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Abstract

In this thesis we apply perturbative QCD to make precise predictions for some observ-
ables in high-energy processes involving bottom-quark.
Our first application is a prediction for the energy spectrum of b-flavored hadrons in top
quark decay. For that purpose we calculate at NLO the QCD corrections for bottom
fragmentation in top decay. The b-quark in the top quark decay is considered once as a
massless and once as a massive particle in our calculations. The difference between the dif-
ferential width calculated in both cases can give us the perturbative fragmentation function
of the b-quark. After that using the obtained differential widths and applying ZM-VFNS
and GM-VFNS, we make some predictions for the spectrum of B-hadrons produced in top
quark decay. The comparison of both approaches shows that the mass effect of the b-quark
in the top quark decay is negligible. We also investigate the mass effect of B-hadron in the
energy distribution obtained in the previous calculations and we show that this increases
the value of the differential width when the energy taken away by the produced parton in
top decay is small.
Our second application is to obtain the helicity contributions of the W *-boson in the en-
ergy distribution of b-flavored hadrons in top quark decay. For this reason we study the
angular decay distribution for the cascade decay of the top-quark (¢ — b+W™(— et +1,)).
Using ZM-VFNS we make predictions for the NLO contributions of the longitudinal, the
transverse-minus and the transverse-plus helicity of the W *-boson in the energy distribu-
tion of B-hadron.

Zusammenfassung

In dieser Arbeit wenden wir storungstheoretische QCD an, um Préazisionsvorhersagen
flir einige Observablen in Hochenergieprozessen mit Bottom Quarks zu machen.

Als erste Anwendung berechnen wir das Energiespektrum von B Hadronen in Top
Quark Zerfallen. Dafiir berechnen wir in nachstfithrender Ordnung die QCD Korrekturen
zur Bottom Fragmentierung in Top Zerfillen. Das b Quark im Top Zerfall wird dabei
einmal als masselos und einmal als massiv angenommen. Die Differenz zwischen den beiden
Ergebnissen ergibt uns die storungstheoretische Fragmentierungsfunktion des b Quarks.
Danach machen wir Voraussagen fiir das Energiespektrum von B Hadronen in Top Quark
Zerfallen, einmal im ZM-VFEFNS und einmal im GM-VFEFNS Schema. Der Vergleich beider



Ansétze zeigt, dass der Masseneffekt des b Quarks im Top Zerfall vernachlassigbar ist.
SchlieSlich betrachten wir auch noch den B Hadron Massen-Effekt in der Energieverteilung
der B Hadronen, die im Top Quark Zerfall erzeugt werden.

Unsere zweite Anwendung ist, die Handigkeitsverteilung von W' Bosonen in der En-
ergieverteilung von B Hadronen im Top Zerfall zu berechnen. Dafiir untersuchen wir die
Winkelverteilung des Kaskadenzerfalls des Top Quarks (t — b+ W*(— et +1,)). Im dem
ZM-VFNS Schema machen wir Vorhersagen fiir die NLO Verteilungen der longitudinalen,
der negativ transversalen und der positiv transversalen Handigkeit des W+ Bosons in den

B Hadron Energieverteilungen.
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Chapter 1
Introduction

The Standard Model(SM) of elementary particles has proved to be extremely successful
during the past three decades. It has shown to be a well established theory. All predictions
based on the SM have been experimentally verified and most of its parameters have been
fixed. The only part of the SM that has not been directly experimentally verified yet is the
Higgs sector and, in particular, the existence of a neutral massive spin-zero particle often
simply referred to as Higgs. There is still no direct evidence for its existence and despite
the many constraints from precision electro-weak physics, the Higgs mass is not known.
Not all of the parameters of the Higgs potential are determined, and its Yukawa couplings
to the fermions are determined through the measurements of the masses of the fermions
(quarks and leptons). Experiments in the near future at the Large Hadron Collider (LHC)
and at the Tevatron accelerator, either will confirm that particle’s existence and fix the
Higgs potential parameters, or will increase the limit on its mass.
The SM describes three of the four known interactions: Electromagnetic, Weak and Strong.
The fourth one, Gravity, is not considered in the SM and we ignore its effect in our
calculation. The gravity becomes important only at scales of the order of the Plank mass
(ijl/ >~ 108 GeV) thus it is completely irrelevant for present collider experiments.

The SM is a gauge-field theoretical model produced of two non-abelian gauge group

and one abelian gauge group:
Gsy = SU3)e x SU(2); x U(1)y. (1.1)

The gauge group is non-simple and involves three different dimensionless coupling con-

stants corresponding to each of the three group factors above. The SU(2); x U(1)y part
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corresponds to the Weinberg-Salaam model [1] and provides a unified description of the
electromagnetic and weak interactions. There are four gauge bosons associated with that
group: two neutral ones, v and Z, and two charged ones, W¥*. The photon 7 is exactly
massless due to the the unbroken U(1) subgroup that is identified with electro-magnetism.
The other three are heavy, with masses approximately my = 91 GeV and my+ = 80
GeV; their masses arise as a result of electroweak symmetry breaking via the Higgs mech-
anism. The electroweak vector bosons couple to all fermions. The magnitude of those
couplings is relatively small; the electromagnetic interactions are suppressed by powers of
a = e?/4m ~ 1/137, while the effects of the weak interactions are typically proportional
to powers of the Fermi constant G = 1.166 x 10~°GeV ~2. For that reason the quantum
corrections introduced by electro-weak interactions are much smaller than the ones due to
strong interactions!.
The dependence of the dimensionless electroweak gauge couplings ¢ and ¢’ on energy is
intuitive, i.e. the strength of the electroweak interactions increase with the energy scale.
For that reason the SU(2) x U(1) theory of the electroweak interactions is a true per-
turbation theory formulated directly in terms of observable fields. The situation changes
dramatically when one considers the strong interactions described by the SU(3)¢ factor
in (1.1). First, the coupling constant is not small. Moreover, as it is well known, a non-
abelian gauge theory with such a gauge group and with small number of active fermions
(flavors) exhibits the behavior known as asymptotic freedom: the dimensionless coupling
constant associated with th group decreases with the increasing of the energy scale and
effectively such a theory behaves as a free theory at high energies, see Fig.(1.1). However
, at small energies the coupling grows and eventually diverges at some finite value of the
energy scale. That scale, usually denoted as Agcp and called the typical QCD scale, has a
value of the order of 200-300 MeV and quantifies the borderline between the perturbative
and non-perturbative regimes in such a theory. From the above discussion it becomes clear
that such a theory exhibits another considerable property: confinement.

The growing of the coupling at low energies (which corresponds to large distance)
indicates that the particles which are described by such a gauge theory may not be able
to exist as free (asymptotic) states at all. Instead, they will form bound states except top

quark, since due to the large mass and the weak coupling constant, i.e. the top quark will

IThis is also the case in the applications considered in this thesis as will be detailed in the subsequent

sections.
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Figure 1.1: Illustration of the behavior of the QED and QCD effective coupling constant
as a function of the energy scale, Q?. In QED the effective coupling, agrp(Q?), is small
at small Q% but becomes large at large Q? (i.e., short distance). In QCD the effective
coupling is large at small Q? (i.e., large distance) where confinement occurs, but decreases

to zero at large Q* (asymptotic freedom).

decay before forming a bound state. That expectation is confirmed by experiment: no free
quarks have ever been observed experimentally.

Unlike the quarks that carry an additional quantum number called color, the observable
strongly interacting particles - the hadrons- are colorless objects and have the quantum
numbers of bound states of two-quarks (mesons) and three-quarks (baryons). The property
of confinement is an assumption based on the above mentioned behavior of the strong
coupling constant and the non-observation of free colored particles. Confinement is proved
in lattice gauge theory. The derivation of the properties of the hadrons from QCD is one
of the fundamental problems in theoretical physics nowadays.

It is a remarkable achievement that we are able to make precise predictions for the
observed hadronic states in high energy experiments based on a theory formulated in
terms of non-observable constituents, i.e. quarks. One of the main ingredients of the
theory that makes this possible is the factorization theorem. In essence, it states that in

hard scattering experiments with typical hard scale @ > Agcp an observable (e.g. a cross
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section) can be written as a product(more precisely-convolution) of perturbative and non-
perturbative parts. The former part can be calculated in perturbative theory based on an
expansion in the strong coupling constant as(Q?) while the latter part has to be extracted
from experiment. It is possible to extend the factorization theorem even to processes where
other scales besides () are present, e.g. the mass of heavy quarks. As will be clear from
discussions throughout this thesis, there is no absolute notion of heavy quarks, i.e. whether
a quark is considered heavy or light depends on the particular problem is being studied.
However, in general, light quarks are considered to be those with masses below Agcp
(i.e. u,d,s) while the ones with masses above that scale are usually considered to be heavy
(¢,b,t). The reason behind such a separation is easy to understand: for a heavy quark with
mass M, a,(M?) < 1 thus heavy quark production is a calculable process in perturbative
QCD (pQCD). Studies of QCD involving processes with heavy quarks, are at present an
important internal test for QCD as well as for obtaining precision predictions that will be
needed to distinguish signals from new physics (Supersymmetry, Extra Dimension, etc.).

QCD has another particular feature: there are situations where the convergence of
the perturbation series is spoiled because of the appearance of additional factors that
multiply the coupling constant to any order in perturbation series. The presence of such
terms effectively alters the expansion parameter to a larger value which in turn spoils the
convergence of the series. To be able to obtain useful information in that case, one needs
to resum classes of such terms to all orders in the coupling constant. These terms will be
studied in next chapter.

There are many examples of physical processes involving heavy quarks where the fac-
torization theorem plays a decisive role in studies of them and the application of the above
mentioned resummation often leads to series improvement of the perturbative results. In
this thesis we study one of these such processes in perturbative QCD with detailed phe-
nomenological applications: the spectrum of b-flavored hadrons in top quark decay.

The top quark was discovered at the Tevatron in 1995. It is the heaviest elementary
particle with a mass of 170.9 + 1.8 GeV [2]. Since this is much larger than the mass of
any other fermion and also twice as large as the mass of the electroweak gauge bosons,
one may wonder that whether or not the top quark really is an elementary particle and
if it is elementary, can its mass be generated by the same mechanism from the mass of
the other particles?. After all, its mass is almost six orders of magnitude larger than the

electron mass. On the other hand, the top quark is also essential for our understanding
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of the standard model. The reason is that the precision of observables like the W-boson
mass or the effective weak mixing angle depend on the top-quark mass through radiative
corrections. If we want to reduce the errors on these quantities, it is therefore necessary
to reduce the error on the top-quark mass as well. Therefore it is necessary to perform
precision measurements of the top quark properties. Next to its mass, its total decay
width and Yukawa coupling are of special interest. Concerning the mass, it is expected
that the uncertainty will be reduced to about 1Gev at the LHC. However, the width and
Yukawa coupling can not be measured to a very good accuracy either at the Tevatron or
at the LHC. This would change at a future International Linear Collider (ILC). Such a
collider offers the unique ability to measure the cross section with a very high experimental
accuracy [3] and also provides the possibility to extract the strong coupling constant, o,
with high precision. For example, it is expected that the t-quark mass can be measured
with better than 100 MeV accuracy.

In the SM, it is the mass of the top that uniquely distinguishes it from the other five
flavors. Top’s large mass is responsible for its small lifetime, the latter prevents the top from
forming bound states (a process known as hadronization). For that reason, the top quark
behaves like a real particle and one can safely describe its decay in perturbative theory.
Since the only experimental information about the top is through its decay products, it is
very important to have a precise theoretical prediction for the decay products of the top.
In this thesis we make a prediction for the spectrum of the hadrons resulting from the
hadronization of the b-quark in the t-quark decay. We will show that there are two kinds
of large logarithms into our partonic level calculation which should be resummed to all
orders in « . These large logs are: quasi-collinear ones that are due to the large ratio
of top-to-bottom mass and soft ones that are due to soft gluon radiation and affect the
distribution in particular kinematical regions. Such results will be very important when
the near future high energy experiments supply enough data on top decay.

This thesis is organized as follows: in the next chapter we discuss some general features
of QCD from the perspective of our applications. In chapter 3, we present our results on
differential decay rate of top decay when the b-quark is considered a massless particle. In
chapter 4, we present our original results on the differential decay rate of top decay when
the producing b-quark is considered to be a massive one and then by comparing them with
the previous result we extract the perturbative fragmentation function of the b-massless

into the b-massive. We show our results for the hadronization of the b-quark in top quark
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decay and make predictions for the spectrum of b-flavored hadrons. We also show the
effect of b-flavored hadron mass into the differential decay rate and energy spectrum of
the B-hadron in the top decay process. In chapter 5 we concentrate on the contributions
of the W*-boson helicity in the cascade decay of the top quark followed by the leptonic
decay of the W*-boson. In chapter 6 are our conclusions. In the appendix we have listed

some useful results.
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Chapter 2

Perturbative QCD

In the previous chapter we made some general remarks about the importance of QCD as
a theory of the strong interactions and also a few of its peculiar features. In this chapter
we are going to review that theory and derive many of its properties. The organization
of material in the present chapter does not follow any particular review on QCD but it is
presented in a way that is suitable for our applications. There are many excellent reviews
of QCD; some of those can be found in [5, 6, 7, 8, 9].

2.1 QCD as a Fundamental Model for the Strong In-

teractions

The strong interactions govern the interactions of hadrons at a wide range of energies:
from the highest energies accessible to the present day colliders down to energies typical
for the nuclear physics. At the same time the behavior of the strong interaction is very
different in the low and high energy regimes. At low energies, i.e. energies characterized by
a scale i < Agep, the hadrons behave as fundamental particles. However, no successful
field-theoretical description in terms of the observed hadrons was found that was able to
describe the high energy regime and explain the increasing data of observed hadrons at
high energy colliders. Contrary to the early expectations, the understanding of the strong

interactions was made in the study of the high energy behavior of the hadrons.
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2.1.1 Quark Hypothesis

In 1964 Gell-Mann and Zweig [10] introduced the idea of quarks: a few elementary particles
that are the building blocks of all hadrons. There are six known types of quarks (quark
flavors); they are spin 1/2 fermions with rational electric charges (in units of the charge of
the electron with the charge —e): wu, ¢, t have charge +2/3 while d, s, b have charge —1/3.
The quark hypothesis assumes that the wave function of a hadron is constructed from the
one-particle wave functions of quarks and/or antiquarks. The mesons have the quantum
numbers of a quark-antiquark pair while the baryons and anti baryons are combinations
of three (anti)quarks. Also, in order to avoid a problem with the spin-statistics theorem,
it was necessary to introduce the additional hidden quantum number-color [11]. From
a comparison with experiment it was concluded that each quark flavor must have three
different ”copies” labeled by an additional color index. Since no colored particles have
been observed it was postulated that the hadrons can only form ”colorless” combinations
of quarks, i.e. color was introduced as an exact global symmetry. It can be shown that the
above observations plus the requirement that quarks and antiquarks transform under differ-
ent (complex-conjugated) irreducible representations of the color symmetry group uniquely
fixes the group to be SU(3)¢. The quarks transform under the fundamental representation

3 of that group, while the antiquarks transform under its conjugated representation 3.

2.1.2 Parton Model

The idea that the hadrons are built from elementary constituents - the partons [12]- was
extremely successful not only in explaining the hadron spectroscopy but also in the descrip-
tion of the Bjorken scaling [13] observed in Deep Inelastic scattering (DIS) experiments
[14]. The experimental data showed that at large scales the structure functions of the
nucleons are (approximately) independent of the value of the hard energy scale  and
depend only on the Bjorken variable x. The parton model assumes that in high energy
lepton-nucleon scattering, where the transferred momentum is large enough so the masses
of the partons and their transverse motion inside the nucleon can be neglected, the virtual
electroweak vector boson emitted from the initial lepton is scattered by a single free point-
like parton a. The whole information about the structure of the hadron that is relevant to
the high energy process is encoded in a scalar function f,(£) called the parton distribution

function (pdf) representing the probability distribution for finding the parton a inside the
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hadron and carrying a fraction £ (0 < & < 1) of the momentum of the parent hadron. The
philosophy of the parton model then suggests the following form of the cross section at
high energy for the production of arbitrary number of final hadron in the state X, i.e. for

the process e + h — ¢ + X:
1
do(h.X) = 3 [ daesilpdia. ), (21)

where do(h, X) is the cross-section for scattering of a hadron h and X stands for the other
particles in the scattering process; do(a, X) is a parton level cross-section with the hadron
h replaced by a free parton a, and f,(£) is a distribution function. Since the parton model
is a free theory, to lowest order in the electroweak coupling the partonic cross-section is
very simple: dg ~ (& —x), so that the momentum fraction ¢ is identified with the Bjorken
variable z. Therefore under the parton model assumption (2.1), the structure functions
are simply proportional to the pdf f,(x) and naturally independent of the hard transferred
momentum Q).

The success of the parton model goes beyond the description of Bjorken scaling. It also
makes a prediction about various relations involving the measurable structure functions,
one of them is the Callan-Gross relation [15] which leads to the fact that quarks have spin
1/2. The parton model can be generalized to other processes as well; one just needs to
measure the pdfs for the various quarks in a specific process in order to predict a measurable
quantity for another process. In that procedure, the following relations between the various

parton distributions, following from iso-spin invariance, are often assumed:

fzzzroton (.T) — fCrlLeutron (.T) : 57‘015071 (SL’) — fgeutron (SL’) ) (2 2)

2.1.3 QCD: the Dynamical Theory of Color

Although the parton model was quite successful in the description of many high energy
processes, it was clear that it is a good hint toward a complete dynamical theory of the
strong interactions. The complete theory would be able to explain one of the basic assump-
tions of the parton model-asymptotic freedom. Such a theory was constructed around 1973
after it was understood that the Yang-Mills theories play an important role in high energy
physics; at that time the renormalizeability of those theories was proved and methods for

their quantization were developed [16]. It was also shown that the non-abelian theories
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were the only theories which may exhibit asymptotic freedom, or technically, have nega-
tive first coefficient in the f—function (see next section). All these developments led to the
construction of QCD as the dynamical theory of the strong interactions [17] as follows:

QCD is a non-abelian gauge theory with six quark flavors. The gauge group can be
naturally obtained by gauging the exact global color symmetry group SU(3)¢. The quarks
transform under the fundamental representation of SU(3)¢. Since dim(SU(3))=8, there
are eight gauge bosons called gluons that are electrically neutral, carry color charge and,
as usual, are hermitian fields that transform under the adjoint representation of the gauge
group SU(3)c¢.

The lagrangian of QCD has the following form:

1 a a,pv . i j i oy
LQCD == _ZF/»“’F & + (4 Z¢Zq7ﬂ<Du)zj¢; - Z mqwlq q’ (23)
q q

where the index 7 = 1, 2, 3 runs over the different quark colors and ¢ over the quark flavors:
q=u,b,s,c, b t. The field-strengths are given by:
Fo, = 0,A% — 9,A% — gs [ AL AS (2.4)

(kT3]

and the gauge-covariant derivative is:
(Du)ij = 00, + igs > &AL, (2.5)

In the above equations, gg is the strong coupling constant, f®¢ are the structure constants
of the gauge group and t* are the generators of the fundamental representation of the gauge
group. In general, the lagrangian (2.3) must be supplemented with gauge-fixing and ghost
terms. The quarks have non-zero masses but their origin is outside QCD; in the SM their
masses result from the electroweak symmetry breaking. The only free parameters in QCD
are the six quark masses and the single gauge coupling constant. The gauge group has the
following matrix structure which, for generality, we present for arbitrary group SU(N); the

fundamental representation has generators t%,a = 1, ..., N2 — 1 that satisfy:

1
tr(t?) = Z§9
() =
D otith = Crd, ijk=1,...N. (2.6)

For the group SU(3), the generator t* are usually given by the Gell-Mann matrices \* :

t* = \*/2. Similarly, the adjoint representation has generator 7% that can be related to
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the structure constants ¢ through:

(Ta)bc — fabc’ (27)
and
tT(TCTd) _ Z fabc]cabd _ CA(SCd. (28)
a,b

Above, Cr and C4 are the values of the quadratic Casimir of the gauge algebra in the

fundamental and adjoint representation respectively:

N?2 -1
Cp = :
F IN )

Ca =N, (2.9)
and for the case of SU(3):
. C4=3. (2.10)

Once formulated, it must be shown that QCD indeed is capable of reproducing the
success of the parton model as a first step. That in fact follows since from the formulation
of QCD it is clear that the parton model corresponds to the Born approximation of QCD.
The real challenge however is to derive the asymptotic freedom from first principles and

also to derive the corrections to the Bjorken scaling.

2.1.4 Strong Coupling Constant

The running of the renormalized strong coupling ag = % is determined from the following

equation:
1S — 25(ag). (2.11)

The [-function B(ag)' has a series expansion in the coupling constant ag. It can be
determined up to a fixed order in perturbation theory from explicit evaluation of the gauge

coupling renormalization constant Z:

B(g) =lim(—eg— Zﬂgé—ig’ ) (2.12)

e—0

n contrast to most of the standard presentation (e.g [5]), we introduced (as) through the relation:
Blas) = 25(9)
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At present, the S-function of QCD is known to four loops in the M S scheme [18]. However,
since for all applications in this thesis we need the evolution of the strong coupling to two

loops, we will present only the two loop result:
Blas) = —boag — byag — - -+, (2.13)

with by and b; given by:

. 33—2nf
127

153 — 19n;

bo b = 2472

(2.14)

The first two coefficients of the G-function are independent of the renormalization scheme.
However, that is no longer true for the higher order terms. In Eq.(2.14), ny is the number
of active massless flavors. In the presence of quark masses, the value of the active flavors
becomes scale dependent. If one considers the masses for the quarks, then for the scale
1my, K << myyq all flavors with masses below m,, 1 are effectively massless while the
rest of the flavors are heavy and can be integrated out. An example is the case of top
decay considered in Chapter 3 where the scale is running between the b and the ¢ masses.
However, in practical applications (especially with scales of the order of the b and the ¢
quark) the assumption above is not always valid and therefore the choice of ny is somehow
ambiguous. The common practice is to change the value of ny by one unit when the hard
scale crosses the mass of the corresponding heavy quark, we will explain in more detail
later. Changing of the number of the active flavors in crossing of the hard scale should be
supplemented with an additional constraint that relates the values of the strong coupling
evaluated in the two schemes at the switching point. In the MS renormalization scheme,
the strong coupling is continuous at the switching points [19] (see also [4]), up to negligible
corrections of order O(a?). We ignored this effect in our calculation.

Now it is easy to show that indeed QCD enjoys the property of asymptotic freedom
[20]. In a regime where the strong coupling is small, from Eq.(2.14) and Eq.(2.11), it is
easy to see that the strong coupling constant is a decreasing function of the scale p if the
number of flavors ny < 33/2 and this requirement is satisfied in QCD. The exact solution
of Eq.(2.11) to NLO is given by:

N 1 by In[ln(u?/A?)]
N ot (249)

One can use this expression in order to relate the values of the strong coupling at two
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different scales with NLO accuracy [21]:

2y _ as(p®) by as(#”)
as(k) = 17 boaus(p?) In(k?/p?) <1 ~ bo L+ boas (%) In(k2/ pi2)

x In(1 + bovs (1”) In(k*/ %)) + O(ag (1) [ovs (11%) ln(kQ/uz)]")) (2.16)

The constant A is the typical QCD scale [22] and contains all the information about the
boundary condition. It is a low energy scale where the strong coupling diverges. As
we mentioned in Chapter 1, A represents the border between the perturbative and non-
perturbative regimes of QCD. In practice the value of A is ambiguous. In high energy
experiments one typically obtains information about the strong coupling constant at some
large scale and only from there the value of A is inferred. It is obvious that in this way the
determination of A absorbs all ambiguities such as the dependence on the order of ag (LO,
NLO, etc.) and dependence on the scheme, the choice of the value of ny and the choice of

the renormalization scheme. In this thesis we use the following value of the strong coupling
at NLO [4]:

as(my) = 0.1181. (2.17)

It leads to A® ~ 227 MeV appropriate for ny = 5. The precise values used in our

applications will be discussed in the next chapter.

2.2 QCD Factorization Theorem

QCD is formulated in terms of quarks and gluons while the experimentally observed states
are hadrons. Since at present we are not able to describe the non-perturbative regime of
QCD, therefore to apply QCD to study the hadronic interactions, we require a universal
way to split the contributions of short- and long-distance physics. Such a separation is
possible. It is known at the (QCD) factorization theorem [23, 24] and states that for
processes that have initial and/or observed final state hadrons the differential cross-section

has the following form:

do-(vazamz) = HZfi/h(:p,,uz)®d(3¢_,f(x,Q2,m2,u3,,ufc)

hh' 6f
® Dy jp(x, p1?) + O(A/Q). (2.18)
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The factor f;/, stands for the parton distribution function of the parton ¢ inside the hadron
h present in the initial state, and Q and x represent the hard scale and some kinematical
variable respectively. Unlike the simple parton model (2.1), the parton distributions also
depend on the factorization/renormalization scale u?. The second factor do;_, ¢, also known
as the (Wilson) coefficient function, represents the partonic hard scattering cross section
for the reaction ©+ — f that depends on the unphysical renormalization and factorization
scales p2 and p% and on the masses of the heavy quarks m?2. The last factor in Eq(2.18) is
the so called fragmentation function D. It contains the information for the hadronization
of the hard parton f (that is produced in the hard process described by the partonic cross-
section d&) into an observed hadron h'. The integral convolution appearing in (2.18) is

defined as:

o9 = [ ), (2.19)

where f and g are two functions with argument z: 0 < x < 1. The real power of
the factorization theorem is in the fact that the distribution/fragmentation functions are
universal: they depend only on the non-perturbative transition which they describe and not
on the hard scattering process. That is why once they are measured in one process, they
can be applied to any other process. At the same time, the coefficient function contains
all the information about the hard scattering process and is independent of the details
of the non-perturbative transitions. Although the ®-product of coefficient function and
distribution/fragmentation function is an observable and therefore free from any ambiguity,
the distribution, fragmentation and the coefficient functions are separately ambiguous. In
particular, they are scheme dependent; the origin of that scheme dependence is in the
treatment of the IR divergences associated with their computation. Infrared (IR) means
collinear divergence in this case. As we will show later the IR singularities cancel between
real and virtual contributions. Let us describe the scheme dependence of the coefficient
function and the distribution/fragmentation function in more detail:

The evaluation of the coefficient function proceeds in the following way: one calculates
the hadronic process do that is under study by formally replacing each initial hadron h
with an on-shell parton a. To that end, and in accordance with the factorization theorem
(2.18) we just described, one introduces (also formally) new parton distributions f;/, which
have the meaning of a distribution of a parton ¢ inside parton a; we treat the fragmenting

partons in a similar fashion. Therefore the differential cross-section can be factorized as

25



the following;:
do=do® fija - (2.20)

The main purpose of the fictitious distribution f;/, is to absorb all the IR singularities
from the calculated cross-section. As a next step, one simply discards the functions f;/,
and what is left is the needed coefficient function do. The extraction of the partonic pdfs
is physically equivalent to the absorption of the IR sensitive contributions into the pdfs
fi/n (see also section (2.4.1)).

Clearly, such a procedure is very similar to th UV renormalization where one introduces
appropriate counter-terms to absorb (and thus cancel) the UV divergences appearing in
the Feynman diagrams. In the MS subtraction scheme, which is most often used, the
partonic pdfs read:

fija(x) = 6;0(1 — ) + 3‘—; < - % g —In 47r) PO(z) + 0(a?), (2.21)
where Pi(jo) (x) are the leading order Altarelli-Parisi splitting functions that will be defined
and thoroughly discussed in the next section, and € = (4 — D)/2 (see the next Chapter
for more details). The subtraction scheme for the IR divergences emerging in do in the
limit € — 0 is related to the renormalization scheme used to remove the UV divergences
appearing in the formal (operator) definition of the parton densities. For a more detailed
discussion see [23], [25] and [26].

The Factorization theorem in the presence of massive quarks is accurate up to terms
O (A/Q); see Eq.(2.18). The proof of the factorization theorem presented in [24] uses a
variable flavor number scheme (VENS). The VENS treats the light quark u,d and s as
massless and always includes them as active flavors in the running of the strong coupling
ag. The treatment of the heavy flavors ¢, b and t is process dependent. In some references
people apply this convention if the typical energy scale is below the corresponding quark
mass then that quark is treated as heavy and is integrated out. In particular it does
not contribute to the evaluation of the strong coupling constant and does not have an
associated parton density. The quarks with masses below the hard scale are treated in a
different way: they contribute to the strong coupling as if they are exactly massless, and

they have their own distribution functions? which are evolved with the energy scale via

2These are introduced in order to systematically resum large logs of collinear origin that appear to all
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evolution equation with massless kernels (see next section). We will explain this scheme in
Chapter 4 but there we use other assumptions to specify the number of the active flavors.

The physical picture behind the factorization theorem is quite simple. One formally
introduces a scale ur which separates the short- from long-distance physics involved in the
process. It is intuitively clear that such separation must indeed occur in the limit of large
values of the hard scale Q. The time scale for the hard interaction is of the order of Q!
and therefore quite small, while the typical time for the hadronization effects is not smaller
than Aéch > Q7'. As a result, in the limit ) — oo, short - and long-distance effects
cannot interfere with each other and therefore factorize. More formally, the separation
between small and large scales means that all contributing Feynman diagrams that have
lines with small virtuality can be separated from the lines with large (of the order of the
hard scale @) virtuality. The former diagrams constitute the distribution functions while
the latter give the hard coefficient function. Such non-trivial factorization for the terms
with leading power in 1/Q? (the so-called leading twist terms) was proved by Libby and
Sterman [28].

2.3 Perturbative Evolution: DGLAP Equations

In this section we will turn our attention to the dependence of the various factors in
Eq.(2.18) on the renormalization and factorization scales which incorporate the scaling-
violation effects. To better illuminate our point, we are going to make the following two
simplifications throughout this section: first, we will set the renormalization and the fac-
torization scales to the scale u, i.e. p, = pup = p. This is a standard choice in the studies
of pQCD which, however, will not restrict the generality of our discussion. If needed, the
separate dependence on both scales can be easily restored with the use of the running of the
strong coupling (see Eq.(2.16)). The second simplification is that we will consider Eq.(2.18)
with a single fragmentation or distribution function multiplying the coefficient function do.
We will consider those two "representative” cases (only initial or final observed hadrons)

of Eq.(2.18) separately.

orders in ag. Schemes without heavy quark densities exist and are called Fixed Flavor Number Scheme
(FFNS). An example is the GRV 98 set of parton distribution [27].
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We start with:
dO’(ZL‘, Q27 m2) = Z fi/N(xv MQ) ® d&iﬁX("L‘a Q27 m27 M2)7 (222)

which corresponds to the case of a single hadron (nucleon N) in the initial state and no

observed hadrons in the final state. A prominent example is the case of inclusive Neutral

Current (NC) or Charged Current (CC) DIS:
[+N =1 +X, (2.23)

with [ and {' being leptons, N a hadron (usually a nucleon) and X stands for any unobserved
hadrons produced in the reaction (2.23). This case describes reactions with so-called space-
like evolution.

As a representative for a reaction with a single fragmentation function we take:
do(z,Q*, m?) = Z A6+ e-— (2, Q% m?, 1i*) @ Dy p(z, 1?), (2.24)
!

which corresponds to the case of inclusive production of a single hadron A in a non-hadronic
collision. These reactions are known as having time-like evolution. An example is the

inclusive e~e™ annihilation:
et te —htX, (2.25)

with h being an observed hadron and, as usual, X stands for any unobserved hadrons

produced in the reaction (2.25). Also, for brevity, we have omitted the remainders in
Egs.(2.22) and (2.24).

2.3.1 The Case of Space-like Evolution

Let us concentrate on Eq.(2.22). Since the left hand side is independent of p in the full
perturbative theory with all orders then we can set that scale to any value we like. Among
all the possible values, the choice u? = ()? is particularly convenient as will become clear
below.

From dimensional considerations the coefficient function can be written as:

2
déi_x(z,Q* u?*) = opC(z, %, as(p?)), (2.26)
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where for the present we consider the case when no heavy quark are present; we will
generalize our considerations in the next section. In Eq.(2.26) op is the Born cross-section
for the partonic subprocess and the function C'is a dimensionless function that has a power
series decomposition in the strong coupling ag.

It is now obvious that by setting p? = @Q? the coefficient function takes the form
C(1,as(Q?)) and depends only on the strong coupling and on no other large (or small)
parameters. Since ag is evaluated at the large scale Q? therefore it is small, the coefficient
function can be easily and efficiently calculated to some fixed order in perturbation theory.
However, as a result of the choice of scale we have made, the distribution function has
now become Q-dependent. That dependence is very important. It indicates that the
universality of a distribution function may be reduced since the PDF is specific to the
experimental energy where it is extracted and therefore can not be applied to processes
with different hard scale.

Fortunately, there exists a way to relate distribution functions at different scales. The
scale dependence of the partonic fragmentation functions f;(i = ¢, ¢, g) is perturbatively
controlled and is given as a solution to a system of integro-differential equations known
as Dokshitzer-Gribov-Lipatov-Altarelli-Parisi (DGLAP) equations [29, 30]. That way the
universality of the distribution functions is retained; we only need to extract from exper-
iment the distribution functions at one given scale (). Then that input can be used as
the initial condition for the DGLAP equations and the PDF at any other scale can be pre-
dicted. In practice that procedure works in the following way: at some low scale QQy ~ 1
GeV one writes down a function of z, that contains small number of free parameters. Then
one evolves that initial condition via the DGLAP equations to different scales where ex-
perimental data exist, and one tries to fit those data by adjusting the parameters of the

initial condition.

The DGLAP equations are:
d g
dlnmfi(Z’“) - ;/ fgp'j(ga&s(u))fj(&u), (2.27)

and describe in general a system of 2n; + 1 equations for the distribution functions of all
flavors of quarks, antiquarks and the gluon. The kernels P;; have perturbative expansions

in powers of the strong coupling:

Pyeas() = 5P + (520) PP + o) (2:28)
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Pi(jo)(z) are the Altarelli-Parisi splitting functions [29] that also appeared in Eq.(2.21) and

the higher order terms Pi(jl)(a:b) can be found in [31, 32, 33, 34]. The one-loop splitting
functions Pi(jp)(z) are renormalization scheme independent. However, that is not true for
the higher order functions which are renormalization scheme dependent. The most com-
mon choice is to work in the M.S scheme.

Because color and flavor commute, Pi(jo) (z) are independent of the quark flavor i.e. Pq(.oq)j (2) =

5iqu(8 )(z) They also satisfy other relations as a result of probability conservation:

1
/O dzP¥(z) =0, (2.29)

and momentum conservation:

1
/dz z(Pq(g)(z)+P£)(z)> = 0,
0
1
/dz Z(anPq(g)(z)+P£)(z)> = 0. (2.30)
0

Note that because of the property (2.29), the functions Pq(g)(z) are not positive definite.
They are distributions instead. The kernels P;; satisfy also the following important relations

as a result of charge invariance and the SU(ns) flavor symmetry:

Pyg; = P, ; Py, = Paq

q9i4j

FPhg = Pﬁig = Py ) Py = Pgﬁi = Py (2.31)

The explicit expressions for the four splitting functions at leading order are:

PO(z) = c;((1+22 5&1—20,

1—2)4 + 2
POE) = (24 (1-2P),
P = Cr (71 Ha- >)

z
z 1—=2

+2(1— z))

(1-2). (2.32)

PO(z) = 20
99 (2) A (1—2)4 z
11C4 — 2
_|_A7nf5
6
In equations above the ” 4+ "—prescription of a function f(z), which is singular at z = 1, is
defined as:

/Odzg(Z)[f(Z)M:/o dzf(2)[g(2) — g(1)]. (2.33)
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A complete explanation of the distribution (F'(z)).) and its properties can be found in
Appendix C.

One can simplify the study of the DGLAP equations if one takes advantage of the
flavor symmetry. As we mentioned earlier, the DGLAP equations describe the evolution
of 2ny + 1 partons that are all massless (see also the discussion following). From the form
of the QCD lagrangian with n; massless quarks (2.3), it is evident that the theory has
an additional global SU(ns) flavor symmetry. Since the gluons are flavor-neutral, they
transform as singlet under the flavor group. The quarks in general transform non trivially
under that group. One can split the 2n; (anti)quark fields into one singlet:

nf

E(SE,,LL) = Z (fql(l’,/,b) + f§i<x7/~b))7 (2'34>

7

and 2ny — 1 non-singlet(NS) combinations. n; of the NS fields can be taken as the different
M; = fo,(z, ) — fz,(x, ). The other ny—1 combinations, which we denote by M;", depend
on the value of ny and can be found in [6]. Clearly, the NS combinations do not mix with
the singlet; in particular they do not mix with the gluon. To LO, all NS fields also split

from each other so we have a separate equation for each NS field:

7 = S5 R (2) e, 2.35

d
dlIn p?

with Pq(g) given in Eq.(2.32). Beyond the leading order, however, the evolution kernels are
no longer flavor diagonal. One can still write the evolution equations in diagonal form that
is similar to the LO case Eq.(2.35), but the kernels Pjs,ly and Pjs,l; corresponding to the
fields M* and M~ are now different. Their explicit expressions can be found in [6] as well.

In the singlet sector, there is non-trivial mixing between the gluon density ¢ and
the quark singlet state . The kernels of the evolution equations for the “two-vector”

(X(z, 1), 9(z, ) form a 2 x 2 matrix:

(%@%wmzm%@%ww>

(2.36)
qu(z,as(;ﬁ)) ng(Z,Oés(Mz))

The NLO kernels in the singlet sector can be found in [6]. Similarly to the NS case, we do

not present them here because of their length. The original derivations are presented in

26, 35]. For future references we will only present the large z behavior of the M.S splitting
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functions at NLO:

: _ 0% as oy L
lliri Py, = Cp - (1 + K27r + O(as)) a= 2,
. ag as 9 1
limP,, = |1+ K= B 2.
i Ca T ( + 2 * O(aS)) (1—2),’ (237)
where:
67 w2 5
K= — — — | — =ns. 2.
CA<18 6) gnf ( 38)

The origin of the DGLAP equations is in renormalization group invariance. That invari-
ance is manifested as independence of physical quantities (for example a cross-section) of
the renormalization scale p, that is introduced as a result of the renormalization procedure.

Eq.(2.22) is a typical example.

2.3.2 The Case of Time-like Evolution

All the considerations that were made for the case of Eq.(2.22) can also be made for the
fragmentation case (2.24). There are, however, a few difference between those two cases
and we will discuss them now.

The fragmentation functions D have a expression different from that of the parton distri-
bution functions. The function D;/,(z, p?) represents the probability density that a parton
i produced at scale p will fragment to an observed (and therefore on-mass-shell) hadron
h. Similarly to the distribution functions, the evolution of the fragmentation functions is
also described by the DGLAP equations. The one-loop splitting functions Ptg%e_likevi j(az)
coincide with those in the space-like case (2.32). However the time-like and the space-like
evolution kernels differ beyond the leading order. The NLO time-like functions can be
found in [26, 35]. The large z behavior of the NLO time-like evolution kernels is the same
as for the space-like kernels, Eq.(2.37).

2.4 Infrared Effects

In our previous discussion we neglected the presence of masses of the quarks. However for
a theory which is sensitive to the IR such as QCD, a detailed account for those effects is

needed.
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It is well known that in a gauge theory with massless fields, in addition to the usual
UV divergences, there is another type of divergences that occurs in the evaluation of the
Feynman diagrams. These are known as infrared (IR) divergences and as shown by Sterman
for QCD in [36] can be divided into two types: collinear and soft.

The collinear divergences are due to the vanishing mass of the radiating particle (usually
the quarks). When a quark radiates a gluon that is almost collinear to it, the corresponding
real or virtual emission diagrams diverge. One can regulate such a divergence by intro-
ducing a small quark mass or by working in D space-time dimensions. Then a collinear
divergence shows up as a logarithmitic singularity ~ In(m?) or as an 1/e pole, respectively.
In principle, since quarks have non-vanishing masses, the quantities calculated should be
finite and free of collinear singularities. That is not the case, however. In the perturbative
regime it is not the absolute value of the quark that is important but its value with respect
to some typical scale. If that typical scale - usually the hard scale QQ - is much larger
than the quark mass, then in a perturbative calculation there appear large logs In(m?/Q?).
Although these logs are finite, they appear to any order in perturbation theory and system-
atically multiply the strong coupling constant. Thus, the effective perturbation parameter
is not g any more but agx (a power of In(m?/Q?)). The latter can be quite large and can
even invalidate the perturbation series. In effect, small but non-zero quark mass leaves the
result finite but unphysical; one should sum up to all orders terms of this type in order to
be able to make different perturbative predictions. Such large logs are called quasi-collinear

logs and are classified in the following way: a term at order a§ has the form:

al Z ¢ In <@) : (2.39)
k=0

Terms with k& = n are known as leading logarithmic (LL) terms, the ones with k =n — 1
are the next-to-leading logarithms (NLL) etc.
It is a peculiar feature of QCD that due to its non-abelian gauge group not only quarks but
also gluons can radiate collinear gluons. Unlike the quarks however the gluons are exactly
massless due to the gauge symmetry.

The origin of the soft divergences is in the vanishing mass of the gauge fields (the
gluon). These divergences manifest themselves as singularities in the loop integrals over
gauge boson lines in the kinematical region where the energy E, of the gluon vanishes or

in the real emission diagrams where gluons with vanishing energy are emitted. The most
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convenient way to regularize those divergences is to work with dimensional regularization
since it preserves gauge invariance (unlike gluon-mass regularization).

It was understood long ago [37] that the problem of IR divergences is rooted in the way
the physical observables are defined. It is intuitively clear that a state containing a hard
parton can not be distinguished from a state containing in addition arbitrary number of
soft (or collinear) gluons. In those singular limits the particle nature of the real soft (or
collinear) gluon is not well defined and as a result we need to deal with degenerate states.
The conditions for cancellation of the IR divergences are stated in the following theorem:

Kinoshita-Lee-Nauenberg Theorem[38]: In a theory with massless fields, transi-
tion rates are free of IR divergences if a summation over the initial and final degenerate
states is carried out.

The proof of the theorem can be found in [5]. Its content is however clear: a physical
state is one that contains arbitrary number of soft (collinear) gluons. When applied to
perturbative calculations, the KLN theorem means that to some fixed order in the coupling
constant one should take into account the contributions from virtual and real emission
diagrams with arbitrary numbers of radiated gluons. Only their sum will be IR finite.
That way we arrive at the idea of an inclusive observable: a calculated cross-section will
be IR finite if it does not distinguish a state with one particle from a state with a number
of soft (collinear) gluons. We will see examples in the next Chapter when we discuss the
decay of the top quark.

In terms of Feynman diagrams (to all orders), the IR divergences are generated only
from real or virtual emission lines connected exclusively to external (hard) lines in the
diagram. The reason is that the internal lines are typically off-shell and thus regulate any
possible divergences. That observation is important for constructing an explicit proof of
cancellation of the soft divergences and was used first by Weinberg [39] in the context
of QED. Let us also mention that in fact that property leads in the context of QCD to
the factorization of the IR singularities in the hard diagrams. This is a very important

property that we will use in the next section. For an excellent discussion see [40].

2.4.1 Heavy Quark Masses

Let us return to Eq.(2.22) or (2.24) and now take into account the masses of the quarks

that we neglected in the discussion in the previous section. For example, Eq.(2.26) is now
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generalized to:
2 2
déi_x(z,Q*, m?, p?) = UBC'(x, %, %, ozs(,uQ)). (2.40)

It is clear that whatever choice we make for the scale u, we can not set equal to one both
mass ratios that appear in the right hand side of Eq.(2.40), an example is given in chapter
4 when the b-quark is considered a massive one in top decay. Let us set as before pu? = Q2.
Then (2.40) takes the form:

m
) @

Since the ratio m?/Q? can take any non-negative real value, we anticipate a strong depen-

déix(z,Q*,m?* p? = Q*) = opC <:1:, 1 - , aS(Qz)). (2.41)

dence on the value of the quark mass. The case when m? > Q? was already discussed in
section (2.2): one can simply integrate out the heavy quark and work in an effective theory
where that flavor is omitted . As a result , the definition of the coupling constant becomes
dependent on the number of flavors lighter than Q. To understand the dependence on m?

2 is not (much) larger than Q?, we first need to know if the cross-section

in the case when m
do is IR safe, i.e. if it is finite in the limit m? — 0. If it is collinearly safe, we can represent
it as:
m? m?

C(z, 1, 0 as(Q?)) = C(a;, 1,0, aS(Q2)> + 0 <@) (2.42)
Such cross-sections are well behaved and can be obtained by explicit calculation to any
order in perturbation theory. A typical example is the case when dé& is a total partonic
cross-section, e.g. for the process e”e™ — hadrons.

The case when dé is not IR safe is more complicated and at the same time perhaps
more common. In this case the limit m — 0 is singular, i.e. do diverges. Examples are
the cases where do is an inclusive differential cross-section for production of a parton,
or a process which is initiated by a single parton (the generalization to multiple partons
is straightforward). According to (2.18), the hadron level result is a convolution of the
partonic cross-section with distribution/fragmentation function. However in the presence
of IR divergences we should first understand how to make sense of such divergent results.

Let us first consider the case when the parton in consideration is light i.e. we take
m? ~ 0 (the case of having a heavy one: m? # 0, will be considered in chapter 4). The

first thing to note is that since it is experimentally measurable, the physical process of
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creation of a hadron or the process that is initiated by a single hadron is not IR diver-
gent. Such a process includes complicated stages but to simplify the calculation we assume
that the produced hadron has been created from a single parton, which non-perturbatively
hadronizes later. This hadronization process is described by the fragmentation function
D. Such a description is typical for production of light hadrons (i.e. hadrons that are
constructed out of light quarks). Thus in simplifying the process we necessarily introduce
mass singularities. The understanding of their origin suggests the method to cure them:
one calculates the partonic cross-section in perturbation theory that is (usually) regulated
in dimensional regularization. As we discussed in section (2.2) those divergences factorize
and can be subtracted in a particular scheme(usually M.S). Then the subtracted partonic
cross-section is convoluted with a non-perturbative fragmentation function which is pro-
cess independent but subtraction scheme dependent. The same considerations apply for a
process with space-like evolution. The justification for such a procedure is that the sub-
traction is physically equivalent to the absorption of the effects sensitive to long-distance
physics into the distribution/fragmentation functions (see Eq.(2.20)).

After the subtraction of the mass singularities and defining the corresponding distri-
bution/fragmentation functions now we use the factorization formula. We shall explain in

more detail later.

2.4.2 Perturbative Fragmentation Function Formalism

Let us turn our attention to the processes that involve heavy quarks and typical hard scale
() somewhat larger than the quark mass. As usual, by heavy we mean c,b or ¢t quarks.
Although the partonic cross-section for such processes is divergent in the zero-mass limit,
we can not really set the masses of the heavy quarks to zero since they are not so small. We
are then in a situation that we previously described: the results are formally finite but in
practice, perturbation theory can not be applied in a straightforward way since, as shown
in Eq.(2.39), large logs In(m?/Q?) appear to all orders in ag. There are two physically
different cases where such a situation can occur:

The first case is the partonic processes that are initiated by quarks with non-zero mass. We
will indicate that in such situations we would subtract the divergent part of the coefficient
function and then convolute it with the usual massless parton density. An example is

given in [41] where the strange quark was treated as having non-zero mass and after the
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subtraction of the quasi-collinear logs the effect of the (finite) power corrections of the
mass of the strange quark was studied.

The second case is the process where a heavy quark (usually c or b) is created in a hard
collision with a typical scale Q. Such processes lead to the creation of ¢— or b—flavored
hadrons and can be described within the formalism of the perturbative fragmentation
function (PFF)[42]. This approach has been used for e~e™ annihilation [43, 44, 45, 46, 47],
hadron collisions [48, 49] and photo production [50, 45]. In the next Chapter we describe
its application for bottom quark production in top quark decay, ¢t — bW [51].

According to the factorization theorem (2.18), we can write the cross-section for creating

a heavy-flavored hadron H in the following way:

1 do'! B d§ dot z
L qm = = [ £ qmpp(£), (2.43)

where o/ (04) is the cross-section for production of hadron H (heavy quark ¢) and D,,
is a non-perturbative fragmentation function that describes the transition ¢ — H at the
scale set by the mass m of the heavy quark ¢. That function is to be obtained from a
comparison with experiment. The kinematical variable z describes the parameter(s) of the
observed final state and typically is an normalized energy fraction. We also normalize the
cross-section in such a way that the Born term equals 6(1 — z).

The partonic cross-section ¢? can be calculated in perturbation theory. It is finite
because of the finite mass m but is not IR safe since the process is not completely inclusive,
i.e. it does not include all number of soft (collinear) gluons. It contains large quasi-collinear
logs to all orders in ag that must be resummed as we previously discussed. To make a

resummation of those, One writes:
1 dcrq d§d z
— 2.44

where ¢ is the cross-section for production of massless parton ¢ with the collinear singularity
subtracted in the M.S scheme. The function D;(z,u,m) is a perturbative fragmentation
function (PFF) and it describes the transition of a massless parton 7 to a massive quark g.

The ansatz (2.44) has the following physical interpretation: in a hard collision set
by the large scale () a massive parton is produced at large transverse momentum. For
that reason it behaves like a massless parton. The replacement of a massive parton with

a massless one (after the collinear divergence is subtracted) is justified up to powers of
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m?/Q*. The formalism of the PFF is applicable when such power correction are small and
can be neglected. For that reason, the cross-section ¢ is insensitive to low energy physics
and depends on (). The scale u is the factorization scale that, as usual, separates the
low from the high energy regimes. Similarly, the function D;(z, u, m) depends only on the
mass and the factorization scale, but is sensitive to the high energy part of the process.
In particular, the perturbative fragmentation function is universal, i.e. independent of the
process.

The PFF satisfy the DGLAP equation (2.27). The latter can be solved with NLL
accuracy. To completely specify the solution one needs to specify at some scale po an initial
condition D™ (z, g, m) that is also valid to NLL accuracy. Clearly, such a condition is
also universal and can be obtained from a perturbative calculation [42]. To complete this
procedure one needs to observe that if the scale pq is chosen of the order of the mass m
then no large logs will be present in the initial condition. Therefore, the initial condition

can be simply calculated in perturbative theory:

DIz iy, m) = d0(2) + PS40 g, m) 1 O(03). (2.45)

To obtain the above functions one need to independently compute to order ag both ¢ and
o for some process and then plug the results into Eq.(2.44), for a more detailed discussion
see section (4.7).

Comparing the terms by the first order in ag one gets in the M.S scheme [42]:
dV(z2) = 6,001 - 2)

1 2 2
dgq(znuo,m) = CF{1+Z (ln&—an(l—z)—l)]
+

—z

(2.46)

(1)

In section (4.7), the second relation (d;Z,

(z, 1o, m)) shall be obtained in the top quark
decay process but process independent derivations of these initial conditions also exist in
43, 52].

The most convenient way to solve the DGLAP equations is to work with the Mellin
moments of the fragmentation functions. We do not apply this method in this thesis

therefore we refer a reader to see [51] for more detailed discussion.
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Chapter 3

QCD Corrections for Top Quark
Decay using the Dimensional

Regularization Scheme

We present the QCD corrections at order oy to the t-quark decay with ¢ — b transition: ¢t —
b+ W*. The QCD corrections receive contributions from both virtual and real gluon
corrections. In our calculation to extract singularities we use dimensional regularization.
Then both Infrared and Ultraviolet singularities appear in forms of % and E%, where as
mentioned in the previous Chapter e denotes the deviation of the number of space-time

;D

dimensions from 4 and defined as ¢ = 2 5~ To specify the type of singularities, we label

err for the infrared singularities and ey for the ultraviolet singularities.

3.1 Kinematic Variables

In the processes t — b+ W™ and t — b+ W™ + g, which we are going to consider, a t-quark
decays into a b-quark, a W *-boson and possibly a gluon. Thus it is convenient to define
scaled momenta as kinematic variables. First of all, we denote the four-momenta of the
t-quark, b-quark, W*-boson, real gluon and virtual gluon as py, py, pw, py, ¢ respectively.
The t-quark mass and the W™ boson mass are denoted as m; and myy, respectively. The
gluon is massless and for our present calculations we neglect the b-quark mass, therefore
we have p,? = p,> = 0. In next chapter we consider the case m; # 0.

We define z-variable as the scaled energy fraction of the b-quark in the rest frame of t-quark,
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ie. p =0:
o 2py - Py _ Q_Eb_
mt2 my

Neglecting the b-mass, this variable takes values in the region of 0 < z < 1 — w in which
2
w is defined as the ratio w = TZLV;’ From now on we use the normalized b-energy fraction

t
xp that is defined as:

3.2 Born Approximation

The t-quark decay Feynman diagram in the tree level (or in the leading order) is depicted

in Fig.3.1. The amplitude of the Born approximation is given by:

b,

tp,)

Wip,)
Figure 3.1: Feynman diagram in the Born approximation in top decay

Born _ _6‘%b|
2v/2 sin Oy

in which e is the charge of the electron, e#(py) is the polarization vector of the W*-boson,

e (pw )u(p) 7 (1 = 75)u(pr), (3.1)

u(py) and w(p,) are the spinors of the t-quark and the b-quark, respectively. The angle 6y is
known as the weak mixing angle or the Weinberg angle and Vy;, is the CKM matrix element
for the ¢ — b flavor transition. For this transition we have Vj, ~ 1 since our assumption

for the branching ratio of the top quark decay is B(t — bW) = 1. This result is consistent

B(t—kW)
B(t—bW)’

with recent measurements of the CDF [53] collaboration of the ratio R™! = where
kis a d, s or b quark.
The Born approximation of the decay rate (or Born width) is obtained as:

Iy = mea(l — w)?(1 + 2w) e

16wsin®6y,
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but in order to get the correct finite terms in the normalized differential decay rate, the

Born width T'y will have to be evaluated in the dimensional regularization at O(e?). We

obtain:
mya(l —w)?(1 + 2w) 47 p? 14w
r 1-— —1 2log(l —w)—2
0 16w sin? Oy clvp —log m? +2log(1 —w) 1+ Qw] *
1 47 p? l+w,2 7 2(1+w)(l+3w)
21 (v —1 2log(l —w) —2 - — 3
Cly b —log =y 4 2og(l —w) =275 0) = T o)

(3.2)

where « is the electromagnetic coupling constant, vy = 0.577216 - - - is the Euler constant
and g is the arbitrary reference mass that appears in the dimensional regularization.
Using the definition of the differential decay rate from appendix A, the normalized decay
width reads:

1 dT,

— 80 51— ).
FO d.ﬁCb 5( xb)

(3.3)

Now we are ready to calculate the QCD corrections from «; order (Next-to-leading order)

in the t-quark decay.

3.3 QCD Radiative Corrections

The Born approximation of the decay rate receives radiative corrections from perturbative

QCD that can be indicated as a power series of the strong coupling constant a:
dl = dUPo™ 4+ d0 + dI + - - - .

We now present the calculation of the first order of ay corrections. The virtual gluon
contributions are denoted by dI'¥ and the real gluon contributions by dI'¥, so the total

radiative corrections of «, order can be written as:
dr® = drv 4 drk,

The virtual corrections dI'¥' contain the vertex correction and the self-energy corrections
of quarks. All these types of corrections contain both ultraviolet divergences (UV) and
infrared divergences (IR). The UV singularities are regulated and canceled out after renor-

malization of the fields, vertices and coupling constants. Likewise, the dI'* has the infrared
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divergences due to emission of the soft gluon and the collinear emitted gluon with the b-
quark. These divergences must be regulated in the same way like the virtual corrections.
The UV divergences in the virtual gluon corrections appear when the integration region of
the internal momentum of the virtual gluon goes to infinity.

There are many regularization and renormalization schemes [5]. In this work we adopt
the on-shell mass-renormalization scheme, choose the physical mass of the t-quark as the
renormalization point(the position of the pole of a heavy t-quark propagator in pertur-
bation theory). Dimensional regularization is better suited to regularize gauge theories,
because it is compatible with gauge invariance. The main idea in the dimensional regu-
larization is to change the number of space-time dimensions in the phase space integrals
from 4 to D = 4 — 2¢ and also in the calculation of the matrix elements. In this case, the
singularities are extracted in terms of % and E%

Now we provide the explicit procedure to calculate the virtual and real corrections using

dimensional regularization.

3.4 Virtual Gluon Corrections

First we consider the one-loop corrections to the decay width which are called virtual
corrections.
Expressing the virtual corrections amplitude M"Y in terms of the phase space variables, the

contribution of the virtual corrections to the differential decay width reads:

M4_D dD—lpW dD—lpb

2my (2m)° 2By (2m)° 712,

JrVir — (2m) 767 (p, — py — pw ) [2Re(MBorn M V)|, (3.4)

where the (x) sign shows the complex conjugate of the Born amplitude. With respect to

the definition of the kinematic variables, the equation above is simplified to:

drve (1—-w) 47 2(1+w)
- 1—2)d1—e[yp—1 2log(l — w) — )
dxy 16mm, J Ib){ 6[%3 o8 m? + 2log(l —w) 14+ 2w }
1 4 a2 2(1 +w)y2 7 2(1 +w)(1+ 3w)
21y, —1 2og(1 — w) — 2@y T
L3l —log =+ 2log(l —w) = 575 )" = 5 (1207
[2Re(M*BornMY)| + O(as), (3.5)

where the Dirac delta function shows the momentum-energy conservation of the particles

system and the amplitude MV contains 2 graphs, which are depicted in Fig.3.2.
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w+ w+

Figure 3.2: Feynman diagram for the virtual corrections. (a): vertex correction (b): renor-

malization of the fields and coupling constants.

In fact, in the ay order there are several other Feynman diagrams depicted in Fig.3.3.
But we do not have to consider them since in the on-shell renormalization scheme,the
self-energy diagrams, Figs.3.3a and 3.3c, are canceled by the additional counter terms con-
tributions, which arise from the quark wave function and mass renormalization, Figs.3.3b

and 3.3d,[54]. The amplitude M} which includes the one-loop vertex correction, shown in

& y

S

Figure 3.3: Virtual corrections: graphs a, ¢ show the self-energy of quarks and graphs b,

d are counter term contributions.

Fig.3.4, reads:

MY = mew@ma(pbw(pw,m)u(pt), (3.6)

in which,

2

Ay(pw.py) = p P 2 /dD L — (1= )8y
L(ow.pe) = i) q [g9p, — (1 —n) qQ]

TP ( 4+ o) vu(L = 75) (oot pw+ 4+ me)y' T
a*(q + po)*[(py + pw + @)% — m7]

x| ].

(3.7)
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b,
Q)

g

tp,) gy, T

Wip,)
Figure 3.4: Feynman diagram for the one-loop vertex correction

In the one-loop integral calculation we used the dimensional regularization in which we

4 D
replaced [ (ST‘)Q by p*=P [ (;lﬁ)qD_

Since A, is directly connected to the measurable quantity dI', it is gauge independent thus

we can choose the t’"Hooft-Feynman gauge (n = 1). The 75 matrix is not well defined in
D dimensions. The anti-commutation relation {y#*,75} = 0 produces the ambiguity, and
one can not simply apply the anti-commutation relation in general D dimensions. There
are several prescriptions to prevent the ambiguity of v5 [55, 56, 57, 58]. We employ the
Breitenlohner-Maison (BM) scheme that is summarized by two principle rules. The first
rule is that one should not commute 75 with other v matrices, i.e.{v,,v5} # 0, and the
other one is that the trace of v57,737,7s is expressed with the conventional anti-symmetric
metric e—tensor, i.e. Tr[V57aY37,7s] = 4i€apy6. To avoid the anti-commutation relation of
~5, one does not contract two v matrices with a 5 matrix between them. A more detailed
explanation is found in [55, 57, 58].

After applying the on-shell evaluations, p?=m? and p}=0 in Eq.(3.7), we sum and average
over the color of the quarks with respect to this property that T};- T3} = Tr(T*T) = 4 (the
‘a‘ sign stands for the gluon color index which takes the values 1,2,---,8 and the indices

i and j label the quarks colors). The result is:

AP AP P (=) (Bt pwt A+ )
Bulow. o) = 5 / S R [FrSws cy R

Now we calculate contribution of the one-loop vertex correction to the differential decay

44



width (Eq.(3.4)), namely:

O (g PPy T b n et e+ m(1— 7).

2Re(M*Born MV)| = ————
| ( v) 2sin? Oy miy
(3.8)

Here we used the definitions (3.1) and (3.6) for M*B™ and M, respectively.

In our calculation we used the program Feyncalc and in conclusion we obtain:

2Re(MBorn MY =
miacg [4(1 —w)(1 + 2w)

sin? Oy 3w

(= 1+ By(0,0,0) + m; (1 — w)Co(mf, mjy,,0,0,mf, 0))

2
+ 4w By(m3y, 0,m?) — 3—w(4w2 + w4+ 1)Bo(m7,0,m7)|. (3.9)

Here By and () functions are the Passarino-Veltman 2-point and 3-point integrals which
are defined as:

)47D

(2mp 1

B2 m2. m2) = /dD
olr, Mo, i) = " @ —mg+ie(a+p)? —mi+ie)

and

(2mp)t—P
CO(pi(pl _p2)27p§7mgamfamg) - T X
1

aP .
/ T —mZ i) (g+p1)? —m2 +ie)(q+ p2)® — mZ + ic)

The By and Cj functions which we need, are:

2
By(m?,0.m}) = Apy +log L +2
t

2
1—
By(miy,0,m7) = AUerlOg'u—QJr( ) log(1 —w) +2
1 1
By(0,0,0) = — — —
€UV €IR
Co(mf,m%,V,O,O,mf,O) =
! L (log 25~ 210s(1 — w) + Arg)? + ALis(w) +
S g— og —— —2log(l —w io(w) + —
4mi(1 —w) \ g gmf & R 2 6 )’

(3.10)
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in which Ayy = % +log4r — g, Ajg = - + log4m — g, [59, 60].

€IR

Using these relations the final result for Eq.(3.9) is:

2RI ]| =

m2aog(1 — w)(1 +2w) [ =2 . 2(210g(1 —w) — log 4:;% g — 2> L2

3w sin? Oy E%R €IR €UV

4t 47 7% + 48
—(log? 2(1 —yg)1 -2
(log m2 +2(1 —yg)log m2 +ye(ve —2) + 6 )
T2 3w ,
+4(log T log(1 —w) + Tr2w) ve)log(l —w) — 4Lis(w) |, (3.11)
where Liy(w) = — [ 2 1og(1—t) is the Spence function and w is the ratio w = %, already

introduced in section 3.1.
The contribution M), due to renormalization of the wave-functions, electric charge and

masses, which are shown by the countervertex graph, Fig.3.2.b, reads:

- ds 0z 0z 0z
2\4‘/:76*“ m 526__W_|__W+_t+_b
2 2\/5 sin QWE <pW> (pb){ Sw

5t T (= s)ulp), (3.12)
in which 6z, dz; and dzy are the renormalization constants of the b-quark, t-quark and
W*-boson wave functions respectively and dsy (s = sinfy) is the renormalization con-
stant based on the Weinberg angle and ¢z, is the electric charge renormalization constant.
In the ay order, there is no self-energy correction for the W boson, thus dzy = 0. On the
other hand 6z, = —%5,2 A where 0z, is the electromagnetic field renormalization constant
[5], which can be written as dz4 = _7.(0) which >".(k) (the transverse part of photon

dsw is
sw

self-energy) is zero in the «; order, therefore 0z, = 0. Likewise the contribution of

expressed by:
2

Z>’

2 2
miy m?

Ssw —c¥ omy,  0m

(

S - 2s%,
where sy = sin Ay, and ¢y = cos . On the one hand dm%, = Re{>_) (m%,)} and on the
other hand in the a, order there is no the W boson self-energy thus Z;V = 0so 6m12,V =0
and analogously we obtain dm? = 0, therefore we obtain: sy /sy = 0.

Now we have to calculate the b-quark and t-quark wave functions renormalization con-
stant.
At first I explain the general method to calculate the wave functions renormalization con-

stant of one particle with mass m and momentum p. This constant is obtained from
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calculating the self-energy of that particle in the o, order(}_ (p)) which is depicted in
) in D-dimension reads:

Fig.3.5. In the t'Hooft-Feynman gauge, the self-energy > (p

9(q)

p p-q p
gYﬁTk/b gy VT a

Figure 3.5: Feynman diagram for the self-energy of a particle with mass m in ay order.

_ A o AP Uh— A m)s
ORI Rl (e (349)

If we decompose the self-energy > (p) into the vector and scalar parts to the face:

2,0 =Py, 0% +m) (7’

using the following relation:

020 = =3 (m®) —2m* (Y (m) + Y (m), (3.14)

in which Y, (m?) = 82%]{9)2) and > (m?) = %p}f% e we obtain the field renor-

malization constant dz, . For t—quark with mass m; we obtain:

2

> () = _g ( m BO(O 0,m7) - p; Bo(pi, 0,my) = Bo(pf, 0,my) + 1)
! ¢
+my(—2 + 430(]9?,077"?)))7 (3.15)

in which By(0,0,m?) = C,,, (== + 1).

evv
The field renormalization constant z; reads:
s, 1 2 2
0z = — o2 (—— + — — 3yp +3In - +4), (3.16)
T €uv  €IR my

g2

where the strong coupling constant o is defined as a, = Z-.

To calculate the field renormalization constant of the b-quark with mass m;, = 0, the

self-energy > (pp) is:
S ) = Bu.0,0) b,
=y (1}). (3.17)
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If we consider §z, = — Y, (mj = 0) from Eq.(3.14), therefore:

(6]
) = ——2By0,0,0
Zb I 0(77)
oy, 1 1

——2(—-—), (319)

where the By(0,0,0) function has been expanded in the powers €y and €;z. The contri-

bution of renormalization of the wave functions to the decay width reads:

|2R6(M*BornM2V)| =
m2ao,(1 —w)(1 + 2w 1 2 Amp®
t ( ‘ 2)( )(_____BIQg 7”; +3’}/E—4>‘|‘O(61R76UV)'
3w sin” Oy €[IR €UV my
(3.19)

After summing up the vertex and the fields renormalization corrections we expand the

obtained result in the powers of €/ and €. Obviously, all the UV singularities will be

eliminated and the rest just contains the IR singularities in the forms 6% and %. From

IR
now on we label the infrared singularities as €. In conclusion, we have:

‘QRG(M*BOT‘HMV) ‘ —

~ miaag(l —w)(1+ 2w) (47T,u2

3 2
3w sin® Oy m;

-2 4log(l—w)—5 9 , 12wlog(1l — w)
[6—2+ . — 410g*(1 —w) — dLig(w) + o —12},

|2R€(M*BornM1V + M*BornMQV)‘ )EF[l + 6] %

(3.20)

where the polylogarithm function Lis(w) can be written as: —Lig(1—w)—InwIn(1—w) —1—%2.

The contribution of the virtual corrections to the differential decay rate, Eq.(3.5) reads:

1 dIVr o 6w
— = —=Cr6(1 — log(l —w) — F 3.21
[y dxy or & ( Ib)[1+2w og( w) ]’ ( )
where F' is defined as:
1 Ay o b, Amp? .
F o= 5(~log 2 +2log(1 —w) +7p)" + 7 log 2 — 2Lis(1 — w)
577'2 5"}/E 1
—2log(l —w)logw+ -5 = o= +6+ 5
1 47y 5
——(—1 2log(1 — — = 3.22
—(—log s og(l —w)+75 - 3), (3.22)

in which the color factor,Cr, is 4/3.
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3.5 Real Gluon Corrections

The Feynman diagrams of the real gluon corrections are shown in Fig.3.6.

The amplitude M2 of the real gluon correction for graph (3.6a) is:

Figure 3.6: Feynman diagrams for emission of real gluons from t-quark and b-quark in ag

order

R_Mela* e u O‘(M) B "
Mo = smy o) ow)ulpe)y™ {770 A5 ) L = ws)ulpe), - (3:23)

and the amplitude M7 for graph (3.6Db) is:

R eg|%b|7}%
b 2v/2 sin Oy

As it was already explained Vj, ~ 1.

pt_ pg + my
(pt — pg)? — m;

o) o (1= 70

) YPu(py). (3.24)

The amplitude M leads to singularities of the form % when E, — 0. These singularities
are the soft gluon singularities. The amplitude M leads to both the soft singularities and
the collinear singularities (see section 2.4).

To evaluate the contribution of the real corrections to the differential decay rate we use
the dimensional regularization scheme and define pg = (0 and D = 4 — 2. For this work we
square the amplitude in general D-dimension, replace D — 4 — 2¢ and expand the squared
amplitude in the powers of €. In the squaring of amplitude we make a summation over the
color and spin freedom degrees of the particles and obtain the average over the t-quark

color and its spin degrees. We obtain:

|MBeal|2 = | ME|2 + | MF|2 + 2Re| MR M|,

where for example: [M[]? is o1 spin.color

M, - M}) and so on.
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The differential decay rate for the real corrections, from appendix A, reads:

D—-3

it
de‘b

]_ —
_ 24—3DW37DN2(4*D) /dEg dcos® §(cost — a) 1w

I3 - 1rie

< (Eymqxy)P (1 = cos®0) = x [MF]. (3.25)

With respect to the momentum-energy conservation: p}' = ply, + pj + pl; we choose the
4-momentum of W boson and b-quark as independent momenta and the 4-momentum of
gluon dependent on them. Therefore as it can be found in appendix B, the range of the
real gluon energy variations reads:

my(1 — w)(1 — zp) my(1 —w)(1 — xp)
2 S 21 — (1 —w)) ’

(3.26)

then the differential width is formulated in terms of the x; kinematic variable which takes

the values between 0 and 1 (0 < x;, < 1). The limit ;, — 1 is equal to emission of a soft

gluon. Now we investigate the terms in the squared amplitude | M %|? in detail and classify
these terms to four types, i.e. we write down |M%|?> =T} 4+ Ts + T35 + Ty. The contribution
of the differential decay rate of each to the following four groups of terms are listed in

appendix D.

e First type terms have no factors of singularities such as cosf or Eg in their de-

nominator. These are:

2aa, D —2)E,E? B2
n = - [32( VBB, 64 5 ) cos?o
sin” Oy, 3y, Imyy,
[ B 322(D —2)Ey + my (10 — 3D)EbE B 322771,52 —4Eymy + (D — S)m%VEb
3mtm12/v g 3Egm%/V
2D — 6)m? — 2(D — 2)E D? — 5D 2
_p6 2D = 6)mi = 2( 3) "”Z”r( > +6)mWEb] cos 0 +
mth
16
T [DQ(Eb — 2my) M2, + 2(8m? — 6Eym? — 12mym?, + 3Eym,) +
Loy
D(—4m? + 6Bym? — 2E2m, + 14mgm?%, — 5Ebm§V)] +
2 [(D—2)B} + (10— 8Dym 5, + (3D — 10)m?] +
3myma, b il K
32(Eb + mt)

T [ —9m? + 4Eym; — (D — 3)m%V] } (3.27)

In Eq.(D.1) the result is shown after integrating over E, and cosf and before expand-

ing in €. It is obvious that there is no singularity. We could even evaluate them in
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4-dimension instead of D-dimension. The contribution of the real correction to the

differential decay rate due to these terms reads:

Ldrve o O { 200 — V)2 + (14 20)(1+ )] log(1 — 2p(1 — ) -
Ly dxy, — 27(1+ 2w) F “ K “ o)1 508 o “
Ly 30, 1\3 2 N2
20— (1= )m)? [Tz} (w —1)% + 227 (w+ 9)(1 —w)* +
2(w? + 3w + 2) + 3y(3w® + 5w? + Tw — 15)] } (3.28)

e Second type terms which have the factor of cosé in their denominator in the

form:(1 — cos ). These are:

1672 o

T, mt{ — 16myE; — 2Ey(—4m? + (D + 2)myE, — 2(D — 3)m3y)

3Eym3, sin® Oy,

1
D —2)E,(2m? — 2m,E D — 2y 2
HD = 2B, 2} = 2y + (D = ) p =t (3.20)
According to the following differential decay rate:

Al 1 — w)l—2e

- 22(364)7T5/2+26,u4e/dEg d cos O (S(COSG . a) ( W)g

dxy, L1 — €[5 — €

x (Eymyxy) (14 cos ) (1 — cos )¢ x |[ME|2, (3.30)

if the scattering angle 6 approaches zero they will create collinear singularities. The
integrations of these terms have to be down in D # 4 dimensions and their infrared
singularity appears in the form of % The contribution of these terms to the differential

decay rate reads:

Q@ 1-w 1 4y
- —50{1 " (—— —1 21og(1 —
5. CF ( + $b1+2w) €+’7E 0g m? + 2log(1 — x)

1 df‘Real,2
Ty dxy

1+w
~log(1 — z5(1 — 2 log(1 — 21 2 )-
og( zp( w)) + 2log( w) + 2logzy + 52w
1

2(1 — zp(1 —w))%(1 4 2w)

(5(w — 1%z} 4+ 2(w — 1)?*(3w + 8)z;
+5(w? + w? + w — 3)27 + 2(3w? + 3w + 1)xb—i—2). (3.31)

e Third type terms have the factor E’g in their denominator which produce the soft

gluon singularities. These terms are:

32m2 v

Th=——"-"°'F om? — 2m,E D — 3)m? —. 3.32
= e B = 2 (D =) ¢ g (02)
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As already explained, radiation of a soft-gluon in top decay(the limit of E;, — 0)
corresponds to the limit z;, — 1. When we integrate over £, in the differential width
j—i, Eq.(3.30), terms of the form (1 — z;)7'7%¢ will appear(Eq.(D.3)). If we want

to integrate over x;, and take the limit ¢ — 0 they will produce the IR singularities

therefore we replace the terms (1 — x3)~172¢ by the following relation:
L 1 1 log(1 — z)
e ' S S 0 ) P L) S
(1 —m) o)+ (1) () e

A detailed discussion of the ” + ”—prescription is given in appendix C.
The contribution of the real corrections to the differential decay rate from these terms
after integration over Eg reads:

1 deeal,3
1ﬂ_o dxy

Qg 1 w A7 12
- %Cp{é(l—mb)<— —2log(l —w) +2 1logw+log /; —VE)

Qxb( —D+w+2
—a Y(1+2w)(1 — xb)+}
(3.34)

Fourth type terms have both E, and (1 — cos ) factors in their denominators:
2
Tp:5%;5?%;%mEdwﬁ—QEwu+(D—3MﬁJ}EgT%ag5. (3.35)
They contain both soft gluon and collinear singularities at the same time.
The terms (1 — x;) ' 72¢ appear after integrating over E, and cosf as well, Eq.(D.4),
that they must again be replaced by Eq.(3.33) which leads to the singularities of the
kind of %m The contribution of the real corrections to the differential decay

rate from these terms reads:

1 deeal,4
F_O dl‘b -
g 1 ) L 47TM 7T
%CF 5(1 — ) 6_2+2L22<1—W>+§(7E+210g(1_w) log m? ) 4
¢
| 4y zy(w — 1) +w+2 (log(1 — )
E[_VE_QIOg(l_w)+IOg m2 })"—4? ( 1+)2w < 11—z
; +
2 1 ~1 2 (1 — ) (1 —
PSS SO A
(1— )4 € 142w (1+20)
2 -1 2 4
xb(xb(w1+;:w+ )(2logmb+210g<1—W)+7E—10g :;M )]}
t
(3.36)
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Summing all the contributions up, Eqs.(3.28,3.31,3.34,3.36), the real gluon contributions

read:

1 d[Real o, 1 1 A i

— = sl —a)|= +=(1 —2log(1l —w) — 1
r, dx 2 F{ ( xb)L? + e( & m? og(l -~ w) —7p+1) +

2

1 Arp? ? A
+—<—log /; +210g(1—w)+7E) — (—log 'LZL + 2log(l —w) +vr)
2 m; mj

2

2w , T log(1 — )
1 2Li5(1 —w) — — 2(1 2 (7)
g logw+ i2(1 —w) 4}+ (1+ ;) T Lt
1 1+ 2} A7 p?
— b+ 2(1 + ) logmy, + (1 +27)( —log 'l; +
(1 —:cb)Jr € my

m(l = w)(1 = m)? ]}

21og(1 — w) + ‘a2 —dx,+1+4
8 ) 7E) b b (1+20)(1 — a3(1 — w))

(3.37)

3.6 Differential Decay Rate with o, Corrections Using
Fixed z,

In the previous two sections we calculated the virtual and the real gluon corrections and
showed both of them have singularities of the types % and }2 The singularities of the types
}2 cancel each other when the two corrections are summed up. The resulting differential

decay rate in the variable z;, with a; corrections is:

1 dTy Qs 1 1+a2 3 A

— b 51— = = —logdr) [ ———b— 4 Z5(1 — A

T, dzs O(1 — ) + QWCF{( . T e —log 7T)<(1 ~ ), + 25( xb)) + (:pb)},
(3.38)

where,

. 3. 12 —2+42w 272

A(zy) = {5(1—%)[—élogm—%+mlog(l—w)+210g(l—w)logw—?+

2w log w 2

ALir(1 — w) — —(1+x§)1og%+(x§—4xb+l)+

- 6] S l t o
log(l —
g b )+

4apw(l — w)(1 — x)? 5
(11 20)(1— (1 —w))] +201 ”b)< -

_2%} +0(ad),. (3.39)

1—w

2(1 4 z3) log[zi(1 — w)] +

1—335
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As we explained in section 2.2, to remove the IR collinear singularities remaining in equa-
tion above we define a fictitious distribution function f;,, which depends on the renormal-
ization scheme. Omne of the most economical of renormalization schemes is the modified
minimal subtraction scheme(MS)[62]. This scheme is due to 't Hooft and is specific to
dimensional regularization. In this scheme we absorb the pole term % accompanied by the
natural constant vz and log 47 (in the combination % — g + log4m) in the dimensionally
regularized expression of the Green functions.
According to this approach to get the M S-subtracted coefficient function we shall have
to subtract from Eq.(3.38) the O(a,) term multiplying the characteristic MS constant
(£ — vE + log 4) therefore we obtain:
1 drMs
'y dxy

Qg ~
(3.40)

Having this result and obtaining the MS coefficient function for decay of the top quark to
a massive b-quark, which will be discussed in the next chapter, we will be able to produce
initial conditions for the partonic perturbative fragmentation functions(pFF). We also need
Eq.(3.40) to evaluate B-hadronization of the b-quark in top decay. Later we explain about
it in detail.

To obtain Eq.(3.40) we used the definition of the plus-function to simplify our calculations.
For example, when summing up the coefficients of 1 in Eqs.((3.31),(3.36)) using the plus

function definition we obtain:

—x? Tpw—1)+w+2 —1(1+xb—21_wx5):—1 1+ 2} ’
(1 —ap)y 1+ 2w 2 1+ 2w 2(1—ap)s
and also when we sum up Eq.(3.31) and Eq.(3.36), we can write:
227

w—1
1 2= 2% log(l — -1 2
(14 xp+ 1+2wxb) og(l—uzp) + 1+2w(:cb(w )+ w4+ )<

:41+x@<9glifﬁ);

1—$Cb

log(1 — a:b))

l—fL‘b

The same applies use to the terms m

We close the discussion of the radiative O(a;) corrections by stating that our final result
(3.40) agrees with [51] and also this result is in agreement with the result of [63] after
integration over x;,, see appendix G. It is remarkable that in the total width the IR

divergences disappear together with the dependence on the unphysical scale p.
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3.7 Differential Decay Rate with o, Corrections using

Fixed z,

In order to study the B-hadron production in top quark decay precisely, we need to know
the differential width for the production of a gluon in top quark decay with the gluon

scaled energy fraction z, defined as:
Ty=—-2— 0<z,<1. (3.41)

As usual we start from Eq.(A.1)and fixing the momentum of the gluon, the differential
width for the real correction reads:
iy
dxg

1 — 1—2¢
22(3574)7;%%6“46 / dEy, dcost (5((3089 - a) ;(), w)
2

[[2 — €[l — €]
X (Eymyz,)~%(1 — cos?0) 7 x [M|2, (3.42)

2Eg Ey+mi —m3, —2miEg—2m Ey,
2E4Ey,

where a = . The range of the variation of the b-quark energy is,

(see appendix B):

my(1 — w)(1 — ) my(1 —w)(1 — )
2 SEE 2(1 — z,(1 —w))

(3.43)

It is obvious that because of fixing the momentum of the gluon, there will be no soft
singularity. Therefore we will not have the plus prescription, because such terms arise
after integration over the phase space of the real gluon. The only singularity which will
appear, is due to the collinearity of the real emitted gluon and the massless parent quark.

Now we study the terms in the squared amplitude W in details and classify them as

before.
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e First type terms have no factor of singularity. they are:

T — oo {—64Dm? 256m? 32D Eymy _ 64Eymy N 32DEgm;  320E,m,
sin Oy | 3mi, 3m?, mi, mi; mi; 3m?,
_320° 24D 82DE} 82DEE, 16D°E, SODE, 325,  32DEZE,
3 3 3m3, mi, 3my 3my my 3myms,
GIERE,  3WEE, o [32DE9E1, | 320E,E, 128E,E} 64DEZE,
3mtm12,v 3m12,v m%,v 3m%,v 3m12,vmt 3mtm12,v

64F,E? 32DE.E? 64E? 64FE 64F? 32DFE 32F
+(_ gzb + gzb 217)(3056+ gmt_ 2b - 2bmt_ :
3memy, 3mymy, 3myy, miy 3myy, 3myy, my
32DE} 16D°E, 8ODEb] ot s [_ 64mPE, GAEym}  64E,E,m?
3m3, 3my 3my 3m3, 3m3, 3m3,
64miE;  128EE,my REE, — 64miE,Eycos0  128mEZE, cost
3m3, 3m?, g 3m?, 3m3,
2E,E. D 0 2DEE 2DmE 2DE)
32E,E, cosf — 2Ly é cost 3 3 vBy 3 ;nt L+ 32mE, — w

1
+32Ebmt] X ﬁ } .
g

These terms can be calculated in 4-dimensions. The contribution of the real correc-

tion to the differential decay rate due to these terms reads:

1 df‘Real,l
F_O dz,

as(1 —xz,)Cr
1272,(1 + 2w) (1 — 24(1 — w))
(1 —w)*(22w* — 65w + 10)z) + 3(1 — w)(—10w? + 23w — 5)x?

4.5 3 4
S {4(1 —w)'ry + (1 —w)’ (20w — 1)z, +

+12(1 — w)(w + 2)zy — 12(1 + Zw)}.
(3.44)

e second type terms have a factor of (1 — cos#) in their denominator. These are:

T _ T [32Dm§’ 64m; 64E,m? n 32m;  32Dmi  32DEgm?
27 sin2oy | 3Eym?,  3Eym3, | 3Em3, E, 3ma, 3Eym3,
16D%m;  80Dm; 64m27 1 198m3E, 128Eym?  256E,E,m?
3L, 3E, 3m2, 11— cosf 3ms, 3m3, 3mz,
128Egmf 64FE,Dm;  64DmFy, 1
- — 64 By — 6By | o,
3m3, - 3 - 3 bt gt E%(1 — cos )
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If the scattering angle 6 approaches zero they will create collinear singularities. The
integrations of these terms have to be down in D # 4 dimensions and their infrared
singularity appears in the form of % The contribution of the real correction to the

differential decay rate from these terms reads:

1 df‘Real,Q
F_O dz, -
- F{6<1 T rr ) e R R S S A
3w(l — w)* (9w — 8)) + (1 — w)(20w® — 102w* + 57w + 16)z? —
3 2 1+ (1 —x,)?
3(16w° — 43w + 18w + 6)zy + (1 — w)(30w + 6) ] + ——= o) [2 log(1 — )

Lg

1 4 p®
+2logz, — log(1 — ,(1 — w)) + 2log(1 — w) — — + 75 — log }}

t

(3.45)
The resulting differential decay rate in the variable x, with o, corrections is:
1 dl' 1 d[fead? L direa>
Lodry Ty daxg Iy dzx,
S 1 1 - 2 ]_ N
a_CF{M(— -+ — 10g47r) + B(xg)},
2 ;L*g €
(3.46)

where,

. 1 1 — 2 2
B(z,) = M<_ log% +2logx, + 2log(l — x,) + 21og(1 — w)
g

—log(l — z,(1 — w))) + 0+ 20) (0 i e =) ((1 —w)?*(6w — 1)z}
+2(1 —w)(1 — 2w)(w + 3)a + (—6w® + 25w° — 13)z, — 4(2w — 3)(1 + 2w)
4(1 4+ 2w)

—7), (3.47)

Lg

and Cp(1+ (1 —2,)%)/z, = P;g)(xg), see Eq.(2.32).
As we explained in sections 2.2 and 3.6, if we eliminate O(as) the term multiplying
the characteristic M.S constant (% — g + log4m) in the above result the coefficient

function in the M S scheme is obtained.
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In the integration over Ej, in Eq.(3.42) we deal with some specific kind of Hyper-
geometric functions. To obtain a finite result we use a useful relationship between

Hypergeometric functions (see [67]):

oFila,b,c,x] = ll:ggll:gi : Z; (1—2)""xoF[a,c—ba—b+1,(1—x)""]
+%(1 — ) " xyFbc—ab—a+1,(1—x)7".

(3.48)

In our calculations a, b, c and z are functions of € and to expand the Hypergeometric

functions in € we used the program HYPEXP (see [68]).
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Chapter 4

b-Quark Fragmentation Function to
NLO QCD and B-Hadron Production
in Top Quark Decay

In the previous chapter to simplify our calculation we assumed the b-quark is to be a
massless particle. In the present chapter at first we attend to consider a non-zero mass
my for b-quark and try to find out the differential width for the production of a massive
b quark in top quark decay precisely. After that we will study the perturbative fragmen-
tation function (pFF) of the b quark at NLO QCD by comparing the results obtained for
the top quark decay width considering a massless and a massive b-quark separately, within
the framework of perturbative fragmentation.

In the next section we try to find out the energy distribution of b-flavored hadron in
top decay using two famous approaches: zero-mass and general-mass variable-flavor-
number scheme applying realistic non-perturbative fragmentation functions. These non-
perturbative FFs are obtained through a global fit to ete™ data from CERN LEP1 and
SLAC SLC exploiting their universality. We show the b-energy distribution and make
predictions for the energy spectrum of b-flavored hadrons in top decay comparing the two
approaches mentioned above. We also study the B-hadron mass effect in the B-hadron

energy distribution.
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4.1 Kinematic Variables

In this section we introduce all kinematic quantities which we need to derive the NLO
differential decay rate in presence of the b-quark mass. The kinematic variables needed

are:

Q=5Vi-/"

1
G0:§(1+b—2w+ ),

o) = 5(7 -7 —losl L)), (1

where as before, x; is the normalized b-quark energy fraction and it is simple to show that
B<a <1t

(1—b)

Eb,min =mp = mt\/l_j = Smtxb,min - mt\/g = Ty,min = ﬁa

Py = 0= py = py+ pw = m; +mi — 2m By = miy = Ty maz = 1.

4.2 The NLO Differential Width with the Full Inclu-
sion of the b Mass

In this part we repeat all calculations which we had in the previous chapter but considering
a massive b-quark. For the virtual and real corrections we have the same graphs like in

the previous chapter.

4.2.1 Born Approximation

The amplitude of the Born approximation using Fig.3.1 is given by Eq.(3.1). Therefore

the squared Feynman amplitude |MBon|2 will be:

2
|MBorn|2 — oy

)2 2
(1+b—2w+(1 b) ) = 2ram,;

= ) 4.2
sin20yy, w sin20yy, 0 (42)
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In order to get the correct finite terms in the normalized differential decay rate, the Born

width T’y will have to be evaluated in dimensional regularization up to O(e). Therefore we

have: )
———  2mam
MBorn|2 = L(Gy — 28€). 4.3
| | sin20yy ( 0 6) (4.3)
Using the following two-body phase space:
2e 1—2¢
Ty = ) [ATBorn]2, (4.4)

8(4m)z mi XT3 — ¢

the Born width reads:
™ 2 S — GO

(QGO){l—e[—log4”+7E+log4Q2+2 g }}Jr@(e?).
0

2
my

amy

T, = e
0 45in20y,

(4.5)

To obtain Eq.(4.4), we used the differential decay rate of the two particles top decay in
D-dimensions, (see Eq.(A.1)).

As we know the Born approximation of the decay rate receives the radiative corrections

from virtual gluons and real gluon radiation. Now we are in situation to calculate the

virtual gluon corrections to the differential decay rate.

4.2.2 Virtual Gluon Corrections

In section 3.4 we showed that in the one-loop correction the amplitude MY contains 2
graphs, which are shown in Fig.3.2.
The amplitude M} which includes the one-loop vertex correction, shown in Fig.3.4, in the

t’Hooft-Feynman gauge reads:

MY = e ow) ) Au o o)), (£6)

where:

Au<pW7pb) =
wp G / Dy (9] x [Tfﬂﬁ(/ﬂ Do+ mp) v, (1= 75) (oot pw+ 4+ me)y'TH
ient) © 1 Plq+ )2 — M3 [(po + pw + )2 — 3]

After applying the on-shell relations: p? = m? and p; = m?, taking sum and average over

].

the quark colors, the result will be:

dg*u*" / e [’Vﬁ(/ﬂ Py + me) (1 —v5) (oot pwt 4+ me) s
3i(2m) ¢*[(q + po)? — m3)[(ps + pw + q)* — m7]

].

AM(pW7pb) =
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Therefore the contribution of the one-loop vertex correction to the differential decay rate

(Eq.(3.4)) reads:

2Re(M*Born MV =

AT

9 ¢in? ( — 9"+ p%fyw)TT((ﬁb +mp) A (oot pw + M)y (1 — 75))-
sin” Oy, myy,
(4.7)

The final result gets the following form:

|2Re(M*Born MY)| = GoSmiCo(mi, mi, m3,, mi,0,m?)

m2aa { 16
3

sin? Oy

4
o {b(b — 1)Bo(0,m?, m3) — (—2Gow + 4b*> — 3bS) By(mz, 0,m;) +

(2Gow + 35 + b — 3)By(m7,0,m?) + 3w’ By(miy, m7, my) — 2Gow + b* — b] }

(4.8)
It is simple to show that in the limit m;, — 0 this result is converted to Eq.(3.9).
In the equation above, the new By and Cj functions which we need, are:
2 2 mp
By(my, 0,m;) = Apv +2 - log Fa
y m?log?—g—mglog?—gg
BO<07mt7mb) = AUV—i_l_ mtg_m% )
2 2
mymy m;y —m my
BO(mIQ/Va m?v mg) = AUV +2 - log ,u2 tmIQ/V - lOg E
2Q
+j(log(Q +S5) —log S — log 3)
2 2 2 2 2 s Lo oy Loy
CO(mbamtamW7mb7 07 mt) = m{é lOg (Eb) - 5 lOg xrs
2
1 2log(1 — 2%) —1 —A
+logs(2log(1 — z) Og(mbmt) Ir) +
2
. my . my . 2 T
Lis(1 —xs— )+ Lig(1 —x5—) + L - —
i ( xsmt) + Lio( q:gmb) + Liy(2%) c },
(4.9)
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in which Agy = == + log4nm — vg, Ajp = = + logdr — v and zg = %,[59, 60].

cuv €IR

Therefore the final result for Eq.(4.8) is:

|2Re(M*Born MVY| =
gﬁ?j CF{ = 3Sw+ 257 log b + 6Q) log S\J/FBQ +
Go(% — e + log 477:;2) + % (g log? b — 2logblog % +
(51 b1 e S2L y
b+@-35 S —

+2Lis(1 4+ Q — S) + 2L )+2Li2(5+g)—%2)}.

(4.10)

Now we consider the contribution M), due to renormalization of the wave functions which
are shown by the countervertex graph, Fig.3.2b:
v —e o _ 0z 0z
= ———¢ u — + — 1 —v5)u(py). 4.11
Y = g TG+ 1 = )l (4.11)
As we showed in section 3.4 , the general field renormalization constant 67 for a quark

with mass my is:

2830(}?2, 07 mq)

«
62y = —(—=Bo(0,0,m2) + 4 1 4.12
2 37T< 0( ) 7mq) + mq 8]?2 22 + )7 ( )
q
in which w = —ﬁ(% — g + log 4:;’52 + 2). With respect to the equation
p2=m2 q q
above, dz, and dz; read: ’
oy, 1 2 2
dzp = ——(—+— —37E—|—310g”—2 +4)
3m v €IR my
oy, 1 2 2
0z = ——(—+ — —?)’yE—i-i%log#—2 +4).
3m v €IR my
(4.13)

The contribution of the wave functions renormalization to the decay rate reads:

2Re(M P M )| =

aa,Gom?Cr 3 4y 2 1
0 E (2 og b — 31 - 4 3yp—4).
SZTLQGW <2 % 8 m? €IR (Save + e )
(4.14)
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Obviously, when we sum up the vertex and renormalization corrections (Eqgs.(4.10,4.14)),
the UV singularities cancel each other and the remaining singularities will be the IR sin-
gularities. From now on we label the infrared singularities as e.

In order to obtain the differential decay rate due to the contribution of the virtual
corrections we start from Eq.(3.4). With respect to the definition of the kinematic variables

and considering the following relations in the t-quark rest frame:

Bl = (S - )2,
delp
Sl K !
1 1
o(piy —miy) = 0((pr —)* —miy) = 2—mt5(Eb —myS) = 2m255(1 — ),
t

if we integrate over the four-momentum py in Eq.(3.4), therefore we obtain:

drVir Q 47t 2(5 = Gy)
i 87rmt5(1 — xb){l — e[ny — log —mf + 2log(2Q) + G ]} X
|2Re(M*Bern (MY + MY))| + O(a?). (4.15)

This result is converted to Eq.(3.5) when we take the limit m;, — 0.

Finally, the virtual correction contributes to the differential decay rate as:

3bS — 35 + 2w(G)

~ . S—Q
1 drve as6(1 — ap) Q@+ Slog=7* g
i _ XU T s ) 2 1
Ty dry w CF{ Oc Taglt vt TG, ogb
A7 S S5—=0Q, Slog(l+@Q —95)log(Q+5S)
—(lo — 1+ —=1Io —
(log m? VE)( 2% 7 ) 0
—i—glog S+Q  Slog(Q+5)log(—b+Q+S) N Slog(Q + S) log(w)
Go Vb Q Q
+SLz'Q(QE—g?H)  SLis(—srg) Ll
Q@ Q

(4.16)

To obtain the above result, we used the following relations between the Spence Functions
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(or di-logarithms)[69]:

2
Liy(z) = % —logxlog(l —z) — Lis(1 — x),

x
Liy(—x) = —Li — —log?(1
io(—x) 22(1+x) 5 og™ (1 +z),
1 2 1

Lis(0) = %—L¢2(x)—§1og2x,

) ) . Cox(l— . 1—=x 1—2z 1—

Lis(ay) = Lia(o) + Lia(y) — Lin(F2) — Lia A=) — 1o 1 =L 1og =2
(4.17)

4.2.3 Real Gluon Corrections

The Feynman diagrams corresponding to real gluon corrections are shown in Fig.3.6. The

amplitude M for graph (3.6a) is given by:
egT?
MF = - e (pyy V() (
© = T asinbn (pg)e™ (pw Ju(ps)y

while the amplitude MJ for the graph (3.6b) is the same as before, Eq.(3.24). As we include

now the mass of the b-quark, unlike in the previous case there is no collinear singularity

my+ ot Py
mg - (pb + pg)

Q)WG—%mmx

in our calculations and only a soft singularity arises from the emission of a real soft gluon.
We apply now the previous method to the new expressions.

The real correction contributions to the decay width are presented via Eq.(A.1), where

| M%|? has been given by:

|ME]2 = |ME|2 + |[ME|? + 2Re| ME. MR |2, (4.18)

To simplify our calculation we choose the p,—rest frame as before. With this selection we

have:
ph.p = Ey(Ey — y/picost) where pj=E; —m; and p} = E2. (4.19)

The differential decay rate for the real corrections in D-dimension will get the following
form:

dar
de‘b

(14+b—w)
L3 — 1T

X EP=4pP=4(1 — cos?0) 7 x [MEP, (4.20)

_ 2—2DW37DM2(4*D) /dEg dcosf d(cos — a)
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2F4 Eb+mf 7m%V +m§ —2m¢ Eg—2m¢ By
2E'gpb :

Obviously, the above result will be converted to Eq.(A.4) if m, — 0. In the next step we

where a =

have to obtain the range of variation of ;. In appendix B we showed that the range of

E, when the b-quark is considered to be a massive one, reads:

mS(1 —ap)(1 — Sap, — S\/x? — 3?) < E <mtS(l—xb)(l—Sa:b+5vw§—ﬁ2)

1+b—28$b - 1+b—28$b

Now we study the terms in the squared amplitude |M#|? in detail and classify them

according to the singularities. We classify them into two groups:

First type terms have no factor of singularity. They are:

oY 32(D—-2), , 9 9 3D —10
S0 {Eg( S (E; + Pcos* — 2E,Pycos) + 32W(Pb008€ — Ey) +
96D — 320 1 16w 32 32
D?*-5D+6)— —(D+2)E, — —(D - 2)E
3my )+Eb—Pb0080(3mt< +6) 3< +2)E) 3< JEy+
32 32Pycost
D1+ b) — 6b—2)) + #((D — 2)Ey — my(D(1 +b) — 2b — 6))
¢
64bm? DE? (b+3)(D —2)E, pheos®d 64
- 32 32 64 b)(D —4
+3(Eb — Pycosh)? 3m? i 3m * 3m? 3 5 (10 )+
16w(D? — 5D + 6) 32w

B, — Pyeost) — 222(D? — 7D 12}.
Z (Ey — Pycost) 3( 7D +12)

(4.21)

Due to absence of factor of singularity we can calculate them in 4-dimensions instead of
D-dimensions. The contribution of the real correction to the differential decay rate due to

these terms is giving by:

1 deeal,l
Ty dr,
@o=bas, (go [r2 g g #w _ _

(4.22)
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Second type terms have the factor of F; in their denominator. They are:

2 1
So(E ;bcos T {ﬁ < — G4E? + 64E2p2cos20 — 32bm3Ey(2b + (D — 3)w + 2) +
g

32E,m,(2b 4+ (D — 3)w + 2)(E} — P2cos®0) + 64b*m; + 64bmbe200529) +

" AE}  4P,E}cost
2226+ (D = 3)w + 6)(—E} + P,Ecost + By Pcos’0 + bEym?) + —b — —2=0%°
b b b !
Eg my my
4E,P3cos®0
2T (9 1 (D — 3)w + 2)(bm? + PPcos*0 + m,PRcos™0 + bm? Pycost)
my
AP?E2cos*)
+myE2(—=2b + (D — 3)w + 2) + 4bP, Eycost — w) b
my

(4.23)

When we integrate over E, and cosf in Eq.(4.20) terms of the form (1 — z;)71729) will
appear, see Eq.(D.5). These terms are due to integrating over the soft part of phase space.
This part of phase space includes the radiation of a soft gluon in top decay (i.e. the limit of
E, — 0). This corresponds to the limit z;, — 1. For a massive b quark, where xp i, # 0,

we replace the term (1 — 2,)(7'729) by the plus-function in the following way:

1

(1 — Ib)ili% = ( — ié(l — xb) -+ m

)(azb - 0)7*.

To obtain the contribution of the real corrections to the differential decay rate from these
terms we need to know the expansion of some Hypergeometric functions which appear in
our calculations while integrating over the gluon phase space. To obtain the expansion of
these type of Hypergeometric functions the XSummer-program [70] has been used.

The general results for the related functions, are:

2 F1(2¢6,6, 1+ €;2) = 1+ 26 Lig () + O(€®),

1—=x

2F1(1+26,e;2+e;x):1+6(1+

g1 - ) )+

1— 1
xlog(l—x)—l— Rl

62( ! —Tlog?(1— ) + LiQ(:L’)) + O,
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Taking these into account, we obtain:

1 df‘Real,Q
Ty dr,
a, Q+Slog®Z2  Slog?h  Slog(Fgig7) logh 25(1 — )
76}{5(1—%)( 0c TS + 0 210g(7\/5 ) +
Ay S, §- Slog(S +Q)log(1+Q —5) (S —1b)log(7)
(log lg —7e) (1 + 0 log( \/EQ)) - Slosl5 2@ ng( =5 0 .
_ Slog(S+Q)log(=b+ S+ Q) N 2S5 log(S + Q) log(25(1 — 3)) n (1-0) log(H?— e
Q Q Q
SLia(is)  Shin(s2)y | afmy) + VAT ) ast e
TG N Q ) " O — )
O ()
2Q<1 — p)+ }
(4.24)
If we sum up Egs.(4.22),(4.24) the final contribution due to real corrections is:
1 df‘Real B
Ty dr,
a, Q+Slog 72 glog?h  Slog(ggrg?) logh 25(1 - B)
?Cf{d(l — xb)< Oc BTS + 0 - 210%(7)
42 S, 5 Slog(S +Q)log(1+Q —5) (S —b)log(42)
(10g7r—/§—7 )(HQIOg(TQ))— el Q)Sg( Q=5 , 5 L
_ Slog(S + @) log(—=b+ 5+ Q) N 25log(S + Q) log(25(1 — 5)) " (1—0b) 108?(%)
Q Q Q
+SL22(1+Q 5) SLis (50— b)) Lo P@m) @) S w)(l+b+ 2)0(w)
Q Q QL — )+ Q RGow
Syxi—p2, (1—23)8? (1—x)(1+b+2w)S
a0 UTroaen u) ~200) .
(4.25)
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4.3 Differential Decay Rate with a, Corrections using

Massive b-Quark

In the last two sections we calculated the real and the virtual gluonic corrections to the top
decay. Summing them up, the singularities cancel each other and the resulting differential

decay rate in the variable z;, is:

1 dl

Todm 6(1 —ap) + ﬁcpil(xb) (4.26)
where
A(zy) = ;{ lQSng( SQ Q) —2SLi (%) + %logb(fi(w _Z)C(j -0 _ 1)
1-S+Q S—b+Q S—b+Q
—2S51og(S + Q) (log T) + log(m)) + Slogblog(m) +
e+ 5 -0 o) 41— 1oy =59
25(1— ) D(x) SO(zy),  1+4b

SQ 1—£L‘b S 1+b
+2P(xp) + 254/ 2} — 52<2§0(—1+b_25%)+Go(l—xb)(1+—2w )—1)}.
(4.27)

In the calculations above the relations 4.17 have been used. Note that the above result is
in agreement with [51]. In Fig 4.1 the b-quark energy distribution in top decay is shown
when the b-quark is a massive particle (Eq.(4.27)). In this graph z;, can not be less than
£ =0.0729. As it is seen, this graph diverges when z;, — 1, due to a behavior proportional

to ( . In this plot we set m; = 174 GeV and m;, = 5 GeV.

1
1—ap)+

4.4 Subtraction Terms at NLO

Up to now to calculate the top decay width we assumed m;, # 0 from the beginning. We call
it the massive decay rate. One might expect that the partonic decay rate calculated in the
M S renormalization scheme with the massless b-quark should correspond to the massive
decay rate in the limit m; — 0 if the collinear singular terms proportional to log(:—’g) are

subtracted. It means the subtracted massive decay rate differs from the massless decay
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1T dr/dx, (t — b+W)

Figure 4.1: b-quark energy distribution in top decay according to the exact NLO calcula-

tion, with inclusion of powers of ;”1—? We set m; = 174 GeV and m;, = 5 GeV.

rate only by terms ~ log(Z—iz). This expectation is not true, as it was first demonstrated
by Mele and Nason [42] for inclusive heavy quark production in e~et annihilation at NLO
(emet — QQg, where Q is the heavy quark). They found that the limit m — 0 of the cross
section for e"et — QQg and the cross section calculated with m = 0 from the beginning
(in the M S scheme) differ by finite terms of O(a). Of course the reason for the occurrence
of these finite terms is the different definition of the collinear singular terms in the two
approaches. In the zero mass b-quark approach, the mass of b-quark is set to zero from
the beginning and the collinearly divergent terms are defined with the help of dimensional
regularization. This fixes the finite terms in a specific way and their form depends on the
chosen regularization method. If one starts with m;, # 0 and performs the limit m;, — 0
afterward, the finite terms can be different. In the following we compare the obtained result
for the decay rate with a massless b-quark from the beginning (Eq.(3.40)) and the limit
my — 0 of the massive decay rate, Eq.(4.27). Afterward we will show that the difference
between their finite terms will be the perturbative fragmentation function d,_(zp, ). We
also show the simplest way to connect the truly massless decay rate in the M.S scheme
with the massive decay rate is to subtract the finite pieces d,_.;, from the massive theory.

Now we start from Eq.(4.27) and we neglect powers of %’ To do that we have to use the
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following substitutions for the kinematic variables (Eq.(4.1)):

S — %(1 —w),

B —0,

Q— 5,
1

Go— —(1+2w)(1 —w),
2w

1, md
®(xp) — S(xp, —log(25x3) + - log —5).

2 my
Rewriting Eq.(4.27) we find:

1 dfb
lim =
mb_}()l—‘ dl‘b

27 2

S(1 — @) + g‘—;cF{m — 1) [4%(1 —w) - % +2logwlog(l — w) — —

log w
—w

_% log(1 — w) + glog Z—% - 4} 4 4%(( ; —<1 z%__xfj))xb) 1 +2xb)
1 m? 1 1+x
—4(zp — log(zp(1 —w)) — 3 log m_g)((l 3 b) }

(4.28)

In Fig 4.2 the b-quark energy distribution in top decay is shown when the mass of the

as(p)
(I—zp)+

therefore our result diverges in the soft limit z;, — 1. In Fig 4.3, we compare Figs(4.1,4.2)

b-quark is ignored (Eq.(4.28)). As it is seen, Eq.(4.28) contains contribution ~

and it is shown that the full inclusion of powers of "t has a negligible effect on the
spectrum, as we discuss in detail later.

Obviously, the result above (Eq.(4.28)) is not equal to Eq.(3.40) from chapter 3, where
we started with my = 0. As it was mentioned there are some extra finite terms in the new
obtained result which the reason for the occurrence of these terms is the different definition
of the collinear singular terms in the two approaches. In the previous calculation, the b-
quark mass was set to zero from the beginning and the collinearly divergent terms were
defined with the help of dimensional regularization. The form of the finite terms is inherent

to the chosen regularization procedure. Therefore the extra finite terms (or the subtraction
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AT, dr/dx, (t — b+W)

Figure 4.2: b-quark energy distribution in top decay according to the exact NLO calcula-

tion, without inclusion of powers of :’nL—i’ We set m; = 174 GeV and mp = 5 GeV.
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Figure 4.3: b-quark energy distribution in top decay according to the exact NLO calcula-

tion, both with and without inclusion of powers of % We set my; = 174 GeV and m, =5

GeV.
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terms) due to the difference between these results, are:

Larg 1 dl, 1 d0Ms

1—‘o dl‘b m OPO dl‘b Po dxb
- 3 1ou( b log(1 — )
— o(1 — | ) —9(1 2y (1081 — Xp)
27TCp{ ( xb)( 5 og(ﬂg )) ( —i—:z:b)( ).
! ) 2 2 1 m}
+m — 4ay logxy +2(1 — xj) log(1 — w) + (1 + 23) log(m) — 2log(m)
t t
1—2w)(1 —w) (@} + ) + (1 — 2w) (4w — 1)z} — 1 -2 )
+( w)(1 — w)(zy + ) (_ wz( w— 1)z} “\ Z (14 m) logm—;
(14 2w)(1 —2p(1 —w) m2

day(1 — zp)w(l — w) T}
4 1 —2(1 log(1 — .
T r ) nd—w) T gy 08~ 21w log(l —w)

With respect to the definition of ”+4”-prescription, we can write:

/Oldx(l_xg)(m)+:/01d$(1+fb)10g(1—:pb),

1-— Ty
(4.29)
and
1 2 m?
—((1 2Ylog = — 2logb) — (1 log — =
(1 — 'Tb)Jr (( + xb) 0g m? 0og ) ( + xb) 0og mz
2 u?
—(1 —— ) log —.
( (I+a)+ (1 —l‘b)+) o m;
Using Eq.(C.11) the subtraction terms can be simplified to the following terms:
1 dryv Qs 3 u? 2 u?
— = —Cpqo(l— 2+ —log(— ——(log(—) — 1
I, dx 2 F{ ( xb)( + 2 Og(mg) + (1 —mb)+( Og(mg) )
log(1 — 2
4 (M) — (14 @) log 5 + (14 a3)(1+ 2log(1 — xb))}
1—ux n my
s 1 2 2
= a—C’F % logu—2 —2log(l —xp) — 1
2T 1—x mj .
(4.30)

In section 4.7 we will prove that the obtained result above is the partonic perturbative
fragmentation function dy_ (3, 1t). This function is process independent and can be used in
any other heavy-quark production process. The universality of the partonic fragmentation

function has been confirmed by performing the same calculations.
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4.5 Differential Decay Rate using Fixed z, in the Mas-

sive b-Quark Case

In this section we are interested in calculating the differential width using fixed z,. As usual
we start from Eq.(A.1) and fix the momentum of the real emitted gluon. The differential
decay rate is given by:

dr

dx,

_ 2172D7T37DM2(47D) /dEb dcosf 6(cosf — a)F

 (pymug)P (1 — cos®6) = x [M2, (4.31)

2F, Eb+mf +m§ 7m%V —2m¢ Eg—2m¢ By
2E'gpb :

The real gluon energy range is, see appendix B:

e 1= S, = S, T ) < < L1 = i, -5, T T,
— g - g

where a =

(1-2S5zy)
(1-zg)? *

Obviously, since the momentum of the gluon has been fixed there is no soft singularity and

where F' =

calculations can be done in 4-dimensions.

The terms in the squared amplitude |M|? are the sum of Eqs.(4.21,4.23) with D = 4.
Finally, decay width reads:

1 dT,

Iy dxg

o

7WGoxszcF{52 ((1 +b+2w)(1+ (1 —z,)*) — 485°(1 — xg)) ( - % log +log S

1
+log(l —z,) — 5 log(1 —2Sz,) + log(1 + \/1 —

S2(1 - x,) \/1 (1 252,)8?
(1—2S8x,)? (1—x,)?

(1 —28x,)82
(1 —my)? )) "

23S%(45 4+ b+ 1) + 225(285% — 21bS — 215 + 14b — 2)

+Sx,(—1653% 4 24b — 325 + 24) + 453* — 6b + 85 — 6] }

(4.32)
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4.6 Subtraction Terms for z, Fixed

The result for F—ﬁ)% is converted to the following form in the limit m, — O:

lim ——~2 =

my—0 Lo dg
m2 12

(2 log(1 — z,) — log —2b —log — + 2log(1 — w)
K my

%CF{ 1+ (1 —x,)*
2w

Ly
1—x,
22,(1 —24(1 —w))?(1 + 2w)

~log(1 — (1 - w)) (- wpo -3

+(1 = w)(—14w? + Tw + 11)z2 — 16(1 — w)(1 + 2w)z, + 8(1 + Qw)) },
(4.33)

Comparing this result with Eq.(3.47), we realize that they do not coincide and we obtain

the following subtraction term :

1 drsvt 1 dl 1 dr'Ms a 1+ (1—xz,)? w2

Bl R TRV TRl oY St k') S TIPS AV IV iR R §

T, dr,  oST,dr, T, dr, o ¥ (L Zlosa, —logs)
(4.34)

We shall need this result when we want to calculate the energy distribution of b-flavored

hadrons in top decay, using the general-mass variable-flavor-number scheme.

4.7 b-Quark Fragmentation Function in Top Decay to
NLO QCD

For heavy quark production, the quark mass m acts as a regulator for the collinear sin-
gularity and allows one to perform perturbative calculations. Therefore the fragmentation
of heavy quarks is a collinear-safe process. However, fixed-order differential distributions,
like Eq.(4.28), contain terms proportional to a; log Z—g which spoil the convergence of the
perturbative expansion and needs to be resummed to all orders to improve the predictions.
To achieve this goal, we can follow the approach of perturbative fragmentation functions,
originally proposed in [42], which allows to resum these large logarithms.

According to this method, heavy quarks are first produced at large transverse momentum

1)



m < Pr (in our process: my, < my), as if they were massless, and afterward they slow down
and fragment into a massive object. The perturbative fragmentation function D(pup, m)
expresses the transition of a massless parton into a massive quark at the factorization scale
ur. We leave a detailed discussion of this procedure to the last part of this section.

Now we turn our attention to Eq.(4.30) and we show that this is the initial condition of
the massless b-quark perturbative fragmentation function into the massive one, namely it
will be Dy(zp, tor, ms)-

As we showed, the massless and the massive differential width in the MS factorization

scheme can be written as:

1 dl X o

— 7 _ 1— S OrA Eq.(3.4
T o 6(1 —xp) + 27TCF (zp) from Eq.(3.40),
1 dl Qs A

F_Od—scg = %CFAg(xg) from FEq.(3.46),
1 do s .y =

- 1— —CrA FEq.(4.2
T o 6(1 —xp) + 27TCF (zp) from Eq.(4.26),

(4.35)

and also when pop is taken to be of the order of the mass my, Dy(zp, tior, mp) can not
contain large logarithms , it means that log(i—i) is not large with respect to a%’ while we
always assume that % is small. Therefore it must be possible to express Dy(xy, por, msp)
as a perturbative expansion in power of ay, see Eqs.(2.45,2.46):

s
o
= 3(1 =) + S2di" @y, por, iy + O(a2).

d(o)

Dy(xp, por,mp) = dp () + dg(,l)(xbaMOFamb)‘|‘O(a§)

(4.36)

We expect D,(z,), expressing the transition of a gluon into a massive b-quark, to be of
order ay, since in order to produce a heavy quark from a gluon the strong coupling constant

must enter at least once. i.e.

Qs
Dg(x97N0F> = %d§1)<x97ﬁL0F>+O(a§)'
(4.37)
Following[42], we neglect terms behaving like (2)” in FLOZ—I;Z, where p > 1. Therefore

according to Eq.(2.18) the differential width for the production of a massive b quark in top
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decay can be expressed via the following convolution:

1 dfb 1 dfz Ty
- Dy (=2
FO d b(xb7mt7mW7mb) FO dZ ® b( N )
dz 1 dF (z, My, myy, W, T
= Z/ td WMMF))D( b,MFﬂnb)
z z
(4.38)
where 4 - 4L i5 the differential width for the production of a massless parton i in top decay with

energy z, which is insensitive to the low-energy feature of the process, and therefore does
not depend on the mass of the b-quark. D;(%, up,ms) is the perturbative fragmentation
function for a parton ¢ to fragment into a massive b quark, which is insensitive to the
high-energy part of the process, and therefore does not depend on m;. The scales p and
i are the renormalization and factorization scales respectively. As before we choose the
same values for them, p = pp. The definitions of dI' and D; are not unique. They depend
on the scheme one uses to separate the collinear singularities. For definiteness, we will
always refer to the M S factorization scheme.

Since we have been assuming B(t — bWW) = 1 and the probability to produce a b-quark
via the splitting of a secondary gluon is negligible, we shall limit ourselves to considering
the perturbative fragmentation of a massless b into a massive b and, on the right side
of Eq.(4.38), we shall have only the ¢ = b contribution. Substituting Eqs.(4.35,4.36) in
Eq.(4.38) and keeping only the terms up to the order o we get:

1 dT, dry ) =
F d Ty Ty, g, My, My —
dz
/ 00 =2+ 520 AE) (30 =)+ G o)
dz Ty s dz A
= Z6(1-2)001-=2)+=C —5(1—-2)A
/% (1- 250 - 2y 4 F/xb (1-)A) +
Lz
oo | SO0 = A2 (5 o, mn) 4+ O(a).
(4.39)
Evaluating the Dirac Delta definition we obtain:
Qg ~ Qg A Qg
O(1 =) + 52 Cri(zs) = 6(1—m)+ 5 CrA(m)+ =2d (w0, M),
T 2w 21
(4.40)
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therefore:

~ ~

iy, pro,my) = Cr(A(m,) — A(wy))
2m 1 dIyvb

- ( )7

a; T'y dxy

(4.41)

which shows the initial condition for the b-quark perturbative FF is proportional to the
subtraction term.

It is simple to show that inserting Eq.(3.40) and the definition of fragmentation function
b — b (Eq.(4.30)) into Eq.(4.38) the massive b-quark differential decay rate, Eq.(4.28), is

obtained. In this demonstration the following property of the '+’-distribution is used:

(1+a3) 2y p? T mp
———log—+ —log— + (1 —xp) log — = (1 + xp) log —.
(IT—ap)r “mi  (I—a)y ~my mj m;

Now let us explain about the perturbative fragmentation function approach in more de-
tail. We generally apply this method to resum collinear logarithms ~ o, (ur) log(u%/1iz)
appearing in the fixed order calculations considering the massive quarks, see section 2.4. In
our process using the factorization theorem, the differential decay rate to produce a mas-
sive b-quark is related to a convolution of the differential decay rate including the massless
b-quark with the perturbative fragmentation function, Eq.(4.38). Former is proportional
to O(log(u%/m?)) and latter is proportional to O(log(uap/mi)). Assuming por =~ my
and urp ~ m,; there will be no longer large logarithms in the differential decay rate and
considering the splitting function (Eq.(2.32)) at O(a;) in the DGLAP equation, one re-
sums the leading logarithms ~ a®(m;)log"(m?/m?) appearing in the perturbative-FF.
Accounting for O(a?) terms in Eq.(2.28) leads to the inclusion of next-to-leading loga-
rithms ~ ™! (m;) log"(m?/m?) as well. Then we can get rid of them.

Furthermore, in the initial condition of perturbative-FF (Eqs.(4.34,4.41)) the coefficient
multiplying the strong coupling constant contains terms behave as: ﬁjL or (W) N
which are singular once x, — 1. The soft leading logarithms (LL) ~ (%) . and the
soft NLL ~ ﬁjL arise from emitting of soft gluons and in order to obtain a reliable result
in the large-x;, region we must resum these logarithms to all order of oy, see [43]. This
feature of the perturbative expansion is due to the fact that in the limit x;, — 1 the phase
space for gluon radiation is reduced, so that the usual cancellation of soft divergences is

incomplete. In [42] the authors have shown that a modified evolution kernel allows us to
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resum all leading logarithms of 1 — x;, in the anomalous dimension of the fragmentation
function. This modification of the evolution kernel is equal to changing the argument in

o that is taken to be the maximum virtuality allowed kinematically in the gluon line.
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0.0 0.2 0.4 . 0.6 0.8 10
Figure 4.4: b-quark energy distribution in top decay according to the perturbative frag-
mentation approach, with (solid line) and without (dashes) NLL soft-gluon resummation in
the initial condition of Dy, and according to the exact NLO calculation, with (dot-dashes)
and without (dots) inclusion of powers of ©t. The initial condition of the fragmentation

me

function is set to pg = por = my and the final scale is set to = pup = my

In Fig.4.4, taken from [51], the b-quark energy distribution in top decay is shown via the
perturbative fragmentation approach with and without NLL soft gluon resummation in the
initial condition of the perturbative fragmentation function. For the sake of comparison, we
also show the exact result for a massive b-quark as before, Figs.(4.1,4.2). We note that the

use of perturbative fragmentation function has a stronger impact on the x; distribution.

my
mt

the dot-dashed and dotted lines in Fig.4.4 are indistinguishable. As for the perturbative

Moreover, the full inclusion of powers of has a negligible effect on the x}, spectrum;
fragmentation results, the distribution without soft gluon resummation shows a very sharp
peak at x;, — 1. This behavior is smoothed out when we resum the soft NLL logarithms in
the initial condition of the perturbative fragmentation function, as the b-energy spectrum

gets softer and shows the so-called "Sudakov peak’.
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For z, — 0, the coefficient function(3.40) contains large logarithms ~ «;logx, which
have not been resummed yet. Although, in the soft limit z;, — 1 , Eq.(3.40) contains
contributions of soft LL and NLL as well. Since a(myp) & 2as(my), for p = my and po = my,
such terms are smaller than the similar ones which appear in the initial condition of the
perturbative fragmentation function, but nonetheless they would need to be resummed.
As explained in [43], once x, approaches unity, non-perturbative contributions also become

important and have to be taken into account.

4.8 B-Hadron Production in Top Quark Decay

In this section we present results for the energy distribution of b-flavored hadrons B as a

function of the normalized energy fraction taken away by the B-hadron in top decay. This

2Ep
me(l—w)*

b — B, where B is either a meson like B~ (b%) and B°(bd) or a baryon containing a b-quark.

In this work we consider the transition

kinematic variable is defined as: x5 =

Our results are not valid for production of meson B (ub), because the meson B* will be
created in NNLO. Of course, the BT meson can be created by the anti-top in the same

way as the B~ from top decay.

4.8.1 Non-perturbative Fragmentation

According to the factorization formula (2.18), the cross section of inclusive B-hadron pro-
duction in top decay
t—b+WT(9) —» B+ X,

can be expressed as the convolution of the parton level spectrum with the non-perturbative

fragmentation function DB (zp, ur), i.e.

1 dI 1 Famaz oy dl', 5,8
P_O@(xBamtamW7mb) - P_Q ;/fv Ta d—%(xaamtamW7mb7l’Lqu)Da (x_aauF)

a,min

(4.42)

1 dlg
Ty dzg

width and DP? is the non-perturbative fragmentation function describing the hadronization

In the equation above, a stands for the partons b, g and is the parton-level differential

a — B, which is process independent. As it was generally explained in section 2.3.1, we can

extract it from one specific process such as e~et — bb processes and use it in the b-quark
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hadronization in top decay. In order to be applicable fits results to the b-hadronization
in top decay, we have to describe the perturbative process e"e* — bb(g) in the same
framework as done for ¢ — bW (g). The factorization scale pup is an arbitrary scale that
separates the low from the high energy dynamics and like before we set y = pp.

In fact, the factorization on the right hand side of Eq.(4.42) and the splitting between
perturbative and non-perturbative part is somewhat arbitrary and the parameterization
of the non-perturbative model indeed depends on the approach which is used to describe
the perturbative parton level process and on the values which are chosen for quantities
like A, m; and the renormalization and factorization scales. Therefore the partonic decay
width dI' is not finite and it is usually defined with a prescription for the subtraction of
collinear singularities, like the M S prescription that we already used. Also Dp(zp, pir) is
prescription dependent, but the convolution of two terms in Eq.(4.42) is not, so that the
physical cross section is scheme independent.

To achieve D(xg/z,ur) (FF at an arbitrary scale pp), we have to solve the DGLAP
evolution equations (see Egs.(2.27,2.28)):

d
dlog i3,

1
dz x
Di(xBaMFamb)ZE / 7PZ']‘(—ZB,QS(MF))Dj(Z,ﬂF,mb). (4.43)
j “%*B

To solve the above equation, we need the function D(x, uor) as the initial condition of
non-pFF at g = pop. The solution of Eq.(4.43) has then a power expansion in terms of
a(pp) which organize correctly all the powers of log(lﬁ)—i) arising in perturbative theory.
The DGLAP equation is however not valid when z;, is small, since due to soft gluon emission
the P;;(zp, as(p1r)) contain terms which behave in the limit z;, — 0 like (a2 /z;) log®* ™' ™™ x,
where m = 1,2, ..., 2n—1 labels the class of terms, and are therefore unreliable in this limit.
This implies that the cross section can not be reliably calculated at small z g, and the FFs
D;(z, 1) can not be fitted at small zp.

Several models have been proposed to describe the non-perturbative transition from a
quark into a hadron state. These models are suited to determine initial condition (at the
starting scale por = pp) of non-pFFs at the DGLAP evolution and in this work we apply
them to specify the initial condition of FFs in transition of b — B and ¢ — B. In the

following we explain the most commonly used.

e The Standard model (S)[44, 45, 49, 50] consists of a simple power functional form:
D(fL‘;,LLo,O[,ﬁ) = Nxa(l_x)ﬁv (444)
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with

i _ ! 1 — )Pz
N B(,MF)/ (1 ) axdx. (4.45)

Teut

The cut 2., excludes the x range where our formalism is not valid and B(up) is the
b — B branching ratio, we shall explain this cut in more detail later. This form is
usually adopted for the FF’s of light hadrons. This model has been used in [44, 83]

to describe the non-perturbative effects of b-quark fragmentation.

e The Peterson model (P)[84] describes the non-perturbative transition of a heavy

quark into a heavy hadron according to the following function:

z(l — )3
[(1—2)* + ex]*

D(z, g, ) = N (4.46)

The Peterson form is particularly suitable to describe FFs that peak at large x. It
has been used in connection with the fragmentation of heavy quarks, such as ¢ or b

quarks into their mesons. It depends only on two parameters N and e.

The coefficients (N, «, 3) or (IV, €) in the mentioned models should be specified experimen-
tally. They will be investigated later and we shall use these models in our calculation and

we also present comparisons with NLO results obtained in two models.

4.8.2 Approaches for NLO Calculations: ZM- and GM-VFNS

In order to calculate the B-hadron production cross section, we need a theoretical frame-
work. The QCD-improved parton model implemented in the MS renormalization and
factorization scheme is a nice framework. In this framework, three distinct approaches for
NLO calculations in perturbative QCD are being used. In the following we explain them

in detail.

e The Massive Scheme or fixed-flavor-number-scheme (FFNS) [71].
As already mentioned, in the heavy-quark production in high-energetic collisions,
because of being small the strong coupling constant (ag < 1) the heavy quark
production process is considered as a calculable process in perturbative QCD. The
mass of the heavy quark acts as a cutoff for the initial- and final state collinear

singularities and sets the scale for the perturbative calculations. On this basis, most
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of the next-to-leading order QCD calculations have been performed in the past. This
approach where the mass of heavy quark m is kept and the number of active flavors
(ns)in the initial state is fixed to ny = 3(4) for charm(bottom) production is called
the FFNS. In this approach the predictions are only reliable in the small region of
the transverse momentum p, of the produced heavy quark in v+, vp and pp reactions
(from p, = 0 to p, > m) or when the lepton momentum transfer Q in deep inelastic
ep scattering is not much larger than the mass of the heavy quark. However, when
pe(or @) is much larger than the heavy quark mass, logarithms of the form log(i—%)
or log(gb—z) become large and spoil the convergence of the perturbation series, thus
the fixed-order perturbation theory is no longer valid, specially in our case where
@ = my = 180GeV and m = m; &~ 4.5GeV. These logarithms can be resummed and
the perturbation series can be improved. The resummation of hinted large logarithms
is similar to the conventional massless parton model approach which is explained in

the following.

The Massless Scheme or zero-mass variable-flavor-number-scheme (ZM-VFNS)
[48, 72, 75], which is the conventional parton model approach. In the conventional
ZM-VFNS calculation, one starts with heavy quark mass m = 0 from the beginning,
except in the initial conditions for the FFs. Therefore there are no large logarithms
log %z in the partonic differential decay width, for example log Z—é in Eqs(3.40,3.47).
Since m only enters via the definition of the starting scale p( for tthe FFs of partons,
its precise value is unimportant.

In this method the collinear singularities are treated with dimensional regularization
and they are factorized into the FFs according to the MS scheme, as it is usually
done in connection with the fragmentation of light quarks into light mesons. In this
approach the predictions are reliable only in the region of large transverse momenta,
with p; > m, or in the large energy @), with ) > m. In fact the necessary condition
to use the ZM-VFNS is that the energy scale, separating perturbative hard scattering
and non-perturbative fragmentation, should be sufficiently large in comparison with
the heavy-quark mass. In our work this condition is satisfied.

In order to be consistent at NLO in Eqs.(3.40,3.47), a4 has to be taken at NLO
as Eq.(2.15). In our calculation we adopt the NLO value A% = 227 MeV appro-

priate for ny = 5, which corresponds to ol (my) = 0.1071, i.e this corresponds to
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ol (my) = 0.1181.

The partonic cross section calculated in the FFNS (in presence of the mass of heavy
quark) in the limit m — 0 is not equal to the corresponding ZM-VFENS cross section,
even if the collinear singular terms proportional to log(g—i) are subtracted from the
obtained FFNS cross section, this point was mentioned in section 4.4. In [42], it was
shown that these additional finite terms can be generated in the theory for m = 0
with MS factorization by convoluting massless cross section with a partonic frag-
mentation function dg_g(x, ). This point was shown in section 4.7 for the special
transition b — .

In [77] for the process g9 — QQg and gg — QQg, in [41, 78] for the process
7@ — Qg( where v* is a space-like virtual photon) and also in [79] for the process
vy — QQg it has been shown that the finite terms are obtained from a convolution
of the corresponding LO cross section with dg_g(x, ) and it is has also been con-
firmed the universality of the partonic FF. The point referred above leads us to apply
another approach which is so-called GM-VFNS.

The GM-VFNS or general-mass variable-flavor-number-scheme [76, 77, 79, 80, 81]
is much closer to the ZM-VFNS, but keeps all m?/Q? or m?/p? power terms in the
hard-scattering cross sections. These terms are important in the region of inter-
mediate pr values, pr > m, and we expect these terms to improve our theoretical
predictions which were computed in the ZM-VFENS. In this approach we calculate
partonic differential decay rate (d) considering the mass of heavy quark. To have
a result consistent with massless decay width we subtract the extra finite terms, as
explained before, from the obtained massive width. Therefore the desired massive
differential width is dé — do®"® which has to be convoluted with non-pFF in the
factorization formula. In our work dé, and dé, are given in Eqgs.(4.26,4.32) and the
convenient subtraction terms can be found in Eqs.(4.30,4.33).

To evaluate the B-hadron production differential width in GM-VFNS, the b-quark
is considered as a heavy quark with mass m, and the group of light quarks consists
of u,d, s, c whose mass is put to zero. Furthermore, the number of active flavors are
taken ny = 5 in the strong coupling constant and the DGLAP evolution equations

and we need FFs implemented with ny =5 in the M.S factorization scheme.
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In both approaches mentioned above the notion VFNS was used since the number of active
flavors (ny) depends on the scale which we are using. In our approach, n; at the scale pp
is specified by a condition on the value of p1. It means that if pp < myy, where f counts
the quarks u,d, s, c and b respectively, then the number of active flavors will be ny = f.
The transition scales (thresholds) in the evolution equation (4.43) depend on n; and are
taken to be at my, ;1. In the VENS the number of active quark flavor is increased by one
unit, ny — ny + 1, when the factorization scale crosses the transition scale.

In the next section we intend to make some theoretical predictions at the hadron level
for top quark decay. Before discussing this subject let us explain the integration bounds
in the factorization formula (Eq.(4.42)). Here we consider two cases: the first case is
to consider the massive b-quark hadronizing into a bottom-hadron and the other one is
hadronization of the massless b-quark into a bottom-hadron. These processes are subjected
in ZM- and GM-VFNS.

In the GM scheme, the bounds of integration in z, [z, = 2E,/(mi(1 + b — w)), a = b, g
and zp [rp = 2Ep/(my(1 + b — w))] now depend on the partonic subprocess and on the
fragmenting parton a. In the case of b-quark fragmentation, by defining p, = 4m?/m?(1 +
b —w)?, we have Tpin = max(T, \/Po); Tomaz = 1 and (/pp < zp < 1, where pp =
4m3% /mZ(1+b— w)?. In the case of gluon fragmentation we have x, in = 25, Tgmaz = 5°
and \/pp < zp < (% with 8 =T —py .

In the ZM scheme where there are massless partons in the final state (m, = my, = 0), we
have both for the gluon and the b-quark fragmentation @y min = Tgmin = TB,  Tbmaz =

Tgmaz = 1, Where z,(a = b, g) is now 2E,/m;(1 —w) and for the variable x5, which is now

xp =2Ep/mi(1 —w), we have y/pp(b=10) <z < 1.

4.8.3 Theoretical Predictions at Hadron-level for t — B + X

In this section, at first we numerically analyze the ZM-VFNS predictions. In this approach,
we describe the fragmentation of massless b quarks into B mesons by a one-step process
characterized in terms of a non-perturbative FF, as is usually done for the fragmentation
of u,d and s quarks into light mesons. Afterward we apply GM-VFNS to make predictions
of B-hadron production and then we compare the results obtained in both schemes.

To predict the b-quark hadronization properties, we have to specify the coefficients
(N,«,3) and (N,e€) in Eqs.(4.44,4.46), describing the transition of the b-quark and the
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Set

LO Standard | NLO Standard | LO Peterson | NLO Peterson
N=56.4 N=79.4 N=0.0952 N=0.116
a = 8.39 a = 8.06 e =0.0126 e =0.0198
B3=1.16 B =145

Table 4.1: Fit parameters for the b — B fragmentation functions according to sets S, P at
LO and NLO. All other FFs are taken to be zero at the starting scale pg = 2m;, = 10 GeV.

gluon into a B-hadron. These coefficients are usually determined by fitting the fractional
energy distribution of B mesons inclusively produced in e”e™ annihilation.

In the literature one can find different methods to extract these coefficients from ex-

perimental data. In this work we only use the extracted data for non-pFFs. At first we
apply the results of the non-pFFs given in [72]. The authors provide non-perturbative
FFs, both at leading and next-to-leading order in M S factorization scheme with five mass-
less quark flavors. They are determined by fitting the fractional energy distribution of
B-mesons in e~e™ collision reported by the OPAL collaboration at CERN LEP1 [82].
They considered the OPAL data on the inclusive production of B™/B® mesons in e"e™
annihilation(e”e™ — 7,7 — BT/B° + X) at the Z-boson resonance as an experimental
input with assumption g = pur = myz = 91.2GeV. At LEP1, B mesons were dominantly
produced by Z — bb decays, with subsequent fragmentation of the b quarks and anti
quarks into B mesons, which decay weakly. The produced B* and BY mesons were identi-
fied via their semileptonic decays containing a fully reconstructed charmed meson. In [72]
the starting scales for the FFs of the gluon and the u,d, s, c and b quarks and anti-quarks
into B mesons are taken to be pg = 2my,, with m;, = 5GeV. They adopt the LO (NLO)
value A% = 108 MeV (227 MeV) in presence of five active quark flavors in their calcula-
tions. The FFs of the gluon and the first four quark flavors are assumed to be zero at the
starting scale. These FFs are generated through the DGLAP evolution to larger values of
HE-
In Fig.4.5, from [72], the authors showed that there was a good consistency between the
experimental data from the OPAL collaboration and the FFs which they proposed for two
different models. The values for the input parameters in Eqs(4.44,4.46) resulting from their
LO and NLO fits to the OPAL data are summarized in table.4.1.
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Figure 4.5: The cross section of inclusive B*/B~-meson production in ete™ annihilation
at = My = 91.2 GeV evaluated with sets LO and NLO Standard ansatz (left hand side),
and LO and NLO Peterson ansatz (right hand side), compared with the OPAL data.

Now we apply these parameters in the Peterson and Standard models for our calculation
and we depict the B-meson energy distribution, resulting from hadronization of the b-
quark and the gluon in the top decay, in xp and compare the two models. To determine
the active flavor number and thresholds we take m, = 1.5 GeV and m; = 5.0 GeV and
light quarks to be massless. We choose the renormalization and factorization scales to be
= pp=my =174.0 GeV in Eqs(3.40,3.46,4.43).

In Fig.4.6 we depict the differential decay rate of inclusive B-meson production in top decay
at /s = m,; using the Peterson model. It shows the contributions of the b-quark (dots) and
the gluon (dashes) fragmentation into the B-meson in the top decay. We also presented the
contribution of both fragmentations (solid line) to the differential decay rate of B-meson
production. In this figure our results loose their physical validity at low xz. In this region,
the perturbative treatment is no longer valid. Here, the massless approximation also is
not valid. Since B mesons have mass, m(B) = 5.28 GeV, they can only be produced for
2mimp

TR > Tmin = o8 = 0.07. Thus, our results should only be considered to be meaningful
t w

for zg > 0.07.
In Fig.4.7 we compare the total contributions obtained for the B-meson energy distribution
in the variable xp from the Peterson and the Standard models. As shown, at large x g the

results are approximately the same and there is good agreement between the prediction
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Figure 4.6: xp spectrum in top decay, with the hadronization modeled according to the
Peterson model, with the relevant parameters fitted to the OPAL data. The plotted curves
are the contribution of the fragmentation of gluon to B(dot-dashes), the contribution of b
fragmentation to the B-meson(dots) and the total contribution to B production(solid line).

We set pup = = my and pop = po = 2m,.

of both models. In our calculation we considered both the contribution of the b-quark
fragmentation and the gluon fragmentation to the zp spectrum, although the contribution
of gluon fragmentation , which only enters at NLO, is really negligible. This is shown in
Fig.4.6. To study this point in more detail we also investigate the fragmentation functions
distribution in zp. In Fig.4.8, we compare the non-perturbative fragmentation functions
of b — B and ¢ — B at NLO using the Peterson model fitted to the OPAL data. It is
clear that the main contribution of hadronization in the top quark decay is due to the
hadronization of the b-quark at NLO.

It is interesting to study the b — B branching fraction (%), which was already
referred in Eq.(4.45). It is defined as:
1
By(p) = / dxDy(z, 1), (4.47)

where x.,; in our work is x., = 0.07.
In table 4.2, we present the value of By(p) at the threshold p = 2m;, = 10 GeV and at
w=my = 174.0 GeV for the various FF sets. As shown, B,(u) is rather constant under

the evolution from 2my to m;.

88



3 _ Peterson model
,,,,,,,,,,,,,, Standard model

N
o

ZM-VFENS

U dridxg (t - B+X)
[

o
o

_—

0 0.1 0.2 0.3 04 0.5 0.6 0.7 0.8 0.9
XB

Figure 4.7: Comparison of the Standard and Peterson models in zp distribution in top
quark decay, with the relevant parameters fitted to the OPAL data. The initial factorization
scale is like in Fig.4.6.
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Figure 4.8: Comparison of the non-perturbative fragmentation functions of b — B and
g — B in the Peterson model fitted to the OPAL data using por = 2my;, = 10 GeV.
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Set | By(2my) | By(mz) | By(my) | (2)5(2mp) | (x)p(mz) | (x)s(my)
NLO S 0.3836 0.3759 | 0.3740 0.787 0.663 0.638
NLO P | 0.4059 0.3960 | 0.3937 0.756 0.639 0.615

Table 4.2: b — B branching fractions and mean B to b momentum fractions evaluated
from Eqs.(4.47,4.48) respectively, at the starting and the pup = m; scale using the various
FF sets.

Another interesting quantity is the mean B to b momentum fraction,

(2)(p1) = B;(M) / dwzDy(z, ).

Tcut

(4.48)

Table 4.2 also includes the values of (z),(1) at p = 2my, = 10 GeV and g = m; = 174.0 GeV
evaluated with the various FF sets. As seen, the differences between S and P models in
every given scale are negligible. As p runs from 2m,, to my, (z),(p) decreases from approx-
imately 0.7 to about 0.6. This shows the p evolution softens the FFs. These results can be
compared with the OPAL experimental result which reads By(mz) = 0.405 £ 0.035(stat) £
0.045(syst) [73] and (z)y(mz) = 0.695 £ 0.006(stat) + 0.003(syst) £+ 0.007(model) [74].
Up to now we were working in the Zero-Mass Variable-Flavor-Number-Scheme, where
we started with m;, = 0. It is interesting to know the difference between the effects of
massless and massive b-quarks in the top quark decay. From now on we use the GM-
VFNS in our calculation where the b-quark is considered to be a massive particle. In
Fig.4.9, we compare the Peterson and the Standard models for non-perturbative part of
top hadronization. This graph can be compared with Fig.4.7 in which the b-quark was a
massless quark. This is done in Fig.4.10 where we compare the effects of the b-quark mass
in every model. In Fig.4.10, it is seen that in the massless b-quark case, the maximum
value of the top quark decay width is about 0.04(bin~!) higher than the one where the
b-quark is considered to be a massive particle. We have to keep in mind that for xp < 0.07
our result is not meaningful. In the left side of Fig.4.10, we compared the xg distribution
in top quark decay both when the b-quark is considered to be a massless particle from the
beginning and when it is considered to be a massive one within the Standard hadronization
model. In the right hand side of Fig.4.10 the same has been done but using the Peterson
model. It is seen that for large values of zp (zp > 0.8), the value of the b-quark mass is

immaterial and the results coincide. For the obtained results we used the Peterson and
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Figure 4.9: Comparison of the Standard and Peterson model in xp distribution in top

quark decay, with the NLO fits using OPAL data with this assumption that b is a massive
quark from the beginning and por = 2m;, = 10 GeV.
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Figure 4.10: Left side: xp spectrum in top quark decay for the massive (solid line) and
massless (dot-dashes) b quarks using the S model for the non-perturbative part.

Right side: g spectrum in top quark decay for the massive (solid line) and massless (dot-

dashes) b quarks using the P model for the non-perturbative part. In both calculations the
initial factorization scale is: pg = 10 GeV.
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Standard models extracted in [72]. They showed that the Peterson model yields the best
fits using po = 2m;, with my, = 5 GeV. This was done by comparison to the Opal experi-
mental data in e~ e annihilation at ur = /s = mz with the theoretical predictions.

When new and more precise measurements of the cross section of inclusive B-meson pro-
duction in e~ e™ annihilation on the Z-boson resonance have been performed by the ALEPH
[64], OPAL [65] and SLD [66] collaborations, the authors in [85] performed a combined fit
to these data sets [64, 65, 66] using 1o = my, with m, = 4.5 GeV. They also adopted the
NLO value A% = 227 MeV appropriate for ny = 5. In Fig.4.11, from [85], the authors
showed that there was a good consistency between the experimental data from the OPAL,
SLD and ALEPH collaborations and the FF's which they proposed for the Standard (Power)
ansatz. Table 4.3 contains the new values of the parameters in Eqs.(4.44) and (4.46) ob-
tained through the fits based on the Peterson and Standard ansaetze from [85]. From now

on we use these parameters in the P and S models.
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Figure 4.11: Comparisons of the ALEPH (circles), OPAL (squares), and SLD (triangles)
data with the NLO fits using the Peterson ansatz (left side) and the Power (Standard)

ansatz (right side). The initial factorization scale for all partons is o = mp = 4.5 GeV.

While we shift the starting scale from pg = 2m; (with m, = 5 GeV) to ug = my
(with my, = 4.5 GeV), the gluon and b-quark FFs are smoothed out at pup = m; = 174.0
GeV. This can be seen in Fig.4.12 where the FFs of gluon and b-quark to the B-meson
are compared in the different initial scales. In [85], it was shown that the Standard ansatz
yields an excellent overall fit to the experimental data points obtained from ALEPH, OPAL

and SLD. On the other hand, the Peterson model leads to an incongruous description of
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Set

NLO Standard | NLO Peterson
N=4684.1 N=0.06634
a = 16.87 e = 0.008548
G =2.628 —

Table 4.3: Fit parameters for the b — B fragmentation functions according to the sets
S, P at the starting scale pug = m, = 4.5 GeV. All other FFs are taken to be zero at the
starting scale, o = 4.5 GeV, and are generated through the DGLAP evolution.

0.9

0.8}

,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,

Figure 4.12: Non-perturbative FFs of b — B (dot-dashes) and g — B (dots) with initial
scale p1p = 10 GeV and FFs of b — B (dashes) and ¢ — B (solid lines) with initial scale
1o = 4.5 GeV. Both are calculated in the Peterson model at pp = m; = 174.00 GeV.

93



35

3| _ Totd

g - B contribution

N
[&)]

b - B contribution

1Ty dr/dxg (t - B+X)
=
1

0'57

Figure 4.13: xp spectrum in top decay, with the hadronization modeled according to
the Power (Standard) model, with the relevant parameters fitted to the ALEPH, OPAL
and SLD data. The plotted curves are the contribution of the fragmentation of gluon to
B(dot-dashes), the contribution of b fragmentation to the B-meson(dots) and the total
contribution to B production(solid line). We set up = p = my and pop = o = mp =
4.5GeV.
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the data. This ansatz has only two free parameters, NV and ¢, and is just not flexible enough
to account for the very precise experimental data.

In Fig.4.13, using the power (Standard) model with the new fit parameters presented in
table 4.3, the contributions of the b-quark fragmentation and the gluon fragmentation to
the xp spectrum are shown. In next step by using new S and P models we depict the
B-meson energy distribution in xp. We compare the two models when the b-quark is
considered to be a massless particle and in the next step we consider a massive b-quark in
our calculation and compare the results obtained from both ansaetze. In our calculation
we assume m, = 1.5 GeV and m, = 4.5 GeV and the factorization and renormalization

scale is = pp = my = 174.0 GeV in Eq(4.43).
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Figure 4.14: Left side: Comparison of the Standard and Peterson models in z g distribution

in top quark decay with the NLO fits . The initial factorization scale is puo = 4.5 GeV and

the b-quark is considered to be massless.

Right side: As Figure in the left side but the b-quark is considered to be massive.

In Fig.4.14 we compare the P and S models using the ZM-VFNS and GM-VFNS. As
before our result are not valid for xg < 0.07. Comparing Figs(4.7,4.9,4.14), it is seen that
when the initial scale pg is changed from 4.5 GeV to 10 GeV a considerable difference
exists between the Standard and Peterson models, especially at large xg. Although these

models depend on the experimental data which we use to fit and the different data can
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Figure 4.15: Comparison ZM-VFNS and GM-VFEFNS approaches in z g distribution in top
quark decay using the Standard model. The initial factorization scale is pg = my = 4.5
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Figure 4.16: As Fig.4.15, using the Peterson model.
o = my = 4.5 GeV.

The initial factorization scale is
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Set | By(my) | By(my) | (x)s(me) | ()p(1m)
NLO S | 0.40027 | 0.3870 0.8312 0.617
NLO P | 0.40017 | 0.3848 0.8085 0.603

Table 4.4: branching fractions B(pr) and mean B to b momentum fractions evaluated
from Eqs.(4.47,4.48), at the scales pop = my = 4.5 GeV and pp = my = 174.0 GeV scales

using the various FF sets.

change our fit parameters in models.

In Figs(4.15,4.16) we compare the ZM-VFNS and the GM-VFNS approaches using the
Standard and Peterson models for non-perturbative part of B-hadron production in top
quark decay, respectively.

As before, it is interesting to study the b — B branching fraction (By,(ur)) and also the av-
erage energy fraction that the B meson receives from the b quark({(z)(ur)), Eqs.(4.47,4.48)
respectively. The results are listed in table 4.4. We observe that the Peterson and Stan-
dard ansaetze have rather similar results for (By(ur)) and ((x)(up)). The results for
the standard model are larger in all scales. When By(ur) is practically independent of
pr, {(x)(pr) is being smaller through the evolution in pp. These results can be com-
pared with the values quoted by ALEPH, OPAL, and SLD, which read (z),(mz) =
0.736140.0061(stat)+0.0056(syst) [64], 0.7193+0.0016(stat) Too0se (syst) [65], and 0.709+
0.003(stat) + 0.003(syst) £ 0.002(model) [66], respectively. Of course we have to pay at-
tention to this point that experimental results includes all orders and also contributions
from light quarks fragmentation, while ours are evaluated from the b — B and ¢ — B FF's
at NLO.

Our predictions for the differential decay rate of the B-hadron production in the top
quark decay can be compared with the results obtained in [51]. There, to determine the
coefficients in the Standard and Peterson models, authors used ALEPH and SLD data
from e~ e™ collisions at the Z pole, i.e. /s = 91.2 GeV. Both data sets, ALEPH and SLD,
refer to weakly-decaying b-hadrons. The ALEPH data just accounts for B mesons, the
SLD set data also consider b-flavored baryons, mainly the A,. In their calculation they
used M S coefficient functions [86] for e~e* annihilation into massless quarks. They also
set A®) =200 MeV, or = o = mp =5 GeV and p = m; = 175 GeV and presented that
the Standard model leads to excellent fits to both ALEPH and SLD data and the Peterson
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model is only consistent with the ALEPH results and is unable to describe the SLD data.

There is a good consistency between our result and their result.

4.8.4 Theoretical Predictions to Produce 7%, p/p and K* in Top
Quark Decay

Production of pions, kaons, protons and anti-protons is being studied in e~ e annihila-
tions using time of flight techniques. In [88], the authors showed at 30 GeV center of mass
energy at least 40 % of e~ e™ annihilations into hadrons are estimated to contain baryons.
Particle identification was made by means of a time of flight (TOF) measurement between
the beam crossing signal and two groups of scintillation counters and to provide m — K and
(m/K) — p sepration they use the Inner Time of Flight counters up to a special momentum.
To read more detail see [88]. In [89], it is explained that by comparing the data below and
above Charm threshold it is possible to determine directly the c-quark contribution to 7
and K+ production. These measurements serve as a guide to extract the contribution of
all quarks to hadron production when a new flavour threshold is crossed.

In this section we intend to make the theoretical predictions to produce the hadrons 7=, p/p
and K¥* in fragmenting the b-quark obtained in the top quark decay. In the top quark
decay both the b-quark can directly fragment into the b-flavored hadrons and the gluon
emitted from the b-quark can produce a pair ¢g and this pair can create a light hadron
and the light hadrons can also obtain from B-meson and D-meson decay. Since much
precise data from e~ e’ annihilation exists for the production of the three lightest charged
hadrons mentioned above we are interested in the fragmentation processes of the b-quark
into 7%, p/p and K* hadrons. In much of the data from e~e* colliders the observed hadron
is identified as one of these hadrons and the extraction of the corresponding individual FF's
in these processes are the most precise ones. From a combined use of fragmentation and
parton distribution functions in one hadron inclusive deep inelastic scattering information
on the initial state parton flavor can be obtained from leading particle effects where a light
energetic hadron inside a jet remembers the valance parton.

To study the 7%, p/p and K*-hadron productions of the top quark decay we apply the AKK
[87] extraction of fragmentation functions for 7%, p/p, KT particles at next-to-leading order.
They presented a parametrization of non-perturbative fragmentation function describing

the production of charged pions, kaons and protons from the gluon and from each of the
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quarks. They obtained these functions by fitting to all relevant data sets from e~ e’ anni-
hilation obtained by the OPAL, DELPHI, SLD and ALEPH Collaboration and also using
inclusive hadron production data sets from pp(p) reactions at BRAHMS, CDF, PHENIX
and STAR. In [87] the FFs are parameterized at a starting scale zo = v/2 GeV in the form:

+
h
di

+ +
DI (2, o) = NIFa®™ (1 —2)% (147 (1 —2)%), (4.49)

where h* stands for 7%, p/p, K* and i labels the 11 parton species which produce the
observed hadron through fragmentation, being the gluon, the quarks ¢ = u,d, s,c and b

and their antiquarks. They also imposed the following constraint in the fits:
Dgi(%/io) = Dgi(%ﬂo)- (4.50)

To ensure a continuous gluon FF at each threshold, for simplicity they set the threshold
to the heavy quark masses m. = 1.65 GeV and m, = 4.85 GeV.
The values of all fragmentation function parameters are listed in table.4.5. Since these
FFs are parametrized at low factorization scale, extraction of the FFs at each arbitrary
energy fraction and factorization scale should be performed using the grids and FORTRAN
routines based on solving DGLAP equations with the fitted initial condition. In this part
to extract the considered FF's at the desired scale we used Fortran routines which can be
found at http : //www.desy.de/ simon/AK K.html. These routines can be used to obtain
the fragmentation function sets over the range 0.05 < z < 1 and p < p3% < 100000GeV?
with o = v/2. In Figs.(4.17,4.18) we plot the differential decay rate of inclusive 7+-,
K*- and p/p-mesons production in top decay at py = m;. They show the contributions
of the b-quark fragmentation (dot-dashes) and the gluon fragmentation (dashes) to the
b-flavored hadrons. We also present the contributions of both fragmentations (solid line)
to the differential decay rate of hadrons. In Figs.(4.17,4.19) we also plot the contributions
of both fragmentations to the differential decay rate of hadrons on a logarithmic scale.
As it is shown in Fig.4.17, if the normalized energy fraction z,+ is bigger than 0.62 the

probability to produce an inclusive 7+

-meson in the top quark decay is negligible and this
probability takes the big values in small z,+. In Fig.(4.18) it is seen that the probability
to produce an inclusive K*-meson and p/p is negligible when g+ > 0.53 and Tpp > 0.45,
respectively and these probabilities are considerable in the small energy fractions.

In table 4.6, we present the values of the b — 7=, K= p/p branching fractions (By(u))
and the mean 7=, K=, p/p to b momentum fractions ((x);(1)) at pr = 10 GeV and pp =

my = 174 GeV.



Parameter 7t K* p/p
N, 247.80 16.11 | 16155.68
a, 193 | 213 | 7.26
by 6.14 3.28 9.07
¢ 096 | 0.78 | 2.04
dg -0.53 2.26 -0.43
N, 0.32 1.66 0.49
Ay, -2.07 0.22 -0.05
b, 0.96 3.95 1.84
Cy -0.81 0.50 -0.24
d,, 291 -1.74 -0.01
Ny =N, 3.10 0.03
g —a, |-020] -261
by = b, 6.71 0.69
Cq =y -0.07 -0.91
dy =d, 5.52 0.46
N, 152607.12 | 0.82 | 3574.00
Qg 7.34 -0.04 10.57
b 12.29 1.62 16.77
Co 0 (fixed) | 1.16 | 39.06
d, 0 (fixed) | 0.06 | -6.55
N, 0.33 12.06 43.30
Qe -2.05 0.99 2.35
b 2.61 4.77 9.36
Ce -0.88 5.45 15.04
d. 2.13 6.52 13.74
Ny 1.25 15.72 6.81
ay -0.45 0.96 0.48
by 4.37 7.94 11.89
Cp 17.48 21.05 0.43
dp 10.79 11.38 0.00

Table 4.5: Values of the charge-sign unidentified FFs parameters at por = V2 GeV by
fixing D% (z, p%) = DT (, p2) and ¢& = d™ = 0.
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Figure 4.17: Up: x,+-spectrum of top decay, with the relevant parameters fitted to the
OPAL, CDF, PHENIX, BRAHMS and STAR data. The plotted curves are the contribu-
tions of the fragmentation of the gluon to 7% (dashes), b-quark to 7% (dot-dashes) and the
total contribution of them to 7% (solid line). We set pp = p = m, and por = pr = V2.

Down: The total contributions of the fragmenting partons in the z,+ spectrum of top

decay on a logarithmic scale.



Set | By(10GeV) | By(my) | (x)p(10GeV) | (z)p(my)
nt 0.839 0.784 0.168 0.162
K* 0.39 0.32 0.174 0.167
p/D 0.096 0.109 0.175 0.167

Table 4.6: Branching fractions of b — b—flavored hadrons and mean 7%, K* p/p to b
momentum fractions evaluated from Eqs.(4.47,4.48) ,respectively, at the pr = 10 GeV and
wrp =my = 174 GeV scales.
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Figure 4.18: Left side: xg+-spectrum in top decay, with the relevant parameters fitted
to the OPAL, CDF, PHENIX, BRAHMS and STAR data. The plotted curves are the
contributions of the fragmentation of the gluon(dashes) and the b-quark to K+ (dot-dashes)
and the total contribution of them to K*. We set the initial and final scales to pop = V2
and pup = pu = my.

Right side: x,/p-spectrum in top decay.
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Figure 4.19: Left side: The total contributions of the fragmenting partons in the xg=+
spectrum in top decay on a logarithmic scale, as Fig.4.18.

Right side: The total contributions of the fragmenting partons in the x,/ spectrum in top

decay on a logarithmic scale, as Fig.4.18.

4.9 The B-hadron Mass Effects and Theoretical Pre-

dictions

In the previous results the base of our calculations was to use the factorization theorem.
Here we have to point out that the factorization theorem in the form given in Eq.(4.42)
can be improved in the presence of a massive quark and a massive hadron, although these
effects are negligible, as we shall see. In this section we show how to incorporate the mass
effects of the hadron in the energy distribution of the B-hadron produced in the top quark
decay process.

According to the factorization formula Eq.(4.42), the decay rate can be expressed via the

convolution of the differential width and the fragmentation function:

1 drB

dz dF T
Ty dap g (B M T M) = Ty Z/ (2,4, w1, 1, 'uF)DB(?BvMF),

1=

(4.51)

in which the scaling variable xp is defined: 2E5/(m;(1 4+ b — w)). As we pointed out the
formula above is valid only for the massless B-hadron and massless partons. Now there

are two methods to impose the mass effects of the B-hadron and partons into the equation



above. In the first approach we try to find out the relation between the B-hadron phase
space and the parton phase space and in the second way we apply a specific choice of
scaling variable using light cone coordinates. The details of the calculation can be found
in appendix E.

Therefore, in the presence of the B-hadron and parton masses the experimentally measured
observable (1/Ty x d['(zg)/dxp) is related via Eq.(E.25):

1 dUB(zg, mys, my, my) B 1 y
Iy drp B 1— 4m3,
m2x2
tB
YB,maz(zp) (| 1 dI'; , My, My, My, 2 €T 1 4m2qy?
i:b,g yB,min(xB) yB 0 yB y yB mth
(4.52)
in which,
B
Ys = —
z
1 Am?2y?
pr(Ee)y _ pas Ly o 2y
y(yB) yp 2 my Ty
m? —m? 4m2 \
mar 1 —__ B 11— 11— ¥
e = (14 r)
T
YBmin = Bmgu (453>
1+ —%

where m; stands for the mass of the fragmenting parton, in our calculations ¢ = b, g. To
prove the equation above we defined g = 2E5/my, therefore to have the previous scaling
variable (defined in section 4.8) this new variable would be divided by the term 1+ b — w.
According to Eq.(4.52) the effects of hadron mass is to increase the size of the decay rate
at small xg. This point shall be shown in our example later.

Now we show the effects of the B-hadron mass and the b-quark mass on the energy dis-
tribution of the B-hadron in the top quark decay using the data in table 4.3 for the S
(standard) and the P (peterson) models. In Fig.4.20 we consider the massive b-quark from
the beginning and show the effects of the B-hadron mass in the B-hadron energy distri-
bution using GM-VFEFNS. As it is shown the only considerable effect of the B-hadron mass
appears at the small xp as the mass of the B-hadron increases the decay width at the

small zp (dashed lines in Fig.4.20). In the left side of Fig.4.20 we make these predictions



using the Standards model and in the right side of Fig.4.20 we used the Peterson model.
In Fig.4.21 we study the combined effects of the B-hadron mass and the b-quark mass on
the energy distribution of the B-hadron and we compare them. As it is seen, the combined
effect of the B-hadron mass and the b-quark mass is to increase the size of the decay rate
at small xp and to decrease the size of the decay rate at large xg. With m; = 174 GeV,
my = 4.5 GeV, my, = 80 GeV and mp = 5.28 GeV, our results are not valid for zz < 0.08.
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Figure 4.20: Left side: Mass effects of the B-hadron in the energy distribution of the B-

hadron in top decay, using the Standard model in presence of the b-quark mass. The initial
factorization scale is o = 4.5 GeV.

Right side: As figure in the left side but using the Peterson model.
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Figure 4.21: Up: Mass effects of the B-hadron and the b-quark in the energy distribution
of the B-hadron in top decay, using the Standard model. The initial factorization scale is
o = 4.5 GeV.

Down: As figure above but using the Peterson model.



Chapter 5

WT-Helicity Fractions in Top Quark
Decay

Clearly, to investigate the full structure of partonic interactions one needs to do polarization
measurements. Polarization measurements are particularly simple when the particle whose
polarization one wants to measure, decays. The angular decay distribution of the decay
products reveals information on the state of polarization of the decaying particle. The
information contained in the angular decay distribution is maximal when the particle
decay is weak. The fact that the angular decay distribution reveals information on the
polarization of the decaying particle is sometimes referred to as that the particle decay is
self-analyzing.

There are at least two ways to obtain angular decay distributions which we will refer to as
the traditional covariant and the helicity amplitudes methods. In the helicity amplitudes
method, one makes use of helicity states for the spinors and the polarization vector of the
gauge bosons whereas in the covariant method one evaluates scalar products of four-vectors
involving momenta and spin four-vectors in the given references frames. We explain and
use these approaches in this chapter in detail. In this work we consider the processes
t—b+Wtrandt — b+ WT(— et +1,.) at LO and NLO, using the helicity amplitudes

method for the first process and the covariant way for the second one.
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5.1 Helicity Amplitudes for ¢t — b+ W™

Since the top quark is heavier than the combined masses of the W™ boson and the b—quark,
it will decay into a real W whereas lighter quarks will decay via a virtual W. Because
the top quark is so heavy, and the other quarks are so light, the top quark is the only
significant source of longitudinal real W bosons. In this section we study correlation of the

W*-boson helicity and decay width in the decay process t — b+ W ™. Considering Fig.5.1

t(t,p,)

Figure 5.1: Feynman diagram for the decay t — b+ W™ at the Born level.

the amplitude of the Born approximation is given by:

Born __ —€

B 2v/2sin Ow
in which A\(= 0,+1), s, and s; stand for the polarization of the W*-boson, b-quark and

(A pw U (s, po)7u(1 = v5)u(se, pr), (5.1)

top quark, respectively.

Now we use the helicity states for the spinors and the polarization vector of the gauge
boson W with helicity A in the top quark rest frame. With regards to the momentum
four vectors of the W*-boson propagating along the Z-axis in the top quark rest frame

—
Py = (Ew; 0,0, [pw]), for the polarization four vectors of W we have:

—
[pw| 0
1 0 1 1
Ey 0
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These polarization four vectors satisfy py - € = 0 and €2 = —1. For the helicity spinors we

have:

u(sy =1/2,p) = 2mt<XO+ ) , u(sb:1/2,pb):\/Eb+mb< ﬁ )

||
Ep+my X—

u(sy = —1/2,p) = V2my ( XO ) , u(sy =—1/2,p) = vV Ep + 1y ( |_‘X+ ) )

Ey+myp X+
(5.3)

which are solutions of the Dirac equation and x, and y_ are the Pauli spinors y, =
(1,0), x_ = (0,1). The spinors above satisfy the orthonormality relations u'(r, p).u(r, p) =
2m. When the top quark and the b-quark are assumed to be unpolarized and the W
boson is considered a polarized boson, to obtain the helicity amplitudes squared we start

from the following equation:

‘M(}\)| _ o, Z | Born|2 - Z(MBOTHMBOML*), (54)

Sp,St Sb,St
where M5B is given in Eq.(5.1), therefore for the helicity amplitudes we obtain:

2rmia

IM(A=0)]2 = —-—S(1+b-255%

w sin® By,

— 2rmia

IM(A=+1)]? = =5 —(5-Q)
sin Oy

— 2rmia

IM(A=-1)]> = L5+ Q), (5.5)
sin? Oy,

where S, b,  and ) were defined in Eq.(4.1).

In Eq.(5.5), the first term shows the contribution of the W boson polarized longitudinally
in the squared matrix element and the second one and the third one show the transverse-
plus and the transverse-minus contributions in the matrix element squared [MBorn()\)]2.
The advantage of the helicity amplitudes method is that one can separately identify the
three helicity contributions of the W boson.

To obtain the angular decay distribution we start from:

d d3 -
Z/ o D54y — py — pw) X | MmN,

r'o=r
0~ 27)32 By (27)32E,

2Et

109



Using the top quark rest frame this is simplified to:
M Born 2
ry= 20 ). (5.7

8rm?

Considering Eq.(5.5), we obtain I'g = I';, + I'_ + '}, where:

r, = TA=0 zzﬁg%%%a1+m—zm
r, = P(/\:Jrl):%(s—@
.= F(A:—l):%(SJrQ). (5.8)

With respect to the Born term rate given in Eq.(4.5), the helicity rates are given in terms
of the Born rate as the following:

Iy, S(1+0b)—2b

FO wGo

r.o_os-@

Iy G

r_ S+Q

R 5.9

where S, b, Q and G were defined in Eq.(4.1). These results agree with [91]. If we consider

the massless b-quark from the beginning then we obtain:

'y 1

Iy 142w

r

—t —

Lo

r_ 2w

= 5.1
FO 1+2w’ ( O>

which means the contribution of the transverse-plus Born term vanishes in the m;, = 0 limit.
The my, # 0 effects are quite small. This point can be seen using m; = 174 GeV, m, = 4.5
GeV and my = 80 GeV, where I'; /Ty = 0.70228, I', /Ty = 0.00033 and I"_ /Ty = 0.29739.

5.2 Angular Decay Distribution for ¢t — b+W™(— et +
v.) at LO

In this section we study the correlation of the W *-boson helicity and decay width in the

cascade decay process t — b+ W™ followed by W+ — e™ + 1, using both the traditional

110



covariant method and the helicity amplitudes method. At LO the Feynman graph is shown
in Fig.5.2 where the W*-boson is considered as a real particle, i.e. it is considered on shell

with p}, = m$,. The masses of e and v, are ignored, i.e: p? = p? = 0.

b(p,)

W(p,)

W*(@ e*(p.)

v

t(p,)

v.(p,)

Figure 5.2: Feynman diagram for the decay t — b+ W+ (— e 4+ 1,) at the Born level.

5.2.1 Covariant Approach

In the covariant approach the W*-boson is considered unpolarized from the beginning and
the mean squared amplitude for the whole process (t — b+ WT(— e™ + v,)) would be
evaluated in one frame. We consider the two particles top decay (t — b+ W) and the
two particles WT-boson decay (W' — et +1,) in four space-time dimensions and we start

from:

dTHC = qried  qrker, (5.11)
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In the equation above the decay rates dI'#%d(for the hadronic part) and dI'**P(for the
leptonic part) are defined as the following:

@2n)t dpy Pp,

dFHad 54 B - W
2, (27)32Ew (27)32E, (Pt — oo — pw) X |
Had -
= dr — Q6(1 _xb)‘MHad,BornF’
dzy 8mmy
om)t  &? 03 -
dFLep ( 7T) P. Py 54(pw — Pe — py) X |MLep,Born 2

2Eyw (2m)32E, (2m)32E,
drter B 1
dcos®  32mmyy

‘ M Lep,Born ‘ 2 ,

(5.12)

where we used the top quark and the W rest frames which are defined in Fig.5.3. The
polar angle 6 is defined as the angle between the charged-lepton (e*) momentum in the
W T-rest frame and the W' momentum in the top quark rest-frame. In the equation above

the amplitudes of the hadronic and leptonic parts of the decay process read:

MHad,Born — —;G*“ )\’ (s ’ 1— u(s,
2v/2sin Oy (A, pw ) u( 81, Pb) Y ¥s)u(St, pt)
e / _
MBI i OPw P (L= re)olsup). (513)
4%

Therefore the angular decay distribution is obtained as:

dQFLO i Q 5(1 — ;Cb)

= N[ Born 2. 5.14
dxy dcos€  256m2mymy | | (5.14)

Now we try to find out the mean squared amplitude for the cascade decay process of the

top quark. We start from:

|MBorn|2 — |MHad,Born,MLep,Born|2:l Z (MHadMHad*).(MLGPMLeP*)
A tbe, v
4
(& ’ /
- Y()E (W] - [e” (N (N]) Ly Ho,
iy 2 [ O] [ O] L,
(5.15)

where the hadronic tensor f,, and the leptonic tensor L, are defined by:

“Tr[(po +mp) - (L =) - (e +me) -7 (1 —75)]

Trpo (1 =5) e (1= 75)]- (5.16)

H,,

L

ul l//

| — ool
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L "2 VAVAVAVA VAV S A

W+-rest frame

t-rest frame

Figure 5.3: Definition of the top quark rest frame and the polar angle 6 in the W rest

frame.

Using the completeness relation:
PPy
D () = g (5.17)
= myy
A=0,+
the result above turns into the following result in the case of zero lepton mass:

2.2
|MBorn|2 — SUC

L*H,,
SiIl4 GW a
B 327202

SiIl4 9W

(pb-pu)<pt-pe>7 (518)

since ply Ly = piy Ly = 0.
As already mentioned in the covariant method, the invariant L*” H,, must be evaluated in
one particular frame. Here we choose the top quark rest frame shown in Fig.5.3. In this

rest frame for the momentum four-vectors we have:

pi = m(1;0,0,0)
pg = mt<S7O707_Q)

l+w—0b l+w-—0
o= %(%+QCOSQ;\/Jsine,O,Q+++COSQ)

l+w—0b l+w—b
po= %(%—Qcos@;—ﬁsin@,&@—%COS@).

(5.19)
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The details of this calculation can be found in appendix F.

Considering these momenta for the mean squared matrix element (Eq.(5.18)) we have:

T T Born |2 16202 1 3
Bornl|2 — " & _4) © _ 2 3.5
|M | = 3Sin4¢9wmt{2[<1 b) w(1+b)] ) 45111 0+
w 3 ,
5[1+b_w_2@ : §(1+0050) +

g[l +b—w+20Q] . g(l — 0086)2}.

(5.20)
This result can be written as:
S— 167202 3 . 3 3
| M Born|2 = mmf{L . sin?@ + T, - g(l +cosf)? +T_ - é(l - 0080)2}.
(5.21)

Here we separated the three polarization (or helicity)contributions of the W™ boson, i.e.
L, T, and T_ which are the longitudinal, transverse-plus and transverse-minus helicity,
respectively. Our result is in complete agreement with [91].

From the obtained amplitude one can conclude that the longitudinal W decay process
into a charged lepton(e™) has an angular distribution which peaks at § = 7/2. Form the
amplitude (5.21) it is obvious that the charged leptons which are scattered in angles § = 0
or § = 7 are due to the decay of a transverse W -boson. The resulting cos§ distributions
are very distinct for each W™ helicity state. If one can reconstruct the cos distribution
from top quark decays observed in collider data, these unique shapes can be used for
a measurement of W™ boson polarization and a comparison with theory could be made.
There are at least two methods one may use to extract the degree of W™ boson polarization
in top quark decays. In the first method, which was mentioned, one uses the lepton angular
distribution, cos @, the other one examines the charged lepton pr distribution, see [92].

Let us go back to Eq.(5.20). In the limit m;, — 0 the Born term is simplified to:

S 167202 1 3
MBorn2:7 4 1 = . _'20
| A v A { pll—w] - psintd+

0 - g(l + cos 0)* +
o[l —w] - §<1 - 0089)2}.
(5.22)
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As it is seen in the massless b-quark case, there is no transverse-plus helicity contribution
for the W™ decay. However in the next section we shall show that in the higher order QCD
corrections this contribution vanishes no longer.

Now we are in the situation to write the angular distribution of the differential decay
rate for the decay process t — X, + W followed by W* — e™ + v,. From Eq.(5.14), the
normalized differential decay rate can be written as:

1 d*1rko (L =)
I'y dxy, dcos@ Go w

{[S(1+b)—2b)] . Zsin29+
wlS—-Q] - §(1+0089)2+

wlS+Q] - g(l — 0080)2}.

(5.23)
In the case my, — 0 we have:
1 drto 0(1—xp) [3 ., 3
— = “sin? 0+ 0+ (2w) - =(1 — cosh)? ;. 5.24
I'y dzp, dcos@ 1+ 2w {45111 0+ () 8< cosd) } (5:24)

In the equations above I'j is the width of the Born process t — bW ' (— e*rv,) and it is

given by:

2

, memy o
'y = —(QG)y). 5.25
0 488111491/{/(@ O) ( )

To obtain I';, we would calculate the matrix elements squared | M BornHad|2 and | M Bern.Lep|2

within their rest frames separately. To explain more precise we start from:
1—\6 _ FBorn,Had % FBorn,Lep. (526)

According to Eq.(5.12) we obtain:

FBorn,Had _ Q |MBorn,Had|2 where |MBorn,Had|2 — 1 Z(MHad A MHad*)
8mmy 2 Abit

FBorn,Lep 1 ‘MBorn,LepP where |MBorn,Lep|2 — 1 Z (MLeP . MLep*).
167me 3 e N

(5.27)

115



Using MBormHad and pBermLer defined in Eq.(5.13) and the completeness relation, we

have:

FBorn,Had _ mya G
4 sin® Oy (QGo)
ppornley — _TTWE_ 5.28
12 sin? Oy, (5.28)
Therefore the Born level decay rate reads:
2
T = WL (OG,). (5.20)

07 48sint Ow
Let us go back to Eq.(5.23). For unpolarized top decay the angular decay distribution is

determined by the polarization components of W boson as:

1 dFLO 3 X 3 3
T dcosf =1 sin®60 T, + g(l +cosf)* Ty + §(1 —cos0)*T'_, (5.30)

where I';, = 0.702281, I'y, = 0.000321 and I'_ = 0.29740 denote the partial decay rates
into the longitudinal, transverse-plus and transverse-minus W*-boson. The various con-
tributions in Eq.(5.30) are reflected in the shape of the lepton energy spectrum in the rest
frame of the top quark. The fact that 'y is predicted to be quite small implies that the
lepton spectrum will be soft.

In Fig.5.4 we showed the LO contributions of the longitudinal and transverse-minus W -
boson in the B-meson energy distribution in the variable xp using the data given in the

table.4.1. In this calculation we adopt the LO value A®) = 108 Mev appropriate for ng=>.

5.2.2 Helicity Amplitudes Approach
The cosf dependence of the squared amplitude can be worked out by using the helicity

approach. To use this method we start from Eq.(5.18) where we had:

8120

SiIl4 9W

| M Bern|2 = L"H,,. (5.31)

To find out the cosf dependence of L*”H,, we use the completeness relation for the

polarization four-vectors including the scaler component, i.e:

D ENE Vg = ¢, (5.32)
AN =t, 4,0
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Total (LO)
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N
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Peterson model

VT dr/(dxdcosd) (t — B+X)

o
&l
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Figure 5.4: Comparison of the LO contributions of the longitudinal and the transverse-
minus helicity of the W*-boson in the B-meson energy distribution using the Peterson
model. The solid line shows the summation of all helicity contributions. The initial fac-

torization scale is pg = 10.0 GeV and the b-quark is considered to be massless.

where A\, \' = +, —, 0 stand for the transverse-plus, transverse-minus and the longitudinal
helicity of the W*-boson and A\, \' = t stand for the scalar component of the helicity and
the tensor gyy = diag(+, —, —, —) is the spherical representation of the metric tensor where
the components are ordered in the sequence A\, N’ = t, +,0. Therefore we can rewrite the

contraction of the lepton and hadron tensor L* H,,, as:

LMVHMV —_ LM/V/gM/MgV/VHMV
- Z L € (m)e; (M) g € ()€ (1) Grur HM

m,m/ nn’

= > (L“/”/eul(m)ez,(n)> (Hﬂ"e;(m’)ey(n’))gmm/gnn/- (5.33)

m,m’ n,n’

Now each parenthesis is an invariant quantity and the nice feature of this representation
is that the left bracket can be evaluated in the W™ rest frame which leads to a cos6
dependence. We do not evaluate the scalar contribution of the equation above since this

contribution drops out after integration over the azimuthal angle. The result above is
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simplified to:

Ly HP = L €0(0)€2 (0) Hoo + L €0 (+)ety (+) Hay + L (=) ety (<) H_,

(5.34)
where we have defined the diagonal hadronic helicity functions Hyy = Hy, H, ., H__ ac-
cording to:

Hypm = H" €, (m)e, (m) m=0,+,—. (5.35)
In the W rest frame (Fig.5.3), one has:
Py = mTW(l;siné,O,cose),
b= mTW(l; —sinf, 0, — cosf),
(L) = (0;0,0,1),
(£) = L(0; F1,—14,0), (5.36)

V2

and from Eq.(5.16) we also have:

2

v 1% 1% m v - ryo
LM = ph ¥+ plaph — TWQ“ — 0" (pe+ ) (Pue) 5 (5.37)

therefore with respect to the equations above we obtain:

1,0 2
> L e (0)es (0) = L¥e3(0)€5(0) = gmgv <Z sin’ 9) :
“/ v/

1.,/ 2
> Der(e ) = g (G4 cost)?).
w =12
» . 2 L, (3
S D en(oeil-) = St (01— cos0)?)
w =12

(5.38)

Now the second parenthesis in Eq.(5.33) should be evaluated in the t-quark rest frame. In

this frame we have:

1_
P, = %(1+w;0,0,1—w),
1
(L) = —(|pwl;0,0, Ew),
mw
1
(£) = —(0;F1,—1,0), (5.39)

V2
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and from Eq.(5.16), we have:

" = pipl + prol — (epn) g™ — €% (D1) o (P6) - (5.40)

After using the equation above, considering the massless b-quark for the diagonal hadronic

helicity structure functions (Eq.(5.35)) we have:

m? w m;
Hy = 2m%V(1 —w) L,H{ =0, H__= mgvt (1-w). (5.41)

Then finally we obtain:

[ 8 2.2
AP = T e,
sin® Oy
1671'20[2 1—w 3 . 3
- 3Sin20wm?{ 9 -181n20+0+w(1—w) . g(l—COSH)Q}'

(5.42)

This result is in agreement with Eq.(5.22) which was calculated via the covariant approach.

5.3 Angular Decay Distribution for t — b+ W' (— e +
v.) at NLO Using Fixed z;

In this section we calculate the virtual and real corrections for the cascade top decay and
we show that for the NLO QCD corrections the contribution of the transverse-plus helicity
of the W vanishes no longer. To extract the singularities we use dimensional regulariza-

tion as before.

5.3.1 Virtual Gluon Corrections

First we consider the one-loop corrections to the decay width considering the Feynman
diagrams depicted in Fig.5.5.
Therefore for the squared amplitude we obtain:

167202
1

IMV]? =

L (HS, + ), (5.43)

sin® Oy
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4 W)
et et
a v, b v,

Figure 5.5: Feynman diagrams for the vertex corrections(a) and the renormalization of the

fields(b).

where LM is given in Eq.(5.16) and,

o, = %T"’[ Db (met )7 (1 —5)]

LB 1 (1 — ) met B — )] (5.44)

H, =
w82

in which A, 02z and dz, are given in Eqgs.(3.7,3.16,3.18), respectively. After using the

covariant approach, the contribution of the vertex corrections in the matrix elements reads:

1—
" H;, = ozS%mf [(1 —w)miCo(m?,0,my,, m?,0,0) — %Bg(mf, 0,m?)
7T p—
+By(0,0,0) — ﬂB (m2,0,m?) — 1|(1 —cosf)? +
0\Y, Y, 2(1 _ w) 0 W Vs 1%
11— 1
ag wmf (1 — w)m?Co(m?,0,my,, m?,0,0) — iBg(mf, 0,m})
2(1 —w)
+Bo(0,0,0) + %Bo(m?,v, 0,m7) — 1} sin? 0,
(5.45)
and the contribution of the renormalization of the fields reads:
4 1—
LWHZV — w(ézb +02) {w(l — cosf)? + sin® 6’] . (5.46)

To calculate the contribution of the virtual corrections in the differential decay rate we

start from:

drvir = qriedvir o qrier, (5.47)
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After using Eq.(3.5) and Eq.(5.12) we obtain:

dQFm’r _
dxy dcosd
| Mvir| l1—w 47 p? 2(1 +w)
0(1— 1— —log —— 4+ 2log(l —w) — —

1m0 = W)z 1= el — log A )

1 42 2(1 +w)y2 7 2(1+w)(1+ 3w)
2 (g —1 2og(l —w) — =@y T
L3l —log =y 4 2log(l —w) = 575 B)T = Gr207 Uf

(5.48)

with |Mvir| given in Eq.(5.43). Considering the results above we obtain the following result:

%% = HY". g(l +cos @)+ HY'" . g(l —cosf)? + Hy," - %sin2 0.
(5.49)
For the helicity contributions of the W*-boson in decay width we have:
HY" =0
Hr = mcﬂi(l — 2)[2(3w — 1) log(1 — w) — 2wF]
HYr = ﬁcﬂsa — ) [2log(1 — w) — FJ, (5.50)

where F' was defined in Eq.(3.22). In the calculation above for the Born level decay rate

we used the following formula:
T} = Died 5 TP, (5.51)

where T¢” was given in Eq.(5.28) and to extract all correct terms we used Eq.(3.2) for

['Haed Tt is simple to check that Eq.(5.49) is equal to Eq.(3.21) after integration over cos 6.

5.3.2 Real Gluon Corrections

The Feynman diagrams of the real gluon corrections are shown in Fig.5.6.
There are two methods to calculate the contribution of the real gluon corrections that
we will explain in detail. First we explain the helicity amplitudes approach. The whole

amplitude for the real gluon correction is given by:
MPB = (MfEMed 4 pperedy prter, (5.52)
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(@) (b)

Figure 5.6: Feynman diagrams for the emission of the real gluon.

where the matrix elements M Had Mf’Had and ML are given in Eqs.(3.23,3.24,5.13).

Therefore the mean squared amplitude reads:

3% 2 i

. Sin
spins,color

1 _ 32 3.2
MR- Y s = B, e, ()

The lepton tensor L* was given in Eq.(5.16) and the hadron tensor H* equals to HE” +
H!" +2H" where:

o =
WTT[_QO‘B DL —vs) (mut pi— Do) vs(mut po)va(mut pi— o)1+ 75)0,
HY = G Trl=d™ bt Bl = 30)met b0+ 3ot b))
oy =
1 8l
32(pt.pg)(pb.pg)TT[g B (1= s) (mut o= ) va(mut ) (14 75) 1 (ot £g)V4)-

(5.54)

Applying the procedure which we used in Eq.(5.34) and considering the definition of the
polarization vectors of the W*-boson (Eq.(5.36)), we obtain for the invariant quantity
L*H,, in Eq.(5.53):

2 3 3
L"H,, = gm%,v [ZHOO sin? 0 + §H++(1 + cos 0)? + gH__(l — cos6)?], (5.55)
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where,

N 1
Hu = 60000 = o (IFPH — Bl (5 + %) + B 1),

W
1
H++ — HMI/ * 2(H H12 H21) + H22),
1
H,, — H;u/ * (Hll —|—Z H21 H12) +H22).
(5.56)
Now to calculate H% H% H30 ... we have to specify the general form of the hadron

tensor H*. At first we turn our attention to the matrix 5. As we explained in section
3.4, the matrix ~s5 is not well defined in D dimensions and the ordinary anti-commutation
relation in 4-dimensions ({7,, 5} = 0) produces the ambiguity in D-dimensions. Therefore
we employ the Breitenlohner-Maison (BM) scheme for the definition of v5 in D-dimensions,
as it was explained in section 3.4.

Now we explain the detail of the calculation of the hadron tensor H*”. With respect to
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Eq.(5.54) the hadron tensor for the real gluon corrections reads:
H" = HY + H +2H"Y
=
= o (D = 2in! = vyl — pp! + phvk + phpiv] +
E2(1 — cos )
(D = Dlpwpiy — pipiv + pwpy) + (6 — D)pipy +

o E psp!p(D = 4)ply — (D — 2)p} + (D — 6)p}]
my v v v v . uvaf, o . uvaf, o v
T, [PERE Pl pipl = phply + i€ Cpipl] + 2ie g (p — p)) — 2Bymug” }

1
+EbEg(1 — cos 0

) {(D i pl
D - _uvafB, o, B wo. v nw v no v Nz 0w v no v
+(1 — 5)[@6 PaPr + Pwpi + 0oy + oy pi + meEyg"” — 2pypy — 2pipy]

3 4 . ra (0] v

+(7— §D)pi‘ Py — 2ie™ P pip; — 2my Eyg" }

1 2 - D E 1% 1% 1% 1% Z - ryo (0%
+ﬁ{72 ﬁ;[%éﬁpb + 2p1'p} + Pyl + photy — php) + i P pipl] +

g
- uvafBr, o, B o, 3 Eg3 0w nov uv
i Py py — phpyl + E[(iD = T)pi'vy + (D — 4)pi'pyy] + Egg"’ 2B, + my] +

D my

E
Eymeg™ — 200py — phypt — piply ¢+ (1 — cos ) —2gh[1 — — — =] + (D — 4)g™,
my 2 Eg
(5.57)

where ¢V is the antisymmetric Levi-Civita tensor and it determines the sign in the result

of a Dirac trace of four gamma functions and 5. By convention €'

= 1 and for every
even permutation of (0,1, 2,3) the result of this tensor is 1 and for every odd permutation
of (0,1,2,3) the result is —1 and it is 0 if any index is repeated.

Now to calculate the transverse-plus, transverse-minus and longitudinal contributions
of the helicity amplitude we need to know the four vectors p, pj and pl in the top quark
rest frame, shown in Fig.5.7.

With respect to the definition of  as the angle between the emitting gluon and the
b-quark, one has:

pi = (m;0,0,0),
EyE,sinfg 0 Ey(Ey+ E,cosfg)

I3 .
P = Eba sy Uy ™ ;
b= B I
EyE, sinf E(E, +F 0
o= (B DBasmbe BBy Bicosbr), (5.58)
|pw\ |pw|
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W+-rest frame

t-quark rest frame

Figure 5.7: Definition of the top quark and the W*-boson rest frames in NLO calculation.

where cosfp = (m? —md, — 2my(E, + E,) + 2E,E,)/(2E,E,).
In the second approach, proposed in [91], to calculate the helicity contributions of the
decay rate we use covariant projectors to work out the various helicity components of the

W boson. It means, instead of the completeness relation:

O = g o PP
D () = =g (5.59)
A=0,+ W

which we already used to calculate the unpolarized differential decay rate, now we use

the following relations to extract the longitudinal, transverse-plus and transverse-minus

helicities:
w bt-Pw Pt-Pw
M O 123 O — no_ 17 v v
e"(0)e™(0) |P—W>‘2 (pt m2, pw) <pt —mIQ/V pW)7
e (E)e”(£) =
1 R 7 v w Dt P L DePw jetveB
§<_gﬂ + W2W B (pét_ . 2 p!‘j[/ by — . 5 Pw | F — (pt)a(pW)ﬁ)7
My | Py |? My My my| Py |

(5.60)

where €"1% = 1 and |P_)W|2 = (my — By — E,)* — m3y,.
Now we explain the details of the helicity contributions of the differential decay rate.

Using Eqgs.(5.53,5.55) we obtain:

1 d21’\Real

3 3 3
— Real__1 2 Real__l_ 2 Real._-2.
7 dy doosd H% - —(1+cos)” + H 8( cos0)” + Hy, 7 Sin 0

8
(5.61)
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To work out the longitudinal helicity contribution, I used both approaches mentioned above

and the results are exactly the same. After using Eq.(3.25,5.51) this result reads:

as
27(1 + 2w)
1 41 1+ a3
- 1-— 1 —~g —2log(1l — 1 —
(801 = a1 = 75— 210g(1 — ) + log ] - L

€ t

5(1 - fb) i

Real
H 00 - 2

Crf

€

1 4 2w 3w
#8(1— ) (] = og "7+ 2log(1 — ) + 6] 75 -
t

4 2 2
+2Lis(1 — w) + log 7”; —2log(l —w) — WZ) +2(1 + z3)
m

t

2

I—I/—\
<)
~ |2
|}—‘
5| |
T8
=
~—
N—
+

1 Amp
— (1 + 22 lQlogx — log +2log(l —w) +ve| +
s (b [ptom - g S on(t - 2,
8w? — 4w — 3 1
2(1 —w)y + —————a7 — 2(1
(L= w)ey + =% (+w)mb+1+2w)

C2ap(1 = 1) (2 — wp(1 — w))? N 2\/w (
(1—-w)a? —dx, +4 (w—=1)((1—w)ai — 4z, + 4)?

(1+ Vw)* (w(1 = Vw)? + 2v/w) (a5 (1 — w) + ap(vVw — 3) +2)* log(1 — z(1 — V) —
(1 = vw)*(zp(1 + V) = 2v/w)(25(1 = w) — zp(vw + 3) +2)*log |1 — a3 (1 + \/5)|) }
(5.62)

Our main aim is to calculate the angular distribution of the differential decay rate for the

decay process t — X, + W™ followed by W+ — et + 1, with ag corrections using fixed ;.

Therefore we define:
1 dr

. 3 ~ 3 P
F—{)m = H++ . g(l 4+ cos 6)2 + Hff . g(l — COS 6)2 + H(]O . Z Sln2 9 (563)

For the contribution of the decay width into a longitudinal W *-boson, we have to sum

up Eq.(5.50) and Eq.(5.62). Therefore we obtain:

- 1

HOO = 1+2w5<1—xb)+
_as 1 3501 — o)+ 1% ) 4 7
s Cef{ (1 v = ogam) (3000 - ) + ) + Bl
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where,

A

B(xy) =

o1 — xb)<— glog oy 2logwlog(l —w) + logw+4Lis(l —w) — — —3

2 2w 272 24+ Bw
mf w—1 3 1+ 2w

1 2
+— ((1 + ;) [2log z;, — log % +2log(1 — w)] +2(1 —w)zj +
t

(1= ap)+
1+¥w)+2@+xacﬁﬁigﬁ)+

8w? —dw —3
2a(1 = ) (2 = 1 (1 — w))? 2/w (

Trom 020 Fwn
P} + 2 2
(1—w)zf—4x, +4 (w—=1)((1 —w)xj — 4z, +4)

(14 V) (2p(1 — Vw)? + 2vw) (23(1 — w) + 2p(vVw — 3) + 2)% log(1 — 2(1 — Vw)) —
(1 = V) (1 + Vw)? = 2Vw) (23 (1 = w) — 23(Vw + 3) +2)* log |1 — 231 + \/5)\)-
(5.65)

According to the explanation expressed in section 3.6, in order to get the M S-subtracted
coefficient function we shall have to subtract from Eq.(5.64) the O(a;) term multiplying the
characteristic MS constant (% — g +log4m). The obtained result above after integrating
over 7,(0 < x, < 1) can be compared with the result given in [91], see appendix G. To
obtain the result above and to compare with the result given in [91] we used the following

relations between the Spence Functions:

Liy(z*) = 2(Liy(x) + Lir(—x))

71_2

Liy(1 —2%) = e Liy(2*) — 2log z log(1 — 2?). (5.66)

Now we use the second approach to calculate the transverse-minus component of the

hadron tensor in the real gluon correction. Defining R = log(1+(S—1)zy++/S(S2? — 224 + 2)),
T = log(—25%x) + 4Sx2 — (1 + 39)zy + 1 + [2527 — 223 + 1]4/S(S2? — 22, + 2)) and
D =log((1—S)x? —xy+1/2+ 2527 — 2z, + 1]/2) and also M = log(25%z7 — S(1+2x3) +
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1 — S|2S2z? — 23, + 1|) where S = (1 — w)/2, we obtain the following results:

(5(1 — xb)
HReal — Qg W
T m(1+ Qw)CF €2 +

1 47 1+ 22
—{6(1 =) [1 —y5 — 2log(1 — 1 — b
E( (1 =) [1 =75 — 2log(1 —w) + log o ] (1_%)+)
1 Ay
+5(1—xb)<§[—log ;’; + 2log(1 — w) + 7E]

t

3
2+Z(1—18w)—

4 2
L. 2log(1 —w)

my
log(1 — z)
1— Ty +

2w

log w + log

’YE—l_w
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+2Lis(1 — w) — WZ) +(1+a;+ 2x§;)(

1 2 dmp? 3
+—— (1 + ) [2log 2y — log —5- + 2log(l — w) + v | — D}, +
(1 =)+ my

i1 —w
V(1 —w)x§—4xb+4(T_R))

+(1+—w — ) (log(l —xp(l —w))— M+ logw) +

l-w
D 5 (rp(1 4+ w) — 2)[(1 — w)x? — 225 + 1|
(= +log(1 —2)) (1 +m + 227) + TR B [ 1)x%+4xb_4)

1

— (1 =2w)(1 — W)z

+2(1—xb)(1+2w)((1—w)x§—4xb+4)(1—mb(l—w))( (1= 2w)(1 = w)ry
+(w — 1) (4w? + 12w — 5z} — (10w® — 21w? — 2w + 212} +

20w3 — 80w? + 31w + 23 14w? — Tw — 4) N

(—66w? + 5w + 47)x7 + 2 T+ 4
w—1 w—1

1
2y/w(w —1)((1 —w)z? — 4z, + 4)? <
(1= VB (1 + VB2 — 2vG) (@2(1 — w) — 2y(V& + 3) + 2P log |1 — (1 + V)| —
(1+ V) (@y(1 = V) + 2vw)(a5(1 — w) + zp(Vw — 3) +2)" log(1 — z(1 — \@)))
R-T

+ X
2(((1 = w)zj — 4y + 4)(1 = w))

((w — 1%z} + (w—3)(w — 1)%7) +2(w — 13)(w — 1)} — 4(w® — 8w + )z, + 8) }
(5.67)

Nl
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After summing up Eq.(5.50) and Eq.(5.67) for the transverse-minus helicity rates we obtain:

- 2w
= 1—
1+2w5( ) +
ase ! 3 11af \ O
2 pd (== 4 5 — logam) [ 26(1 —
7r(1+2w)CF{( ¢ TE— o8 W)(zé( W)t 0y ) T T }
(5.68)
where
. 3(7+18w) 4w 2
C = 61— — — 1 —3log =
(@) ( xb)( 2(1 1 20) [, osw 0g 2
2(1 — 4 2
_Mlogu — w) +4logwlog(l — w) + 8Lis(1 — w) — %) n
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—i—L <(1 + z7) [2 log z, — log'u—Q2 + 2log(1 — w)} — Dxj +
(1—ap)4 m;

TV —w (T—R)) +2<1+w5+2‘65’)<m) ’
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(rp(1 +w) — 2)|(1 —w)xf — 22 + 1|
(1—2)(1 —w)((w—1)a7 + 4z, — 4)
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+2(1__w — 1) <log(1 —(1—w))— M+ logw) +
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(1—2p)(1+2w)((1 — w)a? — 4y + 4) (1 — (1 — w))
+(w — 1)(4w? + 12w — 5)z} — (10w® — 21w? — 2w + 21)z} +
20w® — 80w? 4 31w + 23 14w? — Tw — 4)

(=D +2log(1 — x)) (1 + xp + 27) + 2

+

—2w)(1 — w)*z;

(—66w? + THw + 47) w7 + 2

4
w—1 oot w—1

1
Vw(w = D((1 - w)af — da, + 4)7 (
(1= vw)* (@1 + V) = 2vw)(75(1 — w) — 2p(vVw +3) + 2)* log [1 — a3 (1 + V)| —

(L VEP(1 = VY + 2B (1~ ) + (VB =) + D7 og(1 — (1 — V) )
R-T y
(1= w)z} — 4z + (1 — 0))?

((w — 1Pz + (w0 = 3)(w — 1)) + 2(w — 13)(w — Daf — 4(w? — 8w + 9y, + 8).

(5.69)

+

The obtained result above after integrating over x;, can be found in appendix G.

As it is seen in Eq.(5.50), the contribution of the transverse-plus helicity in the virtual
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correction vanishes, but in the real gluon correction this contribution is no longer zero. We

used the second approach to calculate this contribution as well. The result reads:

o,. =
_asw o [350 2 o3y (108(1 — 2p)
27T(1+2w)CF{25(1 ) +2(1 + 2%)( 1—m ),
2 (R—T)V1—wz} )
+ Dy + b + (14 xp + 222)(D — 21og(1l — z
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1
+2($b - 1__‘_—&})( - M+ log(l — :L“b(l — w)) + logw)
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27w2 — 46w +19 ,

+
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Vw(w—1)((1 —w)z? — 4z, + 4)?
(1= Vw)* (zp(1 + Vw)? = 2v/w) (23 (1 — w) — 2 (Vw + 3) + 2)* log |1 — a3(1 + V)| —

)(
(1+ VW) (2s(1 = V) +2vw)(a(1 — w) + 2p(Vw = 3) +2)* log(1 — zp(1 — f)))

T—-R o
(1 —w)a} —day + 4)(1 —w))>

((w — 12 + (w0 —3)(w— 1)z} +2(w — 13)(w — D} — 4(w* — 8w + 9)xp + 8) }

+

(5.70)

These results are in agreement with [91] after integration over z;, see appendix G.

In the calculations above, the factor |p—W>|*"(n = 1,2, 3) in the mean squared helicity ampli-
tudes makes the phase space integration more difficult than in the unpolarized integration
width and new classes of phase space integrals appear in our calculation. For example

we have the three following terms in the squared helicity amplitude of the transverse-plus
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component of the differential decay rate:

S ()
22y/(1 — Say — Szy)? — w
9(@p, 7)
(1= —2)/(1 = Szp — Szy)2 — w0’
h(x)

xy(1 —xp — xg)\/(l — Sap — Sz,)? — o (5.71)

where f(zy) = 23, g(2p, 75) = S(82; + (D + 2)xy14 + (D — 2)22)/2 and h(xp) = 2Sz3. The
first of the above terms includes the soft singularity (when x, — 0) and the second term
includes the collinear singularity as we will explain in detail in the following. According to

Eq.(A.3) and the definition of the b-quark and the gluon energy fraction:

2F,
Ty, = —————
’ my(1 — w)
28,
Yo = mi(1 —w)’

we obtain: cosf = (1 —x, — x4, + 2Szp2,)/(2Sxpx,) thus 1 —cosf o< 1 — xp, — 4, so that if
¢ — 0 then z;, — 1 —x3,. Therefore in the second of the above terms when z, — 1 —x; the
collinear singularities will appear. The third of the above terms includes both singularities.
To obtain the contribution of the real gluon correction in the total differential decay width
and to extract all the singularities we have to use the D-dimensional phase space integration
(Eq.(3.30)) replacing the terms above in [M 2 in Eq.(3.30). But the problem is the solution
of these integrals is very difficult and we could not find a suitable software to calculate
these phase spaces integrals. For this reason we used a trick to work out these integrals.

At first we turn our attention to the first of the terms (5.71). The 4-dimensional integral

over x,(ox E,) of this term is divergent because of the factor 1 /ZL‘g Now our trick is to

subtract an add the term:
f(xp)
:Eg\/(l —Sxp)? —w

Y

to Eq.(5.71), i.e.:
S (@) _
22y/(1 — Sap — Sug)? —w

() 3 f () N (@)
22y/(1 = Szp — Szg)? —w  22y/(1— Szp)? —w 22y/(1 = Szp)? — w

D=4 D44

(5.72)
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Then the squared bracket is free of soft singularities and it can be calculated in 4 di-
mensions. This point can be understood by expanding this difference in z, and it will
be obvious that the result is free of 1 /xf], so that this difference can be calculated in 4
dimensions. The second term in (5.72) can now be solved in D dimensional phase space
by using Mathematica and it gives us all correct singularities.

Now we turn our attention to the second term in Eq.(5.71). If we use the four dimen-
sional phase space for these terms of the squared amplitude, these terms diverge logarith-
mically when integrating over z, in the limit x, — 1 — ;. For these terms we subtract

and add the following term:

9(@b, Tg)
(1—xp—xy)y/(1 =92 —w

Y

to the main term. Therefore their difference (the first bracket in Eq.(5.73)) is free of
collinear singularities and it can be considered in 4-dimensions but the remaining term in

Eq.(5.73) must be solved in D dimensional phase space:

9(@y, z4) _
(1 —ap —xy)\/(1 — Sap — Szy)? —w
g(zp, zy) _ g(xp, T4) +
(1 =z —xg)\/(1 — Sap — Szy)? —w (I—ay—zg) /(1= 8P —w]|, _,
9(@y, x4)
(1—xp—xy)/(1 =952 —-w D1
(5.73)

For the third term in Eq.(5.71), at first we decompose it in the following form:

h(z) _
2g(1 —xp — 24)\/(1 — Sz — S1y)? — w

1 (i+ 1 ) h(xs)
l—m\zy l—my—ag/) /(1= S8n,—Sx,)? —w

and we then use the previous tricks to extract all singularities and to work out the finite

terms. This term creates the singularity proportional to oc 1/€2.
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5.4 Angular Decay Distribution for t — b+ W' (— e +
v.) at NLO Using Fixed z,

To study the angular decay distribution of the cascade decay of the top quark (¢ —
b+ WT(— et + 1.)) precisely, we have to specify the angular differential width for the
production of a gluon in the top quark decay with the scaled energy fraction of the gluon
(xz4). To calculate these contributions we start with the phase space integral given in
Eq.(3.42) using the b-quark energy range given in Eq.(3.43). As we explained in section
3.7, when the momentum of the real gluon is fixed there will be no soft singularity and
in conclusion there will be no the plus description in our result, because these terms arise
after integration over the real gluon phase space.
Now we intend to calculate the angular distribution of the differential decay rate for the
cascade decay of the top quark with «; corrections using fixed x,. As before, we define:
%% =1, g(l +cos0)? 4+ 1__ - g(l —cos0)? + Iy - Zsin2 9, (5.74)
and to work out the helicity contributions we apply the approach explained in the previous
section. Therefore for the longitudinal helicity contribution in the total decay width we

have:

2
iy = Qs {1+(1 :179)( 1

C —— —log4 B 5.75
or(1+2w) , €+7E og4m) + Bi(z)}, (5.75)

A 1+ (1—x,)? 2
Bi(z,) = 1+ (1 —zy)” ( — log% + 2logxz, + 2log(l — x,) + 21og(1 — w))
g t

QWB3O%W@—U+U%%ww—W—mu+vaﬂ%a_%a—wm

22(1 - w)

%MWHDJWMﬁ#N—M%%WMHwM+ﬁ®

+2(1 +20)(1 i (1~ w)z,)? ( — (1 —w)*(1 + 6w)ad +2(1 — w)(6w® + 19w + 3)a

3420 —10w—3 AW’ +Twr1l
(1808 + 1502 + 8w 4 13)z, 4 4> T2 Z w73 AT F T )—

w—1 * Tg(w —1)
(2% — 5w — 1) 6w? + 24w + 2 w(l+w) )

160————5
l—w zy(1 —w)? + ri(w—1)3

(5.76)

log(1 — (1 —w)zy) (:pg +2
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In order to obtain the the MS-subtracted coefficient function we have to subtract from
Eq.(5.75) the O(a) term multiplying the characteristic MS constant (L — g + log4m).

Considering S = (1—w)/2 and by defining N = log((1—S)x] —x,+|2522 —2z,+1]/2+1/2)
and F = log(2S%z] — S(1+2x,) — S|25x7 — 2z, 4 1| + 1), for the transverse-minus helicity

contribution we have:

- oW 1+ (1—xy)? 1 .
I = (- = —log4 B .
7T(1+QW)CF{ Zg ( e+7E og4dm) + Ba(zy) }, (5.77)
where,
. 14 (1—a,)? 2
By(zy) = M(—logM—Q—|—210gxg+210g(1—xg)+210g(1—w)
Ly my
_E+21+w —E(:c— 2 w2_3w_1+ w )
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+2x3(1 EREN ((xg(ﬁ+ 1) — D)2 (zy (Vo + 1) = 2)(1 — Vw)*log |1 — z,(1 + V)|
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— — og w
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41— (1 — w)z,)? ((1 —w)'ry + 21 —w)(Tw = b)zy + 2(9w” — 27w + 1)z, +
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T-w n—w) TR

(5.78)

The new logarithms N and F which we used in the obtained result above are the same as
the logarithms D and M which we defined in the previous section, respectively, but the

variable x; is now replaced by x,.
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For the transverse-plus helicity contribution we also obtain:

QW F 2 w?—3w -1 w
(1 +2w>CF{5(% IET R R R
1 ) ) .
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2
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1 3
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(5.79)

It is simple to show that after integrating over cos 6 in Eq.(5.74) we will obtain Eq.(3.46). As
we pointed out, in the calculations above we only deal with the collinear singularities and to
extract these singularities we have to work at D-dimensions like before. In calculation of the
transverse-plus and the transverse-minus helicity contributions the phase space integrals
include terms like the second term given in Eq.(5.71) which are not calculable simply.
Therefore we used the trick which was explained in the last part of the previous section.

In the next section we will study the numerical results for the helicity contributions of the
top quark decay width and we shall make some predictions about the energy distribution

of the B-hadron produced in each helicity of the W -boson in the top quark decay.

5.5 Numerical Results

In the last two sections we calculated the angular distribution of the differential decay width
to produce a b-quark or a gluon in the cascade decay process t — b+ W+t (— et +1,). In
Eqgs.(5.63,5.74) we showed that the differential decay widths can be written in the following

135



forms:

1 & .3 3 .3
F—{)m = ++'§(1+C080)2+H__ 'g(l—COSH)2+HQO'ZSIIl2Q, (580)
and,
1 dr

F_f)m =1, g(l +cos0) 4+ 1__ - g(l —cos0)? + Iy - Zsin2 9, (5.81)
where H,, (I,), H__(I__) and Hy(Iy) stand for the transverse-plus and the transverse-
minus and the longitudinal helicity components of the differential decay rate, respectively.
These components are given in Eqs(5.64,5.68,5.70,5.75,5.77,5.79). As we already defined,
the angle 6 denotes the polar angle between the W' momentum direction and the outgoing
positron (see Fig.5.7). In our calculations the b-quark is considered a massless parton from
the beginning.

It is simple to show that after integrating over cosf (—1 < cosf < 1) in Eq.(5.80) and
Eq.(5.81) we obtain Eq.(3.38) and Eq.(3.46) where the W*-boson was considered an un-
polarized particle from the beginning.

Now we are in the situation to make predictions about the energy distribution of the
B-hadron produced in each case of helicity of the W*-boson in the top quark decay. To
make the predictions we use the ZM-VFNS scheme which was explained in section 4.8.2.
In Fig.5.8, considering the helicity components of the W *-boson we depict the differential
decay rate of inclusive B-hadron production in top decay at /s = m; using the Peterson
model. As it is seen the contribution of the transverse-plus helicity is tiny and to make
this more obvious we plot it in Fig.5.9. As we pointed out in section 5.2, assuming m;, = 0
from the beginning the contribution of the transverse-plus helicity of the W *-boson in the
differential decay rate is zero at the leading order (LO) calculation of the differential decay
width. In Fig.5.8 we can also see that for each xp the sum of the contributions of the
individual helicity components of the W *-boson is equal to the total value which we got
from the calculation of unpolarized W*-boson. In the following we will discuss numerical
results for additional interesting quantities. As before, we set m; = 174 GeV and my, = 80

GeV and for the strong coupling constant we use a4(m;) = 0.1071 which was evolved from
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as(myz) = 0.1181 (see section 2.1.4), therefore one has:
1 A
/ day Hey = 0.635937,
0
1 A
/ dxy H._ = 0.277517,
0

1
/ dey Hey = 0.000928,
0
(5.82)

see appendix G. Considering the above results, Eq.(5.80) after integrating over z;, can be

written as:
F(cost) = — = 0.000348(1 + cos 6)* + 0.104069(1 — cos #)* + 0.476953 sin“ 6.
I'y dcos 6
(5.83)
So that we can calculate the following quantities:
1
/ dcosf F(cosf)=0.9143,
—1
1
/ dcosf F(cosf)cosf = —0.1383,
—1
1
/ dcosf F(cos®) cos® 6 = 0.2386.
—1
(5.84)

We close this discussion by stating that we have presented results on the O(a;) radiative
corrections to the three helicity rates in unpolarized top quark decay which can be deter-
mined from doing an angular analysis on the decay products or from an analysis of the
shape of the lepton spectrum. The radiative corrections to the unpolarized transverse-
minus and longitudinal rates are sizable and the radiative correction to the transverse-plus

rate is very small.
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Figure 5.8: Comparison of the NLO contributions of the longitudinal and the transverse-
minus and the transverse-plus helicity of the W *-boson in the B-hadron energy distribution
using the Peterson model. The solid line shows the summation of all helicity contributions.

The initial factorization scale is p1g = 10.0 GeV and the b-quark is considered to be massless.
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Figure 5.9: The NLO contributions of the transverse-plus helicity of the W *-boson in the

B-hadron energy distribution using the Peterson model.
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Chapter 6
Summary and Conclusions

To perform accurate studies of the top-quark properties and a precise measurement of its
mass at the Tevatron accelerator and, in future, at the LHC and at the Linear Collider,
a reliable description of the b-quark fragmentation in top quark decay, ¢t — bW, will be
necessary. As shown in [94], the b-fragmentation is one of the sources of uncertainty in the
top mass measurement at the Tevatron.

In this work we calculated the normalized differential decay rate of production of a b-quark

1 dar

T dxb). It can be observed that one has:

in top decay (

1do 1dI’

odr, TDdxy,’
where %;—2} is the normalized differential cross-section for the production of a b quark with
energy fraction x;, from decay of t-quarks, independently of the production mechanism.
Our result will then be applicable to pp (Tevatron), pp (LHC) or e"e™ (Linear Colider)
collisions.
In this thesis, at first, we discussed the b-quark fragmentation in top decay in NLO QCD
using the perturbative fragmentation method, which resums large logarithms ~ log(%z)
appearing in the fixed-order massive calculation. We compared the NLO differential decz;y
rate of top decay with respect to the energy fraction of b-quark () for a massless b- and a
massive b-quark, but neglecting contributions proportional to powers of the ratio 2—‘; The
obtained subtraction term from the difference of them is consistent with the expression of
the initial condition for the b-quark perturbative FF, Eq.(4.30). We then compared the
results for the distribution of the b-quark energy fraction both in the fixed-order approach

and in the perturbative FF approach, see Fig.4.4. We found that the perturbative FF
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approach has a remarkable effect on the parton level distribution, especially when x; ap-
proaches unity.

In the next step we studied and made theoretical predictions for the energy distributions
of b-flavored hadron in top decay using the two of most important hadronization models.
We used the B-meson FFs [72, 85] fitted by the e"e™ data from ALEPH, OPAL and SLD
in two different initial scales of factorization: po = m;, = 4.5 GeV and py = 2m;, = 10
GeV. According to the factorization theorem, the universality of the obtained B-meson
FFs from e~ e™ collision are guaranteed and we used them in the non-perturbative part of
the hinted hadronization process.

In this work, we applied the QCD improved parton model within two distinct approaches,
the ZM-VFNS and GM-VFNS. We used them and compared the results obtained from
these schemes. In [72, 75], it is shown that the ZM-VFENS predictions are found to agree
with the CDF data from Tevatron runs IA and I [96]. The necessary condition to use
the ZM-VFNS is that the energy scale, separating perturbative hard scattering and non-
perturbative fragmentation (final state factorization scale pg), should be sufficiently large
in comparison with the b-quark mass. It was really in our calculation (m; > m,,). We also
obtained the b — B branching fraction and the average energy fraction that the B meson
receives from the b quark using the S and P models within the different initial scales. The
results are approximately same and they are in good agreement with experimental data
as we expect. The results should be independent of the chosen initial scales. It will be
interesting to use the present approach to perform predictions of other observable relying
on the b-fragmentation in top decay, such as invariant mass distribution used in [95] to
fit the top mass value. We also made the theoretical predictions to produce some other
hadrons such as: 7%, p/p and K* in fragmenting the b-quark obtained in top quark decay
where we applied the AKK [87] extraction of fragmentation functions for 7%, p/p and K=
particles at NLO. We also investigated the B-hadron mass effect on the energy distribution
of the B-hadron using the improved factorization formula.

In the last chapter we studied the helicity contributions of W *-boson in the top quark
decay. We showed that the contribution of the transverse-plus helicity of the W *-boson
is negligible in the top quark decay and most produced charged leptons in the W *-boson
decay are due to a WT-boson with a longitudinal or transverse-minus helicity. We also
made the theoretical prediction for the energy distributions of b-flavored hadron in unpo-

larized top decay considering the polarized W*-boson. It will be interesting to study these
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contributions in NNLO QCD.
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Appendix A

Phase Space for Top Decay at NLO

In this appendix we intend to explain about the differential decay rate formula of the
three particles top decay (¢t — bW g) in D space-time dimensions. The mass of interacting
particles are labeled by myy, m; and my, for the W*-boson, t- and b-quark.

For the real correction contributions to the differential decay rate (dI'?), one has:

gr . wP d'py  dPp,  dPlp,

my,  (21)D-12Ey (21)P-12E, (21)P-12E,
(2m) 26" (pe — pw — pg — py) X | ME|?

M2(47D) 5
= 27|MR| dPS(ptapbapgapW)a (Al)
my

where the matrix element |]\/[R|2 is given in Eqs.(3.27,3.29,3.32,3.35) and the phase space
element dPS is defined as:

dDilpW dD_lpg dDilpb

dPS =
S = @)D 2By (27)P12E, (27)D-12E,

(2m)P 8P (pr — pw — Py — Db)-

To simplify our calculations, we choose the p;-rest frame where p° = 0. We also select the Z-
axis in the direction of the momentum vector of the b-quark (p;). Considering the massless

b-quark the momentum vectors of incoming and outgoing particles in D-dimensions wil be:
Pl = (me,0) = (my,0,0,---,0)  pf=(5,0,0,---, By)  ply = (Bw,pw)

Pl = (Eg,0,0,- -+, Egsin O sin ¢ g, Egsin Oy, cos ¢gy, £gcosfy,),

where |py| = Ej and |p,| = E, and 0, is the scattering angle between the gluon and the

b-quark, from now on we denote as 6.
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In D-dimension we can also write:

dD_lp = |H|D_2d|ﬁ|d9 where dQQ. = LW sinP=30do
g9 pQ pg g g F[D/Q — 1] ,
2 D—-1
T 2
dP'p, = |py|P2d|py|dS  where /de = e

2
and

/dD1Pw5D(pt —DPw — Db — pg) = 5(77% — Ew — By — Eg)-
Therefore the Phase Space element reads:

ﬂ.%fD (EgEb>D_4

202 T — N2

dPS =

§(cos — a)sin” 3 0dOdE,d Ey,

where,

2L,y + m? — m%,[, —2myEy — 2my Ey,
a = )
2E,E,

Therefore the differential decay rate for the three particle decay can be written as:

Iy (1—w)>

o = 2473D7T%7D/L2(47D) /dEg dcosf 6(cos — a)
Ty

< (Eymqxy)P (1 = cos®6) = x [MFP,

where z; is the normalized b-quark energy fraction as already defined in section 3.1.
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Appendix B

Determination of energy variations
range of b-quark and gluon in top

decay

Kinematically a decay process p — p1 + ps + p3 (Fig.B.1) depends on two independent
variables. It can be also related by crossing to 2 — 2(e.g. p + pr — p2 + p3) although in
both considerations the number of invariant variables must be the same. Our main aim in
this appendix is to determine values of these variables. To be obvious, at first we explain

the notion of the invariant and non-invariant variables in the process 1 — 3.

Figure B.1: Three-particle decay p — p; + ps + p3 with invariant variables S; and S,
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B.1 Invariant Variables

As in 2 — 2 scattering, it is suitable to choose s,t and w as invariant variables. This

quantities are positive in the decay channel and we take the following form for them:
s1=(p+p2)* = (p—ps)°,

59 = (P2 +p3)2 =(p —pl)Q,
s3 = (p1 +p3)2 =(p —p2)2-

The value of these variables would be the same in each selected frame.

B.2 Non-invariant Variables

In the process 1 — 3 (Fig.B.1) non-invariant variables are three-momenta of outgoing
particles and angels and the value of these variables depend on the chosen frame. To
define these variables one has to specify a specific Lorentz frame. The convenient frame
is the rest frame of the decaying system or overall CMS which is defined as the frame

in which p = p1 + ps + p3 = 0(Fig.B.2). To determine the non-invariant variables

Figure B.2: Rest frame of the decaying system (p=0)

(three momenta) at first we have to specify the physical values of s; and sy (or s3). To

determine the values of s; and s, (and in conclusion p; and py) we apply the method
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introduced in [61]. In this approach we consider the basic four-particle kinematic function

G(s1, 82,8, m3,m? m2)(Nyborg, 1965a), with the following definition:

G(x,y, Z, U, v,w) = x2y+xy2+22u+zu2+112w+vw2+xzw+xuv+vyz—wyz+yzw+yuw—
y(z+ut+w+v)—zu(zr+y+v+w) —vw(r+y+z+u).
This function satisfies the following condition:
G(Slu S92, S, m§7 m%? m%) S 0

To see more details refer to [61].
To determine the energy variations range of the gluon and the b-quark in the top decay
we have to solve the equation above. Here we consider the special values of masses as we

have in our calculation:

B.3 Two Masses Vanish

If we consider the massless b-quark in the top decay therefore in the p;—rest frame we have

to solve the following equation:
G(mi — 2m,E,,m; — 2m;Ey, m7, m3, 0,0) <0,

where s1 = (p, — pg)?, s2 = (pr — pp)? and s = m?. After solving this equation in terms of
Ey or E,, we obtain:

my(1 —w)(1 — )
2

my(1 —w)(1 — )
2(1 — (1 — w))

<E, <

and

mi(1 = w)(1 - x,)

mil=w)(1=2,) _ o Lol - )

5 =

IN

B.4 One Mass Vanishes

If we consider the massive b-quark in the top decay, therefore the basic four-particle kine-

matic function which has to be solved is:
G(mi — 2mE,,m? +mj — 2m; By, m?, m¥,, m;,0) < 0.
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After solving this equation we obtain:

meS(1 —ap)(1 — Sy — S\/x? — 3?) < B <mtS(1—xb (1 — Sz + S22 — ﬁZ

1+b—28$b - 1+b—28$b

or in terms of £} we have:

%(1 — Sz, — ngm) < E, < %(1 — Szg+ ngm)’
J— g -

. (1-2Szy)
where: F' = N mg)"
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Appendix C

+-Description [f (:C)] +

The +-description of a function f(z), which is singular at @ = 1, is expressed by [f(z)]
and the definition of [f(z)]

Jr

L8 expressed by:

| deg@lr@), = [ das@)oe) - gv). ()
0 0
where ¢ is a sufficiently regular function, consequently:

/o dx [f(a:)]Jr = 0. (C.2)

We can also take the +-description of a function which is singular at = 0. For example

for the following functions:

1 log(q:)}
— nd , C.3
o .
which are singular at x=0, according to Eq.(C.1) we can write:
oL [gle) - g(0)]
/0 dx BN (x) = /o d:c—x : (C4)
[ er[22] o= [ a2y - g0 (©5)
0 Zz + 0 z
The analytic form of the +—function is written as:
1 B
@l =tin | [ oo -+ s0-2-m [ ) ()
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in which 0(x) is step function.

The +-descriptions which appear during the calculation of the real gluon corrections are:

1 log(1 —
L 4 [M] 7 1)
[1 — q:] N 11—z N
which have singularities at + = 1. Using Eq.(C.1) these forms can be written in the

following normal form:

Lo ) - (1)
/de[ ]+g( )—/0 d , (C.8)

1—=x 1—z

and,

1—=x 1—=x

A | o= )= ) o

The plus prescriptions are strictly distributions; for £ < 1 they can be thought as the

function itself, i.e.

F@): = fl)  for w<l. (C.10)

Using Eq.(C.1), one can easily prove the following important distributional identities:
1
[f(@)]sg(z) = [f(z)g(z)—(9(1) / f(y)dy)o(1 — ),
0

[f(@)g(@)ly = [f(2)]+9(x) — (/O FWlg(y)dy)o(1 — ),

[f(@)]+9(x) = [f(2)]+9(1) + f(2)(g9(z) — g(1)).
(C.11)

As an example, using the above relations, one can write the spiting function Pq(g ) (x) as:

2
(I—=);

Sometimes, we encounter the integration range which is not from 0 to 1 but from an

1+ 22
P = Crl

l—xLF:CF(

—(1+x)+g5(1—x)). (C.12)

arbitrary A < 1 to 1. We introduce a more general +-description [f(z)]4 and it satisfies:

/dfﬁ[f(x)]Ag(w):/ daf(x)lg(x) —g(1)], (C.13)
A

A

and,

/ dx[f(z)]a = 0. (C.14)
A
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Now we need to find out the relation between [f(z)]; and [f(z)]a. Setting

[f(@)]+ = [f(z)]la + C5(1 — x), (C.15)

and keeping the principle integration formula Eq.(C.1),we can find out the relevant C.

After some calculation we obtain a general formula for the coefficient C for a [f(x)]4

A
= [ wsw. (C.16)
0
An given example is the following functions:
1 log(1 —
and log(1 — z) . (C.17)
[1 — I]A 11—z A

Applying Egs.(C.15,C.16) or calculating the coefficient C directly keeping the principle

integration, Eq.(C.1), we obtain the following formula:

1 1
Toal, =g, el =400 =) (C.18)
(C.19)
st - [es0o0] g apn o o
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Appendix D

Calculation of Differential Decay

Rate due to Real Corrections

In this appendix we want to explain about factors of singularities to differential decay
rate and the contribution of the terms in the squared amplitude to the decay width. We
consider two cases. Once the b-quark is considered to be a massless particle in the top
decay process and in the other case the b-quark is considered as a massive particle from

the beginning.

D.1 Massless b-Quark

To simplify our calculation in section 3.5, we classified the terms into |M%|? to the four

groups. For the first type (Eq.(3.27)) we don’t deal with any singularity and if we plug
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these terms into Eq.(3.25) and integrate over E, and cos € we obtain:

df‘Real,l 28677.45—%#25,”1%*460[&8 (1 _ .Ib)_QE(]. _ w)—QE

dry,  sin?0,(1 —2,(1 —w)) D1 -2 —¢)

Pri(l—w) (=29 [—n ™, O ;
x{F(%—e)(l—:cb(l—w))2 ' { g6 (2¢ —e~ D —w) +@<(46 —e—3)w

+(—20€* + Te + 17)w? + (366 — 16€ — 36)w? + (—28€* + 16€ + 36)w + (8¢* — Te — 17)

3—2¢

1
+—(e+ 3)) + <(—262 + e+ 3wt + (8¢% — 5e — 15)w® + (—12¢* + 10e + 30)w? +
w

1 4—2¢ 1— 5
(8¢ — 10e — 30)w + (—2€> + 5e + 15) — —(e + 3)) + o (e + B)Q} +
w

192 w
1 —w)l(1 - 222(1 — 1+4 4
(1 =) 6)2F1[6,26;1—|—6;1—az:b(l—w)] {7%( w)—i-xb(—Qe—l— ha w__)
48 we w we
1+4w 142w I'(l—e(l—w)?
2e — File, 142624 €1 — xy(1 —
+2¢ 0 )] PR 16,1+ 262461 —x(1 —w)] x
F1—=2T(14€)(1 —w)? 1
— (1 —w)zH (2 - 1 —2(1 —w)zi(= -1
(=)ot (2= +1] 4 FOEIEE IO (o - wpapt - 1)
3 1+2
_(2w+7)xb+ﬁ+26wxb—26w— i w—i—4w—|—5)}. (D.1)
€ €

Here we can expand the appeared Hypergeometric functions as:

2Fife, 26,1+ 61 — (1 —w)] = 14+ O(€%),

JFile,2¢e +1;24+ 61 —ap(1 —w)] =1+ (:Eb(l —w)log(zp(1 —w))

+1)e+ O(€).

1 — (1 —w)
For the second group (Eq.(3.29)) we obtain:
df‘Real,2
dl‘b -
910e - 4e  2¢ 1—-4e 5 1 — 1-2e(1 _ 2—4e 4
: 27T pmy oo ( p) 3( w) % (1—w)3x‘2_25(e+——5)
192wsin® 0, (1 — xp(1 —w))?—¢ I2(5 —¢) €
2(2 D
+(1 — w)’zy > (4we® — (11w + 5)e — 22w +5) + 11w + 19)
€
8 1
+(1 — w)ap 2 (— 12we® + 2(15w + 4)e — Bwrl) 2(13w + 10))
€
2(1+2
+;, % (8we® — 4(1 + 5w)e — 20+2) +2(3 + 8w)) } (D.2)
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If we expand the result above in €, we will have the collinear singularity which appears as
the L-term in Eq.(3.31).
If we plug the group of third terms (Eg.(3.32)) into Eq.(3.25) we will have:

df‘Real,B
de‘b -
28571.467%”26771%746&& (1 o w)l—Ze
s . X 1— —1—2€ 31_ 2_221_ 9 _
24w sin? 0, F(% —€) (1 — ) {(wb( w) (1 —w)(2 —w)

+2p(w +6)(1 —w) + 2ew(l — w)xy + dew — 2(w + 2))T(1 +e€)+ ( —273(1 — w)?
—277(1 — w) (2w — 3) — 27(1 — W) (4 + w) + 4dew(1l — w)xp — dew

+2(2 + w)) ra <_1?_(€1>;(fb£12;)w>>52}7’1[6, 1+262+¢61—a(1 — w)]]

+H(1 — ) {(M + 2p(1 — w) (2w — 2 +W))F@ +e)+ (_ 2(1 — wjzp

€ € €

+(w +2)x, wab) (1—w)I'(1—€)(1 — xp(1 —w))*

€ (1+e)D(1 — 2¢) 2F1le, 26,1 + 61 — (1 —w)]} }

(D.3)

The obtained Hypergeometric functions can be expanded in € as:

xp(1 — w) log(xp(1 — w))
1 — (1 —w)

( —log?(z3(1 — w)) + log(zp(1 — w)) +

oFile, 142624+ 61 —ap(l—w)] = 1+¢( +1) +

e 2p(1 — w)

1 —xp(1 —w)
—Q—xb(l—w) 12(l —xp(1l —w e
A L1 (1 - 0)) +O¢)

o6, 2614+ 61 —2p(1 —w)] = 1422Lis(1 — (1 — w)) + O(?).

Obviously, there are terms with the coefficient (1 — x;)~'7%¢. If we want to integrate over
xp, we will encounter a difficulty in the limit x;, — 1. Thus, before integration over x; we
have to apply Eq.(3.33).

To close this discussion we plug the fourth group of terms into the equation for the differ-

ential decay rate and integrate over £,. Therefore we have both the collinear and the soft
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singularities and we obtain the following result:

df‘RealA
dl‘b -
983 2em~*an (1 —w)> 2 (1—-w)zd (2+w)a?
s 1— —1—2¢ b b+2 2 I'(1+
24w sin? 0, L3 —e) (1—) ( € € wy D1+ )

2(1 —w)ad™2  4-— 2
+ [(1 - w)1_26< _2A C:)xb + ( - i 2w)zy % + (——t “ 4 Qw)xg_%) +

( —2(1 —w)2z} +2(1 —w)(3 + W)} — dw(l — w)exy — 2(2 + W)z} + 4wex§) X

(D.4)

2P 1+6,14262+¢61—x(1 —w)]]T(1—e)(1 —xp(1 —w))°
l1+e } (1 —2e)I(2—¢) ’

where the given Hypergeometric function can be expanded in € as:

log(zp(1 — w)) )
_ 1— l‘b(l — w) 1— l'b(l — w) <log (l'b(l - w))

—log(a(1 — w)) — Lin(1 — zp(1 — w))) T ( ~ 2log (x;a W),

log?(z(1 — w)) log(1 — (1 — w)) + log? (2 (1 — w)) + 2Lis(1 — 23(1 — w)) log(z(1 — w)) —

Gl S Lis(1 — a1 - @) + Lis(1 ~ a1 — @) + 21 - )~ 2((3)) +O(E).

2P [1+e1+4262+¢61—xy(1 —w)] =

This time all terms in Eq.(D.4) have the coefficient (1 — x,)~'72¢ discussed before, which
we have to treat like the term in the third group according to Eq.(3.33) and then expand

them in e.

D.2 Massive b-quark

As we already explained in section 4.2.3, when we consider the b-quark as a massive particle
in the top quark decay the only singularities arise from the emission of the soft gluon. In

this case we do not deal with the collinear singularities, this was why we classified the terms

in |M|? to two groups, section 4.2.3. The first group includes no factor of singularity, for
this reason we would investigate them in 4-dimension phase space. But the terms in the
second group (Eq.(4.23)) have the factor of E, in their denominators. Therefore when
E, — 0 (which corresponds to the limit z;, — 1), the soft singularity appears. These

singularities are obtained to replace the term (1 — x;,)~*7%¢ by the +-function definition.
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In the following we show them in detail.

J[Real2 B le—2r2e—g ey l=de o S1726(1 + b — 281y
dry 3w sin® 0, P(% —€)
Aey (e + 1)
Ve )
1-5 Vp — b
<_(S(9€b— af — 02— 1) 3R 26,61+ ¢ s + Vo )
1+ S(\/22 — 32— )
S 2 2 -1
(S(ay+yJap = 87) = 1) 2Fi2e,6 1 + & o=V =) )
S(a; — 2 +a) — 1
b—S Vg — b
—(b+ S(y/x} — 32 — 1)) % o F1[26, 6,1 + ¢ (xb—z o )] +
b+ S(\/x} — 3% — 1)
b_ _ 2 _ b2
(b _ S(l‘b + xz . ﬁQ))_Qe 2F1[2€, € 1+ € S(ﬂ?b \ Ty )]) +
b—S(\/xi — (32 + 1)

(1 o SL’b)_l_Qe %

(2b(1 — S) + S(25(2 — ) xp + 26w — w — 2)) {(

|+

:

:

:

(Ltb= 250024 29
S(1426)(2 4+ €)
o ' 1= S(xy + /22— b?)
(<s<xb— = ) = DT A 26624 6 bxz—ﬂg—mH
o ‘ Sy — 22— ) -1
—(S(@s +/af = 07) )T Al 26624 6 S<W+xb>—1]+

b— 8 N
—b(b+ S( x%—ﬁQ—xb))dE*l oF1[1+ 2¢,6,2 + ¢ (2 + V) )]—i—

b+ S(y/xi— 0% — )

9 b— S(xp — /2 — b?)
b(b— S(zp + /2 — (52))? 12F1[1+26,e;2—|—6;b_g(\;ﬁ_ﬁ_ﬁ)])}. (D.5)

After applying the definition of the new +-prescription defined in section 4.2.3, we expand
them in € and we obtain Eq.(4.24).

33
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Appendix E

Factorization Theorem in Presence of
Hadron Mass

An interesting aspect of calculating hadron production cross section is the effect of hadron
mass. In this appendix we want to obtain the relevant factorization formula for these cases.

Here we explain two different approaches and show that both yield the same results.

E.0.1 Light Cone Vectors Approach

In section 4.8.3, to calculate the energy distribution of the B-hadron in top decay we used
the following factorization formula, which is true only in the case that the B-hadron and

fragmenting parton are massless:

1
A0 (@ g, my, myy, my) = Z / dz dl—‘i(x—B,mt,mi,mW,MQ)DZB(z,,uZ), (E.1)
z
i=bg vV TB
in which the normalized variables were defined as: z = S(if;)'fw) and rp = s(ﬁif—i) with

s = m? and ¢ stands for the momentum of the partons(the b-quark and the real gluon in
our calculation).
In top quark decay, choosing the top quark rest frame and taking the z-axis to be in the

direction of the fragmenting parton, the momenta read:

—
= (my, 0) ¢"=(¢"0,0,¢") ph=(p%0,0,p%). (E.2)

Now to incorporate the effects of the B-hadron mass it is useful to work with light cone

ﬁ
coordinates, in which any 4-vectors V' is written in the form V# = (V* V= V;) with
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VE = (1/V2)(V? £ V?) and Vr = (V1,V?) instead of the normal four vectors V* =
(VO, V1 V2 V3) [97]. In this new coordinates it can easily be verified that Lorentz invariant

scalar products have the form:

VW o= VMWV Wt -V Wy
V.V o= 2TV - V2 (E.3)

Therefore, in these coordinates the light cone four vectors of Eq.(E.2) read:
+ - my My —
= ) ) 0)= T =y =
Py (pt Dy ) (\/5 \/ﬁ )
¢ = (¢%,0,0)=(v24°0,0)
— —
p% - (pJEri?Ov 0)= (\/5 p%aov 0), (E.4)

for example, s = p? = 2p, p; .

From now on, we use the light cone variables = 2p; - pg/s = pL5/p; and k = 2p; - q/s =
q"/pf. For incorporating the effects of parton mass and the B-hadron mass the variable
k and the scaling variable 1 are more convenient than z and x g, respectively. Although
in the absence of hadron mass and parton mass they are identical to zg and z except for
the coefficient (1 + b — w) in the denominators of xp and z. Now we verify the effects
of hadron mass and parton mass in the differential decay rate of the top quark using the
factorization formula.

In light cone coordinates the fundamental factorization formula reads:

1
dPB<777mt7mW7mb) = Z/ dk dri(%amt7mi7mW7u2)DiB<k7u2)7 <E5)
i n

where the variables n and k are defined in light cone coordinates. With n = p%/p; and
y = n/k = p5/q" in the presence of the B-hadron mass and parton mass, the momenta

take the following form:

= my My —
péll = (p;ruptu(]):(ﬁaﬁ?(])
2
¢ = (¢5q,0)=( ,
V2y V2 m
— m L
p% = (pgapBao):( ‘ 4 0) (E6)



Now to obtain the differential decay rate to produce the B-hadron from top quark decay
we use the factorization formula in light cone coordinates, Eq.(E.5). Using k& = n/y we

have:

idFB(n,mt,mb,mW) _ ! @<idri(y,mt,mi,mWaNQ))DB<n 1), (E.7)
n y FO '

Lo i—bg dy ; 7

The energy fraction and the observable measured in experiments are given by x5 = 2pF /m;
and 1/To(dT'? /dxp), respectively. Therefore we have to specify the relation between the

two scaling variables xp and 7 in the presence of the hadron mass. With respect to the mo-
mentum four vectors of the B-hadron in light cone coordinates, p% = ((p%+p5|)/V2, (p% —
_ ~ : . .

1p5|)/v2, 0), and comparing with Eq.(E.6) we obtain:

2
B my n mp
= 1
2
— mg 1) mp
= 1-—- . E.8
- Tla- S (B5)
Using p¥ = (myx)/2, thus:
B 4m?
="(1 1-— E.9
so that Eq.(E.7) is now related to the measured observable 1/I'g(dl'/dzg) via:
1 dUP(z, my, my, i) _ (idFB(n(:cB),mt,mb,mw))dn(:ﬁB) (5.10)
Iy dzp Iy dn deg ' '

where dnj(zp)/dep = (1—m%/(mn(zp))?) ™" = (14/1 — dmy/(miz)) /(231 — dmip/ (mia)).
The final result reads:

1 dr 1 Yody 1 dTy o 5, M(TB) 5
_— = —5 E — (= i , D; , .
Ty drp (7B, My, My, My ) I 2, /WB) Y (Fo dy (y, mg, my, my, )) 2 ( y 1)

min2(zp) =09

Therefore in the presence of the B-hadron mass the general form of the factorization formula
is preserved except for a global factor. Note the two variables zp and 7 in Eq.(E.9) are
approximately equal when mp << muxp, i.e. hadron mass effects can not be neglected

when xp is too small.
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E.0.2 Phase Space Approach

In the second approach we verify the previous result by finding the relation between the
phase spaces of the B-hadron and the parton. As before we work in the top quark rest
frame. To extract the relation between the B-hadron and parton phase space we now define

y=0%+ ps))/ (@ +4]), k= (¢"+|q])/m: and y = n/k, therefore:

0 — 0 — dp% |_B)‘
Py + Pl =ylq +|Q|):d—wzﬁ' (B.12)

We are working in the rest frame where the fragmenting parton momentum (7¢’) is parallel
to pp thus dQp = dQ, = dS). Since d®pp = |p5|? d|ps|dQ we have:

d’pp _d’q  |psl*
N

(E.13)

Now with respect to the following relations:

p%+\]@|:mtyk
2
— |pp| = "2 (1 — —%5), (E14)

2 m2y2k?
P> — |PBl2 = m3 = p — [PB| =
and
@+ 17| = nuk 7] = =51~ k)
= (E.15)
0= [T =m =o' 7] = 2% )

Eq.(E.13) is simplified to:

m? 2
d’ps — d3_q X y? X _(1 _ m?yglﬁ)
0 0 m?2 :
Pp q (1 — W’ZQ>2

(E.16)

Now to incorporate hadron mass effects, we use the general form of the factorization

theorem,

1
dUB(n, my, mw, my) = Z dk dl"i(ﬁ,mt,mw,mi,MQ)DZB(IC,;LQ). (E.17)

k
i=b,g "
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As the partonic differential decay rate d°T" is proportional to |M|2d3®q/q°, the hadronic

differential decay rate can be written as:

4B b Ty, mw,m, 1?) | dig
=3 [ () DE (1, )

dp%, Py dqg3 Ppy
d’T /1 d?T (2, my, mw, my, 1?) , d°q
= _ dk k> ) ) ) DZB ]{}7 9 ’
prdpaas 2 ), T qpagiae, wps

(E.18)

where d*q/d*pp is given in Eq.(E.16) and from Eq.(E.15) it can be easily shown that
d|q| = ¢°(dk/k). Now we define the experimentally measured variable x5 = (2p%)/\/5 =
(2p%)/my therefore |pg| = (myxp/2)\/1 —4m%/(m?2%) and d|pg| = mizpdrp/(4ps|).
Now Eq.(E.18) is simplified to:

12,

dTB(x g, my, mp, mw) 1 /1 dy (dri(yamtamiamW>M2))DB(77(xB)

drp - wos) Y dy Y

m2n2(zpg) =b9

(E.19)

where n(zg) = z5(1 + /1 — 4m%/(myxp)?)/2. The advantage of our definition of the
variables is that we again get the same factorization formula (Eq.(E.11)).

In Chapters 3 and 4 we calculated the partonic decay rate by defining the variables
2 =2¢"/(mi(1+b—w)), 5 = 2p%/(my(1 + b — w)). Now to simplify more, we define the
new scaling variables z = 2¢°/my, x5 = 2p% /m; which would be divided by the coefficient
1 + b — w, later. Defining these new variables if we want to make use of the previous
results for the differential decay rate calculated in Chapters 3 and 4, we have to specify
the relations between the new (z,z5) and old (k,n) variables and express the new form of
the factorization formula for this case. We now define yp = p%/q° and we start from the

definition of the variable y and obtain:

4m2B
I 7 R
~ g T -
14+4/1— ‘i:;qx%B
tvB
(E.20)
Therefore it is simple to show that:
d d AmZy}
e _ 81— By, (E.21)

2.2
YB Y miTp
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We can also show that the relation between the phase space of the B-hadron and partons

is now expressed via the following expression instead of Eq.(E.16):

d3 d3 1— 4mB
m2$2
by . VI i (E.22)
p q 4m,
B 1— may%
2,2
myTg

From Eq.(E.21) the previous partonic differential decay rate in Eq.(E.19) is now expressed

as:
dFi(y7mt7mW7mi7,u2> _ dFi(yB(y)7mt7mW7mi7M2> % dyB
dy dyp dy
4m 4m?
o sz(ZJB(ZJ); Mg, My, My, W 2 L+ \/1 yB \/ m?a}yf
dyB 1 + 1- QOQ
tB

(E.23)
In Eq.(E.22) m, stands for the mass of the fragmenting parton that from Eq.(E.23) on, we
label it by m;.

Considering the equation above, the result E.19 is now converted to:

dFB(xBamtamth) o 1 X
= 2
de 1 — _mgng?xB)
B 4m? yB
Z /‘yB ymaz(zg) dyB (dF (yB(y)pmt7mi7 mW7,UJ2>)DB(?7('TB> MQ) 1 + 1 m$x2B
i= bg YB,min IB) dyB Z y(yB) 1 + 1 - Tj’ngn:BBQ
tB

—~

E.24)

Therefore to calculate the differential decay rate for producting the massive B-hadron from

top quark decay considering massive partons we have to use the following formula:

dFB(xB7mt7mb7mW> . 1 X
de 1— 4mQB
mic}
YB,maz (s ) dyB dUi(ys(y), ms, my, my, u?) n(zg) 1 4m?2y2
Z/ [( dt )DZB( ( ),N2)§(1+ 1- m2x2B) ’
= bg me'Ln zB) yB y yB B
(E.25)
where,
TI(ZCB) B,/ LB 1 4777,@23/%
(y(yB)) (yB 5 ) ) (E.26)



Solving Eq.(E.20) we obtain the integration bounds:

( mzmeB 4m2B 1
YBmaz = (1 + ZmQB (1 —y\/1- mf:BQB))
2Ay
A? 4+ 72 y2
it YB,min = :1:]:12 )
+—%
t

where A =1+ 1—42LQBQ.
tvB
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Appendix F

Rest Frames for Cascade Decay of
t— Xp+WH(— et + ve)

In this appendix we want to study and find out the connection between the two different
rest frames needed for our calculation in the cascade decay t — X, + Wt (— et + ).

As we saw in Eq.(5.18) on the one hand in the covariant approach the invariant L** H,, =
4(Py.P,)(P,.P.+) must be evaluated in one particular frame where we choose the top quark
rest frame. On the other hand we want to calculate the angular decay distribution for the
top quark by the polar angle 6, which is measured in the W7 rest frame where the lepton
pair emerges back-to-back, Fig.5.3. The two desired rest frames are shown in Fig.F.1. In

the top quark rest frame the four vectors of momenta are written as:
PP = my(1;0,0,0)
PI:“u = mt(SJ(]aO?_Q)

P = TH1-b+w:0,0,2Q)
Pyt = (E7; A0, B), (F.1)
and in the W*-boson rest frame the four vectors of momenta needed, are:
PR = %(1;Sin¢9R,O,COS o)
PR — %(1; —sin 07,0, — cos 0%)
PR — (0,0, [5i)). (F2)

To calculate the P** and P** four vectors we consider two invariant variables (P,+ P,)?

and (Py+P,)? and calculate them in the two rest frames mentioned above and by comparing
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A: Top rest frame B: W-Rest frame

Figure F.1: Rest frame of the decaying system (p; = 0) and the system formed by the

particles et and v,

them we extract our parameters. In the following we show the details of calculation:

(PP* + P2 = m?—2m E in t-quark rest frame,

(P + PRm? = m?(S+ Qcosf); in W-rest frame. (F.3)

We have to pay attention to the point that the angle 6 defined in Fig.5.3 is different to
the angle 07 in Fig.F.1. We have to exchange the angle #f with § as: 6% — 7 — 6. Then
Eq.(F.3) yields:
my 1 —b+w
E=—(——F—
c 2 ( 2
In the next step we consider the invariant variable (P, + P,)? in the two rest frames:

2BQ+S(1—b+w

my 2
(PfH 4 pRimy2 = 2 (S+Q cosb); in the W-rest frame.

(F.5)

+ @ cosb). (F.4)

(PPr+Pr*)? = mi(b+

+ @ cos 6)); in the t-quark rest frame,

After comparing them we have: B = my(Q + (1 — b+ w)/2 cosf)/2. Since the positron
is considered massless (P% = 0) we obtain A = my /2 - sin§. Therefore in the top quark
rest frame for the positron momentum four-vector we have:

b+ w

1— 1 —
my 170t + Qcosb; wsin b, 0,Q + —— ¢os g). (F.6)

P = 2
2 2

For the electron-nutrino momentum four-vector we have:

Pt = pplt— Pot —
my, 1 —b+w

( b+ w
2 2

1—
Pt = — Qcosl; —/wsinh,0,Q — —y o8 0). (F.7)
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Appendix G

Helicity Components of Cascade

Decay Rate of Top Decay

In section 5.3.2 we calculated the angular decay distribution of the cascade decay process
t —=b+Wt(— et +v,.) and in Eq.(5.63) we showed that the differential decay width can
be written in the following form:

%% —H,, - g(l +cosf)?+ H_ _ - g(l —cos6)? + Hy - Zsin2 g, (G.1)
where FI++, H__ and Hyg are the transverse-plus and the transverse-minus and the longi-
tudinal helicity components of the differential decay, respectively. This components were
calculated in Eqs(5.64,5.68,5.70). Now to obtain the individual helicity components of top
decay rate, in Eqs(5.64,5.68,5.70) we have to integrate over z;,(0 < z;, < 1). We start from

Eq.(5.64), therefore after integrating over z;, we obtain the following result:

R 1 g w (1 —w)(—4w? + 47w +5)  2w? + 5w + 1 272
gy = + —CF 5 { - —_—
142w 27 (1 —w)?(1+2w) 2w w 3

,w? + 6w — /o + 2

log(1 — v/w)logw

1— 2
8(1+2w)10gw—ulog(l—w)—(l—\/E)
w
—w? + 6w + /& + 2

—(1+ Vw)? log(1 + v/w) logw
_2(1_\/J)ng+8w+3\/5+4u2(\/a)_2(1+ﬁ)g—w%+8¢u—3\/&+4

w w

Lis(—vw)},
(G.2)

where we defined Ty = fol dxy Hyo. This result is in good agreement with [91] where the
authors defined T L= foo-
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Now we turn our attention to Eq.(5.68). After integrating over z;, the result reads:

. 2w g w

P + 956 {—%(1—\/5)(w%—7w+33\/5+ 13) +

142w 27 " (1—w)2(1+2w)

—2w?+4w+3 , 2(1-w)(l—4w) 2(1 — w)?(1 + 2w)
7T J—

3 — » log(1 + vw) log(1 — vw)
1— 2
—(—2w* + Tw + 5) logw — %(4003 + Tw + 5) logwlog(1 — Vw) +
(1+V6P,
—(—4 1 log(1 —
NG (—4w? + Tw + 5) logwlog(1 + V/w)
1203 — w? — 26w2 + 12w — 2
w2 —w bw2 + 12w @+5Li2(\/o_u)+
Vw
—dw? —w? + 6w? + 12w+ 2D+ 5
Jo v L22(_\/5)}-
(G.3)

As before we defined I'__ = fol dry H_ .

Now for the contribution of the transverse-plus helicity to the top quark decay rate,

Eq.(5.70) after integrating over z; reads:

) 1
I, = 3¢ - {= 51— V)@ + 9w +5Vw +25) +

(—2w? + 6w + 7)72

21 T (1 —w)2(1 + 2w)
—(—2w? + Tw + 5) logw — 2(2w? — Tw + 5) log(1 + Vw) —
(1 Vo)
N
1 2
%(—4& + 7w + 5) logwlog(1 + vw) —
4ws — w? — 10w2 + 120 — 10 5
e w\/—g w10V S, )
—12w3 — w? + 30w? + 12w + 10w + 5

NG

3

(4w? + 7w + 5) logwlog(l — &) +

Liy(—vw)},

where we defined I, = fol dxy H,.. This result is in perfect agreement with [91].
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can also show that Eq.(3.38) after integrating over x; reads:

w {(1 — w)(—6w? + 9w + 5)
(1—w)?(1+2w) 2w

A

o= 1+¥CF —2(—2uw? —w+ 1) logw —
T

(1—w)*(5+ 4w) log(1 — w) — 2(1 —w)?*(1 + 2w) (logwlog(1 — w) + %2)
Y G ‘”)ifl 29 (Lig(v/) + Lis(—v/@)) . (G.5)

Summing up Eqgs.(G.2,G.3,G.4), one can show that the total rate (Eq.(G.5)) is the sum-

mation of all helicity contributions, i.e.:

f‘ — f‘OO + f‘++ + f__. (G6)
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