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Abstract

The baryon asymmetry of the universe can be explained by the
out-of-equilibrium decays of heavy right-handed neutrinos. We analyse
this mechanism in the framework of a supersymmetric extension
of the Standard Model and show that lepton number violating
scatterings are indispensable for baryogenesis, even though they may
wash-out a generated asymmetry. By assuming a similar pattern of
mixings and masses for neutrinos and up-type quarks, as suggested by
SO(10) unification, we can generate the observed baryon asymmetry
without any fine tuning, if (B — L) is broken at the unification scale
Agur ~ 10'® GeV and, if m,, ~ 3-1073 eV as preferred by the MSW

solution to the solar neutrino deficit.

Zusammenfassung

Die Baryonasymmetrie des Universums kann durch den Zerfall schwerer
rechtshandiger Neutrinos aufilerhalb des thermischen Gleichgewichts
erklart werden. Wir untersuchen dies im Rahmen einer supersym-
metrischen Erweiterung des Standard-Modells und zeigen, dafl lepton-
zahlverletzende Streuprozesse, die eine erzeugte Asymmetrie wieder ver-
nichten konnen, fiir die Baryogenese unverzichtbar sind. Nimmt man
fiir Quarks und Leptonen dhnliche Massen und Mischungswinkel an —
wie von SO(10)-vereinheitlichten Modellen nahegelegt — so kann man
die beobachtete Baryonasymmetrie erzeugen. Dazu wird (B — L) an
der Vereinheitlichungsskala Agyr ~ 10'® GeV gebrochen, und m,, ~
3-1072 eV angenommen, wie es die MSW-Losung des solaren Neutrino-

Problems nahelegt.
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seeker of truth

follow no path
all paths lead where

truth is here

E. E. Cummings [1]

Introduction

The observed baryon asymmetry of the universe is one of the most intriguing problems of particle
physics and cosmology. This asymmetry, which is usually expressed as ratio of the baryon density

np to the entropy density s of the universe,

Yp = 1‘-3’1 = (0.6—1)-1071°

could in principle be an initial condition of the cosmological evolution. However, this is not
compatible with an inflationary phase which seems to be required in a consistent cosmological
model [2]. Hence, the baryon asymmetry has to be generated dynamically during the evolution of
the universe. This is possible if baryon number is not conserved, if C and CP are violated, and if
the universe is not in thermal equilibrium [3].

Although the Standard Model (SM) contains all the necessary ingredients, it is not possible to
explain the baryon asymmetry within the SM, i.e. one has to envisage extended theories. Grand
unified theories (GUTSs) are attractive for various reasons and there have been many attempts
to generate Yp at the GUT scale [2]. However, these mechanisms are difficult to reconcile with
inflationary scenarios which require reheating temperatures well below the GUT scale.

Preheating, i.e. the non-thermal decay of the oscillating inflaton at the end of inflation via
parametric resonance [4], may re-open the window for GUT baryogenesis, since it enables the

coherent decay of the inflaton condensate into particles that are more massive than the inflaton

1



2 INTRODUCTION

itself. However, recent calculations indicate that parametric resonance may be ineffective in
most inflationary models, if the back reaction of the produced particles onto the condensate, the
rescattering of the decay products, and the expansion of the universe are taken into account [5].

In supersymmetric theories, the influence of baryon number carrying scalar condensates along
flat directions of the scalar potential, i.e. Affleck-Dine baryogenesis [6], requires further studies,
since it is not clear under which conditions this mechanism can generate a baryon asymmetry of
the requested magnitude [7].

During the evolution of the early universe, the electroweak phase transition is the last
opportunity to generate a baryon asymmetry without being in conflict with the strong experimental
bounds on baryon number violation at low energies [8]. However, the thermodynamics of this
transition indicates that such scenarios are rather unlikely [9].

Therefore, the baryon asymmetry has to be generated between the reheating scale and the
electroweak scale, where baryon plus lepton number (B + L) violating anomalous processes are in
thermal equilibrium [10], thereby making a (B — L) violation necessary for baryogenesis. Hence,
no asymmetry can be generated within GUT scenarios based on the gauge group SU(5), where
(B — L) is a conserved quantity.

Gauge groups containing SO(10) predict the existence of right-handed neutrinos. In such
theories (B — L) is spontaneously broken, one consequence being that the right-handed neutrinos
can acquire large Majorana masses, thereby explaining the smallness of the light neutrino
masses via the see-saw mechanism [11]. Heavy right-handed Majorana neutrinos violate lepton
number in their decays, thus implementing the required (B — L) breaking as lepton number
violation. This leptogenesis mechanism was first suggested by Fukugita and Yanagida [12] and
has subsequently been studied by several authors (see, e.g., refs. [13-21]). As detailed studies have
shown, the observed baryon asymmetry can be generated in non-supersymmetric [13,14,15] and
supersymmetric theories [16,17].

If one assumes a similar pattern of mass ratios and mixings for leptons and quarks and, if
my, ~ 3- 10~2 eV as preferred by the MSW solution to the solar neutrino problem, leptogenesis
implies that (B — L) is broken at the unification scale [15]. This suggests a grand unified theory
based on the group SO(10), or one of its extensions, which is directly broken into the standard
model gauge group at the unification scale ~ 10'® GeV. However, for a successful gauge coupling
unification, such a GUT scenario requires low-energy supersymmetry.

Supersymmetric leptogenesis has already been considered in refs. [16,18] in the approximation

that there are no lepton number violating scatterings which can inhibit the generation of a lepton



INTRODUCTION 3

number. Another usually neglected problem of leptogenesis scenarios is the necessary production
of the right-handed neutrinos after reheating. In non-supersymmetric scenarios one has to assume
additional interactions of the right-handed neutrinos for successful leptogenesis [14].

In this thesis, we investigate supersymmetric leptogenesis within the framework of the mini-
mal supersymmetric standard model (MSSM), to which we add right-handed Majorana neutrinos,
as suggested by SO(10) unification [17]. Since C'P asymmetries in the decays of these neutrinos
are one of the principal ingredients of this model, we start by considering possible sources of CP
violation in decays of Majorana neutrinos in the next chapter. In addition to the usually considered
one-loop vertex corrections [2], we show how self-energy contributions to the C' P asymmetry, which
have previously been considered in refs. [18-21], can be consistently taken into account [22]. For
simplicity we only consider the non-supersymmetric leptogenesis scenario. However, our results are
easily generalized to the supersymmetric case.

In chapter 2 we present superfield techniques, which simplify calculations in theories with ex-
act supersymmetry These techniques are used in chapter 3 where we introduce supersymmetric
leptogenesis. In particular, we discuss the neutrino decays and scattering processes that one has
to take into account to be consistent [17]. In chapter 4 we develop the full network of Boltzmann
equations necessary to get a reliable relation between the input parameters and the final baryon
asymmetry. We work out the parameter dependence of the generated baryon asymmetry, and show
that by neglecting the lepton number violating scatterings one largely overestimates the generated
asymmetry, and that in our scenario the Yukawa interactions are strong enough to produce a
thermal population of right-handed neutrinos at high temperatures. Finally, we show in chapter
5 that by assuming a similar pattern of masses and mixings for leptons and quarks one gets the
required value for the baryon asymmetry without any fine tuning, provided (B — L) is broken at
the GUT scale, and the Dirac mass scale for the neutrinos is of order of the top quark mass, as
suggested by SO(10) unification [15,17].

In appendix A we summarize some standard formulae for one-loop integrals. In appendix B we
introduce our spinor notation and compile formulae which are needed for the superfield calculations
of chapters 2 and 3, while the Feynman rules for component field calculations are presented in
appendix C. After a brief review of thermodynamics in an expanding universe in appendix D, we
present the cross sections for the scattering processes discussed in chapter 3 in appendix E. Finally,
in appendix F we discuss some limiting cases in which the corresponding reaction densities can be

calculated analytically.



Chapter 1

CP Asymmetry in Majorana

Neutrino Decays

In this chapter we study how self-energy diagrams can be consistently taken into account when
computing CP asymmetries in heavy particle decays. This is not obvious, since the naive
prescription leads to a well-defined result for the C' P asymmetry, whereas the individual partial
decay widths are infinite.

We investigate this problem in the case of heavy Majorana neutrinos, which are obtained as mass
eigenstates if right-handed neutrinos are added to the standard model. Since they are unstable, they
cannot appear as in- or out-states of S-matrix elements. Rather, their properties are defined by S-
matrix elements for scatterings of stable particles mediated by the unstable neutrino [23]. By using a
resummed propagator for the intermediate neutrino, we can separate two-body scattering processes
in resonance contributions and remainder. While the CP asymmetries of two-body processes
vanish [24], the resonance contributions yield a finite C P asymmetry which can be assigned to the

intermediate neutrino

1.1 Self-energy and vertex corrections
We consider the standard model with three additional right-handed neutrinos. The corresponding
Lagrangian for Yukawa couplings and masses of charged leptons and neutrinos reads

Ly :T;H/\}’eR+EeH1A;VR—%;§MVR+ hics., (1.1)

where I, = (1, e,) is the left-handed lepton doublet and H = (H*, H°) is the standard model

Higgs doublet. A\;, A, and M are 3 X 3 complex matrices in the case of three generations. One

4



1.1. SELF-ENERGY AND VERTEX CORRECTIONS 5
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Figure 1.1: Leading order contributions to the self-energy of the heavy Majorana neutrinos. The

fermion flow has been chosen parallel to the external momentum q.

can always choose a basis for the fields vy such that the mass matrix M is diagonal and real with
eigenvalues M;. The corresponding physical mass eigenstates are then the three Majorana neutrinos
N; = vg; + vg.. At tree level the propagator matrix of these Majorana neutrinos reads

i

P A P "

1 So(q)

This propagator has poles at ¢> = M? corresponding to stable particles, whereas the physical
Majorana neutrinos are unstable. This is taken into account by summing self-energy diagrams in

the usual way, which leads to the resummed propagator

195 = WE—EW ; (1.3)

At one-loop level the two diagrams in fig. 1.1 yield the self energy?

$95(a) = (d Pr)ap ZE(¢%) + ( Po)ap ZE (%) (1.4)

where Py, = %(lzt'ys) are the projectors on right- and left-handed chiral states. £ and ¥ are the
contributions of the diagrams figs. (1.1a) and (1.1b), respectively. They can be written as products

of a complex function a(g?) and a hermitian matrix K,
T
2u(@®) = (Zr(d®)) =e(@®) K, K=2A,. (1.5)

a(¢?) is given by the usual form factor Bo(q?,0,0) defined in eq. (A.5), whose finite part reads in
the M S-scheme,

dpy Lt (m I% 244 i1r9(q2)) : (1.6)

T 1672

'For the calculations we use the non-supersymmetric subset of the Feynman rules in App. C, by identifying the
SM Higgs doublet H with the supersymmetric scalar Higgs doublet H>.



6 CHAPTER 1. CP ASYMMETRY IN MAJORANA NEUTRINO DECAYS

Figure 1.2: One-loop corrections to the couplings of heavy Majorana neutrinos N; to anti-lepton
Higgs states (a) and lepton Higgs states (b). The fermion flow has been chosen according to the

external lepton lines.

For simplicity we will often omit the argument of @ in the following, however one should keep in
mind that a depends on ¢2.

According to egs. (1.3) and (1.4) the resummed propagator S(g) satisfies
[4((1-Se@)Put+ (1 -Su(@)R) - M] S(g) =1. (1.7)
The fermion propagator S(g) consists of four éhiral parts
S(q) = Px S™(¢*) + P S (¢%) + P ¢ S*"(¢%) + Pr d S™(¢%) - (1.8)

Inserting this decomposition into eq. (1.7), and multiplying the resulting equation from the left and
the right with chiral projectors Pg 1, yields a system of four coupled linear equations for the four

parts of the propagator. The solution reads

o) = [a-Be G- s -m] (1.9)
SR = 2701 Sa(@)SV@), (110
) = [a-saenGu-sen-M] (111)
S = 70— Bu(@)S™e) (112)

As discussed below, the diagonal elements of S(g) have approximately the usual Breit-Wigner form.

In addition to the self-energy we need the one-loop vertex function. The two expressions for

the coupling of N to I, H' (fig. 1.2a) and N to [, H (fig. 1.2b) can be written as

Thaas(@p) = +ica [(KMb(g,p)AT); qu+ (KMc(g, DI 2] (Pav")pe,  (113)



1.2. TRANSITION MATRIX ELEMENTS )

Tpas(0:p) = —ica [(/\ZM b(g, ) K);j 9u + (Ao Me(g, p) K),; Pu] (PrY*)ap - (1.14)

Here b(g, p) and c(g, p) are diagonal matrices whose elements are given by the standard three point

form factors Cg and C}2 defined in appendix A.3,
1

bk(q’p) = 1672 [CO(—p— q,9, Mk10’0)+cl2(—p_qiq, Mk,0,0)] ) (115)
1
(@) = 153 [Co(=P~ 4,9, Mk, 0,0)+ 2C12(~p ~ ¢, ¢, M, 0,0)] . (1.16)

Since we shall only consider amplitudes with massless on-shell leptons, the terms proportional to

cr will not contribute. We shall only need the imaginary part of by which is given by

2
Im{bx(¢)} = mf (%) o) , (1.17)

where the function f is defined as

f(m):ﬁ(l—(l-%—z)ln(l-:x)) : (1.18)

1.2 Transition matrix elements

The two lepton-number violating and the two lepton-number conserving processes are shown in
figs. 1.3a-1.3d. Consider first the contributions of the full propagator, where the full vertices are

replaced by tree couplings. The four scattering amplitudes read

B HN g - EH G- D) = +icaeaeAD);(\Dis

(CPRo(®)T Sii(9) (Pu(p)) , (1.19)

BEVH (g - P)NE@H (g —p)) = +ieapeae(N])1;(M)s
(a(p') P) Si*(9) (3(p) PaC)T (1.20)

GEVH (¢ -PNEPH (g - p)) = —i€apeae(AD)ij (AL
(@(p') P) Stk (9) d (Pou(p)) , (1.21)

BV H g - P)EEH (g -p)) = —ieapeac(AD)i;(AD)ki

(CR.u(p))T Sii(a) 4 (B(p) PC)T . (1.22)

Here a, b, d, e denote the SU(2) indices of lepton and Higgs fields and 1, j, k,  are generation indices.

The relative signs follow from Fermi statistics.
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We are particularly interested in the contributions of a single heavy neutrino to the scattering
amplitudes. In order to determine these contributions we have to find the poles and the residues of
the propagator matrix. Here an unfamiliar complication arises due to the fact that the self-energy
matrix is different for left- and right-handed states. Hence, the different chiral projections of the
propagator matrix are diagonalized by different matrices.

S and SRR are symmetric complex matrices, since £ (¢?) = (ER(qz))T. Hence, S** and S®*

can be diagonalized by complex orthogonal matrices V' and U, respectively,
S = VI(@)MD(*)V ("), S™(¢*) =UT(¢")MD(¢")U(g) - (1.23)
Splitting the self-energy into a diagonal and an off-diagonal part,
Ti(¢%) = To(¢?) + En(4?) (1.24)

one finds
D7'(¢*) = ¢*(1- Zo(¢)) - M* + O(%)) . (1.25)

One can easily identify real and imaginary parts of the propagator poles. The pole masses are given

by

Kii M?
M= 2uM? 2= 1+ 55 (s - 2) (1.26)

872 2
and the widths are I'; = K;; M;/(8n). In the vicinity of the poles the propagator has the familiar
Breit-Wigner form

Z; K M?
D) —————, Zi=1+ 3 (ln — - 1) . (1.27)
q? — M; +iM;T; 8 Iz

We can now easily write down the contribution of a single resonance N; with spin s to the

lepton-Higgs scattering amplitudes. Suppressing spin indices for massless fermions, one has

HEHNg-PNE@H (9 -P)0 = (E@)H (g - p)INi(g,s))

iDi(¢?) (Ni(g, sl (p)H (g - p)),  (1.28)
BEH (g - P)E@EH (g —p))i = E@)H (¢ 1))|Ni(g,5))

iDi(¢®) (Nig, s)lE () H* (g - p)),  (1.29)

@ H (¢ - P)E@H g — )i = () H (g - P))|Ni(g, 9))zc
iDi(¢%) (Ni(g, 9)Il{(P)H (g —p)),  (1.30)
HEHN g -E@H (g -p)) = E@VH (@ - P)|Nilg,5))2c
iDi(¢%) (Ni(q, s)IE(p)H* (g — p)) - (1.31)
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Figure 1.3: s-channel contributions to lepton-Higgs scattering, including full propagators and

vertices.

Here the subscript LC distinguishes an amplitude defined by a lepton-number conserving process
from the same amplitude defined by a lepton-number violating process. From egs. (1.9)-(1.12) and

(1.23) one finds

(Ni(g, EPH g —p)) = +iews (V(§IAD),; Tulg, M)Pu(p) (1.32)
BE)VH g - P)INi(g,9)) = —ieae (AWVT(g?);05(g, M) Po(p') (1.33)
(Ni(g, E@H (g~ p) = —ica (U(@)AL), 8(p)Pavs(a, Mi) (1.34)
@) H (g - P)INi(g,5)) = +iea (AU (¢%)) ;, 8(p') Paus(g, Mi) (1.35)
OV E (@ - PN, Nie = Hiea (/\,M(l—zL(qZ))vT(qz)M)ﬂ
(¢') Paus(g, My) , (1.36)
@@ H - ) INig, e = —ieae (A RPNy ))UT(qZ)M)ﬂ

¥s(g, Mi) PLo(p') , (1.37)

where we have used the identity Co7 (p) = u,(p).

Eqs. (1.32) and (1.33) describe the coupling of the Majorana field N to the lepton fields /; and
the Higgs field H, and eqs. (1.34) and (1.35) give the couplings of N to the charge conjugated
fields I; and Ht. In the case of C'P conservation, one has ’\”ij = /\‘,",‘.j, which implies K = KT and

therefore

Zu(®) =Ze(dd), VI(®)=U(?). (1.38)
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This yields
(Ni(g, 9)|i£ () H (g — p)) = (Ni(§, 8)IE(B)H"' (G - P)) (1.39)
with ¢ = (g0, —¢), » = (po, —P), as required by CP invariance.

The amplitudes given in egs. (1.32) - (1.35) have been obtained from the lepton-number violating
processes figs. 1.3a and 1.3b. The lepton-number conserving processes figs. 1.3c and 1.3d yield the
amplitudes given in eqgs. (1.36) and (1.37). The consistent definition of an on-shell contribution of a
single heavy Majorana neutrino to the two-body scattering amplitudes requires that the transition
amplitudes extracted from lepton-number conserving and lepton-number violating processes are

consistent. This implies
G )H(g-p)INilg,9)) = G@')H@~p")INilg,9))ec, (1.40)
GE)H g-2)INi(g,s) = G )Hg—9")INi(g,9))zc - (1.41)

From egs. (1.33), (1.35), (1.36) and (1.37) it is clear that these relations are fulfilled if the mixing
matrices V (¢?) and U(q?) satisfy certain consistency relations. Assuming that the matrix A, has

an inverse, one reads off

Uij(M?) = (MV(M,?) (1-Zr(M})) %) (1.42)
Vi) = (MU (-nom) 5;) (1.43)

The matrices V and U are determined by the requirement that the expressions (cf. eqs. (1.23))

Vi) (5@ V() = Vi) (1~ Bale) & (- 5ie?) - M)V, (149

U(g) (™)™ U(¢) = U(g") ((1 - Zu(e)) i}} (1-2a(e) - M) Ut(g’),  (145)

are diagonal on-shell, i.e., at ¢> = M?. Using £, = Ip, + Zy, and writing
V(®) = 1+u(?), v(¢®)=-v"(), (1.46)
U@@) = 1+u(d®), ul@®)=-uv"(¢*, (1.47)
a straightforward calculation yields
vii(e?) = wii(e?) (MiSi(e) + M;S(a)) (1.48)

wis(e?) = wi(e?) (MiSny(0®) + MiSni(aD) (1.49)

—



1.3. CP ASYMMETRY IN HEAVY NEUTRINO DECAYS 11

where

wi;(¢*) ™ = (M; - M;) (1 ,ivI,-) - 2a(¢%) (MiK;; — M;Ky) . (1.50)

These equations give the matrices V and U to leading order in Xy. They are meaningful as long
as the matrix elements of Ly are small compared to those of w™!

Inserting eqs. (1.48) and (1.49) in egs. (1.42) and (1.43), one finds that the consistency conditions
for the mixing matrices V and U are fulfilled to leading order in ¥y. We conclude that the
contribution of a single heavy neutrino to two-body scattering processes can indeed be consistently
defined. The pole masses are given by eq. (1.26) and the couplings to lepton-Higgs initial and final
states are given by egs. (1.32)-(1.35).

1.3 CP asymmetry in heavy neutrino decays

It is now straightforward to evaluate the C'P asymmetry in the decay of a heavy Majorana neutrino,

o 1 ['(N; = [H) — T(N; = IHY)
"7 I'(N; = IH)+ (N; — lHY) ~

(1.51)
From egs. (1.33) and (1.35) one obtains for the partial decay widths, including mixing effects,
Tw(N; — [HY Z| NI (M) il?, (1.52)
Tyu(N: = IH) « Z |(AUT (M2)) il (1.53)
J
To leading order in A2 this yields the asymmetry (cf. eqs. (1.46), (1.47)),
eM = KL“Re {(wu(M})K)ii — (v(MHKT):} . (1.54)
Using egs. (1.48) - (1.50) and (1.6), one finally obtains

Im{K3, .}
Keid s

g = _—letJ(M2)|2(M2 (1.55)

Consider first the case where differences between heavy neutrino masses are large, i.e., |M; —

M;| > |I'; — Tj|. Eq. (1.55) then simplifies to

MMm; Im{K3 .}
e 8%2 Mf Y el

This is the familiar CP asymmetry due to flavour mixing [18]. It has previously been obtained

by considering directly the self-energy correction to the Majorana neutrino decay, without any
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Figure 1.4: u-channel contributions to lepton-Higgs scattering.

resummation. The CP asymmetry ¢; reaches its maximum for |M; — M;| ~ |I'; — T';|, where the
perturbative expansion breaks down.

Interesting is also the limiting case where the heavy neutrinos become mass degenerate. From
eq. (1.55) it is obvious that the C'P asymmetry vanishes in this limit. The vanishing of the C'P
asymmetry for mass degenerate heavy neutrinos is expected on general grounds, since in this case
the CP violating phases of the matrix K can be eliminated by a change of basis.

The CP asymmetry due to the vertex corrections is easily obtained using egs. (1.13), (1.14),
(1.17) and (1.18). The partial decay widths corresponding to the full vertex read

Ty(N; = IHY) o< ) [(A(1— MbKTM));, (1.57)

Py(N; > 1H) o |(A3(1— MbKM));i* . (1.58)

For the corresponding C' P asymmetry (1.51) one obtains the familiar result

Im{K2. 2
g = —LZ —uf (%) , (1.59)

8w £ K;;
J

where the function f(z) has been defined in eq. (1.18).

1.4 CP asymmetries in two-body processes

Let us now consider the C'P asymmetries in two-body processes. Here we have to take into account
the s-channel amplitudes shown in figs. 1.3a and 1.3b, with vertex functions up to one-loop, and
the two u-channel amplitudes depicted in figs. 1.4 and 1.4b. For the u-channel amplitudes vertex

and self-energy corrections can be omitted to leading order since the absorptive parts vanish.
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In the following we shall evaluate various contributions to the C'P asymmetry

AM? _ |M(IH! = IH)|> - IM(IH — THY)?
2IM|2 T [M(IH = IH)|2+ |M(H - [H)|2’

€ (1.60)

where we always sum over generations in initial and final states. There are contributions from
the full s-channel propagator, A|M|?%, from the interference between s-channel amplitudes at tree-

level and with one-loop vertex corrections, A|M|2y, the interference between tree-level s-channel

2

s> and the interference between s-channel with one-loop vertex

and u-channel amplitudes, A|M|
corrections and u-channel amplitudes, A|M|2 p.
Consider first the CP asymmetry €, due to the full propagator. The contribution of a single

intermediate neutrino N; is (cf. (1.28), (1.32), (1.33))

IMi(tH = THN[ o [Di(g")* Y1V (@A)l D1V ()il - (1.61)
3 k
Comparison with eq. (1.52) yields immediately
\Mi(UH — THY)[S o< | Di(¢)|"Tas (N; — TH')? . (1.62)
Similarly, one has for the charge conjugated process
IM;(TH' — 1H)|? o< | Di(¢?)|*Taa(N; — LH)? . (1.63)

The corresponding C' P asymmetry is, as expected, twice the asymmetry in the decay due to mixing,

. .|2
e(t) 2 AIMils

= o 2e¥ . 1.64
s 2lMll3 t ( )

It is very instructive to compare the contribution of a single resonance with the C P asymmetry
gs for the full propagator. Due to the structure of the propagators S™* and S®® it is difficult to
evaluate €5 exactly. However, one may easily calculate €, perturbatively in powers of Ty, like the

mixing matrices V(¢?) and U(g?) in the previous section.

The full propagator (cf. (1.7)) reads to first order in Iy,

S(q) = So(g) + So(9)d [EX (¢%) Px + Ex(d®)P.) So(g) + .- - , (1.65)

where (cf. (1.25))
So(q) = [¢(1 - Ep(¢?)) + M] D(¢*) . (1.66)
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It is now straightforward to calculate the matrix elements of the two-body processes, summed

over generations in initial and final states,
IM(H - THY? = 16p-9' ¢ (2%2'1& [KMD(¢®)KTMD*(¢%)] +
Re{Tr[KMD(¢) =L () (1 - £o(¢) D¢ KTMD"(¢?) +

KD(¢)(1 - £o(¢) En(@)MD(¢)) KTMD* (%) } + .. ) . (1.67)

This yields for the sum and the difference of the CP conjugated matrix elements,

M2 = 16p-p' ) Aij+..., (1.68)

i
AM|Z = =16p-p') (Bij+Cij) +--- (1.69)

i

where

Ai;j = Re{KZM;M;D;(¢*)D}(¢®)} , (1.70)
B;j = ilm{Ky;}’M;M;D;j(¢*)D;(¢*) , (1.71)
Cii = 4¢°Re {ia(¢)Im{KZ, }MM; (1 - To(¢*)) KuDs(@)IDi(@)IP} . (1.72)

For ¢* ~ M? the expressions A;; and C;; are dominated by the contribution of a single resonance

N;,

Ai =~ KiMI|Di(d”)?, (1.73)
M3M;
Cij =~ —1 {K; }WK..ID (). (1.74)

From eqgs. (1.56), (1.73) and (1.74) one reads off that the sum over C;; yields precisely the

contribution of the resonance N; to the CP asymmetry,

Im{Kg }

E Cu i w
= Z T i e (1.75)

The second contribution to the CP asymmetry ¢, is due to the sum over B;; (cf. eq. (1.71)).
B;; involves two different propagators (¢ # j) and corresponds to an interference term. Using
D;7'(¢%) = ¢* - M? - 2a*(¢*)¢°Kj; and 2¢*Im{a(¢®)}Kii = —Im{D;'(¢*)}, one can rewrite C;;
as follows,

Cij = —iIm {K2, }M:M; D} (¢) D (¢9)| Dila®) PID; () (1.76)
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Comparing eqs. (1.71) and (1.76) it is obvious that the sum of both terms, i.e., the CP asymmetry
€, corresponding to the full propagator, is identically zero! The pole contribution is cancelled by
the interference of the pole term with an off-shell propagator.

The contribution to the CP asymmetry A|M|2 . can be computed in a similar manner. The
diagrams fig. 1.3a and 1.3b yield two contributions for the two vertices. After some algebra one

obtains the result (cf. (1.15))

AMf3r = —64p-p'¢*) Dijk+..., (1.77)
ik

Dijx = Im{KyK;iK;}Im{bx(¢q*)}MxM;D;(q*)D}(¢*) . (1.78)

For ¢> ~ M?, one reads off that the sum over D;j; yields, as expected, twice the vertex CP

asymmetry,
> Diik 1 — Im{K3 .} /M2
esr(M?) ~ —’;1__ g K ~J MI.; =2 . (1.79)
11 & 11 1

2

A result very similar to egs. (1.77), (1.78) is obtained for the asymmetry A|M]|{ ,, the interference

between tree-level s-channel and u-channel amplitudes. One finds (v = (¢ — p — p')?),

AM(Z,

-32p- p’ q2 E,'jk + ..., (1.80)
1,5,k

Eijx = Im{KyK;iK;j}Im{a(q?)}MiM;Di(¢*) D;}(¢*) Di () . (1.81)

Integrating the expressions over phase space and using

0 wer 2 /3 2
o e el e doxt e (1.82)
L u— M} M; q?

one finds the cancellation

0
/ du(AIMEr+AMP,) = 0. (1.83)

~q
Finally, we have to consider the C'P asymmetry A|M|?‘,F. A straightforward calculation yields
AMfir = -32p-9' ¢*) Fir+..., (1.84)
k

i’j,

Fijk = Im{K,-kK_,-kKJ-,'}Im{bk(qz)}MkM]-D,-(qz)D;-‘(u). (185)

After integration over u the resulting matrix F;;x is antisymmetric in the indices j and k. As a

consequence, the asymmetry A|M|2 L. is identically zero.
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As we have seen, the total CP asymmetry vanishes to leading order in AZ. This result has
previously been obtained in [24]. It follows from unitarity and CPT invariance. The considered

T-matrix elements satisfy the unitarity relation
2Im(IH|T|IH) = (IH|T'T|IH) . (1.86)

If, in perturbation theory, the leading contribution to the right-hand side is given by two-particle

intermediate states, one has

S (H|T'TIHY =Y (|(I’H|T|IH)|2 + (FHATIE)E) + ... . (1.87)
1 LI

CPT invariance implies
('H|T|IH) = (IHY|T|I'HT) . (1.88)

From eqs. (1.86) - (1.88) one then obtains

S (IeEtTIH)? - |(1’H|T|1‘Hf)|2) o (1.89)
13
In [24] it was concluded that away from resonance poles, where ordinary perturbation theory holds,
the CP asymmetry (1.89) vanishes to order AS. Corrections due to four-particle intermediate
states are O(A\8). In this paper we have developed a resummed perturbative expansion in powers
of £y which is also valid for s ~ M?. The same argument then implies that in this case the CP
asymmetry (1.89) vanishes to order A2 whith corrections O(\%).

The nature of the cancelation is different for different subprocesses. For the full propagator, the
CP asymmetry vanishes identically for fixed external momenta. Interference contributions between
various s-channel and u-channel amplitudes cancel after phase space integration. In applications
at finite temperature the standard practice [2] is to treat in the Boltzmann equations resonance
contributions and the remaining two-body cross sections differently. This procedure yields for the
CP asymmetry of the decaying heavy neutrino N; the sum of mixing and vertex contribution,

€i=¢€r+¢€).



Chapter 2

Perturbation Theory in Superspace

In this chapter we give a short review of the superspace formulation of theories with global
supersymmetry. Since in the following chapters we will only encounter chiral superfields, we re-
strict ourselves to chiral superfields and leave aside the superspace formulation of gauge theories,
which can be found e.g. in ref. [25]. In particular, we will present the powerful calculational tool
of perturbation theory in superspace, which drastically simplifies calculations of S-matrix elements

in theories with exact supersymmetry.

2.1 Superspace

Supersymmetry transformations are generated by operators ) which transform bosons into
fermions, i.e. these generators have fermionic character [26,27]. The operators Q and their

Hermitian adjoints Q can be chosen to be Weyl spinors!, which obey anticommutation relations

{Qa,Qs} = {Q,,@ﬂ} =0, (2.1)
{Qay G&} = 2a'a&“Pu ) (2.2)
[Qas Pu] = [@&, P,]=0, (2.3)

where P, is the energy-momentum operator. Together with the familiar commutation relations for
the generators P, and M, of the Poincaré group, Q and @ form a closed algebra, the so-called
super-Poincaré algebra.

A compact technique for working out representations of the supersymmetry algebra was

proposed by Salam and Strathdee [28]. They introduced Grassmann variables 6* (a = 1,2) and 6,

! For our notations and conventions see app. B.

I
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(e = 1,2, ) )
(6°,6°) = {8%,8° ) = {6°,8" } = 0. (2.4)

With these anticommuting parameters the supersymmetry algebra can be expressed in terms of

commutators,
[6Q,6Q] = [Q6,Q8] =0, (2.5)
[60Q,Q8] = 200"6P, , (2.6)
[6Q, Pu] = [@5, Py.] =0. (2.7)

Now we are able to exponentiate the super-Poincaré algebra into a group in such a way that the
product of two group elements is again a group element. An element of this super-Poincaré group

is given by
G(x,(),?) L ei(x-P+OQ+§6) J (28)

These group elements generate transformations in the eight-dimensional superspace parametrized
by the coordinates (z“,o"‘,a&). In the following we use z = (:r“,0°’,§&) to denote a point in
superspace.

Left action of the group element G(a,7,7) induces a motion in superspace,
(z*,0,0) = (z* + a* + ino*8 — i05"7,0 + 1,0 + 7). (2.9)

This transformation is realized by the differential operator representation of the algebra

P,=1id,, (2.10)
Q= a%a + iaa&“ﬁé’au : (2.11)
” B

das e 0°0,5" 0, (2.12)

where differentiation with respect to spinor parameters 6 and 6 is defined by

5%,,[3 oo gl (2.13)
a8

The usual rules for raising and lowering spinor indices (cf. app. B) therefore give an additional sign,

if the index position in the differentiations is changed,

w0 0 2 s} o

A LT R & =
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Correspondingly, right action of the group elements induces an anti-realization of the super-

Poincaré group generated by covariant derivatives D and D,

0 . =&
Da = 3—0; — ZUQ&“O 3“ y (2.15)
5 i
D& = T + 1.0 Ua&ua“ 3 (2.16)
6°

which obey the anticommutation rules

{Da; Dg} = {D;, Dy} =0 (2.17)

{5l } = 2a.3¢8F, . (2.18)

Furthermore, one can derive the following useful identities

D°DP = —%e"f’Dz, (2.19)
S L L 264D, (2.20)
0°D’Dy = D:DPD°, (2.21)
D’D*D? = -160D°, (2.22)
D*D’p* = -160D?, (2.23)

where the squared covariant derivatives are given by

g 9 Ao @ —2
2 — iy L taafd Tt —
D*=D*D, = -¢ 30"605+2z (00 80) a,+6 0, (2.24)
—D—z o= —D-&b-& -~ — E&b?i, + 21 (00“1) (9,‘ + 92[] - (2.25)

2.2 Superfields

Supersymmetric theories are most easily formulated in terms of superfields in superspace. In order
to get a feeling for how to define a superfield, let us first consider an ordinary quantum field ¢(z)
which depends only on the coordinates z# of Minkowski space. Translations of these coordinates

are generated by the operator P,, and we can consider ¢(z) to have been translated from z* = 0,

¢(z) = e Fg(0)e=F . (2.26)
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In complete analogy, a superfield F(z,6,8) can be defined as [27]
F(z,0,0) = G(z,0,8)F(0,0,0)/G(,6,0) , (2.27)

where G(z,8,8) is an element of the super-Poincaré group given by eq. (2.8). This means that a
superfield is defined as a Taylor expansion in @ and @ with coefficients which are themselves local
fields in Minkowski space. Due to the Grassmann nature of  and @, this expansion breaks off, and

the most general superfield reads

F(2,0,8) = f(z)+0¢(z)+0X(z) + 6°m(z) + 8 n(z) + 60*Bv,(z)

+820X(z) +0°0¢(z) + 6%0°d(z) . (2.28)

This superfield contains as Taylor coefficients four complex scalar fields f, m, n and d, one complex
vector v,, two spinors ¢ and % in the (%,0) representation and two spinors X and X in the (0, %)
representation of the Lorentz group, altogether 16 fermionic and 16 bosonic field components.
Consequently, superfields form linear representations of the supersymmetry algebra which are, in
general, highly reducible. Irreducible representations can be constructed by imposing constraints on
the superfields. Like all covariant derivatives, D and D can be used to impose covariant conditions.

Chiral superfields @ are characterized by the condition

D.®=0. (2.29)

[

This first order differential equation is most easily solved in terms of the variables y* = z# — i0o*0

and @ since

D, (z* - i60#§) =0 and D;0=0. (2.30)
Then an arbitrary function of y and 6 is a chiral superfield,
B(y,0) = A(y) + V201(y) + 6> F(y) . (2.31)

This is the most general solution to eq. (2.29), as may be seen by expressing the covariant derivatives

in terms of y,  and 8,
0 X =6
D, & zs==1g N —— (2.32)
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By Taylor expansion in 6 and @, we can write a chiral superfield as a function of the original

superspace coordinates z*, 6 and 6,
8(z,0,8) = A(z)- i80"60,A(z) - :11-02§2DA(3:) (2.34)

V2

Conjugation gives an antichiral superfield ® which satisfies the constraint

+v20¢(z) + —=020,%9(z)o"8 + 62 F(z) .

D3 =0. (2.35)

It is a natural function of §* = z* + i#o*@ and 8, and its power series expansio is obtained from
egs. (2.31) and (2.34) by conjugation.

Supersymmetry invariant actions can be constructed from chiral superfields and their products.
It is clear from the expansion (2.31) that a product of chiral superfields is again a chiral superfield
(cf. app. B.3), whereas a product of a chiral and an antichiral superfield will satisfy neither eq. (2.29)
nor eq. (2.35). However, not every component of these product superfields can be used to construct
supersymmetric actions. To be able to formulate supersymmetric theories we have to isolate the

components which are invariant under supersymmetry transformations, up to total derivatives.

2.3 Superspace Invariants

The general method by which a translation invariant action is derived from fields is to integrate
a Lagrange density £(z) over d*z. The result is translationally invariant if surface terms vanish.
Similarly, SUSY invariant actions can be constructed by integration over superspace, once we have
defined an integral over the Grassmann variables  and 8. This Berezin integral is determined by
imposing linearity and translation invariance, except for the normalization which is fixed by the
definitions [29]

/ d’06>=1  and / 08’ =1, (2.36)
with all other integrals vanishing. The two-dimensional volume elements are defined by
2 1 o
dé = —Zdﬂ dé, , (2.37)
- 1 - =&
dg = —Zda&do : (2.38)

For integration over superspace we introduce the following integration measures

dbs = d*z d% d% = d'z d%0 , (2.39)
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d®z = d'z d*0d% .

(2.40)

If we adopt the convention of dropping total divergences, i.e. surface integrals, the differential

operators —1D? and —%52 are equivalent to d? and d?@ under a space-time volume integral,

/dst(z,o,é) - /d63 (—iﬁz) F(z,6,0)

/d6§ (—i—D2> F(z,6,0)
. DD’ &

= /d T, F(z,6,0)

o /d‘*x Dlé) F(z,6,8),

where F is an arbitrary function of z, 6 and 0, i.e. a superfield. It follows that
/d%D(, F(z,6,8) = /dszﬁ& F(z,0,6) =0.
Hence, we immediately get the following rules of integration by parts

/dstl D0F2=:|:/dsz(D,,F1)F2,

/dstlﬁanzq:/dsZ(EaFl)Fb,

(2.41)

(2.42)

(2.43)

(2.44)

(2.45)

(2.46)

(2.47)

where the upper (lower) sign is valid if F is an even (odd) Grassmann function. Similarly, higher

powers of covariant derivatives can be partially integrated by means of the following formulae

/dsz F(D’R) = /dsz (D*R) R,
/dstl (Ezpz) = /dsz (D*R) R,
/dstl (D232F2) - /dsz (32D2F1) B,
/dsz F (D‘*EzDan) - :F/dsz (E2D° F,) D.F,,
X3 ]dsz (D"EQDQ Fl) F.
We may also define superspace delta distributions
PO-0)=(0-0)7, &F-F)=(F-7),

8(z — 2') = 6%z — 2')62(8 — 6")6%(0— ) .

(2.48)
(2.49)
(2.50)
(2.51)

(2.52)

(2.53)

(2.54)
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Applying covariant derivatives to these delta functions yields
' D%5%(0, — 0;) = —4dexp [i(61 — 02)0%0,01,,] , (2.55)
D;6%(6,-0;) = —4exp[—if1o*(8; —02)d1,] , (2.56)
D12D26* (6, — 02)8%(0; — 0;) = 16exp [—i (610"8; + 020%8; — 261082 ) 81,] , (2.57)

D?D; *82(6, — 6,)8(8; — 87 ) 16 exp [i (6108 + 02085 — 20,08, ) D1,.] ,  (2.58)

where D; and D; act on z;, 8; and 8;. The argument of the derivatives can be changed through

the following transfer rules

D288(zy — 2) = -D3&8(z1 - 2), (2.59)
TP -2) = ~B°Pe-u), (2.60)
D?88(zy — z5) = D26%(z - 22) (2.61)
Di26%(z1— 2) = D3 6%z — z2) (2.62)

and since covariant derivatives with different arguments anticommute we also have

Il

D" D}6%(21 - z2) Dy "D36%(21 — 22) (2.63)

= D%D_lzés(zl - Zg)
= B D_2258(zl —2).

Superspace integration can be used to construct invariant actions. Consider first the integral
over a chiral superfield. Due to the constraint (2.29), a chiral superfield is independent of 8, i.e.
J d?8, and hence the full superspace integral gives zero.

Since for chiral superfields the supersymmetry algebra can -be realized as coordinate
transformations of the chiral subspace of superspace alone, which has coordinates y# and 6% but
not 5&, the f d*z d?0 integral, without the d?8, is already an invariant integral for chiral superfields.
Therefore, the most general supersymmetric renormalizable Lagrange density involving only one

chiral superfield reads
L= /d20 020+ [/ d*6 (%m<1>2 + %,\@3 + g<I>) + h.c.] : (2.64)

We will omit the tadpole term ¢g® in the following, since it can always be eliminated by field

redefinitions.
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2.4 Superfield Propagator

In close analogy to the usual perturbation theory one can develop a perturbation theory in

superspace [30,25]. Our goal is to compute Green functions for superfields,
camd (2ls (i, Ay zN) =(0|T {@(")-- B(2N)@(2") - E(ZN)H 0) , (2.65)

where z' = (z**,6*,67;) denotes a point in configuration superspace. Let us start by computing

the propagator for a chiral superfield, which is constructed from the free Lagrangian
Lo = / d®2 00 + ( / d®s %mqﬂ + h.c.) : (2.66)

Since the operator -D’Dp? /(16 O) projects on chiral fields,

_1D D

=9 if D®= 2.67
16 DO : O {50

we can use eqgs. (2.41)-(2.44), and rewrite the d®s integration in the mass term of the free Lagrangian

into an integration over the whole superspace,

e T AT,
= [d2{F+-m|0—0+D—3
to = [ (e gn (050553 |

1 Le 0]
» 8.5 -
= /d zz(d),d))M(q)), (2.68)
with the matrix A
_2D2 1
40
M= Sk ’ (2.69)
, Dl e
40

where we have assumed a real mass m.

To derive equations of motion we have to define a functional derivative in superspace, where
we have to take into account the chirality constraint D® = 0. This constraint is automatically
respected by varying in the y basis,

]

390,90 ®(y,0) = (y—y)6*(0-¢') . (2.70)

Going back to the variable z, the variation under superspace integration reads

é o ik S i
— | &#’e,¢,F)F(c,0,0)=--D>F(z,0,0) . 2.71
P [ &4 06,0.7) F@',0,7) = ;D" F(2,0,0) (2.71)
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This leads to the formal definition

.
6®(z,0,0)

Variation of the free Lagrangian (2.68) then gives equations of motion,

% ( 502 122 ) M(%) il (2.73)

o(2',0,0) = —;52 8(z-72). (2.72)

With eq. (2.67) this leads to

R
md — ZD2<I> =0, (2.74)
A | 2
m® — D' = 0. (2.75)
The propagator is defined as Green function of the operator
=2
D™
! ( ) M, (2.76)
iR
i.e. the differential equation defining the two point function A reads
=2
10
—=2
D° 0 z=_ =y
: Mma=| 40 §(2= #. 2.77)
T §ip? 1 D?
0 o o0
4 0

where the differential operator on the right-hand side implements the chirality constraint (2.29).
Solving this equation, one gets the propagator for a chiral superfield

p? 1D%p?
~] 4 16

O4m*l 1 s  Wos
EDD —4—D

where —1/(0 + m?) is a symbolic notation for the Green function of the Klein-Gordon operator

Alz, 2N =

§(z-2"), (2.78)

0 + m2.

2.5 The Generating Functional

The generating functional for free Green functions is given by the vacuum-to-vacuum amplitude in
the presence of an external classical chiral source J coupled to a free chiral field @,
1D°
Zi3T] = <0 | T exp i/dsz @, N1 7"
0

(2.79)

=)
g —
1|
S
o
e

1D?
40
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1 D?
= RS By sk )
= N/mmexp iL0+i/dsz (7, 7) L B (6) , (2.80)
B o

where Lo is the free Lagrangian from eq. (2.68), and N is a normalization factor which can be chosen
such that Zp[0,0] = 1. In non-supersymmetric quantum field theories the role of this normalization
factor is to take out disconnected vacuum bubbles, which would otherwise contribute to Green
functions. Although vacuum diagrams vanish in supersymmetric theories because of the non-
renormalization theorems (cf. section 2.6), the normalization factor does not equal unity when the
volume of the system tends to infinity [31].

The oscillatory path integral (2.80) is not well defined, and has to be Wick rotated to Euclidean
space to be evaluated unambiguously. The Green functions calculated in Euclidean space then
yield Green functions in Minkowski space by analytic continuation. We will write all quantities in
Minkowski space with the understanding that they can be justified in Euclidean space.

Performing the functional integral with standard techniques, one gets

10
Zo[J,J] = exp —%/dszdsz' (J(2), J(2)) kP | D A(z,2') x
e
1 D"
- 0 '
40 J(#)
¥ | 7 (7(2')) : g
R
4 O

where A(z,2') is the chiral superfield propagator (2.78). With eq. (2.67) this can be brought to a

familiar form,

ld,J) = exp{—% / d*zd*z’ (J(z), J(2)) Acrs(z,2') Gg;)} , (2.82)
where Aggs(2,2’) is the superfield propagator of Grisaru, Rocek and Siegel [32],
e
Agps(2, ) = = :le2 ks - 8(z-2). (2.83)
1 Bied -

4 O
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Since J is a chiral source, its functional derivative is defined like in eq. (2.72). The functional

derivative of Zy then reads

x \§

6 3 p [ D)

s | %=- / a'' As, ) o= . (2.84)
—2—

i8J(2) i

(
With egs. (2.77) and (2.67) this yields a functional equation for Z,

1 46
D’ e 7(@)
1T ] e PR : Zo . (2.85)
4 R i _5 T(2)
18J(2)

This equation can easily be generalized to the interacting case. For the ®3 theory coupled to an

external source the equations of motion read

—2
1{ D" 0 L] 2 J
i ( 0 p? ) Mg -l = 1) s
By comparison with the functional equation for Zy (2.85) we can write down the defining equation

for the full generating functional Z[J, J],

; 1 6 piy¥ (1 ) )2
1{ D % i8J . i8J
4 m| ! éz) Z= | NYE L e
(7 )i ) o)
16J(2) i 8J(2)
Using the interaction Lagrangian Lyt
291,53 251,=3
Env'= 1 @0 §/\<I> + [ d 0§/\<I> : (2.88)
the operator on the right-hand side of eq. (2.87) can be rewritten as
i (1 8 )2
: i8J(z
o (2) & (2.89)

€
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Hence, eq. (2.87) yields

1 46
s - : 1816
i i e P i6J(2) e—’fd4z' L (737’ 737) 2= (2.90)
4\ o o It
1 6J(2)
J 15 16
o (2) " —zfd41; Lint (737’ 5 5j) 7
J(z)

By comparison with the functional equation for Zy (2.85), the generating functional Z can be

related to the free-field generating functional

: 4 T8 “1 6
., ifd' Ly (fﬁ’iﬁ
=e

Z[J, J] ) ZolJ, J] - (2.91)

This relation, familiar from ordinary quantum field theory, is the starting point of perturbation

theory in superspace.

2.6 Feynman Rules in Superspace

N-point Green functions are obtained from the generating functional by functional derivation,

G, o N e
é é é ) =
= (=N g o 7l 0 :
= (-i)N J J J J X
A5 8J(21) 8J(2") 6J(27+1) 8J(zN)
oo @ n / & 5 1.6 l ) e
X Zo “ ,Hl d'a" Lovr 757 T 57 Zo[J, T] ; (2.93)

where we have used eq. (2.91) in the last step. The factors

4, 1] 16 16
/d 2 Lo (MJ, i (2.94)

generate vertices at the superspace points 2 , and the functional derivatives 3‘57 in Liyr, when acting
on Zy, generate propagators connecting different vertices. The operators szq not in Lyr generate
propagators on external lines, which have to be amputated and replaced by superfields ®(z) in
order to get an effective contribution to the Lagrangian. This leads to the following Feynman rules

in configuration superspace
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. Provide external lines with factors ®(z) or ®(2).

. Due to the chirality of the functional derivative (cf. eq. (2.72)), one has to include one (two)

factors —{D_z acting on internal propagators to each ®3 vertex with two (three) internal lines.

The same applies to 32 vertices and factors —%Dz.

. Include a coupling constant %/\ and a superspace integration [ d®z for each vertex.

Use the GRS-propagators :Aggs (2.83) for internal lines.

Include the usual symmetry factors.

In the next chapter we will illustrate these Feynman rules by performing several sample calculations.

Let us first investigate the general structure of diagrams calculated with these rules.

The d26° d%8° integrals at each vertex can be done, leaving us with one overall d%0 d?8 integral

and the usual Minkowski space integrals over d*z* for each diagram. To see how this comes about let

us follow the #-integrations around an arbitrary closed loop?. It consists of propagators, including

factors 6%(2; — z;41) and covariant derivatives acting on them, external superfield factors, and

d%6i 29" integrals. Higher powers of covariant derivatives can be reduced by using the identities
(2.19)-(2.23).

Consider now the propagator from one vertex z' to another one 27, and integrate by parts

using eqs. (2.46)-(2.52) to remove all the covariant derivatives from its é-function. The original

contribution becomes a sum of terms. If there are other propagators connecting z* and 27 we can

use the relations

8;;0;; =4, (2.95)
§;;D%&; =10, (2.96)
6;;D%*;; =0, (2.97)
§;;D°D%6; =0, (2.98)
‘SijDaEz&ij =1, (2.99)

5;jD2E25;j = 5,','52D25,’j = 5,'J'D032Da5;j =iy D—&Dzﬁ& 0i; = 166;; 54(:6,' —z;), (2.100)
8:;;D°D’DP6;; = —8eP6;; 64 (x; — z;) (2.101)

5ijE&D2—ﬁﬂ5ij = 8€&i’5ij & (z: — z;) , (2.102)

2We will assume that loop divergences have been properly regularized.



30 CHAPTER 2. PERTURBATION THEORY IN SUPERSPACE

where §;; = 6%(2; — zj). Hence, the terms generated by the partial integration vanish, unless each of
the other §-functions has exactly two D’s and two D’s acting on it. Now the free §-function can be
used to perform the d26’ 426’ integral and shrink all the propagators between z* and 2’ to a poixrlt
in f-space. This procedure can be repeated, until we have removed all §-functions and performed
all 6-integrals except the original one at z*. We are left with a sum of terms, all with a single d*6 d%8
integral, various d’Alembert operators from eqgs. (2.22) and (2.23), as well as covariant derivatives
acting on the external superfields.

Hence, we have ended up with a d20 d?8 integral, even though in the original Lagrangian we
may have had chiral d?6 integrals. This is the perturbative no-renormalization theorem for chiral
superfields [33]: radiative corrections do not induce renormalizations of F-terms, i.e. purely chiral
mass or interaction terms. Furthermore, all vacuum diagrams vanish, since the d26 d%@ integral

without any external superfield vanishes.



Chapter 3

Supersymmetric Leptogenesis

In this chapter, which is based on ref. [17], we present the supersymmetric generalization of
the leptogenesis scenario suggested by Fukugita and Yanagida [12]. After having introduced the
superpotential, we compute all the relevant decay widths, CP asymmetries and scattering cross
sections. In order to check the results we have performed two independent calculations. First
by using the component field Feynman rules from appendix C, and then by using the superfield

techniques introduced in the last chapter.

3.1 The Superpotential

In supersymmetric unification scenarios based on SO(10), the effective theory below the (B —
L) breaking scale is the MSSM supplemented by right-handed Majorana neutrinos. Neglecting
soft breaking terms, the masses and Yukawa couplings relevant for leptogenesis are given by the

superpotential
W= %NCMNC + pHyeHy + H1€QAgD° + HyeLNE° + H2eQA U + HaeLA,N€ , (3.1)

where we have chosen a basis in which the Majorana mass matrix M and the Yukawa coupling
matrices Ay and A; for the down-type quarks and the charged leptons are diagonal with real and

positive eigenvalues. The corresponding Lagrange density reads
L= /d2ow+/d2§W. (3.2)

The chiral superfields in the superpotential (3.1) are most conveniently parametrized in the

y-basis (cf. section 2.2).
Hi(y,0) = Hi(y)+V26H:(y) + 6" Fy,(v) , (3.3)

31
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Q.0 = d(y)+V20q.(y)+6°Fo(y) (3.4)
L(y,0) = I(y)+V26L(y)+ 6" Fy), (3.5)
US(y,0) = U(y)+v20unc(y) + 6% Fue(y) , (3.6)
D(y,8) = Do(y)+V20da°(y) + 6> Foe(y) , (3.7)
E(y,0) = E°(y)+V20ex(y) +6° Foc(y) , (3.8)
N(y,8) = Ne(y)+v200a°(y) +6° Fye(y) - (3.9)

Q and L stand for the left-handed quark and lepton doublets, U¢, D¢, E° and N€ are the right-
handed singlet fields, and H; denotes the two Higgs-doublets,

H? HE
H = ’ and H, = * ’ (3.10)
—-HT Hj

Besides the usual bispinors for quarks and charged leptons we can introduce Majorana-spinors

for the right- and left-handed neutrinos,

VRca VLo
N= L and e ) : (3.11)
vR®” 7

In the symmetric phase of the MSSM no mixing occurs between the fermionic partners of gauge

and Higgs bosons. Therefore, we have two Dirac higgsinos

= -
Hla s Hla

RO = < and h- = . ; (3.12)
—
H3 HY

= RO
= ( e ) L (3.13)
) o

The auxiliary component fields of the chiral superfields (3.3)-(3.9) are obtained from the

F=l (g_é)f \ (3.14)

The superpotential (3.1) then yields the following contributions to the auxiliary fields

which again form an isospin doublet,

Lagrange density [34],

Fy, = [pﬂg +(<7,\db'<=)f+(z~,\,’§c)f]e, (3.15)



3.2. THE DECAY CHANNELS OF HEAVY NEUTRINOS 33

Fy, = [-ﬂH} +(6Aul7;)f+(TA”1W)f]e, (3.16)
Fo, = f[H;rf/?f(/\Dji‘*‘HIb?(/\Dﬁ] ) (3.17)
F, = f[HJ@t(AI)ji+Hfﬁ?1(A})ji], (3.18)
Fo; = M\)igleH], (3.19)
Fo; = (\Di@'ed], (3.20)
Py = (M)} e (3.21)
Fae = —M;NZ'+ ()0 eH}. (3.22)

The vacuum expectation values of the neutral Higgs fields generate Dirac masses for the down-

type quarks and the charged leptons

v =(H) #0 = mg=Agv; and m;= v, (3.23)
and for the up-type quarks and the neutrinos

vy = (Hg) 20 = my = Agmbsandsiimpi= Ay U s (3.24)

The Majorana masses M for the right-handed neutrinos, which have to be much larger than the
Dirac masses mp, offer a natural explanation for the smallness of the light neutrino masses via the
see-saw mechanism [11].

To generate a non-vanishing baryon asymmetry, one needs a hierarchy in the Majorana mass
matrix M. Then the scale at which the asymmetry is generated is given by the mass M; of the

lightest right-handed neutrino. Hence, it is convenient to write all the masses and energies in units

of Ml,
a;, = ] ’ I = —s and -z = : 3.25
g Ml ! M12 T’ ( : )

where M; are the masses of the heavier right-handed neutrinos, s is the squared centre of mass

energy of a scattering process and T is the temperature.

3.2 The Decay Channels of Heavy Neutrinos

Since at these energy scales supersymmetry breaking terms can be safely neglected, we are working

in a theory with exact supersymmetry, i.e. we can use the superfield techniques exposed in the
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(a)

Figure 3.1: Decay modes of the right-handed neutrino superfield.

last chapter to compute decay and scattering amplitudes. To leading order, the decay modes of
the right-handed neutrino and its scalar partner with positive lepton number in the final state
are all contained in the superfield diagram fig. 3.1a, corresponding to the superpotential term

—-I\F/\.f, LeH,. Choosing the usual decomposition of the S-matrix
S=1+:T, (3.26)
we get the following tree level contribution to the 7-matrix

(@) _ _ / &z / PINN T, . (3.27)

The decay amplitudes we are interested in are then given by the matrix elements of zT(a). Let
us first concentrate on two-particle final states. According to the component field decompositions
(3.3)—(3.9) of the chiral superfields, the right-handed Majorana neutrinos /N; can decay into a lepton
and a Higgs-boson or into a slepton and a higgsino, while their scalar partners N} can decay into
a lepton and a higgsino or into a slepton and a Higgs boson (cf. fig. 3.2). The decay widths at tree
level read [18]
1

a/l» ~
0w = P(N;»T+h ) =T(N;>T +k)
= & t p"™D)j5
= I‘(N,—>I+H2) =T(N; > T+ H]) = = s (3.28)
3) . Ne —PINe T4
2F~c = T(N;=T+H,)=T(N; >1+h)
s 1
= r(N ST e m) (W o ih ) = M (momo)si
= r(N;' =T +H})=r(Ns' 514k ) = - (3.29)
According to eq. (D.15), the reaction densities for these decays are then given by
1 0
MmpMmp)i; Aj4/Q
T 271(;") = L (mp 2”)“ IVIK, (20/85) - (3.30)
T v3 2
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Figure 3.2: Decay modes of the right-handed Majorana neutrinos and their scalar partners.
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All these decay modes are C'P violating, the dominant contribution to C'P violation coming
about through interference between the tree level and the one-loop diagrams shown in fig. 3.2.
These one-loop diagrams can be summarized by the one-loop superfield diagrams in figs. 3.1b and
3.1c. Note that the non-renormalization theorems do not apply to these diagrams, since they are
contributions to the D-term NV ]'?f,-eff_g. Using the superspace Feynman rules discussed in section

2.6 the diagram in fig. 3.1b yields the following contribution to the T-matrix

iT® =% (,\1,\,) 5 (’\I)m- / d®2 d®2; d®23 N§(21)Li(22)eH 2(23) X (3.31)

= [272(21) 58(z, — 22)] [132(z3) 58(z — 23)] [_ M, D*(2)D"(22) 6%(22 — 23) ]
4 0, — t€ 4 O — 1€ 16 O Og + M2 —ie| -~

After partial integration of the D,(23) derivatives, the only non-vanishing contribution reads

. e ae B
lT,(,,b) = Z (/\I,A,,)nj (/\'t)m'/dSZI d822 d823 N;(ZI)Li(22)€H2(Z3)Z_[(:IzI—_:§) X
D*(21)6(z1— 22) | | Mo D*(22)D*(22) 8(z2 — 23)
5 l: 4 0; — 1€ —E 02 - (23) 09 + M,% — 1€ (3.32)
= Z ()\T/\ ) (/\T) /d821 d®2y d®23 N¢(21)Li(2z3)eHz (2 )lw X
-~ Vunj um, 2 SN g <L jEn\ <D 234D1—i€
D*(22) 6(21 — 22) . 8(z — 23)
; [ o2 | [mreg ] e

where we have used egs. (2.61), (2.62) and (2.23) in the last step. Now we can perform the d?63 d%63

integration,

. - 2 164z, —
iT® = Z(,\L,\,)nj (/\l)ni / a2 dszgd“xaN;(zl)L;(zg)eHg(zl)Z%x

Ez(z )68(21 — 27) 2 58(2 —z)
X [ 4 g = —i; ] [MnD (22)m] - (3.34)

Similarly, we can partially integrate the _52(22) derivatives, and perform the d?6, d?0; integrations

after having used eq. (2.100) to remove all covariant derivatives. Then :T(®) reads

) 84 (z1 — z3) 6% (z1 — 22) 8%(z2 — z3)
¢ _ 2 s A\t /d“ i 1— 23 1— T2 2 — T3
N zn: (" )n,‘(")m‘ e ol 0O; —te Oy—t Op+M: -1

x / 20 d*F N¥(z,,0,8)L:(z2,6,8)Hy(cs,6,8) . (3.35)
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By Fourier transforming the loop propagators, we get

TP = =3 oM. (M) () %

d4k1 d4k2 d4k3 eirl (kl +ko )eiz‘z(ka—kz)e—ia:s(k1+k3)
X d4$1 d4332 d4.’L‘3 0] = 2 = 2 2 5
@r)* @n)* @n)* (B + i) (K + i) (3 — M2 + ie)
X / @20 %8 N¥(21,6,8)Li(22, 0,0)Ha(23,6,8) - (3.36)

Analogously, we can compute the contribution of the diagram in fig. 3.1c to the T-matrix,

2
T = 2 M, (M) (A),, [dtadteadias (54(’“‘.“2)) e )
nj ni

0O; — i€ O3+ M2 —ic

X / d%6 %6 N¥(z1,6,8)L:(z3, 0,8)H(3,6,8) . (3.37)

Again using the Fourier representation for the propagators, we find

R, t t d'k_ Bp(—k,0,0) [ o 0 _ibfz-z)
TP = W;Mn () (A1), / G | P X

8)L:(z3,0,8)eH,(z3,6,8) , (3.38)

X / d?0 d%0 N (z1, 9,

where Bg(—k,0,0) is the massless two-point scalar integral defined in eq. (A.5). One-loop
corrections to the decay amplitudes are given by the matrix elements of iT,{,b) + iT},c).

Interference between these one-loop diagrams and the tree-level amplitudes gives rise to CP
asymmetries in the different decay channels of N; and N}, which can all be expressed by the same

C'P violation parameter €,

(N> T+h) -1(N; —T'+5) _ (N; =1+ H) -T(N; » 1+ H})
e P(N; =+ T+h)+D(N; = T"+k)  T(N; =1+ Hy) +T(N; 1+ H))
_ P(R' s 14k) -r(NeT+k)  r(NeoT+ ) -1(N 7' + 1)
- o(F' o 14k) +1(Ne—T+k)  D(Ne—T+ H) +0(Ne =" + 1j)
- _8”1”% = ;D),-jgjlm [(mbmo)2,] g(%), (3.39)
with g(:r):ﬁ[ln(l_:x)+zil] z% for &9

Here n is the flavour index of the heavy (s)neutrino in the loop. This result agrees with the one in

ref. [18] and is of the same order as the CP asymmetry in ref. [16].
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Figure 3.3: Contributions of the scalar potential to the decay width and the interactions of a scalar

neutrino.

With ; we can parametrize the reaction densities for the decays and inverse decays in the

following way

i—(l‘}'ej)')’N = ‘)’(NJ‘—')T'*'Z):’)’(NJ"—)I‘}'HZ) (3.40)
ad 7(7t+71—>NJ =7<7+H;f—>NJ),
%(1—s,~)7~,- = 7(Nj’_’71+’~l):7(Nj_’Z+H;) (3.41)

—1+e O = y(NesT+H)=~(N' 514k 3.42)
g

(
. 7('1'"+H;—; Nc*) =y(1+h > N¢),
%(1-5,)7,‘32 = o(N' =T+ B]) =+(N; 5 1+F) (3.43)

Additionally, the scalar potential contains quartic scalar couplings, which enable the decay of
JV;? into three particles via the diagram shown in fig. 3.3a. This is just the contribution of the
auxiliary field Fy, given in eq. (3.16) to the superfield decay amplitude in fig. 3.1a. The partial
width for this decay is given by

t Tr ()
@) ._pfret Loty at) = 3auM; (mpmp)j; + ( ks
FTV‘JE = F(NJ =i4+U + ¢ ) = % with oy = e i (3.44)
and the corresponding reaction density reads
1 o
@) _ 3auMi (mpmp); 45+/T; 3ay NE)
S ermen 2 K (2v/@3) = ot - (3.45)

Since the Yukawa coupling of the top quark and its scalar partner is large, a,, can be of order one.

() )

But even then '7 is much smaller than 7. Hence, the three particle decays give only a small
J
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Figure 3.4: Lepton number violating scatterings mediated by a neutrino superfield.

correction, which we have taken into account for completeness. However, we have neglected the
CP asymmetry in this decay which comes about through the one-loop diagrams in fig. 3.1.

Furthermore, we have neglected the leptonic auxiliary field F,, given in eq. (3.18), since its
contribution to the sneutrino decay width will be of order (A,t,/\,z)\,,) ji» i-e. much smaller than the
other partial decay widths, at least for the lightest sneutrino (5 = 1).

The dimensionless squared total decay widths of N; and N;C are then finally given by

v,\? @ (mbm )--2

i J p™Mp)jj

o = A4

G ( M, ) 1672 vj d : £ha8)
() (3)

i, M, "~ 1672 vi 16| -~ g

The vertex in fig. 3.3a also gives 2 — 2 scattering processes involving one scalar neutrino, like
IT/;? 412 G4 Ue (cf. fig. 3.3b). The reduced cross section for this process reads
(mbmp)j; = —a;

6’22]- (.’L‘) = 30:,, v2 s
2

(3.48)

For the processes N} +§ = Tt + U* and K’} -+ I,JVCIr - Tt + ¢, the corresponding back reactions
and the C'P conjugated processes we find the same result. The corresponding reaction density can

then be calculated according to eq. (D.16). One finds

Jay
2
dmajz

3 Otqu (mBmD)jj
1674 v2

¥22,(2) = N; (2) . (3.49)

‘f? K1 (2/a5) =

Hence, 722, will be much larger than TN, and 7%) for small aj2?, i.e. for high temperatures T > M;.
J

Together with similar scatterings, which we are going to discuss in section 3.4, these processes will

therefore be very effective in bringing the heavy (s)neutrinos into thermal equilibrium at high

temperatures where decays and inverse decays are suppressed by a time dilatation factor.
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Figure 3.5: L violating processes mediated by a virtual Majorana neutrino or its scalar partner.

3.3 Lepton Number Violating Scatterings Mediated by Right-

Handed Neutrinos

Using the tree level vertices from figs. 3.2 and 3.3 as building blocks we can construct lepton number
violating scatterings mediated by a heavy (s)neutrino. Although of higher order than the tree level
decays, these diagrams have to be taken into consideration to avoid the generation of an asymmetry

in thermal equilibrium, which is forbidden by CPT invariance [35,36].

All these processes can be summarized in the configuration space superfield diagram shown in
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Figure 3.6: Diagrams contributing to the lepton number violating scatterings via heavy sneutrino

exchange.

fig. 3.4. It yields the following contribution to the T-matrix

i ¥ : dik etk(z1—72)
iTa, = 2Z(Au),k Jk/d z,d 22/ @ryi o MZ+2€ X (3.50)

/d20d20L (171,0 0)6H2(121,0 0) (22,0 0)€H2($2,0 0)

The superfield product can be evaluated with eq. (B.56). The matrix elements of ¢T,, then
correspond to the component field processes that we are going to discuss in the following. In this
section we will only mention the different processes which have to be considered. The corresponding
reduced cross sections can be found in appendix E and the reaction densities are discussed in
appendix F.

By combining two of the decay vertices (cf. fig. 3.2 and fig. 3.3a) one gets the processes that we
have shown in fig. 3.5 and the corresponding C'P conjugated processes. We will use the following

abbreviations for the reaction densities

("=~,(T+Z<->T*+7L) 1 =v(i+H 0 1+H]),
7(1+th+Hf) 7,‘;*)=7(1+§<->7*+H;),

7,(5)=7(1+Hz++1 +Uc+q) 7§’=7(1+H2HT+§),
)=y (1+h e T+3t+0¢) .
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Figure 3.7: L violating processes mediated by a right-handed (s)neutrino in the t-channel.

The contributions from on-shell (s)neutrinos contained in these reactions have already been taken

into account as inverse decay followed by a decay. Hence, one has to subtract the contributions

from real intermediate states to avoid a double counting of reactions [36].

From the scattering vertex in fig. 3.3b and the decay vertices we can construct the following

processes

v

y&

o

7((7?+21“<—>I~+I~+H2), 7,(5’):7((7+(7?<—>T+7+E),
7(7f+¢7H7+I7?*+H2) ="+ T o T+3 + 1),

7(l~f+a<—>i+l~z+ffcf) =7(7f+(7¢<—>i+7z+<7") :
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In fig. 3.6 we have shown one typical diagram for each of these reaction densities. Again, these
diagrams have on-shell contributions which have to be subtracted, since they can be described as
decay of a sneutrino which has been produced in a scattering process.

Up to now we have only considered processes with a neutrino or its scalar partner in the s-
channel. In fig. 3.7 we have shown a selection of diagrams without on-shell contributions. The

corresponding reaction densities will be denoted by

02 _ 7@+§H7t+l~t), 793)_7(1+1HH§+H§),
00 _ 7(7+1H5+H;), W =4(T+To Te+ 5+ H])

2
NI

), 798)=7(7+H§<—>7z+1),

et I+1 &R+t +U°)=7(l+<7<—>7+(77=f+71)

= v

= i

(
A = off+
(
(1+7

gt L% ~ ~1 = = S ~1
col+g +h) =1(T +heoltg + ¢ )
o Fis owals o At s P
% 'y(q+h(—)l+l+U° ) =7(Uc+h<->1+z+qf) |
At first sight one may think that these diagrams could be neglected, since they are suppressed
at intermediate temperatures, i.e. intermediate energies z =~ a;. However, they give an important

contribution to the effective lepton number violating interactions at low energies and therefore have

to be taken into consideration.

3.4 Interactions with a Top or a Stop

The Yukawa coupling of the top quark is large. Thus we have to take into account lepton number

violating interactions of a right-handed neutrino with a top quark or its scalar partner. In addition

N§ - Q,
H.H,
2 22

L; Tz

Figure 3.8: Neutrino-(s)top scattering in configuration superspace. i, j, ¢ and p are flavour indices.




44 CHAPTER 3. SUPERSYMMETRIC LEPTOGENESIS

N - ¥ N; ey s e o a
(), h (1), . (2), &
e - (' h Ty® Yh

7/ N ¢ - ge--<-

Ny |
3 4 |
7t())' 7t(1) ¢H2
U L

Figure 3.9: Neutrino-(s)top scattering.

Y
ES)

to the processes already considered in section 3.2 (cf. fig. 3.3b), we have the superfield diagram

shown in fig.3.8, which gives the following contribution to the T-matrix

d4k eik(zl —z3)
: i ; > Al
i, = "’(’\v)u()‘zf;)pq/d z,d x2/ (2r)% k2 +ie X (3.51)

/d20d20N°(z1,0 9) (Li(21,6,8) Q,(22,6,8)) U(25,6,0) -

In component fields, we have the following processes with a Majorana neutrino N; as external line

(cf. fig. 3.9)

'yt(JO) = o9k IN; +lHq+UC):7(Nj+7HE+ﬂ>,

(
7 = 7(N iy Gy +Uc)=7(NJ-+u<—>TT+6),
% = 7(N + 0 T +q)—7(N+ H7f+ﬁ)’
7 = y(Nj+1eg+7),

o 7(N,-+u<—>7+q)=7(Nj+6H7+H)-

At this order of perturbation theory these processes are CP invariant. Hence, we have the same
reaction densities for the C'P conjugated processes.

For the scalar neutrinos we have similarly (cf. fig. 3.10)
—yt(f) = 7(1’\7}+14—)q+fﬁ) :»y(ﬁ}+l<—)ij+ﬂ) i

o = 7(&;9+[’ﬁ*<_,7+q) =7(1V;¢+<7T<—>7+E) :

’)’t(:) ’)’(~+ 7+(72)=7(1’\};?+uﬁi+?]'),

e S ———
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Figure 3.10: Sneutrino-(s)top scattering.
—_~ ~1' o~
78,3) = 7(N]-°+l (—)q+u) -
'yt(?) - 7(1’\7;?+q<—>l~+u) =7(N}°+H<—)T+6) .

The quartic scalar couplings from the scalar potential give additional 2 —+ 3, 3 — 3 and 2 — 4

processes, which can be neglected since they are phase space suppressed.

3.5 Neutrino Pair Creation and Annihilation

The Yukawa couplings of the right-handed neutrinos also allow lepton number conserving processes
like neutrino pair creation and annihilation. The two superfield diagrams in fig. 3.11 yield the
following contributions to the T-matrix

1 g : dik  etk(z1—z2)
iTiw = =i (W) (W) / d'zy d'zs / o Ere (3.52)

x /d?M??Nf(xl,o,b‘) (Li(21,6,8) Ti(22,6,8)) N¥(2,6,8) ,

d4k eik(.’vl -—.'Dg)

iT,(;blv = i(AAD); / d*z, d'z, on) i (3.53)
X / d20 dz-éNf(xl, 0,5) (Hg(xl, 0, 6) Hg(:tg, 0,5)) -N?(:Cg, 0,5) .
N¢ e L, N§ < H,
(a) HH, (6) LT
N; 22 fk NJC 29 F2

Figure 3.11: Pair annihilation of singlet neutrino superfields in configuration superspace.
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Figure 3.12: Neutrino pair annihilation.
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Decomposing the superfield product into component fields with the help of eq. (B.57), we get the

processes depicted in fig. 3.12 for the neutrinos

71(~/1,»)1v,~=’)’(Ni+Nj(—)T+TT), 75,2)N —7(N;+Nj(—>l+7),
’Yl(v% —‘Y(Ni+NjHH2+H§), 'y,(f),‘, —7(N,-+N,-<—)E+7z—).

For the scalar neutrinos we have similar diagrams and additional contributions from quartic

scalar couplings (cf. fig. 3.13). We have the following reaction densities

~ t - : p ~ t o v
e =7 (Ne+ N 0 14T), @ = (Ne+ N 0 T+T'),
e =1 (Ne+ N 0 B4k, 1 =7(Ne+ N3 o o+ HY) .

It is interesting to note that the contributions to 7@7 and 7(4) from the scalar potential are

J
not contained in the superfield diagrams in fig. 3.11. They orlgmate from the contribution of the

auxiliary field Fy, (cf. eq. 3.16) to the decay diagram in fig. 3.1a.

Finally, there are neutrino-sneutrino scattering processes (cf. fig. 3.14),
71(\71) L (NC+N Hl-l-l) 71(\1) (NC-I—N Hh+H2)

Such diagrams also give neutrino-sneutrino transitions like ]’\\7:‘: +l & N+ I. These processes

transform neutrinos into sneutrinos and leptons into sleptons, i.e. they tend to balance out the

-



3.5. NEUTRINO PAIR CREATION AND ANNIHILATION

e

-

o .

|

o

NE ===

(2) .
’Yp'z;;;e

(4)

Ve
NENE

—_~

Ne-—>-4=>-=]

w:er +
NJ.C--(—-L--(—- 1
j\}?——)—-r—)--Hg

et

Y| ks

o 1
Némm<mdbm<==Hy

47

Nf\‘ 7
N~ 7
/x\

K{}:/‘ AN 7

]’\ﬁ\ +H,

; ‘\ 7
/x\
~ »
N;_:/ ‘\Hz

Figure 3.13: Sneutrino pair annihilation.

number densities of the fermions and their supersymmetric partners, but they cannot wash out any

generated asymmetry. As we will see in the next chapter, the number densities of the neutrinos

and the scalar neutrinos are already equal without taking into account these interactions, while

the equality of the number densities of leptons and sleptons is ensured by MSSM-processes, which

we are going to discuss in the next section. Finally, the dominant contributions to these neutrino-

sneutrino transitions come from inverse decays, decays and scatterings off a (s)top which we have

already considered. Hence, we can neglect these additional processes.

£ NE==> = r—e— |

1 ~

T, g’ Yh #
N; == ]
SRRl S

7(2) !
N; ——>»--H,

Figure 3.14: Neutrino-sneutrino scattering.
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Figure 3.15: Ezample of a Ly and L violating MSSM process.

3.6 MSSM Processes

In the MSSM the fermionic lepton number L; and the lepton number stored in the scalar leptons
L, are not separately conserved. There are processes transforming leptons into scalar leptons and
vice versa. As an example we have considered the process e + e «» € + € (cf. fig. 3.15). For large

temperatures, i.e. s > m,%, the reduced cross section for this process is given by [37]

Fussn & Ao’ [m (%) - 4] ; (3.54)
:y'

This translates into the following reaction density

Mia? 1 4
YMmssMm ~ -Es— 2—4 [ln (22a~> st 2')’3 - 3] y (3-55)

5

where we have introduced the dimensionless squared photino mass

a5 = (E)2 . (3.56)

These processes are in thermal equilibrium if the reaction rates are larger than the Hubble parameter

H. This condition gives a very weak upper bound on the photino mass,

T 1 :
2o 9 S e ot oo e L8
myz & 2.5 X 107 GeV (1010 GeV) exp[ yET) (1010 GeV)] : (3.57)

In the calculations we assume mz = 100 GeV.



Chapter 4

Numerical Results

Now that we have identified all the relevant processes we can write down the network of Boltzmann
equations which governs the time evolution of the neutrino and sneutrino number densities and of
the lepton asymmetry!. In this chapter we work out the parameter dependence of the generated
baryon asymmetry by solving the Boltzmann equations, and we discuss the role of the different

scattering and decay processes [17].

4.1 The Boltzmann Equations

The evolution of the neutrino number Yy, as a function of the inverse dimensionless temperature

z = M, /T is given by

dYy. -z Yy, (0) (1) () 3) (4)
dzJ < sH(M,) { (Yﬁ? < o [7NJ' +av, A+ + By vy ] A1)
+ Z YNJ YN'- -3 £ 7(1:) ﬁ Y; —9 : ,Y(k)
i Y;.? Y;'q k=1 = Y;Jq Y;?? k=1 N :

For the scalar neutrinos and their antiparticles it is convenient to use the sum and the difference

of the particle numbers per comoving volume element as independent variables,
Yy = Yﬁf + YTV?' g (4.2)

The Boltzmann equations for these quantities read

dY;, = -z Y; @), @) ) | 0.6 L 0. (T) 4 (8) , o.(9)
dz ~ sH(M,) = i (77\'? s 77"7‘ +3gm; + 3y 20 R0+ By
2

!See app. D for a short review of kinetic theory in an expanding universe.
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+ﬁ 27 +2 (‘n, + 7 )+qu7t,
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e Y;, Yi_ = (k) Y;_ Yy, G (k) Yiy ¥ m
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Furthermore, we have to discern the lepton asymmetry stored in the standard model particles Y, 3

and the asymmetry Y, in the scalar leptons. Their evolution is governed by

dYLf —2 1 Yz,f 1 ( ) 1 YN YJ+ (2) 1 Y}._ @)

J

J

Y. Yo Y, |
+ Yle{q (7:L +7g )+ qu (7 =5 'YcL) o} (?IT{] = '}/_[Leq Ymssm (4.5)

Y, Y; Y
£+ [ . ( - 2Vanl ya, + 2+ )+ 27‘7’) +2ge () 2 + 7‘7’)]

Yy, s 7%

¢
YL, YLB YN Yt_ (1)
b Z (qu vty Y%‘) T, (

dYL, b "4 1 YL, 1 (2) L YN },J,*_ (2)
dz ~ sH(M;) {ZJ: [(2 Y +E€ > < 5N, +’)’ T e qu v, + qu'YNc

3

1Y,_ @ YL, £ (3) 1Y; Y, YL A

2YE’E g + (F £ Y]~“‘) et | sy t2 ¥t 3Y]eq L
1 N; Nf ]
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Y o ¥
qu (7 . 73 ) leq (7 e 73L) ¥ (Y;éq L Y_qu!T) Tmssm (46)
¥ ¥ Yi
& Z Ls ( qu t(_:))+ _YJ;-],Yt(s) - 2,),(1) +2’Yt(2) +2,y(9) v eq ( (8)+ (9))
NC
3

YLs YL YN- )/;'_ (1)
+Z<‘Y~Tq'y—e3“y—ef:ye—q To,we (0
: i

where we have introduced the following abbreviations for the lepton number violating scatterings

mediated by a heavy (s)neutrino

,YﬁL = 2 (1) g 7(3) Efs 7(4) € ,),(6) e 7(7) <0 27(12) o 7(14) (4.7)
O RN IRV I (4.8)
78t = 39+ +18Y +64{?, (4.9)

73L = 47(5) + 27(8) +87(10) +3,Y(9) + 47(15)+ 27(16) +,Y(17) + 7(18) + 67(19) (4.10)

The numerical factors in front of the reaction densities arise due to the change in quantum numbers
in the corresponding scattering, e.g. processes transforming leptons into sleptons appear with a
relative minus sign in the Boltzmann equations for Y, 4 and Y,,. Furthermore, any reaction density
is multiplied by the number of different processes (cf. chapter 3) contributing independently to the
Boltzmann equations.

This set of Boltzmann equations is valid for the most general case with arbitrary masses of
the right-handed neutrinos. However, if the heavy neutrinos are mass degenerate, it is always
possible to find a basis where the mass matrix M and the Yukawa matrix A, are diagonal, i.e.
no asymmetry is generated. Therefore, one has to assume a mass hierarchy for the right-handed
neutrinos, which in turn implies that the lepton number violating processes induced by the lightest
right-handed neutrino are in thermal equilibrium as long as the temperature is higher than the mass
of this neutrino. Hence, the lepton asymmetries generated in the decays of the heavier right-handed
neutrinos are washed out and the asymmetry that we observe today must have been generated by
the lightest right-handed neutrino. We will assume that the first generation neutrino N; is the
lightest.

Hence, we will always neglect the heavier right-handed neutrinos as free particles. However,
they have to be taken into account as intermediate states, since they give a substantial contribution

to the effective lepton number violating processes at low energies.
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The fermionic part Y, of the generated lepton asymmetry will be transformed into a (B — L)
asymmetry by the action of sphalerons. But since MSSM processes like the one in section 3.6

enforce the relation
YL, =re o, (4.11)

the total lepton asymmetry Yz, =Y., + Y, will be proportional to the baryon asymmetry (38],

8Ny + 4Ny
rres H \y 4.12
Y (22N,+13NH) o s

where Ny is the number of quark-lepton families, and Ny the number of Higgs doublets. In our

model with Ny =3 and Ny = 2 we have

8
=-——Yr. 4.13
Ys 23 YL (4.13)
From the observed baryon asymmetry
Yg=(0.6-1)-10717, (4.14)

and eq. (4.11) we can infer the asymmetries that we have to generate,
Y, =Y, =-(09-14)-107, (4.15)

The additional anomalous global symmetries in supersymmetric theories at high temperatures
have no influence on these considerations, since they are broken well before the electroweak phase

transition [39].

4.2 The Generated Lepton Asymmetry

Typical solutions of the Boltzmann equations are shown in fig. 4.1, where we have assumed a

neutrino mass M; = 10'° GeV, and a mass hierarchy of the form

a; =103, (mLmD)gg = a, (mLmD)u - (4.16)
az = 10°, (mLmD)33 = a3 (mLmD)n ; (4.17)
Furthermore, we have assumed a CP asymmetry €; = —1076. The only difference between both

figures lies in the choice of (mLmD)n,

t 1071 eV for fig. 4.1a,
g = (m—";ln‘ﬂ - (4.18)
: 10~2eV for fig. 4.1b.
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Figure 4.1: Typical solutions of the Boltzmann equations. The dashed line represents the equilibrium
distribution for the neutrinos Ny and the solid lines show the solutions for the (s)neutrino number
and the absolute values of the asymmetries in Ly and L,, while the dotted line represents the
absolute value of the scalar neutrino asymmetry Y,_. The lines for Yy, and Y1, and for the two
asymmetries Y, and Y., cannot be distinguished, since they are lying one upon another. The

hatched area shows the measured value (4.15).

Finally, as starting condition we have assumed that all the number densities vanish at high
temperatures T' > M,, including the neutrino numbers Yy, and Yj,. As one can see, the Yukawa
interactions are strong enough to create a substantial number of neutrinos and scalar neutrinos in
fig. 4.1a, even if Yy, and Yj4 do not reach their equilibrium values as long as z < 1. However, the

generated asymmetries

Y, =¥, =407 (4.19)

are of the requested magnitude. On the other hand, in fig. 4.1b the Yukawa interactions are much
stronger, i.e. the neutrinos are driven into equilibrium rapidly at high temperatures. However,
the large Yukawa couplings also increase the reaction rates for lepton number violating processes
which can wash out a generated asymmetry, i.e. the final asymmetries are much smaller than in
the previous case,

Y., =Y, =-6-107"2, (4.20)
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In both cases a small scalar neutrino asymmetry Y;_ is temporarily generated. However, Y;_ is
very small and has virtually no influence on the generated lepton asymmetries.

Usually it is assumed that one has a thermal population of right-handed neutrinos at high
temperatures which decay at very low temperatures T' < M; where one can neglect lepton number
violating scatterings. Then the generated lepton asymmetry is proportional to the C'P asymmetry

and the number of decaying neutrinos and sneutrinos [2],

€ € E
Y = e [YEl(T > M)+ Y{(T>M)]~ o . (4.21)

With £; = —107° this gives
Y, =Y, ~-2-107°. (4.22)

By comparison with egs. (4.19) and (4.20) one sees that by assuming a thermal population of heavy
neutrinos at high temperatures and neglecting the lepton number violating scatterings, one largely
overestimates the generated lepton asymmetries.

A characteristic feature of the non-supersymmetric version of this baryogenesis mechanism is
that the generated asymmetry does not depend on the neutrino mass M; and (mLmD)u separately
but only on the ratio m; [14]. To check if this is also the case in the supersymmetric scenario we
have varied m; while keeping all the other parameters fixed. In fig. 4.2 we have plotted the
total lepton asymmetry Yz = Y, ; + Y., as a function of m; for the right-handed neutrino masses
M; = 10'? GeV, 10!° GeV and 108 GeV and the CP asymmetry ; = —1076.

The main difference between the supersymmetric and non-supersymmetric scenarios concerns
the necessary production of the neutrinos at high temperatures. In the non-supersymmetric scenario
the Yukawa interactions are too weak to account for this, i.e. additional interactions of the right-
handed neutrinos have to be introduced. This is no longer the case here. The supersymmetric
Yukawa interactions are much more important, and can produce a thermal population of right-
handed neutrinos, i.e. the same vertices which are responsible for the generation of the asymmetry
can also bring the neutrinos into thermal equilibrium at high temperatures. However, these lepton
number violating processes will also erase a part of the generated asymmetry, hereby giving rise to
the m; dependence of the generated asymmetry which we shall discuss in detail.

First one sees that in the whole parameter range the generated asymmetry is much smaller
than the naively expected value 4-10°. For low m; the reason being that the Yukawa interactions
are too weak to bring the neutrinos into equilibrium at high temperatures, like in fig. 4.1a. For
high m; on the other hand, the lepton number violating scatterings wash out a large part of the

generated asymmetry at temperatures 7' < Mj, like in fig. 4.1b. Hence, the requested asymmetry
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Figure 4.2: Generated (B — L) asymmetry as a function of m; for M; = 10® GeV (dotted line),
M, = 10'° GeV (solid line) and M; = 10'? GeV (dashed line). The shaded area shows the measured

value for the asymmetry.

can only be generated if 7, is larger than ~ 107° eV and smaller than ~ 5 - 1073 eV, depending
on the heavy neutrino mass M;.

The asymmetry in fig. 4.2 depends almost only on 7; for small m; < 10~ eV, since in this
region of parameter space the asymmetry depends mostly on the number of neutrinos generated
at high temperatures, i.e. on the strength of the processes in which a right-handed neutrino can
be generated or annihilated. The dominant reactions are decays, inverse decays and scatterings

with a (s)top, which all give contributions proportional to m; to the Boltzmann equations at high

temperatures,
__—2_7 x 7y —Z2 790(7%1 ——Z’YQ)OCT‘;M
sH(M;) '™ ’ sH(M;) '’ : sH(M,;) '™ '
— 2y, x —= (T > M) « i . (4.23)
sH(M;) % sH(M;) '™

For large m; X 10~* eV on the other hand, the neutrinos reach thermal equilibrium at high

temperatures, i.e. the generated asymmetry depends mostly on the influence of the lepton number
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violating scatterings at temperatures TSM;. In contrast to the relations of eq. (4.23) the lepton

number violating processes mediated by a heavy neutrino behave like

EI_(—;JI—)"?L“M‘%:’?’?’ i, . 3D (4.24)
at low temperatures. Hence, one expects that the generated asymmetry becomes smaller for growing
neutrino mass M; and this is exactly what one observes in fig. 4.2.

Eq. (4.24) can also explain the small dependence of the asymmetry on the heavy neutrino mass
M; for m; £10~* eV. The inverse decay processes which take part in producing the neutrinos at
high temperatures are CP violating, i.e. they generate a lepton asymmetry at high temperatures.
Due to the interplay of inverse decay processes and lepton number violating 2 — 2 scatterings
this asymmetry has a different sign compared to the one generated in neutrino decays at low
temperatures, i.e. the asymmetries will partially cancel each other, as one can see in the change
of sign of the asymmetry in fig. 4.1a. This cancellation can only be avoided if the asymmetry

generated at high temperatures is washed out before the neutrinos decay. At high temperatures

the lepton number violating scatterings behave like

;ﬁ_(iMl—)—'yf"ochzj:ajﬁ?, ieshso. LD (4.25)
Hence, the wash-out processes are more efficient for larger neutrino masses, i.e. the final asymmetry
should grow with the neutrino mass M;. The finally generated asymmetry is not affected by the
stronger wash-out processes, since for small m; the neutrinos decay late, where one can neglect the
lepton number violating scatterings.

This change of sign in the asymmetry is not observed in fig. 4.1b. Due to the larger m; value
the neutrinos are brought into equilibrium at much higher temperatures, where decays and inverse

decays are suppressed by a time dilatation factor, i.e. the (s)neutrinos are produced in CP invariant

scatterings off a (s)top.



Chapter 5

SO(10) Unification and Neutrino
Mixing

In order to study the implications of leptogenesis for low-energy neutrino physics and leptonic
flavour mixing we will assume a similar pattern of masses and mixings for the leptons and the

quarks in this chapter [15,17].

5.1 Neutrino Masses and Mixings

If we choose a basis where the Majorana mass matrix M and the Dirac mass matrix m; for the

charged leptons are diagonal with real and positive eigenvalues,

me 0 0 Ml 0 0
m=| 0 m, 0 |, M=} o 8 % |. (5.1)
0 O shns 0 0 M;

the Dirac mass matrix of the neutrinos can be written in the form

my 0 0
mp=V | 0 m, o0 |U', (5.2)
0 0 m3

where V and U are unitary matrices and the m; are real and positive.
Since the Majorana masses M are assumed to be much larger than the Dirac masses mp, we

have 6 Majorana neutrinos as mass eigenstates [11]. In the weak eigenstate basis the mass matrix

a7
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of the light neutrinos reads [40]

i 1
my, = —moﬁm'g +0 (m) . (5.3)

It can be diagonalized by a unitary matrix K, i.e. the light mass eigenstates

v; ~ (K'w) + 0$K);, i=ep,T, (5.4)
have masses
m,. 0 0
1l ’ 1
m, = —KmeﬁmgK +0 (X/I_S) = 0 e 11 . (5.5)
0 0 m,,
whereas the heavy neutrino mass eigenstates
N; >~ vip + Vg 1=1,2,3, (5.6)
have masses
1
=M — Nz 5.7
my +0 (M) (5.7)

As we have seen in chapter 3, all the quantities relevant for baryogenesis, i.e. the decay widths,
CP asymmetries and scattering cross sections, depend only on the product mLmD, where the
mixing matrix V drops out. On the other hand, the mixing matrix K in the leptonic charged
current depends on the parameters of both unitary matrices U and V. Hence, leptonic mixing
and CP violation at high and low energies are to leading order independent, i.e. the C'P violation
needed for baryogenesis does not allow to infer on C'P violating interactions of light leptons.

The mixing matrix U can be parametrized by three mixing angles and six phases. Five of these

phases can be factored out with the Gell-Mann matrices A;,
U - ei'r ei/\3a eiz\gﬁ Ul eiA:;d ei)\gT y (5.8)

In analogy to the Cabibbo-Kobayashi-Maskawa (CKM) matrix for quarks the remaining matrix U;
depends on three mixing angles and one phase. In unified theories based on SO(10) it is natural
to assume a similar pattern of masses and mixings for leptons and quarks. This suggests the

Wolfenstein parametrization [41] as an ansatz for Ui,

1-£ A AX3(p — in)

U, #3 I A2 , (5.9)

2

AX3(1—p—in) —AN? 1
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where A and |p + in| are of order one, while the mixing parameter A is assumed to be small. For

the Dirac masses m;, SO(10) unification motivates a hierarchy like for the up-type quarks,
my = bA\ims mq = cA’mg3 by e= €M1} - (5.10)

We have mentioned in section 4.1 that we also need a hierarchy in the Majorana masses M; to get

a non-vanishing lepton asymmetry. We choose a similar hierarchy as in eq. (5.10),
M; =BMMs M,=C)\M; B,C=0(1). (5.11)

Later on we will vary the parameters B and C to investigate different hierarchies for the right-
handed neutrinos.
Diagonalizing the neutrino mass matrix (5.3) in powers of A yields the light neutrino masses

b2

4 6
B 12
M = Gxetem ) MO, B2
2 4ic B
m,, = f_|c’iBeC_| 3 m,, +00Y, (5.13)
2
- =5 E
T = M +0(XY) . (5.14)

We will not discuss the masses of the light scalar neutrinos here, since they depend on unknown
soft breaking terms.
In section 4.2 we have seen that the lepton asymmetry is largely determined by the mass
parameter m;, which is given by
R

i.e. m; is of the same order as the v, mass. According to eq. (3.39) the CP asymmetry in the

my, , (5.15)

decay of the lightest right-handed neutrino reads

2 B A? -« - 12 i2(a+/30) 6
et = gy gyar R Elm[(p_’")e ] Llee LY o)

In the next section we will always assume maximal phases, i.e. we will set

3 BA|p+in® ,m] 6
i et c2+Azlp+in|2)\ v—%+o(,\). (5.17)

Hence, the lepton asymmetries that we are going to calculate may be viewed as upper bounds on
the attainable asymmetries.

Like in the non-supersymmetric scenario a large value of the Yukawa-coupling mg/v, will be
preferred by this baryogenesis mechanism, since £, &« m2/v3. This holds irrespective of our ansatz

for neutrino mixings.
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5.2 Numerical Results

The neutrino masses (5.12)-(5.14) can be used to constrain the free parameters of our ansatz. The
strongest hint for a non-vanishing neutrino mass being the solar neutrino deficit!, we will fix the

v, mass to the value preferred by the Mikheyev-Smirnov-Wolfenstein (MSW) solution [43],
m,, ~3-1073eV . (5.18)

Hence the parameter m;, which is of the same order as m,,, according to eq. (5.15), will be in the
interval allowed by fig. 4.2.
The most obvious parameter choice is to take all (1) parameters equal to one and to fix A to

a similar value as the A parameter of the quark mixing matrix,
A=B=0=b=e=lptigl=T, (5.19)
A~0.1. | (5.20)
The v, mass in egs. (5.13) and (5.18) then fixes the v, and v, masses,
m,, ~8-10%eV, m, ~0.15eV, (5.21)

and m, reads
my~3-1072eV. (5.22)

SO(10) unification suggests that the Dirac neutrino mass mg3 is equal to the top-quark mass,
mg = my ~ 174 GeV . (5.23)
This leads to a large Majorana mass scale for the right-handed neutrinos,
M3;~2-10"GeV = M;~2-10"°GeV and My ~2-10'2 GeV, (5.24)

and eq. (5.17) gives the CP asymmetry €; ~ —6 - 10~°. Integration of the Boltzmann equations
yields the (B — L) asymmetry (cf. fig. 5.1a)

Yp_r~1-1072, (5.25)

which is of the correct order of magnitude. It is interesting to note that in the non-supersymmetric

scenario one has Yg_y, ~ 9 - 10719 for the same choice of parameters.

'For a review and references, see [42].
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Figure 5.1: Generated asymmetry if one assumes a similar pattern of masses and mizings for the

leptons and the quarks. In both figures we have A = 0.1 and mz = m; (a) and m3z = my, (b).

Our assumption (5.23), m3 >~ m;, led to a large Majorana mass scale M3 in eq. (5.24). To check
the sensitivity of our result for the baryon asymmetry on this choice, we have envisaged a lower
Dirac mass scale

m3 = my ~ 4.5 GeV , (5.26)

while keeping all other parameters in egs. (5.19) and (5.20) fixed. The assumed v, mass (5.18)

then yields a much lower value for the Majorana mass scale,
M3=>~1-10"GeV = M;~1-10"GeV and M; ~1-10° GeV , (5.27)

while the light neutrino masses (5.21) remain unchanged. The CP asymmetry &; ~ —4 -107°

becomes very small. Consequently, the generated baryon asymmetry (cf. fig. 5.1b)
Yp_p~1-10712, (5.28)

is too small by two orders of magnitude. We can conclude that high values for both masses
mg and M3 are preferred. This suggests that (B — L) is already broken at the unification scale
Agur ~ 10'® GeV, without any intermediate scale of symmetry breaking, which is natural in

SO(10) unification. Alternatively, a Majorana mass scale of the order of 10!? to 10!* GeV can also
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log(Y)

z=M,/T

Figure 5.2: Solution of the Boltzmann equations suggested by the atmospheric neutrino problem.

be generated radiatively if SO(10) is broken into SU(5) at some high scale between 10'® GeV and
the Planck-scale, and SU(5) is subsequently broken into the MSSM gauge group at the usual GUT
scale ~ 10!¢ GeV [44].

Such a Majorana mass scale naturally leads to a baryogenesis scale M; ~ 10° GeV. As
discussed in section 4.2 and as one can see in fig. 5.1, the neutrinos can be brought into equilibrium
at temperatures slightly above their mass, i.e. this scenario requires a reheating temperature
~ 10'° GeV at the end of inflation. This is well compatible with the constraints on the reheating
temperature from the gravitino problem [45].

It is interesting to note that the v, mass in eq. (5.21) has got almost the value suggested by

the atmospheric neutrino problem [46]
m, &7 107%eV, (5.29)

if one assumes that the anomalous g to e ratio produced by atmospheric neutrinos is due to
oscillations from v, to v,, and when the v, mass is again given by the MSW value in eq. (5.18).
If we then use eq. (5.29) to fix the v, mass,the Dirac mass scale (5.23) determines the Majorana

mass scale

M; ~4-10'" GeV . (5.30)
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Figure 5.3: Generated lepton asymmetry if one assumes a similar mass hierarchy for the right-

handed neutrinos and the down-type quarks.

The ratio of the v, and v, masses then yields the mixing parameter
A=0.15, (5.31)
if the O(1) parameters are given by eq. (5.19). The remaining neutrino masses read
M; ~2-10'" GeV, My ~9-10'2 GeV m,, ~2-107%eV . (5.32)

Consequently, we again get a large C P asymmetry €; ~ —3-107°, and a large (B — L) asymmetry
(cf. fig. 5.2)
Yp_r~5-107°. (5.33)

This shows that the parameters required to explain the anomalous results of neutrino experiments
by neutrino oscillations also predict a baryon asymmetry of the correct order of magnitude, although
the large mixing angle which seems to be required to solve the atmospheric neutrino problem is
difficult to accommodate within our small-mixing ansatz.

Up to now we have always assumed a mass hierarchy for the heavy Majorana neutrinos like
for the up-type quarks. Alternatively, one can assume a weaker hierarchy, like for the down-type
quarks by choosing

B=10 and C=3. (5.34)
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Keeping the other parameters in egs. (5.19) and (5.20) unchanged fixes the v, and v, masses,
m,, ~5-10"%eV, Wy, ~ 0.7eV, (5.35)

and the mass parameter my,
my~1-10"3eV. (5.36)

Choosing the Dirac mass scale (5.23) we get a large Majorana mass scale
M;~4-102GeV = M;~4-10" GeV and M; ~ 10'? GeV . (5.37)

From eq. (5.17) one obtains the CP asymmetry €; ~ —6-10~5. The corresponding solutions of the

Boltzmann equations are shown in fig. 5.3. The final (B — L) asymmetry,
Yp_r~2-1078, (5.38)

is much larger than requested, but this value can always be lowered by adjusting the unknown
phases. Hence, the possibility to generate a lepton asymmetry does not depend on the special form
of the mass hierarchy assumed for the right-handed neutrinos.

In the non-supersymmetric scenario one finds for the same parameter choice
Y- ~2-1078. (5.39)

Hence, when comparing the supersymmetric and the non-supersymmetric scenario, one sees that
the larger C'P asymmetry in the former and the additional contributions from the sneutrino decays

are compensated by the wash-out processes which are stronger than in the latter.



Conclusions

We have analysed in detail the generation of a cosmological baryon asymmetry by out-of-equilibrium
decays of heavy right-handed Majorana neutrinos and their scalar partners in a supersymmetric
extension of the Standard Model. By developing a resummed perturbative expansion in flavour
non-diagonal self-energies, we could show how self-energy contributions to CP asymmetries in

heavy neutrino decays are consistently taken into account.

We have discussed all the decays and scattering processes relevant for leptogenesis, and by
solving the Boltzmann equations we have shown that, in order to be consistent, one has to pay

attention to two phenomena which can hamper the generation of a lepton asymmetry.

First, one has to take into consideration lepton number violating scatterings mediated by a
heavy neutrino or its scalar partner. These processes, which are usually neglected, can wash out
a large part of the asymmetry if the Yukawa couplings of the right-handed neutrinos become too

large.

On the other hand, the neutrinos have to be brought into thermal equilibrium at high
temperatures. We could show that for this purpose it is not necessary to assume additional
interactions of the right-handed neutrinos in our theory, since the Yukawa interactions can be
sufficiently strong to produce a thermal population of heavy neutrinos at high temperatures, while

still being weak enough to prevent the final asymmetry from being washed out.

The observed baryon asymmetry can be obtained without any fine tuning of parameters if one
assumes a similar pattern of mixings and Dirac masses for the neutrinos and the up-type quarks.
Then the generated asymmetry is related to the v, mass, and fixing this mass to the value preferred
by the MSW-solution to the solar neutrino problem leads to a baryon asymmetry of the requested
order, provided (B — L) is broken at the unification scale, as suggested by supersymmetric SO(10)
unification. The baryon asymmetry is generated at a scale of approximately 10'° GeV, which looks

promising with respect to the gravitino problem.

65
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In supersymmetric theories there are further possible sources of a (B — L) asymmetry, e.g. it
may be possible to combine inflation with leptogenesis by using a right-handed scalar neutrino as
the inflaton (cf. refs. [47]). In this connection, possible constraints on the neutrino masses and
on the reheating temperature from lepton number violating processes at low temperatures require
further studies.

Furthermore, it should be studied to which extent a “primordial” baryon asymmetry, i.e. an
asymmetry generated during or shortly after reheating, is affected if right-handed neutrinos come
into equilibrium after reheating. This may yield interesting constraints on Yukawa interactions of
first generation leptons, since an asymmetry in right-handed electrons might be protected from
being washed-out if right-handed electrons decouple from the thermal plasma [48].

Finally, as discussed in the first chapter, one has to separate “on-shell” and “off-shell”
contributions to lepton number violating scatterings, in order to be able to describe the generation
of a baryon asymmetry in terms of Boltzmann equations. To avoid this separation and treat these
contributions simultaneously, one has to go beyond the semi-classical approximation realized in the
Boltzmann equations by constructing a complete nonequilibrium quantum kinetic theory. Although
such a theory has not been realized up to now, quantum corrections to the Boltzmann equations

have recently been investigated in refs. [49].



Appendix A

One-Loop Integrals

We summarize some standard formulae for dimensionally regularized one-loop integrals in
Minkowski space. We follow the notation of refs. [50], although we use a metric g,, = (+,—, —, —)

(cf. e.g. ref. [51]).

A.1 One-Point Function

In n = 4 — 2¢ dimensions the scalar one-point function is defined by

4—n
_HK n 1
AR in2 /dkkz—mf-{—ie' fA)

In the limit € — 0, A(m;) is given by
=
A(m,;) = m? (A —In (Il_;) + 1) i (A.2)
where the UV-divergence is contained in
1
N = =% C +In(47) , (A.3)

and C' = 0.577216 is Euler’s constant. Note that the massless tadpole A(0) vanishes in dimensional

regularization, and that A(m;) has no absorptive contribution

Im[A(m;)]=0. (A.4)

A.2 Two-Point Functions

Three different two-point integrals can occur

4-n 3 |
B (ol /dnk . : A5
o(p1, m1, m2) ) (k? — m? + i) [(k + p1)? — m2 + i€] (4-5)
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4-n
2 I ki
Bulpemuma) = "o /d"k (k2 — m2 + ie)[(k + p1)? — m] + ie]
4-n k.k
By, (p} = £ /d"k =
w (P1, M1, M) in? (k? — m} +ie)[(k + p1)? — m3 + ie]

(A.6)

(A7)

Lorentz covariance of the integrals allows to decompose the tensor integrals into tensors constructed

from the external momentum p;, and the metric tensor g,,

Bu(pf’mlarnd) == pl,uBl(pfamlamﬂ’

B, (p?,m1,m3) = p1up1,Bai(p?, mi, ma) + g Baa(pi, my, my) .

Using the Feynman parametrization, one can derive an integral representation for By,

1
B2 S P Boba
Bo(p%,ml,mz).—.A_/dx In (17 P1 $(p1+m12 m2)+m1 i€)+0(n_4)’
7
0
which yields the following useful identities in the limit n — 4
|pil
Bo(p?,0,0) = A-In (N—;) + 2+ in6(p) ,
m? 1 5
By(0,0,m) = By(0,m,0)=A —In #—2) +1= WA(m "

(A.8)

(A.9)

(A.10)

(A.11)

(A.12)

Contracting eqs. (A.6)-(A.9) with p; , and g,, yields a set of coupled linear equations, which

determine the scalar coefficients By, By; and Bs,,

1

357 [A(m1) = A(ma) + (m} — m? — p}) Bo(p, 1, ma)]

Bi(p?,mi,m3) =

2
1
il .
e + UV-finite parts,

(A.13)

. (A.14)

(A.16)

1

Ba(pf,mi,mg) = —5 [A(ma) — miBo(p}, m1, my)

3py

il 1
=2(p} +m} — m3) By (p}, m1, ma) — 5 (mf + mj - gpf)] (A.15)
1 x
b > + UV-finite parts,

1

Baa(p}, m1,my) = 5 [A(m2) + 2m}Bo(p?, my1, my)

1
+(0} + = m3) By (g, sy o)+ i+ = 2]

i

1% (P% - 3m} - 3m§) + UV-finite parts.

(A.17)

(A.18)



A.3. THREE-POINT FUNCTIONS

In the case of equal or vanishing masses one has

Bl (pfv m, m)
B21 (pfv 0, 0)

B32(p},0,0)

A.3 Three-Point Functions

1
—'iBO(p%a m, m) )

d

1
5 [Bo(p§,0,0)+ —] i

6

2
—h 2 E

In general one has four different three-point functions

2 -2
Co(pi, p3, m1, ma, m3)

' =F
C/J.(plvpm my, My, m3)

2 =2
Cu.u(pl,pm my, ma, m3)

2 -9
Cuup(l’hpza my, M2, m3)

ky

where we have introduced the following abbreviations for inverse propagators

D,
sz (pl)

Dy, (p1, p2)

kz—m%—i-ie,
(k4 p1)? — m2 + ie,

(k+ p1 +p2)? — mi +ie.

#4—n 1

= /d"k )
i Dmlez(pl)Dma(p11p2)
4—n

I

- d"k )
im? / Dmlez(pl)Dms(pMPZ)
4—n k ku

It' - /dn g :
i Dm,sz(Pl)Dm3(PlaP2)

4-n
e / &k Skt ;
m Dmleg(pl)Dma(pl,p2)
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(A.19)

(A.20)

(A.21)

(A.22)

(A.23)

(A.24)

(A.25)

(A.26)
(A.27)

(A.28)

Like for the two point-functions, Lorentz covariance of the integrals suggests the following tensor

decomposition of the tensor three-point functions

2 2
C#(pla P, My, M3, m3)

2 -2
Cu.u(pl » P2, M1, M2, m3)

A
Cuup(pl y Py, My, M, m3)

P1,.C11 + p2,.C12 ,
P1,uP1,,C21 + P2,uP2,,Ca2
+(P1p2)(uu)c23 e guuCZ4 )

P1,uP1,0P1,,C31 + P2,uP2,.P2,,C32
+(P2P1P1) (uvp)C33 + (P1P2P2) (up) C34
+(P19) (uvp)C35 + (P29) (urp)C36 »

(A.29)

(A.30)

(A.31)
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where we have used the following abbreviations for index symmetrizations

(P1P2) () = PruP2u + P1uP2u s (A.32)
(plp2p2)(u.up) = P1,uP2,uP2,0 =5 P2,uP1,0P2,p Gl P2,uP2,vP1,p » (A33)
(plg)(;wp) = P1,u9vp i P1,v9up r P1,09uv - (A34)

The form factors C;; can be related to the scalar functions A, By and Cy by contracting the
definitions (A.23)-(A.25) and (A.29)-(A.31) with external momenta p;, p; and the metric g#*.
In our calculation we only need three-point functions with two vanishing masses (m; = m3 = 0),

and two light-like momenta pf =0 and (p; + p2)2 = 0. Then C;, and C;; read

1
Cl2(P1,P2, m, 0, 0) >3 2p1 P2 [BO(O) m, 0) Fe BO (P%, 07 0) = m2CO(P1, p2,m, Ov 0)] ’ (A35)

Cll(plapfl;mao,o) = 2CIZ(P1)p2am)0a O) ) (A36)

and the imaginary parts of Cy and Cj, are given by

0 2 2
Im [Co(p1, p2, m,0,0)] = —sz)ln (1+p_22) . (A.37)
P3 m
0(p2 2 2
Im [Ci2(p1, p2, m,0,0)] = Z (f"’) [1 - ety (1+ 227)] : (A.38)
D3 253 m



Appendix B

Spinor Notation and Conventions

We will use the conventions of ref. [30] with flat space-time metric g, = (+, —, —, —). Greek indices
a, 3, & and ﬂ run from one to two and denote two-component Weyl spinors, while all other Greek

letters denote Lorentz-indices.

B.1 Weyl Spinors

Two-component spinors % and % transform under the (-;—,0) and (0,%) representations of the
Lorentz group SO(1,3). Matrix representations are given by the universal covering group SL(2, C)
of SO(1,3), i.e. under a Lorentz transformation M € SL(2,C) the Weyl spinors transform like

d’; = Maﬁ“ﬁﬁ 3 W& = M*&b Eﬁ ) (B-l)
¢ =M 7=y 9 (B.2)

The Pauli matrices o, form a basis of SL(2,C),

o® = v ol = 4 5l (B.3)
017 - 10 '

e Sl o

a—(i 0), (O _1). (B.4)

Spinor indices can be raised and lowered using the antisymmetric e-tensors

0 -1 s 0
Eaﬁ = ') 6a = ) (B.5)
120 -1 0

71



72 APPENDIX B. SPINOR NOTATION AND CONVENTIONS

0 =1 ae 0 1
£,z 2 g e = ' (B.6)
e 1 B »1 @0

P> = e*Pypg Yo = Eapd® , (B.7)
& =Py b =c 00 (B.8)

i.e. one has

Correspondingly, spinor indices of Pauli matrices can be raised and lowered,

ghda — gabeabgh (B.9)
BB

i.e. the matrices @# are given by

7%°=0°, 7123 = o123, (B.10)
The Pauli matrices fulfil

(0*7” +0"5"*) P = 2¢"6,°, (B.11)
F* 0" + 7 ) 5 = 2 g* 8% 5 (B.12)
Brio ot =28t (B.13)
0, TP = 26,P5.P (B.14)

Products of two-component spinors are defined such that

YX = %X, = —VYuX* = X"V = XV, (B.15)
FX=VX=-P°%X, =X, P =XV, (B.16)
x¥)t = (x¥a)' =P, X5 =X . (B.17)
Products of Weyl-spinors involving Pauli matrices read
xo'P = —¢Tix, (B.18)
(xo*B)' = porx, (B.19)
xohT Y = ParThy, (B.20)

(xa“ﬁ"z/))'r = YaYotY, (B.21)
1
2

PAX, = 5A0"X) (o), - (B.22)
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Furthermore, when computing superfield products (cf. app. B.3), one can take advantage of the

relations

0°0° = -%eaﬂoz, (B.23)

1 2
0.0 = -2—8(,50 ! (B.24)
Ty %g&f’a"", (B.25)

e 1 —2
aeb = —§€&b0 ) (B.26)
05"0600"6 = %0252g’“’. (B.27)

B.2 Four-Component Spinors

We define the Dirac y-matrices as

0 ok : =N
i (_u : ) [ = ( b & ) , (B.28)
ag

obeying
{77} =2¢", (B.29)
-’} =0, (B.30)
®)?=1. (B.31)

As usual, 7° intertwines the y* representation of the Dirac algebra with the equivalent hermitian

conjugated representation vyt
PP = AT, (B.32)
P°757° = =9, (B.33)

This representation of the y-matrices can be used to relate Weyl spinors to the more familiar
four-component spinors. A Dirac spinor ¥y, consists of two Weyl spinors
Xa
\I,D = X& y (B.34)

i.e. its hermitian conjugate reads

T, =0l,0= (,\a, . ) . (B.35)
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The chiral projectors read

PR=%(1+75)=(3 (1)) PL=%(1—75)

i.e. for the Dirac spinor (B.34) one has
P =x,, P¥p=X",
B =N, UpPr =X, -

The charge conjugation matrix C is defined by

Ean 10
C=-iy’y"= " A
0

and it fulfils the following useful identities

cT=ct=c'=-C, e 2.

C intertwines the v* and —'yZ' representations of the Dirac algebra

Cy,.C' = -7,

0750—1 = 75T )

The charge conjugated Dirac spinor (B.34) then reads

T (A
U =CY, = (7";) :

i.e. one has

T,=0TCc, ©,=CcT, W=vIcC.

On the other hand, a Majorana spinor ¥y contains only one Weyl spinor

e ()

‘Pfazq’M-

i.e. eq. (B.43) immediately implies

(B.36)

(B.37)

(B.38)

(B.39)

(B.40)

(B.41)

(B.42)

(B.43)

(B.44)

(B.45)

(B.46)
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In Lagrange densities we can switch from Weyl spinors to four-component spinors and vice versa

by means of the following relations

U RY; = Axy» (B.47)

U PRY; = XA, (B.48)

U Py* U, = Ao*da=—-Xd")\, (B.49)
U Py ¥z = X[ 0% =X, 0" Xy (B.50)
U, Py y" ¥y = Mo*TY x, = X, 0T My, (B.51)
U, Pavy" 7" ¥ = X; 00" A =X0"0"X;, (B.52)

where U; (i = 1,2) is a generic Dirac spinor consisting of two Weyl spinors x; and A; (cf. eq. (B.34)).

B.3 Superfield Products

Since products of chiral superfields are again chiral, these products can be conveniently computed

in the y-basis (2.31). For the products of two or three chiral superfields ®; one finds

@:(y)®;(y) = Ai(y)A;(y) + V20| i(y) A;(y) + Ai(y)¢j(y)] (B.53)
+62 [ AW F(v) + 4; () Filw) = (W) 5 (v)]

®:(y)®;(y)Px(y) = Ai(y)A;j(y) Ar(y) (B.54)
+V/26)[4:(5) A; (4) An(y) + 5 (6) A (W) Aiy) + i 0) Ai(w) 45 (0)]
+62 | Fi(4) 4;(0) Ax(v) + F (1) A () Ai(0) + Fr (9) Ai(9) 4, (v)
~i(9) i (V) Ar(y) — ¥5 () Pr(¥) Aily) — b)) A;()]

On the other hand, the product of a chiral superfield ®; and an antichiral superfield <I>! is neither

chiral nor antichiral. In terms of the variables z#, 6 and 8 it reads
3;(2)®j(z) = A} (z)Aj(x) + V2(0%;(2)) AT (z) + V2(8 ¥i(2)) Aj(z) (B.55)
+62 4 (2) Fj(x) + 8 A;(2) F; (x)

+0°0% | i, 5* (A1(2)0,A5(2) — A;(2)0,A3 (2)) — 26z (2) s,
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=i

1627° ot (AT @0,85(0) ~ ¥ @)0,A1(2)) - ﬁFj(x)'zz:&(z)]
V2

107" [Fr () Fy(2) - 141 (2)DA;(0) - 1 41(2)DA3 (2)

48200 | S0t (T @0, (0) - A @O @)) + VEF (0003, 0)

i * A 3 T e T _z._ Vol .
3O @) AE) - ST 05 (0) + ST(@IT )]

Superspace integration discussed in Chapter 2 will project out F-terms, i.e. terms proportional to §*
in chiral superfields and the D-term (proportional to 62 52) in eq. (B.55). These are the terms which
can be used to construct SUSY-invariant actions since they transform into a spacetime derivative
under SUSY transformations.

When computing 2 — 2 scatterings in superspace one has to evaluate products of four chiral
or anti-chiral superfields, with or without covariant derivatives acting on them. In our calculations
we need the following two products, which can be computed by successively using egs. (B.53) and
(B.55)

/d20d2§<1>,(x1,0,5) ®,(z,,6,0) %%% ®;(22,0,0) ®(22,60,0) = (B.56)
2
i [Ar(zl)Fs(xl) + As(z1)Fr(z1) — ¢r(xl)¢3(xl)} Ai(z2)A;j(z2)
+ | Ai(@2) Fy(w2) + Aj(@2) Fi(sa) - $ulw2)¥(22) | A (21) Au(21)

+[9e(@1) A (1) + e (21) Ay (01)] [93(22) 45 (22) + (22) Ai(2)] -

/d%d?@@,(xl,a,‘é)@s(xl,o,a)a(zz,e,ﬁ)6j(xz,o,5) = (B.57)
= —Al(z2)Al(z2) 014, (21) As(21)
+ i [fi(a2) Al (z2) + B5(22) Al (22)] 7401, [0 (21) Ar (21) + 1 (21) Au01)
+[Ar @) F@1) + A1) Fr(@1) - b (@1) (1)) %
x [Al(e2) Fl (z2) + Al (22) F} (22) - B (@2)i(s2)] -

Here we have partially integrated derivatives and dropped total derivatives which do not contribute

to the action.



Appendix C

Feynman Rules

In this appendix we present the component field Feynman rules that we have used in the calculations
of chapters 1 and 3. Feynman rules for Majorana fermions which yield the correct relative minus
signs between different diagrams contributing to a process without explicit recourse to Wick’s
theorem are proposed in ref. [52]. The basic idea is to introduce a continuous fermion flow, i.e.
an arbitrary orientation of each fermion line. Then one can form chains of Dirac matrices by
proceeding in a direction opposite to the chosen fermion flow. Relative signs of interfering diagrams
are determined like for Dirac fermions, i.e. any permutation of two external fermion lines gives a
minus sign. One only needs the Dirac propagator for all fermions. However, one has to introduce
two analytical expressions for each vertex involving fermions, corresponding to the two different
choices of the fermion flow.

As an example, consider the coupling of a right-handed neutrino to a SM Higgs and lepton

doublet. This coupling can be written in two equivalent ways
NP, (leH;) = - (HeF) RN, (C.1)

corresponding to the two possible choices for the fermion flow. This gives rise to the following

equivalent vertices, where the thin arrow denotes the chosen fermion flow

HS Hy
1 I
X Y
A —(iA)ij € (PL)ga /\ ~(iA)i; € (PL)ap
BT NN, i, 77NN\

il
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In general, one has spinor structures of the kind

where the four-component spinors ; and 1, are either Dirac or Majorana fermions, and T is a
product of Dirac y-matrices,

=1, ,),It, 751 757#’ - (C3)

Reverting the fermion flow corresponds to replacing particles by antiparticles, i.e. (C.2) is rewritten

in the equivalent form
1 Topg = PSTV95 (C.4)

where
r'=crfc-!= { s ey : (C.5)
=" for ' = 4%, 0%
Hence, when stating Feynman rules in the following we can restrict ourselves to one fermion flow.
Changing the fermion flow just amounts to replacing I' by +I', according to eq. (C.5).
Decomposing the superfield products in the superpotential (3.1) into component fields, we get

the Yukawa interactions of a right-handed Majorana neutrino

i e
1 1
Y _ A
A (z’\u)ij (S"’b(PL)aﬁ /\ (zAlt)]t 6ab(PR)ﬁa
Nl 7 SN ey

H3
I I
H N
//\ ~(iA)i (R ) ge /\\ =(i])5i € (Pa)ap
Beatos ool Ty

Correspondingly, the interactions of a scalar neutrino are given by

—~

NZ e
| 1
Y A
1 i

//\\ (iX)i 6°°(PL)ap /A\ (A1) 8% (Pa) pa
5 'Ea ’}‘l'a lb

li,ﬁ o a 1,0
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Here we have not specified an explicit fermion flow, since these diagrams have a natural orientation
of the fermion lines.

The mass term in the auxiliary neutrino field Fye (cf. eq. (3.22)) yields trilinear scalar couplings

~b ~b
l,’ li
1 1
’ A
# —(0M);; e A —(iMAL)ji e
/4 ~A\ /4 ‘\
HE 7 s N;C 1’\\7} & NHy

Furthermore, we take into account the following Yukawa couplings of the (s)top

Ut Y4
1 i
Y 4
/\ (iA0): 0% (P) o (iAL)5i 8°(Pr) e
b i T

%s & he %s
6;_6 &-’ib
1 I
' A
/A\ (iA)ij 8% (P,) pa /A\ (i/\L)ji 6%(Pr) a
BT N AT s
HS H3
1 1
v :
//\\ —(iA)ij € (P)agp //\\ —(iA1) ;i € (Pa) po
e F 5.0 Uja %s
Finally, the scalar potential
V=3 F'F, i=800,... N, (C.6)

yields quartic scalar couplings involving one or two scalar neutrinos

l; e . e Us L V. l;
‘\\,/4 i 1_ b ‘\ /4
3 —i(A)i;(AL),s 6 X —i(AD)ji(Au) or 62
4 \ /7 N
-« 4 -« 4
—_ 7 \ 7 N —
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H3 \ s E"f H} » N
‘\ ’4 t ‘\\/,4 21 b
3¢ —i(AIA);; 6 —i(ALN)ji 60
Lpiong v N
Ll b % » a
N ~HY Ef” N\ Hj
~ ~b
HE , H? e~ g
4 v A p
Nl ; N7 . 1 ab
b4 —i(ALA,)i; 6% K —i(A)ri(AL)is 6
,4/ \‘\ 1 ,4 *\
o~ — c / N N
NG N7 Nj N

Internal Dirac or Majorana fermion lines are all represented by the usual Dirac propagator

r i
e _ ﬁ (#—m-’-lf)ﬁa.

Correspondingly, we assign spinors to external fermion lines with orientation

. s o e u(p, s) ,
o i o <o e Wt v(p,$) ,
s e wa ofEion g | u(p,s) ,
e sonca - e g sy v(p,s) ,

where the momentum p always flows from left to right. The spinors v and u are related by charge

conjugation

o(p,s) =CT (p,5) &  Ups)=0v"(p,s)C, (C.7)

u(p,s)=Cv' (p,s) & B(p,s)=u"(p,s)C. (C8)



Appendix D

Kinetic Theory

The microscopic evolution of particle densities and asymmetries is governed by a network of
Boltzmann equations. In the following we will compile some basic formulae to introduce our

notation [2].

D.1 Thermodynamics in the Expanding Universe

The early universe can be assumed to be spatially homogeneous and isotropic. Hence, it is described

by a Robertson-Walker metric

2
ds? = dt* - R(t)? {1 drk,.z + r2d#? + r’sin® 0d¢2} g (D.1)
where (t,r,0,¢) are comoving coordinates and £k = +1,0 describes the spatial curvature of

spacetime. The scale factor R(t), which describes the expansion of the universe, is given by the
Friedmann equation

.2
R +k= %;ﬂ# X (D.2)

where p is the energy density of the universe, and

G s (D.3)

. mPl
denotes Newton’s constant in units where A = ¢ = 1, and mp, = 1.2211-10'° GeV is the Planck mass.
Neglecting the curvature term k in the Friedmann equation (D.2), which is a good approximation

in the early universe, we get an equation for the Hubble parameter H

R i 8mp
H=-—-= ‘/— . .
R mp 3 {4
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In a radiation dominated universe the energy density reads

7T2 4
P=9ugs T, (D.5)

where g, is the number of effectively massless degrees of freedom
g*='Z gﬁéz g, (D.6)
i=Bosons t=Fermions
and g; is the number of internal degrees of freeedom of the corresponding particle. At temperatures
far above the electroweak scale one has g, = 106.75 in the standard model, and g, = 228.75 in the
MSSM.
Hence, the Hubble parameter in a radiation dominated universe reads

4n3gx T?

Hi= :
45 mp;

(D.7)

D.2 Boltzmann Equations

It is usually a good approximation to assume Maxwell-Boltzmann statistics, so that the equilibrium

number density of a particle 7 is given by

n(T) = (2’;;')3 / EPp 0 with fY(E,T)=e5/T, (D-8)
For a massive particle one finds
2
eqpy _ 9ilm; m;
n; (T) = 2712 K2 ( T ) ) (Dg)

whereas for a massless particle one gets

g:T3

2

2 (P)=

1

. (D.10)

Particle densities can be changed by interactions and by the expansion of the universe. Since
we are only interested in the effect of interactions, it is useful to scale out the expansion. This is
done by taking the number of particles per comoving volume element, i.e. the ratio of the particle
density n; to the entropy density s,

Y= "? , (D.11)

as independent variable instead of the number density. In a radiation dominated universe the

entropy density reads ’
27

=g.—T3. D.12

=g (D.12)



D.2. BOLTZMANN EQUATIONS 83

In our case elastic scatterings, which can only change the phase space distributions but not the
particle densities, occur at a much higher rate than inelastic processes. Therefore, we can assume
kinetic equilibrium, so that the phase space densities are given by

ni _g.
fi(Ei,T) = -T;e.‘—qe IS -, (D.13)
1
In this framework the Boltzmann equation describing the evolution of a particle number Yy, in an

isentropically expanding universe reads [36,13]

de; z Y¢Ya--- eq . .
B S g ——— e cee
ax SH(md’)a; YiQy;q‘_.7 (v+a+ o4 %, 0)
—}/T}/Jc—q—')’q(l'*']‘{'...—)'lp‘l’a'*’...) y (D.14)
1 Jone s

where z = my /T and H (my) is the Hubble parameter at T = my,. The 7°? are space time densities

of scatterings for the different processes. For a decay one finds [13]

=4 TirEes . - ml eKl(Z)
YD ._7q(¢—>z+]+...)—n¢qK2(z)

r. (D.15)

where K; and K, are modified Bessel functions and I is the usual decay width in the rest system
of the decaying particle. Neglecting a possible C'P violation, one finds the same reaction density
for the inverse decay.

The reaction density for a two body scattering reads

o ik ep
YR Fe G it . e /dsa(s)\/EKl va - (D.16)
64w &
(my+ma)?
where s is the squared centre of mass energy and the reduced cross section &(s) for the process

Y+a— 1+ j+...is related to the usual total cross section o(s) by

m2 2
#(s) = 2—'\(3—%’"—) e, (D.17)

where A is the usual kinematical function

A(s, mfb, m2) = [s — (my + ma)?] [s — (my — L o (D.18)



Appendix E

Reduced Cross Sections

In this section we will collect the reduced cross sections for all the 2 «» 2 and 2 < 3 processes
that we had discussed in chapter 3. The corresponding reaction densities, which can be calculated

analytically in some interesting limiting cases, will be discussed in the next appendix.

E.1 Lepton Number Violating Processes Mediated by Right-

Handed Neutrinos

We have mentioned in the main text that we have to subtract the contributions coming from

on-shell (s)neutrinos, i.e. we have to replace the usual propagators by off-shell propagators

1 T —aj 1 z — a;

s and —= = — .
Dj(z) (= - a;)?+ajc; Di(z) (= —a;)%+ajc;

(E.1)

To begin with, let us specify the reduced cross sections for the reactions depicted in fig. 3.5. For

the processes 7+Z(—-)71+7z and [+ H, & 1+ H2f one has

(@) = 93(s) = 51;{ > (), 2 [_ 7ok 2Dz;(:c) % (1 s 7;(:)) g (x Laj)]

J

5 "z; Re [(/\'Lz\u)ij] \/(:l_a’ [ Djz(z) ® D:(:v) * Dj(z;Dn(x)

2

(E.2)

j<n

oo (k) (52 e (52 ) ()]

where n and j are the flavour indices of the neutrinos in the intermediate state. The interference

terms with n # j are always very small and can safely be neglected.
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The reduced cross section for the process T+holt H; reads

2
sy = L t o 5 . (1— = )1 (x+aj)
On (:L‘) = 27!'{ Z (/\y/\u) z+a; =+ D](.’L‘) - 2D?(z) Sl Dj(z) n a;

- iz
+3 Re [(,\L,\,,)Q.]m[ . | £ (E-3)

2

il 2 D@ T Da® ' D;@)Da(e)

j<n

e el L SR e ]

The same result is valid for the C P conjugated process.
avf
l

For the process [ + ho -+ H; one finds

o) = %{Z(Am)"’ -

: 3T
J

z? z? z z+a;
+ + In 2
%(z+ ;) D.’(z) Dijz) a;
2 - 2 )
+ 3 Re [(/\l/\u) ] B 2 o 2 1 N (m+a1)
3 nil 2 | Dj(z)Dn(z) @n = @j  Dy(z) #5

+ 2 (aj 2 i b“jl(x)> In (‘” jﬂ"") } . (E.4)

For the scattering | + Hy — I’ + U+ § and the corresponding CP transformed process we have

(8),.\ @y ty \2 @ [ 2 z z? T+ a; (z+aj)
on'(2) = — ALA = o s - |14 = In
; 8x? {XJ:( : u)”' z |4 Dj(z) D’ () Dj() oy
2 e, |
+D _Re [(Al)\v) ] T s Y R (E.5)
.3
<n

nj T Dj(z) Dn(z) B;(IE)B;(:C)
- 2 = 1 g z + a; " 2 i 1 z+a,
(et 8 sl )

Finally, we have two processes which do not violate lepton number but merely transform leptons

into scalar leptons and vice versa. We have the 2 — 2 scattering | + Hy < T+ —E_,

2 2
~(6) T i t z
W o ; (’\"A")n,- D;(z)Dn(z) ’ s}
and the 2 — 3 process I+ZH7+&1+[77’1,
2 2
3y 3% t el
7= 1o 2 )l e i
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Let us now come to the 2 — 3 processes shown in fig. 3.6.

For the transition g + es141+ H; the reduced cross section reads

(8),. _ 3y ty)2 G| ® T —a; i z—aj " ( f'_j_)
oy () = = { Z (/\,,)\,,)jj = S + m [arc an m + arctan .
N 7 e
“iln (= 2“.1) +~a_,c_, " _1_/ dz, ~1 i (z -”’12 a1)~+ o
aj + a;c; 2 Dj(zy) aj +a;c;

+23 Re [(,\,txu)z] ‘/‘7 [%/x do1 - ( )1 ((z_’; ;“(’13; “"g") (E.8)

n,J
I1<n

2 ~

= = : T —a; T —a; a;C;

+ 2 ajc]':l;—a"2 arctan -+ arctan ..J) + 2 In ( 5 J) +~ i3
(aj — an) a’JcJ i = n aj + a;c;

— T —a; T =Gy an z—a, (z — an)? + anc,
2 n n—_—J" t —— 7 - l = 5
+ 24/ a,c (aﬂ —aj)2 [a,rc an( ancn) + arc an( o ] + PRy n ( ai e )] }

The remaining integral cannot be solved exactly. However, it can be neglected for z > a;,a, and

for z < a;, a, it can be approximated by

£y 1 - 21 — a;)? + a;c;

2 / iy s i L] T4 (E.9)
2 n(zl) aj + ajc;

0
a; +a, — an — T a Qn — 2
zl 3 n l n n — n
n( aj ) n( an )+Sp(an+aj—z) Sp(an+aj_z) '

where Sp(z) is the Spence function or dilogarithm

Sp(z) = Lig{z) = —/dy il Lieal ) p (E.10)

o
0

For the scatterings ?j+(7¢ —~>7+7+71, 71+§—)7+ (701 +h and ’l«r+(7Z —)7+§T+Tz the reduced

cross sections are equal,

X - 3ay, . 3 : s-o) t45
ey = 8" (z) = Sﬂzx{Z(’\‘t'\”)J‘j [_§z+§(z_2aj)ln (( 21) G J)
>

aj + a;c;

1 /a; - Tz —aj /@
=F 5\/?; (z —a;+3¢;) [arctan (ﬁ) + arctan ( é)“ (E.11)
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E.1.
2 2 = 2 =
t —a; (.’B — a_,-) + a;c; T —ayn % ((2 L a'n) s ancn)
(/\VA,,) > -2z + aJ s In ( a? + a'jgj +a, . — a% T ané:t
i<n
Rl . 2 s g
+24/a;c; = o ir W arctan | Z aj + arctan (‘ / i.:’- ,

(aj o an)2 \/;I—JC—J 4]

'—2ana_,+aﬁ T —an, =
- 2\/ancn TP [a.rcta,n (m> + arctan( s ” } .

For the process Tf +q— T+ (721 + H, and similar reactions one gets

2 =
.(10), .\ _ 3 ty ) % |2 g+a;\ [ (z-a;)"+4a;¢
519 () —{Z(,\V,\,)__ [ _ 2ln( = o Gy

i o 167r2 33 T aJ
1 T T

v2f an s oo (-2) 50 (-5)]
J(ml) 5 g

J

T — a; T — ( [a; )
- — |arctan + arctan s
V j vV @; CJ &

a;C;
2 a; : . £
+25 Re [(AIA,,) ] e [2'”“1 ln ("”“’) e XN (’“L“ ) (E.12)

. nj x ey — @; a; a; —ay an
1<n

z—aj (z — @)%+ a;G; ~ z-—a, T —a; ( a@;

1 24/a;c;——— t t =

- B e n ( a? L +24/ajc; e arctan \/lﬁ + arctan %

=iy T —a,)°+anc, il Ay
N E gy | <( -gancn ) L F 2\/ancn ) [a.rctan (m) + arctan (1 /07;- ,]

Jo s o (D) D)+

The remaining integral can again not be solved exactly. However, it can be approximated by

[ 1 x
o gy e(-2)-w(2)

Dj(z1)
S i ——“’aje} arctan - (ij + arctan ( g =338 In e —2a,~)2 +~ajc~j
Va;c; V ¢ ) 2a, ai + ajc;

for z < a, and for z > a, it can be neglected.
Finally, we have to compute the ¢- and u-channel processes in fig. 3.7, which give simple

contributions.
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For the processes T+ T E+7L and [+ & H; + H;r we get

§ . 1 o I % LA
6! (z) = 0%3)@) o {Z (’\‘T’A")jj [x +a; Tz +J2aj = ( &; J)]
J

9 1 2 :L'+a'
: : J
S ;Re [(/\"/\")nj] g [(z +a, +a; & an — a‘j) = ( o )

<n
i 2 T+ a,
+($+an+a,-+aj—an>ln( an )]} (5

In this order of perturbation theory the same result is valid for the C'P transformed processes.

For the scattering T+l h+ H; one has

. (14) ok t 2 T a4 T+ a;
ol e~ {Z(’\”’\”)n [x+aj z + 2a; In( .

1 1 T+ ay,
+($+an+aj+aj—an)ln( . )]} (E-15)

The 2 — 3 process Hy + ' (—)‘l'f+'lvt+(72 gives

. (15), y _ 30 00 bl T WD z + 2a; z+aj
- {zj:(’\"'\")ﬁ z [aj (1 s e
1 a; il 24a;
il 2Sp (:c + 2aj> - §Sp (z + 20.1-)]
2 ] \/ana; " " : 3
+ZRe (/\.f)\u) _ tnl; 2x+aJ +1In Ektnchei In 355
Py nj Z Gp — a5 an a;
j<n
+(2‘”+“" +In (-——”“"“L“J’))ln (”“") (E.16)
a; — Gy a; B

aj z+aj an z+an
+Sp{ ————— ) -Sp| —— Sp{ ——— ) - — !
"(z+an+a,-) p(z+an+aj)+ p(z+an+aj) Sp(z+an+aj)]}

For the related transition I + [ < Ue +q+ H; we have

2

¥ 3a, 2 T+ a; s
=22 2 [ rim(222) 3
] J

7 T 7
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ol (1—21n (ztfa"))ln (z;a")] (E.17)

2 . » 3 - .
+23 Re | (M) [ Y2 (‘“L“’ +1n(——z+“"+“’))1n(‘”+“’)+sp(—z+“1)
nj| = an — a; an a; a

n,j
1<n

. 2
(gt e n () s (222) o o Je(3)] )
a; — an aj ay aj 6 2 aj

There are some 2 — 2 processes left which do not violate lepton number but simply transform

leptons into scalar leptons, like in the process I+l h+ H,

2 L L -z z+a;
e (z)_27r {Z(/\”/\U)J‘j [z+aj+ln( a;

: 5

21 4. .
[ % ("’“’) e (“L“")] , (E.18)
a; — an ajy an — G5 an

or in the similar process b H;r o h+l

. 1 2 + 2a; + a;
- {0, o= (222)
j o

22

(AI’/\")nJ‘

+2)
n,j

1<n

2 - - .
[—1+a—’z+a’ ln(z+aﬂ)+“_"’+“" ln(z+a")] . (E.19)

z aj—Gn a; z a, — a; an

+2Z
n,;

i<n

AP,
( - )n]
Finally, the last process { + TT o h+ gt + (chf gives

- 3ay, 2 T :
o170 35 {00, [ror 2 (25
J

- 23
J

2 - - .
[—1+‘—liz+“’ ln(x+a’)+a—"z+“"1n(z+“”)] . (E.20)

T a; —an aj I an —aj (/7%

(/\I/\”) nj

+2)
n,J

E.2 Scattering off a Top or a Stop

For the processes specified in fig. 3.9 the reduced cross sections read

2

2
L(0) _ 3oy z7 —aj
(7't_7 - T (/\IAu)]J z ! ) (E.21)
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-51) i Ba (,\l/\u)”z a; | :c_aJ.+2a,h+a:-i; a.hln z—a;+ap . (B.22)
7 §3L 2 z—a;+ap T — aj ap

2(2) _ At rT—aj| T —aj 1 T —aj+ap E.2

%t B ( £ ")jj " x—aj+2ah+ 3 ap A C4y

N2

0, (55%)'

6 = 3a, (Alz\,,) et 5 Rl Dot WA e PN ‘”'“f+“")]. (E.25)
3 ii oz T —aj;+ap T —aj ap

To regularize an infrared divergence in the ¢t-channel diagrams we had to introduce a Higgs-mass

2
7
- ] E.26

e ( M, ) ( )
In the calculations we have used the value p = 800 GeV.

The analogous processes involving a scalar neutrino (cf. fig. 3.10) give similar contributions

ol 3;“ (,\I,\,,)jj (z;aj )2 : (E.27)
50 = 3a, (,\,T,/\,,)jj - 'x“j [—2 > ”:itjz“" In (x " ‘Z: “")] , (E.28)
60 = 3a (,\z,\,,)jj [—m_za;—:jz%+ln (“’—“%}fﬂ)] : (E.29)
o = sau (M) FTE T, (E.30)
59 = 3a, (,\L,\u)jj% [—z_za:—:f%+ln (W)] . (E31)

E.3 Neutrino Pair Creation and Annihilation

With the abbreviations

/\,'j =i (z,a;,aj) = [Z - (\/a_,"f- @)2] [:z: — (\/l_l:— \/(Z)z] 1 (E.32)
o o froei-ei+ VX
Li; = ln(z_ai_aj_\//\_ij),

the reduced cross sections for the right-handed neutrino pair creation read

s, = % {(’\1’\"),,- (M) [—%\/,\_J % L,—,—] —2Re [(,\f,\)z] ML,-,} :

ji] z(z — a; —a;)
(E.34)

(E.33)
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a}&.:%{(xl,\,)j (). [ \/—+a'+a’Lq] —2Re [(A*/\ )]] ﬂ—.%} ,

z—a; —a;
(E.35)

o = L{l(,\ A ) ‘ [——\/_.,+ L,,] -2Re[(,\f,\ ),] ‘/GT‘T"(“"’L"")L#} ,  (E:36)

z(z—a;—a;)

[ VN + = +a’ L,J] —2Re [()\fz\ )]1] ﬂ——h;} . (E37)

.
NN—47T T—a;—a;

(ir),

For the scalar neutrinos one has similarly

a%,j = i(’\l’\”)ﬁ (,\,t/\,,)i [——\/_ + a’L,J], (E.38)
Agc)nc = 4%{('\“") = (A‘T’/\”)iig\/l\_ﬁ_2Re [('\'T’)‘”):;] \/?Lij} : ra)
*ﬁ,i’m = §|(Aixu) [——\/— + “’Lu], (E-40)

6%‘?)7‘7,? = %{‘()“T’/\”)ﬁz

by el ¢ [(AU\Y} e L,-j} . (E.41)
Z 78 z

For the diagrams involving one neutrino and one sneutrino (cf. fig. 3.14) one finally has

= (00), (00), 22475 - o00);] LRz}

2

o= 2= {00,

% L 2 a; ;
w;“iL,-j —2Re [(,\1,\,) } e LR e L.]} . (E43)
It

z x—0;—0



Appendix F

Reaction Densities

In general the reaction densities corresponding to the reduced cross sections discussed in appendix E
have to be calculated numerically. However, there exist some interesting limiting cases where one
can calculate them analytically. Since thermal averaging of reduced cross sections via eq. (D.16) in-
volves modified Bessel functions, we start by summarizing a few useful formulae for Bessel functions

before discussing the reaction densities.

F.1 Bessel functions
Modified Bessel functions with different indices are related via recursion relations [53],

zK,_1(z) + zKy41(2) = 20K, (2) , (F.1)

Kool Rty = Zzid;K,,(z) . (F.2)

For integer index Bessel functions have the following series representation

n-—1
1 n—k—1)!
o) = 3y o rsik (F.3)
£ k=0 k! (f)
= {5
= (z)n+2k
apn S ARl by L e
HE W [ (5) - 59+ 0 - Gota+ ke +1)]
where 1 denotes the derivative of the logarithm of the Gamma function
ey = LinTy F.4
.‘E) = % n -77) . ( ¢ )
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For integer argument it reads

n—1
1

P(n)= -+ Z 5’ (F.5)

k=1

where v = 0.577216 is Euler’s constant. Hence, the leading terms of the series are given by
2
Ko(z) = In (;) —Ye+ .-, (F.6)
— 1) »

K.(z2) = %(%) +..., forn>1. (F.7)

The asymptotic expansion of modified Bessel functions reads

T o= 1 T(v+k+3)
K"(’”)z\/ge kzzok!(zz)k F(u—k+-zl-)’ (F-8)

i.e. to leading order all Bessel functions have the same asymptotic behaviour,

K, (z) = \/;1:9,-: B  (F9)

Furthermore, when evaluating reaction densities according to eq. (D.16), one has to compute

integrals involving Bessel functions. In the following we compile the integrals that we have used in
our calculations.

Bessel functions and powers

/dz z*K,(az) = 2*la~#-1T (1 b V) I (1 it e U) (F.10)

2 2
for Re(1+ p £ v) > 0 and Re(a) > 0,

1
/dx 1K, (az) = 2"a " T(v 4+ 1) — %K,,H(a) for Re(v) > -1, (F.11)
0
1
/dm z' YK, (az) = 27%a" "I (1 - v) - %K,,_l(a) for Re(v) < 1, (F.12)
0
oo
/d:c Ki{zz) = %Ko(za) ’ (F.13)

a

7 2
/dx 2K (2z) = -a;Kg(za) d (F.14)
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Bessel functions and logarithms
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7(19: 22K, (22) = % ' (F.15)
/d:z: z Ko(2z) = %Kl (2a) , (F.16)
7dx zKo(22) = — (F.17)
]odz VzKi(2v/z) = 2§K2(Z\/E) . (F.18)
7d:1: VZKi(2/z) = — (F.19)
0
a/ ds =Ky (2/7) = ZKo(2va) (F.20)
]Odz 2 In(2)Ko(>2) = —Ko(2e) + aln(a) 2Ky (za) (F.21)
I)/d:l::r:ln(:z:)Ko(z:r:) = 21—2 [-—73 +1In (%)] 3 (F.22)
/dz\/—ln )Kl(zf) - [— ZIn (b)] o(2v/a)

+4‘/_ [1+1n( )] Ki(2v/a) , (F.23)
/dz\/_ln 2) Ki(ev/Z) = - [1 — 2y +1n (b‘;)] . (F.24)

In all these integrals we have always assumed that @, b and z are real and positive.
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F.2 Lepton Number Violating Scatterings

In the Boltzmann equations we do not need every reaction density 7() . = 1,...,19 separately

(cf. sect. 4.1). We only have to consider the combined reaction densities

VN W SN BN RPN (RN L D W o R L (F.25)
N N NIV C RN S T (F.26)
72" = P+ +40%+6(%, (F.27)
vaL = 4y 4oy ® 4 gy (10 4 3,00 4 4 (19) 4 9, 18) | (T | 18 | 6,19 (p gg)

For low temperatures, i.e. z > 1/,/a; , the dominant contribution to the integrand of the reaction
densities comes from small centre of mass energies, i.e. z < a;. In this limit the reduced cross
sections &ﬁf) for the (L + Z) violating or conserving processes behave differently. For the (L + i)
violating scatterings (i = 1,...,5,8,10,12,...,16) one finds

69 xz forz<aj, (F.29)

while one has

2

()oca: for z < a; (F.30)

for the (L + Z) conserving processes (¢ = 6,7,9,11,17,18,19). In diagrams with an intermediate
neutrino this different behaviour is due to the different chiral parts of the fermionic propagator
contributing to the scatterings. (L + Z) violating processes contain the chirality violating
propagators ,/a;/(z —a;), whereas (L + I~J) conserving processes depend on the chirality conserving
propagator \/z/(z — a;). For diagrams with an intermediate scalar neutrino the corresponding
kinematical factors originate in the couplings of sneutrinos to different initial and final states.

Hence, the reaction densities can be calculated analytically in this limit and one finds

M3 1 19
"= ;(AD")JJ-T*ZR‘*[(”*) | et s

1<n

ME 1 2 7
7 ==35 Z (z\lz\u)” 20, Y Re [(Af,\ ) ] = (F.32)

J n,Jj
i<n

ME 1 2 1 270,
7§L="—51;§ Z(I\l/\u)ﬁa—?(4+ 4:>+Z

<n

2
1 18a,,
<8+ o ) , (F.33)

a;0n e

(,\Lxu)nj
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4
ap Mia,l

yat= L2 Z(,\ )2]31253]4-ER [( ) ] . A5 B (F.34)

= 16, /a,a;

i<n

For high temperatures, i.e. 2 < 1/,/a; , we can use the asymptotic expansions of the reduced cross
sections to compute the reactions densities and we get

M1 3o 24 fa.a;
yAL = 647:52_4 (13+ Wu) XJ: (,\'f/\ )” L ZRe [( ) ] \/_ a]] (aj)
J<n
3ay 4
it (2 + ) e 0 % e s (F.35)
. Y
Mt 1 3a, 2 2 1 8,/ana; a
el L (3 o 47) ; (,\p\y)]_]_ + ;Re [(,\1,\”) nj] ax/n _na;_ In (a—:)
i<n
3a
-2+ “) | T NS 4 F.36
( 2 % ( )n] ( )
M 1 2 45a 90, [a; 27a, 2
Wit 327:5; {; (/\l/\u)jj [_1 o 87ru *H o é i (4+ 2r ) (ln (z\/('z?) v 73)]
2
£y (,\,f,,\,)nj 24 (—agf—:)"’ (any/@i; + a;v/ancs) (F.37)
n,j n 7] .

j<n

+22) (2 ) 2 () ] )
T @, — a; anz a; — ay ;2

M1 2 27« 39a, [a; 27 2
= g (SO0 [ T T E e (4 5) ((55) - )
7o 3275 4 {;( )jj 87 8 4 ke 2 y z,/a; <

2
8 2 2

ALh 4-8 nl ( )- dn ] = ]
+,,Z,( )'n.j [ 7E+an—aj (a n = a;ln 5 (F.38)
i<n

i pulon) v iz ton (3) (o eV |

J("

i.e. these reaction densities are proportional to T at high temperatures, as expected on purely
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dimensional grounds.
For intermediate temperatures z ~ 1/,/a; the reaction densities have to be computed
numerically. This becomes increasingly difficult in the narrow width limit, where 1/D;(z) has two
very sharp peaks. However, in the limit ¢; — 0 the two peaks in 1/D;(z) cancel each other, since
they have a different sign, while the peaks in 1 /Df(z) add up. Therefore, the terms proportional
to 1/Dj(z) or 1/D;(z)Dy(z) with n # j can be neglected in the narrow width limit, while 1/D]2-(x)

can be approximated by a é-function
1 ™

DI(z) " 2,/356;

An analogous relation holds for 1/ 5;-2 (z).

§(z - aj) . (F.39)

These relations allow to calculate the contributions from the s-channel diagrams to the reaction
densities analytically in the limit ¢; — 0, while the contributions from the ¢-channel diagrams can

easily be evaluated numerically.

F.3 Stop Neutrino Scatterings

The reaction densities 7() for the interaction of a (s)neutrino with a top or a stop can also be

calculated analytically in the limit of high temperatures z < 1/,/a@; . For the s-channel processes

one finds
L0 _ SouMi Ko (2v/@)
1 o= = (,\U,\V)jjaj L (F.40)
= u® AP, a1

For the t-channel reaction densities one has ana,logously

1 3auM4 1 22a
oo ), - e

24

( (%—)_1) Ka (= aj)] , (F.42)

o= B () L [(1- 2 )Ko<zf>+——”n( Smem]. e

i 24

o= W =, e (F.44)

'yt(J ) and 7t( ) are several orders of magnitude smaller than the other 'y( ) for small z and can therefore

be neglected at high temperatures.
By using the series expansions (F.6) and (F.7), one sees that the processes with a higgsino in
the t-channel, i.e. 7t(1), 7t(12), 'y( ) and 75;'), behave like 7% 1n (T'/M;) at high temperatures, whereas

the other reaction densities are proportional to 7.
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F.4 Pair Creation and Annihilation of Neutrinos

In the Boltzmann equations we only need certain combinations of reaction densities which can

easily be evaluated for high temperatures

2
Z Mon, Z 'Y,(vkc)nc = 1“; (F.45)

=1

= 1]:)‘/17:5 A (/\T/\ ) : (’\Z’\U);i { [1 B 1—2 (vai + ‘/a_j)z] Ko (z (vai + v/a;))

2

+ = (Va + va)? [1+1n(2+m)] Kz(z(\/ﬁih/a—j))} )

a;a;
. (k) (k) 2
Zv Ne, Zv,,c,vc = (F.46)
M1

k=
1675 24 (/\I/\V)ji
+z742(\/a_;+\/a_j)2 [1+ln (2-{— (ii/:_‘fj)] Ks (2 (vai + \/@))} ’

i.e. these reaction densities are proportional to 7%In (T'/(M; + M;)) at high temperatures.

{[1 - 2 (V)| Ko (e (Vi + V)
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