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Abstract

We present a study of a combination of HQET and relativistic QCD to extract the b-
quark mass and the Bg-meson decay constant from lattice quenched simulations. We
start from a small volume, where one can directly simulate the b-quark, and compute
the connection to a large volume, where finite size effects are negligible, through a
finite size technique. The latter consists of steps extrapolated to the continuum limit,
where the b-region is reached through interpolations guided by the effective theory.

With the lattice spacing given in terms of the Sommer’s scale ry and the experimen-
tal Bg and K masses, we get the final results for the renormalization group invariant
mass My, = 6.88(10) GeV, translating into 77, (711, ) = 4.42(6) GeV in the MS scheme,
and f, = 191(6) MeV for the decay constant.

A renormalization condition for the chromo-magnetic operator, responsible, at
leading order in the heavy quark mass expansion of HQET, for the mass splitting be-
tween the pseudoscalar and the vector channel in mesonic heavy-light bound states, is
provided in terms of lattice correlations functions which well suits a non-perturbative
computation involving a large range of renormalization scales and no valence quarks.

The two-loop expression of the corresponding anomalous dimension in the Schro-
dinger functional (SF) scheme is computed starting from results in the literature; it
requires a one-loop calculation in the SF scheme with a non-vanishing background
field. The cutoff effects affecting the scale evolution of the renormalization factors are
studied at one-loop order, and confirmed by non-perturbative quenched computations
to be negligible for the numerical precision achievable at present.
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Zusammenfassung

Wir stellen eine Untersuchung einer Kombination zwischen HQET und relativistischer
QCD vor, die das Ziel hat, die b-Quark Masse und die Zerfallskonstante des Bs-Mesons
aus Gitter-Simulationen, unter Nichtbeachtung virtueller Fermionenschleifen, zu ge-
winnen. Wir beginnen mit einem kleinen Volumen, in dem man das b-Quark direkt
simulieren kann, und stellen die numerische Verbindung mit einem gro3en Volumen,
wo “finite-size” Effekte vernachlédssigbar sind, mit Hilfe einer “finite-size” Methode
her. Diese besteht aus zum Kontinuum extrapolierten Schritten, wobei der Massen-
punkt, der der physikalischen b-Quark Masse entspricht, durch eine Interpolation er-
reicht wird. In diese Interpolation fliessen die in der HQET erzielten Resultate ein.

Mit dem durch die Sommersche Skale ¢ bestimmten Gitterabstand und den expe-
rimentalen Werten fiir die Bs- und K-Massen erhalten wir die Endergebnisse fiir die
renormierungsgruppeninvariante Masse My, = 6.88(10) GeV, dquivalent zu 7y, () =
4.42(6) GeV in dem MS-Schema und fg, = 191(6) MeV fiir die Zerfallskonstante.

Eine Renormierungsbedingung fiir den Chromo-magnetischen Operator, der in fiih-
render Ordnung der Entwicklung in der schweren Quarkmasse in HQET fiir die Mas-
senaufspaltung zwischen dem pseudoskalaren und dem vektoriellen Kanal mesoni-
scher schwer-leicht gebundener Zustinde verantwortlich ist, wird auf der Basis von
Gitter-Korrelationsfunktionen bereitgestellt. Dies eignet sich gut fiir eine nicht-sto-
rungstheoretische Rechnung, welche einen grolen Bereich der Renormierungsskala
umfasst und keine Valenz-Quarks beinhaltet.

Die Zwei-Schleifen Ordnung der entsprechenden anomalen Dimension im
Schrodinger-Funktional-Schema wird mit Hilfe von verdffentlichten Ergebnissen be-
rechnet; dies erforderte eine neue Ein-Schleifen Rechnung im SF-Schema mit einem
nicht verschwindenden Hintergrundfeld. Die Gitterartefakte beziiglich der Skalenent-
wicklung des Renormierungsfaktors werden zur Ein-Schleifen Ordnung untersucht,
und es wird von nicht-stdrungstheoretischen Simulationen, unter Nichtbeachtung vir-
tueller Fermionenschleifen, bestitigt, dass sie fiir die gegenwiértige verfiigbare nume-
rische Prizision vernachlédssigbar sind.

Schlagworter:
Gitter-QCD, HQET, Hadronspektrum, Chromo-magnetische Wechselwirkung
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Chapter 1

Introduction

In the seventeenth century the scientific method was born. Its father, Galileo Galilei,
proposed it as the correct way to understand nature, focusing the attention on the con-
cepts of reproducibility of a physical phenomenon and predictivity of its theoretical
description. Along this method, present-day particle physics research represents the
most ambitious and most organized effort to understand world’s underlying structure.

Besides the gravitational one, modern physicists have counted three fundamental
interactions: strong, weak and electromagnetic. To date, almost all experimental tests
of the three forces have well agreed with the predictions of the Standard Model. This is
not really surprising, since the latter has been built from the experimental observations.
Its mathematical framework is represented by quantum field theory, where each type
of particle is described in terms of a field, obeying to a local gauge principle, with the
gauge group

SU(3)C X SU(Z)L X U(l)Y.

Quantum chromodynamics (QCD) is associated with the first of these groups, and is
the theory of the strong interactions. The matter constituents are fermions; six quarks,
organized in three generations

(a) () (7).

whose color interaction is mediated by vector bosons, the gluons. The latter have a
color charge too, and, like all other non-Abelian gauge theories (and unlike quantum
electrodynamics), they interact with one another by the same force that affects the
quarks.

QCD enjoys two peculiar properties: asymptotic freedom and confinement. The
former is relevant at high energies, or short distances, where quarks and gluons are
found to be weakly coupled. As the energy scales become arbitrarily large, one is left
with a non-interacting theory. This pattern has been verified in several experimental



2 Introduction

observations, especially in deep inelastic lepton-hadron scatterings. The theoretical
explanation of the phenomenon came in 1973 thanks to D. Gross, D. Politzer and
F. Wilczek [3, 4], in the framework of the renormalization group. For sufficiently
short distances or large momentum transfer, an asymptotically free theory, amenable
to perturbation theory calculations using Feynman diagrams, emerges. Such situa-
tions are therefore more theoretically tractable, under the analytical point of view, than
the long-distance, strong-coupling behavior, where confinement dominates. Although
an analytical proof is still missing, confinement is widely accepted, and explains the
consistent failure of free quark searches, as well as many other accurate experimental
data, like hadron masses. In the low-energy regime, the coupling constant assumes
values, which are too large to have a reliable perturbative expansion. It follows that
the theoretical predictions need other techniques. The answer came in 1974, when
K. Wilson proposed [5] a way to quantize a gauge field theory on a discrete lattice
in Euclidean space-time, preserving exact gauge invariance. The lattice gauge theory
he developed has a computable strong-coupling limit, where it is possible to show the
color confinement, and thus the absence of free quarks. Lattice QCD shares with the
continuum QCD formulation the property of relying on very few parameters, and al-
lows first-principle predictions without any additional assumption. The lattice provides
aregularization of the theory, which becomes ultraviolet finite thanks to the presence of
a cutoff proportional to the inverse of the lattice spacing a, while infrared divergences
can be avoided by choosing either non-vanishing quark masses or particular boundary
conditions. Such a theory suits well the implementation on a computer, or even on
a cluster of them, and is not restricted to the low-energy regime. Perturbative lattice
computations are possible and useful; however, they are generally more complicated
than in the continuum.

Once a lattice setup has been chosen, the desired observable can be computed
by evaluating the corresponding Feynman path integrals via Monte Carlo techniques.
Apart from statistical errors, such an evaluation is, however, only an approximation
of the wished result, because of the finiteness of the lattice cutoff. As for any other
regularization method, the regulator has to be removed. This amounts to take the con-
tinuum limit. The lattice discretization is made finer and finer, and, at the same time,
one is asked to tune the bare parameters of the theory according to the renormaliza-
tion group equations, in order to keep fixed the corresponding physical quantities. The
fineness of the lattice is strongly limited by the available computer facilities as well as
by the details of the Monte Carlo samplings. As a set of lattices have been simulated,
one in general expects to find discretization errors vanishing linearly with the lattice
spacing. This can be trusted if a is small enough compared to the other involved scales.
Furthermore, it often constrains one to vary a over a large range before having a con-
trolled estimate of the size of the lattice artifacts. The latter can also be quite large.
The issue can be solved by “decorating” the action and the correlation functions with



irrelevant terms, i.e. vanishing in the continuum limit, which, properly tuned, cancels
the O(a)-artifacts.

The Feynman path integrals involve the fermion determinant that is non-local and
very expensive to evaluate numerically. In order to bring the computational effort to
an acceptable level, lattice physicists have introduced the quenched approximation.
The latter amounts to disregard the fermionic contributions in the generation of the
gauge configurations. In the language of Feynman diagrams, it can be interpreted as
the removal of all virtual quark lines. The drawback is that one is confronted with an
uncontrolled approximation. Deviations from full, or unquenched, QCD results are al-
most unpredictable, as long as the latter are unknown. Still, quenched simulations have
led to results in many cases in very good agreement with experiments, and represent a
powerful tool to test techniques intended for later use in full QCD.

In spite of the richness of physical phenomena associated with the strong interac-
tions, there are many phenomenologically interesting subjects which are not directly
related with QCD alone. Among others, it is the case of the weak interactions. Lat-
tice QCD allows to study observables, encoding important informations upon matrix
elements of the effective weak Hamiltonian between QCD bound states. Outstanding
examples are form factors and decay constants.

However, a scan through a review of particle properties gives a rough idea of the
abundance of open questions. As one intends to face all of them armed with lattice
QCD, one discovers that a brute force computational approach is clearly doomed.

A way to solve the problem is to find alternative discretizations of the theory, as
well as more efficient computational algorithms. This is helpful, but in many cases
not sufficient to obtain predictions precise enough to be competitive with most recent
experimental determinations.

A powerful tool is represented by the approximated symmetries of the theory. The
light quarks u and d have masses which are much smaller than the typical QCD scale
Aqcp, which is of the order of a few hundreds of MeV. Consequently, for many QCD
processes it is a good approximation to take the limit m, ¢ — 0. In this limit the theory
shows a symmetry, associated with the group SU(2)p x SU(2)g, called chiral sym-
metry, and many low-energy properties of QCD are related to a few matrix elements.
One may also approximate the strange quark to be massless, thus having an enlarged
symmetry SU(3)p x SU(3)g, but also expect finite quark mass corrections to be not
small.

Analogously, one observes that the remaining three quarks, namely the charm, the
bottom and the top quarks, have masses much bigger than the QCD scale. Lattice
gauge theory is then found to face a multi-scale problem. Let us consider the case of a
heavy-light meson, i.e. a hadron composed! of a heavy quark (e.g. the bottom), and a

1Of course these considerations hold also for a meson made of a heavy antiquark and a light quark,
and even more generally for heavy-light hadronic bound states.
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light antiquark (e.g. the antistrange). Due to the small Compton wavelength associated
with the former, one would require a cutoff a~! much bigger than the quark mass in
order to have a good control over the aforementioned discretization errors. At the same
time, the light antiquark wave function introduces a widely spread object, demanding
a large volume in physical units in order to have negligible finite volume effects. It is
not possible to fulfill both requirements at the same time, because one would need a
lattice resolution which is not affordable even by the most recent supercomputers.

Several ways of dealing with this problem have been proposed and investigated.
Instead of mentioning all of them, we focus our attention on the conceptually simplest
but all the while very powerful approach, the Heavy Quark Effective Theory (HQET).
When the Compton wavelength 1/m of the heavy quark is much smaller than the size
of the meson, the low energy properties of the latter are scantily sensitive to the heavy
quark mass. The non-perturbative dynamics of the meson can thus be approximated
[6] by considering the heavy quark to be static, i.e. propagating only in time in the
rest frame of the hadron. While this approximation describes the correct asymptotic
behavior of the bound state in the limit m — oo, and is interesting by itself, finite quark
mass corrections can be studied in a systematic way through an expansion in powers
of 1/m, and allow to make closer contact with phenomenology. In the static approxi-
mation the heavy quark is seen just as a static source of color by the light degrees of
freedom surrounding it. They are blind to the flavor and the spin of the static quark. It
means that one has at one’s disposal further symmetries in addition to the ones QCD
already comprises, and thus promising tools to extract interesting properties of heavy-
light bound states by using a lattice formulation of HQET. How big the finite quark
mass corrections are, it cannot be said a priori. They depend on the involved masses as
well as on the observable itself.

Another interesting approach has roots in HQET, but exploits the QCD Lagrangian.
Proposed by the Tor Vergata group [7], it is based on a finite size technique, called
Step Scaling Method, where the heavy-light system is simulated, by using the QCD
Lagrangian, on a volume small enough, in physical units, to allow an accurate treat-
ment of the heavy quark dynamics, and to extrapolate to the continuum limit with
confidence. The light degrees of freedom are clearly squeezed in such a box. Through
several steps, one then performs the connection to an ideally infinite volume. In prac-
tice, the latter is a box large enough to let consider the finite size effects negligible
in comparison with the numerical precision on the computed observables. The steps
consist in doubling the volume and halving the heavy quark mass in physical units, in
order to keep the discretization errors under control. Each step is performed for several
heavy quark masses and extrapolated to the continuum limit. The main assumption of
the method is that the step scaling functions have a mild dependence on the heavy
quark mass. One can thus join the heavy quark region of interest through an extrapola-
tion, while the light quark mass is held fixed to its phenomenological value during the



whole evolution.

The Step Scaling Method represents a very attractive approach to study the proper-
ties of heavy-light bound states; still, it entails extrapolations which cannot be consid-
ered reliable a priori, especially if the simulated heavy quark masses are much lighter
than the extrapolated ones, and if a very high precision is desired.

By combining the static limit of HQET and the Step Scaling Method one can turn
the extrapolations of the latter into interpolations in all volumes. The upshot is a
method which promises to allow to study heavy-light meson properties with aston-
ishing confidence and precision also in the b-quark energy scale.

The interplay of HQET and the QCD Step Scaling Method can be exploited also
to extract important informations concerning the magnitude of the finite heavy quark
mass corrections to the static limit. These can be directly studied in HQET too. At
order 1/m the terms in the Lagrangian breaking the spin-flavor symmetry of the static
theory are two [8, 9]. One is the kinetic term, responsible for the spatial motion of the
heavy quark in the rest frame of the hadron, and the second is the chromo-magnetic
term, describing the interaction of the heavy quark spin with the gluon field. Restrict-
ing our attention to the heavy-light mesons, we stress that the chromo-magnetic inter-
action is responsible, among other effects, for the mass splitting between the ground
state pseudoscalar and vector mesons. Since the splitting is known from experiments
with very high accuracy, it represents an excellent testing ground for the effective the-
ory, both in the bottom channel and in the charm one.

In this context the renormalization of the chromo-magnetic operator plays a crucial
role. The renormalization procedure is simplified by the absence of operator mixing
[9]. Furthermore, one would like to relate the mass splitting to a scale and scheme
independent matrix element. This is possible by exploiting the general strategy of the
ALPHA collaboration [10, 11, 12], which addresses the question how the perturbative
regime is related to the observed hadronic properties. The key idea is the introduction
of a renormalization scheme, the Schrédinger functional , in which the scale evolu-
tion of the renormalization factor of the chromo-magnetic operator can be computed
non-perturbatively from low to very high energies. In the high-energy regime one
can continue the scale evolution using perturbation theory, which allows to determine
the renormalization group invariant operator. Working in a mass independent renor-
malization scheme, the scale evolution of the renormalization factor is ruled by the
renormalization group equations, where the renormalized coupling, the corresponding
B-function, and the anomalous dimension of the operator appear. A precise pertur-
bative knowledge of the latter is an important brick to bridge the high-energy regime
with an ideally infinite energy scale, where the RGI renormalization factor can be de-
termined.

The rest of the thesis is organized as follows. In chapter 2 an introduction to HQET
with special care to the phenomenological aspects is given. The static approximation



6 Introduction

and its symmetries are discussed, and the importance of a non-perturbative renormal-
ization is stressed. The final section concerns the matching of the effective theory with
QCD. The basic ideas are explained in order to make easier the reading of the follow-
ing chapters.

Chapter 3 is dedicated to the Schrodinger functional scheme. After its definition in
the continuum, the lattice discretization is introduced and followed by a short descrip-
tion of the Monte Carlo methods, employed for the non-perturbative computations of
this work. The basic concepts of the O(a)-improvement of both relativistic QCD and
HQET are explained, and are of central importance throughout the following. The
last section is strongly connected with chapter 4. In the former, explicit expressions
for correlation functions and observables, stemming from relativistic quark and static-
light bilinears, are derived. In addition, their connection to physical quantities like
decay constants and hadron masses is set up. The improvement of the correlation
function is discussed, and the last subsection deals with their renormalization.

With chapter 4 one enters the main part of the thesis. The first section explains
how the interplay between HQET and the QCD Step Scaling Method works. Before
presenting the results, the choice of the simulation parameters is motivated, and all de-
tails necessary to compute them are provided. The definition of renormalization group
invariant quark mass is expounded too. The rest of the chapter is split into two parts,
containing the main results of this work on the combination of the effective theory and
relativistic QCD. The first part discusses the non-perturbative computation of the b-
quark mass, by starting simply from the Bs-meson and Kaon masses. The second part
exploits the same experimental inputs, and achieves a non-perturbative computation of
the Bs-meson decay constant. All simulations are performed in the quenched approxi-
mation.

Chapter 5 provides an expression of the mass spitting between the pseudoscalar and
the vector heavy-light mesons in terms of HQET. At order 1/m, it can be expressed as
a matrix element of the chromo-magnetic operator, for which a proposal for the non-
perturbative renormalization is furnished. The main point is that it involves the compu-
tation of only pure gauge observables. In order to get the total renormalization factor
relating the bare operator to the renormalization group invariant one, perturbation the-
ory plays a fundamental role. After explaining the basics of the perturbative expansion
in the Schrodinger functional scheme, and of the connection between the latter and the
MS scheme, a formalism for the computation and the improvement of Wilson loops at
one-loop order is provided, with special care dedicated to its implementation on a com-
puter. The remaining part of the chapter presents the main results on the subject: the
two-loop expression of the anomalous dimension of the chromo-magnetic operator in
the Schrodinger functional scheme, and a study of the cutoff effects affecting the cor-
responding renormalization factor. The latter are also compared with non-perturbative
simulations at weak coupling and in the quenched approximation.



In chapter 6 the code used for the perturbative computations of chapter 5 is pre-
sented. It enables the user to compute up to and including the one-loop order of any
Wilson loop in the Schrodinger functional scheme, as well as the improvement coun-
terterms, with or without non-vanishing background field. The first section is thought
as a basic documentation, which lets the reader understand the structure of the code
and how to use it without entering in the details of the underlying subroutines. The
following sections are devoted to an explanation of the modules constituting the pillars
of the program. Each of them is an important part of the program, but can also be used
separately from the rest. Finally, two of the tests performed to check the correctness of
the program are discussed.

Part of the appendices are simply a report of the details of the numerical results,
while the remaining appendices present the details of the analysis procedure, and are
thought as tools not restricted to this work only.

Finally, the last chapter summarizes all results and discusses an outlook.



Chapter 2

Phenomenology of the heavy quarks

2.1 Strong interactions

A deep insight in the hadronic structure was given in the late 1960s by the SLAC-
MIT deep inelastic scattering experiments. These experiments were a decisive test for
models, in which hadrons behave like a complex cloud of softly bounded constituents.
In scatterings between an electron beam and a hydrogen target, these models predicted
very low scattering rates. Instead, the SLAC-MIT experiments showed a substantial
rate for hard scatterings of electrons from protons, where only in rare cases did a single
proton emerge from the process.

The explanation of these phenomena was given by the simple model advanced by
Bjorken and Feynman: the parton model. The latter predicts that a hadron is a loosely
bound assemblage of a small number of pointlike constituents (quarks and antiquarks),
obeying to the Fermi statistics, and carrying electric charge, and possibly other kinds
of interaction, responsible for their binding.

Historically Quantum Chromodynamics was born as a development of this model,
and it exploits the power of quantum field theory to explain the strong interactions,
which bind quarks and antiquarks together in the observed hadrons.

Quarks are identified by a flavor quantum number and are triplets of the SU(3)
gauge symmetry, the color. Under a gauge transformation g(x), which is a matrix in
the gauge group representation, the quark field y transforms according to

y(x) = pi(x) = g(x)w(x). 2.1

Quarks interact through the corresponding gauge quanta, the gluons, described by the
gauge potential Ay (x). The latter is a vector field belonging to the su(3) Lie algebra,
and transforming as

Au(x) — Aﬁ (x) = g(x)Ay ()c)(gf1 (x) 4+ g(x) 8ug*1 (x). (2.2)
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The covariant derivative D,

transforms as follows
Dy(x) — Dfi(x) = g(x)Du(x)g™" (x)
= Ou+g(WAL(x)g ™" (x) +8(x)ug ™ (x). (2.4)
The curvature tensor
F”v - [D”,Dv] - auAv - avAu + [A“7Av] . (2.5)
is an element of the su(3) Lie algebra as well, and transforms as
Fuv(x) — Ffy(x) = 8(x)Fuy(x)g " (x). (2.6)
With all these ingredients we can write down the QCD Lagrangian
1 v
Zqcp = —Tg(z)tr{Fquuv}‘f‘ Z‘l_/f(p‘f' me) Y, 2.7)
f=1

where g is the bare gauge coupling and the color indices are omitted. The last term
in the r.h.s. of eq. (2.7) is the Dirac Lagrangian for Ny flavors, with the covariant
derivative D= Dy ¥y, and my is the bare quark mass of the flavor f. We have chosen the
Euclidean metric, and the the definition of the Euclidean y-matrices is given in App. A.

Given an operator ¢, a gauge invariant product of fields, one computes its expec-
tation value in QCD by evaluating

(O)qcp =

g | eI, (2.8)
QCD Jallfields

where Zqcp is the QCD partition function

Zocp = / e e, 2.9)
all fields

normalized in such a way that (1)qcp = 1. A more rigorous definition of the partition
function and of the evaluation of the integral in eq. (2.8) is provided in the next chapter
within the lattice regularization.

As shown in eq. (2.2), the gauge field A, non trivially transforms under the gauge
group. As a consequence, the curvature tensor Fy;y is not gauge invariant, and thus not
directly a physical observable.

At high energies, as in the SLAC-MIT deep inelastic scattering experiments, quarks
behave almost like free particles, as indicated by the parton model. This property has
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been theoretically clarified in the early 1970s by Politzer, Gross and Wilczek [3, 4],
and is known under the name of asymptotic freedom. Quarks are still bound inside the
hadrons, and their binding force asymptotically vanishes as they get closer and closer.
Corrections to the free quark theory can be computed by performing a perturbative
expansion in powers of the coupling. As the coupling itself, these corrections vanish
only in the infinite energy limit.

Increasing the distance between the quarks, the perturbative computations become
less and less accurate. The coupling becomes stronger and stronger, compromising the
accuracy of the perturbative expansion. As a consequence, no free quarks have ever
been observed at large distance.

A complete study of the hadron properties requires one to be able to deal with both
energy regimes, and this can be achieved only through non-perturbative methods, like
lattice QCD.

2.2 Spin-flavor symmetry

Considering a meson composed by a heavy quark (e.g. the bottom quark) and a light
antiquark, one is found to face a non-perturbative two-scale problem, which is difficult
to be solved, with the Lagrangian in eq. (2.7), by brute force computations.

By taking the limit of infinite quark mass, important symmetries appear, which can
be exploited to compute interesting meson properties. In this limit the heavy quark
is static, i.e. it propagates only in time in the rest frame of the meson. The quark is
surrounded by a complicated cloud of gluons and quark-antiquark pairs, and the light
valence antiquark. They form the light degrees of freedom. They can see neither the
flavor nor the spin of the static quark, because the latter is infinitely heavy; they just
see it as a static source of color.

Since the flavor and the spin of the static quark are irrelevant, the symmetry group
is SU(2). In general one can consider the case of N, heavy flavors, thus getting an
SU(2M,) spin-flavor symmetry.

A simple physical picture of the system can be got by remembering that the heavy
quark and the light antiquark are particles with spin 1/2. The total spin operator and
its component along the 7 axis are given respectively by

S = Sh+Si, (2.10)
§o =S+ 85, 2.11)

with eigenvalues s(s + 1) for §? = S-S and s, for Sz. 1t is then simple to construct a
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singlet with spin and parity s = 07, and a triplet with s* = 17

( |1a+1>:|TT>>

Fo— e |1,o>=%<m>+m>>, (2.12)
L L=1) =[11]),
T o _ 1 _

where in the kets the numeric labels are the values of s and s,, and the first arrow refers
to the spin of the heavy quark along the Z axis, while the second arrow refers to that of
the light antiquark.

In the infinite quark mass limit the spin Sh of the heavy quark and the spin of
the light antiquark S) are separately conserved by the strong interactions, and the four
states in eqs. (2.12, 2.13) are degenerate in mass.

Nevertheless the system is still not trivial, because the interaction between the static
quark and the light degrees of freedom is strong, and must be solved in a non-pertur-
bative way.

The physical picture that we have just discussed corresponds to the leading order
of the Heavy Quark Effective Theory (HQET) [13].

In nature the heavy quark has a finite mass, and the finite quark mass corrections
can be systematically computed in HQET. The starting point for such computations is
the Lagrangian derived in the next section.

2.3 The effective Lagrangian

In this section we derive the continuum effective Lagrangian of HQET at the classical
level, following the idea of [14, 15].

The goal is to describe the dynamics of a hadron containing one heavy quark (e.g.
the b-quark) and a light antiquark, in the frame where the hadron is at rest. As in
Sect. 2.1 we keep the Euclidean metric. We start from the QCD Lagrangian appearing
in eq. (2.7), and focus our attention on the heavy flavor with mass m, dropping the
corresponding flavor index to simplify the notation. The fermion part of the Lagrangian
reads

U, 9 = mYy+ Do+ DY, (2.15)

L =yP+my=yy, (2.14)
1
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and, in analogy to the derivation of the corrections to the nonrelativistic approximation

of QCD, we perform a Foldy-Wouthuysen transformation to derive the Lagrangian
of a static quark, with the symmetry properties described in Sect. 2.2, and take into
account the finite quark mass corrections through an expansion in powers of 1/m. The
transformation

yon=ey, Y-ofi=ye® 2-9'=P2e,  (2.16)
with § = —ﬁDkyk, leaves the Lagrangian invariant
L —n9'n=2, (2.17)

and has the property
S=s". (2.18)

The hermicity in eq. (2.18) simply follows from the fact that in the Euclidean met-
ric DZ = (akT +AZ) = —Dy and }/,j = ¥ as shown in App. A. Further, the assumptions

Doy =O0(m)y, Sy =0(1/m)y, (2.19)

are justified at the end of this section.
The new operator 2’ can be computed by making use of the general identity

(o)

e'Be™ = Zb% [A,A,[...[A,B]]..]], (2.20)

ntimes

—€A

obtained by a formal Taylor expansion of e€4Be~¢4 at € = 1, giving

2 = 2 +1iS, 2]+ 1[iS, [iS, 2]] + ...

= D+ 2 [Di¥is 2]+ gz D11, [P, 21|+ O ) - (2.21)
In particular
[DiYi; 2] = mDi[Yi, o] + [Di, Dol ¥k + [Di¥e, YoDn Yol
= =2mYWDiY + FooYe + [DiYe: 0DnYnl (2.22)

where Fy;y is defined in eq. (2.5), and

[DicYie; YoDn'Va] = Y0 [Dic, D) Ya Y — 20Dy Dy, . (2.23)

Inserting eq. (2.22) into the r.h.s. of eq. (2.21), and using eq. (2.23) in the second step,
gives

D' = D+ 5 [DiYe: 2] — 75 DY WD) + O () (2.24)
=9+ ﬁ (—=2mYDi Y + Fxo Vi + Dspin — }’ODZ) + O(m%) )



2.3 The effective Lagrangian 13

with

Dypin = —3%0[Dk; D) YV = — 5 Y0 [Dx, D] 0t (2.25)

ou =LY% n), D*=DiDy. (2.26)

We are now ready to write eq. (2.24) in the form

7' = YO{YODO +m+ 5 (=D* — LFyou + FoY) } +O(ﬁ) : (2.27)

Through the projectors P+ = (14 9p)/2 we split the fields y and ¥ in their upper and
lower components

v, =Py Y, =Vl (2.28)
Vi=P v Y =VP, (2.29)

letting us write the Lagrangian as

L= F g gty (.zlf” +.2 +$1f1-11)> +0(:L), (2.30)
L =, (Do+m) vy, (2.31)
L = G (~Do+m) v, (2.32)
LY = L, (-D*— £Fuou) v, (2.33)
ﬁﬁ(l) = 5L Vi (—D2 — 2 Fu0u) Vi (2.34)
gh(}_}) = 2 AV FoW Vs + ViFrot VW | - (2.35)

For our purposes we can drop the term a?h(l-} ), because it does not contribute in the
computation of correlation functions involving only a heavy quark (or antiquark). Only
double insertions of this term would contribute, and they are of order 1/ m2.

The fields y; , ¥, , W} and ¥ actually have only two Dirac components. Neverthe-
less we keep the four components notation, with two vanishing components for each
field.

Inspection of the Dirac equation, obtained from the static Lagrangians 2> and
L2, justifies the kinematics Doy = O(m)y given in (2.19). To prove the second
equation in (2.19), we start from the observation that a very heavy quark inside a
hadron moves with essentially the hadron’s velocity and is almost on-shell. We can
write its momentum as P = m -+ k, with k “measuring” its off-shellness and k < m. This
quantity is often referred to as residual momentum. Interactions of the heavy quark
with the light degrees of freedom change it by an amount of order Ak ~ Aqcp, and the
lowest order, in the 1/m expansion of the Lagrangian, where it is taken into account is
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in fh(l), through the operator Dy. It is thus correct to state that Sy = O(Aqcp/m)V,
but in this section we are discussing the classical theory, where Agcp makes no sense,
and it would then be more appropriate to write Sy = O(€)y. In a somewhat sloppy
notation, we write O(1/m) instead of O(g).

Finally we would like to get rid of the mass term appearing in Z7** and Z**'. This
can be easily achieved by observing that the operators appearing in the O(1/m) cor-
rection terms, namely D? and Fi;0y; in eq. (2.33) and eq. (2.34) respectively, commute
with 7%, and we redefine the fields according to

v, —e Moy, Yy, — Y, (2.36)
y — 00y Vi — Yre "0, (2.37)

where xq is the usual time coordinate. This has exactly the effect of cancelling the
mass term in £ and fﬁs‘at, which now read

L =Y, (Do+e7)w,, (2.38)
L =Y (=Do+€7) W, (2.39)

where the infinitesimal, positive € prescription plays the role of selecting the appro-
priate time propagation.

Notice that dropping the mass term in £ and £, corresponds exactly to an
energy shift by an amount of m in all single heavy quark (or antiquark) states.

2.4 Symmetries of the effective Lagrangian

We focus our attention on the heavy quark static Lagrangian of eq. (2.38) (the antiquark
case is analogous), and we now show that it is invariant under the symmetries described
in Sect. 2.2, which are absent in finite mass QCD.

The spin symmetry can be seen as invariance under the rotations [13, 16, 17]

Vo= V¥, W= WV, V=exp{—idigop) (2.40)

with ¢; an arbitrary parameter. This simply follows from the fact that 6, commutes
with 7, as noticed in Sect. 2.3.

Another symmetry, corresponding to the local conservation of the quark number,
is the invariance under phase transformations [18]

Yy — et Vi, Y — Vhe_m ®), (2.41)

where it is important to underline that the parameter 1 (x) is time independent; it de-
pends only on the spatial coordinates. The proof is trivial, because in the static La-
grangian only the time derivative appears.
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The symmetry under rotations in flavor space mentioned in Sect. 2.2 is irrelevant
in our case, because we have only one heavy flavor.

These symmetries are broken by the O(1/m) correction terms. We adopt a more
compact notation for the operators in eq. (2.33)

LW = — L (Giin+ Opin) (2.42)
Okin = W, DDeWy, = VD (2.43)
Ospin = Wy 2-Fiou W, = ¥, 6By, . (2.44)

The kinetic operator Oy, does not break the spin symmetry (eq. (2.40)). It describes,
at leading order in the 1/m expansion, the spatial motion of the heavy quark.

The spin symmetry is broken by the “hyperfine” chromo-magnetic term gy,
which is obviously invariant under the phase transformations described in (2.41).

2.5 Renormalization of the effective theory

The leading order Lagrangian, eq. (2.38), contains local fields of mass dimension
d <4, and it is thus power counting renormalizable. At this order only a finite num-
ber of counterterms are needed. The latter must be compatible with the symmetries
described in the previous section, and the only possible counterterm with dimension
d < 4, involving the fields ¥, and y; , and invariant under the symmetries of the static
action, is Y, y; .

Indicating with dm its coefficient, one is thus left with the formal static Lagrangian

L=, (Do+ 6m) y, . (2.45)

As noticed in Sect. 2.3, such a term amounts only to an energy shift of exactly dm for
all single heavy quark states.
If we now allow finite quark mass corrections, we can use the HQET Lagrangian

thQET :cghstat_i_gh(l)_l_o(#)‘ (2.46)

The renormalization of the operators appearing in fh(l) may introduce new terms com-
patible with the symmetries of the theory and dimension d < 5. Under these con-
straints no new terms are needed, and the coefficients of the operators Oy, and Oy
are only parameters depending on the bare coupling and on the mass m. The O(1/m)
Lagrangian has thus the form

oiﬂh(l) = _(wkinﬁkin + wspinﬁspin>u (2.47)
Win = O(3),  @ypin =0(;,). (2.48)
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Since fh(l) contains dimension five operators, one may conclude that, for dimensional
reasons the theory is not renormalizable.This happens to be true for NRQCD, but not
for HQET [19].

We consider an operator ¢(x) containing light and heavy degrees of freedom, and
we expand it at tree-level in a power series in 1/m,

—Y o, V=Yoo, (2.49)
v=0 i

with ﬁi(v) of dimension 3 + v and Oti(v) = O(1/m"). The terms of the expansion can
be obtained by applying a Foldy-Wouthuysen transformation as in Sect. 2.3. A typical
example is the u = 0 component of heavy-light axial vector current A (x),

Ap(x) = () mpBy(x), (2.50)
giving
AOG) = aVAF (), AR = T K), (2.51)
_ <—
AV = oA, AV =T@yBDw,(), @52

with ¢\” = 1 and o/!”) = 1/m.

To evaluate the expectation value (e.g. between two heavy-light meson states) of
the operator in HQET, we introduce the partition function

Frger = / o Lo (A 19, 0. 94,00.010) [+ Zhgn U1 (2)))
v 7Wh7Ul

— o~ L (LW, (0,4, (0). Ui () ]+ g [U1 (1)])
VUi

{1_/3 v (), Ui(x )]+0(#)}, (2.53)

where U] is a shorthand for the light degrees of freedom, and .Zj;gp, the corresponding
Lagrangian. A more rigorous definition of the partition function is given in the next
chapter. From eq. (2.49) it follows that the expectation value of &'(x) is defined as

(0(x))nqer = (60 (x )>stat+ M (x )>stat
+wk1n / ﬁkm stat

+0)spin X /ﬁspin y stat‘f‘o(#)» (2.54)
y
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where

_ 1 — (LW (x), 9, (), U1 () |+ Lignd [ U1 (%) ])
(O)stat %/Wh%ﬂlﬁe bt h ¢ ) (2.55)

and the path integral is normalized by Z such that (1)ge = 1. It is clear from
eq. (2.54) and eq. (2.55) that the expectation values are evaluated with respect to the
leading order of the HQET action, which is power counting renormalizable.

The operator & has still to be renormalized, and eq. (2.54) tells us that this is
just a problem of renormalizing correlation functions of local composite operators in
the static effective theory. One has to include all local operators with dimension not
exceeding n, the one of the highest-dimensional operator, and compatible with the
symmetries of the theory. Being interested in the continuum theory up to O(1/m?), we
have n = 5. The coefficients are then computed by requiring the cancellation of the di-
vergences and the respect of the imposed renormalization conditions of all expectation
values [20].

The sums over all space-time coordinates in eq. (2.54) may lead to additional sin-
gularities due to contact terms. However the terms needed to remove these singularities
must respect the dimensional and symmetry properties described above, and they are
already included in the expansion in eq. (2.54).

As a regularization of the theory breaks scale invariance, there exist power diver-
gences in the O(1/m) corrections to the HQET matrix elements [21]. These diver-
gences must be subtracted non-perturbatively. This fact is simply due to the mixing
of operators of different dimensions in HQET Lagrangian. To explain it in a sim-
ple way, let us consider the Lagrangian in eq. (2.46) with the O(1/m) term given in
eq. (2.47). To regularize the theory we can take a lattice discretization with lattice
spacing a. Because of the mixing between the operator D? appearing in O, and Doy
from the static Lagrangian, a perturbative estimate of @y;, at order g(z)l would leave a
perturbative remainder

A ~ o a™" ~ a  [In(aAqep)] "D 2 oo, (2.56)

This means that the theory is still affected by ultraviolet divergences and is not renor-
malizable in perturbation theory. If one considers higher orders in the 1/m expansion,
further UV-divergences can appear because of operator mixings, but they are not dis-
cussed here.

2.6 Matching of the effective theory with QCD

The effective Lagrangian and the effective matrix elements derived in the previous
sections correctly reproduce the long-distance physics of the full theory. However the
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light degrees of freedom interact with the heavy quark exchanging momenta, which
can be soft or hard. Soft momenta correspond to long wavelengths, and they are well
identified by using the partition function in eq. (2.53). Hard momenta can resolve the
short-distance properties of the heavy quark, which are truncated in the expansion of
eq. (2.54). It means that short-distance corrections are needed in order to produce a
predictive description of the heavy-light mesons. They introduce a logarithmic depen-
dence on the heavy quark mass m through the strong coupling constant g(m). Given
the smallness of the latter, they can be safely computed in perturbation theory, by per-
forming the matching to QCD of the matrix elements computed in the effective theory.

Here the quark mass m is renormalized and defined at the scale u = m itself. The
exact definition of the renormalization procedure is irrelevant for the present discus-
sion. The dependence on the space-time coordinates is omitted throughout the follow-
ing in order to lighten the notation.

We consider a matrix element ('(1,m)Rr)qocp computed in QCD, and renormali-
zed at the scale . The matching means that we require it to be equal to the matrix
element of the same operator computed in the effective theory up to O(1/m). The
equivalence is achieved through the Wilson coefficient Cg match (U, )

(Or(11,m))eD = Comatch (1, M) (Or (1)) star + O () . (2.57)

For our purposes it is convenient to renormalize the operator in the effective theory in
the MS scheme [22, 23], thus having an expansion

Cormatch (1 m) = 1+ cf (1, m) g (1) +O(Zrs (1)) (2.58)

with gyg being the renormalized coupling in the MS scheme. The relation between
the renormalized operator appearing on the r.h.s. of eq. (2.57) and the bare one can be
written in the form o
Oys(t) =27 () 0. (2.59)

The scale dependence of the renormalization factor is governed by the renormalization
group equation
d1nz?MS (1)

u ’
and the renormalization group function ¥, the anomalous dimension, has a perturbative
expansion (7 = Zyzs (1)

MS, &0 2 OMS . OMS - OMS -
Y M(5) 2 - {2 Mg (2.61)
The same holds for the renormalized coupling

) o R
ug_ﬁzﬁm(g) 8 _g3{b0+b1g2+bg45g4+...}. (2.62)

IMS (2.60)

Yo (s (1) =1
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The coefficients by and by are universal, whereas the higher order coefficients, here
blzvls bMS ..., depend on the chosen renormalization scheme.

The scale dependence of (Or (U))stat = (Oz5 (1)) star is removed by introducing the
renormalization group invariant (RGI) matrix element (Orgi)stat, defined as

(Oral)star = (Oxis (1)) sta [2008% ()] v ™ /(2bo)

X expq — d 0_ . 2.63
p { /0 8 [ B! g) bog ( )
With the same technique one is able to compute the RGI matrix element in QCD, and

by setting the renormalization scale to the heavy quark mass, the matching condition
now reads

(Orai(m))acp = Co(m)(Grat)sa+0(,), (2.64)
where the matching coefficient C(m) is defined through egs. (2.57,2.64)
(Oxis(m))sar (Ora1(m))qcp

(Oral)stat (Or(m,m))qcp

This equation allows to define the anomalous dimension Yyt 1n the matching scheme
through

Co(m) = Cp mateh (m,m) (2.65)

Co(m) = [2bog?(m)]%/(b0)

{ g(m)
X exp / dg
0

Vouen(@) " B { + A P+ g+ g=gws Q6D

In the case where the operator & is the axial vector current defined in eq. (2.50),
the corresponding renormalization is fixed by the chiral Ward identities, which imply
the independence on a renormalization scale. This simplifies the r.h.s of eq. (2.65),
because the second ratio from the left becomes one.

From eqs. (2.58,2.66,2.67) it is straightforward to collect the several contributions
entering in 77 atch? namely

Finally we would like to get rid of the scale dependence of the heavy quark mass. The
scale evolution of the latter is given by the renormalization group equation

atch
MS (g bog

Yo (g)> B ﬁ] } , (2.66)

om _
Hon = T(g)m, (2.69)
7(3) < - {do+d 13 +d3* +...}, (2.70)
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where only the coefficient dy is scheme-independent. We thus introduce the RGI and
scheme-independent quark mass M, as the asymptotic behavior of any mass m ()

M = lim m(p) [2bog> ()]~ %/?bo 2.71)

‘,l,—)oo



Chapter 3

The Schrodinger functional

3.1 Definition

At the classical level the transition from some initial field configuration at time xo = 0
to a final configuration at xo = 7 is given in terms of only one path, the classical path,
which satisfies the principle of least action. In quantum field theory the transition can
take place in more than one way, and the total amplitude is the coherent sum of the
amplitudes for each way.

Following Feynman, this sum can be written as a path integral, where, in the func-
tional integral formalism, all field configurations are integrated over. The Schrodinger
functional (SF) is defined as the integral kernel of the whole transition amplitude.

The following description of the Schrodinger functional in SU(3) gauge theory is
carried out with the Euclidean metric following [24] for the gauge part, and [25] for
the fermionic part. The transition amplitude that we would like to compute is

2 [Pfin, Oin] = (Sinle | Gin) 3.1)

where H is the Hamilton operator. The starting point is now the definition of the
quantum mechanical states in the Schrodinger representation.

In order to facilitate the passage to the lattice formulation we start with QCD at a
fixed time slice, say xo = 0, and on a finite spatial volume, a box of size L x L x L and
periodic boundary conditions. Gauge fields are represented by the vector potentials
Ay (x), and we work in the temporal gauge, i.e. with Ag(x) = 0. The fields Ai(x) are
periodic in space and transform under a gauge transformation according to

AR(X) = AX)AR(X)A T (X) + A(X) A (x). (3.2)
To preserve the periodicity we admit only periodic gauge functions A(x)

Ar(x+LE) =Ar(x),  A(x+Lk)=A(x). (3.3)
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The Schrodinger representation of a quantum mechanical state is the wave functional
yA], and a scalar product of two functionals y and ¥ is defined by

(W)= [ Plalvial'zial, DlA]=Taa0), (34)

Here, and in the following of this section, color indices have been dropped to lighten
the notation. It is understood that dA;(x) = [], dAf(x).

In eq. (3.4) only gauge invariant states with y[A”] = y[A] are physical. For any
functional y[A] the projection onto the physical subspace is achieved by applying the
projector [P according to

Pyla] = [DIAJw(AY,  DIA]=[TdAX). (3.5)

where dA(x) denotes the SU(3) Haar measure.
The Hamilton operator appearing in eq. (3.1) is defined through the curvature tensor
(2.5), giving

2
=[x {% tr { o (%) Fo ()} + % tr {Fia () (x)}} G

Each classical gauge field Cy(x) defines a state |C) and the functional

(Cly) = v[C]. (3.7)

In general the state |C) is not gauge invariant, but it can be projected onto the corre-
sponding physical subspace through the projector PP.

Given two classical gauge fields C and C’, the first living on the time slice at xo = 0,
the second at xop = T, we define the Euclidean Schrodinger functional as

z|c',c]= (C'|e BTP|C). (3.8)

Its gauge invariance
z[ich,ch =z q, (3.9)

is guaranteed by the integral over A in eq. (3.5).

We now have all ingredients to express a matrix element of the time evolution
operator e 27 in terms of the gauge fields Ay (x) and the corresponding gauge action
in four dimensions, where the time extent is 0 < xo < 7". We impose Dirichlet boundary
conditions in time

CM(x) atxg=0,
Arlx) = (3.10)
C(x) atxo=T,
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and we finally write down the functional integral as
Z|C,C) = / D[A] / D[A] e Seaeeld] (3.11)

where the gauge action can be obtained from eq. (2.7)
1 4
Sgauge[A] — —ng/d xtr{F”vFuv}, (312)
0

and the integration measure is now

D[A] = [[dAu(x). (3.13)
XU

The integral (3.11) and the boundary conditions (3.10) are invariant under the gauge
transformation

Ap(x) = AR (x) = Q)AL ()Q ™ (x) + Q(x) 9 Q' (%), (3.14)
A(x) — A% (x) = Q(x)|x=0A(X), (3.15)

with the necessary condition
Qx)|x=r =1. (3.16)

For QCD, the inclusion of the quarks as dynamical variables in the path integral can
be carried out in a similar way. Nevertheless, imposing Dirichlet boundary conditions
on the quark fields requires some attention. This is due to the fact that the Dirac equa-
tion is a first order differential equation. In the Schrodinger functional the dynamical
degrees of freedom of the quark fields are their components at 0 < xo < 7. In order to
have a unique solution of the Dirac equation, at the boundaries only half of the Dirac
components are defined, and are fixed to be

Pry(x)]y=0 = p(x), P_y(x)|x=1 = p'(x) ) (3.17)
W()C)P_ |XQ=0 = p(x) ) V(X>P+|X()ZT = [_)/(X) ) (318)

where the projectors PL = (1+9)/2 are the same as in Sect. 2.3. It is then evident
that

P_p(x)=Pip'(x)=px)P; =p'(x)P- =0. (3.19)

In the space direction k the quark fields are periodic up to a phase factor 6

v(x+Lk)=ey(x),  Wx+Lk)=y(x)e . (3.20)
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With these boundaries one finds that the fermionic part of the continuum action (for
one flavor) is

T L
Squark[A, W, ¥] = /O dxo /0 ExY(x) {Duyu+m} y(x) (3.21)
[N TP YW gm0 [ TP o

As pointed out in [25], the presence of the boundary terms is due to the requirement for

the classical action to be a parity-invariant functional acting on the space of analytical
functions, which satisfy the boundary conditions in eqs. (3.17,3.18). The extension
of the pure gauge Schrodinger functional (3.11) to QCD with one quark flavor has the
path integral representation

Z[C'.pp".C.p,p] = / D[A|D[A|D[W]D[y] e Seecltl-Sauanld¥¥] —(329)

We are left with the discussion of the static quarks. They propagate only forward in
time, and they cannot thus cross the spatial borders. However, for later convenience,
we formally impose periodic boundary conditions

v, (x+Lk) =y, (x), v, (x+Lk) =y, (x). (3.23)

Here there is no need to introduce a phase like in egs. (3.20), because in the considered

correlation functions, thanks to the U(1) symmetry under transformations like in (2.41)
such a term is irrelevant.

At the time boundaries one has Dirichlet boundary conditions as for QCD, but the

heavy quark fields have only two non-vanishing Dirac components, and the projectors
are unnecessary

W (0) [xo=0 = Py (x) 4 Y, (%) [xg=1 = Py (%) (3.24)
In analogy to eq. (3.21), the static quark action reads
B T L,
Sheavy|A, Ty, ] = /0 dxo /0 Bx, (1) (Dot + Smy v (x)  (3.25)
L
S KR ACTA
and the path integral representation of the Schrodinger functional is

Z[C,ph.C.py) = / D[A]D[A]D[W, D[y ] e Seweelt=Shens AWM (3 26)
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For completeness we give the heavy antiquark action too

T L
Sheavy A Vi Vil = /0 dxo /O &Ex Yy (x) {—Doyo + m} v (x)

L
~ | T Y0 Lo, (3.27)
with boundary conditions
Vi (x+Lk) = wp(x),  Wi(x+Lk) =w;(x), (3.28)
Vi@lo=1 = P4(X),  Vr()|x=0=Py(x). (3.29)

3.2 Lattice formulation

To be able to compute interesting QCD and HQET matrix elements through the Schro-
dinger functional we introduce the lattice regularization. The latter is not unique, and
a suitable choice, for our purposes, is explained in this section.

The space-time manifold is discretized in a regular hypercubic lattice. This hyper-
cube preserves the volume L x L x L X T of the continuum, where L and T are now
integers multiple of the lattice spacing a. A lattice point x, or site, is identified by the
space-time coordinates (xg,xj,X2,X3), Where

xyla€Zt,  0<x<T, 0<x<L. (3.30)

We define the SU(3) gauge fields through the assignment of a link variable U, (x) €
SU(3) to each pair of lattice points (x,x+ afl). The temporal link variables Up(x) are
defined only for 0 < xo < T.

Under a gauge transformation Q(x), where Q(x) € SU(3) and Q(x + Lk) = Q(x),
the gauge links transform as

Un(x) = U (x) = Q(x)Uu (x)Q " (x+aft). (3.31)

To be consistent with the continuum Schrodinger functional , we require the gauge
links to be periodic in space

Uy (x+Lk) = Uy (x), (3.32)
and to respect Dirichlet boundary conditions in time

Ur@lgo = Wilx), U0 lager = Wi(x). (3.33)
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Instead, the temporal gauge links Up(x)|x,—o remain unconstrained. The fields W and
W' are related to the continuum fields C and C’ through

1 ~ ~
Wi(x) = Wexp{a/o dtCk(X+ak—tak)} ) (3.34)

and analogously for W/ and C'. In eq. (3.34) the symbol %2 denotes the time-decreasing
path ordering. We follow [5] and introduce the gauge action

22(0 ) {1-U(p)}, (3.35)

where the sum is extended to all oriented plaquettes p, and U (p) is the parallel trans-
porter around p:

U(p) =Uu(x)Uy(x+a@)U, " (x+a¥)U, ' (x), p#v. (3.36)

In the tree-level improved theory the weight @(p) is one except for the spatial plaque-
ttes at the temporal boundaries, where @(p) = 1/2. It is then straightforward to write
down the lattice Schrédinger functional in the pure gauge case

:/D[U]eSG[UL D] = [TdU,(x). (3.37)
XM

We now introduce the QCD Dirac-Wilson action for the quark fields living on the
lattice sites x. To be able to write it in an elegant way, we define the discretized forward
and backward covariant derivatives

Vuy(x) = § [Un@ypx+aft) —y(x)] (3.38)
Viw(x) = 10 - Up (x—ap)y(x—ap)| (3.39)
We extend the fields to all times xy by “padding” with zeros, i.e. by setting
y(x) =vy(x) =0, forxo <Oandxy > T, (3.40)
and by supplying the boundary conditions of eqgs. (3.17,3.18) with

P_ ll/(X) |X0:0 = 07 P+ lI/(X) ‘X():T = 0? (341)
V)P0 =0,  W)P_|y_r =0. (3.42)

We can now write the Dirac-Wilson action

SElU, W, w] =a* Y W(x)(D+m)y(x) (3.43)
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with the Dirac-Wilson operator

1
D= 3 (v (Vi 4+ V) —aViVy) . (3.44)

Before dealing with the heavy quark action, we would like to write eq. (3.43) in a
different way, which will be useful later on. By using the explicit expression of the
Dirac-Wilson operator we get

S = a* L) { oo [V W+ afl) — Uy (e a) e a)]
XM

g [En et o) U - a - ) - 2+ v |
= a TV {5, (1) UaCow(e o)
o () U ey a) B | Gas)

Instead of the bare quark mass m, it is convenient to work with the hopping parameter

K = (84 2am)~', and, by rescaling the fields y — (2x)'/2y and ¥ — (2x)'/?y, we
get the simple expression
$r = @ L{Wv <L [P~ 3 Uy -+ ah)

W) (1 + 1)Uy (= au)v/(x—au)} } (3.46)

which is usually written in the compact form
Sr=a Y Wy)M(y,x)y(x), with (3.47)

y,xX
M(y,x) = 5y,x - KZ <6y,x+aﬂ(1 + ’}/M)U/.L_l(x)
u

+5y,x—aﬁ(1—?’u)Uu(X—aﬂ)) ) (3.48)

For static quarks the simplest discretized version of the action in eq. (2.45) has been
proposed by Eichten and Hill [26, 27]:

4
SulU, Wy W] = H“m Y W, () (Vo + 8m) i, (). (3.49)

One can also consider a more general action

a4
SN U Wy, ] = meh (DY + Smw)w, (x), (3.50)
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where {
DY vy = - [wh(x)—w(j'(x—a())y/h(x—a(i) , 3.51)

and W, is a general parallel transporter, differing from U, by O(a?)-terms. Analo-
gously for the heavy antiquarks

4

SEW[U,VB, Vil = MZIWWZVB(X)(DXV + Smw ) Wi (x) (3.52)
_ 1 ~
DY i = — [Wo(x) W (x+a0) -y ()] (3.53)

Under a gauge transformation W), transforms as Uy, and, together with gauge invari-
ance, parity and cubic symmetry, the actions Sy, Shw and S}-lW satisfy the symmetries
of the static theory expounded in Sect. 2.4. These alternative discretizations are intro-
duced to reduce, in a Monte Carlo simulation, the noise-to-signal ratio (Rys) of the
observables of interest, while remaining with roughly the same discretization errors.
This is sufficient to ensure to stay within the same universality class as well as the same
O(a)-improvement of the Eichten-Hill action. The authors of [28, 29] have proposed
several possible discretizations. Here we present only the so-called HYP actions.

Following [30] the parallel transporter Wy, (x) is constructed in three concatenated
steps. They are

o _
Wu(x) = Psyg) | (1 —Oﬂl)Uu(x)Jrgl Y Kuu(x) (3.54)
+v#u
I?vu(.x) = VV’M(X)VM’V(X—FCZO)VJ’“(X_Faﬂ) (3.55)
~ o _
Vyu(x) = 95U(3) (1 _OCZ)Uu(x)‘FTZ Z va“(x)] (3.56)
pFV,u
Koy (x) = Voo () Vispy (x+ap Vi (x+ aft) (3.57)
_ o
Vivp (x) = Psu3) [(1 —053)Uu(x)+73 Y Kpux) (3.58)
NP,V

Kyu(x) = Up(0)Uu(x+af)Uf (x+aft) (3.59)
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Here the greek indices can assume also negative values and U_,(x) = Uﬂ (x —afl).
The symbol gy 3) indicates the projection onto SU(3), which is here defined by the
rescaling

W —W/y/tct(WWT)/3, (3.60)
followed by four iterations of

] 3 1
W—X (1 — %Im(det(X))) , Where X=W (5 - EWTW> : (3.61)

The parameters o/, 0 and o3 can be tuned by requiring an approximate minimization
of the Rns of some matrix elements.

3.3 Expectation values and Monte Carlo integration

As it is already clear from eqgs. (3.37), the evaluation of the lattice SF requires an
integration over an enormous number of variables. If we consider a volume I3xT,
the number of real parameters to be integrated is approximately

[S]SU(3) X [4];1 X [(L/a)s]Space X [(T/a)]time- (3.62)

With L/a =T /a = 10 we have 320000 real variables. In absence of symmetries and/or
approximations capable to drastically reduce the number (3.62), the recourse to statis-
tical methods is necessary.

We start by considering a product &' of fields on the lattice, and we want to evaluate
its expectation value (')qcp by using the SF scheme in QCD. We thus compute the
integral

(@)oeo = { 5 [DWIDITIDIY e 37| . e
Z p'=p'=p=p=0

where
2 = [ D@D VP, U y] = SolU]+SU. Tyl (3.64)

Apart from the dynamical variables U, ¥ and y integrated over, the product &' may
involve the boundary fields

0 = o
C(X)_ 5—<X>7 C(X)__Sp(x)7
I _ 6 ! _ 0
¢'(x) = 5p/(x)’ ¢'(x) = TR (3.65)
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having the form of functional derivatives acting on the Boltzmann factor in eq. (3.63).

Since there is (until now) no efficient way of dealing with the Grassmann-valued
quark fields in a computer simulation, we exploit the property of the fermionic action
Sk to be a bilinear in quark fields, and we analytically integrate out the fermionic
variables in eq. (3.63). This defines the new observable

(0] {%/D yl]Oe™ SF[U‘VW}_ ] , (3.66)

p'=p'=p=p=0

depending only on the gauge fields, and
2% = / D[W]|D[y]e SV ¥:vl (3.67)

We can now rewrite the expectation value (3.63) as

I DIU][Os[U ]e—Seff[U]

with the effective action given by
Seif[U] = Sg[U] — In(det(M[U])) (3.69)

where M has been defined in eq. (3.48). The computation of (3.68) is considerably
simplified by replacing det(M[U]) by 1. This is widely referred to as quenched approx-
imation. In perturbation theory it can be interpreted with the omission of the Feynman
diagrams consisting of fermion loops, with an arbitrary number of gluon legs attached
to it.

In the case where also static quarks are involved, we calculate in HQET the ex-
pectation value of the composite fields & according to the procedure developed in
Sect. 2.5. By using the static action (3.50), we have the path integral expression

dstat = { /D [I//h] [wh] ﬁeS[UN/aWaWh?Wh}} ,
{p}=0

{p}=1{p".p".P,P,PyPy} (3.70)
where the action is now
S[U3W7 W?Wha Wh] - SG[U] ‘|‘SF[U7W7 llj] +S}\1V[U7Wh7 ll/h] ) (371)

and the boundary fields

Ch(x) = — (3.72)
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may appear besides the ones in egs. (3.65). Of course an observable ¢’ made of only
heavy quark and gauge fields is an interesting case too. The analytical integration of
the fermionic observables in eq. (3.70) follows the scheme explained for QCD, without
further complications.

For later convenience we define also the boundary fields

0 =, 0
X)= <2 ) X)=— , (3.73)
Ch( ) 5Ph(X) Ch( ) 6P{I(X)
and through the action
S[U7ll_/a W7V}]7 Wﬁvw}p Wh] - SG[U] +SF[U,W, ll/]
the path integral expression
1 [P
(OVnn = {y/D[U]D[{W}]ﬁe S[U7W7W7Wh7ll/hvV’h7Wh]} :
{p}=0
{p} ={P".P".P.P.P1: P PPy} (3.75)

D[{y}] = D[¥|D[y]D[w|D[ys]D[W, D[y,

On a computer, the expectation value (&), in QCD or HQET, is calculated by a Monte
Carlo simulation, where an ensemble of N gauge links configurations U (), with i =
1,...,N, is generated with probability

PO o D[U(i)] eXp{—Seff[U(i)]} , (3.76)

and (0) is approximated by the average

+A0, (3.77)

N 1

O; = —
L N

where AQ is the statistical error due to the finiteness of the statistical sample.

The non-perturbative computations reported in this thesis have been performed in
the quenched approximation, and we thus have Seff = Sg 1n eq. (3.69). Analogously,
if the valence sector is just made of a static quark-antiquark pair, in the action (3.74)
one can eliminate Sg from the very beginning. The ensemble of gauge configurations
is generated by means of the so-called local “hybrid over-relaxation” (HOR) algorithm
(see e.g. [31]). The basic cycle consists of 1 heathbath (HB) update sweep throughout

(0) =

O1elU"), AT =0

), (3.78)

== Ql

||Mz
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the whole lattice, followed by Nor over-relaxation (OR) sweeps. The cycle is iterated
Nyp times, and with the obtained gauge configuration U(?) a computation of [&]g[U?)]
is performed. This last step is called measurement (MEAS). The procedure can thus
be summarized as

N
(HB X (OR)NOR) " « MEAS, (3.79)

and the whole procedure is repeated N times. The algorithm used for the gauge update
is local in the sense that one processes one time-slice after the other, and each gauge
link Uy, (x) is separately visited and updated. The heathbath algorithm is a modification
of Creutz’s algorithm [32] by Fabricius and Haan [33] and independently by Kennedy
and Pendleton [34]. The over-relaxation sweeps are microcanonical and follow [35].
The whole update procedure is executed in embedded SU(2) subgroups according to
[36]. Optimized choices of Nyp and Nogr, for which the statistical errors on our ob-
servables are minimized at fixed simulation run time, are Nyp = 5 and Nor = L/2a.
The latter is chosen to be a multiple of the correlation length in lattice units in order to
minimize the autocorrelation times [37].

The correct estimation of the statistical uncertainty A€ plays a fundamental role for
the reliability of the results. At this point two issues must be discussed: thermalization
and (auto-)correlation. The discussion is presented in App. B.

When considering full QCD, i.e. with an exact treatment of the quark determinant
in eq. (3.69), the updating algorithm described above is known to lead to unsatisfactory
performances. Other techniques are employed, and for a recent review one can consult
[38, 39].

3.4 Improvement

The lattice discretization introduces a cutoff in the Feynman integrals described in the
previous section, making them ultraviolet finite. Furthermore such a discretization
is particularly suitable to be implemented on a computer. As for other regulariza-
tion methods, one then proceeds by applying a renormalization program, consisting in
defining renormalized Green functions, which approach a finite limit as the cutoff is
removed.

The removal of the lattice structure amounts to studying the continuum limit. This
is a non-trivial task. Since the bare parameters of the theory depend on the cutoff,
they have to be tuned as a function of the lattice spacing with respect to the imposed
renormalization conditions. The latter state that some physical quantities, such as the
coupling and the particle masses, are to be held fixed as the cutoff is removed. This
procedure defines in the parameter space the so-called Line of Constant Physics (LCP).

In the approach to the continuum limit, the presence of effects linear in a usually
obliges to vary the size of the lattice spacing over a wide range of physical values be-
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fore having a reasonable control on the cutoff effects. In addition, the latter can be
quite large, compromising the reliability and precision of the continuum extrapolation.
It turns out that the effects linear in a can be isolated and cancelled by adding ap-
propriate counterterms vanishing in the continuum. The resulting theory is said to be
O(a)-improved.

A successful and interesting way of implementing the improvement has been intro-
duced by Symanzik [40, 41, 42], who provided arguments to cancel the O(a)-effects
in on-shell quantities by adding appropriate counterterms. On-shell quantities are for
example particle masses and correlation functions over physical space-time distances.
Close to the continuum, the lattice theory can be described by a local effective theory
with action [43]

(o)

Seir=So+ Y a* Sk, (3.80)
k=1

where Sy is the continuum action, and the consecutive terms are given by
S = /d4x.$k(x). (3.81)

The Lagrangians -Z(x) gather in a linear combination local and gauge-invariant com-
posite fields respecting the symmetries of the theory, and having mass dimension 4 + k.
To give a precise meaning to all terms of the effective action, one can regularize them
by using a lattice spacing d’ < a.

Cutoff effects do not stem only from the action. The composite fields, appearing in
the observables that we want to compute, are possible sources of discretization errors
linear in the lattice spacing. Let us call such a field ¢ (x), and examine the connected
correlation function

X1, 12) = (Zs) (O (x1) .- 0 (xn) Jeon (3.82)

The factor Zy accounts for the field renormalization and the points xy,...,x, are kept
at non-zero physical distance. The mixing of ¢ with other fields under renormalization
is excluded to lighten the discussion. We thus expect that, if the renormalization factor
is correctly chosen, the quantity G, has a well-defined continuum limit.

In the local effective theory an expansion akin to (3.80) can be provided for the
renormalized lattice field Zy ¢ (x), and reads

Berr() = o) + ¥ (). (3.83)
k=1

where the fields ¢ are linear combinations of composite and local fields with the ap-
propriate dimension and symmetries. Let us now write down the expansion of the
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correlation function (3.82):

Gn<x1>'“7x ) ¢0 X] ¢O( )>con
—a / d4 e 00(%0) A ) con (3.84)

The reader may notice a strong similarity with the expression (2.55) given for HQET.

The expectation values on the r.h.s. are to be taken by using the continuum Lagrangian
£, which is power-counting renormalizable. The integral over y, in the second term
of the r.h.s. of eq. (3.84), can produce contact terms leading to divergences and/or to
limitations in the use of the field equations. These terms amount to operator insertions,
which are constrained by the dimensional analysis and the symmetries of the effective
theory, and can be compensated by a redefinition of the field ¢;. As hinted at the
beginning of this section, the on-shell O(a)-improvement is achieved by modifying
the action and the composite fields through the addition of appropriate counterterms.
The latter aim to let .7 and ¢; vanish up to term of higher order in @, and have the
general form

6s=a[dxY a0, 86—aycfel. (3.85)
1 l

In principle also higher orders of the expansion (3.84) can be improved using the same
technique. Nevertheless the number of counterterms to be fine-tuned rapidly increases,
and in practice the improvement is usually applied only to the terms linear in the lattice
spacing.

We start with the Schrodinger functional formulation of lattice QCD with two
mass-degenerate quarks, and the action (3.35) for the gauge fields and the Dirac-
Wilson action (3.43) for the fermions. Later on we will discuss the heavy quark case.

We concentrate on the bulk of the lattice, and observe that the Lagrangian .} can
be made to vanish by adding to the action a counterterm of the form

a Z ZZc,ﬁ, (3.86)

Xo=a X
where the operators ¢ are a lattice representation of the basis

Oy = Youvbuv v,
ﬁz - mtr{Fquuv}, (3.87)

ﬁ_g = mZle
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The discretized version I/T\W of the curvature tensor (2.5) can be written as

~ 1
Fuv(x) = @{qu(x) —Ovu (x)}, (3.88)
with

Qv (x) = {Uu(x)Uv(Han)Ugl(x+ao)U;1(x)

+Uy (U, (x+ab —aft)Uy ! (x— aft)Uy (x — afd)

Uy (x— a®) Uy (x — a®)Uy (x+ aft — aO)Ugl(x)} . (3.89)
We notice that the operators ﬁz and ﬁg already appear in the action § = Sg + Sf, and
they merely lead to a reparametrization of the bare coupling and mass, when the latter
get renormalized. We are thus left with the operator &';, which can be added to the
Dirac-Wilson operator

ia ~
Dlmpr — D —'— CSWZG”\/F“V . (3.90)

The coefficient cgy, depends on go and must be appropriately tuned. It has been intro-
duced for the first time by Sheikholeslami and Wohlert [44]. Another equivalent way
of formulating this improvement is the addition to the action S of the volume term

T—a :
1 =
8Sy=a ) Y csw W OuvFuvy. (3.91)
Xo—a X

Finally we notice that no improvement terms are needed for the gauge action.

So far we have discussed only the bulk of the lattice. We still need to add to the
action the improvement terms which account for the effects at the temporal boundaries.
The fully improved action can be written in the form

Simpr[ana II/] = S[U7V7 l//] + 55V [U7l/_/a ll/] + 5SG,b [U] + 5SF,b[U7V_/7 II/] . (392)

The boundary counterterms for the gauge action read [24]:

5S6[U] = %g%@s— DY {1 -U(p)}
Ps

1
+—(a—DY e {1-U(p)}. (3.93)
gO Pt
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The sums here are restricted to all oriented plaquettes attached to the temporal bound-
aries xo = 0 and xo = T, being space-like (p;) or time-like (py).

By exploiting the symmetries of the theory, the field equations, and by omitting the
terms which can be reabsorbed in the renormalization of the quark masses and of the
quark and antiquark fields, a possible choice for Sk, is [43]:

8Seu[U. W, v] = a42{(55 ~1)[G(x) + 6! (x)]

(@~ 1)0x) + G %)}, (3.94)
where
Oi(x) = 3p(X)%(Vi+Vip(x), (3.95)
O!(x) = 1p' (X)(Vi+Vi)p'(x), (3.96)
Oi(x) = HTO)PVew() +T0) ViP-W() }—ax) - (3.97)
0! (x) = HVO)P-VoY () + T VoPeW(heirax)-  (3.98)

For our choices of the boundary conditions and observables, specified in the following
chapters, the terms proportional to ¢y and ¢s do not contribute. For Ny = 0, the coef-
ficient cgy has been non-perturbatively computed in [45], where the parametrization

1—0.656g3 —0.152g3 — 0.054g5
1-0.922¢3 ’

CSW(88> =

(3.99)

has been proposed with a precision of 3% in the range 0 < gg < 1. The coefficients c;
and ¢ are only perturbatively known

&(g8) = 1—-0.01795(2)g3+0O(gd) (3.100)
c(g8) = 1—0.08900(5)g5 —0.0294(3)gt +0(g), N:=0, (3.101)

and have been computed in [46] and [47] respectively.

For the heavy quarks the improvement procedure [48] is much simpler than in the
relativistic case. We consider the action (3.71), and besides the improvement terms
for Sg and Sg that have just been explained, we examine the possible additional terms
for ShW. On the bulk we can write down a possible basis of dimension five operators.
Nevertheless only one of them will survive after applying the field equations and the
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symmetries of the static theory. Their continuum expression reads'

Ong = WyooFoc ¥y, » (3.102)
On2 = W OuFicy, (3.103)
On3 = Wy {DoDo + <BoDo}ll/h, (3.104)
Oha = my{Do— Do}y, (3.105)
_ — —
Ons = W {DkDi+ DD}y, (3.106)
One = mY, { YD — DY}, , (3.107)
Ohg = MWy, (3.108)

where m is the mass of the relativistic quark. The operator &} 1 vanishes because
Py ook Py = 0, while 0, 5 is not invariant under the spin rotations (2.40). The operators
On,3 and Oy 4 vanish because of the formal equations of motion

Doy, (x) =0, W,(x)Do=0. (3.109)

The operators Oy, 5 and Oy, ¢ break the U(1) symmetry, indeed they are not invariant
under the phase transformations (2.41). We are thus left with &}, 7. This is just a mass-
dependent shift in dm, appearing in eq. (2.45), and will be taken into account when
dealing with the renormalization.

In complete analogy to the QCD case, we now analyze the possible boundary coun-
terterms for the heavy quark action. In the continuum, a basis of local operators of
dimension 4, which are to be summed over the boundary lattice points at xo = 0 and
xo = T and are compatible with the symmetries of the static theory is given by

Ohg = VDo, (3.110)
Oho = V}fﬁowh, (3.111)
On10 = Vi AnDx — 51%}1//11, (3.112)
On11 = MW, ¥, . (3.113)

As Ong and Oy 9 vanish because of eqgs. (3.109), the operator &y, ;¢ is zero because
P, %Py = 0. It remains only &}, 11, which is of the same kind of &}, 7, and amounts to
a shift in ém.

We have thus shown that, apart from a redefinition of dm, in the Schrédinger func-
tional static actions of the form (3.50) are already O(a)-improved without additional
counterterms.

So far we have not discussed the improvement of the effective fields (3.83). This
will be performed for the correlation functions of interest after having appropriately
defined them on the lattice.

I'The operator basis in the continuum can be used both for the Eichten-Hill action and a HYP action.
They differ by O(a?)-terms.
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3.5 Correlation functions

In this section we derive, within the Schrodinger functional scheme, explicit expres-
sions for correlation functions and observables, originated from relativistic quark and
static-light bilinear currents. We describe their behavior at large physical time separa-
tions by using the transfer matrix formalism [25, 49]. Throughout the first subsection
we work it out in the unimproved theory, where the presented relations hold exactly. In
the second subsection we determine the O(a)-improvement counterterms for the cor-
relation functions of interest, and in the third subsection we present their renormalized
expressions. Since universality implies that the renormalized correlation functions of
the improved theory and unimproved theory agree in the continuum limit, and they are
multiplicatively renormalized, we expect that the results derived in the first subsection
are valid also in the improved theory, provided that the involved physical distances are
large compared to the lattice spacing.

3.5.1 Definition

Our starting point is the QCD partition function defined in eqs. (3.64) in the Schro-
dinger functional scheme. In analogy to the pure gauge case it can be represented
as the matrix element of the time evolution from an initial state |i) to a final state |f)
through the Euclidean step evolution operator e " applied T /a times, according to
the expression

T/a
ZW . p"\W,p,p] = (fl (e*H") " Pliy = {fle~HTP). (3.114)

The states |i) and |f) live on the Hilbert space at the temporal boundaries, xo = 0 and
xo = T respectively, defined by the product space of the pure gauge theory Hilbert space
and the fermionic Fock space. The states are given in terms of the boundary fields
appearing as arguments of the partition function in eq. (3.114). Gauge invariance is
guaranteed by the presence of the projector P. An equivalent way of writing eq. (3.114)
is by means of the transfer matrix T between two adjacent time-slices

LW p'p W.p,p] = (£(T)"/i), (3.115)

where the projector [P is included in T. Let us introduce the boundary operators

3Z§q1 )58, (2) 3ZCq2 )%58 4, (2), (3.116)

containing the boundary fields defined in eqs. (3.65). These operators are dimension-
less and {q;,qp} are flavor indices. They define the correlation function

fi= —%W’@, (3.117)
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whose quantum mechanical representation is

1 {izle BT Pli )
2 <i0|e_HTP|i()> ’

fi= (3.118)

Here [iz) indicates a state with the quantum numbers of a pseudoscalar meson with
quark content (q1,g2) and zero momentum, while |ip) carries the quantum numbers
of the vacuum. The latter is obtained by setting to zero the spatial components of the
gauge potentials and the fermion fields at the temporal boundaries. Furthermore we
associate to the composite operators?

Ao(x) = Vg, () 075 W, (%), (3.119)
P()C) = qu (X)Y5l//q1 (X), (3.120)
the correlation functions
. | fa i X(x) =Ag(x)
o) =S xwe) ={ o DS i

with a < x9 < T —a and the quantum mechanical representation

L3 (ig]le M —x0) pXe—Hrop|i,)
2 <i0|e_HTIP’]i0>

fx(x0) = —

(3.122)

The physical interpretation of the correlation functions that we have just defined is

e f} is the (normalized) amplitude of a meson state |i) travelling from the tempo-
ral boundary at xy = O to the other boundary at xo = T of the four dimensional
cylinder.

e fx is the (normalized) amplitude of a meson state i) created at time xo = 0
and annihilated at time a < x9 < T — a by the operator X; the latter being the
representation of the field X in the Schrodinger picture.

We consider an orthonormal basis |n,g) of gauge invariant eigenstates of the Hamilto-
nian H. Their properties explicitly read

n=01,.... Hnq)=E"|nq),
(3.123)
I= Z |n7Q> <n7CI| ) (n’,q/|n,q> - 6”/:” 6q/7q’
n.q

20f course other bilinears can be formed, but they are not used in this work.
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where 7 is the energy level and g is a shorthand for the full set of internal quantum
numbers of the corresponding state. We insert two times the complete set into the
numerator of eq. (3.122), and obtain

fx(xo) = — Lzt (3.124)

2
x Y Y Gole ™ n,q) (n, X', ) (' 'l ix)
n’qn/7q/

Since we are interested in the asymptotic behavior of correlation functions for large
values of xo and 7' — xp and on the ground state, we keep only the n = 0 terms, and get

Fx(x0) ~ =L 27 igle T %) Gy X Goe ™ i), (3.125)
Go = [0,0)(0,0] + |0, )(0, 7|. (3.126)

By using the properties in eqgs. (3.123) we obtain
3 1. .
fx(x0) = — 527 1(i0]0,0)(0,0[X0, 7) (0, i)
x exp[—E(T — x0) — ESVxq) (3.127)

The same procedure can be applied to f; and 2

(7)
fi & =227 Uig]0,7)(0, mlig)e B0 T, (3.128)

(0)
% = (i0]0,0)(0,0[ig)e Fo T (3.129)

We can now write down two compact expressions for the correlation functions fx and
/1 under the form

fx(x0) = =5 p(0,0[X]0, T)e "0 f

Q

Ipre =l (3.130)

where p = (0, |iz)/(0,0]ip), and my = E(()”) — E(()O) is the mass of the ground state
meson. We notice that the correlation function fy is proportional to the matrix element
(0,0]A¢|0, ), which is related to the decay constant f through

Z(0,0|A0]0, ) = frmz(2mgL3)~1/2, (3.131)
where Z, is the renormalization constant of the axial current, and the factor

(2mgL3)~1/? (3.132)

accounts for the normalization of the one-particle states. There is no unique normal-
ization for the decay constant, and the convention in eq. (3.131) complies with an



3.5 Correlation functions 41

experimental value of the pion decay constant of 132 MeV. The decay constant f7 can
be conveniently extracted from the ratio

ZafA T/ R — 3 fay/maL??, (3.133)

where the ratio p, which is a divergent quantity, cancels out. It remains to compute
my. The latter can be extracted in the pseudoscalar channel from the effective meson

mass a0
Megt(xo) = Zl (%) ~ my. (3.134)

For large values of xp and T — x¢ the effective meson mass is expected to exhibit a
plateau when plotted versus xg, where the ground state dominates and no boundary
effects are present. Hence we choose as best estimate of my the value of meg at xg =
T /2. While corrections are exponentially suppressed, in the limit of infinite physical
time extension the two masses coincide.

The definitions given so far in this subsection can be easily extended to HQET. We
introduce the boundary operators

a® z
Ot = Ezc}xqu (), (3.135)

O = 3ZC1 )5 h(2) (3.136)

and the . = 0 component of the static-light axial vector current?

AV () = V() 0¥ Y, (x) (3.137)

It is not necessary to define an equivalent of P(x) in the effective theory, because

V()0 sy, (x) = =W (x) sy, (x), due to Py, = y,. We can now define the cor-
relation functions

SR (x0) = _%<A(s)tat(x)ﬁhl>stat7 a<x<T-a, (3.138)
1
et = —E(ﬁﬂlﬁm)stat, (3.139)
8
a _ _
M) = —55 X (GIEBEO)E,0)%8@)m. (3.140)
X1,X2,Y,2

It is clear that 3" and f;'* have a physical meaning similar to fa and f; respectively.
The meson state is now made of a static quark and a light antiquark. The correlation

3This operator has already appeared in egs. (2.51). Here we reintroduce it in order to preserve the
self-consistency of the discussion.
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function {‘h in turn involves a static quark and a static antiquark in the valence sector.
If we carry on the analysis of the correlation functions for large physical xo and T — x,
as we have done for the relativistic QCD correlators, we end up with

1
Al (xp) ~ —§h<0,0]A(S)tat\O,B)e’ES‘a‘XO, (3.141)

1
it e Shlem Bl (3.142)
with h = (0,Blig)/(0,0]ip), and the state |ig) has the quantum numbers of a pseudo-
scalar static-light meson with zero momentum. Furthermore Ej; is the binding energy
of the static-light system, and the static-light pseudoscalar decay constant ®* can be
defined as

O~ —ZR AT /2) /4] f (3.143)

One may be tempted to identify &% with the (naive) static limit of the r.h.s. of
eq. (3.133). However, it would be wrong, because one has to take care of the depen-
dence on the renormalization scale introduced by Z3, and of the necessary matching
coefficient as discussed in Sect. 2.6. The relation between the two decay constants will
be given in the next chapter, after the discussion on the renormalization of the correla-
tion functions in QCD and HQET. As for my, the quantity E, can be extracted from
the effective energy

1 V(xp—a)) (3.141)
Eeff(.X()) = Zln (W ~ Estat . (3144)

3.5.2 Improvement

In Sect. 3.4 we pointed out that, in order to achieve the O(a)-improvement of the
desired correlation functions, the supplement of the action with appropriate countert-
erms may not be sufficient. One has also to use improved fields. As for the action,
an improved field is given in terms of the originally (unimproved) field ¢ (x) and an
additional counterterm ad ¢ (x)

¢ (x) = 9(x)+ado(x). (3.145)

The counterterm is a linear combination of basis fields with mass dimension dim(¢) +
1, which have not been included in the lattice action, and have the same lattice sym-
metries as ¢ (x).

We start with Ag, and, by using the field equations to reduce the number of basis
fields, we are left with the continuum basis

_ <—
Oa1 = Ve, ¥5{Do+ Do}y, , (3.146)
Orp = myg, ¥5%0Yq, » (3.147)
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Since the counterterm associated with &4 » amounts to a renormalization of Ag, we
discuss it in the next subsection. We thus conclude that

SA0(x) = CA%(VO +VE)P(). (3.148)

In the static approximation the improvement of A{* is achieved by starting from the
continuum basis

Oan1 = VDo, (3.149)
Oan2 = ngo}’s Vi (3.150)
Oan3 = VYD, (3.151)
Oahs = Wﬁﬂ’ﬂs /A (3.152)
Oahs = MYV, - (3.153)

We observe that 04,1 vanishes because of the first equation in (3.109), and O p, 3
breaks the U(1) symmetry of the static approximation, because it is not invariant under
the transformations (2.41). One of the remaining three operators can be omitted, be-
cause it can be expressed in terms of the other two by means of the light quark equation
of motion. We thus neglect 04 j, » and notice that & , 5 is again a term which amounts
to a renormalization of AJ". It is discussed in the next subsection. The improvement
counterterm of the time component of the static-light axial current is thus

SASL( ) — stat 1 — V.4 V), 3 154
0 (x) =cy 2‘/’1( it j)?’ﬂ’S‘lfh- (3.154)

The form of this counterterm is the same for all static actions, which have been con-
sidered. However, the improvement coefficient ¢{*' depends on the chosen action, and
must be determined consequently [29].

The boundary fields appearing in the correlation functions defined in the previ-
ous subsection need to be improved too. The counterterms can be reabsorbed in the

renormalization of the fields and are discussed in the next subsection.

3.5.3 Renormalization

Since we want to relate the bare quantities computed on the lattice to physical observ-
ables, we need to define a renormalization scheme. Furthermore we want to reach the
continuum limit, by decreasing a/L and keeping fixed the ratio T'/L and the physical
length of L, with a rate proportional to a>. The bare parameters must thus be scaled
to satisfy these requirements, and it is technically advantageous to employ a mass-
independent renormalization scheme. In the plane of the bare parameters we define
the critical line

my = me(go) , (3.155)
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where the physical quark mass vanishes*. It allows to define the subtracted mass
mq = mo — M. (3.156)
We then define a modified bare coupling and bare quark mass

&5 = g6(1+bgamy), (3.157)
fitg = mq(1+ bmamg) (3.158)

where the b-coefficients are functions of g(z), and let gy and mq be O(a)-improved.
Along the critical line the modified coupling coincides with the ordinary one. It is then
natural to define the corresponding renormalized quantities as

gk = 8024 (85, am)., (3.159)
mR = MiqZm(85,au). (3.160)

Another important point is that, in the scaling of the bare parameters required to reach

the continuum limit, the modified coupling is tuned such that it scales independently
of the quark mass. Similarly for the modified bare quark mass mg4, which is scaled by
a factor dependent on apt only.

We extend this procedure to the renormalization of the local field ¢(x). Besides
the improvement counterterms considered in the previous subsection, it is natural to
include a factor of the form 1+ b(g%)amq, thus getting a renormalized field with the
expression

O (x) = Z4 (85, ap) (1 + byamq) P (x) . (3.161)

Since the renormalization condition is imposed at zero quark mass, the coefficient by
does not depend on the details of Zy.

Let us now apply this scheme to QCD by considering the composite fields (3.119,
3.120). The renormalized and improved axial density and time component of the axial
current are given by

(Pr)(x) = Zp(g5,ap) (1 + bpamg)P(x), (3.162)

(AR)o(x) = Za(&5) (1 +baamq){Ao(x) +adAo(x)}, (3.163)

while the renormalized boundary field (g has the form

Cr(X) = Z¢ (85, ap) (1 4+ beamg) § (x) (3.164)

4 As it will be clear in the next chapter, the critical line is not unambigously defined in a regularization
without chiral symmetry. It depends on the exact definition of the quark mass.
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and the other boundary fields are renormalized similarly. The renormalization factor
Zx has no scale dependence. This is a consequence of the fact that the renormalization
condition of the axial current can be fixed by imposing a continuum chiral Ward iden-
tity, which is locally valid. It is now straightforward to write down the renormalized
correlation functions

[fa(x0)lR = Za(1+baamq)ZF(1+beamg)* fA (xo) , (3.165)
with  fA(x0) = fa(x0) +casa(ds + ) fo(xo), (3.166)
[fo(x0)]g = Ze(1+bpamq)Z¢(1+bgamg)* fo(x0) , (3.167)
[filg = Z¢(1+bgamg)*fi . (3.168)
Here we have used the lattice derivatives
ouf(x) = {f(x+ap) - f(x)}, (3.169)
dif(x) = {f(x) = flx—a)}. (3.170)

In a mass-independent renormalization scheme the renormalized version of the static-
light axial density A§™ (x) can be written as

(A0 () = ZE (& ap) (14 b%am) (AT () +aBAT (). (3.171)

As for QCD, the renormalization factor Zifat can be written as a function of g( instead
of go in the quenched approximation. Nevertheless the dependence on the scale u
remains, because in the heavy quark sector of HQET chiral symmetry is not present
at all. Furthermore Z3{* depends on the used action. We can now write down the
renormalized and improved correlation functions

3% (o) R = (1+adm) 0/ Z3 (1 4+ b3 am)Z¢ (1 + bamy)

X Zt (1 + bramy) f3 (x0) | gm0 - (3.172)
with 3% (x0) = 3% (x0) — 2(SAL (x) O stat (3.173)

(A% e = (1+adm) /23 (1 4 byam)?
X Z2 (14 bram;) £ sm—o (3.174)
[ 1hh(x3)]R = (1+adm) /" Z} (1 + bpam)* {1 (x3) |smeo - (3.175)

We finally remark that, both in QCD and in HQET, the renormalization factors and
the improvement coefficients of the boundary fields do not need to be computed. In the
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next chapter we introduce only observables, which can be obtained from functions of
the renormalized correlators, where these terms cancel out. The same considerations
apply to the factors which are powers of (14 adm). They will drop out in all computed
observables, and we will implicitly set dm = 0 from now on.



Chapter 4

Combining HQET and relativistic
QCD

4.1 The Step Scaling Method

The evaluation of the Bg meson properties represents a challenging problem for lattice
QCD. The difficulties arise from the presence of two largely separated energy scales.
One of them is the heavy quark mass (m, ~ 5 GeV), while the other one is given by the
typical QCD scale Agcp, which is of the order of a few hundreds of MeV. The light
antiquark mass is of the order of the latter, and, by borrowing the language of HQET,
the light antiquark belongs to the light degrees of freedom!.

An accurate simultaneous treatment of these two scales would require the ability
to simulate a very fine lattice to resolve the propagation of the heavy quark, and, at
the same time, a large physical volume to correctly accommodate the light degrees of
freedom with negligible finite size effects. Such a computation, even in the quenched
approximation, is unfeasible with the present computational facilities.

The recourse to an effective theory is a natural approach to the problem. In this
context HQET represents a promising way to solve it. Another kind of approach,
which keeps the relativistic QCD Lagrangian in the form (3.92), is the Step Scaling
Method (SSM) proposed by the authors of [7]. Here we show how to combine the two
methods in such a way that we can exploit their respective advantages.

Let us explain the basic ideas of the SSM. We consider an observable O'(E}, Ey, L)
depending on two different scales E; < E},, and computed on a lattice with physical
extension L. It is easy to identify Ey with the heavy quark mass, and E; with the
QCD scale mentioned above. Since the light scale is kept fixed in physical units in all

IWith this choice of valence quarks, the most common in the literature about the subject, the cor-

. . =0 L .
responding ground state meson is the B, =5sb. However, thanks to the invariance of the action under
charge conjugation, we will keep for the meson the notation By throughout the following.
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simulations, we can simplify the notation, and just write &'(my,L). The computation
of the observable using the SSM is based on the identity

ﬁ’(mh,Ll) ﬁ(mh,LN) ﬁ(mh,Loo)

O(my, L) = O(my, L :
(mh, Leo) (rmn, O)ﬁ(mh’LO) O (my,Ly—1) O(my,Ly)

4.1)

Here L is a volume small enough to allow to simulate with a lattice cutoff much larger
than my, where the latter can match its phenomenological value. Clearly the motion
of the light antiquark is squeezed in such a box, and the following steps perform the
evolution to bigger and bigger volumes until L., is reached. Ideally, the latter is an
infinite volume; in practice, it is a box large enough to let consider negligible the finite
size effects affecting &'. One in fact reaches the situation where the last ratio

ﬁ(mh,Lw)

lmn,Lo) 4y s 42
ﬁ(l’l’lh,LN) ( )

is consistent with unity within the numerical precision 0. In other words, one has
reached a physical situation, where a measurement of & is no more sensitive to changes
of the volume. The intermediate correcting factors are the step scaling functions

ﬁ(mh,L,‘)

T\, Bi) 43
O(mn,Li—1)’ 3

Ogp (mthi) =
where for the sake of simplicity we choose a fixed ratio s = L;/L;_; in all steps. The
number N and the scale ratio s of the steps are in principle dependent on the considered
observable and on the desired level of accuracy. It has been numerically shown [50, 51]
that (N,s) = (2,2) is a suitable choice for the mass and the decay constant of the By
meson. Indeed, it represents a good compromise between the computational effort and
the precision on the physical results.

The main assumption of the method is that the step scaling functions have a mild
dependence on the heavy quark mass. A total decoupling would mean that the steps
are insensitive to variations of my, as long as my, > Ei:

Op(mp,L;) ~ op(L;). (4.4)

To understand it we can get help from HQET. If we imagine a meson made of a light
antiquark and a static quark, the latter is just a pointlike source of color. The step
scaling function 6, measures the error made by computing ¢ in a volume L, instead
of L;. Indeed this measurement cannot depend on the heavy quark; only the light
degrees of freedom are squeezed. It follows that (4.4) becomes an equation. As the
heavy quark mass is made finite, one can expect that a total decoupling never takes
place, but the step scaling functions can be expanded as

(1)
N (0, T (L) 1
og(my,L;) =0, (L) + Lo +0 o) 4.5)
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Since we want to keep the discretization errors roughly at the same level in all steps,
and each of them is to be extrapolated to the continuum, we must scale the simulated
heavy quark masses according to the physical size of the involved volumes. To clarify
this point we consider again the starting volume L. Here one can simulate with heavy
quark masses around the b-quark mass with an acceptable confidence. If we move to
Ly = 2Ly and want to keep the discretization errors, which are of the order of amy,
of the same magnitude as in Ly we have to halve the heavy mass. This simply means
that we are not simulating a b-quark any more. Nevertheless the SSM predicts that the
b-region can be reached through a mild extrapolation lead by the expansion (4.5). As
one doubles the volume extension again, the heavy mass is halved once more, and the
extrapolation to the b-region becomes more difficult. One can then expect that, as the
volume becomes bigger and bigger, while the heavy quark mass smaller and smaller,
one arrives to a point where the expansion (4.5) is unreliable.

On the other side, if one computes the coefficients 62) ) (L;), for all volumes, by
using the static theory developed in HQET, all extrapolations can be turned into inter-
polations. This implies higher confidence in the approach to the b-quark energy scale
as well as increased precision in all steps. Furthermore, one can exploit HQET to di-
rectly compute some coefficients Ggl ) (Li),n > 1 in order to have a better control on
the heavy scale expansion. The combination of the SSM with HQET thus represents a
very appealing way to go about studying the heavy-light meson properties [52].

4.2 Simulation parameters

4.2.1 Action

All simulations carried out to get the results of this chapter have been performed within
the quenched approximation (cf. Sect. 3.3). The choice of the static action has been re-
stricted to the HYP2 action [29] only, which is a HYP action, as described in Sect. 3.2,
with parameters (o, @z, 03) = (1.0, 1.0, 0.5).

In an early stage of this work, simulations on a small volume (L = 0.4 fm) for the
static-light pseudoscalar decay constant have shown that other choices of the parame-
ters ¢ as well as other discretizations of the static action give results consistent with
HYP2 in the continuum limit, as we expect from universality. However, the precision
is sensibly lower, and studies on the subject [29] have shown that this pattern is pre-
served in bigger volumes too. The simultaneous employment of several actions does
not pay off under the point of view of the statistical precision, because whenever all
data share the same gauge configurations, they are found to be strongly correlated.
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4.2.2 Scale setting

In order to let lattice QCD computations be able to be physically predictive, one has
to spend as many experimental input as are the free parameters of the theory. In pure
gauge theory the only free parameter is the bare coupling gg, and each dimensionful
quantity is expressed in units of the lattice spacing. It is therefore of fundamental
importance to have an accurate knowledge of the lattice spacing in physical units.
The functional dependence of a from g is predicted in the high energy regime by the
asymptotic freedom once the scale A, appearing in the renormalization group equation
of the coupling, is known. As one enters into the low energy regime, a perturbative
evaluation of the scale becomes unsatisfactory.

The setting of the scale is thus achieved by using suitable observables, and a widely
used one is the hadronic length ry [53], whose definition relies on the force F(r) be-
tween two static color sources. To be more precise, rq is defined as the distance where

r2F(r)|y=r, = 1.65. (4.6)

The authors of [54, 55] have performed a direct computation of the ratio a/rg for
several values of the bare coupling, and they have provided a phenomenological repre-
sentation of In(a/ry) as a polynomial in f3. In fact, by choosing the ansatz

In(a/rg) = ZI’: an(p—6)" 4.7)
n=0

they have found that

In(a/ro) = —1.6804 — 1.7331(B — 6) +0.7849(B — 6)> — 0.4428(B — 6)°,
for 57<B <692, (4.8)

is an excellent approximation of the Monte Carlo results. The accuracy of a/ry in
eq. (4.8) has been estimated to decrease from about 0.5% at low 3 to 1% at B = 6.92.

For values of B greater than 6.92 the validity of parametrization (4.8) cannot be
blindly trusted any more. However, the authors of [56] have shown that one can use
the non-perturbative results coming from the computation of the Schrédinger func-
tional renormalized coupling [12, 37] and a renormalization group analysis, to obtain
a parametrization of (a/rg) as a function of the bare coupling for 8 > 6.92. The
parametrization reads

In(a/ro) = —In(Ar) — 2L In(bogd) -

— —I(g0), 4.9
2b0 2b0g% (gO) ( )
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where

0 1 1 b
I(g0) = /Og dx{B—Jr ! (4.10)

(x)  box3 _b%_x ’
B(x) = —x*{bo+b1x* +box* +b3x + ...} . @.11)

The function in eq. (4.11) has already appeared in eq. (2.62), and it is reported also
here only for reading convenience. Restricting the analysis to the four-loop expression
of B(x), the coefficients read

AL = 0.0203 bo=11/(4n)%, by =102/(4n)*,
by = —0.0015998323314, b3 = —0.0025.

With these values the uncertainty on a/ry for 6.92 < B < 7.5 can be estimated to be
2%, worsening to 3% at B = 8.5. One has to remark that the coefficient b3 is the result
of a fit, and not a direct computation.

The choice of the value 1.65 in eq. (4.6) is dictated by phenomenological potential
models, which predict an approximate value for ry of 0.5 fm. The uncertainty on the
physical value of ry is around 10%, and this is translated in large systematic errors
for the quantities converted in physical units through this scale. However, as long as
the lattice results are kept in units of rg, the precise parametrizations of eq. (4.8) and
eq. (4.9) allow to compare determinations of the same physical quantity, obtained from
different choices of the lattice setup (action, lattice spacing, volume, ...).

4.2.3 Quark masses

Since quarks are confined inside hadrons, their masses are not physical observables.
They are free parameters of the theory, and, as it happens for the gauge coupling, they
have to be determined by introducing an experimental input. In addition, there is no
universal definition of the quark mass; one is free to use the most suitable definition
for one’s purposes. We start by defining the bare current quark mass through the O(a)-
improved PCAC relation

~ ofalxo) +acadsdofe(xo) :
Mayq, = 2o (x0) T/z, with (4.12)
Xo=

1
dy = 5(86—{—80) 4.13)

Quark masses defined in this way are not affected by the choice of the kinematical pa-
rameters (L, T, 6,xp) up to corrections of O(a?). This is a consequence of the improve-
ment and of the very derivation of the PCAC relation, relying on the symmetries of the
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continuum action. The spatial components do not appear on the r.h.s. of eq. (4.12),
because they vanish under periodic boundary conditions. The choice xo = 7'/2 in
eq. (4.12) simply follows from the intention of computing the correlation functions fa
and fp with the bulk operator inserted as far as possible from the temporal boundaries,
and therefore to minimize the cutoff effects.

The coefficient cp has been computed by the authors of [45], who provided the
parametrization
1—0.748g3

: 0

(4.14)
valid in the range of bare couplings 0 < go < 1.

In Sect. 3.5.3 we have seen that the Schrodinger functional allows to define a fi-
nite volume renormalization scheme, where the correlation functions fa and fp are
multiplicatively renormalized. We exploit this property to define from eq. (4.12) a
renormalized and improved quark mass

0
Myyq, = ([)J[pf?)gx_;)])]R (4.15)
PR |

_ ZA“"‘%bA(aqu_'—am%)]m (4.16)
Zp[1+ %bp(aqu +amg, )] e
V4 +

— 2211 4 (bp — bp) L2 T A — (4.17)
Zp 2

where each equation is valid up to O(a?) corrections. At the end of Sect. 2.6 we have

introduced the RGI quark mass M, as the asymptotic behavior of any renormalized
running mass. This mass has the advantage of being scale and scheme independent,
while 7g,q, misses this property because of the presence of Zp. However, the two
masses can be related by the renormalization group equation

8 d
Mayq, = Migyq, (2b0g%) ~0/2P0 x exp {—/0 dg {% - ﬁ} } : (4.18)

Actually, there is no unique way of normalizing the mass M. One could multiply the
r.h.s. of eq. (4.18) by a factor 2, and obtain a valid mass definition. Here we choose
to comply with the conventions of Gasser and Leutwyler [57, 58, 59]. We rewrite
eq. (4.18) by showing the explicit dependence on the renormalization scale

Mgy, Za(80)
Mg,q, ([.L) ZP(gO>L)

amg, + amg,

Mqul = 2

[1 + (ba — bp) ] Mgyq, +O0(a?),

with u=1/L. (4.19)
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We can now define the total renormalization factor

M, Za(g0)
Z — , u=1/L, 4.20
(o) Mgyq, (1) Zp(go,L) w=1/ (20

such that
Mg,q, = Zn(80)Mgyq, (80) +0O(a?). (4.21)

It relates (up to terms of O(a?)) the bare current quark mass with the RGI one, and
consists of a regularization independent (but scale dependent) part M /mi, and the ratio
Za/Zp, depending on the regularization details.

A single quark mass is obtained by choosing two mass degenerate flavors q; and

92
My = Myq = Znimgq +O(a?) (4.22)

which we label as diagonal definition. Up to O(a?) it can be replaced by the off-

diagonal definitions
Myjy = 2Mgj — Mqq- (4.23)

The quantities roM, and roMy (i have the same continuum limit, even if the cutoff
effects, still remaining of O(a?), may strongly depend on the choice of the j-flavor.
It is reasonable to have a light j-flavor, in order to minimize the improvement term
proportional to (b — bp)am,;.

In addition we consider current quark masses with improved derivatives, by replac-
ing in eq. (4.12),

do — 0 (1—La3) , 950 — Ao (1 — 15a%95) - (4.24)

when acting on smooth functions these lattice derivatives have errors of O(a*) only.
Another way of computing the RGI quark mass starts from the subtracted quark
mass mq defined in eq. (3.156), and is completed by a multiplicative renormalization

My = Zpm(80)Z(80)[1 + bmamg]my . (4.25)

The renormalization factor Zy; has been computed in [12, 60] for the range of -values
[6.0,7.6101], and can be parametrized in this range by the expression

Znm(B) = 1.75540.188( — 6.0) — 0.024( — 6.0)2. (4.26)

The uncertainty relative to the regularization independent part M /i amounts to 0.9% at
pw=1/Lo=2.5fm !, while for the ratio Z, /Zp we have estimated the errors A(Z /Zp)
reported in Table 4.1. The value of A(Za/Zp) in the range 6.0 < B < 6.5 has been
quoted in [12] to be 1.1%, while the uncertainties for smaller values of the coupling
have been estimated from the errors on Zx and Zp quoted in [12] and [61] respectively.
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B [6.0,6.5] 6.7370,6.9630 7.1510 7.3000,7.5480

AZa)Zp) | 1.1% 1.0% 0.8% 0.6%

Table 4.1: Uncertainties on the regularization dependent part of the total renormalization factor Zy.

They are reported in Table 4.1 for the -values needed in our computations. The factor
Z has been defined and computed in [62], where one can read off the parametrization
1—0.9678g3 +0.04284g¢ — 0.04373g5

Z(g3) = (140.090514g3) x 10,9678
: 0

. (427

with a relative precision better than 0.04% in the range 0.8881 < g(z) < 1.0. The authors
of [63] have shown that the parametrization (4.27) can be used also for values of g%
smaller than 0.8881, but we did not exploit it in our computations. The reason relies in
the improvement coefficient by, as it explained in the following discussion.

The quantities by — bp and by, have been computed in [62], whose authors provided
the parametrizations

14 23.3060g2 —27.3712g%

ba —bp)(g3) = —0.00093g3 x , 4.28

(ba —bp)(80) 80 1-0.98332 (4.28)
1 —0.6905g2 +0.0584g

bm(g3) = (—0.5—0.09623g3) x 0 0 4.29

m(80) = ( £0) 1—0.6905g2 (4.29)

In the range 0.8881 < g(z) < 1.0 the parametrization (4.28) represents the computed data
with an absolute deviation smaller than 0.3%, and the authors of [63] have shown that
this can be believed also for smaller values of the gauge coupling, covering the ones
needed in our computations. The parametrization (4.29) describes the available non-
perturbative data in the range 0.8881 < g(z) < 1.0 with an absolute deviation smaller that
1.3%, but, as it has been demonstrated in [63], this parametrization cannot be trusted
for smaller values of the coupling. For our computations we thus decided to use the
mass definition given in eq. (4.25) only for 0.8881 < g% <1.0.

In terms of the hopping parameter k introduced in Sect. 3.2, the subtracted bare

mass (3.156) reads
1/1 1
amg = - | — — . (4.30)
d 2 <K K'crit)

For k¥ = K. the physical quark mass vanishes, as we require in our renormalization
scheme. The value of K is determined, for each choice of the lattice setup, by choos-
ing a set of k-values k; such that, after a short Monte Carlo simulation, part of the
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Figure 4.1: Linear interpolation for k.. The data refer to a lattice with § = 6.0914, L/a =10, T =2L
and 6 = 0.0. All points are statistically independent.

corresponding (flavor-degenerate) values of the bare current quark mass (4.12) are
positive, and the remaining part is negative or consistent with zero. The data are then
represented in a plot amy; vs. 1/2k;, and, for the values of amy which are closest to
zero, a linear interpolation is performed. The fitted function am;; = a; + a, /2x; usually
shows ay ~ 1, and the extracted —a; /2a; is our estimate of k. The latter can be used
as hopping parameter in a further simulation to check that the computed current mass
vanishes within statistical errors. An example is shown in Fig. 4.1. For the simulations
with the relativistic QCD action [50, 51], the hopping parameters corresponding to the
strange quark have been determined in such a way that, for each choice of the lattice
setup, one can arrange three RGI quark masses, according to the definition (4.22), lying
around the value

M, =0.1346(55)GeV , (4.31)

computed in [64], where the chosen experimental input is the Kaon mass. The de-
pendence of the computed observables on the light quark is very mild, and they are
interpolated as linear functions of the simulated light quarks to match eq. (4.31).

The results published in [50, 51] have been used to match the hopping parameters
corresponding to the strange quark, by performing a linear fit of the light quark masses
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M; = a+b/x;, and extracting the desired ks-values as ks = b/ (Mg — a), with My quoted
in eq. (4.31). These values have been used as input for the simulations with the heavy
quark Lagrangian. However, the data appearing in [50, 51], do not cover all lattice
setups used in the HQET computations. The missing values of the hopping parameters
have then been determined ex novo, by requiring the corresponding RGI quark masses
to be consistent with eq. (4.31). A list of all simulation parameters is given in App. C.

4.2.4 Improvement coefficients and renormalization factors

All improvement coefficients and renormalization factors needed to determine the sim-
ulation parameters have been presented in the previous subsections. However, they are
not sufficient to achieve the O(a)-improvement and the renormalization of all com-
puted correlation functions. Here we report the missing ingredients. The improvement
coefficient b5 appearing in eq. (3.163) has been computed [46] at 1-loop, and reads

ba(gd) =140.15219(5)g3 + O(gg). (4.32)

The renormalization factor Z4 has been non-perturbatively computed in [61], where
the rational expression

~ 1-0.8496g% +0.0610g{,

Za(02) = 4.33
A(80) 1—0.733282 ; (4.33)

has been proposed as good representation of the numerical results in the range of bare
couplings 0 < go < 1. The uncertainty associated with this parametrization is reported
for the couplings of interest in the following table.

B 7.1510 7.3000 7.5480

A(Zs) | 08% 06%  0.6%

For HQET the coefficients c¢3{*' and b3*" have been computed [29] for the static HYP2
action at 1-loop

R =0.220(14)g5+0(g5), bR =1/2+0259(13)g5+0(gg).  (4.34)

The renormalization factor Z{" for the HYP2 action has been computed by the authors
of [29], but in a range of couplings, which does not cover all our simulations. Its
computation represents part of the work of this thesis.
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Bm ™S

_ 11 _ 8

bo = (47)? do = (47)?

— 102 — 404

P Gy A= Sy

o= B |-
[65] by = ZEESPMR 4y = 3% [66)

Table 4.2: 4-loop B-function and anomalous dimension of the mass in the MS scheme. The references
are only for the highest order computations; there one finds also the references for the lower orders too.

4.2.5 Quark mass scheme conversion

Once the quark mass has been computed using one of the RGI definitions given in
Sect. 4.2.3, it is useful to translate it to the mass in the widely used MS scheme. This
is achieved through the equation

=

(m)

where § = gy5, M = My, and the expression on the r.h.s. can be evaluated with a
4-loop accuracy thanks to the coefficients reported in Table 4.2 and the result Aggro =
0.602(48) [37, 55].

3|

[
— (2b0 32 (7)) /200 — [ dg| ==L -0 435
o) e - | g[ﬁMs@ bog] -

4.3 Computation of the b-quark mass

4.3.1 General strategy

Our lattice setup is given by the discretized Schrodinger functional, as in Sect. 3.2,
with topology 7' x L3 and parameters

T=2L, C=C=0, and 6=00, (4.36)

for all correlation functions, unless stated otherwise. We first consider the case of a
finite volume pseudoscalar meson mass?

ﬁ(mh,L) = Mps (mh,L) N (4.37)

>The mass my and the lenght L are given in physical units through the scale ro defined in
Sect. 4.2.2. If more rigor is desired, one may identify the observable & with the dimensionless quantity
LMps(Lmh,L/ro).
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where my, stands generically for a heavy quark mass, whose precise definition is needed
only later. The dependence on the light quark mass, which is fixed in all volumes to the
physical strange quark mass as described in Sect. 4.2.3, has been dropped. The meson
mass is defined in analogy to the effective mass in eq. (3.134), as

f/lx(mhaL;XO - (l):|
fi(mh,L,xo +a) oL

1

Mps(mh,L) = Zln l

(4.38)

The choice of taking f /Ix around the middle of the temporal lattice is a definition which
well suits the Step Scaling Method, and aims also to reduce the cutoff effects in all
steps. It is straightforward to conclude that

mp—ny, L—o0

Mps(mh,L) = MBS(L) = MBS- (439)
0) _ (1)

In the expansion (4.5) we simply have 6,,° = I, and the first non-trivial term ;" is
computable in the static approximation of HQET. We further define

I B 1
x(mp,L) = IMps(mn L) Lo, +0 (—(Lmh)2> , (4.40)

as the natural non-perturbative dimensionless mass variable. It is given in terms of
physical observables, and there is no uncertainty deriving from a choice of quark mass

definition®. The step scaling function for the meson mass assumes then the simple
form
Mps (mn, L;)
Om(x,Lj) = ———"0_ — 1+ o%8Y(L;) - x+O(x?
m(%.Li) Mps (mn,Li—1) o (Li) X O,
(4.41)
x = x(my, L;),

and it is defined for all x,L. Our strategy for its precise numerical evaluation is to

compute ot explicitly in the static approximation, and fix the small remainder by
means of relativistic QCD data with (heavy) quarks of masses of the physical charm
and higher. In analogy to the mass (4.39) we define

1 fstat,I L,)C() —a
Fya(L) = 5-In ’S*m( ) : (4.42)
a fA ' (L,X() +a) xo=L
whose large volume limit gives
L—o
1—1stat<L) = Egtat- (4-43)

3This is certainly true once the continuum limit has been reached.



4.3 Computation of the b-quark mass 59

By considering the case L; = 2L;_ = 2L we can write a more explicit form for oy,
appearing in eqs. (4.41), that reads

Mps(my,2L) _ mn+ TG, (2L) +O(1/Limy)
Mps(mh,L) mp +F§at(L)+O(1/Lmh)
Dgat(2L) — Dot (L) 2 2
O(1/L

o +0 (1/L°my)

2L[Ttat(2L) — Dstar(L)]
2Lmy,
2L[Ttat(2L) — Tstar(L)]
ZLMPS (mh, ZL)

= 14+0%(2L) - x+0(x?), (4.44)

=1+

=1+ +0(1/L*m})

=1+ +0 (1/L*Mgs(mn,2L))

where we can identify the static step scaling function
om™ (Li) = Li[Cstar(Li) — Tstar (Li1)] - (4.45)

On the r.h.s. of the first equation in the expansion (4.44), the renormalized static effec-

tive mass Fﬁat appears. It is related to Iy, computed at 6m = 0, by

1
Tt = stat + . In(1+adm). (4.46)

However, this additive renormalization term cancels out in the following equations,
and we do not need to take care of it.

It has been shown in [50], that the choice L. ~ L, = 1.6 fm guarantees to have a
box, where lattice computations of Mpg(my, L) are affected by negligible finite size
effects. With the experimental value for the mass of the B meson, Mp, = 5.3675(18)
GeV we fix x, = 1/LyMg_, and the physical points corresponding to the b-quark are
then given by

Xy = I/LQMBS , Xi—1= ZGm(xi,Li) . (4.47)

The numerical results will have to be evaluated at these points. After performing the
steps Lo, — Ly = 0.8 fm and L; — Ly = 0.4 fm, we arrive at the small volume* Ly,
which plays a special role. Here we relate the meson mass to the renormalization
group invariant quark mass M}, defining

Mps (M, Lo)

= p O (Lo) +p M (Lo) -+ O(F). (4.48)
h

p<x7L0) =

“Thanks to eqs. (4.36) the volume can be identified without ambiguities with the spatial extension.
The adjective “small” is here referred to the smallest box where our simulations took place.
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We finally gather eqs. (4.47) and eqs. (4.48) to get the connection between the By
meson mass and the RGI b-quark mass My, in the compact form
Mg

s . 4.49
p(x0:L0) - Om(x1, L1) - Om (62, 12) (4.49)

My, =

4.3.2 The results

The computation of oy (x,L;) is performed at finite heavy quark masses around the
charm quark mass, on lattices with B = 5.9598, 6.2110, 6.4200, corresponding to
resolutions L, /a = 16, 24, 32 respectively; the continuum limits for the three heaviest
quark masses are shown in App. C.

For the static step scaling function we took the results for the bigger volume from
[1]. There the spatial extension Ly ~ 1.5 fm, and the ratio 7' /L, with T > L, is not fixed
to be the same for all values of the bare coupling. However the box is big enough to
assume L, ~ L., for a B meson, and we have

Grsntat(LZ) — 2Ll [Estat - rstat(Ll)] . (4-50)

The energy Egy is available from [1] for four values of the coupling, while Tsga¢(L1)
is computed with the setup in eqs. (4.36) for the couplings in the third row of the
following table.

B for om(x,Ly) | 59598 - 62110 6.4200 -

B for Egt 6.0291 6.2885 6.4500 6.4956 -

B for T'yae(Ly) | 5.9598 6.0914 6.2110 6.4200 6.7370

After a quadratic fit of al'g((L;) vs. B, the computed coefficients are used to interpo-
late al'gae(L) at the same values of B used for the computation of Eg,e. This makes
possible to take the continuum limit for the static step scaling function, and get

o™ (Ly) =1.561(53). 4.51)

m

Since the interpolated values of al'y, (L) are all obtained from the same set of data,
it is clear that they are correlated. However, such correlation affects the continuum
limit (4.51) by an amount, which is several orders of magnitude smaller than the error
quoted in (4.51). The static step scaling function is used to fix (within errors) the first
non-trivial term in the expansion (4.41). In practice it consists of a constraint on the
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slope of the fitting curve. For a quadratic fit, the ¥ to be minimized has the expression

Om(x(5y,L2) — 1 —bxy; —cxzi 2 ___stat 2
=Y B, L2) W00 (—b Om (LZ)) . 4.52)
- Aop (x(,-),Lg) Ao (Ly)

A correct estimate of the uncertainties has to consider the concomitant presence of the
errors associated with oy, and the ones with x. First of all, a fit with only the uncer-
tainties on Oy, is performed, dealing with them as if they were uncorrelated. Then the
correlation between the 6y,’s associated with different heavy quark masses is handled
by means of the method described in App. E. Finally the errors on x are taken into
account according to the procedure described in App. D. However, given the flatness
of the fitting curves, these corrections to the errors are found to be negligible compared
to the uncertainty on Oy, itself. For this reason also the correlation between the x’s as-
sociated with different heavy quark masses, as well as the correlation between x and
Om can be neglected. The results of the interpolation are given in Table 4.3.

The step Ly — Lo = 0.4 fm is performed in complete analogy with the previous
step. The continuum limit for the static step scaling function

oSlt(L) = 0.233(36), (4.53)

is used as constraint on the fitting curves. The results of the interpolations are given in
Table 4.3.

On the small volume (Lo = 0.4 fm) only the relativistic QCD data are needed to
establish a finite volume relationship between the pseudoscalar meson mass Mps(Lg)
and the RGI quark mass My, and consequently interpolate the bottom quark mass. First
of all a linear fit p(x,Lg) vs. x is performed considering only the uncertainties on p,
without correlation between the data. The latter is taken into account in a successive
step through the method described in App. E. Finally, with the computed slope p(l),
one adds to p the uncertainty on x and, for each point, the correlation between the
uncertainties on x and p according to the procedure of App. D:

dp OJx

2 2 (M AAN2 _~nD)
(Ap)” — (Ap)"+(p*/Ax)"—2p Mo 9Ms

(AMps)?, (4.54)

This last step amounts to a small correction to the errors, justifying the neglect of the
correlation between the x’s associated with different heavy quark masses.

The data are shown in Fig. 4.4, where the red point (asterisk) corresponds to the
interpolation at the value of x obtained from the step scaling functions with the static
constraint. The cyan point (triangle) corresponds to the interpolation at the value of xg
computed with only the data at finite heavy quark mass.

Using eq. (4.49), the interpolated value

p(x0,Lo) = 0.748(11), (4.55)
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is combined with the above step scaling functions to find the scale and scheme inde-
pendent number

My =6.879(104)GeV = mbM—s(mb’M—S) =4.416(60) GeV. (4.56)
By performing the whole analysis with only the data at finite heavy quark mass, we get

M; =6.953(108)GeV = 715 oo (7 1)

= 4.458(62) GeV. (4.57)
The conversion of the mass to the MS scheme is perfomed according to the method
outlined in Sect. 4.2.5, and the associated perturbative uncertainty can be safely ne-
glected. Starting from a precisely specified input, in our case the scale ry and the
experimental K and By masses, the result for the b-quark mass is unambiguous in the
quenched approximation.

In [67] the b-quark mass has been non-perturbatively determined in HQET, up
to and including the O(1/my) terms, by starting from ry and the experimental val-
ues of mg and of the spin-averaged mass (Mg, + 3Mp;) /4, obtaining 71, 375 (7 355) =
4.347(48) GeV. This result can be compared with our determination (4.56) even if the
experimental spin-averaged meson mass instead of the pseudoscalar one is used. These
different choices affect the value of the b-quark mass by O(AéCD / mg) The agreement
between the two determinations is evident.

Other quenched determinations of 7, 375(77, 315) are 4.41(5)(10) GeV in HQET
[68], extended to smaller values of the lattice spacing in [69] getting consistent results,
and 4.34(7) GeV from NRQCD [70]. However, if other inputs are used, one cannot
perform a real comparison because r( is only approximatively known and the quenched
approximation is not real QCD. See [71] for a recent review.
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4.4 Computation of the meson decay constant

4.4.1 General strategy

With the lattice setup given in eqs. (4.36), we consider the case where our observable
is a finite volume meson decay constant times the square root of the corresponding

meson mass
ﬁ(mh,L) = fps (mh,L)\/Mps (mh,L) . (458)
The decay constant is defined in analogy to (3.133) by

—2 [fa(mn, L, x0)]R
VL3Mps (mn, L) /[ fi(mn, L) XO:L'

fps(mp,L) = (4.59)

The renormalized and improved correlators [fa]r and [f]r are defined in eq. (3.165)
and eq. (3.168) respectively. It is worth to notice that in the definition of the decay
constant the renormalization factors and the improvement terms of the boundary fields
cancel out. In accordance with the large volume behaviour (3.133) we write

mp—myp L—o

fps(mh,L) = fBS(L) = st' (460)

The step scaling function

fes (mn, L;)/Mps(my,L;)

or(x,L;)
fes(mp,Li—1)+/Mps(mn,Li_1)

, (4.61)

with expansion
o1(x, L) = 8™ (L) + o (L) - x + O(x2), (4.62)

yields straightforwardly the connection between the finite volume decay constant and
the infinite volume one. Since the renormalization factor Z5 of the axial current de-
pends only on the bare coupling, it cancels out in the ratio (4.61). The first order
term in the expansion (4.62) is computable in the static approximation of HQET. It is
convenient to define the renormalized ratio

fztat’l (L,X())

lstat(L) = Zf‘fat(l/.u)XSF (L), (4.63)

X0 =L

Ysr(L,p) = Z3™(1/1)

where Z3™ is defined by the “new” renormalization scheme [2]. The latter is based on
the condition

731 /u) 2 =2O(L), at vanishing quark mass, (4.64)
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with u = 1/L’, and

f,SAtat,I (L/7x0)
(A (L) (L x3)] /4 ’

X0=X3 =Ll/2

[x]

(L) = (4.65)

where Z(0) (L), computed in [2], is the tree-level value of Z(L'). The lattice setup of
the renormalization scheme slightly differs from eqs. (4.36) and reads

T'=L', C=C =0, and 0=05. (4.66)

This setup is used exclusively for the computation of Z{*'. Furthermore, the values of
the critical hopping parameter needed to realize, up to O(a?), the condition of vanish-
ing quark mass, are computed along the method discussed in Sect. 4.2.3 with the setup
in eqgs. (4.36).

We now proceed to relate the renormalized matrix element Ysp(L, 1) to the renor-
malization group invariant one defined by

YRGI(L) = YSF(L,[.L) (467)

% [hog?()] 1 exp {— | M e [% - lgig] } ,

where the universal leading order coefficients of the - and y-functions are given by
by = 11/(4m)? and y = —1/(4r)? respectively. The ratio Yrg1/Ysr depends only on
H,
stat 1) = Yrai (L)

Ysk (L7 ‘LL) ,
and it has been non-perturbatively evaluted in [2] for several orders of magnitude in ,
covering all scales involved in our work. The whole procedure can be summarized by
introducing the renormalization factor Zrgy

thaLI (L,X())
lstat (L) ’

xo=L

with  Zgpgr = P (u)Z3*(1/u), u=1/L". (4.70)

(4.68)

Yrai(L) = Zrar (4.69)

The L-dependence of Yrgr does not originate from the scale introduced by the renor-
malization factor Z{', but only from the fact that the correlation functions fitat’l and

fta‘ have been determined on the volume L. Indeed, the renormalization factor Zrgp
depends only on the bare coupling. Furthermore, one is free to set L' = L. This choice
will be kept throughout the following. The RGI ratio Yrgy is related to the QCD decay

constant fpg via

fps (mn, L)+/L>Mps (mn, L)
—2Cps (Mn/ Axgs)

= Yps(x,L) = YRGI(L) —|—O(X> . “4.71)
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The function Cps(My/Ayg), which can be accurately evaluated in perturbation the-
ory, allows to match the HQET matrix element with the QCD one; through the 3-loop
anomalous dimension computed in [72], the authors of [73] provided the parametriza-
tion

£16°/200) {120,065 +0.04812 ) 2-loop 1™
Cos(x) = 4.72)

£%6°/(2b0) £ 1 —0.0687 —0.0871240.07973 1 3-loop ¥

where 1 = 1/1In (M, /Aygg), the scale Ay = 238(19) MeV from [12], and the coeffi-
cients yg S and by are the same appearing in eq. (4.67). This parametrization guarantees
at least 0.2% precision for ¢ < 0.6. The function Cpg is in practice needed only in the
small volume. It drops out in the ratio (4.61). The step scaling function for the static
decay constant, entering the expansion (4.62), is given by

(4.73)

1 Yrai(Ly)
stat (7 \ _
or (L) 23/2 Yrai(Li—1)

In this ratio the renormalization factor Zrgy cancels out. It is needed only in the small
volume. We have now all ingredients to combine the static data with the QCD ones,
and interpolate at the scale of the b-quark. The final result for fg, can be expressed in
the compact form

—2Cps(My/Ayfs)

\/LiMs,

where the interpolation points x; are computed through eqs. (4.47), and the b-quark
mass through eq. (4.49).

f, = Yps(xo0,Lo) - 0¢(x1,L1) - O¢(x2, L2) - (4.74)

4.4.2 The results

For the computation of o¢(x,L;) the relativistic data originate from the same gauge
configurations used earlier for the pseudoscalar meson mass. In the static case the
decay constant in the bigger volume

Yrai(L2) = —4.65(19) (4.75)

has been computed and extrapolated to the continuum limit in [1]. The continuum
extrapolation of the same quantity in the intermediate volume L; gives

Yrai(L1) = —1.628(19), (4.76)
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for which the renormalization factor Z3™ has been computed on the volume L;. The
results are presented in App. C. The regularization independent part of Zrgy can be
extracted from the results of [2], and reads’

(1) =0.9280(20), u=1/L;. 4.77)
These results allow to compute
of™(Ly) = 1.010(43), (4.78)

which is used together with the relativistic data as shown in Fig. 4.5 to get the results in
the upper part of Table 4.4. The interpolation procedure as well as the estimate of the
uncertainties follow the method employed for the step scaling functions of the meson
mass.

Similarly, but by extrapolating the static step scaling function to the continuum
limit rather than Yrgr(L1) and Yrgr(Lo) separately, we obtain

o2 (L)) = 0.4337(44), (4.79)

which is combined with the relativistic data to give the results in the middle part of
Table 4.4. The small volume static result

Yrai(Lo) = —1.347(13), (4.80)
is obtained by exploiting the computations of [2], from which one extracts
I(u) =0.8462(62), u=1/Ly. (4.81)
Together with the relativistic QCD data we obtain
Yps (x0,Lo) = —1.279(17), (4.82)

as result of the quadratic fit, performed according to the procedures of App. D and
App. E, of the data with the 3-loop expression of Cps shown in Fig. 4.7. For other
interpolated numbers we refer to Table 4.4. Also in this case the correction to the
uncertainties originating from x has been estimated to be negligible in comparison to
the error on Ypg, thus justifying the neglect of the correlation between the several x’s
associated with different heavy quark masses. We finally arrive through eq. (4.74) to

fs, = 191(6)MeV . (4.83)

SHere the uncertainty does not contain the error coming from I (u = (1.436r9)~"), given in [2],
because the latter factor cancels out in the step scaling function (4.78). The aforementioned error is
included in the factor (4.81) needed in the small volume.
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By performing the whole analysis with only the relativistic QCD data, we obtain
fB, = 195(11)MeV . (4.84)

As last check, the whole analysis is repeated with the 2-loop expression of Cpg, giving
results which differ from (4.83) and (4.84) by an amount of O(1eV).

Our results are consistent with other quenched determinations using the same input
parameters. The authors of [74] did a non-perturbative calculation of the decay con-
stant, by combining the results [28] in the static approximation of HQET with com-
putations in relativistic QCD with heavy quark masses around the physical charm and
slightly heavier. They obtained fg, = 206(10) MeV. An extension [1] of this work pro-
duces a more precise and still consistent result. The computations are performed in a
large volume and extrapolated to the continuum limit. Another recent non-perturbative
determination [75] is obtained by extrapolating to the b-region large volume computa-
tions in relativistic QCD. The result is not extrapolated to the continuum, but computed
at a fine lattice spacing with a~! = 4.97 GeV, and reads fg, = 206(7)(26) MeV, where
the first error is statistical and the second systematic.

As for the b-quark mass, a real comparison with other quenched determinations
can be made only if the same input parameters are chosen. For completeness, we cite
here the results of a few recent quenched computations

220(6)(33) [76],
fa,/MeV = { 220(2)(15)(T5) 771,
199(5)(*3)) [78].

For a recent review on the subject we suggest [71].
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Constraint on the slope Fit Om(x2,L)
Yes quadratic 1.0330(11)
Yes linear 1.0319(11)
No quadratic 1.0258(21)
No linear 1.0276(22)
Constraint on the slope Fit Om(x1,L1)
Yes quadratic 1.0092(18)
Yes linear 1.0093(15)
No quadratic 1.0074(33)
No linear 1.0072(32)

Table 4.3: Results of the interpolation of oy, (x2,Ly) and o (x1,Ly). For the computation of the masses
(4.56) and (4.57) the quadratic fit results have been used.

4.5 Summary

The combination of the Tor Vergata strategy to compute properties of the heavy-light
mesons [50, 51] with the expansion of all quantities in HQET [19], changes extrapola-
tions in the former computations into interpolations. The upshot is a very precise and
controlled lattice determination, within the quenched approximation, of the b-quark
mass and the Bg-meson decay constant. The final result for the former is affected by
an uncertainty of 1.5%, mostly due to the mass renormalization factor. The decay con-
stant is computed with a precision slightly worse than 3%, mostly relying on the large
volume computations, which have been recently improved in the HQET sector by the
authors of [1].

The numerical results of all steps show that the interpolations are very well be-
haved. The step scaling functions for the pseudoscalar meson mass show small devi-
ations, roughly a few percents, from the static limit, and the HQET constraint on the
slope of the fitting curves allows to halve the uncertainty on the interpolated points as
well as to have a better control on the fitting parameters. All interpolated points are
consistent with the HQET predictions within two standard deviations. However the
error associated with the step scaling functions is much smaller than the one stemming
from the small volume interpolation. There only the relativistic QCD data are needed,
and their uncertainty is dominated by the total renormalization factor Zy; of the RGI
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Inclusion of the static data Fit o¢(x2,L2)
Yes quadratic 0.985(31)
Yes linear 0.977(29)
No linear 1.002(54)

Inclusion of the static data Fit o(x1,Ly)
Yes quadratic 0.4243(36)
Yes linear 0.4260(31)
No linear 0.4223(48)

Inclusion of the static data Fit Cps Yps(xo,Lo)
Yes quadratic  3-loop —1.279(17)
Yes quadratic  2-loop —1.266(17)
No quadratic ~ 3-loop —1.281(19)

Table 4.4: Results of the computation of o¢(x2,L;), o¢(x1,L;) and Yps(x0,Lo). For the computation of
(4.83) and (4.84) the linearly interpolated step scaling functions have been used.

quark mass, whose error amounts to roughly 80% of the final error on the b-quark
mass.

The step scaling functions of the pseudoscalar decay constant show an evident flat-
ness, as expected from the Step Scaling Method. In the large volume the presence of
the static point plays a important role in the precision and confidence of the interpola-
tion. This is not unexpected. The relativistic QCD data lie in a region where the heavy
quark mass is around the physical charm quark mass, and a linear extrapolation to the
b-region cannot be considered safe a priori. The pattern is similar in the intermediate
volume, where the flatness of the step scaling function is even more evident. In all but
one steps the static approximation alone gives very accurate results. The one exception
is the decay constant in the small volume, where the O(1/my,) corrections are around
5%.

The elaborated error analysis, described in Apps. C, D, E and F, ensures that our
results do not suffer from any systematic errors apart from the use of the quenched
approximation; the uncertainty of the regularization dependent quantities is taken into
account before performing the continuum limits. Small systematic errors quoted in
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[50, 51] stemming from the extrapolations in the inverse of the heavy quark mass have
been eliminated.

In order to significantly reduce the error on the b-quark mass the total renormaliza-
tion factor Zy; has to be computed even more precisely, while for an even more precise
determination of decay constant, the major issue is represented by the large volume
computations, both in HQET and in QCD.

Concerning dynamical fermion computations, the challenge in this strategy is to
simulate in a large volume (such as L;) with small enough lattice spacings, where
quark masses of around mcp,m and higher can be simulated with confidence.



Chapter 5

Renormalization of the
chromo-magnetic operator in HQET

5.1 Spin splitting

In chapter 2 we have discussed how heavy-light quark bound states can be described
by an expansion in the inverse of the heavy quark mass according to HQET. There
we focused our attention on the phenomenological implications residing in the leading
order of the expansion, the static limit. In this chapter we go further on, and inspect
the finite heavy quark mass corrections in a systematic way, by considering the mass
splitting between vector and pseudoscalar heavy light mesons.

We follow [79] and expand the mass of the ground state pseudoscalar (PS) and
vector (V) heavy-light mesons as

- 1
My :mh+A+ﬁAM)2(+O(A%CD/mﬁ), X =PS,V, (5.1)
h
where
AM% = — L) —dx)s, (5.2)
with dps = 3 and dy = —1. The details of the heavy quark mass definition are irrelevant

for the present discussion. One may think of a mass renormalized at the scale my
itself. The parameter A; is associated with the kinetic operator (2.43), and A, with the
chromo-magnetic (bare) operator (2.44)

ﬁspin (x) = Vh (x)lekl Ou ¥y ()C) = ‘/_/h (X)G'B(x) 4% (x) : (5~3)

i
The latter is responsible for the splitting

M3 — Mg = 425 + O(Adcp/mn) - (5.4)
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The parameter A, is a key quantity in HQET. It encodes, at order 1 /my, the information
on the deviations from the static limit, where My = Mpg, stemming from the spin-
dependent interactions inside the heavy-light mesons.

So far we did neither exactly specify how A, is defined and renormalized, nor
discuss the matching of the effective theory to QCD. The latter can be worked out by
following the procedure discussed in Sect. 2.6; the upshot is

M3 — Mg = 4Cinag A3 + O(Adep/m) (5.5)

where the matrix element of the effective theory!

w1 BIORSB)

appears. The renormalization group invariant operator ﬁ;}ﬁf, is related to the bare

local operator (5.3) by a multiplicative, scale and scheme independent renormalization
factor ZI%%, which depends only on the bare coupling,

ﬁs%ﬁll = Zrlslg}gl (gO) ﬁspin . 5.7
It follows that the parameter AZRGI is independent of any scale and scheme. It is an
unambiguous QCD observable, because the 1.h.s. of eq. (5.4) can be directly measured
by experiments, and the corrections on the r.h.s. vanish in the limit> my, — oo, where
also the matching factor Cp,g is unambiguous and perturbatively computable. The
latter originates from the matching between the HQET matrix element and the QCD
one.
In order to have a deeper insight into the subject, let us assume that the operator
O¢pin has been renormalized

ﬁsspin (,LL) = ernag (H) ﬁspin ) (5.8)
in a scheme S, and that the matrix element

1BIOS, W)

2 (w) =3 BB (5.9)

has been computed. The latter is related to the RGI one by
RGI /4 S 201 \1—10/2b sW o TrE)  w
_ 10/2b0 oy {_/ d B (510
Ay () = [2bogs (1)) PU e % |BS(e)  bog

"Here the state |B) is a shorthand for |0, B) defined in Sect. 3.5.1.
20r equivalently My — oo.
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where the anomalous dimension y® and the B-function in the S scheme with their
leading order weak coupling expansion coefficients Yy and by appear. The ratio (5.10)
then allows to relate the renormalization factors through

ZR O = Zag (AT /25 (1) (5.11)

The matrix element of the bare chromo-magnetic operator can be computed non-
perturbatively by lattice HQET simulations [80, 81, 82]. As stated in these references,
the major source of uncertainty is the renormalization factor Z,,, which is so far only
perturbatively known. Our aim is to compute Z,%% with high accuracy for values of
the bare coupling of interest for phenomenological applications, by starting from a low
energy regime (low (), to arrive to energy scales where the r.h.s. of eq. (5.10) can be
safely evaluated in perturbation theory. It is then clear that an accurate knowledge of
the perturbative expression of the anomalous dimension plays a fundamental role. This

is the subject of the following sections.

5.2 Definition of the renormalization scheme

Our aim is to formulate a renormalization condition for Ty, in a finite volume, which
suits the non-perturbative computation of the associated renormalization factor leflg}gl
along the general strategy of [12]. The lattice Schrodinger functional fits well our
requirements, and allows accurate non-perturbative computations in the low energy
regime as well as the evolution to very high energies. The latter can be achieved
through a finite-size scaling technique, which lets reach scales, where perturbation
theory can be used to further continue the evolution, and determine the renormalization
group invariant renormalization factor with high accuracy. In addition, perturbation
theory allows to exactly match renormalization factors computed in different schemes
in a very easy way, as explained in the next section.

For the static quarks we consider the Eichten-Hill action (3.49), bearing in mind
that one could also employ other actions of the form (3.50) without compromising the
validity of the following discussion. In the definition of Oy, the product o-B between
the Pauli matrices oy and the magnetic field By is a shorthand for

1~ o, 0
c.B®12:Zakj2—iij:( ok o )Bk, (5.12)
k.j

where oy ; = %[Yka 7j], and the B-field is related to the lattice version I*A“uv, defined in
eq. (3.88), of the gauge field tensor by



78 Renormalization of the chromo-magnetic operator in HQET

with indices ¢, j not summed over. For later convenience we report also the relation
between the electric field and the tensor Fyy:

E, = iFy. (5.14)

The lattice definition of the magnetic field represents a further motivation for the choice
of the Schrodinger functional. With any kind of periodic boundary conditions, any cor-
relation function with Oy, vanishes at tree-level. In order to avoid this, we introduce
boundary conditions inducing a non-trivial background field for which I?uv does not
vanish at tree-level. This ensures a good signal in the MC simulations at weak cou-
pling and means that a 1-loop computation is sufficient to compute the renormalization
factor up to and including O(g3).

Inspection of the operator Oy, reveals that it does not contain any light fermion
fields. This feature is exploited in the definition of the following correlation functions,
where we completely avoid the introduction of light quarks. The upshot is that for
Nr = 0 we have a pure gauge quantity, without valence quarks. In perturbation theory,
the diagrams owing their existence to Ny # 0 are of order g(z)”, withn > 1.

Another important observation is that Oy, does not mix with other operators of
the same or lower dimension under renormalization. This has been shown in [9], and
can be easily understood by surveying that all but one operators with dimension less or
equal to five, and compatible with the symmetries of HQET, trivially transform under
spin rotations. The one exception is Tgpip.

Our lattice setup is a volume of extension Lo x Ly X Lp x L3, with L, = L =T, and
Dirichlet boundary conditions inducing an Abelian non-vanishing background field as
in [24], with the only difference that here they are imposed in the 3-direction (instead
of the temporal one),

Up (x)]xs=0 = exp(aC), Uy(x)|xy=1 =exp(aC’), u=0,1,2, (5.15)

while periodic boundary conditions are kept with respect to xg,x1,x>. The temporal
coordinate is specified by xo with no misunderstandings. It is distinguished from the
very beginning in the static action, which describes static quarks propagating only
forward in time. The parametrization of the matrices C,C’ can be found in App. A. A
natural choice for the renormalization condition is then

L2(S1(x+50) Ogin(x))  L2(S1(x+£0) Opin(x))

Ziae(L) - = - , (5.16)
a8 <Sl(x+%0)51(x)) <Sl(x+%0)51(x)> 0
where x3 = L/2. The spin operator
| I + A n
Sl(X) = mwh(X)Gon (x—aO)l//h(x—aO), (517)
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is introduced in order to obtain a non-vanishing trace in spin space. It does not need to
be renormalized, because it is the (local) Nother charge obtained from the invariance of
the action under the spin rotations (2.40). There is no special reason for the choice of
S1 instead of S». Instead, if we had chosen B3, due to the symmetries of the background
field, we would end up with a vanishing numerator at tree-level. If N¢ light quarks are
present in the action, we intend the condition (5.16) with all of them having vanishing
renormalized quark mass. The latter is provided in eq. (4.22). However, in Sect. 5.6
we will see that the details of the quark mass renormalization play no role in our
computations. Furthermore the angle 6, appearing in the quark boundary conditions
(3.20), is fixed to the value —m /3. This choice is motivated in Sect. 5.6, and represents
a part of the definition of our renormalization scheme for Nf # 0.

By integrating out the static quark fields we can rewrite eq. (5.16) in a simple
form, which suits non-perturbative as well as perturbative computations. An important
ingredient is the explicit expression of the static quark propagator [48]:

Gn(x,y) = 0(x0 —y0)8(x —y) (1 +adm) =020V Wi(y, x)P, (5.18)

with
W(x,x)=1, (5.19)
W(x,x+R) =Uy(x)Uy(x+aft)...Uy(x+(R—a)t), R>0. (5.20)

Our lattice 8-functions are
S(xy)=a '8,0, 6(x)=]]8(x), 8(x)=]]8u), (5.21)
k=1 u=0
while for the 6-function we have

G(X’u) - 1, fOI'x'uZO,

(5.22)
O(xy) =0, otherwise.
It is used in combination with the property of the Pauli matrices
{O'k,Gj} :25kj7 (5.23)
to rewrite the ratio in eq. (5.16) as
S1(x+L£0) O T By (x)P -
(5164 2L)A spin (%)) = (Tr(Zo(x)B1 (%) +)>, Bi(x) = iFy3(x), (5.24)
(S1(c+ £0)8) (x) (Te(Zo(x)Py))

where the Polyakov loop operator

Pu(x) =Uu(x)Uy(x+aft)...Uy(x+ (L—a)it) (5.25)
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enters. It follows that the renormalization condition (5.16) is expressed in terms of
observables where no valence quarks appear. At the denominator we have the (traced)
Polyakov loop &, and at the numerator the (traced) Polyakov loop #, with the inser-
tion of a B field. We stress that the additive renormalization term 8m, appearing both
in the operator (5.17) and in the propagator (5.18), cancels out in the ratios (5.24), and
we do not need to take care of it. In the following, all correlation functions are intended
to be computed with 6m = 0. The trace in Dirac space concerns only the matrix P,
giving an overall factor 2, which cancels out between numerator and denominator.

We come back to our renormalization condition, and note that it is natural to use the
equivalence of all coordinates in Euclidean space to switch to the usual Schrodinger
functional boundary conditions [24], and, by using eq. (5.14), get

L(Te(P3(0)E1(x)) _ L(Tr(P3(x)Eq (x)))
(Tr(25(x))) (Te(Z3(x)) gm0

where xo = Ly/2, and E; (x) = iFp; (x). Here it is understood that one has Dirichlet
boundary conditions in time. Their exact definition is provided in App. A.

ZSF ( L)

'mag

(5.26)

5.3 Connection between different schemes

In the following it is assumed that the theory has been regularized according to the
prescriptions of the previous section, with Dirichlet boundary conditions in time. Al-
though some of the following results have very general validity, we further assume to
be working at an energy scale where perturbation theory can be applied with confi-
dence.

The scale evolution of the SF renormalized chromo-magnetic operator is ruled by
the renormalization group equation

spin spin ’

uﬁSF =YY (ggp) O (5.27)

where the anomalous dimension 7> appears. It can be expanded according to

Y (3sp) = — 8o (W + 7 Zgpt---) (5.28)

where [8, 9]:
% =3/(87%), (5.29)

is scheme-independent, and the two-loop anomalous dimension ylsF can be computed
from the one in the MS scheme

WS = (4 - By /(3274 (5.30)
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known from [83, 84], by relating the two schemes according to the following method.

In our method an essential ingredient is represented by the lattice minimal sub-
traction scheme (“lat”). The latter is defined by the requirement that, at each order
of perturbation theory, divergences are cancelled by introducing renormalization con-
stants, which are polynomials in In(aut), without constant parts. At one-loop order, the
operator in the minimal subtraction scheme is related to the bare one by

O (1) = [1 - g Yo In(a)] Opin. (5.31)

Any two mass independent renormalization schemes “a” and “b” can be related by a
finite parameter renormalization of the form [85]:

8a = 8b Xg,(a,b)(g_b)a (5.32)
ﬁsapm = Epin'xa,b(gb)7 (5.33)

where, for simplicity, we assumed that the renormalization scale y is the same in both
schemes. It follows that the operator (5.31) can be related to the ones in the SF and
MS schemes by?

ﬁsspljn(.u) = XSF,lat(glat(u))ﬁ;gtm(u) (534)
O (1) = ts (@10t (1)) Ol (1) (5.35)

with the expansion
Xop (8) =1+ xeflb) g+, (5.36)

which lets us write the one-loop relation between the SF and MS schemes as

mny (1)
Zsems — Xska AMSlat (5.37)

Thanks to eq. (5.32), we write down the relation between the couplings as

1) .
Zgp = xgng’ Xs= Xg (SFMS) = 1+Xg§ )gi/[—SJr.... (5.38)

where for the precise definition of the renormalized coupling in the SF scheme we
refer to [37]. The scale dependence is usually indicated by ggr(L) and gy(i). In
eq. (5.38) it is implicitly assumed that g = 1/L. The renormalization group function
B, governing the scale evolution of the coupling, and the anomalous dimension of the
chromo-magnetic operator in the SF and MS schemes are related by

B (ggr) = { B (ayis) o5 | , (5.39)

agMS Snis=8ws (&sp)

ySF<g‘SF>:{W‘S(g‘m)+BMs<gm>%lnxSF,Ms<gm>}_ - (540)
8Ms

Evis=8ws (&sp)

3A more rigorous notation would require gy, instead of gj,. However, we keep the latter to be
consistent with the literature on the subject.
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We now work out eq. (5.40) by exploiting the perturbative expansion of the - and
Y-functions, and in particular eq. (2.62),

e 0+ 78+ 0(ES0)) = i {10+ A5+ O}

0
-3 =2 ) 4
s (b0 +018hs) 5 0 {14+ 4 isToas +O&hes) |

= Zhs {0+ N85 +0Ekss) |
1 _ 5 53

1 = 4

+8yis (b0 + b183z5) -2

We divide both sides of the equation by géF and, through the Taylor expansion, obtain
the relation valid up to O( gél‘st)’

_ _ _ MS - _ _ 1
N+N G = (Trs/8ep) {Yo - Y?“ngm} (e gﬁF)ZboxéF{M—s

(5.38) (1) (1)

(122 '8y {7 +7MSng} (Znis/25e)2b0Xsr s

NS D\ - 4 1
= o+ (}’Ns — s )) Zis+ (géﬁs/gép)%o%él:)’m-

We subtract Y to both sides of the last equation, and then divide again by géF, getting

7 =1 = 02" + 20 s (5.41)

where we again used the relation (5.38) between the couplings. Therefore, the two-
loop anomalous dimension in the SF scheme can be extracted, through the exact re-

lation (5.41), from the one in the MS scheme, if the one-loop relation between the
(1) (1)

couplings, i.e. Xy and the one-loop relation between the schemes, i.e. Xsp wige Are
known. The former has been computed in [86, 87], and reads ’
1
1) = ——(cro+criNe), c1o=1.25563(4), c;; =0.039863(2),  (5.42)

4r
the coefficient by = (11 — %Nf) /(167%) is known from [3, 4], while ¥ appears in
eq. (5.29). Since* Flynn and Hill provided in [88]:

1
%%Jat =0.3824(3), (5.43)
(1)

inserting it in eq. (5.37), we recognize that the only missing ingredient is Ygg .- To
the computation of the latter we dedicate the rest of the chapter.

4We warmly thank Jonathan Flynn for clarifications on this result.
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5.4 Perturbation theory in the SF scheme

5.4.1 The gauge fixed action

One of the pillars of perturbation theory consists in fixing the gauge. This is necessary,
because after having performed the saddle point expansion around the induced back-
ground field, the resulting minimal action configuration is found to be unique only up
to gauge transformations. Indeed, once that a point on the gauge orbit of the minimal
action has been chosen, the perturbative study amounts to parametrize the infinitesimal
fluctuations around this minimum. However, not all of them are genuine physical field
fluctuations. The gauge fixing procedure separates the latter from the infinitesimal
gauge directions.

The following discussion is carried out in pure gauge theory, because the minima
of the action are determined by the pure gauge theory alone, and the quark fields only
play a secondary role.

The lattice Schrodinger functional is invariant under all gauge transformations £
leaving the boundary fields W and W', defined in eq. (3.34), intact. It has been demon-
strated by the authors of [24] that this condition is satisfied only by the gauge functions
that are constant and diagonal at the temporal boundaries, i.e.

Zm, atX() - 07
Qx) = (5.44)
Zm s atxo =T,

with z,, = exp(27im/3), and some integer numbers m and m’. These gauge func-
tions form a group, that we call 4. Nevertheless, not the whole group is relevant for
the gauge fixing. The constant diagonal gauge functions Q(x) form a subgroup of 9,
which is isomorphic to the Cartan subgroup C3 of SU(3), and trivially act on the back-
ground field. In addition, there are no further transformations with this property [24].
This group can be left out, and survives as a global symmetry of the theory. The group

which needs to be fixed is thus
¢ =49/Cs, (5.45)

and it can be simply identified with the m’ = 0 component of 9.
In an arbitrary but small neighborhood of the background field V, the gauge fields
U may be parametrized by

Up(x) = exp(goaqu (x))Vu(x)
— {14 00 () + 5B O [ul). 540

where the lattice vector fields g, (x) form a linear space, which we name .77, and
whose spatial components respect the constraints

qr(0,x) = qx(T,x) =0, (5.47)
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while the temporal components are defined for xo € [0,7) and we leave them uncon-
strained. The condition (5.47) guarantees that U satisfies the boundary conditions
(A.13) once V does. The inner product of two vector fields g and r is given by

(q,r) = —2a4z tr{qu (x)ru(x)}. (5.48)
X

The gauge fixing function that we are looking for is a linear mapping from 7 to %,
where the latter is the Lie algebra of ¢, consisting of all fields @(x), such that the
infinitesimal transformation

Q(x) = 1 - goo(x) +0(g5) (5.49)
belongs to . We thus introduce the operator

d: Ly— I, (dw)y(x) =Dyo(x), (5.50)

where the covariant derivative Dy, and its backward correspondent D}; act according to

Dy o(x) = [Vu (o +af)Vy " (x) - w(x)} 7 (5.51)

D o(x) =

Q==

[a)(x)—VN_](x—aﬂ)w(x—aﬁ)Vu(x—aﬂ)} . (5.52)
Analogously, d* maps any vector field g € ¢ onto an element of % such that
(d*q, 0) = —(g,dw). (5.53)

According to [89], the desired gauge fixing function has to vanish on the background
field and has to be non-vanishing on the gauge modes dw. These requirements are
fulfilled by the function

F(U) =d'q, (5.54)

which lets us write the gauge fixing term for the action as

Set[B,q] = %(d*q,d*q)- (5.55)

At this point a remark upon the boundary conditions on the fields ¢ is due. A careful
analysis of the authors of [24] shows that it is useful to formally extend the time com-
ponent go(x) of the lattice field to all points with xo = —a and xo = T, thus allowing to
write on the whole lattice

d*q(x) = Djiqu(x). (5.56)
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Besides eqs. (5.47), one has to specify the boundary conditions for the component g.
It is worth to express them in momentum space; we exploit the fact that all fields are
periodic in space and perform the Fourier transform

qo(p,x0) = Y e P*qo(x), (5.57)

and decompose it in a basis of the Lie Algebra of SU(3)

q0(P,x0) = Go(p,x0)1“ . (5.58)

The basis I used in all our computations can be found in App. A. With our choice
of the background field we have a mixture of Dirichlet and Neumann boundary condi-
tions

go(p,—a) = 0,ifI“c Czandp=0,

1 bound
’ OWEr boun ary‘ 86678(p,xo)\x0:0 = 0, otherwise,

(5.59)

’upper boundary‘ 96 44(P,X0)|xg=r = 0.

The associated Fadeev-Popov ghosts ¢ and ¢ can be seen as infinitesimal gauge trans-
formations, except that they obey the Fermi statistics. The corresponding action is
given by

Srp[B,q,c,¢] = —(¢,d"6.q), (5.60)

with d.¢ denoting the first order variation of ¢ under the gauge transformation gener-
ated by c. We expand it to order g(z), and get

Ocqu = Dyc+goAdgyc

1 1
+ [EgoaAdqu+E(goaAdqu)%... Dyc, (5.61)
without summing over (. The boundary conditions for the ghost fields can be obtained
analogously to the gluon fields g. The analysis performed in [90] reveals that, after a
Fourier transform as in eq. (5.57) and a group decomposition as in eq. (5.58), one is
left with

5 (p,x0)|xy=0 = 0,if " € C3andp =0,

| bound
’ ower boun ary‘ & (p,—a) = &*(p,0) = 0,otherwise,

(5.62)

’upper boundary‘ ¢(p,T) =0,

and similarly for .
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5.4.2 The total action

After having fixed the gauge, we are ready to write down the gauge fixed functional
integral in a form suitable for our perturbative computations. We gather the fully im-
proved action (3.92), the gauge fixing term (5.55) and the Fadeev-Popov action (5.60)
into the total action

Stot[b7q7c_ac7wa Il]] = Simpr[U7lI_/a ll/] +ng[baQ] +SFP[b7QaC7C_] ) (563)

where it is understood that U and ¢ are related by eq. (5.46), and the b is defined
in egs. (A.20). We now perform a change of integration variables in the functional
integral; we relate the measure D[U| appearing in egs. (3.37), to the measure

Dlg) = [T dg}(x), (5.64)
xX,U,a
by
D[U] = Dlgle 5" = D[g]{1+0(g5)} . (5.65)

The additional contribution to the action stemming from this change of variables is
thus of O(g(z)), and, since in our computations the action is needed only up to O(go),
we can neglect it from now on. The explicit form of the Schrodinger functional then
reads

# — [ DlgDIEADIIDFID[y]e 5. (5.66)

We consider now an observable &, consisting of a product of gauge links. An eventual
dependence on the quark fields is not discussed here.The situation looks like the one
discussed in Sect. 3.3; the difference is that here we want to find out a path integral
expression, which suits a perturbative evaluation. We keep the quark determinant re-
sulting from an integration over the quark variables, and write down the expectation
value for & as

(0)6 =~ [ DlgDlADIDFDIy] o 5. (5.67

We expand & in a series of go:
(0)6 = 6 +50(6")6+85(0%)6 +0(3). (5.68)
very simple to write down, thanks to eq. (5.46) and the fact that &' is just a product of

link variables. It is important to bear in mind that the term ¢ contains the product
of n gluon fields. In turn, the action can be expanded according to

Stot = St + goSt) + €352 +0(g3).- (5.69)
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(-2)

Actually, there should also be a term proportional S~ coming from the gluon action.
However, such a term depends only on the background field and not on the integration
variables appearing in the functional integral, and it drops out in eq. (5.67). It is then
straightforward to write down the expansion

S — |1 oSyl (35002 S ) +ole| e 3. 50
With this expression we can now write the expansion of the expectation value of & as
()6 =00 +g[(0Py— (oD [si]] ) |+0@H. 6D

(0)

where ()¢ means that the expectation value is computed using the action S,/ instead
of the complete one. Furthermore there are no terms of order gg or gg, because they
would involve an integral over an odd number of gluon fields, and vanish. The brackets
[|F indicate that the quark fields have been integrated out as in Sect. 3.3. Finally we
mention that the term containing St(;t) appears only because of the presence of a non-
vanishing background field.

5.5 Expectation values of Wilson loops at one-loop or-
der

5.5.1 Parametrization of the observable

Our aim is to gather all necessary steps for the computation of the expectation value
of an arbitrary Wilson loop at one-loop order in the Schrodinger functional scheme, in
a way which suits its numerical implementation. We bear in mind that in the end our
observable is a Polyakov loop with, eventually, the insertion of a clover operator. Due
to the space-time locality of such an observable, it will be advantageous to compute
the gluon loops in x-space, while the tadpole contributions are proportional to the zero-
momentum gluon propagator.

To achieve this, we parametrize the loop by a starting point x(start)

and an ordered
list £ of length /. The entries of the list are directions [.Lf ,i=1,...,0. These directions
take non-zero integer values between —4 and +4. An electric plaquette in the (03)
plane is thus parametrized by (= (34 —3 —4). Clearly the loop is closed if and
only if each integer appears as many times with the + sign as it does with the — sign,
modulo L/a for the spatial directions. The latter is a consequence of the spatial periodic
boundary conditions. It means that if we have a lattice setup with L/a = 4 and the path
is parametrized by (= (3 3 3 3), the latter specifies a closed loop. We normally drop

the 7 in ,uf since we will be dealing only with one path at a time.
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The sequence of points the loop goes through is obtained as follows:
xD) = ybstar) D — 0 gy =1, 0—1. (5.72)

i = sign(u) ],/u\\ are unit vectors pointing in the four + directions of the lattice. Here
and throughout the following, the temporal direction is indicated by |u| = 4. This
choice is motivated by the necessity of indicating through the index pt the forward and
backward direction also in time. For any unspecified notation we refer to App. A.

At tree-level, the expectation value of the Wilson loop is

I4
WAV] = [TV (x1). (5.73)
i=1

In general, for any 4-vector we introduce negative-index components

P-pu=—"Pu- (5.74)

Because of the way the path is parametrized, for any link variable we introduce nega-
tive-index components by imposing®

Up(x) =UT (x+af),  ¢4(x)=—¢*,(x+aft). (5.75)

The Fourier representation is defined for all i as follows:

1 . .
gia(x) = 73 L e Pt g (p, xp) (5.76)
P
where
qz (p,X()) = qﬁ” (PaXO - a5u+4,0) s (577)
and
1 ifu=4
. i(pet9a(x0))/2 if u==k
i6,(p,xo,1t) e 1
e _eip o2 gy = g
~1 ifp=—4
= sign(u) (6%4 +(1- 5|“74)ei(p“+¢“(x°))/2) . (578)

With these notations we have
(g (p,x0)qy (P’ ,y0)) = Sb,aL35p+p’,0DTlu\|v| (P> %o, Fo.v) » (5.79)

where Xo ;, = xo — a5ﬂ+470, and analogously for yg y.

>Compared to eq. (5.58) the twiddle on the color components of the gluon field is dropped. We keep
this notation also for the ghost and quark fields throughout the following. The color index a always
appears as an index, unless specified otherwise.
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5.5.2 Single gluon radiative corrections

In this subsection we deal with the perturbative corrections associated with the term
0 in eq. (5.71). We consider separately two contributions

6@ = ¢ | () (5.80)

We observe that our observable is nothing but the product of link variables. To compute
02 we expand each link U according to the parametrization (5.46), and keep, for
each link variable, the terms up to order go. The gluon fields g, are decomposed as in
eq. (5.58) to stress the color structure. We then contract the gluon fields and express
the contractions in terms of gluon propagators. Each contraction is multiplied by the
trace of the product of two SU(3) matrices I and several V matrices. The latter would
coincide with the identity matrix if there was no background field. The order of the
matrices is determined by the contraction and by the path defining the observable. In
this way we obtain

14 l ) ,
tr{W;Za)}:Z“l y tr{q(-’)WZ(j aj|i 67)q " WAj' o7 oj)}, (5.81)
J=1j=j+1

where we have used the cyclicity of the trace and the shorthand

g9 = gy, (xV). (5.82)

If we now consider for each gauge link only the terms quadratic in gg in the parametri-
zation (5.46), we obtain for & (2b).

V4
(W} = % Yo (g, ) w1} (5.83)

which is 1/2 of the term j = j’ on the r.h.s. of eq. (5.81). We also need the notation

1 —sign(y;
1 sien(u)

= > : (5.84)

and forn > 1,
ni=1+mod(n—1,¢). (5.85)

We can now formulate the definition

/ Wiv], if j+o0j+j+0oyando;=0,
Wij ojlj’ oy) = (5.86)
Wy(j+0;— j +o0y), otherwise,
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that invokes the parallel transporter along the loop from xU) to xU):

L, if j=j,
Wij—J) = H{ SV ,uz) if j < j, (5.87)

s Mi Vix ‘ sHMi) s mwyj>j.

V6O ) TS VO ), i >

One then finds
1& & ¢ D 4y i6s(—pald)
<tr{W—' - L_ Z Z Z Zelp le ( 7x() 7/‘1]) eled(fpax() nu'j’)
J=1j=j+la=1p

x tr{Qg'(Nj7ﬂj’)}D|aujHuj,| (P;X(()j) —asuj+4,oéx(()j : _asu‘j/+4,0> 5 (5.88)
Q) ) = I'Wi(j 0l o) I*Wi(j' o5lj 6)). (5.89)

We introduce the propagator completely in x-space,

1 ip-x 6 10 (—
AZv(X;XO,yO) = BZp:ele el a(pvx(h”) el a( p,y()7V)
x Dfyyjv) (P50 — @by 143y0 — adya) | (5.90)

which lets us now write

(20) { 4 8
(r{W;™ }o = Z, _Z Z,tr{Q“ My b))}

1
AZ;#, (x\V) —x(j/);x(()j),x(()j)), (5.91)
8
(e {W*}y = %Z tr {II°W; V] ZA (0;x8 V). (5.92)
) a=1

5.5.3 Tadpole contributions

In this subsection we deal with the one-loop terms stemming from St((}t) in eq. (5.71),
with the improvement coefficients set to their tree-level values. They are commonly
referred to as tadpole contributions, and they owe their existence to the non-vanishing
background field. Let us first write & (1) more explicitly

tr{Wﬂ } = Z tr{qp, (x (7)) Wi V]}. (5.93)
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The three contributions coming from the order gg in the expansion (5.70) of the action
are explicitly given in eq. (6.120), eq. (6.123) and eq. (6.127) for the ghost, gluon and
quark cases respectively. They enable us to find the formal expression®

(tr{Wq }Stot Z ZZO‘* uo) Ty (uo), (5.94)

a=1pu=1 ug

with

14
a(10) = U WAVI) Y sign(a) (84 (1~ e 141
=1

1D (050,35 — a8y 40 | (5.95)

and
T/.?(”()) = Tﬁ,gluon(uo) + Tﬁ,ghost(uw +NfTﬁ,quark(”0) . (5.96)

Since Tﬁ’ vanishes for u = 4, due to CP-invariance, and for the color indices a different
from 3 and 8, due to the structure of the vertices, we can rewrite eq. (5.94) as

(WL ZZ{ (u0) T (o) + 0, (o) T,f(uo)}, (5.97)

=1 up

and exploit the explicit expressions for the tadpoles T} given in Sect. 6.3.

5.5.4 Improvement

In order to be able to reach the continuum limit with a rate proportional to (a/L)? our
observable needs to be improved. Since there are no operators of dimension 6 with
the same symmetries of Ofpiy, non-vanishing at one-loop order, and with no valence
quarks, the improvement amounts to compute the additional contributions stemming
from the volume and boundary counterterms in the action. From the discussion ex-
pounded in Sect. 3.4 we infer that the counterterms proportional to ¢s and ¢ vanish,
because the background field is purely electric and our observable does not involve
relativistic fermion fields. The volume term for the quark action has been taken into
account since the very beginning, through the term proportional to c§33. The one-loop
expression of cgy 1s not needed. It amounts to a correction of order gg to our ob-
servable. Analogously for ¢. Inspection of eq. (3.94) reveals that the counterterm
proportional to the one-loop expression of ¢ leads to a correction to our observable of

®Due to the notation employed in this section, the component T} of the tadpole corresponds to 7jj' of
Sect. 6.3.
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order gﬁ. The only contribution which one needs to take into account comes from the

(1)

boundary counterterm of the gauge action (3.93) proportional to ¢; ’. It is convenient
to express the corresponding counterterm in the form

(w3880 ) o, (5.98)

where 65( t) reads [91]

3
3oty = 754" Ll 0.0)~gl0. ~alfsnCy) +sinr), 599

and the parameter 7, defined in eq. (A.16), is non-zero only for a non-vanishing back-

ground field. The coefficient ct(l) depends on the flavor number [37, 87]:

¢V = ~0.08900(5) +0.0191410(1)N;. (5.100)

The explicit expression of (5.98) can be computed similarly to the tadpoles, and reads

3

(e Wi 18800 o %cfl)[sin(Zy)—i—sin(}/)]tr{ISWZ[V]}ZMZJ(, (5.101)
k=1

with
; 2
Mz, =) sign()) <5|u,-|74+(1—5u,, Je~i98(15")/ ) (5.102)
Jj=1

: (Dzlu (0.0,35" — aya0) = Dy (0.7 — a,xg” — a5u,+40>)

where we exploited the fact that / 8 and the background field are diagonal, and that
B=Dp.

5.5.5 Summary

By collecting the results of this section, we obtain that the expectation value of the
O(a)-improved Wilson loop at one-loop order is given by

(i {Wiho = WilV]+ g3 ({tr (W Yo+ (W o

(W ysiho — (w1 }85(0) o)

The one-loop computation of the Polyakov loop with and without insertion of the
clover leaf operator defined in Sect. 5.2 has been performed with the Matlab code

(5.103)
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WLINE described in chapter 6. The tadpole loops do not depend on the observ-
able, and they have been computed and stored on a file. The tadpole contributions
(tr{Wz(l)}St(;t)m have then been computed with very little effort. The improvement
counterterms are needed only for the Polyakov loop with operator insertion, and their
computation is cheap too. The most time consuming computation is the one of the
gluon propagator.

In order to give an idea of the computational cost, for Ny = 2 and lattice discretiza-
tion with L/a = 48 the computation of all diagrams and improvement counterterms for
the Polyakov loop with insertion of the clover leaf operator has been carried out in 2
weeks on a PC, equipped with a single processor Intel Pentium 4 with 2.6 GHz. The
scaling can be approximated with a polynomial in L/a, and is asymptotically domi-
nated by the highest power, i.e. (L/a)?.

5.6 Two-loop anomalous dimension and cutoff effects

In perturbation theory the renormalization factor of the chromo-magnetic operator in
the Schrodinger functional scheme can be expanded as

Z5F (80,L/a) = 1+ Zinag(L/a) g3 +O(g3). (5.104)

At tree-level it is one, as a consequence of the definition (5.26), while the 1-loop coef-
ficient Zr(nlgg contains a logarithmic divergence. It is hence natural to decompose it in

a constant term, a logarithmic divergent term, and other terms vanishing in the contin-
uum limit

Zinag(L/a) = X5t — W0In(a/L) +O(a/L). (5.105)

These last terms may be written as a linear combination of the form [41]:

1 o
Z Z ¢on- (a/L)"In’(a/L).
{=0n=1
After having implemented the O(a)-improvement as described in Sect. 5.5.4, the sec-
ond sum starts fromn = 2.
In view of a non-perturbative computation of the renormalization factor, we define
the step scaling function

Z5h, (2L
»SF (u,a/L) = Znag (2L) (5.106)
y Zae(L) |
g L)=u
at vanishing renormalized quark masses. The continuum limit
lim E50 (u,a/L) = oy (1), (5.107)

a/L—0
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Figure 5.1: One-loop contribution Zggg(a/L) to the quenched step scaling function of the chromo-
magnetic operator.

conveys the variation experienced by the renormalized operator ﬁssplfn(u) when the
scale u is changed by a factor of two,

ﬁsspljn<‘u> rigg(gSF( ))ﬁsspljn( ,Ll), H= 1/L (5108)

The step scaling function (5.106) may be expanded in perturbation theory

=S (u,a/L) = 1+ Eing(a/L)u+O(u?), (5.109)

where the one-loop coefficient is given by

mag( /L) mag(ZL/) mag(L/) (5.110)

whose continuum limit is proportional to the one-loop anomalous dimension

lim £iy(a/L) T

| 5.111
a/L—0 10 n< ) ( )

The deviations of 3y, from the continuum limit oy, are referred to as cutoff effects,
and they can be expressed in the form

£5F(.0/L) ~ 085, (1)
e/l ==

= 81(a/L)u+0(u?), (5.112)
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Figure 5.2: One-loop order of Zy,, after removing the logarithmic divergent part. The plotted points
referto L/a > 6.

with the one-loop order given by

81(a/L) = Shag(a/L) — In(2). (5.113)
Here 0; can be expanded according to its Ny-dependence,
61(a/L) 25170(61/L)+Nf61’1(a/l,). (5.114)

The computation of §; provides important informations upon the cutoff effects affect-
ing the step scaling function. The results are expected to be of guidance also for the
non-perturbative simulations, at least in the weak coupling regime. The latter are dis-
cussed in the next section.

In Fig. 5.1 the one-loop contribution zfégg is shown for the quenched case. The
lattice discretization ranges from L/a = 4 to L/a = 24. It means that at the finest
lattice we computed Zr(nlgg(ZL/ a = 48). The green squares and the magenta diamonds
show the one-loop contribution to the step scaling function with and without O(a)-
improvement counterterms respectively. The agreement of the continuum limit with
the prediction (5.111) is evident, as well as the effect of the O(a)-improvement.

In Fig. 5.2 the one-loop order and O(a)-improved term ZIﬁQg, after subtracting the
logarithmic divergent part, is shown for the quenched case. The lattice discretization
ranges from L/a = 4 to L/a = 48. The extrapolated result represents our estimate of

xé;)’lat for Ny = 0.
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Figure 5.3: One-loop contribution Zggg(a/L) to the step scaling function of the chromo-magnetic

operator in the Ny = 2 case.

The computation with Ny # 0 requires, additionally to the quenched case, the inclu-
sion of the quark tadpole contributions. At this point two remarks are due. The first of
them stems from the observation that the action now includes Ny mass degenerate light
quarks, and our renormalization condition (5.26) is intended at vanishing quark mass.
The latter appears at tree-level in our computation of the quark tadpoles, which already
are one-loop contributions. Therefore we can fix the mass to zero at tree-level for all
lattice discretizations without compromising the improvement described in Sect. 5.5.4.
Other choices may be of interest when the comparison with non-perturbative compu-
tations is desired. The second remark concerns the phase factor 8 appearing in the
quark boundary conditions (3.20). For the computation of the quark tadpoles we take
0 = —m /3. This choice is motived by the requirement of having a real renormalization
factor ernl;g. According to the analysis of [92], the discrete symmetries of the QCD
Schiodinger functional, with the boundary conditions specified in App. A, predict that
this can be achieved in eq. (5.26) only through the choice 6 = —x/3.

The one-loop contribution to the step scaling function in the Ny = 2 case is shown
in Fig. 5.3. Colors and symbols have the same meaning as in the quenched case.
The effect of the O(a)-improvement is evident, as well as the fact that, in comparison
to the quenched case, the cutoff effects are much bigger. Quantitatively, this can be
understood by looking at Table 5.1.

The term ZI(]Qg, where the logarithmic divergent part is subtracted, is shown for
Nt = 2 in Fig. 5.4. There, only the O(a)-improved points are plotted.
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Figure 5.4: One-loop order of Zimag, With Ny = 2, after removing the logarithmic divergent part. The
plotted points refer to L/a > 6.

The continuum limits, including the estimate of the uncertainties, are performed ac-
cording to the method described in [47], with Matlab routines provided by Ulli Wolff.
The roundoff errors are modelled by assuming that, in double precision, the rounding
amounts to a relative uncertainty of order 10~'# for the results at L/a = 4. This is
compatible with the check on the average plaquette described in Sect. 6.4.1. As in
[47], we assume that the errors grow proportionally to (L/a)?, and we treat them as
a normally distributed superimposed noise, independent for each lattice discretization.
The upshot is that the roundoff errors are negligible compared to the systematic un-
certainties. Another source of error has roots in the improvement coefficient ¢;, whose
one-loop expression is given in eq. (5.100). However, our observables show a very
low sensitivity upon variations of ¢; within the quoted errors, and the latter can thus be
neglected.

The continuum limit for the step scaling functions, both for Ny = 0 and for Ny = 2,
is in agreement with eq. (5.111) within a relative systematic error of O(lO_5 ). The
continuum limit for the one-loop connection between the SF and the lat schemes gives

xé;)lat =0.3187016(1) —0.027448(1)Ns. (5.115)
This results can be combined with )(% lat’ appearing in eq. (5.43), to get
1 1,0 1,1
Xspis = Xsps * Lspmse (5.116)
%s(;:’(ﬁ)fs = —0.0637(3), xé};;)d—s = —0.027448(1), (5.117)
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L/a 6&10(a/L) 81 1(a/L)
4  -0.000116 0.036731
-0.000236 0.013742

8 -0.000165 0.005791
10 -0.000106 0.003026
12 -0.000072 0.001876
14 -0.000051 0.001296
16 -0.000038 0.000956
18 -0.000029 0.000738
20 -0.000023 0.000588
22 -0.000019 0.000481
24 -0.000016 0.000400

Table 5.1: Lattice spacing effects of Ly, at one-loop order.

and finally, through eq. (5.41),

7F = —0.00236(4) —0.003513(2)N; + 0.000232N7 . (5.118)

The error is dominated by the uncertainty on X% lat’

gauge contribution. Of course also the coefficient in front of the Nf2 contribution has
an error, but it is several orders of magnitude smaller than the others.

which mainly affects the pure

5.7 Non-perturbative step scaling functions

In order to perform a non-perturbative study of the cutoff effects affecting Ersnlzg, and
compare them with the predictions of perturbation theory, we computed in the quen-
ched approximation two step scaling functions at weak coupling. The simulations
parameters are taken from [12], and refer to the SF renormalized couplings u = gféF =
(0.9944,1.3293).

In order to improve the statistical precision, we fully exploit translational invariance
and the equivalence of the three spatial coordinates. In other words, the Polyakov loop
is computed in the directions x, y and z, and we average over them. The gauge links
building up the Polyakov loop, but not the inserted clover leaf operator, are evaluated
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by a 10-hit multi-hit procedure, as described in [93]. It means that on the time slice
xo = L/2, each link Ui (x) is replaced by

_ [dUp(x) Uy (x)e~Scllk@)]
Up(x) = a0 (x) o SeTh k=1,2,3, (5.119)

where the integration is performed over only one SU(3) matrix and depends on the
neighboring links. Each hit consists of one heathbath update according to the algorithm
described in Sect. 3.3.

The simulation parameters and the results are reported in Table 5.2; the latter are
plotted in Fig. 5.5. The continuum limit extrapolations are performed with the ansatz

=S (u,a/L) = oS5 () +p(u)(a/L)?, u=giu(L), (5.120)

and the results are reported in the following table.

wo Oppg(u)  p(u)

0.9944 1.025(11) -0.15(53)

1.3293 1.043(12) -0.66(55)

As predicted by perturbation theory, in the quenched approximation the cutoff effects
in the weak coupling regime are indeed invisible, as long as the statistical precision is
around one percent.

The non-perturbative computation of these step scaling functions is part of a work
[94, 95], whose main result is the computation of Z}fggl and of the BZ‘S) — B(S) mass
splitting in the quenched approximation.
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Figure 5.5: Continuum limit extrapolations for the step scaling function X, .

B L/a ernljlg (gO,L/a) ZI%I;g (307 2L/a) lenlzlg(u? a/L)
u=0.9944

10.0500 6 1.3651(44) 1.3905(76) 1.0186(64)

10.3000 8 1.3514(52) 1.3924(88) 1.0303(76)

10.6086 12 1.3608(53) 1.384(12) 1.0171(96)
u=1.3293

8.6129 6 1.4727(57) 1.5116(77) 1.0264(66)

8.8500 8 1.4664(71) 1.503(12) 1.0248(95)

9.1859 12 1.4528(65) 1.517(13) 1.0438(99)

SF

Table 5.2: Results for the (quenched) non-perturbative step scaling function X3.. The simulations
have been performed with ¢, set to its two-loop value (3.101).
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5.8 Summary

The spin splitting in heavy-light quark bound states is a key quantity for testing the va-
lidity of the Heavy Quark Effective Theory, both in the bottom channel and the charm
one. Lattice computations have started in the quenched approximation, providing, so
far, results in disagreement with the experimental predictions. These computations
used perturbative estimates for the renormalization factor of the chromo-magnetic op-
erator, introducing a hardly controllable source of uncertainty.

In this chapter a practicable way to non-perturbatively renormalize that operator is
introduced. The Schrodinger functional scheme allows to compute the renormalization
factor in a low energy regime, where phenomenology directly applies, and to evolve it
to high energy scales, where perturbation theory can be safely used to finally compute
the renormalization group invariant renormalization factor. There, a one-loop connec-
tion between the SF and the widely used MS schemes is performed by exploiting exact
relations stemming from the renormalization group equations. For the latter scheme,
the two-loop anomalous dimension is known, and the here computed connection en-
ables to get it for the SF scheme too. The computation of the two-loop anomalous
dimension represents the main result of the chapter, and constitutes an important in-
gredient for a precise evaluation of the scale running of the SF renormalization factor.

In the SF scheme a renormalization condition is imposed by introducing correlation
functions, which do not involve valence quarks. In the quenched approximation, one
then deals with pure gauge quantities, which considerably simplifies the perturbative
computations. As light fermions are introduced in the action, their presence emerges
only at the n-loop order, with n > 1.

In order to have a renormalization factor with a non-vanishing tree-level, a back-
ground field has been introduced. Unfortunately, this has the disadvantage of making
the one-loop perturbative computation much more complicated than in the vanishing
background field case. These difficulties have been faced by developing a program
which automatically generates and computes the required diagrams, as well as the
necessary O(a)-improvement counterterms, for any closed loop and at the perturbative
one-loop level. Among the features of the program, it is worth to mention that, due to
the space-time locality of the involved observables, it is advantageous to compute the
gluon loops in coordinate space. The ghost, gluon and quark propagators are computed
through recursive methods. The details on those, and more, are explained in the next
chapter.

The computation of the two-loop anomalous dimension does not represent the only
one result of perturbation theory. In view of a non-perturbative computation of the
renormalization factor Zglzg for a wide range of renormalization scales, Sect. 5.6 con-
tains an interesting one-loop analysis of the cutoff effects affecting the step scaling
functions. The latter measure the variation which the factor Z5F undergoes, when

mag
the renormalization scale is changed by a factor of two. The one-loop predictions are
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expected to provide a guidance for the non-perturbative computations, at least in the
weak coupling regime. This has been confirmed in Sect. 5.7, whose results show that,
at least in the quenched case, the cutoff effects are invisible as long as the relative sta-
tistical precision is around one percent. For the unquenched case, perturbation theory
predicts bigger but still moderate cutoff effects. They may have a strong dependence
on the chosen kinematical parameters, and, unfortunately, a non-perturbative check is
still missing.

A final remark has roots in the observation that the connection between the Schro-
dinger functional and the MS schemes is achieved by exploiting as intermediate step
the lattice minimal subtraction scheme. The one-loop connection between the latter
and the MS scheme is known from the literature with less precision than achieved
here for the SF scheme; it dominates the uncertainty on the two-loop SF anomalous
dimension. As a valuable check, one may also think of performing a direct two-loop
computation in the SF scheme.



Chapter 6

The Matlab code WLINE

In this chapter we describe the Matlab code used for our perturbative computations
in the Schrodinger functional scheme. We decided to use Matlab in order to com-
bine comfortable programming, simplicity and readability of the code, robustness of
the libraries and an acceptable speed for the observables and lattice discretizations of
chapter 5.

The first section is devoted to an overview of the structure of the code WLINE in
its released version 1.0. The latter computes the tree-level and the 1-loop order of the
perturbative expansion of any closed Wilson line within the Schrodinger functional
scheme on the lattice. The section provides the necessary informations to enable the
user to compute the desired Wilson line, by specifying very few input parameters. The
generation and the computation of all diagrams, including the O(a)-improvement, are
then automatically executed. With “automatic generation” of the diagrams and the
improvement counterterms, we intend that all of them are already implemented inside
the code. Furthermore, the program has been also conceived as an ensemble of several
modules. Each propagator, tadpole, improvement counterterm or diagram is separately
accessible.

The second section deals with the free ghost, gluon and quark propagators, and the
attention is focused on the techniques used for their numerical computation. The pres-
ence of a non-vanishing background field prohibits from obtaining a simple explicit
analytical expression for them. A brute force approach would require the inversion
of big sparse matrices, and would be computationally more expensive for fine lattices.
However, clever recursive methods have been developed by the authors of [47, 90], and
they are implemented in our code. To each kind of propagator we dedicate a subsection,
which is in turn divided into three parts. The first part contains the basic definitions
and the method used for the numerical computation. In the second part we give the
necessary informations which enable to use the implemented subroutines to compute
the propagators. The third part is dedicated to the analytical proof of the recursive
method used for the computation. The user who just intends to use the program as a
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black box may skip this part in a first reading. The analytical proofs are partially based
on [96]. The computation of the propagators through the recursive method has been
successfully checked, up to machine precision, against the aforementioned method,
which involves the inversion of big sparse matrices. Further details are given in the
corresponding subsections.

The third section is mainly dedicated to the ghost, gluon and quark tadpoles. The
latter could be computed through the explicit expressions of the vertices, provided
e.g. by [91]. However, the formulae given in [97], which have been analytically proven,
are much simpler to implement and have been found to significantly reduce the com-
putational effort. To each kind of tadpole a subsection is dedicated, which is in turn
divided into two parts. While the first part contains the basic definitions, the second
one provides the necessary informations to use the implemented subroutines. The last
subsection is devoted to the O(a)-improvement.

The fourth section provides a short report on two tests of the code. The first test
stems from the simple observation, provided by Creutz in [98], that, by approximat-
ing the gluon action to be quadratic in the gluon fields, one can derive an exact and
analytical expression for the expectation value of the average plaquette just by count-
ing the number of gluonic degrees of freedom. This expression has been successfully
checked against our code. The second (successful) test consists in comparing the one-
loop results for the average plaquette and the Polyakov loops, as defined in chapter
5, produced by WLINE, with the results of the quenched non-perturbative computa-
tions, performed at very weak coupling. Finally, we remark that the aforementioned
observables have been computed for several values of the gauge fixing parameter Ay,
appearing in eq. (5.55), always giving results consistent within machine precision. The
consistency does not deteriorate when one increases the fineness of the lattice.

The fifth section briefly summarizes the whole chapter, and provides a few obser-
vations and an outlook.

We remark that throughout the chapter we work in units of the lattice spacing, and
for any unspecified notation we refer to App. A.

6.1 The automated code

The code is available on request or for download from the webpage
http://www—zeuthen.desy.de/alpha/

in the directory Internal/PT software. After unpacking the file
WLINE.tar.gz

the following directories are available:
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WLINE_LAUNCH

WLINE_SIMPLE

TADPOLES_GAUGE

TG_CONTRIBUTIONS

TADPOLE_QUARK

TQ_CONTRIBUTIONS

IMPROVEMENT

Main directory. It contains the files where the input pa-
rameters have to be specified, and a short script, which
launches the program execution.

The pure gauge 1-loop diagrams, not including the tad-
poles, are generated and computed. Tree-level computa-
tion.

Gluon and ghost tadpoles.

The contribution of the gluon and ghost tadpoles to the
desired observable.

Quark tadpoles.

The contribution of the quark tadpoles to the desired ob-
servable.

O(a)-improvement counterterms.

Inside the main directory WLINE_LAUNCH there are six files:

e topo_parameters.dat

e starting_point.dat

e wilson_path.dat

e wline_ automatic.m

e check_path.m

® generateP.m

The first of them contains a column vector of length 12, where the lattice topological
parameters and other options are specified. An example is the following

less topo_parameters.dat

© = A
ot
0]

P = O O & b
(@)
o o o o o° o
o}
c

i
lambda_0,

f !'=0 ==> Activation of the backgroung field

gauge fixing parameter
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1.0 %$1.0=Unix/Linux, 2.0=Windows

1 %0bservable: 0, 1 or 2
-1.04719755119660 %theta_angle=-pi./3
1.0 $c_sw_0

0.0 $mass_0

2 SNE

The first two parameters are easy to interpret; they specify the temporal and spatial
lattice extensions in units of the lattice spacing. The third and fourth parameters define
the non-vanishing background field according to eqs. (A.12). The latter is activated if
and only if the fifth parameter is different from zero. The exact value does not matter
at all, as long as it does not vanish. If it vanishes, the computation is executed with
vanishing background field and boundary fields C = C’ = 0. The sixth parameter spec-
ifies the gauge fixing parameter. The value given in the example, i.e. 1.0, corresponds
to the Feynman gauge. It can be used to check that the final result, consisting in the
sum of all diagrams, does not depend on the choice of the gauge. This is possible only
in the non-vanishing background field case. For vanishing background field only the
Feynman gauge is available. If another choice is specified, the execution is interrupted.
The value of the seventh parameter has to be chosen according to the kind of operating
system. The difference between Unix/Linux and Windows is for the code important
only for the way the paths are internally specified. The eighth parameter can be 0, 1 or
2 only. In the first two cases the function generateP .m is used for the computation
of Polyakov loops. If it is set to 2, it allows for a general Wilson loop. The last four
parameters are dedicated to the quark sector. They are of relevance if and only if the
last of them, specifying the number of mass degenerate light fermions involved, differs
from zero. It can also be a negative integer. The parameter number nine specifies the
phase factor 0, appearing in eqgs. (3.20). The following parameter specifies the im-
provement coefficient cg, for the fermionic action as in eq. (3.91). The penultimate
parameter corresponds to the mass of all degenerate light fermions.

In all cases, all 12 parameters have to be provided before starting the program. If
this condition is not respected, the execution is interrupted.

Let us now have a look to the file starting_point.dat. An example is

less starting_point.dat

0002

It just contains a row vector made of four integers. They specify the Euclidean coordi-
nates, in lattice units, of the Wilson line starting point with order (x,y,z,¢). Similarly
for the file wilson_path.dat, whose content can read

less wilson_path.dat
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3333

It is an integer row vector as well, specifying the path covered by the Wilson line from
the starting point. The given example indicates that the Wilson line is the product of
four gauge links pointing in the z-direction. If one wants to insert an electric plaquette,
lying on the xz-plane, in the middle of the line, it is sufficient to write the path as

3314-1-433
Translational invariance can be checked by replacing the aforementioned path by
314-1-4323S3

where, given the default starting point (0,0,0,2), the plaquette has been inserted at the
point (0,0,1,2). The file generateP .m contains the function

function [res] = generateP (option_ins)

which is used if and only if the eighth input parameter in topo_parameters.dat
is 0 or 1. According to the definitions of chapter 5, in the first case the Polyakov
loop in the z-direction is chosen as observable, while in the second case the observable
is the loop with the insertion of the clover leaf operator. In both cases there is no
need to specify the content of wilson_path.dat. The latter is produced by the
aforementioned function.

Let us suppose that the program user has chosen his Wilson line, and coherently
specified the input parameters in the three files, which have just been described. For
the computation he can consider the rest of the program as a black box; he is only
asked to start Matlab and then from the command shell write:

>wline_automatic

The user will not interact with the program anymore, no further specifications are
needed. The computation of all 1-loop diagrams, including the tadpoles, the tree-level
and the O(a)-improvement are then automatically executed, and the final result for the
1-loop expression, normalized by the tree-level, is printed out. The tree-level value is
finally accessible by typing

>tree_level

As anticipated at the beginning of the chapter, the expectation value of each diagram
is accessible:

>W2a
>W2b
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>Tad_gauge
>Tad_quark
>impr

By referring to Sect. 5.5 for the notation, the commands W2a and W2b produce as
output

(r{WPYo and (e {w )

respectively, Tad_gauge the sum of the tadpole contributions

(e WiV o

restricted to the ghost and gluon cases, Tad_quark the quark tadpole contribution

(w8t og,

and impr the sum of the O(a)-improvement counterterms
1) eo(l
(e (w880 Ho.-

Lower level parts of the computation, e.g. the propagators, can be accessed by follow-
ing the instructions of the next sections.

The file check_path.m contains a function which performs some checks at the
very beginning of the computation. In particular, it checks whether the Wilson line is
really a closed path, and whether the starting point and the topological parameters have
been completely and consistently specified.

6.2 The propagators

6.2.1 The ghost propagator
Definition

Given the expansion of the ghost action
MG
Sen =Y, 805 - (6.1)

n=0

we consider the n = 0 term, which is quadratic in the ghost fields, and reads

gh :L3 Y. ) e (=p.)F(pst, 1) (p.1). (6.2)

p .t
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Since in our computations the ghost propagator is present only in connection with the
gluon-ghost-ghost vertex, and the latter is non-vanishing only if it involves a neutral
gluon and the propagator for charged ghost fields, we need F¢ only for a different from
3 and 8, that means

Fi(p;t,1') = O 11 [2 +sa(P7t)2] — 81— Oy (6.3)
The free ghost propagator is given by

<Ca(p7t)5b(p/7t/)>0 = 5b,ELL35p+p',0Da(p;t7t/)v (64)

where D“ is the inverse of F'“. However, the computation of the propagator through the
inversion of the matrix F¢ is computationally not very efficient. A better way, which
exploits recursive relations, is explained in the following.

We fix the color index a and the momentum p, and write down the propagator
equation in momentum space with a simplified notation as

—D(t+1,t')+B(t)D(t,t') —D(t — 1,1') = §,, (6.5)
where
D(0,/)=D(T,')=0, 1<t<T-1. (6.6)
We introduce the forward solution y/, satisfying
v/ (0)=0, yv/(1)=1, (6.7)
v/ (t+1) = BO)y (1) —y/(t1—1), 1<1<T—1, (6.8)

and the backward solution I,Ub , for which
yi(T) =0, y(T-1)=1, (6.9)
vi(t—1) = By (t) —yb(t+1), 1<:<T-1. (6.10)

Both solutions can be recursively computed and stored. The forward solution allows
to compute W = y/ (T), which is finally used to compute the solution of eq. (6.5), with
boundary conditions given by eqgs. (6.6), as

- F W (P, fore <7,
D(1,¢') = 6.11)
w (' )yb(t), fort > 1.

Implementation

The implementation of the recursive method for the computation of the ghost propa-
gator can be found in the program WLINE
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as a function in
TADPOLES_GAUGE/ghost_p.m

Once one is in the directory TADPOLES_GAUGE, it is necessary to load part of the
global variables contained in file topo_parameters.dat,

load_topo_parameters_gtadpole

and initialize the remaining global variables through the command
initialization

The function computing the ghost propagator is

function [res] = ghost_p(a_su3, p)

The input variable a_su3 is an integer specifying the color index, while p is a 3-
dimensional vector specifying the spatial momenta (py, p2, p3) with py = 27n; /L and
{nr € N,ny =0,1,...,L—1}. The result is the ghost propagator (6.11) written in the
form of a square matrix with 741 rows.

Proof of the recursive method

First of all we define the function
W)=y (t+ D)y’ (0) -y e+ )y (1), 0<r<T-1, (6.12)

which we now show to be time-independent. We multiply from the left both sides of
eq. (6.8) by w”(¢) and both sides of eq. (6.10) by w/(¢), and we subtract them

YO (t+1) =y (W' = 1) = =y (O p/ (1 = 1)+ y/ )y’ (1 +1)
= W+ )Y =y e+ Dy () =/ () p (= 1) — v () w/ (.- 1)
=W(E)=W(ir—-1), 0<t<T-1. (6.13)

It is convenient to compute W(z) at t = 0 or r = T, where it assumes the simple
form W (¢) = w?(0) = w/(T) = W. The correctness of the solution (6.11) can now be
checked with a little algebra by verifying that

(6.7),(6.9) = (6.6)
(6.8) = (6.5) for t<t
(6.10) = (6.5) for t>1¢
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Fort =t we have
—D(t+1,t)+B(t)D(t,t) —D(t —1,t) =1, (6.14)
which turns out to be
1 1 1
_—wf b - f beoy .~ uf (s _ _
v (v <r+1>+WB<r>w OV (1) ¥ (= D)y =1

= oV OV ) + W OBOY ()~ y - 1) =1

(68)——fo()1// t+1)4 — v/’ Wl t+1)=1 (6.15)

and the last equation can be recognized as an identity through the explicit expression
of W given in eq. (6.12).
6.2.2 The gluon propagator

Definition

The quadratic part of the pure gluonic action takes the form
sg) 2L32p:l;0;qu —p.1)Kgy (pit,1) g (p,1) (6.16)
with
Gs.1') = 8 1[8us (p,1)° — ¢ (p.1)s] (1) (1 = A0)]
+611[2Cu 6 — Ru(Sp 10 + 6—14)] (6.17)
fo(pst,t') = iR4[6 sy (Pyt +1) — 5t—1,t’SZ(pvt/)]
—idosi(p,1)[ tz’_ar—l,t’]a (6.18)
oc(pst,1') = —Kio(pst',1), (6.19)
Go(pst,1") = Ra6y ys®(p,1) -s(p,1 +1)
+A0[26;  — 5[+1J/ —&_14]
—06; #[6:,0(1 — Xabpo) +6.7-1], (6.20)
where x, = 1 for a = 3,8 and x, = 0 otherwise, and the property

Kf, (pst,1") = Ky, (—pst' 1) (6.21)
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holds. The free gluon propagator is given by

(s (p.0)g5 (0’ 1"))o = 8, 5L 8y 0 Diiy (B:1,1") | (6.22)

where D“ is the inverse of K“. A brute force inversion of K¢ is not a very efficient way
of computing the propagator. A recursive technique can be employed. First of all we
write down the difference equation that we want to solve

Y Y kS (it ) Dl (it ) = 8,40 (6.23)

v

The case a = 3,8 and p = 0 is particularly simple, and the solution is explicitly known
Diiy(0s1.1') = § A (min(r,r') — %) if p = v =k, (6.24)

in all other cases, eq. (6.23) must be numerically solved. We fix the index a and the
momentum p, and decompose the operator K according to

Kuv(t,t/) — A‘uv(t)5[+17[/ +Buv(t)6t7t/ +Avu (t - 1)5[717[/ . (6.25)
With this expression, eq. (6.23) becomes

A[J)L (I>Dlv(t + 1at/) +Bul (I)Dkv(l‘?t/) ‘I’AL;L(I - 1)Dlv(t - l,t/) = 6,LLV6[,Z"5
with 0<r<T-1, (6.26)

and A, B and D are, at fixed time, 4 x4 matrices. The boundary conditions of the
propagator are simply given by

0iDoy (t,t') = Diy(t,t') =0, at t=0andt=T. (6.27)

We construct two solutions W/ (¢) and y”(¢) of the homogeneous version of eq. (6.26)
by a two-step recursion forward and backward in time. The forward solution y/ (¢)
starts from

Wiy (—1) = v, (0) = &y
v/, (0)= 0, (6.28)
W]{v(l) - 6/(\/

v (T)= 0, (6.29)
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where both w/ and y? are, at fixed time, 4 x4 matrices. Once one has computed and
stored them, the propagator can be expressed in the compact form

Yo (W] yh, (7)) fort <1,
Yo (W v, (t) fort >,

The Wronskian W is a 4 x4 matrix, and can be computed, after that the recursion for
v has been completed, through

Wov = Aos(0) W5y (1) + (Boo(0) +Agy(— 1)) wiy (0), (6.31)
Wiy = —Ajcy?,(0). (6.32)

For the case of vanishing background field with boundary values C = C’ = 0 the gluon
propagator assumes a simple form if the Feynman gauge, i.e. A9 = 1, is chosen [99].
For any momentum p we define the “energy” € through

cosh(e) = 1 +1p*,  pr = 2sin(pi/2). (6.33)

For non-zero momenta p the propagator of the spatial components of the gluon field
reads

1
Dyj(pst,t') = &;
k(PE1) = 8 sinh(€)sinh(eT)
sinh[e(T —t)]sinh(et’), ifr>1¢,
: : . (6.34)
sinh(er) sinh[e(T —1¢')], ifr <t
while for the time component we have
Doo(p;t,t') = !
0P E) = sinh(€)sinh(eT)
o { cosh[e(T —t) — y€]cosh(et’ + 5€), ift>1, (6.35)
cosh(e + 3€)cosh[e(T — ') — €], ift <t

For p = 0 the propagator coincides with the one given in eq. (6.24) for the non-
vanishing background field case; one just has to set g = 1 and R, = 1. The mixed
components Dy and Dy, vanish for all time coordinates and for all momenta p.

Implementation

The implementation of the recursive method for the computation of the gluon propa-
gator in momentum space can be found in the program WL INE as a function in
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WLINE_SIMPLE/gluon_p.m

Once one is in the directory WLINE_SIMPLE, it is necessary to load part of the global
variables contained in file topo_parameters.dat,

load_topo_parameters_wsimple

and initialize the remaining variables through the command
initialization

The function computing the gluon propagator is

function [res] = gluon_p(a_su3,p, lambda_0)

The input variable a_su3 is an integer specifying the color index, while p is a 3-
dimensional vector specifying the spatial momenta (py, p2, p3) with py = 27n; /L and
{ny € Nyny =0,1,...,L—1}. The remaining input variable 1ambda_0 corresponds
to the gauge fixing parameter Ay appearing in eq. (5.55). For the non-vanishing back-
ground field case, the result is the gluon propagator defined in eq. (6.23), and it is
written in the form of an array of dimension (4,4,7+1,T+1). Through the first two
indices one can access the spin structure of the propagator, while the last two indices
specify the temporal coordinates. Notice that, due to the way Matlab uses to indicate
the elements of an array as well as for convenience of programming, the diagonal com-
ponent D corresponds to res [4,4, :, : ] in the program. The same holds for the
mixed components Dy, < res[4,k, :, :1,withk=1,2,3.

If the background field is deactivated, the gluon propagator is computed only for
the boundary values C = C' = 0 and in Feynman gauge using a specific function. The
latter is internally called by gluon_p if it is the case.

The gluon propagator in coordinate space, according to the definition given in
eq. (5.90), is computed through the function

function [res] = gluon_x(a_su3,i_matrixx, lambda_0)

located in the file WLINE_SIMPLE/gluon_x.m. The input variables a_su3 and
lambda_0 have the same meaning as for the propagator in momentum space. The
variable 1_matrixx is a matrix with 7 columns, and a number of rows limited in
principle only by the amount of memory which can be allocated for the propagator
and the available computer time. In order to get a deeper insight on it, let us con-
sider the propagator AZV<X;XO7 yo) in eq. (5.90). After having initialized the necessary
global variables as in the case of gluon_p, let us suppose that we want to compute
A3;((0,0,0);2,2) in Feynman gauge. This is achieved through the call

res = gluon_x(5,[3 3 0 0 0 2 2],1.0)
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where 1i_matrixx has only one row. In turn, the function gluon_x internally calls
gluon_p and performs the required Fourier transform.

If we now want to compute A3,((0,0,1);2,2), inspection of eq. (5.90) reveals that
it is not needed to call gluon_p again. One could use the results of the previous
computation. This suggests to call gluon_x at the very beginning in this way

res = gluon_x(5,[3 3 000 2 2;3 20012 2],1.0)

It is now straightforward to extend this feature to a path as in Sect. 5.5. The input matrix
i_matrixx then contains, for fixed color index a, as many rows as the number of
coordinate space propagators one wants to compute. It is important to remark that, in
compliance with the notation of Sect. 5.5, the temporal direction is denoted by |u
4. The output is given in the form a vector, with as many elements as the rows of
i_matrixx and the same coordinate ordering. Since the computation of the gluon
propagators in momentum space is very expensive, it is clear that this feature allows to
save a large amount of computing time in comparison to a naive implementation.

There is another feature which is worth to mention. The authors of [90] noticed
that, since none of the three space directions is distinguished, there is symmetry under
permuting them, which corresponds to certain discrete rotations and reflections in spin
space. Hence one gains a factor of 6 (asymptotically on large lattices) by computing
the gluon propagator in momentum space only for the reduced set of momenta p; <
p2 < p3. Actually, a short computation shows that the number of needed momenta
amounts to

L(L+1)(L+2)
6 Y

to be compared to L* of a naive Fourier transform. The time needed to perform the
Fourier transforms is, for the observables in chapter 5, negligible in comparison to the
computation of the gluon propagators in momentum space, even for the reduced set of
momenta. Hence we found no need of employing a FFT. The function gluon_ x inter-
nally calls another function, called ppermute and located in the same directory in the
file ppermute .m, which calls gluon_p only for the reduced set of momenta, and,
through matrix manipulations optimized for Matlab and of negligible computational
cost, produces as output the gluon propagator for all momenta.

Finally, we show in Fig. 6.1 the cost for the computation of the gluon propagator
for a fixed momentum and non-trivial color, i.e. a # 3,8, in the range 4 < L < 32 and
for T = L. The expected linear scaling is evident. On a computer with processor Intel
Pentium 4 with 2.6 GHz, we found

cost in seconds = k; + koL, (6.36)

with kp ~0.011.
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Figure 6.1: Computational cost for the gluon propagator for a fixed momentum. Test performed on a
PC with a processor Intel Pentium 4 with 2.6 GHz.

Proof of the recursive method

So far we listed the basic properties of the recursive method and gave the necessary

tools to implement it on a computer. However, we did not demonstrate that (6.30) is the

correct and unique solution eq. (6.23). This is the subject of the rest of this subsection.
We start from the forward solution y/ and observe that

Ao ¥l (1) + [Boo(0) +Af(— D)]wi, (0) =0, (6.37)

which will be our starting point in the implementation of the recursive method. In fact,
together with egs. (6.28), we notice that

v=0, yh(1)=—Ag (0)[Boo(0) +Af(—1)], (6.38)
v=1j, (1) =—Ay (0)Ac;(0), (6.39)

and we have defined all components of y/ for ¢ = 0, 1. The matrix A has been checked

to be invertible for all times by inspecting its explicit expression. The invertibility holds
as long as the gauge fixing parameter Ay > 0 and the constant electric background field
does not vanish. Further, we use the following equation

AW (t+1)+BOW (1) +A (1 — Dyl (t—1) =0, (6.40)

written in a looser notation, to recursively compute l,l/f (t) in the interval 2 <t < T.
Analogously, we let the backward solution y? satisfy eqgs. (6.29) and

AP e+ 1) +BO)ywb () +AT(r— DyP(r—1)=0. (6.41)
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The latter is used to compute y’(z) for 0 <t < T—2a. We look for a solution of
eq. (6.23) having the form

v/ (U({) fort <t
vb()V () fort >t

which is compatible with the boundary conditions in egs. (6.27) and satisfies eq. (6.23)
for ¢ # ¢’ from the very construction. At =t we first require the consistency of the
solution (6.42), i.e.

v (U () =y (0)V (1), (6.43)
and then require to satisfy eq. (6.23); this can be rewritten as
AW+ 1)V (@) +BOW U@ +A Tt — Dy (U (1) =1, (6.44)
where we insert eq. (6.40) to be able to get
AP+ 1DV () =AW (t+1)U(1) =1. (6.45)
The latter equation is used together with eq. (6.43) to solve for U and V:
(6.43) = V(1) = [y’ ()] 'y (U (1) (6.46)
(6.45),(6.46) = A {y"(t+ DY ()] v/ (t) —y/ (1 + 1)}U(1) = 1
= AW+ DY O] = e+ DY )] Y (U () =1
and get
U] = AW e+ DO =+ D O] "3/ (1), (647)

| (6.46)
V@)™ =AY e+ DY Ol = v+ DY 0] TP 0). 648

With these two expressions we have determined the solution in the interval 1 <7’ <
T — 1. For ¢ = 0 we proceed as follows. With

D(1,0) = y?()V(0), 0<t<T, (6.49)
and the boundary condition Dy, (0,0) = 0 we get
Wiy (0)V2y (0) =0, (6.50)
and consider eq. (6.26) for r = 0, which is for u =0

402 (0)¥55(1)Vev (0) + [Boo(0) +Ady(~ ¥ (0)Vov(0) = &y (6.51)
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Finally we can gather eq. (6.50) and eq. (6.51) onto a the compact expression

NV =R,R;, =0, Roy = v . (6.52)
Nev = W4, (0) Now = Aoa (0)¥5, (1) + [Boo(0) + AJp(~ DI, (0).  (6.53)

The final step is the construction of the Wronskian matrix. We multiply eq. (6.40) by
[w?(1)]" from the left, and the hermitian conjugate of both sides of eq. (6.41) by y/ ()
from the right. The subtraction of the Lh.s. of the two resulting equations gives

(W (O] AW (14 1) — [y (t + D]TAT (1) /(1)
=[Pt —D]'A@— D)y (1) = W ()] AT (e = D)/ (1 — 1), (6.54)

valid in the interval 1 <¢ < T — 1. We define the 4 x4 matrix

War(t) = — (W O AOW e+ 1) + WP+ VAT W (1), (6.59)

in the interval 0 <t < T — 1, and observe that, thanks to eq. (6.54), W5 is time-
independent
War(t) =War(t—1), 1<t<T-1. (6.56)

We repeat the procedure and multiply both sides of eq. (6.40) by [w/(#)]" and then
subtract their hermitian conjugates. The result

W/ @O A 1+ 1) = [y (t + D]FAT () ! (1)
= [/ (1 = DA = )y (1) = [/ ()]'AT( = D)y! (1 - 1), (6.57)

valid in the interval 1 <7 < T — 1, implies that the 4 x4 matrix
Wii(6) = [y O A@) w/ (e + 1) = [v/ (e + DA (0)y/ (1), (6.58)

is time-independent. The same procedure but by starting with eq. (6.41) instead of
eq. (6.40) let us conclude that the matrix

Was (1) = [y ()] AW (1) = [W" (1 + DI AT () w’ (1), (6.59)

is time independent too. The matrix W;;, with Wi, = W;l , 1s the Wronskian matrix and
it is time-independent. Inspection of the explicit expression of Wi att = 0 and of Wy,
att =T — 1 reveals that

Wi =W =0. (6.60)

To evaluate W we can set t = 0 in eq. (6.55) and get

War = —[y*(0)]A(0)w/ (1) + [y*(1)]AT(0)/ (0). (6.61)
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Now we go back to eq. (6.47)

W U0 = W OIFAOW @+ DIy O] v () = [ @O A e+ 1)

OPEEY [y AT Y ()= W T A (4 1)

635w, (6.62)

We consider now eq. (6.48), and proceed in the same way

WOl vnl™ = WOrAnOy+1)
~w OFA@Y (¢ + Dy (1)) v’ (1)

I W O A e+ 1) = v 1+ D) AT v 0)
O3 i =wiy (6.63)

This allows us to write the solution (6.42) as

v Wy [wP(@)]T fore <7,
Dyy(t,t') = (6.64)

v )Wy ()] fore =1,
holding for r = ' too. Now we work out Wi, in detail

Wiz = [y/ (O)]'A(0)w" (1) - [w/ (1)]'A"(0)y"(0), (6.65)
and have a look at
Wilov = ¥5o(0)A62 (0)W5, (1) = ¥l (DAs6(0)¥7,(0)  (6.66)
(6.28)

=7 A0 (0)y7, (1) = Wi (1)A20(0) w7, (0). (6.67)

From eq. (6.37) we have that

Ao0(0)wfo (1) + Aok (0)yfy (1) + [Boo(0) + Al (—D)]wfy(0) =0, (6.68)
(6.28) = Ago(0) Wy (1) = —[Boo(0) + Ay (—1)], (6.69)

and consequently

Boo(0) + AL (—1)

Ago(0) A20(0)y7,(0). (6.70)

[WizJov = Apa (0) v, (1) +
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Since Ap(0) = 0 we have

(Wizlov = Aoz (0)w5,, (1) + [Boo(0) +Ady(— 1) v, (0) .

The last step consists in considering

Wizlew = WL (0462 (0) w5, (1) — wl, (1)As5(0) ¥, (0).

The boundary conditions on y/ let us write that

wL (1A (0)y2,(0) = Az (0)y7,,(0) + wl, (1)A20(0) ¥, (0)

and from eq. (6.37) we have that

A0o(0) W (1) +A0;(0) Wix (@) + [Boo(0) + Ady(— 1)y, (0) =0,

which can be simplified by using again the boundary conditions on y/:

0
Ao (0) W3 (1) +Ag(0) = 0 =y (1) = —ﬁiﬁiioﬁ :
This lets us write
Wishy = ~AuO)¥,0) + 520 A0(0¥4,(0

A0(0)=0
=TT —A 00w, (0) + Aok (0) i, (0)

= _Ajk(o) Wj"v (O) :

6.71)

(6.72)

(6.73)

(6.74)

(6.75)

(6.76)

(6.77)

If we now rename the matrix Wi, simply W, we demonstrated that (6.30) is solution

of eq. (6.23).

6.2.3 The quark propagator
Definition

We introduce the Fourier transformed quark fields according to
— 1 ipX
W(th) = Eze W(p7t)7
P

1 DX
W(X7t) = Ezelp W(p,t)7
p

(6.78)

(6.79)
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whose representation in momentum space is used to express the free part of the quark
action as

1 ™ / /
St =75 LY v(-p.0)D(m:t, )y (p.t), (6.80)

P it

where D is the improved Dirac-Wilson operator, including the mass term, at lowest
order in go. It is diagonal in momentum and color space for the background field under
consideration. It can be written as

D(p;t,1) = —P &1y ‘|‘B(P+J)51,z’ —P o1y, (6.81)
where the matrices Py are defined in App. A, p,j = pr+ 0/L, and the matrix B reads

1 , 1 .
B(p,1) = 4-+mo— ¥ | (1+We PV (1) + 5 (1= eV (1)
k

+iHW Y Y- (6.82)
k

The matrix H is proportional to the tree-level value of cgy, and is diagonal in color
space with the elements
1
Hoa = — 5 sin . (6.83)
The propagator S is the inverse of the Dirac-Wilson operator,

Y D(p;t,t")S(pst" 1) =6, 0<1,'<T, (6.84)

t//

and is pseudo-hermitian,

vsS(pit.t')ys = S(pit' 1), (6.85)

as well as the operator D. The boundary conditions are given by
P.S(p;t,t')[i=0 = P-S(p3t,')|i=r =0, (6.86)
S(p;t,t\P_|—g = S(p;t,t' )Py |y—r = 0. (6.87)

The computation of S by a brute force inversion of D can become computationally
very expensive for fine lattices. We prefer to proceed in analogy to the ghost and gluon
cases, by fixing the momentum p, and by constructing the solutions of the homoge-
neous equation by forward and backward recursion. We call these solutions y/ and
v’ respectively; they are 4 x 2 matrices, and satisfy

Y D(r.t" )W/ (1) =0, Pyl (0) =yl (0)=0, (6.88)

Y. D(t,/ )Wty =0, Py’ (T)=vy"(T)=0. (6.89)
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The recursion is simpler than in the gluon case, because here one has to solve a first
order difference equation. To see this, we define

FIP@)y =Py (t)+ Pyl /P —1), (6.90)
which enables us to write the homogeneous equation as
[B(t)P. — P_JF//P(1 4 1) + [B(1)P_ — PLJF/ P (t) = 0. (6.91)

Once the forward and backward solutions have been computed, the quark propagator
can be constructed through

wﬁ(r)ﬂw"}(tt’ 73/5 fort <1,
Oy ()]s fore >t
S(t,t") = - (6.92)
=N W oy v
+yl ()Y Ty ()]s fore =1
The 2 x2 matrix ¥ can be computed from
7 =y () sy 0). (6.93)

Implementation

The implementation of the recursive method for the computation of the quark propa-
gator can be found in the program WLINE as a function in

TADPOLE_QUARK/quark_p.m

Once one is in the directory TADPOLES_GAUGE, it is necessary to load part of the
global variables contained in file topo_parameters.dat,

load_topo_parameters_gtadpole

and initialize the remaining global variables through the command
initialization

The function computing the quark propagator is

function [res] = quark_p(p,theta_angle,csw_0,mass_0)

The variable p is a 3-dimensional vector specifying the spatial momenta (py, p2, p3)
with py = 27ng /L and {ny € N;n, = 0,1,...,L—1}, theta_angle specifies the
phase appearing in eqs. (3.20), csw_0 is the tree-level value of cg, entering in the
improvement counterterm to the fermion action defined in eq. (3.91), and mass_0 is
the quark mass according to eq. (6.82). The output is the propagator (6.92) in the form
of an array of dimension (3,7+1,7+1,4,4). Through the first index one accesses the
color structure. The propagator is diagonal in color space, and that index selects the
diagonal elements. The second and third indices refer to the temporal coordinates ¢
and ¢’, while the last two indices specify the Dirac structure.
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Proof of the recursive method

We now show that (6.92) is the solution of the difference equation (6.84). We proceed
in analogy to the gluon case, and, first of all, look for a solution of the form

v/ (t)NT(t')ys fort < t',
S(t,t') = (6.94)
v ()N (¢))ys fort >t

To determine N/ and N? we exploit the pseudo-hermicity of the propagator given in
eq. (6.85), to get

N (@) =V Iwb )], NP =7 Ty () (6.95)
We now inspect eq. (6.84) fort’ =1+ 1,
PSt+1,t+1)=—P.St—1,0+1)+B()S(t,t+1). (6.96)
The identity
B(t)S(t,1+1) = B)(P- + P )y! (1) 7 [y (e + 1) s, (6.97)
together with the forward version of eq. (6.91) in the form
B(t)(Py +P )W () =Py (t+ 1)+ Pyl (1 1), (6.98)
let us rewrite eq. (6.96) as
PSt+1t+1) =Py (t+ )7 [y’ +1)]"ys, (6.99)
Analogously, we inspect eq. (6.84) fort' =1 —1,
PS(t—1,t—1)=—P_S(t+1,t—1)+B()S(t,t—1). (6.100)
The identity
B(1)S(t,t —1) = B(t)(P+ + P )y (1) V" [y (1 = 1)] "5, (6.101)
and the backward version of eq. (6.91) in the form
B(t)(Py —P )Y (t) =P yP(t + 1)+ Pyt 1), (6.102)
let us rewrite eq. (6.100) as

PSt—1,—1) =Pyl -1V [y/(t—1)]%. (6.103)
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It is now clear that egs. (6.99, 6.103) prove the correctness of the solution (6.92) for
t =1'. Tt remains now to determine the explicit expression of ¥". First of all we notice
that the pseudo-hermicity of the propagator implies the following useful relations

v )7y 'y = w2 ()7 vl ()]s,
v () Yh 0] s = vh ()7 Tyl ()]s,
and we then proceed by checking that the equation
=yl =)W O B+l = D7 Y () %
(D)7 Y O] s = v e+ )7 Tyl (0]
holds for a <t < T. We write down eq. (6.84) forr =1/,
L= —y2 e+ )7 W O s —wl = )7 Y (0] %
+B(0) {wL O W O s+ v 07 W 0] 5
and multiply it by P_ from the right

P = =y e+ )7y @04 s — vl = )7 W (04

+8(0) {v/ ()7 v ()" + w2 (07 v/ (0] s

Then we observe that

B Lyl ()7 WL )] s + v (07 Twl (0] }

(6.105)

= BO)(P-+PO)V ()7 v, (0]

6.98
02 {wf(t+1)+l/f t—l} Wl ()]s,

which yields

Po=—y (t+ )7 Iyl (0 s+ vl (c+ DY [yl )] .

B() {y (7 L ()] s+ w0 WL 01 s |

(6.104)
(6.105)

(6.106)

(6.107)

(6.108)

By multiplying eq. (6.107) by P, from the right and proceeding analogously, we get

P =yl (= )Vl @) s+ v = 1) 7 Wl (0] .

(6.109)
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It is now very easy to see that egs. (6.108, 6.109) imply eq. (6.107). The next step
consists in showing that

W (= D] syl () — v/ ()] syl —1) =0, (6.110)

holds for 1 <z < T. First of all, we demonstrate that the 1.h.s. is time-independent. We
notice that

B(t) = %[B(t)]" 1, 6.111)

and write the forward homogeneous equation in two equivalent forms

B @)=y (t+1)+yl (1), (6.112)
W/ O [B@)]T = vl 4+ D) + [yl = 1)) (6.113)

We multiply the first equation by [y (¢)]7¥s from the right

W O BBOW () = W O sy (4 )+ [y (0wl (1)
5% S}

CL 1yl (OB s (1)

2 L+ 0 s )+ [l = D) s (),

© ®

and by noticing that [l//'i]% vl = [/ l//'j’;, we have that the equation ® — & =
@ — © reads

W/ (=D syl () = v/ O Byl (- 1) (6.114)
=W/ ()] syl (+1) v/ (+ D vl (),
which proves that the Lh.s. of eq. (6.110) is time-independent. Furthermore we ob-

serve that, due to the boundary condition I/JJ{(O) = 0, it vanishes at t = 1. The time-
independence implies that eq. (6.110) is valid in the whole interval 1 <¢ < T.
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We multiply eq. (6.106) by P, from the left and by y/(t — 1) from the right
Poyl(e=1) = —yla— D7) sy (-1)
Y =Dy O syl (- 1)

(6.110)

=yl - D7 WO s (- 1)
A AUZAGNEI0

(6109 —wi( DY (O] v (t — 1)

+1;/+ ~ )Yl (e — DTy (1)

= vl {0y O- Oy - 1
and conclude that

= yh (= D] syl () - W () syl (- 1), (6.115)

or equivalently
T = [ O vl (= 1) — [yf (= D] 92 (1) (6.116)

Finally we show that the r.h.s. of the above equation is time-independent. To achieve
that, we multiply eq. (6.102) by [w/(¢)]"y5 from the left

W () B () B 1y (O syl (+ D)+ [y @O syl (1), ©6.117)
and eq. (6.113) by y5y”(¢) from the right

W O BEv ) = [ @ BBV (@) (6.118)
O2 1yl (4 1 sy () + [l (e — 1] v (),

and subtract them. It follows that
W/ O] By (+ 1) + [y () syl - 1)
=W+ DI sy (0 + [yl = D sy ()
= [y (+ D] syl () + [y (= D sy (1),

which can be rewritten as
O syl —1) — [y (= D" sy’ () (6.119)

= [/t + D"yl (1) = [w/ ()] w2 (1 + 1),
and shows the time independence of the r.h.s. of eq. (6.116). The latter, due to the
boundary conditions, becomes particularly simple for t = 1, that is the expression in
eq. (6.93).
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6.3 Tadpoles and improvement

In this subsection we provide the definitions relative to the tadpoles as well as their
implementation in WLINE. It is important to stress that if one wants to compute sev-
eral observables, it is not necessary to compute the tadpoles for each of them. The
tadpole loops Ti,, . (o), T 00 (u0) and T, (uo) do not depend on the observable,
but only on the kinematics. They can thus be computed and stored. Then, for each ob-
servable, the tadpole contributions can be calculated according to the formulae given
in Sect. 5.5.3. This latter computation is much cheaper than the tadpole loops.

The last subsection is devoted to the O(a)-improvement counterterms. Under the
point of view of the theory, there is nothing to add to Sect. 5.5.4, and we describe only

the Matlab implementation.

6.3.1 Ghost tadpole
Definition
The O(go)-term of the perturbative expansion of the ghost action is given by

Sé}} = La Z Sp+r+q) ) Y (6.120)

pP.p .9 S0,f0,u0 U
Y (=P 50)F{ (0P, 4: 50,10, 10)c” (—P. o) 4, (—q, o)

a,b,c

where Op indicates the periodic delta function, i.e. the delta function modulo 27, and
F 1s the gluon-ghost-ghost vertex, whose explicit expression is readable e.g. in [91]. It
enters in the ghost tadpole, formally given by

T ghost (40) =3 Z Y. ) Fi(q,—q,0;50,10,u0)D (g3 10,50) (6.121)
q so,lp ¢

which is non-vanishing only for u # 0 and @ = 3,8. The non-vanishing components
can be computed through [97]:

T host (H0) L3Zchcasm qx + 0c(u0)| D (q; ug, up) . (6.122)

Implementation

The implementation of the ghost tadpole according to eq. (6.122) can be found in the
program WLINE as a function in

TADPOLES_GAUGE/ghost_tadpole.m
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Once one is in the directory TADPOLES_GAUGE, it is necessary to load the global
variables,

T L eta nu

contained in file topo_parameters.dat, through the command
load_topo_parameters_gtadpole

and initialize the remaining global variables through
initialization

The function computing the ghost tadpole is

function [res] = ghost_tadpole ()

The output has dimension

size(res) = 2 3 T+1

The first index refers to the color; if it is 1, it corresponds to the color a = 3, if 2 to
a = 8. The second index refers to k, and the last one to the temporal coordinate uy.

6.3.2 Gluon tadpole

Definition

At order g¢ the gluon action can be expressed in the compact form

1 1
S(G)I@ Y Sl@+a+a) (6.123)
q1,92,493

< Y Y Y vidi(aneannn) [Tedh (-,
J

Uy, Mo, 13 11 ,12,13 ay,a2,a3

where V is the triple gluon vertex. The latter has a quite involved expression, and is
readable e.g. in [91]. It is needed to compute the gluon tadpole, which reads

T,lf,gluon Lto 2L3 ZZ Z ZVJE‘L —q,0;s0, 1, uo)D’gv(q;t(),S()) . (6.124)

q V,psoito ¢
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As mentioned at the beginning of this chapter, the tadpole is non-vanishing only for
u # 0 and a = 3,8. It assumes the expression [97]:

T gtuon (0) = _% ;;{
~Cace¢§(a,0) Y- (D5 (a0, 0) 5§ (4, 0) — D (00, 10) (. 0)
J
3o (Dialso — 10— 1) = Dig(iuo + 1o + 1))
— et (Diel@suo, w0+ 1) = Dy (qi 0,0 — 1)

—ie], {—DSk(q;uo,uo)s/i(q,uo +1) — D (q3uo — 1,u0)si(q,uo — 1)

+ (D(C)k(qéuo — Liug — 1) + Doy (@ o, uo + 1))Si(qvuo)}
i (Die(Gstto — 1,0 — 1) = D (s o, o + 1) ) (g, o)
1 1ut (Dholasuo = 1o — 1)s5 (a0 — 1)?

— Do (a0, 10)s5 (10 + 1)?)

~3Jac (DSO(q;uo — Lug — 1)si(q,u0 — 1)ci(q,u0 — 1)

+D{ (1o, u0) s (4, uo + 1) (q, up + 1)) } , (6.125)

where it is understood that at the temporal boundaries

D(p;l‘o,Vo):O, iftoorvg=—1,T+1. (6.126)

Implementation

The implementation of the gluon tadpole according to eq. (6.125) can be found in the
program WLINE as a function in

TADPOLES_GAUGE/gluon_tadpole.m
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Once one is in the directory TADPOLES_GAUGE, it is necessary to load the global
variables,

T L eta nu lambda_0

contained in file topo_parameters.dat, through the command
load_topo_parameters_gtadpole

and initialize the remaining global variables through
initialization

The function computing the ghost tadpole is

function [res] = gluon_tadpole ()

The output has dimension

size(res) = 2 3 T+l

The first index refers to the color; if it is 1, it corresponds to the color a = 3, if 2 to
a = 8. The second index refers to k, and the last one to the temporal coordinate uy.

6.3.3 Quark tadpole

Definition

We proceed in analogy with the ghost and gluon cases, and study the term of the
perturbative expansion of the quark action appearing at order go. The Wilson part
takes the form

1
Sl(zl,z’\/ilson = E Z 5P(p+pl+q)z Z (6.127)

p.p' .q K X0,Y0:20
W (—p',x0)V} (8:%0,50,20) W(—P,¥0)q (—4; 20)

with s = (p’ — p)/2. It comes together with the Sheikholeslami-Wohlert part

0)
85¢) =25 ¥ &p+p+a) LYY (6.128)

p.p'.q X0,20 M a
W (—p',x0)S;, (a0, 20) W(—P,%0) ) (—a: 20) -

It follows that the complete gluon-quark-quark vertex is given by

0
Vﬁ(plapa q; 50, %0, MO) = V‘LCLI(S;SOJ(); uO) + C£W)SZ (q;S(), u0)8so,lo ) (6129)
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entering in the quark tadpole as

1
T} quark (u0) = EZ Y Tf{Vﬁ(q, —q,O;So,toaMO)S(q;lo,So)} - (6.130)

q 50,f0

The latter is non-vanishing only for y # 0 and a = 3, 8; the explicit expression reads

Ty quark (¥0) = 6.131)

_é ZTrI“{ (isin[ock(q, uo)] — Yecos[ai(q, MO)]) S(q;uo,uo)
q

+iC§%COS(£)GOk<S(q;M0+ Liug+1) —S(q;uo — 1,up — 1)) } :

Implementation

The implementation of the quark tadpole according to eq. (6.131) can be found in the
program WLINE as a function in

TADPOLE_QUARK/quark_tadpole.m

Once one is in the directory TADPOLE_QUARK, it is necessary to load the global
variables,

T L eta nu theta_angle csw_0 mass_0

contained in file topo_parameters.dat, through the command
load_topo_parameters_gtadpole

and initialize the remaining global variables through
initialization

The function computing the quark tadpole is

function [res] = quark_tadpole ()

The output has dimension

size(res) = 2 3 T+1

The first index refers to the color; if it is 1, it corresponds to the color a = 3, if 2 to
a = 8. The second index refers to k, and the last one to the temporal coordinate uy.
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6.3.4 Improvement
Implementation

The implementation of the O(a)-improvement counterterms according to eq. (5.101)
can be found in the program WLINE as a function in

IMPROVEMENT/wline_impr.m

Once one is in the directory IMPROVEMENT, it is necessary to load the global vari-
ables,

T L eta nu back_switch lambda_0 Nf

contained in file topo_parameters.dat, through the command
load_topo_parameters_impr

and initialize the remaining global variables through

initialization

The function computing the improvement counterterm is

function [res] = wline_impr (starting_point,wilson_path)

which needs the starting point and the path describing the Wilson loop as is explained
in Sect. 6.1. The output is a complex number, and precisely the expectation value in
eq. (5.101).

6.4 Tests of the code

6.4.1 The average plaquette

We consider the unimproved gauge action
SG[U] :§ZRetr{l—U(p)}, (6.132)
p

where the sum is over all unoriented plaquettes, and rewrite the parametrization (5.46)
of the gauge links in the form

Up(x) = {14+ 0u(x) +0(c?) } Vu(x), o =0(B"1?), (6.133)

where the fields 6y, are nothing but a rescaling of the gluon fields g . In the following
we assume that the gauge has been fixed. Although the details of the gauge fixing
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are not relevant for the present discussion, one may assume that we have followed the
procedure described in Sect. 5.4.1. In the weak coupling regime we expand the action
in powers of 1/, and write the partition function in the simplified form

%:K/D[G]exp{—%ﬁGD16+higher orders} . (6.134)

Here K is an overall constant factor and D is the gluon propagator defined in eq. (6.23).
Since the integral in eq. (6.134) is Gaussian, its value is a determinant

7 =K'|D/B|'*(1+0(B~1)). (6.135)

The matrix D has the dimensionality of the parameter space after gauge fixing. In other
words, it is a square matrix with N, rows, where N, is the number of physical gluonic
degrees of freedom. Removing a factor of B from each row of the matrix, we find

2 =K'|D|'?B~N2(1+0(B7)). (6.136)

We now exploit this result to obtain the following 1-loop prediction for the average
plaquette

1 1 d
E(;Re tr{l-U(p)}) = —jvpﬁlnﬁf

1 =3B 1+0(B)) +0(B7?)
1

N, 1+0(B )
N, _
- 2N§B +0(B7%), (6.137)

where we have summed only over the N, = 3L*(2T — 1) dynamical plaquettes, and
we have kept the factor 1/3 in order to normalize the trace of the unity matrix. The
number of degrees of freedom is given by

Ng = 8[L3(4T —3) —L*(T — 1)] - v. (6.138)

The factor 8 in front stems from the fact that the Lie algebra su(3) of SUQ3) is a
real vector space of dimension 8. The first factor in square brackets counts the lattice
variables g, (x), and the second factor subtracts the gauge fixed ones. The volume term
V is given by

8, for irreducible background field,
V= (6.139)

2, for non-vanishing Abelian background field.

For irreducible background field we intend e.g. a setup as in chapter 4, with boundary
values C = C' = 0. The value v = 8 stems from the zero momentum g gluons at the
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temporal boundary xo = 0. We have eight of them, because dim(su(3)) = 8. They
obey Dirichlet boundary conditions, and are associated with spatially constant diago-
nal modes. The latter are not fixed by the gauge fixing procedure, as pointed out in
Sect. 5.4.1, and do not belong to the degrees of freedom. They just survive as a global
symmetry of the theory. For the non-vanishing background field case the situation is
analogous, with the only difference that at the lower temporal boundary we have a
mixture of Dirichlet and Neumann boundary conditions. Inspection of egs. (5.59) re-
veals that only the two gluons obeying Dirichlet boundary conditions are associated
with spatially constant diagonal modes; this implies v = 2.

In order to test the code, we have reproduced, for various choices of L and T up to
32, the result (6.137), for both vanishing and non-vanishing background field, with a
numerical precision up to 12 digits.

6.4.2 Comparison with Monte Carlo results

The perturbative results for the plaquette and the Polyakov loops with and without
insertion of the electric operator have been checked against the corresponding non-
perturbative (quenched) computations. The latter have been performed at small bare
couplings, 0.015 < g% < 0.06, setting the improvement coefficient c; to its tree-level
value. In all cases L =T =4. The 1-loop contribution for the observable &' is extracted
from the non-perturbative result (&) according to

(0Vy = 1im ((0(g}))—1) /&5, (6.140)

g3—0

where the observable is normalized by its tree-level value. The plot on the left of
Fig. 6.2 shows the case where the observable is the average plaquette. The upper
and lower plots on the right show the simple Polyakov loop and the Polyakov loop
with insertion of the clover leaf operator respectively. The extrapolation is achieved
through a simple linear fit. The agreement is found within the statistical uncertainty.

6.5 Summary

The program WLINE has been conceived as a double-purpose project. The first purpose
is to provide a program able to compute the expectation value, at one-loop order of per-
turbation theory, of any QCD Wilson line in the Schrodinger functional scheme with
vanishing or non-vanishing background field, by generating and computing all needed
diagrams and the improvement counterterms. The user is asked to specify only the
path describing the Wilson line and a few kinematical parameters. The rest of the pro-
gram can be seen as a black box, and the execution does not require any further effort
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Figure 6.2: Comparison of the perturbative results with the non-perturbative (N; = 0) ones.

from the user’s side. The second purpose is to provide a structure with several mod-
ules. Each module has its own task, and can easily be accessed and used outside the
program. Each function computing the propagators, the tadpoles or the improvement
counterterms shares with the rest of program only the necessary kinematical variables.

The presence of a non-vanishing background field precludes from finding a simple
analytical expression for the ghost, gluon and quark propagators. By starting from the
very definition of the latter, one is found to invert big sparse matrices. As a conse-
quence, the computational cost increases very rapidly with the fineness of the lattice.
A much more viable way is provided in Sect. 6.2, where recursive methods are intro-
duced. They allow to considerably reduce the computational cost, which is found to
linearly scale with the lattice extension. For each propagator, a detailed proof of the
recursive method is provided.

The non-vanishing background field is also the cause of the presence of the tad-
pole diagrams. Although they could be computed from the complete expression of
the vertices, the formulae provided by Peter Weisz allow to significantly reduce the
programming as well as the computational efforts. The tadpole loops are observable
independent. They can be separately computed and stored once the kinematics is de-
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fined. Of course, their contribution to the one-loop expansion of the desired observable
depends on the observable itself, but this last calculation is computationally not very
time consuming if the loops are already stored.

The improvement is restricted to the computation of the terms stemming from the
one-loop expansion of the boundary counterterms of the gauge action, and in particular
to the time-like plaquettes. They owe their existence to the presence of a non-vanishing
background field, and are not computationally demanding, even in the Ny # O case.

Among all tests performed to check the correctness of the code, it is worth men-
tioning the computation of the average plaquette. It is a simple test comparing the
result of the program with the predictions of the theory, in which only the counting
of the gluonic degrees of freedom enters. This kind of test can be straightforwardly
extended to other actions and choices of boundary conditions.

The program WLINE is available in its released version 1.0. Plans for a version
1.1 are already established. Apart from a few small improvements, mainly addressed
to speed up the computation, the main purpose is to remove the restriction of an ob-
servable consisting of a closed loop of gauge links, and admit a more general class of
observables, including, among others, two separated Wilson loops. In a next future,
a version 2.0, allowing for smeared gauge links, is expected to enhance the support
given by perturbation theory to non-perturbative HQET computations.
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Conclusions

The subject of the first part of this work is the combination of the Tor Vergata Step
Scaling Method, involving the relativistic QCD Lagrangian, and HQET. The final re-
sult is a very precise and controlled lattice determination, in the continuum limit, of the
b-quark mass and Bg-meson decay constant. The former is affected by an uncertainty
of 1.5%, while the decay constant is extracted with a precision slightly worse than 3%.
The meticulous error analysis attending the simulations ensures that these results do
not suffer from any systematic errors, apart from the use of the quenched approxima-
tion. Neither extrapolations in the heavy quark mass, nor other approximations on the
kinematics of the quark-antiquark pair are introduced.

The results of this study are not restricted only to these two numbers. The inter-
play of relativistic QCD and HQET shows that the static limit alone provides high
precision results, which lie very close to the interpolated final numbers, with only one
exception. The latter is the decay constant in the small volume, where the finite quark
mass corrections amount to roughly 5%. On the other side, the Step Scaling Method
is shown to be a successful and powerful tool to investigate two-scale problems. How-
ever, without the support of the effective theory the extrapolation to the b-region is
difficult to control, especially when the simulated quark masses are much lighter than
the extrapolated one.

The second part of this thesis deals with the renormalization of the chromo-magne-
tic operator, appearing at order 1/m in the HQET Lagrangian. It is the leading order
operator, in the effective theory, responsible for the spin splitting in heavy-light quark
bound states. A precise computation of its renormalization group invariant expres-
sion, along the guidelines of the ALPHA collaboration, requires in turn an accurate
knowledge of the scale running of the renormalization factor in the Schrodinger func-
tional scheme. The main result for this purpose is the two-loop anomalous dimension
of the operator, as well as a both perturbative and non-perturbative (in the quenched
approximation) study of the cutoff effects affecting the renormalization factor and the
corresponding step scaling functions. The latter measure the variation which the for-
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mer undergoes, when the renormalization scale is changed by a factor of two.

The anomalous dimension is computed by starting from the known two-loop ex-
pression in the MS scheme as well as the one-loop connection between the latter and
an intermediate scheme, the lattice minimal subtraction one. By computing the one-
loop connection between the latter and the Schrédinger functional, one ends up with
the two-loop SF anomalous dimension.

Perturbation theory, at one-loop order, and the non-perturbative simulations, with-
out sea quarks, agree with the fact that the cutoff effects associated with the step scaling
functions are invisible as long as the relative statistical precision is around one percent.
In presence of sea quarks, perturbation theory predicts bigger but still moderate devia-
tions from the continuum limit. Unfortunately, a non-perturbative confirmation is still
missing.

The perturbative computations in the Schrodinger functional scheme are compli-
cated by the presence of a non-vanishing background field. With respect to the vanish-
ing case, it introduces new diagrams and forbids to have a simple analytical expression
for the propagators. Furthermore, it requires the addition of the O(a)-improvement
counterterms in order to reach the continuum limit with a rate proportional to (a/L)>.
The problem is faced by carrying out the perturbative expansion in position space. This
yields a considerable speed-up in comparison with a momentum space computation.
This is part of the background of the Matlab code WL INE, which joins the requirements
of a robust, efficient and reasonably fast program, with a very user-friendly interface.

In an ideal to-do list, we would write the following points:

e Reduction of the uncertainty associated with the renormalization factor of the
quark mass.

e Improvement of the precision of the large volume computations both in HQET
and in relativistic QCD.

e Computation of Zrlfl% via matching between HQET and QCD. At first in the
quenched approximation.

e Dynamical fermions.

e Development of the code WLINE.

The first point has roots in the observation that the uncertainty on the final result
for the b-quark mass is dominated by the one on the total renormalization factor Zy; of
the RGI quark mass.

The second point originates from the importance that large volume computations
already in the static approximation have in a precise determination of the bottom-light
decay constant. The use of actions with smeared gauge links as well as refined fitting
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techniques [1] are helpful, but, so far, not sufficient to overcome the problem of the
degradation of the signal-to-noise ratio in the heavy-light and heavy-heavy correlators.
Especially in view of the inclusion of sea quarks, the most promising way is probably
represented by the all-to-all propagators [100].

About the third point it is worth mentioning an alternative approach for the renor-
malization of the chromo-magnetic operator. It can be achieved by following the pro-
cedure [19, 67], consisting in a non-perturbative matching between HQET and QCD,
where, unlike in chapter 5, valence light quarks appear.

The fourth point certainly represents the next future. For the combination of HQET
and relativistic QCD the challenge is to perform simulations in a large volume (2 1.5
fm) with a lattice resolution, where quarks like the charm and heavier can be han-
dled with confidence. For the renormalization of the chromo-magnetic operator the
two-loop anomalous dimension is now known also for non-vanishing Ny. However,
the renormalization procedure depicted in chapter 5 has shown in [94], for Ny=0, to
require a large amount of gauge configurations to achieve a good statistical precision.
This is of course an unpleasant situation in presence of dynamical fermions, for which
the production of statistically uncorrelated gauge samples is computationally very ex-
pensive. The method mentioned in the third point may provide a more viable approach.

The code WLINE has been successfully applied for the computations reported in
chapter 5. Its double-purpose structure will be helpful in the future for testing other
perturbative and non-perturbative codes, as well as to perturbatively compute other
observables and study their cutoff effects.
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Appendix A

Notations and conventions

A.1 The Dirac matrices

We employ the hermitian euclidean Dirac matrices ¥, with

o 1 0 o 0 —ioy o
Y0_<0_1)7 Yk_<i6k 0 )7 k_172737 (Al)

where the Pauli matrices

1 —i 1 0
01=<(1) 0)7 02=<(i) 6)7 03=<0_1), (A.2)

appear. In this representation y5 = % 717273 1s not diagonal

0 —1
%= (_1 0>, (A3)

The anticommutation relations are given by

{v,w}=28uv, {y5,n}=0. (A.4)

Finally the projectors

P+=%(1+yo>=((l)8), P_=%<1—m>=(8?), (A5)

are used.
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A.2 The basis of the Lie algebra

The Lie algebra su(3) of SU(3) can be identified with the space of complex 3 x3
matrices constructed as in [97] from the modified Gell-Mann matrices

. 010 3 0—i 0
7L] = 100 N )«2: i 00 s
000 000
} 001 . 00—
AM=1000}|, A=|(00 0 ,
100 i00 (A.6)
5 000 3 000 ’
A=10011}|, A3=(00—i]|,
010 0i 0
5 000 3 1 20 0
A=1010 |, Ag=—|0-10
00-1 V3 00 —1
Fora=1,...,8 we define
1~
I, = z—i)»a, (A7)
and finally the basis
I' = if(Tl +il), I*= Lf(T1 —iTy),
I = %(T4+1T5) P = %(n —iT5s)
(A.8)
1% = %(T6+1T7) = \L@(% —iTy)
P =T, P=T,
where only the last two matrices are diagonal. With this choice
. 1
=1, w{I‘ry = 5% (A.9)
where
1=2, 4=5, 6=1, (A.10)

and vice versa. For the diagonal matrices 3 =3 and 8 = 8.
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A.3 The non-vanishing background field

We work in units of the lattice spacing and remark that the non-vanishing background
field, appearing in chapters 5 and 6, is induced by the spatially constant Abelian bound-
ary fields [24]:

C = Jdiag (91,02,0:) , €' = +diag (01,05, . (A1)
where the angles ¢,, and ¢, are given in terms of the parameters 1 and v
o =n-1%, gr=-n-m,
0 =1n(-3+V), 9 =n(+v)+5, (A.12)

03 =—n(G+v)+5  ¢=nG-v)+F.

The “point A” is defined as in [37] by the choice N = v = 0. The renormalization
condition in eq. (5.26) is given with Dirichlet boundary conditions in time, i.e.

Ui (x)|xy=0 = exp(C), Ur(x)|xp=r =exp(C'), k=1,2,3, (A.13)
and Up(x)|x,—o unconstrained. The background field represents a constant electric field

& =—ilC'-C|/T, (A.14)

which can be rewritten in terms of the matrix I8, appearing in egs. (A.6), as

20 0
E=—y| 0-10 |, (A.15)
00 —1
with {
T
= — =). A.16
r=i7(n+3) (A.16)
The configuration V of least action appearing in the parametrization (5.46) is
Vo(x) =1, Vi(x) =V(xo), (A.17)
with
V(xp) = exp{i[&xp —iC]} . (A.18)

An equivalent parametrization of V used in chapters 5 and 6 is

Vi(x) = exp{iby(x)}, (A.19)
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a Ca Rq Pa(x0)

L 3(cos2y+cosy) cos} 3o+ (B -vI-3)
3 cosy cosy 0

4 %(cosZy—kcos}/) cos%’ _37)50"’%(77[%‘1“’] — %’T)
6 cosy cosy %(277"‘1‘ )

8 %(2003 2y7+cosY) %(2005 2y+cosYy) 0

Table A.1: C,, R, and ¢, for the gauge group SU(3). The other coefficients are C = C1, Cs = Cy,
C7=Cs,Ro =R|,Rs =R4, R7 =Rg, 0o = — 01, ¢5s = —¢4 and ¢ = — .

with

bo(x) =0, and b(x) =br(xg) = Exp—iC. (A.20)

Other functions appearing in chapter 6 are given in Table A.1, and
si(p,x0) = 2sin [% (pﬁ%(xo))} : (A21)
ck(p,x0) = 2cos [% (pk+ %(xo))] : (A.22)
Cape = —2tr {1“ [Ib,IC]} , (A.23)
Cape = —2itr {e"é” b — e i€ I“ICIb} : (A.24)
ok (p,x0) = bi(x0) +py - (A.25)

The following formulae are used to compute the tadpoles and are valid only for a

neutral label (< a = 3,8)
fae =73

(cuce +-eue
Jae = %(eacf - eaEc) ;
. < .

iy y
€ac — j(eacée 2% _eaécez(i)c) )

where ¢, = dy¢.(xo) which is independent of xg.

(A.26)

(A.27)

(A.28)

(A.29)



Appendix B

Statistical uncertainties in Monte
Carlo simulations

B.1 Thermalization

The initial configuration of gauge fields can be arbitrarily chosen, but the average &
over many configurations cannot sensibly depend on the initial one. For this reason
one starts from a fixed configuration, e.g. where U, (x) = 1343 for all dynamical links
(eventually with some random noise), and the updating algorithm proceeds as dis-
cussed above. The number Nyp of updates must be chosen to be larg