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Abstract

In this thesis color-kinematics duality will be investigated. This duality is a statement about
the kinematical dependence of a scattering amplitude in Yang-Mills gauge theories obeying
group theoretical relations similar to that of the color gauge group. The major consequence
of this duality is that gravity amplitudes can be related to a certain double copy of gauge
theory amplitudes. The main focus of this thesis will be on exploring the foundations of
color-kinematics duality and its consequences. It will be shown how color-kinematics duality
can be made manifest at the one-loop level for rational amplitudes. A Lagrangian-based
argument will be given for the validity of the double copy construction for these amplitudes
including explicit examples at four points. Secondly, it will be studied how color-kinematics
duality can be used to improve powercounting in gravity theories. To this end the duality
will be reformulated in terms of linear maps. It will be shown as an example how this can
be used to derive the large BCFW shift behavior of a gravity integrand constructed through
the duality to any loop order up to subtleties inherent to the duality that will be addressed.
As will become clear the duality implies massive cancellations with respect to the usual
powercounting of Feynman graphs indicating that gravity theories are much better behaved
than naively expected. As another example the linear map approach will be used to investigate
the question of UV-finiteness of N’ = 8 supergravity and it will be seen that the amount of
cancellations depends on the exact implementation of the duality at loop level. Lastly, color-
kinematics duality will be considered from a Feynman-graph perspective reproducing some of
the results of the earlier chapters thus giving non-trivial evidence for the duality at the loop
level from a different perspective.



Zusammenfassung

Der Gegenstand dieser Arbeit ist die Farbkinematische Dualitat. Diese Dualitdt besagt, dass
die kinematische Abhéngigkeit einer Yang-Mills-Streuamplitude &hnlichen gruppentheore-
tischen Relationen geniigt wie die Farbladung. Aufgrund dieser Dualitdt ist es moglich
Graviton-Steuamplituden als eine bestimmte Art von Verdoppelung, auch ”Doppelkopie”
genannt, einer Eichtheorie-Amplitude aufzufassen. Der Schwerpunkt dieser Arbeit liegt auf
dem Erkunden des theoretischen Fundaments dieser Dualitdt und ihrer Konsequenzen. Es
wird gezeigt werden, wie die Farbkinematische Dualitéat auf Ein-Schleifen-Niveau am Beispiel
von rationalen Streuamplituden manifest gemacht werden kann. Die Giiltigkeit der Doppelko-
pie-Konstruktion fiir dieses Beispiel wird anhand der Lagrange-Dichte diskutiert und explizite
4-Punkt-Beispiele gezeigt. Desweiteren wird untersucht, wie die Farbkinematische Dualitat
die Abschatzung des oberflachlichen Divergenzgrades in Gravitationstheorien verbessern kann.
Hierzu wird die Dualitat als lineare Abbildung aufgefasst. Zur Veranschaulichung dieser
Herangehensweise wird zu beliebiger Schleifenordnung das Verhalten von Doppelkopiekons-
truierten Gravitations-Integranden fiir grole BCFW-Verschiebungen hergeleitet. Auf dabei
auftretende Subtilitdten, die der Dualitit zugrunde liegen, wird eingegangen. Wie verdeut-
licht wird, impliziert die Dualitdt massive Kanzellierungen im Bezug auf den oberflachlichen
Divergenzgrad den man fiir gewOhnlich durch die Abschitzung von Feynman-Diagrammen
erhalt, sodass deutlich wird, dass Gravtiationstheorien sich viel besser verhalten als naiver-
weise angenommen. Als weiteres Beispiel fiir die Niitzlichkeit des Auffassens der Dualitét
als lineare Abbildung wird das Auftreten von UV Divergenzen in N' = 8 Supergravitation
untersucht. Es wird gezeigt, dass die prazise Implementierung der Dualitdt Einfluss auf die
Abschéatzung des Divergenzgrades hat. Schliellich wird Farbkinematische-Dualitét direkt mit
Hilfe von Feynman-Diagrammen untersucht und ausgewéhlte Ergebnisse aus den vorherge-
henden Kapiteln reproduziert. Diese komplementéire Betrachtungsweise bietet nicht-triviale
Hinweise fiir die Giiltigkeit der Dualitét auf Schleifen-Niveau.
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1. Introduction: The search for simplicity

The study of scattering processes has always been a key tool in almost all branches of physics.
From why the sky is blue, via the properties of crystals, to the structure of atoms and even
beyond: scattering experiments have often guided the way in the quest to understand the
physical laws governing our world.

For the past 70 years the most prominent scattering experiments have been conducted in
high-energy physics, i.e. the study of fundamental particles and their interactions. Theoretical
predictions and experimental results have been complementing each other wonderfully — often
resulting in Nobel Prizes as a nice side effect. For instance the antiproton, predicted by Dirac
in 1933, was experimentally confirmed at the Bevatron at Berkeley in 1955. Experimental
evidence for gluons, theoretically described by Yang and Mills in 1954, was found at the
particle accelerators at DESY in the 1970s. The most recent example of this success story
is the discovery of the Higgs particle in July 2012 at the Large Hadron Collider (LHC) at
CERN, Geneva, almost 50 years after its theoretical prediction in the 1960s.

At the very heart of the theoretical description of particle physics lies the Standard Model
[1-6]. Firmly based on gauge symmetries, this quantum field theory describes how elementary
particles like quarks and leptons interact through three of the four fundamental forces: the
strong, the weak, and the electromagnetic force. The electromagnetic force, with the photon
as its gauge boson, is the fundamental force we are most used to as it describes basically all
everyday phenomena with the exception of gravity. The weak interaction is responsible for
particle decay and neutrino interactions with the Z and W bosons the messenger particles.
The strong force is, as the name suggests, the strongest of the fundamental forces. It binds
protons and neutrons inside nuclei and it describes the interactions between their constituents,
i.e. quarks. The strong force is mediated by gluons. Within the Standard Model, weak and
electromagnetic interactions are described in a unified way in terms of electroweak theory,
the strong interaction through quantum chromodynamics (QCD).

However, as of this writing it is not known how to incorporate gravity into the Standard
Model since there is no known consistent quantum field theory of gravity. The main problem is
that quantizing general relativity will lead to predictions for graviton scattering plagued by UV
divergences. Based on powercounting arguments, it is believed that these divergences cannot
be cured using renormalization techniques because gravity is endowed with a dimensionful
coupling constant. In addition, the Standard Model does not account for certain observations
from cosmology like for instance the abundance of cold dark matter in the universe. Hence
the Standard Model itself can never be a complete theory of particle physics. Despite its
shortcomings it has been a tremendous success nonetheless with many of its predictions like
e.g. the mass of the W or Z bosons confirmed experimentally to a high precision. For more
details regarding the current status of the Standard Model, see [7] and references therein.
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Figure 1.1.: A Feynman diagram. This diagram depicts the production of a Higgs boson
by gluon fusion through a top-quark loop occurring for instance at the LHC. g
denotes the gluons (wiggly lines), ¢ the top quark (straight black line) and H the
Higgs boson (dashed line).

The bridge between experiment and theory in high-energy physics is provided by the scat-
tering cross-section. This is the probability for particles in an initial state to scatter to some
final state integrated over all possible external momenta and spin. The probability itself is
given by the square of the so-called scattering amplitude.

Scattering amplitudes are interesting beyond a phenomenological point of view in terms of
confronting theory and experiment. From a more formal perspective the study of mathemati-
cal properties of scattering amplitudes allows to extract information about the structure of the
underlying theory like e.g. symmetries which are not manifest on the level of the Lagrangian.

Traditionally, the weapon of choice to calculate scattering amplitudes is Feynman diagrams.
These diagrams — basically space-time pictures of particle interactions — offer a very intuitive
approach to scattering amplitudes, see for instance figure 1.1. More mathematically speak-
ing, they are obtained via a perturbative expansion of the theory under consideration in its
coupling constants; this corresponds to an expansion in the number of loops in the diagrams.
To obtain a scattering amplitude one has to sum over all contributing Feynman diagrams
and for each loop integrate over the internal momentum. Although this is a very clear and
straightforward technique it has some serious disadvantages. For one, the number of Feyn-
man diagrams scales worse than factorially with the number of external legs and loops. Even
on modern computers this quickly becomes unfeasible. Furthermore, individual diagrams do
not represent a physical process. They involve gauge-dependent, off-shell states. In other
words, amplitude computations relying on Feynman graphs will inevitably involve a lot of
redundant unphysical information. These will cancel in the sum over all graphs. In this way
computations become increasingly complex while often the result is in fact quite simple. The
prime example of this is the Parke-Taylor formula for the so-called color-ordered tree-level
MHV (maximally helicity violating) amplitude [8], i.e. the scattering of two negative helicity
gluons and n — 2 positive helicity gluons with the n particles in a particular fixed ordering
and the color quantum numbers stripped off. It expresses an all-multiplicity result in just one
line. In spinor helicity notation (explained in appendix A) this is given as

(12)4

A (17,27,37 .. onT) = 23 ()

(1.1)



Whenever such unexpected cancellations appear, a symmetry not manifest in the calculation
is expected to be at work. All of the above indicates that, while Feynman diagrams are a neat,
intuitive tool for particle physics, they are not the most efficient way to do computations. This
has an even more fundamental, more severe meaning: it shows that we do not understand
Yang-Mills gauge theory as well as we would like to. Surprisingly, it seems to be much simpler
than our understanding allowed us to see.

The same statement holds true for gravity theories. Also graviton scattering amplitudes
show unexpected cancellations. 't Hooft and Veltman could for instance show by explicit
computations in the 1970s that an expected one-loop divergence for pure gravity amplitudes
is absent [9]. In this way, quite similar to gauge theories, also gravity theories appear to be
much simpler than their corresponding Feynman diagrams lead us to think.

In fact, gauge and gravity scattering amplitudes are very intimately related. At weak
coupling, gravity amplitudes are in a certain sense the square of gauge theory amplitudes.
While the ‘squaring’ was already known to some extent from string theory in terms of the
so-called KLT relations for open and closed string tree amplitudes [10] since the 1980s, the
deeper reason behind this intriguing connection in field theory has only been begun to be
understood in the last five years: it is caused by a certain conjectured duality between the
color and the kinematical dependence of gauge theory amplitudes called color-kinematics
duality [11] which will be the central subject of this thesis.

The last decade has brought nothing short of a revolution in our understanding of gauge
and gravity theories based on insights from the study of scattering amplitudes. The above
mentioned duality between color and kinematics is just one example of this. These exciting
advancements will be reviewed in the next section. They have been achieved by various quite
different means but they all have a common goal: to understand gauge and gravity theories
in a way that uncovers and makes their simplicity manifest.

It is interesting to note that this search for simplicity is a actually very old theme. It dates
back to the very early days of theoretical particle physics in the late 1930s when theorists
tried to axiomatically construct an object encoding all scattering processes, the so-called S—
or scattering matrix, solely based on its mathematical properties [12, 13]. One of the starting
points for this approach was the realization that the entries of the S-matrix, i.e. scattering
amplitudes, are nothing but functions, or distributions to be more precise, of their quantum
numbers with physical singularities, namely poles and branch cuts. In this way, the so-called
analytic S-matrixz approach paved the way for modern developments. Many generic features
of scattering amplitudes like their factorization properties were understood back then and a
lot of the ideas from that time experience a renaissance today.

A great deal of the recent inspiration and new understanding in gauge and gravity theories
comes from the study of scattering amplitudes of their most symmetric cousins: maximally
supersymmetric Yang-Mills theory and maximal supergravity. These are commonly called
N = 4 super Yang-Mills, N' = 8 supergravity respectively with N denoting the number
of supersymmetries the theory has. While these theories are not realized in nature their
exceptional simplicity and their symmetries make them an ideal playground for theorists to
study the inner workings of gauge and gravity theories. Along these lines, one might also



hope to learn lessons for more realistic theories. For instance at tree level the color-ordered
scattering amplitudes of N' = 4 super Yang-Mills and QCD coincide and, in this way, the
form of the Parke-Taylor result (1.1) could be understood as nothing but a consequence of the
symmetries of N' = 4. Maximally supersymmetric Yang-Mills theory is often referred to as
the harmonic oscillator of the 21%¢ century and it is widely believed that it is exactly solvable
[14, 15]. Moreover, since N' = 4 Yang-Mills theory is a UV finite quantum field theory [16],
the close relation between gauge and gravity theories through color-kinematics duality gives
reasonable evidence to believe that N' = 8 maximal supergravity might constitute the first
consistent, i.e. UV finite, field theory of quantum gravity in four dimensions. This would be a
fantastic result: it would radically change the way we are used to think about gravity theories
and it might help to construct more realistic finite field theories of quantum gravity in the
future.

Overview of recent developments

We will now briefly review some of the progress of the last ten years surrounding scattering
amplitude computations; as this can never be complete, the interested reader is referred to
two more detailed reviews [17, 18]. Further excellent background reading can be found in
[19-23].

The developments of the past years were initially triggered by Edward Witten in 2003 [24]
when he realized, incorporating ideas of Roger Penrose, that massless gauge theory could be
reformulated in terms of topological strings moving on twistor space. In this space scattering
amplitudes can be regarded as localized on intersecting curves and MHV amplitudes be seen as
local vertices in spacetime giving rise to the Cachazo-Svrcek-Witten (CSW) rules [25] for tree-
level gluon amplitudes. These rules, proven by Risager [26], state that any gluon tree level
amplitude can be obtained by glueing together MHV amplitudes in a certain way. Later,
they were extended to include fermions and scalars [27-30] and were adapted to one-loop
amplitudes in supersymmetric and non-supersymmetric Yang-Mills [31-33].

Another efficient way to compute tree-level amplitudes was found by Britto, Cachazo,
Feng, and Witten [34, 35]. The BCFW recursion expresses a n-point tree-level amplitude
as a product of lower point tree amplitudes. Their result was inspired from the IR behavior
of N' = 4 one-loop amplitudes [36] and the realization that the factorization properties of
amplitudes evaluated in the complex plane are enough to recursively calculate the amplitudes.
The relations were first derived for gluon amplitudes and have been extended to a large class
of other theories. In fact, the recursion relation was solved for N' = 4 [37] at tree level and
an all-loop recursion for the integrand of planar N' = 4 was presented recently [38, 39]. The
latter is firmly connected to a geometric approach, regarding scattering amplitudes as contour
integrals over complex planes, so-called Grassmannians.

There has also been an enormous growth in our understanding at loop level based on
reconsidering well-established tools. At one loop among the key methods in computing loop
amplitudes are the unitarity method [40, 41] and the decomposition of loop amplitudes in
terms of scalar basis integrals [42]. The unitarity method reconstructs the loop amplitude from
two-particle unitarity cuts as an integral over the product of two tree-level amplitudes. This



method has been extended beyond two-particles cuts [43, 44] which is known as generalized
unitarity. The scalar integral decomposition expresses a one-loop amplitude in terms of a basis
consisting of certain scalar integrals multiplied by coefficients. Generalized unitarity and the
scalar basis decomposition neatly complement each other as the former can be used to compute
the coefficients of the later with coefficients in this way expressed roughly as certain products
of tree-level amplitudes. There are now various methods available to efficiently compute them
analytically and numerically [43-48].

Generalized unitarity is in addition a valuable tool as it can be applied effectively at the
multi-loop level to construct multi-loop integrands. It has for instance been used in two-
loop QCD computations [49, 50] and very heavily in the still on-going UV study of maximal
supergravity amplitudes where it has been pushed as far as four loops. For super Yang-
Mills computations generalized unitarity was employed up to including five loops [51-54].
Furthermore, generalized unitarity was successfully used as a consistency check in constructing
the four-loop 2-point form factor integrand in N' = 4 [55].

Closely connected to the supergravity computation is the aforementioned duality between
color and kinematics [11] called color-kinematics duality. It states that there are relations for
the kinematical dependence of a gauge theory amplitude similar to the Jacobi relations of the
color factors. This previously unknown algebraic structure has important consequences for
the amplitudes. On the one hand, it will lead to certain amplitude relations in Yang-Mills
theory, like e.g. the Bern-Carrasco-Johansson (BCJ) relations at tree level [11], on the other
hand color-kinematics duality relates gravity amplitudes to a certain double copy of gauge
theory amplitudes. The duality and the double copy construction have been proven at tree
level and been extended conjecturally to loop level [56]. A generalization of the BCJ relations
at one-loop for the Yang-Mills integrand has been found by us in [57, 58] (see also chapter 4).
There is some understanding in the self-dual sector of Yang-Mills of the duality in terms of
a hidden diffeomorphism algebra [59]. A version of the duality has also been found in other
theories like in ABJM [60].

As mentioned earlier, twistor space was a key tool in Witten’s seminal paper. Moreover,
twistor variables have become a powerful tool because they make manifest the symmetry of
the amplitudes of N' = 4 under (super—)conformal transformations. Another class of twistors,
so-called momentum twistors [61], has been introduced to study dual (super—)conformal sym-
metry acting in momentum space [62-64]. Both symmetries combine to the so-called Yangian
algebra of N = 4 [65]. The invariance poses constraints on the allowed form of scattering
amplitudes at tree and loop level (even though dual conformal symmetry is broken at loop
level by infrared divergences) and it has worked as a very good guiding principle to construct
amplitudes, see [37-39, 66].

Yangian invariance is also closely related to integrability, especially the appearance of in-
tegrable structures in the planar sector of A/ = 4. This was found by realizing that the
anomalous scaling dimension of certain operators in A/ = 4 can be related to an integrable
Heisenberg spin chain [67, 68] giving hope that the theory might be completely solvable. Inte-
grability has been a decisive tool in many computations. Among others, in the computation
of the so-called cusp anomalous dimension to all orders in the coupling [69], closely related



to the BDS ansatz [70] which is an all-loop order ansatz for the MHV amplitudes.

The appearance of integrable structures in N' = 4 suggests that one should be able to do
computations also at strong coupling. Indeed, there have been many fascinating results: most
famously through the application of the AdS/CFT correspondence [71] to gluon scattering at
strong coupling [72]. The correspondence relates type IIB string theory on AdSsxS° to N = 4
super Yang-Mills living on the four-dimensional boundary of the AdSs space. Following this
idea a scattering amplitude at strong coupling corresponds to computing a minimal surface
ending on the AdS5 boundary on a closed polygon (Wilson loop) with each edge a light-like
segment given by the gluon momenta. This problem can be described through a system of
equations, the so-called Y-system [73], which is solved by a thermodynamical Bethe ansatz.
Y-systems were studied in the high-energy limit [74] and there has also been a proposal for Y-
systems for form factors at strong coupling [75, 76]. Quite recently, there was also a conjecture
for the non-perturbative formulation of the scattering amplitude in AV = 4 for finite couplings
[77].

The first gluon amplitude computations at strong coupling suggested moreover a relation
at general coupling between Wilson loops and scattering amplitudes. This suspicion has been
confirmed for many different cases [66, 78-80] and partially proven in [81, 82]. It allows for the
computation of an amplitude in terms of a Wilson line integral which is much simpler than
for instance Feynman-based loop integrals. Furthermore, there also seems to be indications
that Wilson loops and correlation functions are related in a similar way [81, 83-85].

The insights from N = 4 are also interwoven with state of the art mathematics. As a first
example the geometric approach to amplitudes via Grassmannians was already mentioned
above. In another direction, the introduction of the symbol technique and a certain class
of polylogarithms (Goncharov polylogarithms) in [86] has led to huge simplifications in loop
computations in that the symbol basically trivialized functional identities between polyloga-
rithms and allows to express the answer in a very concise form. Moreover, often the symbol
of the answer of a computation can be guessed and the full answer then reconstructed. Many
results involving the symbol have been obtained [87-90] by now. There exits a generalization
of this approach in terms of a coproduct structure [91-93]. Based on these results it was
possible to cast the open- and closed superstring amplitudes into a very elegant form [94].

Another interesting connection to mathematics is via the so-called single-valued harmonic
polylogarithms [95]. These have been applied in the computation of the correction the BDS
ansatz at six points, the so-called six-particle remainder function [96, 97]. These polyloga-
rithms seem to be natural variables for the high-energy limit.

Much of the progress for supersymmetric gauge theory amplitudes can also be found for
string theory amplitudes and both areas complement each other as they are naturally closely
related. It has been shown for instance in [98, 99] that open n-point superstring disk ampli-
tudes can be cast in a very concise form with the kinematical dependence expressed only via
color-ordered N = 4 Yang-Mills amplitudes in ten dimensions. Furthermore, a recursion for
color-ordered super Yang-Mills tree amplitudes in ten dimensions has been found based on
the pure spinor formalism in [100].



Organization of the thesis

In this thesis color-kinematics duality and some of its implications for gauge and gravity
amplitudes at tree and loop level will be investigated. The thesis is organized as follows: In
chapter 2 we are going to review the necessary background material for this thesis: color-
decomposition of gauge theory amplitudes and amplitude relations, color-kinematics duality
and the double copy construction, BCFW shifts and on-shell recursion, as well as generalized
inverses. A lightning review of the spinor helicity formalism can be found in the appendix.

In chapter 3 color-kinematics duality at one-loop for pure Yang-Mills in the self-dual sector
will be discussed. It will be shown that color-kinematics duality is manifest on the level of
the self-dual Lagrangian and that consequently the all-plus one-loop integrands obey color-
kinematics duality. The result will be extended by a particular choice of gauge to also include
one-minus amplitudes. These amplitudes will be squared by the double copy construction as
an example and the corresponding AN/ = 0 gravity amplitudes will be recomputed in this way.
This chapter is based on [101].

In chapter 4 it will be studied how color-kinematics duality affects and improves power-
counting for gravity theories. The main insights will come from rephrasing color-kinematics
duality as a linear map at tree and loop level (up to subtleties). As concrete applications
the scaling under BCFW shifts of gravity integrands to all loop orders will be derived and
it will be shown that the duality implies massive cancellations for the BCFW shifts with
respect to naively powercounting Feynman diagrams. As another consequence of the duality,
improvements in BCFW scaling under permutation and cyclic sums of tree-level gauge theory
amplitudes will be seen. We also briefly mention how this is related to certain Yang-Mills
one-loop relations. Furthermore, the linear map approach will be employed to study the UV
behavior of N' = 8 supergravity and the actual UV degree of divergence will be understood
in terms of a precise implementation of the duality. We will discuss the consequences of this
for on-going five-loop computations by Bern et al. and beyond. The results of this chapter
are based mainly on [102] but also on [57, 58].

Chapter 5 will reproduce some of the results from the previous chapter through Feynman
diagram computations. This approach to color-kinematics duality is from an orthogonal point
of view and hence offers some further non-trivial indications for the validity of the duality at
loop level. The results of this chapter can be found in [57, 58] and in [102].

The conclusion as well as an outlook on open directions for future research can be found
in chapter 6.

The appendices contain a brief introduction to the spinor helicity formalism and the Feyn-
man rules and Feynman graphs used in chapter 5.






2. Review of concepts

In this chapter the main tools used in this thesis will be reviewed.

2.1. Organization of gauge theory amplitudes and amplitude
relations

The computation of scattering amplitudes in Yang-Mills theories like QCD is more difficult
compared to e.g. QED because Yang-Mills theory exhibits an additional degree of freedom:
color. In the following the corresponding color gauge group will be taken to be U(N) where
N denotes as usual the number of colors. The generators of the fundamental representation
of the gauge group are N x N matrices T* which satisfy

Tl"(TaTb> _ 5ab (2 1)
by _ b :
(7%, T = iv2f%T1e.

f%¢ are the well-known structure constants. The structure constants can be expressed via

the generators 7% as ‘
i
V2

In terms of Feynman diagrams the appearance of color means that each graph carries color

[ = ——Te(T[T°, T9). (2.2)

information in addition to the kinematics; a gluon three-vertex carries for instance a f2bc.
A complete list of Yang-Mills Feynman rules can e.g. be found in [103]. One would naively
expect having to consider n! different color structures in an n-gluon amplitude. Fortunately,
however, the different quantum numbers, i.e. the dependence on kinematics and color, can be
completely disentangled and the full Yang-Mills amplitude A can be factorized and written as
a permutation sum over so-called color-ordered amplitudes A each multiplied by a certain color
factor. By construction, color-ordered amplitudes contain only the kinematical information
of the scattering process and the cyclic ordering of the external particles is fixed. For instance
expressing the color degrees of freedom in terms of 7% only using (2.2), a tree level n-point
gluon amplitude then reads [104-107]

ATe =g Y0 Te(T%0..T%m) Alr(o(1), ..., a(n)). (2.3)
O'EPn/Zn

The sum runs over all non-cyclic permutations of the external legs and the color information
is encoded in the trace of matrices T%. g is the Yang-Mills coupling constant. Since the color



trace enjoys inversion symmetry the color-ordered amplitudes obey
Alree(1, ..., n) = (=1)"A(n, ..., 1). (2.4)

Thus there are only (n —1)!/2 independent color-ordered amplitudes in the sum reducing the
complexity of the computation in contrast to n! mentioned above. Color-ordered amplitudes
can be calculated using color-ordered Feynman rules [106, 107]. Note that this color decompo-
sition is also valid for general particles transforming in the adjoint of the gauge group. There
is also an extension of the above formula which includes fermionic matter in the fundamental
representation [108].

The corresponding one-loop expression is given by

Al = Ngm N Te(T% 0. T%m) Ay (0 (1), ..., a(n))
0c€EP,/Zn
[n)—1
g™ > Y (T T ) Tr(T% ) T% )
c=1 o€P,
Ahc(a(l), wo(o)]o(c+1),...,0(n))
(2.5)

where P, . denotes all permutations which leave the double trace structure of the second term
invariant and |n| is the greatest integer less than or equal to n. Note that this trace-based
decomposition has been extended to two loops [109]. Further note that this decomposition
of color and kinematics is natural from the point of view of open string theory [110, 111].
Moreover, the decomposition is closely linked to 't Hooft’s large N limit [112]

N — while >N = \ = fixed. (2.6)

The large N limit is also known as the planar limit since the single trace terms in the decom-
position contain the leading terms in this regime. Hence the trace-based color decomposition
at [ loops in this limit is

AP | gen = g" 2 (GPN) DT (T 0. T ) AP (6 (1), ..., o (n)). (2.7)
0c€P,/Zn

The trace-based decomposition does not take into account that there are additional relations
among color factors — the well-known Jacobi relations. They are given by

G =Cj — Cg
(2.8)

¢ = fa4a2bfb asza ¢j = fa1a2bfb asaq cp = fa2a3bfb asar

See figure 2.1 for a graphical representation. Consequently, the trace-based decomposition
overcounts the independent group theory structures available. However, it was shown by Del
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Figure 2.1.: A graphical illustration of the Jacobi relations.

Duca, Dixon, and Maltoni (D3M) [113, 114] (at least at tree- and one-loop level explicitly)
that it is also possible to factorize the amplitudes avoiding this overcounting problem: they
express the full n-point amplitude through a minimal basis of color factors multiplied by the
appropriate color-ordered amplitudes. Very roughly speaking, this basis can be obtained by
solving all possible Jacobi relations at n points. At tree level the D3M basis consists of color
factors having the maximal number of f%s in between two singled out legs. See [102] for
more details on the Jacobi relation based derivation. A tree-level scattering amplitude of
gluons or particles in the adjoint can then be written as

Alree — gn=2 Z F(1,0(2),....0(n—1),n)A,(1,0(2),...,0(n—1),n) (2.9)

o€P, 2

with A,, the color-ordered amplitudes encountered before and F defined by

F(1,2, .0 —1,n) = fayapon S asan - - " ap_ray- (2.10)

As the sum ranges only over all permutations of the n — 2 particles keeping particles 1 and n
fixed there are only (n—2)! independent amplitudes in this expression, i.e. the computational
complexity is reduced even further. This implies additional relations between the color-
ordered amplitudes which are the Kleiss-Kuijff (KK) relations [115]. Notice that the KK
relations have already been known since they 1980s, i.e. long before the D3>M basis was
derived. These relations allow to express any color-ordered tree amplitude in terms of tree
amplitudes with two particles fixed

An(1,{a},n, {B}) = (=1)"s > An(1,0,n). (2.11)
s€OP({a} {87})

The order preserving (OP) sum ranges over all permutations of the union of the sets o and
BT, i.e. the reversely ordered set of 3, while keeping the individual orderings preserved. ng
is the number of elements in the set {5}.

By a similar reasoning one can construct a basis at one loop where the minimal basis is
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given by a ring of structure constants [114]. The amplitude at one loop is given by

1—loo n n le Co
Al=toor — ¢ Z F(a(l),a(2),a(3),...,a(n))/ (27r)D] (o(1),...,0(n))
ceP{1,...n}/(ZnxZ2)
(2.12)

where F is the ring of structure constants (sometimes also called adjoint trace) given by

F(o(1),0(2),0(3),...,0(n)) = forola) fozolez)  fonolan) (2.13)

and I°° denotes the single trace color-ordered integrand. The sum above runs over the permu-
tations of the n external legs with inversions and reflections modded out. As in the tree-level
case this basis implies additional relations for the color-ordered amplitudes [40] which have
been known before the basis was found. These relations can be used to express double trace
parts of one-loop amplitudes in terms of single trace amplitudes only (compare eq. (2.5))

Arlll_cloo‘v(l, wncle+1,.n) = (=1)° Z AL~loop () (2.14)
o€COP({a},{8})

with {a} = {c,e —1,..,1}, {8} = {¢+ 1,...,n}. The cyclical order preserving (COP) sum
is the set of all permutations of the unions of the two sets which keep the cyclic order of the
individual sets intact.

It is clear that in principle a solution to the Jacobi relations and hence an associated basis
exists also at higher loop orders. Correspondingly, also extensions of the Kleiss-Kuijff relations
at higher loops should exist. Some progress towards this has been made in [116-118].

As was just explained the structure of the underlying gauge group implies relations among
the color-ordered amplitudes at tree- and loop level. However, there are more relations for
color-ordered amplitudes known which are not caused by the color gauge group. In contrast
to the relations presented above the new ones involve powers of Mandelstam variables. At
tree level the most prominent of these relations are the so-called Bern-Carrasco-Johansson
(BCJ) relations [11]. They were first proven in string theory [119, 120] and later in field
theory [121] relying on on-shell recursion. The relation is in a compact form given by

n—1 )
521 A(1,2,m) + > (521 + Zszt>A(1, 3,0y 2,i+ 1, —1,n) =0 (2.15)
=3 t=3

with the Mandelstam invariants defined by s;; = (p; + pj)2. The BCJ relations reduce the
number of independent color-ordered amplitudes at tree level to a minimal basis of (n — 3)!
amplitudes. This number was suggested based on string theory insights already more than 40
years ago [122]. Note that there are even more relations known at tree level which, however,
are only valid for MHV amplitudes and involve cubic power of Mandelstams [123]. Their
origin is not yet clear.

At loop level little is known about further amplitude relations. There is some work on
relations for finite one-loop amplitudes, i.e. all-plus and one-minus helicity gluons [123, 124].
Moreover, there is progress at two loops relying on unitarity cuts [125] and recently all-loop
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progress at four points and five points [116, 117] was found.

2.2. Color-kinematics duality

In string theory it is well-known that closed string tree amplitudes can be expressed as
a certain sum over products of open string tree amplitudes: this is a consequence of the
factorization of closed string vertex operators into left and right sectors as was first observed
by Kawai, Lewellen, and Tye [10]. Today these relations are known as the KLT relations.
In the field theory limit, i.e. for o’ — 0, the relations allow to express gravity amplitudes
as a sum over products of gauge amplitudes with momentum dependent coefficients. It was
realized recently by Bern, Carrasco, and Johansson (BCJ) that the relations can be seen as
the consequence of a certain duality between color and kinematics [11], the so-called color-
kinematics duality. This duality is not manifest in the full Yang-Mills Lagrangian.

The starting point of color-kinematics duality is to reorganize a gauge theory amplitude
coupled to matter in the adjoint in D dimensions and write it in terms of cubic graphs only.
These graphs are naturally associated to color factors made out of concatenations of structure
constants f%s. See figure 2.2 for a graphical illustration. In this way the n-point Yang-Mills
amplitude at tree level can be written as

Ay =g 2y O (2.16)
T

Si

Here I'; denotes all possible distinct, non-isomorphic cubic graphs, ¢; their color factors,
n; the associated kinematical factors called kinematic numerators. s; is the product of all
propagators naturally associated to the i*" cubic graph. The four-vertices can be absorbed
into the cubic graphs according to their color structure. As was explained in section 2.1 color
factors obey (many) Jacobi relations (compare equation (2.8) and figure 2.1). In addition one
can now demand that the associated kinematic numerators obey the same Jacobi relations.
Put differently, for any color Jacobi relation one demands

G=c¢j—cp, = N;=n;—ng. (2.17)

Numerators which satisfy these kinematic Jacobi relations will be called color-dual in the
following. A representation of an amplitude in terms of cubic graphs (2.16) with color-dual

fabc

Figure 2.2.: An example of a cubic graph. Each trivalent vertex is dressed with an fe.



2 3 2 3 2 3
s—channel t—channel u—channel

Figure 2.3.: Cubic gluon graphs at four points. Note that these are not Feynman diagrams.

numerators will be called BCJ representation. As an explicit example for this consider a gluon
tree amplitude at four points. It consists of three cubic diagrams (see figure 2.3)

Ay = Slts @ Cultu (2.18)

S t U

where s, t, and u are the usual four-point Mandelstam invariants. The color factors associated
to these graphs are

cs = falazbfba3a4 e = fa2a3bfba4a1 Cy = falagbfba4a2_ (219)
They obey the color Jacobi identity
Cy = Cs — Ct. (2.20)

As was explained above, in order for the kinematic numerators to be color-dual, they have to
obey
Ny = Ng — Ni. (2.21)

We will explicitly show how to obtain color-dual kinematic numerators based on a linear map
approach in chapter 4. Note that there is an analogous representation via cubic graphs for
color-ordered amplitudes. Here, one sums over all cubic diagrams that respect the ordering of
the external particles. For instance, the cubic representation for the four-point color-ordered
amplitude A(1234) will involve an s-channel and a t-channel cubic diagram. It is written in
this way as

Ng

A(1234) = 2 4 % (2.22)

S
In general, kinematic numerators are not unique. One can always shift the numerators by
some amount A;

n; — n; + A (2‘23)

The scattering amplitude is invariant under these shifts if the gauge condition

- ali (2.24)

5
r; ¢

holds. If the shifts also satisfy (2.17) the new numerators remain color-dual. This freedom
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is generally referred to as generalized gauge freedom. The usual gauge transformations of
amplitudes are a subset of the generalized gauge transformations.

Additionally, kinematic numerators are antisymmetric when flipping the order at one of the
cubic vertices in the associated graph. This follows from the antisymmetry of the structure
constants under such a flip. This is nothing but a statement about Bose symmetry and in
this context it is usually referred to as vertex-flip antisymmetry

¢ = —ci < n; — —n; (flipping the order at a cubic vertex). (2.25)

The main problem is finding color-dual numerators. Numerators for instance obtained
through standard Feynman rules will generically not satisfy Jacobi relations. However, for
theories in which color-dual numerators exist there will be a so-called generalized gauge
transformation that brings the numerators into a color-dual form (see also chapter 5 for a
take on numerators in terms of Feynman graphs). At tree level explicit all-multiplicity sets
of color-dual numerators have been found [126-128] proving that a color-dual representation
at tree level can always be found and color-kinematics holds. Moreover, as was recently
shown and will be explained below, one can in fact make color-kinematics duality manifest in
Yang-Mills at tree level in the self-dual and MHV sector [59].

The existence of color-dual numerators has powerful consequences. One is the existence of
additional relations: these are just the BCJ relations (2.15) introduced previously [11]. The
origin of these relations will be investigated in chapter 4 based on rephrasing color-kinematics
duality as a linear map. The second consequence is the double copy construction [11, 56]. This
construction makes it possible to obtain a gravity amplitude from a Yang-Mills amplitude in
BCJ representation (2.16) by simply replacing the color factors by another set of numerators
and the Yang-Mills coupling constant g by § where x is the gravitational coupling constant,

. n—2 . .
Ay=gn 3 o= (5) Y (2.26)
r; ' r,

i

i.e.

The field content of the resulting gravity theory is given by the outer product of the states
appearing in the Yang-Mills numerators. For instance, two sets of numerators from N = 4
super-Yang-Mills yield a gravity amplitude of N = 8 supergravity. However, numerators do
not have to be from the same gauge theory. One set of numerators could be from N = 0
Yang-Mills instead so that amplitudes in N' = 4 supergravity will be obtained. Actually, only
one set of numerators has to be color-dual in the double copy construction [56]. A complete
classification of possible squarings in D = 4 can be found in [129]. Note that due to the gauge
condition (2.24) a generalized gauge transformation does not influence the outcome of the
double copy construction at tree level.

The double copy construction at tree level has been proven using recursive arguments under
the assumption that there are no non-trivial poles present in the numerators [56]. Moreover,
color-kinematics duality has been understood in terms of a hidden infinite dimensional kine-
matic Lie algebra [59, 130] in the self-dual and MHV sector at tree level. There has also
been recent progress for the systematic construction of numerators in [130-132] and on color-
kinematics duality in three dimensions [60, 133].
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Conjecturally, there exists an extension of color-kinematics duality on the level of the loop
integrand [134] which is similar to tree level. Omne begins by rewriting the gauge theory
loop amplitude on the level of the integrand at the I** loop order as the sum over distinct
non-isomorphic cubic graphs

l
1 ¢in;
l—loop __  ,n—2+42l || Dy L GilYy
An =g / d LJ E Sl s . (2.27)
j=1 I

D denotes the space-time dimension and S; the symmetry factor of the i** cubic graph. The
term under the integral sign will in the following be called gauge theory integrand. Like at tree
level the color factors ¢; satisfy many Jacobi relations and one demands that the kinematic
numerators n; satisfy the same Jacobi relations. If this holds, i.e. the gauge theory integrand
can be expressed in a BCJ representation, then a corresponding gravity integrand can be
constructed by replacing the color factors by another set of numerators and the coupling
constants in the same way as at tree level, i.e.

1 ¢iny
-1 2421 D Cilb
An P = n /Hd L Z S S;
U (2.28)
Mrll—loop v n 2+2Z/H DLJZ 1 nznz.
S

Under the assumption that sets of color-dual numerators can always be found — which has
not been proven rigorously at loop level — the double copy construction follows from tree level
by unitarity [56].

Like at tree level the kinematic numerators are not unique at loop level neither. One can
shift the numerators according to n; — n; + 4A; and finds that the loop gauge amplitude
remains unchanged if the following condition holds

/HWQZlQZ (2.29)

Si

If desired the A; can be taken to be color-dual. This condition is not as strict as at tree level
since the integrand has only to satisfy integration to zero. In contrast to tree level this has
consequences for the double copy construction. It might be that the gauge condition does
not integrate to zero anymore after replacing color factors by another set of numerators since
the shifts are usually loop-momentum dependent. In other words it might occur that the
generalized gauge transformation enters the double copy. A very simplified version of such a
situation is

/ xdr =0 whereas / z2dx # 0. (2.30)

—0o0

Hence the question becomes: which terms vanish after integration? There are several cases
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for which this can happen. The first case is that the integrand is merely a total derivative.
Consider for instance two terms that sum to zero after a shift of the integration variable for
one of them, i.e.

1 1
dP L - =0. 2.31
/ L2(L+p1+p2)?  (L—p1)?(L+p2)? (2:31)

The second possibility is that the integrand might have only vanishing D-dimensional uni-
tarity cuts then this integrand integrates to zero [135]. A nice example for this comes from
dimensional regularization for the integration of the constant 1 (or more generally speaking
for integrals with positive powers of loop momenta; see review [136] for more on this):

/EDleo. (2.32)

Vanishing of cuts is either purely algebraically or after a cut-condition-respecting shift in the
integration variable. The safe terms for the double copy construction are those that vanish
algebraically on cuts, i.e. whose loop momenta are fixed completely on the cuts: those do not
contribute after squaring.

There is yet another subtlety present for loop computations. In order to make color-
kinematics work it was found, e.g. in [51], one needs to include diagrams which integrate to
zero and which have a vanishing color factor. If these diagrams would have been neglected in
the double copy construction the resulting gravity amplitude would not have had the right
unitarity cuts. A more complete discussion of these subtleties would surely be interesting
as they are at the core of the double copy construction but this is beyond the scope of this
thesis. In the following it will always be assumed that color-dual numerators can be found
at any loop level and that one can safely disregard the subtlety involving generalized gauge
transformation.

There has been non-trivial evidence in support of color-kinematics duality and the double
copy at loop level in terms of explicit computations: four-point amplitudes up to four loops
in V' = 8 supergravity [51, 137], five points up to two loops [138] have been computed using
the double copy construction. There have also been results in N' = 4 supergravity up to three
loops [52, 53]. A color-dual form of the integrand of the 2-point form factor up to 4 loops,
3-point up to 2 loops in N = 4 super Yang-Mills has recently been derived in [55]. Moreover,
there was all-loop evidence from the IR-structure of gravity and Yang-Mills [139] and the
implications for color-kinematics duality and the double copy for deformations of Yang-Mills
theory by higher-dimension operators was discussed in [140].

Manifest color-kinematics in the self-dual sector

As was pointed out in [59] color-kinematics duality can be nicely made manifest at tree level
in the self-dual sector of Yang-Mills. This first step here is to realize that the self-dual sector
of Yang-Mills only has one three-vertex, i.e. amplitudes will be explicitly written in a cubic
representation. Moreover, any diagram in this sector immediately satisfies kinematic Jacobi
relations as will be explained below.
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Figure 2.4.: Feynman rules of Yang-Mills in the light-cone gauge (given in terms of spinor

helicity. See [19] for a review.). e are the polarization vectors of the gluons. For

future convenience define X (i,7) = (n|ij|n), X (i,7) = [n|ij|n], and py = (nlpln].

The complete Yang-Mills Lagrangian in the light-cone gauge [141] is

L= tr(%fléﬂA - ig(a—wA> (A, 0, A] —zg(a A) [4,0,A4] — ¢*[A, 9, A] =4, 0 A]) (2.33)

Ou Oy A5 02 [

Here A is associated to the positive helicity gluon and A to the negative helicity gluon. The
light-cone gauge condition is A, = 0. The light-cone coordinates are defined by

u=t—z v=t+z w=zr+iy W=x—1y (2.34)

and 0% = 2(0,0, — 9,05). The Feynman rules in the light-cone gauge [59, 101] are depicted
in figure 2.4. The self-dual truncation of the full Lagrangian is simply

Lop = tr(%AE?QA - ig(ZwA) 4.0,4)). (2.35)

Because this Lagrangian has only the trivalent (4++ —)—vertex there are only amplitudes with
helicity configuration (— 4+ ---+) at tree level. In order to be color-dual, the numerators of
these amplitudes have to satisfy the same Jacobi relations as their corresponding color-factors
(2.8), i.e. for any triplet

. — , .
fzjbfbkl — f] bfblk _ flzbfbk] (236)
the numerators coming from the (+ + —)—vertices have to obey

X (i, )X (k1) = X(G, )X (i, k) — X(1,)) X (k,j) Vi, j,k, 1} (2.37)

where we defined X (i,7) = (n]ij|n) and neglected prefactors as they are always the same.
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After defining |Z] = x|n) the above equation becomes
[ij)[k1) = [j)k] — (2] (k) (2.38)

which is nothing but the Schouten identity (see (A.13)) for spinors and hence holds in gen-
eral for any {i,7,k,[} regardless of whether the spinors are on- or off-shell. Consequently,
amplitudes at tree level in the self-dual sector show explicitly the duality between color and
kinematics.

The analysis can be extended to the MHYV level, i.e. for amplitudes with helicity configu-

ration (— — +---+). The only way to construct these amplitudes is to consider in addition
to the (+ + —)—vertices either one (— — 4+)-vertex or one (— — ++)-vertex. However, if one
imposes
) — (1) (2.39)
where particle 1 is taken to have negative helicity then this gauge choice forces particle 1 to
couple to a (— — +)—vertex. This can be easily understood since in this limit one has
0 1, =1y =0 (2.40)
which can only be cancelled by a pole in 1 that is only present in the (— — +)—vertex. Hence

any MHV amplitude can be written in terms of (two types of) cubic vertices only: one
(— — 4)-vertex and the rest (+ + —)—vertices. The analog of (2.37) becomes (again ignoring
common prefactors)

X1, )X (k1) =X(5,0)X(1,k) — X(1,1)X (k, j) (2.41)

with X (i,7) = [n]ij|n]. This can be written as (defining z|1) = |7])

[l kl) = [} ((knl 51 = [l [k31) (2.42)

which is again nothing but the Schouten identity, making color-kinematic duality manifest
also for tree-level MHV amplitudes.

2.3. BCFW shifts and on-shell recursion

On-shell recursion relations have been under heavy investigation in recent years. They have
first been derived for gauge theory tree amplitudes [34, 35] but were soon extended to gravity
tree amplitudes [142-144]. There has also been progress on finding on-shell recursion for
gauge theory integrands [38, 39, 145]. See [21] for a very nice review of the subject. For
simplicity only gluon amplitudes will be considered in this section unless otherwise stated.
The main idea behind on-shell recursion is to reconstruct a scattering amplitude from
the residues at its kinematic poles. To do so a complex parameter z is introduced into the
amplitude by shifting the momenta of any two external legs of the amplitude while keeping
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momentum conservation intact:

Pi = pi + 2q Pj = Dj — 24q. (2.43)

If the legs ¢ and j are adjacent on a color trace of a color-ordered amplitude the shifts are
called adjacent shifts. If they are non-adjacent on a trace or if the shifted particles are on
different color traces, the shift will be called non-adjacent. The vector ¢ is chosen such that
it keeps the masses of the external legs of the amplitudes invariant, i.e.

Pi-q=pj-q=q-q=0 (2.44)

giving two complex solutions for ¢. In this way the amplitude has been turned into a function
of a complex parameter z and the original — physical — amplitude A(z = 0) can be recovered
by Cauchy’s theorem, i.e. a contour integral around the origin

A(0) = — 7{ ~ Ay, (2.45)

211 z

assuming that z = 0 is an isolated singularity. In this case the contour of integration can be
extended to infinity and the contour integral becomes (neglecting prefactors)

A(0) = i:o Aiz)dz = — Z (ﬁnite z) — Z (z = oo) (2.46)

restdues residue

The residues at tree level for finite z are just products of lower point tree amplitudes summed
over all internal states. The residue at infinity lacks a similar physical interpretation but if
it can be shown to vanish (2.46) constitutes an on-shell recursion relation: the right hand
side only contains tree amplitudes with fewer legs. If a theory obeys recursion relations thus
depends on the behavior of the amplitude for z tending to infinity. If the fall-off of the
amplitude is fast enough, i.e. at least ~ (z71), the residue at infinity vanishes and a tree
level amplitude can be computed via recursion. There has been work on establishing on-shell
recursion in the presence of boundary terms [146] and only recently on-shell recursion for
Berends-Giele currents was introduced [147].

If the fall-off of the amplitude is better than ~ (271) the recursion relation (2.46) can be
modified. For instance for a large-z behavior of ~ (272) one can write

A(0) :f 0 Wdz > (ﬁnite z) - fp), (2.47)
= residues

for some constant «.. The residues on the right hand side are still the same products over lower
point tree amplitudes as before but now multiplied by an additional factor f(p;). The upshot
of this is two-fold: On the one hand, by an appropriate tuning of a, one can eliminate terms
in the recursion relation. This was for instance done in QED to obtain a compact recursion
formula [148]. On the other hand the improved behavior under BCFW shifts implies the
existence of bonus relations among the amplitudes. For a gravity example consider [149].
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Improved large-z behavior was also key in [121] to prove the tree-level BCJ relations in field
theory.

There are several ways to analyze the large-z behavior of an amplitude. All of them
are based on powercounting, i.e. tracing explicit powers of z in Feynman diagrams. In the
following the shortest (simply connected) path between the two shifted legs along which the z-
dependence flows will be called hard line. The large-z behavior of a Yang-Mills tree amplitude
for the shift of two color-adjacent particles labelled i and i 4 1 is of the form [145, 150]

Tim A(z) ~ el ()€ (2) (znw F(1/2) + 2B, (1/2) + O(1 /z)) (2.48)
with f and B, polynomial functions in z~1. Moreover, B, is antisymmetric in its indices
and ¢; are the z-dependent polarization vectors of the shifted legs. This result holds for all
Yang-Mills theories minimally coupled to fermionic and scalar matter with possible scalar
potential or Yukawa terms in D > 4 [151]. Taking into account the explicit z scaling of
the polarization vectors (which can be constructed using a basis of the vectors p;, pi+1,q, ¢*
[150]) one finds that the amplitude shows ‘good’ behavior, i.e. 1/z-scaling, under (—, £)-gluon
and (+, +)-gluon shifts with (-,-) denoting the helicities of the shifted adjacent gluons. For
a (4, —)-shift the amplitude will scale like ~ (z3). Thus the former three cases allow for
on-shell recursion, the latter not.

A very lucid way to obtain (2.48) for tree level amplitudes is to split the Yang-Mills fields
into z-dependent “hard” fields a,, and z-independent soft fields A,. In this way one treats the
BCFW shifted particles as particles with very large momenta flying through a background
given by the unshifted particles having small momentum. This can be nicely formulated in
terms of the background field method [152]. The quadratic part of the Lagrangian of the hard
fields a reads 1 ;

L= —ZTrD,,aHD”a“ + §Tr[au, a, | FHY[A] (2.49)

where the equations of motions of the soft fields have been used in the derivation to eliminate
the terms linear in a. In other words this derivation is only valid at tree level. The hard fields
have been put into the background field version of the Feynman-'t Hooft gauge. As only the
hard fields carry z-dependent momentum the complete z-dependence is now exclusively in
the first term of the Lagrangian. As can be seen from the Lagrangian it is proportional to z
and contains a metric contraction between the hard fields. The hard propagator is given by

NI
DA,y = —i— 2.50
" 2 (2.50)

and consequently scales as ~ (27 !). Hence any Feynman graph with an insertion from the
second term of the above Lagrangian will be suppressed by one power in z and moreover be
antisymmetric in the hard fields: these observations combined yield (2.48). The powercount-
ing can be simplified further using the gauge freedom of the background fields to impose the
‘spacecone’ gauge which we call Arkani-Hamed-Kaplan (AHK) gauge [141, 150]

¢-A=0 (2.51)
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with g being the BCFW shift vector introduced in (2.43). This gauge choice is very handy and
quite natural as the propagator of the soft fields is now orthogonal to ¢ and thus eliminates
most of the z-dependence from the three-vertices.

Another way to do the powercounting is to implement AHK directly for all particles, thereby
not distinguishing between hard and soft particles. The advantage of this approach is that no
on-shell conditions are necessary and as a consequence the validity of (2.48) can be extended
also to the level of the integrand to any loop order [145] as will be seen below. The rederivation
of (2.48) from [145] will be repeated here as a warm-up as it is the basis to obtain the behavior
of the amplitude/integrand for color non-adjacent large-z shifts in chapter 5.

The AHK gauge (2.51) will be chosen for all external particles except for the two shifted
ones. This would not be a valid gauge choice because ¢q is orthogonal to the external momenta
of the shifted legs. For the shifted legs one has

A ) . p-e(p
b)) = 0E) p)=0 = goep) =F L (25
The AHK propagator is a spacecone propagator given by
Cpu(p) =~ (s — 29D (2.53)
g pr\H q-p
It is orthogonal to ¢ and collapses when contracted into its momentum, i.e.
(IHG/W(I?) =0
iqy (2.54)
"G (p) = .
wlp) = 22

To do the powercounting, consider the hard line part of a Feynman graph. The unshifted legs
will be left arbitrary; thus the result will hold on the level of the integrand of Yang-Mills to
any loop order. Along the hard line the AHK propagator scales as ~ (20)

Gl () ~ - s — (‘;“‘q;) +0(1)2). (2.55)
Due to its dependence on two g¢s it will hardly ever contribute since ¢ contracted into any
unshifted leg vanishes. Moreover, the three-vertices are in fact independent of z (with one
exception mentioned below) because of the AHK gauge.

The leading diagram for an adjacent shift is the three-vertex to which the two shifted legs
attach directly. The diagram will scale like a metric times z as can be easily shown using the
Feynman rules in appendix B. Note that there is a subtlety involved here: the momentum of
the off-shell leg is p1 + P2 and hence an AHK propagator attaching to this leg diverges since
these two momenta are orthogonal to ¢q. In other words the AHK gauge choice is singular
for this class of graphs. Fortunately, the gauge singularity can be avoided by imposing an
auxiliary gauge [145] and one finds the leading term in (2.48).

The subleading behavior, i.e. the ~ (2°) term of (2.48), arises from the graphs depicted in
figure 2.5. Using the Feynman rules of the appendix the two diagrams can be viewed as an
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Figure 2.5.: The Feynman diagrams contributing at O(z°) for adjacent shifts. Hats denote
the shifted legs.

effective four-vertex that is antisymmetric in the adjacently shifted legs for large 2

; . 1
4V:prf;dwe =iz’ (nupnua — NuoMvp — 5ﬁ;uﬂ7pg> +0(1/2). (2.56)

Note that actually the last term is only given for completeness. It is a metric contraction
between the shifted legs and can be seen as a subleading contribution of f in (2.48). Unless
otherwise stated such terms will be neglected in the following. All other hard line graphs with
more hard propagators will be z-suppressed and do not contribute at this order. Combining
the above results then yields (2.48).

For gravity theories similar recursion relations can be derived at tree level. This is somewhat
startling as by inspecting for instance Feynman rules from Einstein gravity [153] one would
think that a n-point gravity tree amplitude scales like ~ (2"~2) in the large-z limit. However,
explicit examples show the opposite and explicit recursion has been constructed for Einstein
gravity and its supersymmetric extensions [142-144]. An explicit analysis employing the
background field method mentioned above could show that the gravity scaling is actually just
a double copy of the Yang-Mills tree amplitude scaling [150], i.e.

lim M, (2) ~ |€' ()€ ()] [efia()elia (2)] (2w £(1/2) + 2B (1/2) + O(1/2))

z—00 (2.57)
(=masf(1/2) + 2 Byo(1/2) + 0(1/2))

where B is as before an antisymmetric tensor. The product of polarization tensors in brackets
belongs to the graviton, dilaton, and two-form. In other words the gravity amplitude exhibits
drastic cancellations with respect to the expectation from Feynman diagrams. What is the
mechanism behind these cancellations in the sum over Feynman diagrams? Does the result
extend to the level of the integrand as is known for gauge theory amplitudes? These questions
will be answered in chapter 4.

2.4. Generalized inverses

Generalized inverses will be a central theme in chapter 4 in the study of kinematic numerators.
Originally, due to Moore and later independently Penrose [154, 155], generalized inverses were
introduced to extend the notion of invertibility to rectangular matrices and singular matrices
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and in addition to more general linear maps. In the following a lightning review of the
elements necessary for this thesis will be given. A broader introduction can be found in [156].
Matrices are a nice tool to treat systems of linear equations efficiently. These are usually

denoted as
Ax =10 (2.58)

for some matrix A and x, b appropriate vectors. A linear system is uniquely solvable if A is
an n x n matrix with full rank. The inverse is given by A~! so that

ATTA =1, = AAT! (2.59)
holds and the solution to the linear system can be obtained by
= A" (2.60)

If A were singular or rectangular an inverse in the above sense does not exist. This corresponds
to situations where the system is either under- or overdetermined. Nonetheless, it can still
have solutions which can be obtained using generalized inverses. Formally, the generalized
inverse of an n x m matrix A is a m x n matrix denoted by AT which obeys the following

defining property
AATA=A. (2.61)

This condition reduces to AT = A~ for full rank matrices. For A being rectangular or singular
the linear system Ax = b can only have solutions if the following consistency condition holds

AATH =0, (2.62)
If this is fulfilled the general solution to (2.58) is given by
r=ATh+(1-ATAw (2.63)

with v some n-dimensional vector. The second term in the equation spans the kernel of A,
ie.

ker A= {(1 - AT A)w|v € C"} (2.64)

and it can be checked easily that (2.63) indeed solves (2.58).
Note that the generalized inverse is not quite unique as one can always add terms from the
kernel of A without violating (2.61). In other words if A is a generalized inverse so is

AT = AT + (1 — ATA)V + W (1 — AA™) (2.65)

for appropriate m x m and n x n matrices V, W. A worked out example involving the
generalized inverse will be given in chapter 4 in terms of scattering amplitudes.

The generalized inverse above can also be extended to include more general linear maps;
these maps do not necessarily have to be between vector spaces over fields. Denote such a
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map now by C. As a simple example consider the case of a linear map given by
C: VW with V=2 W =Z mod 2 (2.66)
where Z denotes the ring of integers. A linear map from V to W is then given by
Cx~b, z€Z beZmod?2 (2.67)

with ~ denoting equality on W. The generalized inverse C'" is now a map from W to V
satisfying
CCTCx~Cx VreZ (2.68)

As a concrete example for C take multiplication by 2, i.e.

Obviously, for Cx = 2x ~ b to have a solution, b can only take the value 0. In this case
any one-to-one map CT : W — V will satisfy (2.68). Expressing this more formally, the
consistency condition for this system to be invertible in the generalized sense is given by

CCtb~b (2.70)

which is indeed satisfied for b ~ 0 only. In this case this condition is necessary and sufficient.
Hence, the most general solution to this system is then given by

r=CTb+ker C (2.71)

with the kernel arising due to the different dimensionalities of V' and W. In other words: the
maps are many-to-one.

Note that it is quite special that the consistency condition (2.70) is necessary and sufficient.
It might very well be that more conditions are needed as the maps involved are many-to-one
as explained above. The more general consistency condition is that for every linear map

D:W — W with
D(Cz) ~0 (2.72)

it follows
D(b) ~ 0. (2.73)

The general solution is then again given in terms of (2.71). As before C'" is not unique. One
can add terms from the kernel, i.e. if CT satisfies (2.68), so does

C+—>C++D1+D2 (2.74)

for D1, Dy satisfying
CDixz~0 and DyCx~ 0. (2.75)

This is nothing but the generalization of (2.65).
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3. Color-kinematics duality for one-loop
rational amplitudes

In this chapter it will be shown that color-kinematics duality is manifest at the one-loop
level in Yang-Mills theory for amplitudes with all particles of either the same helicity or
with one opposite to the other. These one-loop amplitudes are special in that they have no
four-dimensional unitarity cuts, i.e. they do not contain logarithms in four dimensions after
integration. They are rational functions of external momenta and polarizations only and
hence called rational amplitudes.

First, we will consider rational all-plus amplitudes. These are computed in the self-dual
sector of Yang-Mills. As was already seen in the previous chapter, this sector is particularly
nice because it only has one cubic vertex making color-kinematics duality manifest. Going be-
yond the self-dual sector, it will be explained that also one-minus amplitudes can be brought
into a color-kinematics duality manifest form by a specific choice of gauge. As a concrete ap-
plication of the duality the corresponding one-loop gravity amplitudes in ' = 0 supergravity
will be calculated at four points using the double copy construction. In this way, this chapter
extends the tree-level results of [59] outlined in section 2.2 to one loop.

3.1. Manifestly color-dual integrands at one loop

As in the tree level case it will be useful to investigate self-dual Yang-Mills by going to light-
cone coordinates. The corresponding formalism and the Lagrangian were already presented
in chapter 2. The complete Lagrangian is reproduced here for convenience

9
O

A) [A, 0, 4] — z‘g(@fi) [4,0,4] — g°[A, &u‘ﬂ%

L= tr(%fxam - ig( >

[4,0,4]).
Recall that A and A denote positive, negative gluons respectively. The self-dual part of
this Lagrangian is given by the first two terms and it gives rise to only the (+ + —)-vertex.
Consequently, the only amplitudes one can compute in the self-dual sector at the one-loop level
are all-plus amplitudes. It was already shown in section 2.2 that numerators constructed out
of the (++ —)—vertex satisfy the same Jacobi relations as their corresponding color structures
at tree level and that this was nothing but a consequence of the Schouten identities; there is
no reference to on- or off-shellness of the spinors involved and hence this result immediately
extends also to one-loop; in other words the self-dual sector of Yang-Mills at one-loop exhibits
manifestly color-kinematics duality.

Next, consider one-loop amplitudes with one external negative helicity gluon. The following
observations are very closely related to those about the connection of the self-dual sector and
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MHYV amplitudes at tree level explained earlier. The only way to build one-loop one-minus
amplitudes, or more precisely one-loop one-minus integrands, is to leave the self-dual sector
and to include either one (— — 4)-vertex or one (+ + ——)-vertex from the full Yang-Mills
Lagrangian. By the same reasoning as before one can gauge away the (+ + ——)—four-vertex
implementing the gauge choice

m) = 11) (3.1)

assuming that particle 1 has negative helicity. Remember that this choice forces particle 1
to couple to an anti-self dual (— — +)-vertex directly. Hence all one-minus integrands at one
loop can be constructed in terms of cubic vertices only, i.e. using one (— — +)-vertex and the
rest (4+ + —)—vertices. In the same vein as in the tree-level case it then directly follows that
numerators belonging to these diagrams satisfy the corresponding kinematic Jacobi relations
(compare equation (2.41)). In other words also the one-minus amplitudes at the level of the
integrand obey manifestly color-kinematics duality.

As the two classes of amplitudes presented above obey color-kinematics duality, the double
copy construction (2.28) can be used to obtain the corresponding one-loop gravity ampli-
tudes. Squaring two copies of NN = 0 Yang-Mills will give rise to amplitudes in N = 0
supergravity, also known as extended Einstein gravity: it consists of a graviton, a dilaton,
and an antisymmetric two-form. In this context it is interesting to observe that squaring the
all-plus and one-minus Yang-Mills integrands will give rise to the same integrand expressions
that can be obtained by considering gravity directly. For the all-plus case this follows from
considering self-dual gravity directly (derived in [157]) with all scalars minimally coupled.
For the one-minus case one can construct a counting argument (which holds up to at least
five points) which shows that only one additional three-vertex, namely the anti-self dual one,
has to be considered to construct the integrands directly in gravity. All other vertices can
be — similarly to the gauge theory case — gauged away under the assumption that there are
no poles in higher-point vertices canceling the gauge choice. These arguments can be made
precise as follows: first note that the gravity Lagrangian has an infinite number of vertices
with more than three points. Going to the light-cone formulation [158-160] these are counted
by ng.o_ with o4 counting positive/negative helicity particles. The self-dual and anti-self
dual three-vertex are counted by n4. At one loop the number of internal lines is just given
by the total number of vertices

I=ny+n_+ Z Noyo_ - (3.2)

04,0

The total number of plus signs at the vertices are

n+l—e=2ny +n_+ Z O4No o (3.3)

04,0

with n the total number of external particles and ¢ = 0 for the all-plus and € = 1 for the
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one-minus case. The total number of minus signs at the vertices is given by

e+l =ny+2n_+ Z T Ngio_- (3.4)

04,0

Subtracting the first from the third equation leads to

e=n_+ > (0-—1ng,o_. (3.5)

Consider now the all-plus case, i.e. ¢ = 0. The only way the above equation (3.5) holds is if the
two terms vanish independently, i.e. if neither the anti-self dual nor any of the higher-point
vertices are present. Thus the all-plus gravity integrand is only built from self-dual vertices
only as already indicated by the double copy construction. For the one-minus case, i.e. e =1
one needs to consider either one (— — +)—vertex (n_ = 1) or a higher point vertex with two
negative helicity particles (nys,2 = 1). However, as was explained above for Yang-Mills we
can restrict ourselves to the (— — +)—vertex by choosing |n) — |1) where again is assumed
that 1 carries negative helicity. This choice will eliminate all higher-point vertices n,, 2 under
the assumption that they do not have any poles in (n1) which has been proven up to five
points [160]. These two observations give in fact a Lagrangian based proof of the double copy
conjecture in the helicity-equal sector and in the one-helicity unequal sector up to at least
five points at one loop though it seems likely that the latter holds beyond five points.

The differences between self-dual gravity and self-dual ' = 0 supergravity are very small;
in fact for rational amplitudes the difference only lies in the available states running in the
loop. For self-dual A/ = 0 there are two more states available so that the amplitudes differ by
a factor of 2. This is a consequence of supersymmetric Ward identities which allow to replace
gravitons (and other massless particles) running in the loop by massless scalars [161-163].
The rational gravity amplitudes are thus given by

Mélfloop),any states<1i7 2+’ - n+) — NSMT(Llfloop),scalarS(li’ 2+7 - nJr) (36)

with Ny the number of states running in the loop (bosonic minus fermionic). For pure gravity
Ny = 2 (two graviton states) and for N' = 0 it follows Ny = 4 (two graviton states, a dilaton,
an antisymmetric two-form).

3.2. Examples

To illustrate the general arguments presented above, we will now explicitly show some ex-
amples. In particular, rational four-point one-loop gravity amplitudes will be computed to
illustrate the double copy procedure. For the light-cone Feynman rules used in the following,
see figure 2.4.

Higher-point amplitudes obtained in the same way will obviously satisfy kinematic consis-
tency conditions, i.e. as they are rational they will not have any four-dimensional cuts and
applying (a number of) collinear limits they will reduce to the four-point result.
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Figure 3.1.: The one-loop (+ + +) current of Yang-Mills theory. Leg 3 is off-shell.

3.2.1. One-loop all-plus amplitude

A useful warmup for the (+ + ++)—one-loop gravity example is to calculate the (4+ + +)—
one-loop Yang-Mills current, and then the corresponding one-loop graviton current. The
latter will be calculated from the Yang-Mills expression by the double copy construction,
using (+ + —)—vertices as a building block. We will closely follow the procedure explained by
Brandhuber, Spence, and Travaglini in [164] to calculate the (+ + ++)—one-loop amplitude
in non-supersymmetric Yang-Mills.

The (+ + +)-one-loop Yang-Mills current is depicted in figure 3.1. Note that bubble
diagrams do not need to be considered. Their numerator structure is proportional to

X(1,p)X(I+p,—p) = =X(I,p)* = —(nllpln)?, (3.7)

with [ loop momentum and p external momentum. This expression vanishes after integration
since the numerator will become proportional to (nn) = 0. Using the (+ 4 —)—vertex and the
polarization factors for particles 1 and 2, see figure 2.4, the diagram is written as

@ _ [ dPL (n|l|1){n|l2|2] X (I3, 3) 1
B / @mP n)(n2)3y L2I2LY (3.8)

with L3 = L2, L3 = (L — p2)?, and L2 = (L + p1)2. The integral is evaluated in D =
4 — 2¢ dimensions. Note that the scheme employed here is such that the vertices live in
four dimensions, whereas the propagators live in D dimensions. The loop momentum L is
decomposed into (orthogonal) four- and (—2¢)-dimensional parts as

L=1+19  with L*=01+1%, =1>— (3.9)

where the (—2¢)-dimensional part corresponds to a mass p? of a scalar running in the loop.

The quantity
(n[l1|1]{n|l2|2]

(n1)(n2)

appearing in the integrand can be simplified further, and the dependence on the (—2¢)-

(3.10)
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dimensional subspace can be extracted. To do so, write it as

(mlli12h]n) 2 [12]  2(lx -p){n[Lixfn)  2(l - p2)(nlh 2|n)

(m)n2)(12) — 7 (12) (n1)(n2)(12) (n1)(n2)(12)

where the definition of the Clifford algebra has been used on If { and 2I{ on the left hand
side. The scalar products can be expressed as the difference of propagators

(3.11)

2y -p1) =13 -3 =L3— L3 and 2(ly-ps) = L3 — L3, (3.12)

and 12 = L? + p? by (3.9). Finally, one obtains

(i1 (nll2]2] [12] Q@ o o(lls(1+2)n) (nll1]1] (nl1]2]
woen -ty 0T o B et 19
The one-loop current becomes
J§”(+++)=/ L (-n? L, )X<l3’3)~ o (3.14)
(2m)D (12) -~ (12) 3y L1313

Upon standard one-loop integration of this expression, one finds that only the part propor-
tional to p? survives. The pu? dependence can be related to an integral in D + 2 dimensions
via the identity [165]

D D+2r
/(dQF)LD(MQ)Tf(l’MQ) =—€e(l—¢)...(r—1—¢)(4nm)" / (;lﬂlj—l-é;f(l’“% (3.15)

where again [ and p? denote the four- and (—2¢)-dimensional components of L. Eventually,
the result is
i I(14+el(1—¢e)? [122 (n1)(n2)

(1) _
B = e R (7 B .

Next consider gravity. It was shown before that the color-kinematics duality is manifest in
self-dual gauge theory, so one can just apply the double copy by squaring the numerator (that
is, the integrand excluding the propagators) in equation (3.8). Again, one does not need to
consider bubble topologies, which vanish upon integration. The three-graviton all-plus one-
loop current is given by

(1) _ [ dPL @lh|1)(n|l]2] X (I5,3)\2 1
jg (+++) _/(QW)D< <771><772>377 ) L%L%L%’ (3.17)
which will become, using (3.13),
1 _ (APl L1 Q \2X(1,3)° 1
e [t a) T mmm W

Expanding out the integrand gives terms proportional to p?, 2, and p°. It can be shown
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casily that only the u* term survives after integration, i.e. the integral simplifies to

D 2 2
(1) d”L 4 [12]* X(I3,3) 1
— . . 1
Js (4 ) / emP" (12)2 32 121212 (3.19)

Rewriting this integral as a higher-dimensional integral using (3.15) gives

dPHL [12)2 X (I3, 3)? 1
Jgf”(+++)=(—6)(1—€)(4”)2/ (2m)D+ <[12]>2 (?f% ) LAL3L3

i (14 r2—e)? ([12]2 <n1><n2>>2_

(4m)2=¢ T(7-2¢)(—p3)~1+e \(12) 3,

(3.20)

Up to a factor of (pg)_1 and numerical coefficients, the gravity current turns out to be the
square of the Yang-Mills current (3.16). Note that it was not cared for possible different
internal helicity configurations in the example above since it was meant to sketch the general
procedure of how the double copy construction works. It will be commented on how to
properly take internal helicities into account in the next paragraph when also box topologies
are considered. Using the arguments to be presented below it will become clear that the
gauge theory current actually has to be multiplied by a factor of 2 and the gravity one by a
factor of 4.

Continue to compute the four-point all-plus one-loop gravity amplitude M, il) using the BCJ
double copy construction. To do so, first write the corresponding full color-dressed Yang-Mills
amplitude in BCJ form, which is pictorially given by

2 3 2 3

D

1 dPL b 5S N

Ag )(—|— +4+4)= / (27T)D I +(124:;)+(1:324)+§<(\/<1 YU 1(1324) + (1423) + (2314) + (2413) + (3412) (3.21)
Ty 1 7,

Here again bubble integrals have been ignored, as they will integrate to zero in the Yang-Mills
case and also after squaring. Note that one has to be aware of a subtlety here mentioned
before: there are two possible internal helicity configurations for the integrand of each topol-
ogy. This corresponds to the BCJ numerators corresponding to a sum of two terms that each
individually are dual, i.e. for the boxes one roughly has

nbo:c — box (nf + an)
D(lboa:) D(lboa:)

Box ~ f° (3.22)

where n, and n are the numerators for the two possible internal configurations. For the
triangles one has a relative minus sign because of Bose symmetry, i.e.

tri T T
Tri ~ tre _ tri (na - nb) 9
S~ By = Dl (3:23)

Consequently, in the double copy construction one has to square these numerators. But since
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they are related by

nP=nP nl'=_nl (3.24)

as can be easily shown using the properties of the three-vertices in the lightcone gauge, one
finds after squaring

(lbox) * D(Ztm)

This simply means that one can do the doubly copy construction considering only one internal

(ng)? | (ng)? ) (3.25)

boxes + triangles = 4(

helicity configuration and multiply the result by a factor of four. This is essentially equation
(3.6), i.e. this factor corresponds to the bosonic degrees of freedom running in the loop of
extended Einstein gravity. As discussed above they are the two graviton states, a dilaton,
and an antisymmetric two-form.

To continue the example, recall that the gauge theory numerators satisfy kinematic Jacobi
relations by construction. They can immediately be squared to obtain the corresponding
gravity integrand. Consider first the box terms of (3.21), for example the ordering 1234. This
part of the gravity amplitude is after squaring the gauge theory numerators given by

2;Ll' - 'i\‘3+ D
Box(1234) = 1} f = / (ZW)I;)
11\} - _LL%“

((nlllll] (nt2]2] (nlis|3] <77\l4\4]>2, 1

<771> <772> <773> <7]4> L%L%L:%Li ) (3'26)

with L? = L2, L3 = (L — p2)?, L3 = (L — pa — p3)?, and L3 = (L + p;)?. Similarly to (3.13),
one can rewrite the terms of the integrand as

(L1 mlll2] o [2] Q@ 5 oWl +2)n)  omlhll] o mlh|2]

o) e Tay T e T e TRy

lla3)nltal4] _ 5184 | Q@ . 5 omllB+ D) o llsld] o (nlla3]

P ey T OT M ey T sy T
(3.27)

so that the integral becomes
[ dPL [12] Q \2 34] Q \2 1

Box(1234)_/(27r) ( /ﬂer@) (—u2<34>+<34>) P (3.28)

Focus on the p8-part of this expression. It will now be shown that this piece yields the gravity
result. The p8-part is given by

dPL g [12]%[34) 1 _ [12]%[34] 71234

Box(1234)], = / @mP! 12)2(34)2 " T2L2I212 T (12)2(34)2 Daci”] (3:29)

where 11231 5 [1%] = (—€)(1—€)(2—€)(3—¢)(4m)* 131, ,.[1] is a scalar integral in D = 12—2¢

dimensions [165]. Similar computations can be done for the other two box configurations, and
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one finds

_ [12]7[34]
Bo><;|us—< 12)2(34)2

which is the one-loop four-point all-plus gravity amplitude as computed by Bern et al [162] up

(11234 i ]+11243 i ] _,1324 [MSD’ (3.30)

to a factor of four. However, the factor of four follows from the discussion at the beginning of
this section (3.25) so that the u® piece does actually give the correct all-plus gravity amplitude
for NV = 0 supergravity.

In order to check that this computation gives the correct result, it must be verified that
the pf, u*, 42, and p® terms of the box integral (3.28) and the triangle integrals cancel in the
sum, i.e

Box| 6 + Box|,s + Box|,2 + Box] 0 + Triangles = 0 (3.31)

The box terms can be extracted from (3.28). The triangle diagram contributions are obtained
by putting together a (4 + —)—tree-level gravity current, i.e. the square of a one-leg off-shell
(++ —)—vertex from figure 2.4, and the one-loop all-plus current (3.20). After a bit of algebra,
one finds

3

o~
. 7 R i 2M(1+T(2—¢)? (n|34]m)*
Tri(1234) = :ELM' = e T =20 () (122307 [ 2. )

~

~

1\
1.

The other triangle configurations are obtained by permutation of the external legs. Finally,

after evaluating all these integrals, we checked numerically (up to and including O(e?) in
dimensional regularization) that the terms in (3.31) indeed add up to zero.

In summary, we have calculated the one-loop (+ 4+ ++) N = 0 supergravity amplitude
M il) using the BCJ double copy construction, and reproduced the well-known expression

[12]2[34)*

M( ) =4B =4
(++++4) =4 Box|,s = (12)2(34)2

<11234 i ]+11243 i ]+Il324 [MS])-

(3.33)

3.2.2. One-loop one-minus amplitude

As another interesting example of numerators satisfying the color-kinematics duality, the one-
minus one-loop gravity three-current and four-point amplitude will be calculated. To do so,
one can reuse most parts of the machinery from the previous computation. To make the
color-kinematics duality manifest, the gauge choice introduced earlier will be implemented

n) = 1), (3.34)

where particle 1 has negative helicity particle. This choice eliminates four-point vertices and
forces particle 1 to couple to a (— — +)—vertex.

We begin with the (— + +)—one-loop current as it is a building block for the one-minus
four-point amplitude (see figure 3.2). Using the rules of figure 2.4, including the polarization
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Figure 3.2.: The one-loop (— 4 +) current of Yang-Mills theory. Leg 3 is off-shell.

factors for the on-shell particles 1 and 2, and taking into account the choice for |), one arrives

W [P DALy
A0 = [ e (e, ) T (339)

The numerator depends on the loop momenta through

at

[l 1) (1Ea]2] X (I3, 3) = 4C1uCan G0 11515 = 4(12)CrpCanCao 1Y, (3.36)

where (1 = [1)[n] = n, (2 = [1)[2] and {3 = |1)((1|3) = (12)¢2. The tensorial structures
appearing after the integration of {1Vl over the propagators can only be of six types: g"’py,
g3, pvipy, v ps, prsps and pipipg (recall that p3 = —p; — p2). Now, the vectors ¢
are null and mutually orthogonal. Moreover, (; - p1 = 0 and (s - po = 0. Therefore, there is no
other possibility than

JP(—++)=0. (3.37)

So this current does not play a role in gauge theory amplitudes.
Similarly, for the corresponding gravity current obtained through the double copy formula,
one finds
JV 44 =0 (3.39)

Now the stage is set to compute the four-point one-minus one-loop gravity amplitude M il).
Again, first write the one-minus one-loop Yang-Mills amplitude in a BCJ form which is
pictorially given by the same expansion as in the all-plus case (3.21), except for diagrams where
particle 17 is attached to the corner of a triangle. We checked above that the latter diagrams
vanish after integration. Additionally, bubbles integrate to zero by the same argument as in
(3.7), i.e. they will be ignored as before. The gravity box diagram is given by squaring the
corresponding gauge theory numerators, namely

d’L <[77|l1|1> (1]i2]2] (1]15)3] <1|z4r41>2 ! (3.39)

Box(—++4) = oD\ ] (1) (13) (4) ) IIL3IELE

The first two factors can be rewritten using [n|l1|1) = 2y - and l2|2] = [1|2], whereas the last
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two can be rewritten as in the all-plus case, using (3.13). One finds

o dPL ({2 ) g 0\ 1
Box(—++4)= [ G (( T2 )("“‘2<34>+<34>>) ‘mpnn Y

with Q defined in (3.27). Note that the highest power in u? appearing for this helicity
configuration is two, in contrast to four in the all-plus case.

The triangle diagrams contributing can be constructed from (3.20) by multiplying it with
the appropriate gravity tree-level (— — +)—current, i.e. the square of the one-leg off-shell
(— — +)-—vertex in figure 2.4. One finds

. o i (14 gP(2 - e)? (1]34]1)*[2n)?
T = T = e D20 (o) GUR2PR A

1
4+

\

(3.41)
Adding up the contributions from boxes and triangles, evaluating the integrals numerically,
and finally taking into account (3.25) we find nice agreement with the literature result [163]

M (=4 ) = 4<Zt>2([12] <2[§>4<]34>[41]>2(8 S50 ) (3.42)

in the limit € — 0. In other words, we have also constructed the (— + ++) one-loop N’ =0
gravity amplitude using the double copy formula.
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4. Color-kinematics duality as a linear map

In this chapter color-kinematics duality will be rephrased as a problem involving linear maps:
the key observation will be that the duality can be written as a (singular) system of linear
equations which can be inverted using generalized inverses to obtain the kinematic numerators
as functions of color-ordered amplitudes. Using this approach we will then first re-derive
the BCFW shift of gravity tree amplitudes using color-kinematics duality and extend the
analysis to the level of the gravity integrand. Moreover, it will be argued how the precise
implementation of the duality influences the UV degree of divergence in supergravity loop
computations which make use of the duality.

4.1. BCFW shifts of gravity tree amplitudes from gauge theory

Before the technicalities of rephrasing color-kinematics duality as a linear map will be ex-
plained in detail, let us illustrate this approach by an example. Consider again the four-points
example encountered in section 2.2. The Yang-Mills four-point tree amplitude in the cubic
BCJ representation can be written as the sum over the cubic s, ¢, and u channel graph (see
also figure 2.3), i.e.

_ MsCs M | MyCy

Ag==24—+ = (4.1)

where s, t, and u are the usual Mandelstam variables at four points and ¢; the color factors
given by
cs = fa1a2bfba3a4 e = fazagbfba4a1 Cy = fa1a3bfba4a2. (4'2)

The n; denote the corresponding kinematic numerators. Both, color factors and kinematic
numerators satisfy the same Jacobi relation, i.e.

Cu=C¢Cs—c and mny,=ns— ng. (4.3)

Alternatively, the four-point amplitude can be written in terms of the D3 M basis (2.9) singling
out legs 1 and 4
Ay = csA(1234) + ¢, A(1324). (4.4)

A denotes color-ordered amplitudes. As these two representations are two equivalent ways of
writing the same object it holds

NgCg + n;ct + Ny Cy — e A(1234) +CUA(1324) (45)
S u

The right hand side does not depend on ¢, n; whereas the left does. This dependence can be
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eliminated applying the color and kinematic Jacobi relations on n; and ¢;. One arrives at

c5<E 4 ”“) n cu(@ s "“) — ¢, A(1234) + ¢, A(1324). (4.6)
S t U t
This can be written compactly as a matrix equation

Ciﬂjnj = CiAi = F%jﬂj = Az (47)

1.1 _1 ne
P (0 R) = () - () 1)

F' is a symmetric matrix. Its determinant vanishes

with

t
Det(F) = % —0, (4.9)

i.e. it is a singular matrix. Hence to invert the system (4.7) the concept of generalized inverses
of section 2.4 has to be used. Recall that the (non-unique) generalized inverse F't of a singular
matrix — in this case of F' — is defined by

FFTF=F.

One particularly simple representation of F'* is given by

0 0
Ft= (0 t(m)) . (4.10)

As was explained before, for a solution to the linear problem in equation (4.7) to exist the
color-ordered amplitudes have to satisfy

FFtA=A (4.11)

or written more explicitly

L(A(1234) — A(1324)%) + A(1324)% | [ A(1234) )
A(1324) + %(A(1234) - A(1324)g) A(1324) )7 '
Thus this consistency condition is satisfied if
A(1234) — A(1324)2 = 0 (4.13)
S

holds which is nothing but the BCJ relation (2.15) at four points. In other words, in this
four-point example the BCJ relations are a necessary and sufficient condition that kinematic
numerators satisfying the Jacobi relation exist. The most general solution to equation (4.7)
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is then given according to (2.63) by
ni = Ff A + (1 - F*F)ju’. (4.14)
Inserting (4.8) and (4.10) the color-dual numerator basis is expressed as
N, 0 0 A(1234) 1 0\ [(w
= 4.15
( n ) (0 “?”) (A(1324)> * <— 0) <w2 (4.15)

with some vector @ = (wj,ws). An explicit expression for n; then readily follows from

EIS

(4.3). The second term in the above matrix equation involving the vector @ spans the kernel
of F. Physically speaking, the kernel of F' is the space of (color-dual) generalized gauge
transformations. This can be easily seen upon rephrasing the generalized gauge condition
(2.24) using the solution to the color and kinematic Jacobi identities of this example.

The behavior of the color-dual kinematic numerators under BCEW shifts (2.43) can now
be investigated in the four particle case. Since particles 1 and 4 are kept fixed in the D3M
basis it is natural to shift these, i.e. an adjacent shift will be considered. Under this shift the
matrix entries of F' in (4.8) scale as 2° + O(1/z). The generalized inverse F* scales as

0 0 0 0
lim FT ~ ~ 20 o1 4.16
o 8 (0 t+0(1/z)> “ (o 1>+ (1/2) (4.16)
while

lim (1— FTF) @ ~ 2° (1 0) (“’1) +0(1/z). (4.17)
w2

2—00 1 0

Thus the large-z scaling of the numerators is given by

lim n; = lim (F+(z) A(z) + k:er(F)(z)) ~ lim A;(z) + O(L(Z)) + kernel.  (4.18)
Z2—00 Z—00 i Z—00 z

The contribution from the kernel vanishes in (4.7) and so does not contribute to the gravity

amplitude in the double copy construction. As a consequence the numerators of the four-

point Yang-Mills amplitude scale like color-ordered amplitudes adjacently shifted up to gauge

transformations encoded in the kernel. The scaling of these objects was considered in the

review section in equation (2.48) and so the scaling of the kinematic numerators is given by

lim n; ~ E(i)us(zl)y(zn‘”j fi(1/2) + ZOB;W) +0O(1/2) (4.19)

Z—00

where ¢ are the gluon polarization vectors, f;(1/z) is a function in 1/z and B!" is an antisym-
metric matrix. By the double copy formula in equation (2.26) this behavior of the numerators
up to generalized gauge transformations can be squared to give the shift of the corresponding
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gravity amplitude in N'= 0 SUGRA,

lim My ~ €(i)ué(i)55(4)ué(4)>\

Z—00

(zn’“’f(l/z) + 2B + O(l/z)) <zn“)‘f(1/z) + 9B 4 (’)(l/z)) (4.20)

Already here one can see the four-point gravity tree amplitude simply scales as two copies
of Yang-Mills amplitudes under a BCFW shift. This reproduces the result by Arkani-Hamed
and Kaplan (2.57) at four points. In the following sections the reasoning will be extended to
all multiplicity at tree level and then to the level of the integrand.

4.1.1. Rephrasing color-kinematics duality as linear algebra

As was seen in the previous section the first step in rewriting color-kinematics duality as a
linear map is to express all color factors and kinematic numerators in a minimal basis. The
basis for the color factors ¢/ will be denoted &. It is known at tree level that there are
(2n — 5)!! distinct color factors with a minimal basis given in terms of (n — 2)! elements. In
other words any color factor of a tree level trivalent connected graph can be expressed as a
linear combination of the basis elements, i.e. a rectangular matrix W;; exists for which

ci=Wi&@  j=1,....(n—-2) i=1,...,(2n—5). (4.21)

At tree level, the D3M basis (2.9) is as an example of such a basis. As the kinematic
numerators are assumed to be color-dual the same arguments hold, i.e. the same rectangular
matrix Wj;; exists which can be used to express the numerators in terms of a minimal basis

ng =Wyl j=1,....,(n—=2)! i=1,...,(2n—5)IL. (4.22)

This can now be inserted into the BCJ representation (2.16) of the amplitude for both color
as well as kinematic part and leads to

A= gy (30 e 12
gk r; ‘

which can be written in the more compact form

A = gp? Y i Pyt (4.24)
.k
after having defined the symmetric (n — 2)! x (n — 2)! matrix F' by

W;iWik
Fjp = sti . (4.25)

T, L
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Moreover, the full amplitude can be expressed directly in the color basis by Del Duca, Dixon,
and Maltoni,

An = gp2 Y An . (4.26)
J

Hence, if color-dual numerators exist then by equating the two equivalent ways to write the
amplitude one finds that
Fypitf = A (4.27)

must hold for a symmetric matrix F. This is the all-multiplicity generalization of the four-
point example (4.7). Note this equation (but not the inverse discussed below) also appears in
[133, 166]. Further note that if F' were invertible it would be proven numerators always exist
and that they are unique. In general the matrix F' will be singular and we strongly suspect
(but lack an all-multiplicity proof) that the kernel of F' generates the BCJ relations. This was
already conjectured in various ways in [133, 166]. Moreover, the BCJ relations are nothing
but the necessary and sufficient condition for a color-dual representation of the amplitude
to exist at tree level. These two statements can be seen as follows: consider the linear map
(4.27) above. Acting on both sides of this equation with an element from the kernel of F' will
generate a relation for the vector of color-ordered amplitudes. As was explained, the right
side of the linear map can explicitly be expressed in terms of color-ordered amplitudes with
two particles adjacently ordered (i.e. the D3M basis) but it is known that the most general
relations for these amplitudes are just the BCJ relations. Vice versa, all BCJ relations are in
the kernel of F', i.e. the dimension of the kernel is at least (n —2)! — (n — 3)! and the rank of
F maximal (n — 3)! assuming color-kinematics duality holds. This was checked by us up to
six points.

As was just explained the consistency condition for the matrix equation (4.27) to be solve-
able in terms of a generalized inverse F'* is given by the BCJ relations. Similarly to the
four-point case, this is for n points written as

FFtA, = A,. (4.28)

Put differently, these conditions are equivalent to the existence of sets of color-dual numerators
at tree level. Examples of color-dual sets of numerators are known in the literature, as
explained in chapter 2, so this consistency condition must hold. Thus the system (4.27) can
be inverted and solved in the generalized sense with the solution given by

n=FTA,+(1—F"F). (4.29)

v is an arbitrary (n — 2)!-dimensional vector. This solution can be inserted into the double
copy construction (2.26). Taking into account (2.65) the most general form for the gravity
amplitude in this approach is then given by

I

M, = (E)N_Q W)TF

5 = (ﬁ)"_Q (A)" (Ft+(1-F'F)Y+W (1 —-FF")) A, (4.30)

2

Since the amplitudes satisfy the consistency condition this expression can be written more
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concisely as
K

M, = (§>"_2 (AT (F1) A, (4.31)

It is very interesting to note that one particular example of a matrix F™ can be found from
comparing the last equation to the novel realization of the KLT relation in [167]. This also
provides an interesting link of the linear map approach to sting theory via the so-called
momentum kernel of [126].

The previous analysis shows that the matrix F' and its generalized inverse ' encode most
features of color-kinematics duality and do not depend on the specifics of gauge or gravity
theories. In fact F' and its generalized inverse arise in any theory built out trivalent vertices
with two Jacobi-satisfying structure constants. Examples of such theories have for instance
been studied in [59, 130] in great detail. A particular class of these theories are scalar field
theories that consist of a single massless scalar and only one trivalent vertex which is made
out of two structure constants satisfying the Jacobi relations. This means that its amplitudes
are given in a cubic form (2.16) with color-dual numerators by construction. In the following
we will call such field theories ‘trivalent scalar theories’.

4.1.2. BCFW shifts of gravity amplitudes constructed by double copy

After having explained how to rephrase color-kinematics duality as a linear map for any
number of external legs at tree level, this can now be used to investigate the BCFW shift
behavior of n-point gravity tree amplitudes. In the following the D3M basis will be used to
fix legs 1 and n, i.e.

Z n;C; _ Z éaA(l’ 0'(2), e o'(n — 1),n) = Z éZAz (4.32)

s
r, °° oEP,_ i

where T'; runs over all cubic graphs and P,,_s denotes all permutations of (2,...,n — 1). As
demonstrated above, this reduces to the linear map

Fynd = A; (4.33)

after having solved the color and kinematical Jacobi relations. It can be inverted in terms of
the generalized inverse F'* because the consistency condition is met.

As before the particles fixed in the D3M basis will be subjected to a BCFW shift to obtain
the large-z scaling of the kinematic numerators. As particles 1 and n are adjacent this is an
adjacent shift. F scales as ~ (z°) under such a BCFW shift as will be seen below. However,
this does not automatically suggest a similar scaling of F'". As a counterexample consider
the following situation with ¢ — 0,

A 10 At 1
0 € 0

Here, the generalized inverse A" diverges when e vanishes.

(4.34)

A= O
N—
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In the following the BCFW scaling of F'T, the generalized inverse of F, will be obtained
by expressing the Yang-Mills amplitudes through a basis of non-trivial eigenvectors of F.
To do so, recall that one can construct trivalent scalar theories which satisfy the consistency
conditions on the amplitudes (4.28), i.e. these scalar theories span the non-trivial eigenvectors
of F'. The dimension of the space of these eigenvectors is (n —3)!. Hence for a sufficiently rich
choice of scalar field theories any solution to (4.28) can be expanded through these special
trivalent scalar theories. (up to generalized gauge transformations). In this way gauge theory
numerators can be expanded as

(n—3)! B

My i = Z ag (). (4.35)

K

Here ny,, are the kinematic Yang-Mills numerators, T“Lf( the kinematic numerators of the K"
trivalent scalar theory, and aj; expansion coefficients. Equation (4.35) was first obtained in
[130]. Obviously, the numerators on the right hand side must not be in the kernel of F, i.e.

Fyith® £ 0 (4.36)

and be linearly independent. Similarly, it was observed in the same paper that color-ordered
Yang-Mills tree amplitudes can be expressed via trivalent scalar theory amplitudes

(n—3)! ~
Ajym = Z O‘f((@gf‘() (4.37)

K

where ©F is the K trivalent scalar field theory amplitude in the choice of trivalent scalar
field theories. The action of F' on the Yang-Mills numerators is then given by

(n—3)! ~
Ajym = Fyindy, = Z ag(0F). (4.38)

K

Moreover, as the trivalent scalar field theories are designed to be color-dual it holds
al = Ftel + (1— FrF)k. (4.39)

In the class of trivalent scalar theories, it can now be shown that FT scales as ~ 2, up to a
transformation in the kernel of F'. In other words the large-z scaling of F' and F'* is given by

lim F = 2"+ 0(1/2)
Fee (4.40)
lim F™ =2+ 0(1/2) up to terms from ker(F).

Z—00

This can be easily shown using the D3M basis at tree level. As explained particles 1,n are
singled out in this basis and are BCFW-shifted. Scalar field theory amplitudes in this basis
scale as 2¥ for this shift as can be easily seen considering Feynman diagrams. Numerators in
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the trivalent scalar theories manifestly scale as 2°, up to generalized gauge transformation.
Consequently by (4.39), F* has to scale as 2°.

Equation (4.38) makes it obvious that the essential information about the large-z scaling
behavior is captured by the coefficient . As the scalar field theories manifestly scale as z°
the scaling of the coefficients « follows immediately from the BCFW shift of color-adjacent

gluons shown in equation (2.48) as

lim ag ~ &(1),e(R), (zn“”ff((l/z) + zOBI“—{”) +0(1/2). (4.41)
Z—00

Plugging this into (4.35) gives the large-z scaling of kinematic color-dual gauge theory tree
numerators at arbitrary multiplicity as (neglecting the subscript)

lim i~ lim e(1)2(8), (20 f(1/2) + 2°B") + O(1/2) + kernel (4.42)
Z—00 Z—00 1

up to generalized gauge transformations. In writing the result (4.42) the fact was used that

all kinematic Yang-Mills numerators n; can be expressed as linear combinations of the basis

numerators 71; involving only numbers. Strictly speaking this is an upper bound on the scaling:

it could scale better. The result of equation (4.42) is sufficient to obtain the large-z behavior

of the gravity tree amplitude through the double copy construction (2.26).

It follows immediately from the numerators or equivalently from equation (4.30) that the
(extended) Einstein gravity tree level amplitude at arbitrary multiplicity scales as two copies
of Yang-Mills tree amplitudes, i.e. like ~ 1/2? (compare (2.57)). While the result itself was
obtained through the background field method already in [150], we explicitly proved here that
color-kinematics duality is the mechanism behind the large suppression in z scaling compared
to the naive powercounting result ~ 2" ~2.

Inclusion of renormalizable matter

Up to now only gluonic matter has been considered. If one includes fermionic and / or scalar
matter in the adjoint representation the same results will be found. To see this note that
the only place where the field content played a role in the arguments was the shift of the
tree-level Yang-Mills amplitudes in the D3M basis. However, as generic fermionic and scalar
matter in the adjoint will obey the same group theoretical structure as the gluons, the D3M
basis also exists for these particles. This and the associated KK relations are explained in
detail in [168]. Futhermore, as was explained in chapter 2, the large-z behavior of amplitudes
for shifts of adjacent gluons at tree level is given by equation (2.48) also when the gluons
couple to scalar and fermionic matter in the adjoint [151]. Thus the entire argument of the
previous sections can be repeated when fermions/scalars in the adjoint are included under the
assumption that color-kinematics holds. The gravity amplitudes constructed by the double
copy construction then simply scale as a double copy of the gauge theory components. In
other words they also scale like (2.57).
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4.1.3. Improved shift behavior as a consequence of color-kinematics

It was reviewed in chapter 2 that improved BCFW scaling implies additional relations for
color-ordered amplitudes. As we have just seen gravity in fact displays a much improved
scaling behavior with respect to naive expectations and as was mentioned before this improved
scaling has been used in [149] to derive bonus relations. Naturally, this raises the question
if one can find further scaling improvement in Yang-Mills theories beyond the known 1/z
scaling. Indeed, one can find it and the key in doing so lies in color-kinematics duality
and the observation that gravity is an unordered theory in contrast to color-ordered Yang-
Mills. The results below have also been proven differently based on direct Feynman graph
computations to some extent in [58] and more generally using the BCJ relations in [169, 170].
In the introduction we have already seen how color-ordered amplitudes scale under adjacent
BCFW shifts. Let us first find, based on color-kinematics duality, how these amplitudes scale
under a non-adjacent shift, i.e. a shift were the two shifted particles are not adjacent on
the color trace. To answer this question consider the BCJ representation of a color-ordered
Yang-Mills amplitude
A2, ) =3 (4.43)
— Si
r;
with the sum running over all cubic color-ordered graphs. In a non-adjacent shift the two
shifted legs will never meet on a cubic vertex so that there will always be at least one hard
propagator connecting the vertices to which the shifted particles are attached. As the numer-
ators can be expressed via (4.42) which scales homogeneously in z, a non-adjacent shift gives
thus immediately one power of suppression in z with respect to the adjacent one. One finds
for the non-adjacent shift of a color-ordered amplitude

lim A(1, sy ] ey ) 6(%)M5(j

Z2—00

)V(Z%W F(1/2) + %B‘“’) +O(1/22). (4.44)

In fact, as will be seen in chapter 5 explicitly also the Yang-Mills integrand scales like this
for a non-adjacent shift. This mirrors the results for adjacent shifts where it is known that
the Yang-Mills integrand scales like the tree amplitude under an adjacent shift. This was
explained earlier in chapter 2.

Permutation sums

To generalize the above result on improved shift behavior focus first on permutation sums.
Consider again the BCJ representation of a color-ordered Yang-Mills amplitude

AL2,on) =3 1

8
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BCFW-shift now any two particles, say ¢ and j, and study the permutation sum of all particles
in between, i.e.

S A2 g )~ Y Z% (4.45)

P{i+1,....5—1} P{it+1,..,j—1} T,

Each of the diagrams on the right hand side will have a unique hard line, i.e. a unique path
along which the z-dependence flows. The lines attaching to the hard line will be one-leg
off-shell currents J#(m) with m on-shell legs. However, as can be shown permutation sums
of these currents vanish

> JMe(), .., 0(k) =0 (4.46)

ceP{1,...,k}

the only way they can contribute is when they only contain one leg, i.e. when the permuted
particles connect to the hard line directly. Each additional particle will give a 1/z suppression
due to the hard propagator. With the large-z numerator scaling found in the previous section
(4.42) one finds

im0 A(1,2,...,§,...,5,...,n)NZ—ie“(%)e”(g)(znm,f(l/z)+ZOBW+(’)(1/z)>

Z— 00
P{it1,...,5—1}

(4.47)
with £k = j — ¢ — 1. If the shifted particles are adjacent one has to impose &k — k — 1 as
there is one hard propagator less. For one permuted particle, i.e. a non-adjacent shift, one
immediately recovers (4.44).

Cyclic sums

A second mechanism to find improved BCFW scaling behavior is cyclic sums. The key
observation here is that n-gluon currents obey a so-called sub-cyclic identity

Y JMo)=0. (4.48)

062{17"'777‘}

The sum ranges over all cyclic permutations of the n on-shell gluons on the current. This
again implies improvements in the large-z scaling for the color-ordered amplitude. As before
consider the color-ordered version of a BCJ representation and BCFW shift any two particles
7 and j. Then the cyclic sum over the particles in between the shifted legs will give

. 2 A 1 N v 0
Zli)rgoz{i+§j_l} A(L,2) 000y Jyeyn) ~ ;6”(2)6 (7) (znu,,f(l/z) + 2 By, + O(l/z)).
(4.49)
with k = 2 for non-adjacent shifts and & = 1 for adjacent shifts. This can again be easily
seen: consider first an adjacent shift. In terms of diagrams the leading one will have a cubic
vertex with the two shifted legs directly attached to it. The unshifted leg on this vertex will
contract into a current involving all the other particles; but as was just explained above a

cyclic sum on such a current will vanish so that this diagram will not contribute and the
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Figure 4.1.: Leading diagram for the non-adjacent shift for an n point tree amplitude. The
hats denote the shifted legs and the circles denote gluon currents.

actual scaling is one power suppressed in z. A similar reasoning holds for the non-adjacent
shift. The leading diagram has one hard line and currents contracted into the unshifted legs.
It is depicted in figure 4.1. A cyclic sum on the particles in between the shifted legs, i.e. on
one of the currents, will lead to a vanishing of the diagram by the subcyclic identity. In other
words also here one finds one power in z suppression.

4.1.4. One-loop Yang-Mills relations as a consequence of color-kinematics

It will now be very briefly mentioned that the improved large-z scaling behavior of Yang-Mills
amplitudes at tree level under cyclic and permutation sums found in the previous section
implies certain so-called photon-decoupling relations for scalar basis coefficients at the one-
loop level for all-gluon amplitudes. For more details, see our paper [58]. At one loop the
(color-ordered) Yang-Mills amplitude can be expressed in terms of a scalar integral basis
consisting of box, triangle, and bubble integrals and rational terms, i.e.

Alloor — Z ay(Boxes) + a;(Triangles) + ap,(Bubbles) + Rational (4.50)

where the sum runs over all fixed cyclic orderings of the external legs and the a, denote the
corresponding scalar basis coefficients. Photon decoupling relations can be found for bubble
and triangle coefficients as well as the rational terms. They are called such because they arise
in planar loop amplitudes when exchanging gluons for photons, i.e. setting some of the color
matrices 7% — 1. Explicitly, the photon decoupling relations for the bubble and triangle
coefficients are given by

Bubble/
Triangle Z Al7leor(g) | =0 (4.51)
Coefficients | ce POP{asUB}

with the sum going over partially ordered products (POP) of a5 and 3, i.e. all unions of those
two sets keeping the order of 8 fixed. a5 just means that one picks five external gluons from
the set of all external gluons and replaces them by ‘photons’ (i.e. sets their color factors to
unity). [ then denotes the remaining gluons.
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For the rational terms the decoupling relation reads

Rational Z Al7leor(g) | =0, (4.52)
c€POP{a3UB}

The sum is over again partially ordered products but this time the set a contains only three
external gluons. The relations can be crosschecked nicely numerically [171].

While all of the above decoupling relations are independent of the helicities of the involved
gluons, the relations (4.52) had first been found for a specific choice of helicity [123, 124].
For a detailed proof of the above relations, the reader is again referred to our paper [58].
The key point in proving them, however, is that scalar basis coefficients can be expressed via
generalized unitarity as certain products of Yang-Mills tree amplitudes expanded in a certain
large momentum limit. Following this idea, the results from the previous section at tree level
for improved large BCFW shifts can be used to show that the relations are indeed true. As
the improved large-z scaling at tree level is nothing but a consequence of color-kinematics
duality, in fact also these one-loop results can by extension be regarded as arising due the
duality.

Note further that also certain rational all-plus and one-minus one-loop relations first found
in [123] can be proven along the same lines. The interested reader is once more referred to
[58] for explicit details of the large-momentum-shift based proof. In addition, these relations
can be directly seen as a consequence of color-kinematics duality at one-loop. In this way the
all-plus relations have been verified explicitly based on color-kinematics duality in our paper
[101].

4.2. BCFW shifts of gravity integrands from gauge theory

In this section the results on BCFW scaling of Einstein gravity tree amplitudes obtained
through color-kinematics duality will be extended to the integrand level. It will be argued
that basically all the steps of the tree-level derivation can be repeated up to several subtleties
and assumptions that will be made precise below. The assumptions that will be needed in
the following are:

(i) Color-dual numerators exist on the integrand level and any consistency conditions on
the Yang-Mills integrands are fulfilled.

(ii) Generalized gauge transformations do not influence the double copy relations.

(iii) Trivalent scalar theories span the set of integrands which satisfy the consistency condi-
tions.

(iv) In the chosen color-basis coefficients of the integrand for trivalent scalar theories scale
the same or worse (higher powers in z) compared to the corresponding coefficient for
the Yang-Mills integrand.
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4.2.1. BCFW shifts of kinematic numerators using generalized inverses

As was explained in the review chapter at the beginning of this thesis, the integrand of a
[-loop n-point Yang Mills amplitude can be written using cubic graphs only through equation
(2.27)

l
1 n;c
l—loop __ n—2+42l Dy 1Cp
Ao = gzt [T[avr, Y Lo
j=1 T, i i

The color-factors ¢; obey a set of Jacobi relations and it will be assumed that a set of color-
dual kinematic numerators n; can be found. Just as in the tree level case, the Jacobi relations
can be solved and so a minimal basis for the color factors and numerators denoted by ¢, nn of
dimension h can be constructed. At one loop an explicit realization of such a basis is known:
the basis used by D3M in equation (2.12) with h = (n—1)!/2. The cubic representation above
can be rewritten upon insertion of the basis color factors and numerators (again following the

tree level example closely and neglecting all coupling constants in the following) as

I l
1 nucs
Aln—loop N /HdDLj Z gnécz ~ ék/HdDLijmﬁm (4.53)
paiey T, Qi Si

Jj=1

where k and m run from 1 to h and F' is a matrix whose entries are sums over products of
scalar propagators and symmetry factors. It can be easily seen that F' is not unique as it
depends column by column on the definition of loop momentum and this need to be taken
into account carefully when summing up the scalar propagators.

The full I-loop amplitude can also be expressed in a higher-loop generalization of the D3M
basis directly, i.e. in a [-loop minimal-color basis symbolically given by

l
Altoor = ¢ / [[e°L; ™. (4.54)
j=1

Note again that a precise formulation of such a basis is not yet known beyond one loop;
however, its existence is likely and various results indicate that it can be constructed from a
subset of color-ordered integrands only [116-118].

In contrast to tree level one cannot extract the equation

IJYM = Fjn™ (does not hold) (4.55)

at the level of the integrand by equating (4.53) and (4.54). The point here is to note that
one can always add terms to the loop integral that integrate to zero. In other words: the
numerators live in the space of vectors of functions of external and loop momenta,

f1(pi, L)
n~ | fapi, Li) (4.56)
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while the integrands live in the space of vectors of functions of external and loop momenta,
identified up to terms which integrate to zero. That is,

fj1(pz', L;)

where two functions f and § are equivalent, f ~ g, if

l l
/HdDLjfz /HdDng (4.58)
=1 j=1

holds. Therefore the space of integrands is smaller than the space of numerators. As a linear
map the matrix F' therefore can have a non-trivial kernel.

To keep the possible ambiguity as little as possible the routing of the loop momenta for
numerators and the integrand will be taken to be identical. For a BCFW shift this means
that the hard line will be chosen such that it is the path minimizing the distance between the
shifted legs. In general the equation to solve (using the notation of section 2.4) is

Fjt™ ~ IY'M (4.59)
or equivalently in the space on which the numerators live
ijmﬁm — IJYM + ijam'sh (460)

with Ive"s" integrating to zero. For a solution to equation (4.59) to exist there could be
consistency conditions if there are left null eigenvectors of F'n. Note that ‘null’ in this sentence
is up to terms which vanish after integration. At one loop we strongly suspect the relation
we found in [57] is the full set of consistency conditions for local numerators. Explicitly, this
one-loop relation is given (up to terms integrating to zero) by

n—1 i—1

> ke (L 1+ ij>1(1, i —1,0y4, e —1) ~ 0 (4.61)

i=1 j=1

where I(1,...) is the color-ordered one-loop integrand and L the loop momentum defined such
that the propagator after particle n — 1 is 1/(L + k,_1)? (momenta taken incoming). The
above relation is the one-loop integrand generalization of the tree-level BCJ relations. Having
the foregoing discussion of large-z shifts in mind, this relation is in fact due to the improved
scaling of gauge theory integrands under non-adjacent BCFW shifts. It was argued in [57, 58]
that similar relations might exist at higher loops. Also here the argument was given on the
basis of the improved behavior of Yang-Mills integrands under non-adjacent BCFW shifts to
all loop orders (see chapter 5).

Assuming that color-dual numerators exist is equivalent to assuming that all consistency
condition on the linear map are satisfied as was seen already at tree level in equation (4.28).
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So if this is true the numerators at loop level can be obtained by means of (2.71) as
i = FT(IYM 4 [vanishy 4 kerF. (4.62)

At tree level the kernel of F' gave rise to generalized gauge transformations. It was argued
that these do not affect the squaring relation. However, at the integrand level the same is
not necessarily true anymore as discussed above in section 2.2. As was also discussed in
that section this is a problem inherent to the color-kinematics duality. We will assume in
the following that this issue will not have an impact on the outcome of the double copy
construction for the integrand in the following analysis.

Further assume that the non-trivial eigenvectors of F' are spanned by the previously in-
troduced trivalent scalar theories. Put differently, the space of solutions to the consistency
conditions at loop level is spanned by this class of theories. At one loop it is certainly true
that trivalent scalar theories as well as Yang-Mills theories satisfy the relation (4.61). Thus
the assumption states that the left-side kernel of the map F'

left ker F' = {m;|m;F"/n; = 0} (4.63)

is the same set for numerators from the trivalent scalar theories as well as Yang-Mills theory.
Further evidence for this assumption can also be provided by estimates on the dimension of
the kernel in both cases in the large-z limit: this is basically the observation that the number
of independent integrands at n points under BCJ-like relations (4.61) is equal to the number
of independent integrands under KK relations for n — 1 particles. This number is the same
for trivalent scalar theories and Yang-Mills theory.

With this assumption the scaling of the generalized inverse F'™ up to gauge transformations
can be obtained similarly to the tree level by writing the Yang-Mills numerators in a scalar

numerator basis

= agilt (4.64)
K

where the trivalent scalar theory numerators YVLZK should not be in the kernel of F, i.e.

Fyinks £ 0. (4.65)

Also the numerators are taken to be linearly independent. Unbarred indices run from 1 to
h with h the number of color-ordered integrands independent under loop-level KK relations.
Barred indices range from 1 to the number of independent color-ordered integrands under the
consistency conditions, i.e. the integrand level analogs of the tree level BCJ relations. In this
way the Yang-Mills integrand can be expanded as

(1 +1shy, =N "o 50/ (4.66)
J

©/ is the integrand of the Jth trivalent scalar field theory. As before, the action of any

(]
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generalized inverse F'™ on @Z-j can be inferred as
#" = FTeFK 4 kerF. (4.67)

Here the left hand side scales as 2% up to a generalized gauge transformation under a BCFW
shift. In general the right hand side can be more complicated. Consider one loop: in the
D3M basis a shift of two legs will be either adjacent or non-adjacent since only one leg is
kept fixed. F will still scale like ~ (z°) in this case whereas the scaling of F'* can be found
by powercounting from the above equation roughly as

0 1 0
Fro~| 7% 7 ~E 4.68
( ~ ZO ~ 2;1 ~ Z_l ( )

up to a generalized gauge transformation at one loop.
At one loop the color-dual Yang-Mills numerators are then given by

n&n_laap) = F+I§1n—l°07’) ~e(1)e(R), (zn“”f(l/z) + ZOB“”> +O(1/z) + kernel  (4.69)

from the results for adjacent (2.48) and non-adjacent shifts (4.44) for Yang-Mills loop-level
integrands. Note that this result is up to terms which integrate to zero. If they displayed a
worse scaling behavior they would have to satisfy the consistency conditions themselves, i.e.
they are generalized gauge transformations.

The extension of this argument to higher loops goes through under an additional assump-
tion: if one of the coefficients in the scalar basis integrand vector shows improved BCFW
scaling behavior, the corresponding gauge theory coefficients must do so as well. Generically,
as was already seen above, these coefficients are expected to either involve adjacent or non-
adjacent shifts for which the shift behavior is known. This assumption is quite sensible in
view of the already mentioned results of [116-118] who conjectured a basis for up to six-point
integrands which is simply a subset of the full set of color-ordered integrands.

Hence up to the assumptions and generalized gauge transformations the large-z scaling of
the color-dual numerators in Yang-Mills is to all loop orders is given by

lim ny ~ €(i)ug(ﬁ)u(zn“”f(l/z) + ZOB’“’)k + O(1/z) + kernel. (4.70)

Z—00

4.2.2. BCFW shifts of gravity integrands constructed by double copy

The double copy construction at loop level can also be rephrased using linear maps as follows
from considering (2.26). One finds (suppressing the coupling constant)

! _ !
1 o ~ . .
Mli=toor / HdDLj Z §n;nz - /H dPL; 70 (4.71)
j=1 1_,2 KA A ]:1

where 7 and # are sets of kinematic basis numerators from two copies of gauge theory. The
large-z behavior of the numerators at any loop order (4.70) and of F' have been found in the
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previous sections. Hence for the shift of particles 1 and n the large-z scaling of the n-graviton
N = 0 gravity integrand Z,, is given by a double copy of equation (4.70)
tim T, ~ &(D)ue (), 212 0)5 (207 F(1/2) + 2 B + BRif )+

Z—00

L (4.72)
(BB + (B B)) + 0(1/2)

up to the assumptions made precise above and especially assuming that generalized gauge
transformation do not interfere with the double copy construction. Note that this result is
structurally the same as the tree level result (2.57). It displays quite drastic cancellations in
z with respect to naive expectations: based on powercounting Feynman graphs one would

n=2+2l Hhut as is obvious from the above formula the

have guessed a scaling given by ~ z
largest power in z is quadratic and moreover completely independent of the loop order [. As
in the tree level case the mechanism behind this improvement is the assumed existence of
color-kinematic duality.

Also note that the result (4.72) for the N/ = 0 integrand is the same including scalars or
fermions in the adjoint. This follows from the argument for adding matter at tree level in

section 4.1.2 based on results in [58, 145].

4.3. Estimates on UV behavior from color-kinematics duality

Ultimately, the goal in the study of cancellations in gravity theories is to better understand
their UV behavior. To this end the same linear map approach can be used that was already
employed in the study of cancellations in BCFW shifts through powercounting. In this context
it is also interesting to note that the relation between the large BCFW behavior and the UV
degree of divergence goes deeper than powercounting. They are closely related in that the
good behavior of gravity tree amplitudes under BCF'W shifts gives rise to the absence of scalar
triangle integrals at one loop in N = 8 supergravity as was studied in [14] (see also [172]). In
view of the analysis above this result is nothing but a consequence of color-kinematics duality.
This result is in fact valid for the integrand at any loop order by unitarity. Consequently,
there is no triangle divergence in N’ = 4 super Yang-Mills nor N' = 8 supergravity.

In the following it will be argued that color-kinematics duality leads to improved power-
counting of gravity integrands up to assumptions (which are similar to those encountered in
the previous section)

e Color-dual numerators exist and any consistency conditions on the Yang-Mills inte-
grands are fulfilled.

e Generalized gauge transformations do not influence the double copy relations.

e Trivalent scalar theories span the set of integrands which satisfy the consistency condi-

tions.

e If there is a vanishing integrand, potential worse scaling behavior of this integrand can
be absorbed into a generalized gauge transformation.
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e If the integrands of the trivalent scalar theories to be considered show improvement over
the leading behavior the same holds for the gauge theory integrands.

The UV degree of divergence will be studied in the limit of large loop momenta, i.e.
L; — o0 Vi. (4.73)

Hence the analysis is restricted to the overall degree of divergence of diagrams. Sub- and
overlapping divergences will be ignored. Note that even if powercounting gives a possible
divergence it could still integrate to zero or vanish in the sum of all graphs.

As integrands from Yang-Mills will be the input for the double copy construction it is
instructive to briefly review the UV properties of pure Yang-Mills and its maximally super-
symmetric cousin. Pure Yang-Mills theory diverges logarithmically in four dimensions at
one loop, whereas maximally supersymmetric Yang-Mills diverges at the same loop order in
D = 8. This can nicely be seen in the decomposition of the gauge theory integrands coupled
to massless matter in terms of a scalar integral basis consisting of boxes, triangles, bubbles:
N =4 at one loop can be written in terms of boxes only (diverging in D = 8). Expressing
pure Yang-Mills theory in the scalar basis involves all the aforementioned topologies with the
UV divergence in D = 4 encoded in the bubble diagrams. Note as an aside that the sum over
bubble coefficients is related to tree level amplitudes (see [14] and especially [173]).

The degree of divergence of pure Yang-Mills can also be seen using gauge invariance ar-
guments: naive powercounting of Feynman graphs suggests a quadratic divergence in two
dimensions. However, in dimensional regularization this divergence is absent as can be seen
from the background field method: the functional form of the two-point correlator of two
(background) gauge fields which contains the two dimensional divergence has to be propor-
tional to

<A,uAl/> ~ g,uup2 + Pupv (4.74)

by background field gauge invariance. The two-dimensional divergence would appear with
the first term, while the second term cannot arise with a two-dimensional divergence. Hence
by gauge invariance the two-dimensional divergences must vanish and consequently generic
Yang-Mills theories are logarithmically divergent in four dimensions. Sometimes this is also
stated as ‘gauge invariance softens divergences’.

Starting at two loops one finds [174, 175] that maximally supersymmetric Yang-Mills di-

verges logarithmically in

Dc:§+4, 1>2 (4.75)

dimensions with [ the loop order. This behavior has been explicitly verified up to and including
five loops [54] for the planar and non-planar sector and to six loops in the planar sector in
[176]. The critical dimension in maximally supersymmetric Yang-Mills theory translates into
a powercount for the integrand of N’ = 4 Yang-Mills as

2\l—2
/ leL&LZH (4.76)
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at loop order [. The number of propagator powers is that of a four-point amplitude with the
maximal number of loop propagators.

Let us now extend and adapt the analysis of large BCFW shifts using color-kinematics
duality to the limit of large loop momenta. With the above assumptions the behavior of F'*
can be studied via trivalent scalar theories in this limit. The numerators of these theories do
not depend on loop momenta. The scaling of F* up to generalized gauge transformation is
given by ) )

ik = pr(rtivalent. Ky 4 ker (4.77)

for the K-th trivalent scalar theory. The right hand side of this equation, i.e. the integrand
basis I, denotes as usual the basis which is minimal under KK relations. This basis was
already argued to exist beyond one-loop in the previous sections and is most likely a subset
of all color-ordered integrands. In general, some of these basis elements will be non-planar
while others are planar. The former ones are better UV behaved than the latter ones. This
is a consequence of renormalizability as the overall UV degree is related to the planar, i.e.
single trace, terms because the UV divergent terms must be such that they can be absorbed
into a counterterm proportional to the Yang-Mills action. More specifically, the must be
proportional to tree level amplitudes.

So generically, the integrand vector I might not scale homogeneously for large loop mo-
menta. A similar situation has already been encountered before in equation (4.68) for large
BCFW shifts. Say, it partly scales as (L?)™® and partly (L?)7%. In this case the generalized
inverse F'* scales schematically as

it I~ < Eézi_z > then  FT ~ < (L)% (L2) ) (4.78)

Of course, if the integrand scales homogeneously, i.e. all § are the same, then F' simply
scales inversely. The scaling of F* is as before up to generalized gauge transformations
and it determines the powercounting behavior of the color-dual gauge theory numerators by
expanding them in the trivalent scalar theory basis.

The following step is a crucial, non-trivial one: which trivalent graphs should be included
in equation (2.27)? In other words, which graphs have non-vanishing numerators? For N' = 4
Yang-Mills it is natural to exclude triangle graphs. One the one hand this shrinks the set of
trivalent graphs and on the other it simplifies the Jacobi identities enormously. The solution
to the set of numerator Jacobi relations will in this way be smaller than the solution for color
Jacobi relations. The former statement can be phrased as a matrix equation

ﬁj = NjMﬁM. (4.79)

j ranges over all elements of the set of solutions to the color Jacobi relations and usually
j >> M. In fact, it is well known from many examples, see e.g. [134], that all color-dual
numerators can be expressed in terms of just one or two ‘master’ numerators (that of course
than means that all graphs can be expressed in terms of one or two ‘master’ graphs).
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Powercounting at one loop

Having discussed the assumptions at the beginning of this section and having the discussion
of the last section in mind, the gravity integrand (4.71) can be written as

1 l
MZ;ZOOP ~ /H dDLj Zﬁlﬂj%] ~ /H dDLj jiFJr,ij_[j, (480)
j=1 r;

J=1

At one loop for N' = 4 Yang-Mills theory, excluding triangle graphs gives a large loop mo-
mentum scaling of the generalized inverse as

Ft~(I2* N =4,1loop (4.81)

from the trivalent scalar theories (4.77). This is easy to see because all the entries in the
integrand vector in the D3M basis contain at least a box. This gives for the Yang-Mills
numerators, taking into account that the Yang-Mills integrand also scales like boxes,

Nym ~ FTIV™ ~ (L*)° N = 4,1 loop. (4.82)
For less-supersymmetric Yang-Mills one finds due to bubble graphs
Ft ~(L%)? N <4,1loop (4.83)

which implies
nym ~ (L*)° N < 4,1 loop. (4.84)

Inserting these results into the double copy construction (4.80) nicely reproduces the known
critical dimensions from the literature under the assumptions listed above and up to general-
ized gauge transformations. More specifically, one finds that the critical dimension of AV = 0
supergravity is D = 4 while for N’ = 8 it is D = 8 at one loop. Of course, this analysis does
not check whether the critical dimensions are really saturated. In addition, the double copy
formula also implies the no-triangle property of A/ = 8 in this way as a consequence of the
absence of triangles in NV = 4 super Yang-Mills.

Powercounting at higher loops

At one loop it was more less straightforward which graphs topologies to include in the duality.
However, at higher loops this is not so trivial anymore and in general the set of graphs will
have a large effect on the scaling of the generalized inverse F'". Consider again N' = 4 super
Yang-Mill at four points. For the case of trivalent graphs having the maximal possible number
of loop propagators one finds from the trivalent scalar theories

Ft o~ (L2311 N = 4, max # loop propagators (4.85)
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Figure 4.2.: Contact graphs appearing at three loops (left) and at four loops (right).

and consequently starting from two loops
Ny, ~ (L3)-2, N = 4, max # loop propagators. (4.86)

Unfortunately, this will overestimate the critical dimension of N/ = 8 supergravity and give
an answer too pessimistic compared to the known results beyond two loops. Consulting the
explicit loop computations in the literature [51] gives a resolution to this issue. For instance at
three loops one has to include graphs which have one loop propagator less than the maximal
possible number. This is depicted in the left graph of figure 4.2. Under the assumption
that all entries of the integrand vector scale homogeneously in the large loop momenta limit
dominated by this graph it will then give the known answer at three loops, i.e. for [ =3

Ft~ (1?3 N = 4,1 loop propagator less (4.87)
and consequently
Nym ~ (L33, N = 4,1 loop propagator less. (4.88)

so that the known critical dimension D, = 6 is reproduced. The same issue of overestimating
the degree of divergence arises at four loops. To get the known result one has to pull out
one more loop propagator (see the right graph in figure 4.2). This graphs also appears in
the four-point integrand in [51]. Including such a graph with one more tree level propagator
eliminates an additional power of L?. In other words the scaling of F't at four loops will be
given by

Ft o~ (L2311 N = 4,2 loop propagators less (4.89)

and consequently
Nym ~ (L2)!4, N = 4,2 loop propagators less. (4.90)

Inserting this into (4.80) leads to the known correct critical dimension of D, = % of maximal
supergravity at four loops.

Extending the above argument leads to a problem: if A" = 8 supergravity should have the
same critical dimension as N' = 4 super Yang-Mills at five loops one has to include graphs
which have three tree propagators: the only possibility to do so (excluding internal triangles)
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is to include tadpole graphs made out of boxes and pentagons. As can be checked using
DiaGen [177] these graphs exist. If these graphs are included in equation (4.80) the critical
dimension of maximal supergravity coincides with the critical dimension of maximal super
Yang-Mills by the powercounting arguments above at five loops. If these graphs do not appear
in the final answer then immediately as a consequence of the above discussion this leads to an
(expected) seven loop divergence in maximal supergravity in four dimensions. If the tadpoles
do appear but no further improvement beyond that then the same arguments point to A/ = 8
supergravity diverging at 8 loops in four dimensions.

One can improve the UV degree of divergence in several ways: firstly, one could include a
four-loop tadpole graphs consisting out of boxes and pentagons as in figure 4.3. Including this
graph the duality gives a degree of divergence of N' = 8 supergravity in four dimensions at
10 loops. Secondly, one could in principle include graphs with internal triangles. Of course in
this case the corresponding numerators should be such that no triangle subgraphs can be cut
out by unitarity cuts in the gauge theory integrands. This would produce more cancellations
and our result seems to indicate that one indeed has to include them in order for maximal
supergravity to have the same critical dimension as N’ = 4 Yang-Mills to all loop orders.

Let us close this section with some remarks. The same analysis as above can of course
be applied to other (super)gravity theories as well, e.g. N = 4 supergravity. This can be
done by taking one gauge theory copy from non-supersymmetric Yang-Mills and one from
N = 4 Yang-Mills. However, the analysis becomes more intricate depending on the con-
crete implementation of the duality. In another direction, color-kinematics duality or more
specifically the kinematical algebra seems to be an alternative starting point to implement
renormalization in Yang-Mills theory. For more details on both points the reader is referred
to the original paper [102].

Figure 4.3.: Possible four-loop tadpole graph made of boxes.
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5. Towards an off-shell understanding of
color-kinematics duality

In the previous chapter it was shown how color-dual numerators scale under BCFW shifts
and how color-kinematics duality implies improved BCFW shift behavior for color-ordered
gauge theory tree amplitudes. In this chapter some of these results will be considered from a
Feynman diagrammatic point of view. In particular, the non-adjacent shift behavior of color-
ordered gauge theory tree amplitudes will be re-derived as a special example and extended
to the level of the integrand. In addition, the large BCFW shift of the kinematic numerators
will be considered through Feynman diagrams and it will be shown (at least conceptually)
how these results of chapter 4 can be reproduced.

5.1. Non-adjacent BCFW shifts for integrands

The analysis of the large-z behavior of color-ordered integrands for non-adjacent shifts to
be presented below proceeds via powercounting in AHK gauge, just as in the adjacent case
presented in chapter 2. It will be shown that Yang-Mills integrands show the same scaling
under a non-adjacent BCFW shift as Yang-Mills tree amplitudes which was derived in chapter
4 based on color-kinematics duality as

~ ~

T AL ) ~ 20 (20 £ ) + %BW> +O1/2). (4.44)
The leading part in z is proportional to z° times metric contraction between the shifted legs;
the subleading part is antisymmetric with respect to the indices of the shifted legs. To prove
this scaling for the integrand using Feynman graphs, hard-line graphs up and including six
points will have to be considered. All higher-point hard line graphs will start at ~(z~2) and
do not need to be taken into account. In the following ‘(anti)symmetry’ will always refer to
the behavior of the sum of Feynman graphs under the exchange of the spacetime indices of the
shifted legs. The calculations to be presented have been performed with the aid of FeynCalc
[178]. The Feynman rules can be found in appendix B and an overview of the graphs used

can be found in the appendix C.

5.1.1. Gluonic contributions
Four-point graphs

At four points there are only three color-ordered diagrams to consider: the Yang-Mills four-
vertex and the s-channel and t-channel graph depicted in figure 5.1. Note the u-graph does
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not appear in color-ordered perturbation theory. The legs will be labelled clockwise in the

2
1%3@\@
4

Figure 5.1.: All color-ordered glue 4-point diagrams. Legs 1 and 3 have been shifted.

following from 1 to 4. Consider for instance a shift of legs 1 and 3. The sum of the three
graphs in the large-z limit is

A(Z)4Pt = eﬁ(ﬁl)eg(ﬁ@Muupa

|:p1 “P3 (nuunpa - nuanpu)

= i€} (p1)€s (p3) (Zoﬁupnua(l +O0(1/2)) + zpl

(5.1)

1 1
+ Nuo (Pavp2p + P2pPav + §p2pp21/> + Nup(P20P2p + D20 Pay + §p4ap4u)

—u<—>p}+(’)<zl2>>.

Here the indices v and o belong to the unshifted legs 2 and 4, respectively. Subleading terms
proportional to the metric have been dropped since they appear in the expansion of the
function f(1/z) as already encountered in the proof of (2.48). This will be done throughout
this section without further warning. This result shows the scaling behavior of equation
(4.44): the leading part is ~ (2°) and proportional to the metric while the subleading part
not proportional to the metric is antisymmetric in the shifted legs.

Five-point graphs

Powercounting suggests that the class of diagrams with five gluons (figure C.1) will contribute
only up to order ~(z~1). The shifted non-adjacent legs will be labelled 1 and 3. As expected
the large-z behavior scales like ~ (z~!) but the result is not antisymmetric at this order, i.e.
a symmetric ~ (27!) part remains. If the legs are labeled by (p1,u), (p2,v), (B3,p), (ps,0),
(ps,7) the result of the symmetric part of the sum of diagrams not proportional to 7, is

given by
As e = *ie?(ﬁ1)€§(ﬁ3) ) (pz : q<77,u7'77p0 + npmw))
,Symmetric 2\/52 v T
’ v + 174 ° v + v 1
o (p4 4(MrNpv =+ Npr My )) tpe, (p5 4o Npv + Mpou )) Lo <2>  (52)
P2-9p5 -4 b2-49pa-q z
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This symmetric part consists of terms each proportional to one of the momenta of the off-
shell legs. Note that to obtain the corresponding result of a shift of particles (1, 4) from the
previous result replace py by ps, interchange o and p and multiply the whole expression by
minus one.

This symmetric part seems to be in conflict with the scaling of equation (4.44). This can
be resolved as follows: if the unshifted legs are put on-shell the symmetric part written in
equation (5.2) will vanish. For more general cases one contracts currents into the off-shell legs.
As shown in equation (2.54) the propagator will collapse and one obtains (indices suppressed)

p-J(p) ~p-G(p)> (graphs) ~ ¢ > (graphs). (5.3)

By the choice of gauge, this ¢ can only contract into the momentum of a three-point vertex
to give a non-vanishing result. Hence this particular symmetric part contributes to six-point
graphs. As will be shown explicitly below they combine with the six-point hard-line graphs
to ensure the scaling behavior of equation (4.44).

Six-point graphs

This class of hard line diagrams scales maximally as ~ (2~ !) as follows from powercounting.
The contributing graphs are depicted in figure C.2. For six points the number of graphs
increases significantly. Furthermore, there are several possibilities for the choice of a non-
adjacent shift. The shift (1,3) or (1,5) involves 15 graphs while a (1,4) shift involves 21
graphs. To verify equation (4.44) only the symmetric part of the sum of these graphs needs
to be calculated. One finds this is nonzero. For instance with the labeling (p1, 1), (p2,v),
(3, p), (pa,0), (p5,7), (Ps, A) the symmetric part of the result of the (1,3) shift is given by

el el (Pa - q = D5 - ) MwMpx T Npv M)
A — ()L (D) Moy gy = — 13 [ NP4 "4 7 P5 @) Ulyuw Tl pv i
6,s}’m 61 (pl)eg(p3) 122 pUT}‘ 4Z p2 qu q
n M (D5 - @ — D6 * @) (NuoMpy + Mpo M) +0 (12> . (5.4)
P2-qpa-q Z

Taking into account contributions arising from the symmetric part of the five gluon graphs,
the symmetric parts will cancel.

It is instructive to study this in somewhat more detail. Consider the result for the five-point
case, equation (5.2). If one contracts a three-gluon vertex into one of the off-shell legs, the
connecting propagator collapses (due to p - G(p)) and the result looks effectively like one of
the six-point diagrams under consideration. To give an example: contract a color-ordered
gluon-three-vertex V into leg 5 of equation (5.2) or to be more precise into the term that is
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proportional to the momentum in leg 5. Upon replacing ps — ps + ps and 7 — « one obtains

—iel el + : oNov + NpoNuv

2\/5 3V/\TBG (p5 + p6) (P5 + P6 ) (((p5 7o) p;l).(;h;;pq el ))
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4z P2 qpa-q 2

The two other terms of the three-vertex did not survive the last line because they are propor-
tional to a ¢ contracted into an on or off-shell leg in AHK gauge. The result of this exercise
is up to sign the second term of (5.4). Of course one gets the same topology by contracting
a current into leg 4 and both possibilities have to be taken into account:

Influence of five 2‘ Nor (P14 — D5+ Q) (MuwTIox + Do)
int . ints — A(l 3) A(1,3) _ v or (P4 * 5 ° v Tlp) v Tlu\
points on six points = Ay o + Az 5, = P P—

for shift (1,3)

_|_

e (D5 - ¢ — D6 - @) (MuoNpv + Mpo M) Lo ( 1 >
P2 -qp4-q 22
(5.6)

where A5 ; means that a three-particle vertex has been contracted into the term proportional

to the momentum of leg x of the symmetric part of the five-particle graphs of shift (1,3)
(see equation (5.2)). Comparing this with equation (5.4) one sees that the expressions are

Figure 5.2.: Diagrammatics of the cancellation of the symmetric parts of the five- and six
point hard line graphs for different shifts at six points.



identical up to sign and their sum vanishes. Connecting a current to the second leg of the
five-point symmetric part will result in canceling terms of the symmetric part of the (1,4)
six leg graphs. The other shifts work along the same lines. This is represented in figure 5.2.
Connecting a current to the second leg of the five-point symmetric part will result in canceling
terms of the symmetric part of the (1,4) six leg graphs. The other shifts work along the same
lines. This is represented in figure 5.2.

To repeat this once more: each term of the symmetric five-point gluon graphs has to be
treated separately since each of these terms will give rise to contributions for different color
orders/shifts of six-point graphs. Remember that contractions into leg 4 and 5 gave rise to
terms at the color ordering (12‘3456) whereas a contraction into leg 2 yielded contributions at
(1231156) each canceling symmetric terms at six points. This is generic since all legs are kept
off-shell, so it follows that the symmetric parts will cancel each other at higher points, too.
Therefore the large-z behavior of purely gluonic integrands subjected to non-adjacent shifts
is given by equation (4.44).

5.1.2. Minimally coupled scalar contributions

In this subsection it will be shown that the scaling behavior of the integrand under a non-
adjacent BCFW shift of two gluons does not change if minimal scalar-gluon couplings are
included. This involves analyzing all scalar contributions to hard-line graphs up to order
~ (271). The scalar Feynman rules are given in appendix B. Note that these rules are for
adjoint matter, for fundamental matter one simply restricts to the diagrams where the scalar
legs are adjacent.

At four points the new graphs to be considered consist of two gluons and two scalars. They
are drawn in figure C.3. Let 1, 3 denote the gluons and 2, 4 denote the scalars. The sum of
the three graphs evaluates to

22

Agpr ~ el | in,, +
p L\ Mo T g

( — Py, + Pup2p>> + 0 (1> (5.7)

where P = p; + ps. This shows the scaling behavior of equation (4.44).

The analysis of the large-z behavior of five legged scalar/gluon graphs is similar for all
possibilities of particle combinations. Take for example particles 1 to 3 to be gluons and
particle 4 and 5 to be scalars. The Feynman graphs for this choice are depicted in figure C.4.
The result of the sum under the non-adjacent shift is given by

i\ v (P5 — Pa), — Mup (P5 — pa)
Aspy ~ et (n A ) +0 (12> . (5.8)
2v2z2p2-q z

This result is antisymmetric in the indices of the shifted legs at order ~ (z7!). Note that in
contrast to the five-point gluon diagrams no symmetric piece remains. The other possibilities
of choosing particles yield the same result.

At six points the number of graphs increases significantly. One can pick either two gluons
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and four scalars or vice versa. The first case is unimportant because the graphs one would
have to consider scale as ~ (z72). Hence the only diagrams to be taken into account here have
four gauge bosons and two scalars. They are depicted in figure C.5 for a particular distribution
of particles with the shift (1, 4). Summing all the graphs one finds a non-vanishing symmetric
part at order ~ (21 given by

i(ps - ¢ — p6 - q) (MuwNpo + NopNov) 1
A ~ PP v p PH ol =). 59
6ptsym €1€4 ( 4Zp2 4P3-q + 22 ( )

This parallels the case of six gluons, where the five-point gluonic graphs have to be taken
into account. Since the five-scalar-gluon graphs are already antisymmetric at order ~ (z71)
the missing contributions can only come from the five-gluon graphs. The five-point gluon
diagrams leading to the sought-for cancellation are shift (1,4) diagrams with a scalar-scalar-
gluon vertex contracted into leg five. The result of these graphs is given by (5.9) with opposite
sign and consequently the symmetric part vanishes when summed.

Up to now the scalar legs have been adjacent. For non-adjacent scalar legs the sum of
all diagrams has been checked explicitly to be antisymmetric at order ~ (z7!) by itself at
both five and six points. Note that the symmetric terms of the all-gluon five-point graphs
uncovered above do not influence any six point graph that has two non-adjacent scalar legs.

Therefore the large-z behavior of integrands of minimally coupled scalar theories subjected
a to non-adjacent shift of two gluons is given by equation (4.44).

Figure 5.3.: Diagrammatics of the cancellation of the symmetric parts of the five and six point
hard line graphs for different shifts at six points for scalar/gluon graphs.
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5.1.3. Minimally coupled fermion contributions

In this subsection it will be shown that the scaling behavior of the integrand under a non-
adjacent BCFW shift of two gluons does not change if minimal fermion-gluon couplings are
included. This involves analyzing all fermion contributions to hard-line graphs up to order
~ (z71). The fermion Feynman rules are given in appendix B. Note that these rules are
for adjoint matter, for fundamental matter one simply restricts to the diagrams where the
fermionic legs are adjacent.

The fermion propagator scales as ~ (2°) along the hard line due to the occurrence of zq in
the numerator. On the other hand this scaling is hard to realize since ¢ squares to zero and ¢
anti-commutes with any external gluon leg. At four points there are two diagrams depicted
in figure C.6. In the large-z limit they sum to

. YpPap — Yub4, 1
A4pt ~ ZETCQ(W) + O (22> (510)

and obey the scaling scheme of equation (4.44). Terms proportional to y#+” at subleading
order have been neglected since they can be rewritten as an antisymmetric tensor plus a
metric since

1 1 1
= S0+ SRt = S (5.11)
by the usual Clifford algebra.
At five points there are three diagrams depicted in figure C.7. Let 1 to 3 denote the gluons
and 4, 5 the (anti-) fermions. Similar to the all-gluon case there is a symmetric piece left at

order ~(z71) in the large-z limit given by

) VodpPs | Pied 1
A ~ el ! V( 5 4 74 )+ sol+0( =), 5.12

For a five-point amplitude the symmetric part vanishes on-shell because of the Dirac equation
u(ps)p, =0 and p.u(ps)=0. (5.13)

For off-shell legs the fermion propagator connecting to these legs collapses by

P _
2= 1. (5.14)

Hence these terms contribute to six-point graphs with two fermionic legs.

As before at six points the analysis becomes more intricate because of various possibilities
for shifts and distributions of external particles. Graphs contain either two gluons and four
fermions or four gluons and two fermions. The former case scales as ~ (272) and does not
need to be considered here. To understand how the five-point result is needed in order to
make the six-point result scale correctly, take for instance the configuration particle 1 to 4
glue and 5 and 6 fermions with shift (1, 3) as seen in figure C.8.
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Figure 5.4.: Diagrammatics of the cancellation of the symmetric parts of the five and six point
hard line graphs for different shifts at six points for fermion/gluon graphs.

The symmetric part of this set of six-point graphs is given by

inua"?pug iﬁuu%%ﬁ 1
A ~ P( . o ) o). 5.15
6pt, ferm,sym €1€3 4zp2-qp4~q 8zp2-qp6-q+u P)+ 22 ( )

Investigating the terms more closely one can already guess how they will be canceled: the
first term consists purely of metrics and will therefore be canceled by a contribution from
the symmetric five-point gluon part of the (1,3) shift (5.2) upon contraction with a fermion-
gluon vertex into leg five. The second term consists of three Dirac-matrices. Two of them are
already present in the five-point result (5.12) and a third matrix can be obtained if one adds
another fermion-gluon three-vertex to the diagram as this vertex is basically only a Dirac
matrix. Therefore this term will be canceled by the symmetric part of the (1, 3) fermion
graphs discussed above upon contraction with a fermion-gluon vertex on leg 4 (see figure
5.4). The propagator will collapse and one obtains the desired result. The term in equation
(5.12) proportional to P does not play a role here but at other diagrams and can therefore be
neglected. This mimics once more the logic behind the all-gluon graphs discussed above. The
computations for the same particle configuration with shift (1,4) are similar except that there
is no contribution of the symmetric fermion five-point hard line graphs. The symmetric part
is canceled by the terms coming from the five-spoint gluon graphs alone depicted in figure
5.4).

As in the case of the scalars, there is the possibility that the fermions might be chosen
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Figure 5.5.: The Feynman rule for Yukawa coupling. The black arrow lines represent fermions,
the dotted line a scalar.

non-adjacent. In this situation there will not be a contribution from the symmetric part of
the purely gluonic hard line graphs because, as said previously, these kind of diagrams cannot
be constructed from the gluon diagrams.

In conclusion the large-z behavior of integrands of minimally coupled fermion theories
subjected a to non-adjacent shift of two gluons is given by equation (4.44).

5.1.4. Scalar potential and Yukawa terms

The above discussion can be generalized further to include scalar potential and Yukawa terms.
For ¢® and ¢* type couplings for example the scaling behavior of equation (4.44) can be
easily checked by powercounting. The inclusion of Yukawa couplings follow simply by the
observation that Yukawa couplings can be generated by considering a Yang-Mills theory
minimally coupled to fermions in one dimension higher than the one under study. Then the
momenta in this extra direction are all restricted to vanish. All Feynman graphs have been
analyzed already in one dimension higher in the text above, leading to the scaling displayed
in equation (4.44). The extra graphs in the number of dimensions under study are exactly
those given by Yukawa couplings.

This can of course also be verified directly. Yukawa couplings couple a pair of fermion lines
to a scalar particle. The corresponding color-ordered Feynman rule is given in figure 5.5. As
this section deals with gluon shifts only, there are no diagrams at four points to consider.
The graphs at five points consist of two gluons, a fermion anti-fermion pair and a scalar. An
example choice of ordering the external particles is depicted in figure 5.6, other choices will
lead to basically the same computation. When summed these graphs give an antisymmetric
expression at order ~ (z71) given by

4 <pW _ pgw)g +0 ( ! > : (5.16)

*1Yukawa 5pt ie €
) 1-3 1

Figure 5.6.: Feynman diagrams at five points for Yukawa couplings.
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This leaves the six point graphs. For instance the graphs which arise by adding a gluon
directly on the scalar vertex of the center diagram in figure 5.6. The complete list of diagrams
belonging to this class is depicted in figure C.10. Under a shift of two non-adjacent gluons,
say (1,4) ((1,3) works along the same lines) the sum of these is antisymmetric at subleading
order

A (0 = 10208 o ( 1 > . (5.17)

Avukawa,6pt = €] €] —
o 4v/22p6 - q(ps - ¢ + D6 - q) 22

Other possible inclusions of an additional gluon will give rise to diagrams that start at ~ (272).

Comments

It has been proven in this section that BCFW shifts of two non-color adjacent gluons on
integrands of Yang-Mills theories minimally coupled to scalar or spin 1/2 matter with pos-
sible scalar or Yukawa terms scale as given in equation (4.44). The calculation, although
conceptually straightforward, is more intricate compared to the color adjacent case reviewed
in chapter 2 and a lot more complicated than obtaining the improved scaling behavior for
tree-level amplitudes from color-kinematics duality. In general, using the same powercounting
strategy one can derive the improved scaling behavior of color-ordered Yang-Mills tree ampli-
tudes under permutations (4.47) and cyclic sums (4.49) for any number of permuted legs in
this way. This was worked out by us up to O(1/2z?) in the background field gauge in reference
[58]. Note that the above results on shifts of two gluons can be used in a supersymmetric
field theory to obtain shifts of certain fermions and scalar pairs. This has been explained and
derived in detail in the same reference.

As was briefly mentioned in section 4.1.4 the improved scaling of Yang-Mills tree amplitudes
can also be used to obtain certain decoupling relations for one-loop bubble and triangle
coefficients (4.51) and rational terms (4.52). Moreover, as was remarked in chapter 4 the
improved Yang-Mills integrand scaling for a non-adjacent shift to all loop orders gives rise
to the extension of the BCJ relations at the one-loop level for the Yang-Mills integrand. For
more on these two points, again consult our paper [58]. Recall that the integrand BCJ relation
was used to argue that a a solution to the linear map approach to color-kinematics duality
on the integrand level at one loop can be found (compare (4.61)).

5.2. Numerator scaling off-shell

In this section it will be argued that the large-z behavior of the kinematic numerators at
tree and integrand level can actually be seen from Feynman diagrams directly using standard
power counting. The main point will be to use color Jacobi relations to relate different
contributions so that cancellations are achieved in the sum over Feynman graphs and the
large-z scaling of the kinematic numerators found in the previous chapter will be — at least
conceptually — reproduced.
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5.2.1. Comparison to BCFW shifts directly via Feynman graphs

To obtain the large-z shift of kinematic numerators from Feynman diagrams directly Feynman
rules in the Feynman-'t Hooft gauge will be used and the gluon propagator will be put in
the lightcone AHK gauge as before in this chapter. For brevity only the leading large-z
contribution will be considered in the following but the subleading ones can be treated along
the same lines. Remember that in our conventions the z-dependence flows along the shortest
path between the two shifted legs.

Example: four point Feynman graphs

As was seen already several times, there are only three cubic diagrams to consider at four
points tree level: s, t, and u-channel with the four-vertex absorbed into the cubic graphs
according to the color factors. The cubic representation is then given by

Ay = Sle g G0 Gl (5.18)

S t U

In the following two particle momenta will be BCFW shifted and the other two legs will
remain off-shell. In this way the analysis extends to the integrand. More precisely, it extends
to the Feynman graphs of the integrand with maximally one hard propagator in between the
shifted legs. For graphs with more hard propagators the power counting will become more
complicated as the number of graphs increases but in spirit it is similar. Hence, on the level
of the integrand the leading large-z behavior for this class of diagrams is in a cubic form given
by
CsMs — CNyp  CuMy

Ty = + ; + with ¢y, =cs—c = ny=ns—ny (5~19)
s U

Writing down the Feynman graphs and shifting particles 1 and 2 one can extract the large-z
behavior of the kinematic numerators straightforwardly and it follows for the leading power
in z for the three numerators (with indices o and p meaning to be contracted into appropriate

/\/\/\ AN

$ t U

Figure 5.7.: s, t, and u channel cubic graphs used in the four point example. Hats denote the
BCFEFW-shifted legs.
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currents)

lim ng = 5(1)H5(2)V<4izn“”npop4 Sq+ O(zo))
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z oo

While these numerators satisfy the Jacobi relation above at leading order in z (this is special
for four points) they do not yet have the form one would expect from the discussion in the
previous sections, i.e z times a metric between the shifted legs. To get to this form one has to
make use of the color Jacobi relations. It can be used to shift all terms not proportional to the
metric from n,, to n; and ng in (5.19). In the former numerator these will cancel with the other
terms not proportional to n*¥ and in the latter numerator these terms will become subleading
in the large-z limit. This corresponds to shifting terms from the four-vertex between different
kinematic channels. After some algebraic gymnastics one arrives at

lim ng = e(i)us(ﬁ)y(élizn“”npom “q+ O(zo)>

Z—00

lim n; = e(1),e(2), (Qizn’“’n’”m ~q+ (’)(20)) (5.21)

Z—00

lim n, = ¢(1),(2), (2izn“”np"p4 g+ O(z0)>
Z—r00

which nicely mirrors the leading part of the result (4.42) obtained using generalized inverses
for four points. It can be shown in a similar way that the subleading pieces are antisymmetric.

Higher points and inclusion of matter

In principle this procedure can be done in a similar fashion at higher points including the
subleading parts. As the number of Jacobi relations increases quite rapidly with the number
of points this becomes, however, more and more intricate. We could reproduce the scaling
(4.42) in this direct Feynman graph approach up to including six points and our suspicion is
that this can be done at any number of points. Furthermore, similar steps can be repeated
for scalars and fermions in the adjoint and one arrives at the same result as before. This was
also checked up to including six points.

5.2.2. BCFW shifts versus color-kinematic duality

The problem with the direct approach using Feynman diagrams is — as already mentioned
many times — that the numerators obtained in this way do not satisfy the Jacobi relations
beyond four points directly. Instead they obey

{ni —nj +ng =uq, a=1,...,#Jacobis} (5.22)

where the right-hand side is non-vanishing and different for each Jacobi relation. One can now
make use of gauge transformations on the numerators to bring them into a BCJ satisfying
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form. For example by implementing a numerator shift at tree level given by

Ci

- S

A;
20 Vi (5.23)

At tree level this works at follows: Following [11] there are (2n — 5)!! kinematic numerators

w Jacobi relations which involve

/ color factors at n points tree level. These obey
quite a lot of redundancy so that the number of non-redundant Jacobi relations is given
by (2n — 5)!! — (n — 2)!. In other words (n — 2)! kinematic numerators / color factors are
independent. Having constructed the numerators using Feynman diagrams one would have

consequently obtained (2n—>5)!!— (n—2)! non-redundant Jacobi relations that are not satisfied
{ni—nj+np=uq a=1,...,2n - 5)!1 — (n — 2)!}. (5.24)

By enforcing a generalized gauge transformation on all (2n — 5)!! kinematic numerators the
right hand side of the non-redundant Jacobi relations can be brought to zero by requiring (in
addition to the gauge condition above)

{Ai = Aj+Ap=ug,a=1,...,2n = 5)!! = (n—2)!} (5.25)

so that the non-vanishing right side of the kinematic Jacobi relations gets cancelled. Based
on pure counting the generalized gauge condition would give (n — 2)! conditions on the shifts
so that one the number of total equations for the shifts A is

Cn—-5)l—(n-2)! + (-2 =2n-5)! (5.26)
———

#Jacobi relations to bring to zero  # gauge conditions

i.e. (2n—5)!! equations for (2n — 5)!! shifts (i.e. variables) which means that in principle there
should be a solution to this system of equation. This of course is hard to handle already
at five points as the expressions involved become quite unhandy. Moreover, this raises the
question if applying the generalized gauge transformations that bring the numerators into a
BCJ satisfying form respects the large-z scaling? The answer to this is — especially in view
of the results and discussion in chapter 4 — positive as we know that there are explicit sets of
numerators that have the same large-z scaling as here at any points. In principle up to the
subtleties mentioned several times, the same reasoning applies on the level of the integrand
if color-dual numerators at loop level exist.
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6. Summary and Outlook

In this thesis a novel symmetry of Yang-Mills theory amplitudes called color-kinematics dual-
ity was investigated from different complementing viewpoints. Color-kinematics duality offers
a completely new perspective on gauge and gravity theories and explains many previously not
fully understood properties of gauge and gravity amplitudes as its consequence. The duality
is a key mechanism behind cancellations found in scattering amplitudes of gauge and gravity
theories which are not obvious from Feynman graphs and so the duality plays a decisive role
in investigating whether maximal supergravity is perturbatively UV finite or not.

In the first part of this thesis, we showed how color-kinematics duality can be made manifest
at the one-loop level in (pure) Yang-Mills theory for rational amplitudes, i.e. all-plus and one-
minus amplitudes. The former arise in the self-dual sector of the theory. This is especially
simple since it only has a cubic interaction vertex and hence color-kinematics duality can
be readily shown for the all-plus one-loop amplitudes even on the level of the Lagrangian.
The results for the self-dual sector could then be extended to also incorporate one-minus
amplitudes. Although computations of these amplitudes would in principle include quartic
vertices these could be eliminated by a certain gauge choice so that effectively one only has to
consider (two types) of cubic vertices. In this way also one-minus amplitudes manifestly obey
color-kinematics duality. As a neat example the all-plus and one-minus four-point gravity
amplitudes in A/ = 0 extended Einstein gravity were computed through the double copy
construction and agreement with known results from the literature found.

Secondly, the implications of color-kinematics duality for powercounting in gravity theories
were studied. A reformulation of the duality in terms of linear maps was particularly suited for
this endeavor; in this way encoding the duality in a matrix F and its generalized inverse F'T.
The properties of these matrices could then be extracted by studying them in a appropriate
basis of trivalent scalar theories. As specific examples for how this refines powercounting in
gravity theories, the behavior of gravity integrands under large BCFW shifts in quite generic
gravity theories to all loop orders was derived. Up to certain assumptions and subtleties
inherent to the duality that were addressed, we found massive cancellations for the involved
powercounting behavior that are not at all obvious from a naive Feynman diagrammatic
point of view. In fact, we could even show that the scaling under the large BCFW shifts is
independent of the loop order and that the reason for this is precisely the duality. In addition,
we showed that the duality also implies drastic cancellations for gauge theories amplitudes
under permutation and cyclic sums that gave rise to certain Yang-Mills relations at one-loop.
Furthermore, we used the same techniques as for the BCFW shifts to study the UV behavior
of N/ = 8 supergravity. In doing so the related results of Bern et al. could be interpreted and
understood from the linear map perspective using powercounting. Based on our method we
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found indications for the finiteness of maximal supergravity at five loops in five dimensions
(i.e. seven loops in four dimensions) if certain tadpoles diagrams were to be included in the
actual loop computation. Moreover, our approach suggests that there will be a divergence at
eight loops in four dimensions if no further improvements appear.

Lastly, we have considered color-kinematics duality in terms of Feynman diagrams from
an off-shell point of view. Using Feynman diagrams we have reproduced some of the re-
sults of the previous chapter like the improved large BCFW shift behavior of gauge theories
amplitudes/integrands to all loop orders under non-adjacent BCFW shifts. Moreover, we
have reproduced the scaling of the kinematic numerators at four points diagrammatically for
large BCFW shifts. This could be extended to six points including scalars/fermions in the
adjoint. It was seen that this approach, while technically straightforward, is quite tedious
due to the large number of graphs to consider. Furthermore, it has the distinct disadvantage
that numerators constructed directly using Feynman graphs are not manifestly color-dual.
Nonetheless, the mere fact that we could reproduce some of the results in this way offers
quite nice indications from a complementing viewpoint that the duality holds true in general
at the loop level.

Opportunities for future research based on the above results present themselves. One
obvious and very ambitious question to study is if it is possible to extend the results from the
self-dual sector of Yang-Mills theory to the full theory. In other words: would it be possible
to cast the whole Lagrangian into an explicitly color-kinematics manifest form? Achieving
this would be equivalent to a general proof of color-kinematics duality and would extend it
to other observables like form factors and correlation functions. As it was recently shown
for some examples in [55] that form factors in A/ = 4 can be brought in a color-dual form it
seems reasonable to suspect that a manifestly color-dual Lagrangian exists. This is closely
connected to work from the late 1990s which aimed at constructing a gravity Lagrangian from
gauge theory [179] and, more recently, to insights based on double field theory and generalized
geometry [180, 181]. These closely related approaches make manifest a factorization of the
(super)gravity Lagrangian into so-called ‘left’ and ‘right’ parts and serve in this way as the
first step towards a Lagrangian-based proof of color-kinematics duality. It remains to show,
however, that the left and right factors actually correspond to usual Yang-Mills theories.

Proving color-kinematics duality in general would also be more than welcome as it would
sharpen the results of the linear map approach to the duality. In addition, a better under-
standing of the precise implementation of color-kinematics duality is necessary in order to
answer the question of which trivalent diagrams to include in the construction. This also has
direct impact for addressing cancellations implied by the duality and most importantly the
question of UV-finiteness of maximal supergravity.

The gravity integrand was shown to behave like 1/22 for large BCFW shifts. This good
behavior implies the existence of on-shell recursion relations for the gravity integrand. It
would be very interesting to derive these and moreover, it would also be interesting to find
out whether this improved behavior under shifts implies the existence of bonus relations as is
known from tree level [149].
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Another related interesting question is how much more amplitude relations does color-
kinematics duality imply. It is well-known that the tree-level BCJ relations are due to the
duality. Moreover, it was shown in [101] that certain relations for rational one-loop amplitudes
are caused by color-kinematics duality, too. It would be interesting to investigate how much
further this can be pushed as there are more amplitude relations known (see e.g. [123]) whose
origins have not been explained yet. It is also closely connected to the question how many
independent amplitudes there are at loop level. This seems to be closely related to Eulerian
numbers! [182, 183] but it has never been made precise.

All of this shows that color-kinematics duality most certainly deserves further study. It
has already provided enormous insights into the structure of scattering amplitudes in gauge
and gravity theories and based on these results it is very reasonable to suspect that a deeper
understanding of color-kinematics duality will uncover even more completely new and un-
expected perspectives on scattering amplitudes — perhaps even on the very formulation of
quantum field theory itself.

!The author is grateful to Henrik Johansson for pointing this out.
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A. Spinor-helicity formalism

In this appendix the spinor-helicity formalism will be briefly reviewed following [20, 24]. The
starting point is that the (compexified) Lorentz group is locally isomorphic to SL(2) x SL(2).
Its representations are labeled by (p,q) with p, ¢ taking (half-) integer values. The two
chirality representations are (1/2,0) (negative chirality) and (0,1/2) (positive chirality). The
corresponding spinors are denoted by

(1/2,0): Xg,a=1,2, A1)
0,1/2) 1 Xg,a=1,2. '

Spinor indices can be raised and lowered using the totally antisymmetric tensors €4, and €,
in two dimensions and their respective inverses. This means

(1/2,0) 1 Ag = €A’ , X0 = €%,

~ ) ) - (A.2)
(0,1/2) 1 Ng = e\, AP =)
This can be used to form Lorentz-invariant products
1/2,0) 1 (AA2) = €apAINS,
(1/2,0) = (A1A2) 122 (4.3)

(0,1/2) : [Mda] = e AIAS.
A four-vector p* can be mapped to a so-called bispinor py; using Pauli matrices. The explicit

mapping is given by

ol — 1 o ~_ (Po+p3 p1+ip: Al
Pad = OaaPp = Po2x2 + 0P (Pl—im Po — D3 (Aa-4)

with o# = (1,5) the vector of 2 x 2 Pauli matrices. In this way the vector representation of
SO(1,3) is the (1/2,1/2) representation and the Pauli-Matrices are the associated Clebsch-
Gordon coefficients. From this follows

p-p = Det(pas)- (A.5)

Thus if p is light-like the determinant of p,; vanishes and its rank is at most 1. The bispinor
can in this case be written as the (outer) product of a left- and a right chirality spinor

Pai = Aaa- (A.6)

Through this equation the momentum is defined in terms of spinors modulo their rescaling.
This is nothing but the little group action on the spinors which is given by

Aa = tha  Aa—t'N,  teC/{0}. (A7)
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For real momenta the two spinors A and \ are just complex conjugates of each other. For
complexified momenta they are independent. We always adopt the latter viewpoint.

Equation (A.5) can be generalized for two different four-vectors. In this way scalar products
for light-like four-vectors can be reexpressed as products of spinors brackets by

pea= 3N, (A38)

In addition to the spinor brackets introduced above there are also longer strings of spinor
brackets possible. For instance, if one sandwiches some general four-vector P between two
opposite helicity spinor brackets using gamma matrices one finds (writing ¢ and j instead of
)\z’ and )\])

(i| P|5] = Nia Py hjac™e® = [| P3). (A.9)
One often suppresses writing the slash explicitly. Note that because of chirality the following
spinor contractions vanish

(ij] =0,

. (A.10)
[ij) =0
If P is light-like, equation (A.9) is by (A.6) equivalent to
(il Plj] = (iP)[Pj]. (A.11)

This can be generalized to arbitrarily long spinor bracket strings. For instance, one could
write down

(i[PQL7) = (iP)[PQIQJ),

(i|PQK 5] = (iP)[PQUQK)[K . (A.12)

for P,K,Q light-like vectors.
Spinor brackets satisfy the Schouten identity which is nothing but a consequence of the
spinors living in a 2-dimensional space. The identity is given by

(i) (kl) + (ik)(Lj) + (il) (k) = 0 (A.13)

and similarly for the other type of spinor bracket.
In the same way that light-like momenta can be written in terms of spinors also polarization
vectors can be mapped to spinors. For instance one can write gluon helicities in this way as

— )\aﬂc’u + Maj\d
€. =—V2 et = —v2 A.14
“ [Au] “ (1) (A

with p and f reference spinors.
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B. Color-ordered Feynman rules

This appendix contains the color-ordered Feynman rules of Yang-Mills theory minimally cou-
pled to scalar or spin one-half matter in AHK gauge.

?N 5 = Zhaplp — Ky + 15,05~ d)a+ male — p)g)
o B
>’\/V Z\/§ = ManTBs — %(%37}75 + 77&57767)
0 g
q o
_ i —i
AN W(p — q)a i. = _2177@6
p _iyp o
=& |
= i
oo
................. —_— EZ 3
p —i Paqp+P34a
AN = 2 0lap = =)

Figure B.1.: Color-ordered Feynman rules for gluons (wiggly lines), scalars (dotted lines), and
fermions (straight lines).
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C. Feynman graphs used in chapter 5

This section lists the diagrams used in the derivation of the non-adjacent large-z scaling of
color-ordered gauge theory tree amplitudes/integrands to all loop orders, i.e. equation (4.44),
in chapter 5.

Gluonic diagrams

The convention for labeling the external gluonic legs and indices is as follows: (1,), (2.), (3,),
(45), (5+), (6). Hats denote the shifted legs.

,
1@\3’%‘ ’«‘é\wg'\\ ’\g%/v%(\
5 4

Figure C.1.: Color-ordered gluon diagrams at five points. Legs 1 and 3 have been shifted.

2
ﬁ/é/\wg& 3 ’W ’%\;A%vg@
6 5 4
Figure C.2.: Diagrams contributing to the shift (1, 3) at six points. The diagrams for the shift

(1, 4) are the same as in the six-point scalar-gluon case with scalars exchanged
to gluons (fig C.5).
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Scalar contribution diagrams

L2
AAMINA 3 A ARG AN\
H i A

Figure C.3.: Scalar-glue diagrams contributing to the shift (1, ), (3,p) at four points.

2
N g ~ ’&5,\4 N ,\i’\
4 Y ! E

Figure C.4.: Scalar-glue diagrams contributing to the shift (1, ), (3, p) at five points for the
particle configuration g1, go, g3, S4, S5.

Figure C.5.: Scalar-glue diagrams contributing to the shift (1, ), (4,0) at six points for the
particle configuration g1, g2, g3, g4, S5, S¢-
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Fermion contribution diagrams

2
1/\ }/\3 /\i /\
4

Figure C.6.: Fermion-glue diagrams contributing to the shift (1, u), (3,p) at four points.

2
5 4
Figure C.7.: Fermion-glue diagrams contributing to the shift (1, ), (3,p) at five points for
the particle configuration g1, g2, g3, f4, f5.

2
6 ) 4

Figure C.8.: Fermion-glue diagrams contributing to the shift (1, 1), (3, p) at six points for the
particle Conﬁguration g1, 92, 93, 94, f57 fﬁ'

2 3
N g g ©4 /\% %/\ /N % A
6 )

Figure C.9.: Fermion-glue diagrams contributing to the shift (1,p), (4,0) at six points for
the particle configuration g1, g2, 93, 94, f5, f6-
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Yukawa diagrams

Dan -k aa Ul assd
L/L"_r/{l }‘\ w{; «r“' S '_{

Figure C.10.: One possibility of six-point Yukuwa-coupling diagrams with the shift

(i,1),(4,0).
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