the SM anomalies arising
from the three U(1) gauge bosons. Note that this anomaly cancellation mechanism
works only if the integrated anomaly, i.e. the sum over all local contributions to
the anomaly, vanishes. Due to (4.40), this is indeed the case. The work of Arkani-
Hamed and others [4] describes a mechanism how the Chern-Simons term can be
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UR,dR,VR,€R Tr [V3] = _%
X .
o L
° b4 L
vl T v - -2

Figure 4.3: Anomaly cancellation scenario: Left-handed SM matter on the L-
boundary, right-handed SM matter on the R-boundary. The emerging
anomalies are inscribed.

generated by integrating out massive bulk fermions which transforms according to
an anomaly-free representation of the low energy four-dimensional gauge group.

4.5.2 Contributions to the anomaly from the flavour gauge group
SO@3)r

In this subsection, we include the flavour gauge group SO(3) g in our considerations.
In section 4.4, we have introduced left-handed SM matter in the 3 of SO(3)r and
right-handed matter SM in the 1 of SO(3)r. The 3 of SO(3)r is formed by the

generators

1
Hj = 5 1, ® )\j R (4.41)
where 7 = 2,5,7. Since they fulfil
Tr [{Hu Hj}Hk] =0 5 (442)

where ¢, 7,k € {2,5,7}, the 3 of SO(3) r is an anomaly-free representation of SO(3) .
Thus the SU(7) model with left- and right-handed matter introduced as in section
4.4 is free of anomalies.

Remarks: i) Concerning anomalies it doesn’t matter that we have introduced
left-handed SM matter and right-handed SM matter in different representation of
SO(3)F.

ii) If we had used the flavour gauge group SU(3)r instead of SO(3)r the model
would contain a non-vanishing anomaly due to

Tr [{ i, A} Ae] = didyji, (4.43)

where d;;, are the completely symmetric coefficients of sug.
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4.6 Orbifold breaking in the SU(7) model and the elec-
troweak Higgs

In this section we describe how a symmetry breaking by a non-trivial orbifold pro-
jection P will not only break the unitary gauge group SU(7) down to SU(6)r X
U(1)y but also leads to non-trivial unitary factors e in the decomposition ® =
p ey e eAv. In order to break SU(7) down to SU(6)r, x U(1)y we choose

P =diag(~1,-1,-1,—,1—,1,-1,1) . (4.44)

The branching rule for the adjoint representation 48 of SU(7) with respect to SU(6) 1,
reads

48 -35+6+6+1, (4.45)
where 35 is the adjoint representation of SU(6), 1 is the trivial representation of
SU(6)1, and 6 (6) is the fundamental (complex conjugate fundamental) representa-
tion of SU(6)r. According to the action of P on g = su(7) we have

go=35+1, g, =6+6. (4.46)

For G = SU(7) the corresponding holonomy group reads H = R} SL(7,C) ®. The
Cartan decomposition for s((7,C) = Lie SL(7,C) reads

sl(7,C) = su(7) + isu(7) = g+ ig . (4.47)
We choose an a C isu(7) such that PnP = n is automatically fulfilled. In fact for
a = {n = diag(a1, az, as, a4, as,as,a7)} Zai =0, a€R, (4.48)

PnP = n holds for any n € a. Let ® € R}FSL(7,C) fulfil the sharpened orbifold
condition. Then ® can be written as

d=petvel ety (4.49)
where
PALRI p=t = ALY (4.50)
PAPTY = -4, (4.51)
(4.52)

for A,]j(R) €35+1, A, € 6+ 6 and p € Rf. This means that the generators
Ly,..., L3 of the SU(6)r x U(1)y subgroup of SU(7) remain unbroken and the
L,R :
gauge fields A" can be written as
36
ALY S AL, (453)

a=1

®Note that the linear span of SU(7) reads R} SL(7,C) and thus H is unique, compare with
(3.4)



4.6. Orbifold breaking in the SU(7) model and the electroweak Higgs 91

4.6.1 The electroweak Higgs

Let us consider the unitary factor e in (4.49). According to Definition 9 (see page
71), e/v can be written as

exp(Ay) = exp(i gaR AZ(IO)) , (4.54)

where .AZ(/O) is the zero mode of the extra-dimensional component of the five-dimensional
(0)

gauge field in its canonical four-dimensional form. With A’ € 6+ 6 we can expand

.Az(,o) as

48
AP =N ALOL, (4.55)
a=37

where Lsy, ..., Lss are the generators of the coset space SU(7)/SU(6)r x U(1)y.
We determine the hypercharge of Aéo). Looking at the generators L7, ..., Lys, e.g.

000 00 01
000 0O0O0OO 0
000 0O0O0OTO 0
Lyz=—-10 0 0 0 0 0 O], (4.56)
000 0O0O0OTO 0
000 0O0O0OO 0
1000 0O00O0
we see that Aéo) carries the hypercharge
1
Y = 3 (4.57)

Next we consider the fundamental representation 6 of SU(6). The fundamental rep-
resentation 6 will remain irreducible when restricted to SU(2) 1 x SU(3)r (SO(3)Fr)

6=(23) . (4.58)
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This means that AZ(/O) is a doublet with respect to SU(2), and a triplet with respect

to SU(3)r (SO(3)F), respectively. We explicitly write
48
AP = Y ALOL (4.59)
a=37
0 0 0 0 0 0 AT
o 0 0 0 0 0 AZHO)
3+(0
) 0 0 0 0 0 0 AS (0)
= 3 0 0 0 0O 0 0 AR
0o 0 0 0 0 0 A2
0 0 0 0 0 0 A30(0)
Y
<A1+ (0)x A§+(0)* AZ-{—(O)*) (Am(O) A20(0) Aso(o )
where
1+(0 37(0) _ .+ 438(0 2+(0 39(0) _ : 440(0 3+(0 41(0) _ 5 242(0
Ay+()=«4y()—lu4y(),Ay+()=«4y()—2«4y(),Ay+()=Ay()—2Ay()
10(0 43(0) _ . 444(0 20(0 45(0) _ ; 446(0 30(0 47(0) _ 5 448(0
Ay()ZAy()—ZAy(),Ay()ZAy()—ZAy(),Ay()ZAy()—ZAy()-
10(0)

Thus Ayt A2 4340

form the up-component of the doublet while A4,

«430 O), A??;O(O form the down-component of the doublet. We see from (4.59) that the
SU(7) model contains three SU(2)y, doublets, one for each flavour. This comes out
if we we consider the mass terms for quarks and leptons, respectively. In the next
chapter we will discuss the topic of fermion masses in detail. However, anticipating

a little, the mass term for quarks is given by

aLPqr=(uctdsb) (p etv e eAy)

We see that
A1+ (0)
Hy, = 10(0
(Ay )

37(0
)_(Ay()
- 43(0
A%0)

is a SU(2), Higgs doublet coupled to u,d, ve, e,

A2+ (0) 4300) _
H, — _ Y
2 ( Azo (0) ) ( A;E’(O) B

- O
- O

AL
AL

(4.60)

(4.61)

(4.62)
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is a SU(2)r, Higgs doublet coupled to c, s, vy, p and

3O A40) _ 44200
Hjz = ( %O(O)) = ( 37(0) ) Zg(o)> (4.63)
Ay Ay - Z-Ay
is a SU(2);, Higgs doublet coupled to t¢,b,v;,7. Thus the model includes three
SU(2), doublets {H }, i = 1,2,3, one for each flavour. Finally we determine the
electric charge of Ay and {H;}, respectively. For the up-component A1+ © A2+(0 ,A3+(0)
of the {H;} we obtain

1 1
Q=T3+Y =-+-=1, (4.64)
2 2
and for the down-component Alo(o A20(0 A30(0 of the {H;} we obtain
1 1
Q=T+Y=5-5=0. (4.65)

We summarise: The zero modes of extra-dimensional component of the five-
dimensional gauge field .A?(JO) have the following properties

e They appear from the four-dimensional point of view as scalar fields.
e They are doublets with respect to the weak SM gauge group SU(2) ..
e They carry hypercharge %

e Their SU(2);, down-component is electrically neutral and their SU(2) up-
component has electric charge +1.

e They include three SU(2)1, doublets {H;}, i = 1,2,3, one for first, one for the
second and one for the third generation.

Conclusion:  The zero modes of the extra-dimensional component of the five-
dimensional gauge field AZ(JO) = Z 7Aa(0 L; are a substitute for the SM Higgs.

./43(/0) includes three Higgs doublets {H;}, i = 1,2,3, one for each flavour. They gener-

A A,

ate the unitary factors e”v via Ay =i g4 R Aéo) in the decomposition ® = p evelle
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Making use of the residual SU(6)r, x U(1)y global symmetry, it is possible to
transform away the up-components of the SU(2), doublets

0 0 0 0 0 0
0 0 0 0 0 0
13 0 0 0 0 0 0
AP =3 A0 L, 2% 0 0 0 0 0 0
a=51 0 0 0 0 0 0
0 0 0 0 0 0
A21J+(0)* A§+(0)* Ag+(o)* A;O(O)* ASO(O)* Ago(O)*
\
000 0 0 0 0
000 0 0 0 0
N 000 0 0 0 0
AD = 3 Ag@Ld:l 000 0 0 0 4" | . (466
s 2l 000 o0 0 0 AXO
000 0 0 0 AXO
0 0 0 AL 4200 g0«

This transformation results in a vanishing mass term for the photon and is in analogy
to the SM.

4.7 Additional gauge symmetry breaking by Dirichlet
and Neumann boundary conditions

In this section we describe how the symmetry breaking
SU(6)L X U(l)y — SU(Q)L X U(l)y X 50(3)}7 (4.67)

can be achieved by imposing Dirichlet and Neumann boundary conditions for the
gauge fields (4.53) which are unaffected by the orbifold projection P. The reason
why we need this additional symmetry breaking is that the orbifold S!/Zy possesses
only one orbifold projection P. Note that the underlying orbifold in the SU(7) model
is consider as the orbifold S'/Zs with twisted boundary conditions, see discussion
in section 2.3, and thus we have one orbifold projection P given by (4.44) and one
continuous Wilson line W given by (4.98).

In the next subsection we first describe the issue of gauge symmetry breaking
through Dirichlet and Neumann boundary conditions more generally. We define
our theory in five dimensions between two parallel branes. One brane is located at
y = 0 and the other brane is located at y = mR. The two branes are considered as
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four-dimensional boundaries. This way we can compare gauge symmetry breaking
through Dirichlet and Neumann boundary conditions to gauge symmetry breaking
on the orbifold S!'/Zy. As in the orbifold case y denote the coordinate of the extra
dimension.

4.7.1 Gauge symmetry breaking by Dirichlet and Neumann bound-
ary conditions and its relation to gauge symmetry through
orbifolding

Let G be the gauge group we want to break with Lie algebra g. In addition, let
Gy be the subgroup of G we want to obtain as the unbroken gauge group with Lie
algebra go. By {74} we denote the set of generators creating G' and by {T'*} the
set of generators creating Gg. We consider the split

g=go+91, (4.68)

where g1 generate the coset space G/Gy. By {T%} we denote the set of generators
of the coset space G/Gp. In order to achieve the symmetry breaking G — G we

demand
Az =0 , 8yAﬁ =0 (4.69)

at both boundaries y =0 and y = 7 R.
) Az = ( are Dirichlet boundary conditions for the broken gauge fields Az.
e 0, A} = 0 are Neumann boundary conditions for the unbroken gauge fields Af.
We compare this gauge symmetry breaking through boundary conditions to the

gauge symmetry breaking on the orbifold S!/Zs. Recall that on the orbifold S*/Zs
gauge and scalar fields have to fulfil the boundary conditions (2.83), (2.84)

A, —y) = P Ay(a¥,y) P~ (4.70)
Ay(z", —y) = —P Ay(a*,y) P7* (4.71)

and the periodicity condition (2.85)
Ap(zh,y +2nR) = W Ap(at,y) WL, (4.72)
In following discussion we admit the trivial periodicity condition, i.e. we set W =1
in (4.72). The boundary condition (4.70) breaks the bulks gauge group G down to
G
0o={9€G|Pg=gP} (4.73)
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at y = 0. Let {T%} denote the set of generators creating G and let {T'%} denote
the set of generators creating the coset space G/G{,. According to (4.70) and (4.71)
unbroken gauge AZ/ (z#,y) and the scalar fields AZ/ (z#,y) are even functions, i.e.

Af (2, —y) = A}, (2", y) (4.74)
Ay (2, —y) = Ay (2", y) .

Thus we can Fourier expand

a’ a’ (0
AV (2 y) = ——=AY O (2#)

a n ny
s ZA () cos( R) (4.75)

\/ﬁ

Aa’ (0 Aa
V2rR Y 7TR Z

On the other hand, according to (4.70) and (4.71) broken gauge Az/ (z*,y) and the

scalar fields A‘;/ (z#,y) are odd functions, i.e.

Ay (28, y) =

RICD) Cos(jé/).

A (@, —y) = — A, (@, y) (4.76)

Ay (2, —y) = = A5 (2", y) .

Thus we can Fourier expand

a'(n ny
Au (xt, y) = —ﬂ'R E A (n) (xH) sm(R) (4.77)
a’ a’(n —
Ay (a*,y) = \/ﬁ ngl Ay () (1) sm(—R) .

The expansions (4.77) lead to Dirichlet boundary conditions for broken gauge and
scalar fields, i.e.

A (21,0) = A, (¥, 7R) = 0 (4.78)
Aj (2,0) = Ay (2, 7R) = 0.

The expansions (4.75) lead to Neumann boundary conditions for unbroken gauge
fields and scalar fields, i.e.

oy A, (2,0) = 9y A, (z,mR) = 0 (4.79)
9y AY (2,0) = 8, AY (2", 7R) = 0 .
The advantage of gauge symmetry breaking by boundary conditions is that unlike
in the orbifold case, one can obtain any subgroup Gg of G. In contrast, in the orbifold

case only very special subgroups of G compatible with the action of P on the Lie
algebra of g can be obtained.
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4.7.2 Gauge symmetry breaking by Dirichlet and Neumann bound-
ary conditions in the SU(7) model

Let us return to the SU(7) model. We consider the breaking
This breaking can be achieved by demanding

AL =0 , 0,A%=0, (4.81)

for

Al € 5u(2) @ u(l) @ s0(3) (4.82)
Az € su(6) ®u(l)/su(2) ®u(l) @ so(3)

at both boundaries L and R.

4.8 Gauge coupling unification and the weak mixing an-
gle

The gauge group SU(7) unifies inter alia the weak gauge group SU(2), and the

hypercharge gauge group U(1)y of the SM. This means that in the unified theory

there exists only one five-dimensional gauge coupling constant which we denote by
SuU(7

gov ™ (4.83)

Therefore it is possible to calculate the effective four-dimensional coupling constants

for SU(2)r, and U(1)y, respectively, and thus the weak mixing angle 0y of the SM.
Recall that in the SM the covariant derivative reads [47]

D, =08,+ig W, -t+igd Wit (4.84)

where g and ¢’ are the four-dimensional coupling constants of SU(2);, and U(1)y,
respectively. The weak mixing angle 0y is given by
g

.2
sin“ Oy = —— .
w 72+ g7

(4.85)

In order to compute Oy in the SU(7) model we have to determine the effective
four-dimensional coupling constants

SU U
9=9, 2)r , g = 94 My (4.86)
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To calculate (4.86) we have to take into account the normalisation of the generators
T3 and Y, see (4.23) and (4.24). Thus due to (4.23) the five-dimensional gauge

coupling constant g?U@)L of the SU(2)r, subgroup of SU(7) in related to the five-

dimensional gauge coupling constant g?UW) by

SU(T)
UG _ 95 (4.87)

95 \/3

and due to (4.24) the five-dimensional gauge coupling constant gg WY of the U (y

subgroup of SU(7) is related to the five-dimensional gauge coupling constant g‘gUm

b
Y ) gSU(?)
Yy =25 4.88
g5 51 ( )

In addition, due to (3.72) an effective four-dimensional gauge coupling constant g4
is related to a five-dimensional gauge coupling constant g5 via

95
— , 4.89
94 5 ( )

where R is the compactification radius. Thus we obtain the following four-dimensional
effective SM coupling constants

SU(2) QSU(7) U(1) QSU(7)
9=y L:% . 9=y Y:\/ZTTR’ (4.90)

where we have inserted (4.87) and (4.88). Inserting further (4.90) in (4.85) we obtain
for the weak mixing angle in the SU(7) model:

sin® 650 7 = 0.125 . (4.91)
We compare this result with the experimental value [20]
sin? O3 ~ 0.23 . (4.92)

We see that the obtained value for 8y is too small by approximately a factor of two.
This problem can however be solved by starting with a slightly different unified
gauge group. This issue will be discussed in the outlook.

4.9 The minimum of the Higgs potential V' (®)
We consider the Higgs potential

V(®) =V (pelv e elv) . (4.93)
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According to Theorem 5 V(®) is invariant under unitary gauge transformations
V(So(x)@So(2) ") = V(@) (4.94)

where Sp(x) € SU(2)r, x SO(3)r x U(1)y. Thus e4v in (4.93) cannot be gauged
away and the Higgs potential V(&) depends on p, n and A,. The unitary factor e
in (4.93) is given by

Av — gl iR A (4.95)
where
48 R
AP =N ALOL, (4.96)
a=43

compare with (4.66). Note that .Aéo) denote the neutral components of the three
electroweak Higgs doublets (4.61), (4.62) and (4.63). We consider now the case

where the AZ(IO) assume a VEV. Without loss of generality we lay it in the L - L -
and L g-direction, i.e.

Ay — (A = Y (AXOYL, (4.97)

Y
a=43,45,47

Inserting (4.97) in (4.95) we get

W = i 0B SatAl V) La (4.98)
Since [P, L] # 0 for a = 43,45,47 all VEVs <AZ(O)> can be arbitrary constants and
thus W is a continuous Wilson line. We parametrise the VEVs <.AZ(O)> as

~ [ P Q1 (> Q>
APO) =SB AP0y = S (A7) = S (199)

where the a; are dimensionless parameters. Inserting (4.99) in (4.98) we get
W = ¢ 2acala (4.100)

The VEVs (AZ(O)> are much smaller than the compactification scale 1/R. Thus
0 < a3z < 11in (4.100) and we can approximate

W o= ¢ 2a%lan 1+ iagL, (4.101)
a
100 0 0 0 0
010 0 0 0 O
001 0 0 0 0
= 000 1 0 0 % (4.102)
000 0 1 o0 i
o000 0 0 1 g%
0 0 0 %8 %65 2 ]
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According to (4.93) we can parameterise the minimum ®,,;, of the Higgs potential
as

e 0 0 0 0 0 0
0 e2 0 0 0 0 0

1 0 0 e» 0 0 0 0

Pppin = pmin— | 0 0 0 €™ 0 0 iaiﬁi + 0(a?) (4.103)

V2 0O 0 O 0 €% 0 iaiﬁ’

0O 0 O 0 0 e% iaiﬁ
- ! - ! - !
0 0 0 i« i o Al e
where Zzzl a; =0, a; € R and
oéif3 = % (e% + ") | 0‘25 _ % (e% 4 €%7) | O‘:f7 _ % (e% + €97) .

(4.104)
In the following we neglect terms of O(a2). In order to have a spontaneous symmetry
breaking we assume that V(®) is minimised at non-trivial ® pp, i.e. we assume

a; #0 , o, #0 (4.105)
fori=1,...,7 and & = 43,45,47 in (4.103). For later use we make the following

Definition 10 We call a minimum of the Higgs potential ® 5 quasi So symmetric
of

a; = ay (4.106)
fOT’ the paz’rs (Zvj) = (17 4)7 (27 5)7 (37 6)

Note that fluctuations of a; and «a, around the minimum ®,,;, (4.103) give rise to
altogether 10 Higgs particles. This topic will be discussed in the outlook.

4.10 Calculation of gauge field masses in the SU(7) model

In this section we calculate the masses of all gauge fields in the SU(7) model. Recall
that SU(2)r, x U(1)y x SO(3)F is left unbroken by the orbifolding and imposing
Dirichlet and Neumann boundary conditions. Consequently we have to compute

Dy®rmin = i-9= A0 (L, ] + i% ALy, Byin} (4.107)

. g

Z_

V2 V2

for the generators {L;} with i = 1,2,3,5,8,10,36. Note that T; = /3L, (4.23),
Y = 21Lsg (4.24) and H, = 2L; (4.25) with j = 1,2,3, k = 2,5,7 and | =
5,8,10 denote the generators of the weak gauge group, the hypercharge and the
SO(3)r flavour gauge group, respectively. In the following calculations we can us
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either the set {L;} or the set {T},Y, Hy} in (4.107). However only the {L;} are
normalised as tr (L;L;) = 3d;; and imply conventional normalisation of the four-

dimensional kinetic terms for AL(O) and A:}l) as we have shown explicitly in section
3.3.2. Therefore we have to use the set {L;} instead of {T},Y, Hy}. @y in (4.107)
is given by equation (4.103). We assume now that ® ., is quasi Sy symmetric.
The reason will be explained in the next subsection. We can expand a quasi So
symmetric ®,,;, as

Dpin = Ot 4 @OIIH90 = N g L+ Y gp L (4.108)
Jj=12,34 k=43,45,47
where
-1 1 .
Ly = 5 diag(1,0,0,1,0,0) = 5 diag(l, 1), = diag(1,0,0) (4.109)
-1 1
Ly = 5 diag(0,1,0,0,1,0) = 7 diag(l,l2) , I» = diag(0,1,0) (4.110)
-1 1
Ly = 5 diag(0,0,1,0,0,1) =  diag(ls,ls) , Iz = diag(0,0,1) (4.111)
-1
Ly= 5 dlag(ovoa 0,0,0,0, 1) (4112)

Remarks: i) By writing a matrix just as a 6 x 6 matrix we mean that this matrix is
embedded in a 7 x 7 matrix as an upper 6 X 6 matrix. This convention is the same
convention as we have made for the generators Ly, ..., L35 of SU(6);, C SU(7) and
we will use this convention in the following calculations.

.. = . di .

i) >, 1934 ¢ Ly form the diagonal part ® 19 of ®,,in while > oh=izas.47 Ok L

man
form the off-diagonal part @%ﬂdwy of ®,in.

iii) The Lj, i = 1,2,3,4, are normalised such that tr (LEJ) =
The ¢; and ¢, in (4.108) are given by

1s..
15;;.

(bl = \/ipmineal P ¢2 = \/ipminea2 ¢3 = \/ipminG% ; ¢4 = \/§p771inea7 (4113)
ok = Zgbge ) ¢;<: = \/ipmina;g (4'114)

for k = 4A3,4A5,4A7. We then have to calculate the commutators [L;, @] and an-
ticommutators {L;, @i} for {L;}, i = 1,2,3,5,8,10,35, insert the results of this
computation in (4.107) and evaluate the covariant derivative D, ®,,;,. After taking
the adjoint (DM@min)T, multiplying the adjoint with (D, ®,,;,) and taking the trace
we obtain

Lonass = 17 | (D@ pmin)f (Dﬂémin)] (4.115)

We remind the reader that the basis of mass eigenstates AZ(O) and AL(I) is already
diagonal and no mixed terms between the zero mode and the first excited mode in
(4.115) mode occur.
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4.10.1 Mass term for the SM weak gauge fields from the off-diagonal
part of ®,,;,

In this subsection we calculate mass squared for the the zero mode gauge fields
AL(O) associated to the generators L; (i = 1,2) and weak generators T; (i = 1,2),
respectively. First since {Li, f/]] =0 for j =1,2,3,4 we see that the diagonal part
of ®,,.;,, gives no contribution to the mass of zero mode gauge fields AL(O)
consequence of the So quasi symmetry of the minimum @, of the Higgs potential.

. This is a

Therefore the fields Al(o) get their mass only from @%ﬂdwy The covariant derivative

reads

d -9 i d
D, @0/ g _ i A0 L, @30t |

. g
- Zﬁ Allt(o) O3 (L1, L] +045 (L1, L] +ég7 [L1, Ly
, N—— N——

2\[@ng 2flL4O 2flL42

. g
* Zﬁ A’Q‘(O) ¢43 [L27sz3] "“754% [L27L4A5] "“7547 [L%sz?]
N—— A/—’ W

iL39 iLa1

=—gvgiLsr =3 =-3v3

o . g 1(0 /
- 2\/— Ay © (@ Las + P Lao + @y Laz)

. g 2(0
+ W A2O) (¢ Ly + ¢ Lag + ¢l Lar) -

Taking the adjoint (DHQ%i{ldmg)T, multiplying (DH<I>Z£J;CIZ'CL9)Jr and (Duq)%i{ldmg) and

taking the trace we arrive at

1 v 2
| (D) (Dasllion)| = L i X a2 (40)° @no

a=43,45,47
with ¢ = 1,2. Thus the mass squared of the gauge fields AZ(O) reads
1 1 1
2 _ 2 _ 2
M= i Y, =R D Y (4.117)
a=43,45,47 a=43,45,47

where we have inserted gp,:, = 1/R in the second step. For 0 < o/, < 1 we deduce
that 1/R = O(1) TeV so that m = my = 80.4 GeV [20]. Therefore

The zero mode gauge fields AL’Q(O) are identified with the SM weak gauge fields Wﬁ’Q.
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4.10.2 Mass term for the SM Z gauge field from off-diagonal part

of (I)mzn
We consider the linear combination of the gauge fields Ai(o) and Aiﬁ(o) associated
to the generators Lg, Lsg
ALO) = Af’f(o) Ccos G%Um + Wi’(o) sin G%Um (4.118)
Zlgo) = —Af’f(o) sin HEVUW) + Wj’(o) cos HEVUW)
where 9€VU(7) is the weak mixing angle in the SU(7) model given by equation (4.91).

of fdiag
min

The gauge field Zﬁo) get its mass, like the weak gauge fields Wﬁ’Q, only from ®
and the gauge field A,(LO) remains massless. The relation between the mass my of

the gauge field Zflo) the mass squared myy (4.117) of the weak gauge fields W;’Q is
given by
my
cos Oy,

Therefore
The zero mode gauge field Z,SO) are identified with the SM Z gauge field Z,, and the

zero mode gauge field A,(?) are identified with the SM photon field A,,.

The relation (4.119) is familiar in the SM. However according to (4.119) the mass

of the Z gauge field turns out to be too low which is a consequence of then wrong

weak mixing angle Hﬁ,Um.

4.10.3 Mass term for the first excited KK mode of the SM weak
gauge fields from diagonal part of ®,,;,

In this subsection we calculate the mass squared for the first excited KK mode of

SM weak gauge fields W,}’Q. Since we have identified W,}’z = A,lj2(0) the first excited
KK mode gauge fields of the weak gauge fields Wﬁ’Q are AL’Q(U. Therefore in the

A,ljz(l). To calculate the mass squared of W,}’Q(l), we
diag

man "’

following we write W;’Q(l) =

consider the scenario where a; > 1 for some a; in ® Hence the off-diagonal part
of fdiag 1,2(1) .

o, . For this

will give only a very small contribution to the mass of W’
reason we neglect it in the following calculations. Consequently we have to compute

D, = 2'% WiD{L,;, ooy (4.120)
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with ¢ = 1,2. We calculate the anticommutators

(L1, %99 = ¢y {L1, L1} + ¢o{L1, Lo} + ¢3{L1, L3} (4.121)

1 (0 0 By, L (00
= o5 (0 8) s (0 6) 95 (o o)
(Lo, ®%99) = ¢1{L1, L1} + ¢o{L1, Lo} + ¢3{L1, L3}

. L 0 —ill 0 ’le 0 —’ilg
DR (ill > ¢22f< ) ¢32f< 0

where 0 denotes the 3 x 3 zero matrix. Recall that [; = diag(1,0,0) and Iy =
diag(0,1,0), see (4.109). Inserting (4.121) in (4.120), taking the adjoint (D, oliagyt,

mwn

multiplying the adjoint with D, @dmg and finally taking the trace we get
1 2
w (D@t (Duafied)] = = o (B + g3 +ad) (WD) (a2
Note that tr (L;L, j) = %5 Inserting the expression (4.113) for ¢; we finally get

1 2
tr [(D cI)dzag) <D q)dzagﬂ _ = 92p$m'n (62(11 +62a2 +e3a2) <Wﬁ,2(1)> (4.123)

min min 6

Thus the mass squared for the first excited KK mode of the SM weak gauge fields

W,} 2 reads
9 11

My = 3 2 (62‘“ + 292 4 63(12) (4.124)

where we have inserted gpmin = 1/R.

If a; > 1 for at least one i = 1,2,3 the first excited KK mode of the SM weak

1,2 . . o .
gauge fields W, receives very large masses from the Higgs mechanism in compari-
son to the compactification scale 1/R.

4.10.4 Mass term for the first excited KK mode of the SM Z gauge
field and SM photon field from diagonal part of ®¢,,;,

The first excited KK mode of the SM Z gauge field Z£1) and the first excited KK

mode of the photon field A,(}) is a linear combination of the fields Ai(l) and AzG(l)
associated to the generators L3 and Lsg

AW = 430 o QSU(7) + A3 in 95U(7) (4.125)
Z(l) A36( ) gin 05U(7) + A3(1) cos OW v

di
As in the last section we consider the scenario, where a; > 1 for some a; in ®%%Y

min*
offdzag

Hence the off-diagonal part ®,; will again give only a very small contribution to

)
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the mass of Z%)L and A,(}). For this reason we neglect it in the following calculations.
Consequently we have to compute

D, @9 55 WALy, eiasy 4 i% B { Ly, 0129} (4.126)
We calculate the anticommutators
{Ls, @%%’} = ¢1{L3, L1} + ¢pa{L3, Lo} + ¢3{L3, L3} (4.127)

1 l1 0 1 o 0 > 1 (lg 0 )
g + _—
2f< —1> ¢ 2f< 1) T 55 0
{Lszg, @Zﬁ?g} = ¢1{L36, L1} + d2{Lsg, Lo} + ¢3{L36, L3} + da{Lsg, L4}
1 I; 0 1 lo 0) 1 <l3 0>
Wt (o l1> 925 ot (o L) %57 Lo o
1
— ¢y —— diag(0,0,0,0,0,0,6
¢4 ol iag( )

Inserting this equations in (4.126), taking the adjoint (D, @g}b%)t multiplying the
adjoint with (DMCD;Z?;‘Z’ ) and finally taking the trace we get

di d
w[(Duafiant (Dien)] = g (6h+dh+a3) (420)
1 2
+ o 9 (B 63+ 0f + 180) (4T
Inserting the expression (4.113) for ¢; we get
diag\t diag 1 2 2 2a1 2a2 2a3 3(1) 2
o [(D, @)1 (Du@isd)] = < g0 (200 + € ) (A30)
1 2
n = g2p%m (62a1 4202 4 Q203 18€2a7) (Aiﬁu))

If we assume that a7 < 1 we can neglect €2?7 for at least one of the a1, as or as

361 AE}) cos G%Um — Z!(Ll) sin H‘b;VU(?), Ai(l) =

large and thus after transforming A,
A,(}) sin G%Um + Z,(}) cos HEVUW) which follows from (4.125) we get the final result

1 2

(D @) (D, B)| = < ok (0 + e + ) (200
1 2

4 = g Pmm( 2a1 4 202 +e2a3) <AEL1))

(4.128)

Thus the mass squared for the first excited KK mode of the SM Z gauge field and
the SM photon field reads

11

11
2 _ 2a1 2as 3az 2 _
Mz0) = 373 (e +e™ +e™) . mig =

T TE (€21 + €2 + e22)  (4.129)



106 Chapter 4. SU(7) unified model

where we have inserted gpmin = 1/R.

If a; > 1 for at least one © = 1,2,3 the first excited KK mode of the SM Z gauge
field and the first excited KK mode of the SM photon field receive very large masses
from the Higgs mechanism in comparison to the compactification scale 1/R.

4.10.5 Mass term for SO(3)r flavour gauge fields from diagonal part
of (I)mzn

In this subsection we calculate the mass squared for the zero and the first excited
KK mode of the flavour gauge fields A{L(O’l) associated to the generators L;, where
7 =5,8,10. Since the corresponding flavour gauge bosons couple to FCNC its mass
terms must be very large O(10%) — O(10) TeV. Therefore, in order to be consistent
with experiment, we consider again the case where a; > 1 for some a; in @fg‘jg
Hence the contribution to the mass squared for the flavour gauge fields Aﬁ(o 1)
the off-diagonal part of ®,,;, can be neglected. Consequently we get have to compute

from

Dutlit =i A0 [own] i A0 ey

where j = 5,8,10. We calculate the commutators

[L @ﬁfbjﬂ . [Lg,,il} + o [Lg,,ig] + s [Lg,,ig] (4.131)
= L% (Al O>—L¢2 (Al O)
42 0 A 4/2 0 N\
{Ls,@%(fﬂ = ¢ [LS,il} + @2 [L&EQ] + @3 {Ls,is]
i (a0 i (M0
-z (0 ) (0 3
[Lm,@%(fﬂ = ¢ [Lm,il] + @2 [Lm,iQ] + ¢3 [Llo,is]

_ (Aﬁ 0>_L¢ (Aﬁ 0)
T 4270\ 0 ) 427\ 0 X
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and anticommutators

{Ls, @09y = ¢1{Ls, L1} + ¢2{Ls, Lo} + é3{Ls, L3} (4.132)
1 )\2 0 1 >\2 0
frg + _—
e GRY R (Y
{Ls, @i} = ¢1{Ls, L1} + ¢o{Ls, Lo} + ¢3{Ls, Ls}
1 s 0 1 s 0 >
frg + _—
4\/_ < )\5> 4\/§¢3 <O A5
{L10, g:jg} = ¢1{L1o, L1} + ¢p2{L1o, Lo} + ¢3{L10, L3}
1 A0 1 A0 )
= 4+
w3’ ( A?) Wi ( 0 A7
Let us first calculate the mass squared for the zero mode flavour gauge fields A{L(O).
Inserting (4.131) in (4.130) we get

s = —po (40 (a (3 V) -a (3 1))
(a3 2)-a(s 2)
X¢ O 0
a0 (o (3 2) -y )

Taking the adjoint (D, @%?g)T multiplying with (D, @%%]) and taking the trace we
obtain

o | (D) (D)

_ 1 2 <<A3(0)>2 (61— )% 1 <A3(o)>2 (61— da)% 1 <AZ(O)>2 (¢2_¢3)2>

16
Inserting the expressions for ¢1, ¢2 and ¢3 (4.113) we finally get
d d L 99 1 a2 ( 450))°
| (D) (D)) = L P (- ) (430)
zero mode

1 a Qa 2 2
5 PPk (e =) (450)

8
+ % 9 Pmin ( a3 _ 6a2)2 <A10(0)>2
To summarise we have obtained
Field Mass squared
Ai(o) i % (eal - €a2)2
Ai(o) % % (eal _ ea3)2 (4.133)
ALO(O) i % (ea2 - €a3)2
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where we have inserted gpmin = 1/R.
For an appropriate choice of the a;, so that in particular a1 # as, a1 # as, as 7 as
and two a; > 1, the zero mode flavour gauge fields will receive very large masses

from the Higgs mechanism in comparison to the compactification scale gpmin = 1/R.

Next we calculate the masses for the first excited KK mode flavour gauge fields
Ai(l). Inserting (4.132) in (4.130) we get

ia, 1 Ay 0 Ao 0
D (bgurg = ig9 <Ai(1) <¢1 <02 )\2> + o (02 )\2>>
8(1) 0 As O
a0 (0 (5 0) (5 2))
10(1) A7 0 A7 0
R CIGROEICI))

Taking the adjoint (Duq)%?g )T multiplying with (D, @%Z‘Z ) and taking the trace we
get

T
d d
m[(D o) (D, @gg)]

_ %g(@y»%@+@f+wﬁvﬂm+@f+@ﬂﬂz@ﬁﬁﬁ>

Inserting the expressions for ¢1, ¢2 and ¢3 (4.113) we finally get

1 2
w| (D) (D0 = 5 9 ()’ (410)
first excited mode 8
n 15, (21 +ea3)2 (AS(l))2
] 9 Pmin "
1 9 2
b L G (e (a0

To summarise we have obtained

Field Mass squared

Ai(l) %% (ea1+ea2)2

Ai(l) i% (ea1_|_ea3)2 (4.134)
A;O(l) %% (ea2+ea3)2

where we have inserted gppin = 1/R.
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4.11 Suppression of tree-level FCNC

Looking at the different results (4.117), (4.119), (4.124), (4.129), (4.134) and (4.133),
we observe that the strongest constraint in the model is the suppression of tree-level
FCNC. This suppression leads to the following conditions

1.
a1 #az, a1 # az , az # as (4.135)

a; > 1 (4.136)
for at least for two a;
for the diagonal part of @y, see (4.133). These conditions are also sufficient to

give large masses to the first excited KK mode of SM gauge bosons, see (4.124) and
(4.129), and to the first excited KK mode of flavour gauge boson, see (4.134).
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Chapter 5

Fermion masses and CKM
mixing matrix in the SU(7)
model

In this chapter we describe how fermion masses are generated by the Higgs mecha-
nism in the context of nonunitary parallel transporters ®. In general, fermion masses
are given by Yukawa interactions. For example a term

qr®qr , (5.1)

where q7, and gp are given by (4.29) and (4.33), respectively, will lead to a mass term
for quarks. However, since quarks and leptons have different masses their mass terms
cannot be generated by the same nonunitary parallel transporter ®. In addition we
will see that if the Higgs potential V(@) is minimised at a quasi Se symmetric @,
it is not possible to obtain the correct quark and lepton masses nor the correct CKM
mixing matrix. Therefore we make the following

Proposal 1 We introduce a nonunitary parallel transporter ®I“k which leads to
a mass term for the quarks via

qrL q)quark IR (52)

and a nonunitary parallel transporter ®P" which leads to a mass terms for the
leptons via

I}, dlerton | (5.3)

and make a clear distinction between ®IE gnd dlePton  In particular Ik £
Plepton oL gauge yhere HINIE = & is the nonunitary parallel transporter which leads
to masses for the gauge bosons.

111
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It is important that we have three different parallel transporters in the theory. This
way we can get different quark and lepton masses as it is observed in nature. We
may speculate that at the GUT scale ®auerk — plepton

Since we have three different parallel transporters in the theory, we also have
three Higgs potentials V(®99%9¢) = V(®), V(®w*) and V(®'ePo"). The mini-
mum of V(09 k) and V(®'Po") is denoted by @%ﬁ:k and CIDZTZIZ?ZO”, respectively.
According to (4.103) they can be parameterised as

aquark
e™1 0 0 0 0 0 0
aquark
0 e2 0 0 0 0 0
aquark
0 0 e3 0 0 0 0
(I)quark _ quark 0 0 0 eazu”k 0 0 -aquark/
min ~— FPmin i 43
quar i
0 0 0 0 % 0 joavark’
quark .
0 0 0 0 0 e ik’
. quark! . quark! . quark/ a$mrk
0 0 0 QU oy, iy, e
(5.4)
and
alepton
e”1 0 0 0 0 0 0
alepton
0 e“2 0 0 0 0 0
alepton
0 0 e’3 0 0 0 0
lepton __ lepton alerton . lepton /
®nnn - FPmin 0 0 0 e lOt 0 43
epton .
0 0 0 0 efs 0 il
lepton
0 0 0 0 0 @%‘p 3 igpton/
. leptont . lepton! . lepton/ a;l’t‘m
0 0 0 43 Y Yy €
(5.5)
The factor 1/4/2 is absorbed in p%%’k and pffgion, respectively. We assume that
V(®29rk) and V (®'ePton) is minimised at non-trivial 9™ and '™ respectively,
i.e. we assume
uark uark! lepton lepton/
al #0 , of 0 , a7 #0 L, oM #£0 (5.6)

for i = 1,...,7 and G = 43,45,47 in (5.4) and (5.5). Note that in general qduark +

7
lepton gauge quark! lepton/ gaugel
. 2 7é a 7é ag

— A _ / .
a; # a; = a; and o = ap. However, in contrast

gauge quark lepton . .
to ®7 .7, we do not assume that ®, .~ and ® " are quasi Sy symmetric. The

minimum &% and ®P"" of the Higgs potential V(®94ek) and V (®lerton)  re-
quark

spectively, will fix the quark and lepton masses. In addition, ®, . also fixes the
CKM mixing matrix. In the next section we will review the CKM matrix in the SM
and in particular some familiar parametrisations of the CKM matrix. This review
will also clarify the notation and conventions we use in this chapter.
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5.1 Quark masses and the CKM mixing matrix in the
SM

In the SM the Yukawa interactions for quarks is given by [40]
Ly = —YZ?QLZ(b de — Y;Q;QLZ'eWuRj + h.c., (5.7)

where Y% are complex 3 x 3 matrices, ¢ is the SM Higgs field, i and j are generation
labels, € is the 2 x 2 antisymmetric tensor, Q1 are the left-handed quark doublets
and dr, ur are the right-handed down- and up-type quark singlets, respectively.
When ¢ acquires a VEV (¢) = (U /?/5) the Yukawa interactions yields Dirac mass

terms for the quarks

Y yd
LA VE (5.8)
V2 V2

where M" is the 3 x 3 up-type quark mass matrix and M? is the 3 x 3 down-type
quark mass matrix. Since M™ and M? are given in the basis of flavour eigenstates
we must diagonalise M* and M? by biunitary transformations
UM Up = Mg (5.9)
UiMUy = Mg, (5.10)

in order to move to the basis of mass eigenstates. The CKM matrix Vogas is then
given by

Vud Vus Vub
Vorn = UPUN = | Vg Ves Vi (5.11)
Via Vis Vi

and transforms electroweak eigenstates (d’, s’, ') into mass eigenstates (d, s, b). Since
Uz, Uzﬁ are unitary 3 x 3 matrices Vo s is a unitary 3 x 3 matrix too. This feature
ensures the absence of tree-level FCNC in the SM.

5.1.1 Standard parametrisation and unitarity of the CKM matrix

Any unitary 3 x 3 matrix can be parametrised by three angles and six phases. Using
the freedom to redefine the up- and down-type quarks fields one can remove five
unphysical phases. The CKM matrix can therefore be written as the product of
three Euler matrices

€12€13 $12C13 s13e” 018
_ _ i i
Vokm = RogUisRi2 = | —512023 — €12523513€"°1% 12023 — 512523513€"18 593C13
i i
512823 — C12C23513€"°13  —cC19593 — $12C23513€"1%  Ca3C13

(5.12)
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where ¢;; = cost;;, s;; = sinf);; and 413 is the CP violating phase. This parametri-
sation is known as the standard parametrisation [12]. The Euler matrices are given
by

1 0 0 Cc13 0 813671'513
R23 = 0 C23 5923 s U13 = 0 1 0 , (5.13)
0 —s23 c23 —s13¢13 0 €13
cr2 s12 0
Rip=| —s12 c12 0O
0 0 1

where Ui3 is a complex Euler matrix and both Rs3 and Rq9 are real Euler matrices.
The advantage of this parametrisation is that the mixing between two generations
i,j vanishes if the corresponding mixing angle 60;; it set to zero. Note that the
standard parametrisation satisfies exactly the unitarity relations.

In the SU(7) model we have tree-level FCNC mediated by the SO(3)r flavour
gauge bosons. This tree-level FCNC violate the unitarity of the CKM matrix. How-
ever this violation is extremely small due to the large flavour gauge bosons masses.
The current experimental constraints on the unitarity of the CKM matrix are [40]

| Vid 12+ | Vas 2+ | Vip |2 =1 = —0.0008 £ 0.0011  first row (5.14)
| Veg 24| Ves > + | Vip |2 =1 = —0.03 £ 0.18  second row (5.15)
| Va > + | Vea |2 4+ | Via |* =1 = —0.001 £ 0.005 first column (5.16)

The sum in the second column | Vi |2 4+ | Ves |2 + | Vis |? is practically identical
to that in the second row, as the errors in both cases are dominated by | Vs |.
These experimental constraints show that the CKM matrix is almost unitary. For
simplicity we treat Vogas as a unitary 3 x 3 matrix in the following calculations.

5.1.2 Wolfenstein parametrisation of the CKM matrix

For later calculations we introduce another familiar parametrisation of the CKM
matrix known as Wolfenstein parametrisation [77]. Following the observation that
the mixing angles s19, 513, Sog fulfil the hierarchy si13 < so3 < s19 < 1 Wolfenstein
proposed an expansion of the CKM matrix in terms of the four parameters A, A, p
and 7 defined by

S12 = A s §93 i — A)\2 s S13 \— AAS (p — i77) (5.17)

If we insert these definitions into (5.12) we obtain a parametrisation of the CKM
matrix as a function of A\, A, p and 7. If we expand all elements of the CKM matrix
in powers of the small parameter A we get
1—2A2 A AN3(p —in)
Vexkm = - — 1 AN? +0(\) (5.18)
AN (1 —p—in) —AN? 1
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Neglecting the terms of O ()\4), this parametrisation is known as Wolfenstein parametri-
sation. In the following calculations we use the numerical values [40]

A= s19 = 0.22 s A)\Q = 8§93 = 0.042 (519)
i 2
AN (p—in) = s13 €703, 513=0.0039, &3 = g — 60°

quark
min

5.2 CKM mixing matrix and quark masses from ¢

As already mentioned in the introduction the quark masses and the CKM matrix
are determined by

QLCI)%(Z]CQR ; (5.20)
where
quark
eal 0 0 0 0 0 0
0 eaguark 0 O 0 0 0
0 0 eaguark O O 0 0
K k guark . quark /!
q)%‘it;r = %ﬁ: 0 0 0 ed4 q(zi)wk 0 Za43 ,
0 0 0 0 els 0 .azgark !
0 0 0 0 0 6a‘éu”k iaq}mrk /
. quark / . quark / . quark / aquark
0 0 0 £ oy, Zelys 7
(5.21)
see (5.4). @%‘Zk fixes not only the quark masses but also the CKM mixing matrix.

This we will now be explained.
First, comparing with (5.8), the upper 3 x 3 submatrix of @%‘Zk gives the up-type

quark mass matrix

m, O 0
Mt=| 0 m. O (5.22)
0 0 my
where
N quark: quark o quark quark o quark: quark
My = Pryin e v Me = Pryin e’ v M= Prin e’ : (523)

Conclusion: The up-type quark masses my, me, my are given by the diagonal part
of LY only.

man

This result is in contrast to the SM where both up- and down-type quark masses
are given by the (same) SM Higgs doublet (5.7).
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Second, the lower 4 x 4 submatrix of (I)%‘Zk
mq 0 0 7 ]{;43 <A§3(0)>quark
M = 0 Mg 0 7 k;4A5 <A§5(0)>quark
0 0 mb i k4A7 <A§7(0)>quark
Z'kZ4A3 <A§3(0)>quark i kzﬂ’, <A§5(0)>quark i k@y <A§7(0)>quark My
(5.24)
where
md _ pg:ic;rkeazuark ’ ms _ P%J;;:keaguwk , Thb _ pg:;lrkeaguark Comy = pg:;lrkeaguark
(5.25)
and )
1 kg <AZ(0)>quark —3 p;]:ic;rkaguark/ (5.26)

for 4 = 43,45,47 will lead to the down-type quark mass matrix M?. In (5.24) we
have introduced the VEVs

R unark R unark X q}mrk
A43(0) quark _ 43 , A45(0) quark _ 45 ’ A47(0) quark _ 47 )
M7 g1 R M) gaR M, gaR

(5.27)
in analogy with (4.99). The k; in (5.24) are given by !
quark ququ pququ
J - min (ea4 + ea7) 7 ko — min (6% + ea7) 7 ko — min (eae + ea7)
43 \/5 Pmin ® \/5 Pmin a7 \/5 Pmin

(5.28)
In order to obtain M? we have to bring M on block diagonal form by a unitary
transformation

d
M—>UMUT:<Z% 0 > (5.29)

My
where M? is the desired 3 x 3 down-type quark mass matrix. In a second step we
diagonalise M? by a second unitary transformation

Ut MU = Mg, - (5.30)

Since M" is already diagonal the corresponding transformation for the up-type mass
matrix M" is trivial

Ut MU = M, =M. — U"=1 (5.31)
Thus the CKM matrix is given by
Very = UUY = Uit (5.32)

!This follows with gpmin = 1/R, g = g5/V7R, g1 = gs/V27R, ag”k/ = a2 (¢ 4 €°7)

43
quark/ __ _quark as ay quark/ __ _quark ag ay
o =a " (e +e"7) and af; =ap """ (e +e"7)
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In the following calculations we use the numerical values [20]

my = 1.5to4.5MeV | myg=75to8.5 MeV (5.33)
me=10to1.4GeV , ms=280to 155 MeV
my =174.3 £ 51 GeV , mp =4.0to 4.5 GeV

In particular for later calculations we make the (arbitrary) choice

mg="74MeV , ms=114.1MeV , my = 4250 MeV . (5.34)

5.3 CKM mixing matrix from M,

According to (5.12) Vog s can expressed as
Verm = RagUrsRao (5.35)

where Ros, U1s and Ryo are given by (5.13). We introduce the phase matrix

et 0 0
P = 0 1 0 (5.36)
0 0 e¢s

where the phases ¢1 and ¢3 have to fulfil the constraint

013 = ¢1 — @3 . (5.37)

Recall that §13 is the CP violating phase and occurs in

c13 0 spge 1
Uy = 0 1 0 . (5.38)
—s13¢"1% 0 13

Without loss of generality let ¢; in (5.36) be arbitrary. The phase ¢3 in (5.36) is
then fixed by the constraint (5.37). With the help of (5.36) we can rewrite

Uiz = Pj3R13P13 (5.39)
where Ry3 is the corresponding real Euler matrix given by

ci3 0 s13
Rs=| 0o 1 0 |. (5.40)
—s13 0 ci3

The CKM matrix Vg s can then be written as the product

Verm = RazPlsRi3Pi3Rys . (5.41)
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Lemma 1 Let M? be given by

M= mi, W, mas (5.42)

where
!y =134 MeV  myy = 1hyg + myzseze’ 0% ~ 24.46 MeV
fnls =119.2 MeV mi3 = mlgsgg — fnlgei 013 ~ 16.65 €i %MGV
my = 4250 MeV oz = 173.8 MeV, (5.43)
and 9
iy = 24.8 MeV 1y = 16.1 MeV , 813 = ?ﬂ . (5.44)
The unitary transformation
Ve MO Ve = Mg, - (5.45)
leads to the CKM matriz
— 3\ A AN(p—in)
Voxyv = -2 1-— %)\2 AN? (5.46)
AN(1—p—in) —AN? 1

where X = s19 = 0.22, AXN? = s93 = 0.042, AN} (p — in) = s13 7913, 513 = 0.0039

and (513 = 2%

The proof can be found in Appendix A.

5.4 Obtaining M? from M

In this section we finally describe how the down-type quark mass matrix M? is
obtained from (5.24)

Ma 0 0 i gy (A yquark
M= 0 . R
N 5 ; 4A7(0) quark
0 0 my ikg (Ay )
. 43(0)\ guar . 45(0)\ guar . 47(0)\ guar
i kg (Ay ( )>q kg kg (Ay ( )>q ko kg (Ay ( )>q k My

It is convenient to introduce the following abbreviation

(A = kg (AGO))auark (5.47)
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for & = 43,45, 47. With this abbreviation M reads

T 0 0 (ABYT e 5
~ 45\q9 i Z
M = 0 s 0 Ay e 2 (5.48)
0 0 myp <Ay >Z el 2
(AL et s (AP e s (A e's my

where we have written all phases explicitly. As already explained in section 5.2 in
order to obtain the 3 x 3 down-type quark mass matrix M¢ we must transform M
to block diagonal form

d
MﬁUMWz(% O>. (5.49)

My

We write U as a product of a phase matrix and three Euler matrices

U' = PyyR34Roy R4 (5.50)
where
10 0 0 10 0 0
01 0 0 01 0 0
Ba=1 109 0 ¢o o STl I R (5.:51)
00 0 €% 0 0 —s314 ¢34
1 0O 0 0 cig 0 0 sy14
. 0 C24 0 594 o 0 1 0 0
Bu=| g o 1 0 M= 0 01 0
0 —S24 0 C24 —S14 0 0 C14

Inserting this expansion in (5.49) we get

0 my

R RY R, Py M Py Ry RoyRyy = Me 0 5.52
1412411348734 3434941114 = . (5.52)

The matrix (5.48) has seven undetermined parameters: The diagonal elements
Mg, Ms, My, my and the off-diagonal elements <A§3>Z, <A§5>z, (A§7>Z. The question
is now:

e How do these parameters determine the CKM mixing angles s12, s23, s13 and
the CP violating phase d13 ?

e How do these parameters determine the down-type quark masses?

e What is the interpretation of the three off-diagonal elements (A§3>Z, (A§5>Z,
(A7
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e Can we get the SM case?

The situation is complicated because we do not know anything about the explicit
numerical values of these seven parameters.

In the next subsection we will consider the special but analytically exact solvable
case, where we assume that

1. m, is the dominant element in M, i.e. m, > mg, ms, My and m, > <AZ>Z
for a = 43,45,47. We choose in the following calculations the (arbitrary)
value m, = 10000 my. This assumption follows from the fact that m, may
be interpreted as the mass of a seventh quark. However we remind the reader
that in the SU(7) model m, is only a parameter. It will turn out that the
results of the following calculations are independent of the explicit value for
my, as long as m, is the dominant element is M.

2. the d-quark masses are approximately given by the diagonal part of (5.48)
myg ~ ﬁ’Ld , Mg = Mg , Mmp = 7”7’Lb (5.53)

It will turn out during the following calculations that this assumption is nearly
fulfilled for m; and poorly fulfilled for ms and my.

Since m, is the dominant element in M it will turn out that all mixing angles in
(5.51) are very small. Therefore we call this case small mixzing angle approxzimation.
5.4.1 M? from M in small mixing angle approximation
In (5.48) we choose the following numerical values

(AT = 63910 MoV (5.54)

45
(A)1 = 104240 MeV
(A7) = 70950 MeV

The reason for this choice will be become clear later. In addition, as already men-
tioned above we choose

mg = 10000 mp = 4.25 x 107 MeV (5.55)

The diagonal elements mg, ms and m; will be fixed during the following computa-
tion. According to (5.52) the calculation is divided into four steps.

First step:  We multiply M by the phase matrix

10 0 0
01 0 0

Pu=110 0 &% o (5.56)
00 0 ¢
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The purpose of this rephasing is to get a real angle 034 in the next step. The complete
transformation reads

M, = PLMPE (5.57)
T 0 0 (AT ¢ (G o)
B 0 s 0 <A55>Z ¢t (5+05)
- 0 0 iy et (95 —9%) <A§7>z ot (505 —o%)
<A§ﬂeugw%)(Afﬂeugw%><A§%eugw§wﬂ my et (95—¢5)

Concerning this transformation we give a comment. In (5.49) we have argued that
M can be brought to block diagonal form via a unitary transformation. However
within the approximations we will make during the following calculations we have to
consider a multiplication of M from right with P?ﬁ = diag(1,1, ! ¢5 el 2 ) and from
left with P3L4* = diag(1,1,e~" ‘bBL, et ‘bf) and as a start have to make a distinction
between qb?f and qbé% and between ¢F and ¢¥, respectively. It will turns out during
the following calculation that this distinction is necessary in order to get real mix-
ing angles f34 and 6y4. In addition we will compute explicit values for all phases.
The resulting transformation (5.49) will turn out to be in fact biunitary within the
approximations we will make during the following calculations. We introduce the
following abbreviations

53 =oF — ot | o=l — ok (5.58)
v ~ v
d=of—¢5+5 , d=¢¥—di+3

Second step:  We perform the rotation R34 on M;. The purpose is to put zeroes
in the 34,43 elements. The zeroes in the 34,43 elements are implemented by diag-
onalising the lower 34 block of M. This block is obtained by striking out the row
and the column in which the unit elements of R34 appear. Thus we get the reduced
rotation

= id3 47\q i 6 idy
my e A e my e 0
1@<< ~<y%&>3%:< m) (5.59)

4\a ,id 5
A e my e 0 my €

where we have introduced two new phases d, and §,. From this matrix equation we
obtain the mixing angle 034

2 <mgC et o4 (A§7>Z et % 4 1y et %3 <A§7>Z em)

tan 2034 = (560)

m2 ¢ 204 — p? ¢i 205 4 (<A§§7>Z>2 <ei 2 _ i 28)
In order to simplify this equation let us fix

§=0 — ¢f —¢f = ¢ — of . (5.61)
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Using this fixation 634 can be written as

2 (AN €'

My €49 — 1y el 93

tan 2034 = (562)

The requirement that the angle 034 is real means that the numerator and the de-
nominator must have equal phases. This leads to the condition

Mg sin(d — d4) = My sin(d — d3) . (5.63)

Now we take into account that m, = 10000 m; > my. This leads to the phase
condition é ~ d4 and we obtain

™

T
d=01—df+ om0 — SN+ (5.64)
Thus the mixing angle turns out to be
47>q
O34 ~ Lk — 00017 < 1 (5.65)

xT

where we have inserted (5.54) and (5.55). For the diagonal elements one gets in
small mixing angle approximation

(1)

my €' %~y e % — el 04 (5.66)
My
o)
My €% Ry el % 4 ——— 2 el (5.67)
My
We calculate from (5.54) and (5.55)
N2
(473)
- =~118. (5.68)
My
Thus m, = 10000 my is practically unchanged
My = My (5.69)
and hence &, is given by 3

N 2
: : (A5 .
Let us analyse equation (5.66). Since % ~ 118 the second term can only give
a small contribution to m;. Therefore we approximately get

Sy~ 03 . (5.71)
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The remaining elements are given by the reduced rotation in small mixing angle

approximation
( s T ) _ ( 0 (AP e GHed) > ( 1 O > , (5.72)
Moz Ma4 0 (AP et (5+91) =03 1
This leads to
g = Oa4 ()T i CEHOD) gy, = (AT (i (Grol) (5.73)
Moy = O30 (AP & CFHOD | gy = (AS5)1 ¢ G010 (5.74)

In addition

m31 m3 \ _ [ 1 03 0 0
( ma1 M2 > - ( 034 1 ) < (ABYT i (G00)  (AS5Y o (5-01) > (5.75)
leads to
31 = O34 <A§3>Z ot CF—o%) . gy = O34 <A‘yf5>z i (F—o%) (5.76)
may = (A§3>Z ¢ B9 gy = (A§5>z el (591 (5.77)

The full transformation reads

M, = R3yMRsy .
mq 0 | g | € (5 +oi) <A2§3>z oi (2108
— 0 M | g | et (5 101) <A§5>Z ot (Z+0F)
= | a3 | € (& —¢1) | s | € (37 4 o) i ’
<A§3>z ot (5—01) <A§5>Z oi (5—0%) 0 o

Third step :  We perform the real rotation Roy on Ms. The purpose is to put
zeroes in the 24,42 elements. The zeroes in the 24,42 elements are implemented by
diagonalising the lower middle block of Ms. This block is obtained by striking out
the row and the column in which the unit elements of R4 appear. Thus we get the
reduced rotation

R§4 A mé o <A§5>Z ei,(%—’—(ﬁ) Ry < M o O ) O,/ ) |
<A§§5>i et (5—¢%) m, et % 0 Ty e
(5.79)
where we have introduced two new phases d5 and 5;6 From this matrix equation we
obtain the mixing angle o4
9 (mx e O (AT ¢ (5H01) 4 (AT i (%—qﬁf)) 550

tan 2924 =
L

m2 12— 4 ((AF)1)" (o 2EHed) - i 250



124 Chapter 5. Fermion masses and CKM mixing matrix

Let us fix
o = gk (5.81)

Using this fixation 64 can be written as

2 (AP)L e

> —
My €' %4 — my

tan 204 = (5.82)

where §' := 5+ qbf. The requirement that 694 is real means that the numerator
and the denominator of this equation must have equal phases. This leads to the
condition

my sin(d’ — §4) = mgsin(d') . (5.83)

Now we take into account that m, = 10000m; > ms. This leads to the phase
condition ¢’ &~ §4 and the mixing angle 654 turns out to be

Azf5 q
Myl _ 0.0025 < 1 (5.84)

924 ~
T

where we have inserted (5.54) and (5.55). The phase condition ¢’ & d4 now fixes the
absolute value of ¢ and ¢F

T | T
V=g 4o mb=0y —or =200 — ¢f=7 (5.85)

where we have make use of (5.81) in the second step. Thus we obtain
oy =208 =7, (5.86)

and
by = 0l — ok — o+ o — 20k ~ —2(6k + T) 0 (557)

where we have used (5.61) in the first and (5.64) in the second step. We see that
these values are in accordance with (5.63) and (5.83) for large m,. The phases in
Pﬁ respectively P?,L4 read

PR =—0f == , ¢Ff=-¢5=0. (5.88)

MERIE

With d3 = 0 and d3 = 7R equation (

o () ()
S ——— e M =my + —

My My

66) becomes

my €' % =~ 1y et

(5.89)

For my = 4250 MeV we obtain

iy = 4132 MeV (5.90)
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~ 2
.A45 q
since W = 105. In addition we get

5y =05=0. (5.91)

Next we determine the diagonal elements. Since #24 < 1 we get in the small
mixing angle approximation

N2 N L \2
A 2 (APy) o (AP (¢a)1)
mget 0 ms gy — —~ 0 i (Grel) L ATV pion gy NV T (5 99)
My My My
and m, is again practically unchanged. This leads to
O =0,=m. (5.93)
We calculate from (5.54) and (5.55)
N2
((42)
S~/ — 255 MeV . (5.94)
Mg
However, since m, cannot be negative we conclude that
ms = my > 255 MeV (5.95)
and the phase d5 turns out to be
0s=0. (5.96)

The off-diagonal elements are given by the reduced rotation

( 7?’12 7:”:14 > _ 0 <A§3>%6M ( L O ) . (5.97)
My 1y O34 (A)] 0 —fay 1

This leads to

ml12 = 924<A;‘3>% ) ml14 = <A§3>% e (5.98)
Wiy = O34 (A)] sy ~0. (5.99)
In addition
U L _ 45\q
< a1 a3 ) = ( L —0a > 430q o Oa (AP (5.100)
My My fo0 1 (A ) et™ 0
leads to
fiyy = Ogq (AP)E iy = (AP) T (5.101)

iy = O34 (AP)] . iy ~ 0. (5.102)
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The whole transformation reads

Ty My iy (AS) T
~/ * ~/
ot _ My my  Mog 0
My = RbMyRoy = e 0 (5.103)
(A;‘;g)Z e™ 0 0 my €7

where m); = 034 (A§3>z. At this state of the calculation it is remarkable that all
off-diagonal elements m12, Mis and ma3 in the upper left 3 X 3 matriz are real and
positive.

Fourth step:  We perform the real rotation Rq4 on Ms. The purpose is to put
zeroes in the 14,41 elements The zeroes in the 14,41 elements are implemented by
diagonalising the outer block of M. This block is obtained by striking out the row
and the column in which the unit elements of R4 appear. Thus we get the reduced
rotation

~ 43\q i idy4
Riy < ( " Ay € >R14 = < ma 0 im > (5.104)

AT e ™ my el 0 my e

where we have introduced new phase d4. Again m, will be practically unchanged
and therefore we have already written m, €’ ™ in (5.104). From this matrix equation
we obtain the mixing angle 614

AL e AR

014 ~ A ~ 5.105
14 my €87 — 1My | my | ( )
Thus the mixing angle 614 turns out to be
Asz q
014 ~ it/ 0.0002 < 1 (5.106)
My

where we have inserted (5.54) and (5.55). Next we determine the diagonal elements.
Since 014 < 1 we obtain in the small mixing angle approximation

3y £3vq)
i . (<Ay >’“> it _ -~ (<Ay >’“>
mge' P rmg——~—2— ¢ T =mg+ —24— (5.107)
My My

We calculate from (5.54) and (5.55)

((Ast)

My

= 2.3 MeV (5.108)



5.5. The meaning of the triplet VEV of SO(3) 127

This yields
mg=11.0 MeV | 6;5=0. (5.109)

Finally, when calculating the off-diagonal elements, we observe that since 614 < 1
they are approximately unchanged. The whole transformation reads

~/ * ~/
_ pt _ | M2 Mg Mg 0 (M 0
My = R{y;MsR14 = fn'13 7%3 i~ 0 = < 0 i, . (5.110)
0 0 0 mgeT™

Thus M9 reads
mq Mmi2 Mi13
Md = mi9 mt mos (5111)

S
mi13z Mma23 My

where
. Azfs q A4A5 q
mq=134MeV | myy = 024(A}°)] = A A 24.46 MeV
my
. Azfs q A4A7 q
m} > 255 MeV |, mag = 034 (A)] = A A e _ 16.65 MeV
My
~ Aéft’) q ‘A4A7 q
my = 4250 MeV |, mo3 = 034<A35>z = %M = 173.8 MeV
xX
(5.112)
Note that in the second step we have inserted
AéfS q AZf? q
By — Ay . Oy = My , (5.113)
xr ml‘

5.5 The meaning of the triplet VEV of SO(3)p
We compare the result (5.112) with (5.43). We observe that

e The off-diagonal elements m2, m13 and meogz are equal.

The diagonal elements mg and my are equal.

The diagonal element m} > 255 MeV turns out to be at least two times bigger
than m/, = 119.2 MeV.

There is no CP violation.
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We stress that these results are only valid if mg is the dominant element in M. We
will discuss the case where m, is lowered to O(ms) at the end of this section. In
this case it is possible to obtain the correct value for m, and a CP violation.

We calculate the CKM mixing matrix and the down-type quark masses from
(5.112):

1. For the CKM mixing angles we obtain
s12 =0.104 , s13=0.0039 , s93=0.043. (5.114)
We compare these results to the SM case
siM =022 , spM=00039 , spM=0.042. (5.115)

We observe that s13 and s93 are in accordance with the SM case. However
the Cabibbo angle s1o turns out to be small by approximately a factor of two.
This is a consequence of the too large value for mj.

2. For the down-type quark masses we obtain
mg = 10.7MeV | mg=251 MeV | mp =4250 MeV . (5.116)
We compare these results to the SM case

mg=5to85MeV , mgz=280to 155 MeV , my = 4000 to 4500 MeV .
(5.117)

We observe that only my is in accordance with the SM case.

We see that the too large value m¥ in (5.112) not only influences s12 and mg but
also mg. As already mentioned above in small mixing angle approximation the CP
violating phase d13 is zero.

The advantage of the small mixing angle approximation case is that ratios for
the off-diagonal elements m o, mi3 and mez of M? are given by

= — 5 p— = 5 == = . (5118)

and involve only the triplet VEV of SO(3) .

Conclusion: In small mizing angle approrimation, i.e. mg, > my, Mg, Mg and
mg >> <AZ>Z for a = 43,45,47, ratios for the off-diagonal elements mya, M3, Mmo3
of M? are given by rations of the triplet VEV of SO(3)r according to (5.118).
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Looking at the calculation for the CKM mixing angles si9, 13, S23 in Appendix
A we obtain with (5.118) the ratios

s AP s (AP m s Am
sis (ABY T sis (AT (mg—ma) T s (AB)] (mg—mg)

Conclusion: In small mizing angle approrimation, i.e. my, > my, Mg, Mg and
my > <AZ>Z for a = 43,45,47, the CKM mizing angles s12, S13, S23 are determined
by rations of the triplet VEV of SO(3)r plus a correction coming from the down-type
masses according to (5.119).

We note that these results are independent of the explicit value for m, as long
as my > my, mg, mg and my > <AZ>Z for & = 43,45, 47. This can easily be seen as
follows. Suppose we replace

My — My - k2 (5.120)

where k € R. The elements mq2, m13 and ms3 are invariant under this replacement
if we demand

(AGYE — (AD)E -k (5.121)
a = 43,45, 47. However also
A& q\2
my

is unchanged by this replacement.

Let us discuss the alternative case where m, ~ O(1my). In this case it is possible
to get a realistic value for m; and the CP violating phase d13. However it is not
possible to get an exact analytically solution. First from appendix B we see that
for general m, the absolute values for the off-diagonal elements of M ¢ are given by

(B.31) and (B.24)

| mi2 [= 014524034<-f4§3>z , Imag|= 014534<A§3>z ;o Imas|= 024534<A§5>z
and involve products of sine and cosine of the mixing angles 014, 024, and 034. Thus
the rations (5.118) get modified and depend now also on these sine and cosine.
Looking at the equation (B.20) that determines m

0 0

mg €9 = Thgcsy €% — 2(,425)%824024 O + 1,55, e (5.123)
where 85, 05, & 45 and 05, denote phase factors we see that it is possible to obtain a
realistic for mg in (5.112) for appropriate phase factors and a suitable mixing angle
624. In addition, we will get also non-vanishing phase factors in M? that can lead to
a CP violating phase 13 in Vogar. However since it is not possible to get an exact
analytically solution we suggest to make a numerical analysis. This analysis has to
clarify if it is possible to recover the SM case or not.
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Chapter 6

Summary and outlook

In this thesis we have investigated a Gauge-Higgs-unification model in five dimen-
sions with broken chiral SO(3)r flavour symmetry. The model is based on the gauge
group SU(7) which unifies electroweak-, flavour and Higgs interactions. The Higgs
fields are identified with the zero mode of some extra components of the higher-
dimensional gauge field. Hence the Higgs fields in this model are prevented from
obtaining quadratically divergent corrections to their mass by the higher dimensional
gauge symmetry. Therefore the model provides a solution to the hierarchy problem
and will be valid at energy scales much above the electroweak breaking scale. The
SM Higgs is replaced by three SU(2); Higgs doublets Hy, Hy and Hj3 which cou-
ple to the first, second and third generation, respectively. The electroweak gauge
group SU(2)r, x U(1)y is broken by these {H;} to U(1)cy,. The model includes an
anomaly-free chiral SO(3)r flavour symmetry which explains in a natural way why
there are exactly three generations as it is observed in nature. All fermion masses
and mixing angles are computable in principle and thus the SU(7) model provides
a solution to the flavour problem. The SO(3)r flavour symmetry is broken by ad-
ditional Higgs fields coming from the selfadjoint part of ¢ at energies much above
the compactification scale. This way tree-level FCNC are naturally suppressed due
to the large SO(3)r flavour gauge boson masses.

The SU(7) model is an effective bilayered transverse lattice model with nonuni-
tary parallel transporters in the extra dimension. In chapter 3 we have shown explic-
itly how an effective bilayered transverse lattice model can be obtained by starting
with an ordinary S'/Zs model. In a first step we have put S'/Zs on a lattice. In
a second step one has to calculate the renormalisation group flow. The endpoint
of the RG-flow is an extra dimension which consist of only two points: the orbifold
fixed points. The bulk is completely integrated out. As a result of the blockspin
transformations the parallel transporters in the extra dimension become nonunitary.
In addition, a Higgs potential emerges naturally. We have shown that for trivial orb-
ifold projection P and trivial minimum of the Higgs potential the eBTLM equals a

131
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S1/Zy continuum orbifold model with trivial orbifold projection P and KK-mode
expansion truncated for all fields at the first KK mode. We have seen that the
truncated S'/Zy model and consequently also the eBTLM is renormalisable.

We have analysed orbifold conditions for nonunitary parallel transporters. As
an important result we have seen that for complex holonomy groups H it is always
possible to choose a maximal noncompact Abelian subgroup A with Lie algebra a
such that PnP~! =1 for n € a. Using this, the nonunitary parallel transporter &
can be written as

P = v e e |

with A, such that PA,P~! = —A,. It is essential that P is involutive. On S'/Zy
this is always the case. We have seen that when spontaneous symmetry breaking
occurs and the orbifold projection P is non-trivial the Higgs potential V(®) does
not only depend on the selfadjoint factor e” but also on the unitary factor e, i.e.

V(D) = V(e e etv) =V(n, A,) .

In chapter 3 we have furthermore analysed in detail an eBTLM based on the
gauge group SU(2). In particular we have studied two important cases, which
provide a basis for the SU(7) model:

1. For trivial orbifold projection, i.e P = diag(1,1), and non-trivial minimum
®,.in of the Higgs potential V(®) at

1 et 0
Pnin :pminﬁ ( 0 e > s (61)

see (3.162), we have obtained (see Proposition 3) that in the limit of large as
(i.e. ag > 1) the eBTLM allows gauge boson masses for some zero mode and
first excited KK mode gauge fields, which are much larger than the compact-
ification scale (see 3.219). This behaviour has no counterpart in an ordinary

St /Zy model.

2. For non-trivial orbifold projection (3.221), i.e. P = diag(1,—1) , we have seen
that the Higgs potential V(®) depends also on the unitary factors ev, and if
the latter assume a VEV the gauge group Gy = U(1), which is left unbroken by
the orbifold projection P, is spontaneously broken. This spontaneous symme-
try breaking is however completely different from the spontaneous symmetry
breaking by VEVs for the selfadjoint factor e”7. Indeed we have seen that a
spontaneous symmetry breaking by a VEV for the unitary factors e equals a
continuous Wilson line breaking or Hosotani breaking. This symmetry break-
ing allows the reduction of the rank of the underlying gauge group Gy = U(1),
i.e. Gy is completely broken.
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Based on these two results, in chapter 4 we have formulated a realistic Gauge-
Higgs unification model: The SU(7) model. The group SU(7) unifies electroweak-,
flavour- and Higgs interactions. Colour was ignored. As an intermediate step the
model also unifies weak- and flavour interactions in the gauge group SU(6); C
SU(7). We have shown that zero modes of the extra-dimensional component of the
five-dimensional gauge fields transform according to the fundamental representation
of SU(2);, and carry the hypercharge % They serve as a substitute for the SM
Higgs. The theory includes three SU(2);, Higgs doublets H;y (4.61), Hs (4.62) and
Hs (4.63). Hj couples to the first, Ho couples to the second and Hj couples to the
third generation.

We have calculated all zero- and first KK mode gauge boson masses associated
to the gauge group SU(2)r, xU(1)y x SO(3)F in terms of the minimum ®,,,;,, (4.103)
of the Higgs potential. We have identified the SM gauge bosons, i.e. the W bosons,
the Z boson and the photon, as zero mode gauge bosons of the electroweak gauge
group SU(2);, x U(l)y € SU(7). We have seen that the W and the Z boson get
masses only from the off-diagonal part of (4.103). Thus their masses are O(246)
GeV. The photon remains massless. All other gauge bosons receive masses mainly
from the diagonal part of (4.103). The diagonal part of (4.103) reads

di 1
i = Pmin” 7

We stress that in order to obtain a realistic model, it is important that:

diag(e™, e, e, e, e, e 7). (6.2)

e The minimum (4.103) of the Higgs potential is quasi S symmetric, i.e. we
have ay = a1, a5 = ay and ag = ag in (4.103) and (6.2), respectively. Otherwise
the W bosons will get masses from the diagonal part of ®,,;, and thus will be
very heavy.

e For a quasi S symmetric (4.103) and (6.2), respectively, we need a; # a # ag
and a; > 1 for at least two a;, ¢ = 1,2,3. If these conditions are fulfilled,
all zero mode- and first excited KK mode flavour gauge boson receive masses
from spontaneous symmetry breaking much above the compactification scale
and thus tree-level FCNC are naturally suppressed. If a; > 1 already for one
ai, i = 1,2,3, all first excited KK modes of the SM gauge bosons, i.e. W),
ZW and v, get masses from spontaneous symmetry breaking much above
the compactification scale and thus will be very heavy.

Furthermore we have calculated the weak mixing angle in the SU(7) model which
unfortunately turns out to be too small. Following Antoniadis, Benakli and Quiros
[2] this problem could be solved as follows: We start with the larger gauge group
SU(7) x U(1)"”. The larger gauge group SU(7) x U(1)" is broken by orbifolding and
the additional boundary conditions to

SU(T) x U(1)” 225 sU(2), x U(1) x SO(3)r x U(1)" ,
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i.e. the extra U(1)” is unaffected by the orbifold projection and the additional
boundary conditions. The hypercharge U(1)y is identified as the sum of the U(1)
and U(1)” charges. We then have a gauge field B,, associated to the hypercharge and
a gauge field A;) associated to its orthonormal combination [2]. The additional U(1)"
comes equipped with an additional coupling constant g% ,. Since g¢, is undetermined
we can set it to any desired value. This way we can restore the weak mixing angle of
the SM [2]. Note that the additional U(1)” is anomalous. However, these anomalies
can be cancelled by a generalised Green-Schwarz mechanism [2].

In chapter 5 we have analysed how fermion masses and CKM mixing angles
are generated by the Higgs mechanism in the context of nonunitary parallel trans-
porters. We have seen that in order to explain why quarks and leptons have dif-
ferent masses, we need to introduce two additional nonunitary parallel transporters
PQuark and dLerton and we have to make a clear distinction between ®Quark glLepton
and ®¢*9¢ = . Hence we have also three different Higgs potentials V(®@uark),
V(®Lertor) and V(®9*9¢) in the model. When spontaneous symmetry breaking
occurs quark and lepton masses are given by the Yukawa interactions

_ xQuark Lepton
a.®in ar 5 9L

The model has a large Higgs sector. The reason is that we have three differ-
ent nonunitary parallel transporters in the model and therefore also three different
Higgs potentials. The minima ®¢%%¢ @%ua* anq $LP" are parametrised by

min min mn i k
altogether thirty parameters. For instance ten parameters a{"*",... a?""" and
quark _quark _quark . Quark quark quark
g k,a & ) Qg ) parametrise ® 7. " glucktuatlons of aj ey and
quar quar quar uar Qum"k . .
Qp 05 0y around the minimum ®.7 """ of V(P ) give rise to 10 Higgs
particles:
e 3 Higgs particles which are associated to fluctuations of agark agam, Zf;ark

Their mass squared is given by

g ()" 2

R 0oy
at the minimum @%?grk of V(@Quark)_
e 7 Higgs particles which are associated to fluctuations of aquark,...,aguark,

Their mass squared is given by

) g4 2 82v(q)quark)
Mg, ~ (_> uark
R dal

at the minimum ®<*"* of V(@Quarky,

mwn
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For &L and &9 the situation is analogous. Thus we conclude that the SU(7)

min
model predicts 30 Higgs particles which may be found at the LHC/ILC.

In chapter 5 we have also seen that the up-type quark masses m,, m., m; are
given by the diagonal part of @gjﬁrk only. This is an important result and stands in
contrast to the SM case where up- and down-type masses are given by the same Higgs
doublet. In particular, this means that we can produce Higgs particles associated
to the fluctuations of a({“ark, . ,aguark and originating from the selfadjoint part of
Pauark exclusively by e.g. tf scattering.

In chapter 5 we have also investigated how the CKM mixing angles and the

down-type quark masses are determined by the parameters a‘f”ark, . ,aguark and
quark _quark _ quark
B o %y It turned out that for
S 43 45 47
mq, Ms, Mp, <~Ay >Z’ <Ay >za <~Ay >Z <mg, (6'3)

where mgq, ms, mp and m, are given by (5.25) and <Az>z for & = 43,45, 47 are given
by (5.47), it is possible to get an exact analytical solution for all down-type quark
masses and CKM mixing angles. We have called this scenario small mixing angle
approximation. As a result we have obtained the correct hierarchy for the CKM
mixing angles, i.e.

813 K 893 K 812 .-

However the Cabibbo angles turn out to be too small by a factor of two. In addition,
also the s-quark mass turned out to be too large by approximately a factor of two.
We we have found that the off-diagonal entries in the down-type quark mass matrix
(5.111)
mg M2 Mi3
Md = mi2 ’ﬁ”&s mas (6.4)
mi3 Moz My

i.e. my9, mi3 and mog, are given by the ratios

mip (AP me (AP mis AP
mi3 (A‘yﬁ)Z’ m23 <A§7>Z’ ma3 (A§5>Z

These ratios give an interpretation for the triplet VEV of SO(3) p. The triplet VEV
of SO(3)F plus a correction coming from the down-type quark masses determine the
CKM mixing angles via

oo AL s ADEm s AP,
s (AP)LT s (AN (me—ma) T s (AP)] (ms —my)

in small mixing angle approximation (6.3). In addition, in this case we have no CP
violation.
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We have argued that it is possible to cure the problem that mg is too large
while s19 is too small by lowering m, to O(ms). In addition, in this case we get
non-vanishing phase factors in M9 that can lead to CP violation. However it is not
clear if we can recover the SM case or not.

The latter problem is a motivation for further investigations and extensions.
First, since the case m, ~ O(m;) is analytically not exactly solvable, we suggest to
make a detailed numerical analysis. This analysis has to clarify whether it is possible
to recover the SM case or not. Suppose that this is not possible. Then of course
the SU(7) model in its simplest version is ruled out. However there are several
possible extensions to the SU(7) model. One possible extension is to consider the
SU(7) model in two extra dimensions. In this case, the underlying orbifold can be
e.g. T?/Z. Tt is known [2, 70] that on the orbifold 72 /Zs one has two independent
Higgs doublets. In the case of the SU(7) model this means that (5.24) can be
non-symmetric, i.e.

mq 0 0 7 ]{;43 <A;§3(0)>quark 1
5 - 45(0)y quar
o 0 i 0 i kg (A ©yuark 1
0 0 mb i k4A7 <A§7(0)>quark 1
. 43(0)\ quar . 45(0)\ guar . 47(0)\ guar
ZkZ4A3<Ay()>q k2 Zk4A5<Ay()>q k2 Zk:4A7<Ay()>q k2 (mx
6.5)

where <A§3(0)>quark L <A§5(0)>q“ark L and (Af(o))q“ark ! denote VEVs for the neutral
components of the first three SU(2), Higgs doublets while <.Afj3(o) yauark 2 (A;S(O) yauark 2
and (Azﬁ(o))q“ark 2 denote VEVs for the neutral components of the second three
SU(2)r, Higgs doublets. In contrast to the SU(7) model in five dimensions, (AZ(O)W“‘”’“ !
and (AZ(O)W“‘IM 2 for G = 43,45, 47 are independent and can in particular get differ-
ent VEVs, i.e. we could have

<AZ(O)>quark 1 7& <AZ(O)>quark 2

for & = 43,45,47. Thus M will in general be non-symmetric. The down-type quark
mass matrix M9 (6.4) in this case is obtained by first bringing M to block diagonal
form by a biunitary transformation

d
M—>ULMURT:<M 0 )

0 my
where UL and U® are now different matrices that can be written as
L L pL pL pL R R pR pR pR
Ut = P Rgy Ry Ry, U T = P3jR3 Ryy Ry

compare with (5.50). In contrast to the symmetric case we now have to determine
four phases (two in the symmetric case) and six mixing angles (three in the symmet-
ric case). For instance the mixing angles (9:%4 respectively H?ffl are, ignoring phases,
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given by !
. 2 (ma (AT + (A )
tan 2034 — N P N P
m2 —m + ((41%)" - (i)
9 mx<A4f7>q 2 4 mb<Aéf7>q 1
tan 2951 = < vk vk >

i =i+ ((angt)” = (i)

Thus 6%, and 6% are different if <A§7(0)>q“ark Land <A37(0)>q“ark 2 get different VEVs.
In a second step we diagonalise M ¢ by a second biunitary transformation

d
Ug Md UTRJr = Mcclliag )
and the CKM matrix is given by
Vorm = Ul .

The matrix U¢ involves three additional mixing angles 6%, 6% and 6% and in prin-
ciple two additional phases. However, only the CP violating phase and three mixing
angles of the CKM matrix Vogay = Ugr are of importance. We immediately see
that in the non-symmetric case we have vastly more freedom to recover the correct
CP violation of the SM and the correct down-type quark masses and CKM mixing
angles. However such a model may reintroduce unsuppressed tree-level FCNC and
thus a carful analysis is needed.

Second, we would like to calculate the RG-flow for the SU(7) model. The result
of this RG-flow will determine definite numerical values for all thirty parameters

quark quark lepton lepton quark _quark _quark
ajy ... a7, a; yeeey Qg , ay R QU Qs Qs L , Q' , Q'
lept lept lept X E;C ! %3 t 45 47
and o7, o P o P parametrising ®9009¢ @I and @ " respectively.
43 45

This means that we can calculate definite numerical values for
e all gauge boson masses: W,}’Q, Zy, W,}’Q(l), Z,Sl), 'y(l), Hﬁ(o) and Hﬂ(l)
e the fermion masses: My, me, Me, Mg, Mg, My and e, 4, T
e the mixing angles: si2, 513 and sa3

This is a remarkable feature of our model. Note that the neutrino masses are not
determined by the results of the RG-flow.

In addition, the RG-flow will also determine the shape of the Higgs potentials
V(®e9u9e) | V(Puark) and V(®ePton). Therefore it would be possible to calculate

'Note that (A% := k, (ALPyauark ang (4312 .= k, (AL O)auark 2 for g = 43,45, 47.
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the masses of all thirty Higgs particles in the SU(7) model. This is also a remarkable
feature of our model. However there is one question which has to been answered:
What is the origin of the quasi S5 symmetry? Is it an accidental symmetry or is
there any principle behind this?

Third, as already indicated above, we want to be able to extend our model to
higher-dimensional orbifolds, e.g. two dimensional orbifolds like T2 /Zs. In principle
the same steps which have lead to an eBTLM can be repeated for the orbifold
T?/Zs. As in the five-dimensional case, we can put T2/Zy on a lattice which must
be two-dimensional and then calculate the renormalisation group flow. Also we
should be able to determine orbifold conditions for nonunitary parallel transporters.
Note that on T?/Zs the orbifold projection P is still involutive. However for two-
dimensional orbifolds this not true in general. In particular, on the orbifold 72 /Zs,
T?/Z,4 and T?Zg the orbifold projection P has to fulfil P3 =1, P* = 1 and P% = 1,
respectively. Therefore we have to reinvestigate orbifold conditions for nonunitary
parallel transporters in the case of noninvolutive P.

Fourth we remind the reader that in the SU(7) model we have completely ignored
colour. If we include strong interactions we could ask whether it is possible to find
a GUT extention for the SU(7) model. A possible GUT group which is compatible
with the assignments of fermions to the different fixed points of the orbifold is the
Pati-Salam group

GPS:SU(Q)L X SU(Q)R X SU(4)C. (6.6)

We can extend Gpg to
GextendedPS = SU(6)L X SU(6)R X SU(4)C . (67)

The extension from SU(2)r, to SU(6)y, is exactly the same as in the SU(7) model.
In addition, the analogue extension can be made for SU(2) g. It would be interesting
to investigate how a Gauge-Higgs unification model can be built from Gy tendedps-
In addition we have to determine the symmetry breaking pattern. We expect that
such a GUT breaking is possible only on higher-dimensional orbifolds.
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CKM mixing matrix from M a

Lemma 2 Let M? be given by

~/
) my o miz mis
_ * ~ !
M*=1| mjy, m, mas (A1)
miz oz My

where
!, =13.4 MeV  mya = migs + mzsase’ 03 ~ 24.46 MeV
il =119.2 MeV mus = 119823 — i1z’ 0% ~ 16.65 ¢ 3 MeV
my = 4250 MeV  moz = 173.8 MeV, (A.2)
and 9
iy = 24.8 MeV , 1hyz = 16.1 MeV , 613 = ?” : (A.3)
The unitary transformation
Visenr M4 Voru = My, - (A.4)
leads to the CKM matriz
1—3A2 A AX3(p — in)
Vekm = -\ — 1N AN? (A.5)
AN(1—p—in) —AN? 1

where X = s13 = 0.22, AN2 = s93 = 0.042, AN3(p — in)) = s13 e 713, 513 = 0.0039

and 513 == 2%

Proof 4 We write Vogar as a product of three Euler matrices and a phase matriz

Verxm = RasPi3Ri3Pi3Rio (A.6)
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where
et 0 0
Pj3 = 0 1 0 , (A7)
0 0 ¢

¢1 arbitrary and ¢z such that o1 — ¢p3 = d13 = 2{ Inserting this expansion in (A.4)
we obtain
Riy PRI PisRby My RysPls RisPisRys = M, (A.8)

The calculation will therefore be divided into five steps.

First step : We perform the real rotation Ros on M. The purpose is to put
zeroes in the 23,32 elements

ml, iz M3
M{ = RLMARy3 = | 1hig s 0 (A.9)

s 0 iy

The zeroes in the 23,32 elements are implemented by diagonalising the lower 23
block of M®. This block is obtained by striking out the row and the column in which
the unit element of Rag appears. Thus we get the reduced rotation

iy -
Ré:s( Ms T >R23 = ( Tgs 0 > : (A.10)

This matriz equation fizes the mizring angle 093, i.e.

2
tan 20y = — B __ (A.11)
myp —Mmyg
Inserting (A.2) we obtain
s93 = 0.042 = AN? (A.12)
For the matriz elements ms and my, we get from (A.10)
Mg = 0337”7”&; — 2893Co3Mmaog + s%3mb (A.13)
my = S%gm; + 2593C03Mo3 + C%gmb .
Inserting (A.2) and (A.12) we obtain
fs = 111.9 MeV | 1ip &~ my, - (A.14)

The remaining elements of Mld are given by

(12, m13) = (mi2,mi3) Rog , (A.15)
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and consequently, since
Ryz = < C23 523 ) : (A.16)
we obtain
M1 = Myg — S23My3 = (=:)M12 (A.17)
7013

Mmis = Sagmia +mis = (=:) | 1hag | e

where we have ignored terms of the order O(s33). Indeed, as indicated in the brackets,
this equations define myo and mysz in (A.2). In addition we get

~ * * o ~
Mol = Mg — 823113 = M2 = 112 (A]_S)

~ * * ~ —i ~ %
M31 = S23Mig + Mg =| M3 | e "% =mi; .

In the following let us write all phases explicitly. Thus Mld reads

fnél mi9 ’ Thlg ’ 671’ d13
M = ry Mg 0 (A.19)
’ Thlg ’ e 013 0 Thb

where §13 = ¢1 — P3.

Second step: We multiply Mld by the phase matriz Pis. The purpose of this
rephasing is to put real values in the 13,31 elements in order to get a real angle 613
in step three. Indeed

’fhfi A ’ Thlg ‘ ei $1 TNYL13
MY = PsMIPjs = | | o | e @ T 0 (A.20)
13 0 e

transforms away 613 in (A.19).

Third step: We perform the real rotation Ris on Mg The purpose is to put
zeroes in the 13,31 elements

M | mhy |91 0
M{ = R MIRi3 = | |, | e @ M 0o | . (A.21)
0 0 e

The zeroes in the 13,31 elements are implemented by diagonalising the outer 13 block
of Mg This block is obtained by striking out the row and the column in which the
unit element of Ri3 appears. Thus we get the reduced rotation reads

¢ ml, M3 _( mg O
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Note that all quantities in this matriz equation are real due to the phase transfor-
mation (A.20)in step two. This leads to the real mizing angle

mi3

513 ~ m . (A.23)
Inserting (A.2) and (A.3) we obtain
s13 = 0.0039 = AN?p . (A.24)
For the matriz elements mg and my we obtain from (A.22)
Mg = Ml — 2813m13 (A.25)
my = my, + 2513m13 .
Inserting (A.2), (A.83) and (A.24) we obtain
mg =13.3 MeV |, mp~=my. (A.26)
The remaining elements of Mg read
Ml =M1z , Mhy = s13miz = 0.097 = 0. (A.27)

Fourth step:  We multiply M?fl by the phase matriz Pis. The purpose of this
rephasing is to put real values in the 12,21 elements of (A.21) in order to get a real
angle 015 in step five. Indeed

g Ty 0
M{ = PjsMiPiz = | myy s 0 (A.28)
0 0

transforms away ¢1 in the 12,21 elements of (A.21). Thus we are left with a com-
plete real matriz M§.

Fifth step: We perform the real rotation Ris on Mf. The purpose is to put
zeroes in the 12,21 elements

mg O 0
M(gliag - R§2M3R12 = 0 ms O (A29)
0 0 my

The zeroes in the 12,21 elements are implemented by diagonalising the upper 12
block of M{. This block is obtained by striking out the row and the column in which
the unit element of Rio appears. Thus we get the reduced rotation

t md ’f~n/12 L mgq 0
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This matriz equation fixes the mixing angle s1o, i.e.

2 ~ 7/
tan 260190 = — m12~ . (A.31)
Mms — Mg
Inserting (A.14), (A.26) and (A.3) we obtain
512 = 0.22 =X\ (A32)

Using the approximation cio = 0.973 ~ 1 — %2 the reduced rotation Rys reads

1— A2 S19
Ris ~ 2 . A.33
12 ( —syy 1-— )\_22 ( )
For the matriz elements mgq and my one obtain
~ Ao AL ~ 2
mg = mq(l — 7) —2X(1 — 7)m12 + msA (A.34)

A2 A2
ms = mgA? + 2X(1 — 7)m’lz + 1s(1 — 7)2 .

Inserting (A.14), (A.26),(A.3) and (A.32) we obtain
mg="74MeV , mg=114.1 MeV (A.35)

Note that my = 4250 is approximately unchanged by all transformations.
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Appendix B

General procedure for obtaining
M and Vo from M

We start with the 4 x 4 matrix

7‘7’Ld 0 0 mi4
B 0 mg 0 moy
M = 0 0 ﬁlb ™34 (B 1)

mia M4 M34 Mg

where m14, may and mgy denote the off-diagonal elements of M. In the following we
ignore phases and treat M as real. We must transform M on block diagonal form

d
M_>UMUT:<Z‘g 0 ) (B.2)

where M? is the 3 x 3 down-quark mass matrix. We write U as a product of the
real three Euler matrices

U' = R34 Roy R4 (B.3)
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where
1 0 0 0
01 0 0
Rau=1 4 o cu saa (B.4)
0 0 —s314 c34
1 0 0 0
. 0 Co4 0 $94
Roy = 0o 0 1 0 (B.5)
0 —s2a 0 cu
cta 0 0 s14
0 1 0 0
Ry = 0 01 0 (B.6)
—s1u 0 0 cuy
(B.7)
Inserting this expansion (B.2) reads
R, Ry Ry M R34 Rog Ry = < Ma D > (B.8)
0 my
The calculatation will be divided into three steps.
First step :  We perform the real rotation R34 on M. The purpose is to put
zeroes in the 34,43 elements
mqg 0 13 mu
Mi = Ry MRy — | O ™Ms M2 Mo (B.9)

miz moz om0
mig M 0 My
The zeroes in the 34,43 elements are implemented by diagonalising the lower 34

block of M. This block is obtained by striking out the row and the column in which
the unit elements of R34 appear. Thus we get the reduced rotation

¢ my  M34 _fm O
R34 ( Ma3 My >R34 — < 0 mm ) . (BlO)

From this matrix we get the mixing angle 034

2
tan 2034 = m34~ (B.ll)
My — My
and the diagonal elements
My = Moy — 2M34534C34 + M52y (B.12)

My = mb5§4 + 2ms34534C34 + mxc§4 . (B.13)
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The remaing elements are given by the reduced rotation

( miz Mia > _ ( 0 mu > < €34 S34 > (B.14)
Mo3 Moy 0 may —S34 €34 ) ’
This leads to

M1z = —S34M14 , 114 = C34M14 (B.15)

M3 = —S34Ma4 , Mg = C34M24 (B.16)

Second step :  We perform the real rotation Ros on M;. The purpose is to put
zeroes in the 24,42 elements

~ ~ ! o ~
~/
My = Ry My Ryy = | 12 s 125 O
- - ~ ~ !
mis m23 myg

my 0 =0 m

(B.17)

The zeroes in the 24,42 elements are implemented by diagonalising the lower middle
block of M;. This block is obtained by striking out the row and the column in which
the unit elements of Ro4 appear. Thus we get the reduced rotation

R§4 ( s 'l’r}24 >R24 = ( Tgs 0 > . (B18)

T?L24 My Th/m
From this matrix we get the mixing angle 0oy

21 2
tan 2094 = — m24~ = ~034m24 (B.19)
My — Mg Mg — Mg

and the diagonal elements

- 9 ~ - 9
Mg = MgChy — 2M24824C24 + My S5y (B.20)

M, = es, + 2Moys24Cos + Mecly . (B.21)
The remaing elements are given by the reduced rotation
TNYLIH ’ﬁl/14 0 Th14 Co4 S924
B = . . (B.22)
Mag M3y ma3 0 —S24 €24
This leads to

~ 1 ~ ~/ ~
Mg = —S94M1g4 = —824C34M14 , Ty = Co4M14 = C24C34M14 (B.23)

~ 1 ~ ~/ ~
Mg = C24MM23 = —C24534Ma4 , T3y = S247M32 = —524534M24 ~ 0 (B.24)
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Third step :  We perform the real rotation R14 on Ms. The purpose is to put zeroes
in the 14,41 elements

~ 1 ~ 1/

~ 0
My = R MRy = | )2 s s B.2
3= RiMalig mis mhy mp =0 (B.25)
0 =~0 =~0 m,

The zeroes in the 14,41 elements are implemented by diagonalising the outer block
of Ms. This block is obtained by striking out the row and the column in which the
unit elements of R4 appear. Thus we get the reduced rotation

mg m 0
R§4< o o >R14 ::( od > . (B.26)

~ 1
My T My

From this matrix we get the mixing angle 014

Qm/ 26240 411014
tan 2014 = — u__ 2 = (B.27)
ml, —myq ml, —myq
and the diagonal elements
~ 2 Ny -2
Mg = MgCly — 2M4814C14 + My STy (B.28)
/] ~ 2 ~ ~ 2
My = MgS1y + 2Ma4S14C14 + MyCly - (B.29)
The remaing elements are given by the reduced rotation
~ I ~ I ~/
Miyg Moy \ _ [ M 0 €14 S14 (B.30)
mis ma, )\ miy 0 —814 € ’ ’
13 34 13 14 14
This leads to
~ I ~/ ~ I ~/
My = C14MM 9 = —C14524C34M14 , Mgy = 14Ty = S14524c34m14 ~ 0 (B.31)

~/ ~ ~ I ~ ~
Mmy3 = C14M13 = —C14534M14 , Mgy = 514113 = 51453414 =~ 0
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