arXiv:gr-qc/0001092 28 Jan 2000

INTEGRATION OF THE GHP EQUATIONS IN SPACETIMES ADMITTING

A GEODESIC SHEAR-FREE EXPANDING NULL CONGRUENCE

Fredrik Andersson Department of Mathematics, Linköping University, S581 83 Linköping, Sweden.

Email: frand@mai.liu.se

Abstract

We perform a complete ρ-integration of the GHP equations for all spacetimes that admit a geodesic shear-free expanding null congruence, whose Ricci spinor is aligned to the congruence and whose Ricci scalar is constant. We also deduce the system of GHP equations after the integration is completed, and discuss a few applications.

PACS: 04.20, 02.40

1 Introduction

1.1 Conventions

We will use spacetime definitions and conventions from [16]. In particular this means that the metric g_{ab} is assumed to have signature (+ − − −). We will use spinors for our calculations, but as all results are local in nature there is no need to postulate the existence of a global spinor structure on spacetime. All spinor dyads (o^A, ι^A) will be assumed to be normalized i.e., o_Aι^A = 1. ∇_{AA}0 denotes the Levi-Civita connection i.e., the uniquely defined metric and torsion-free (symmetric) connection on spacetime.

1.2 Outline

When looking for exact solutions of Einstein’s field equations in NP- or GHPformalism, a common approach is to assume the existence of a geodesic shearfree expanding null congruence. In vacuum spacetimes, the Goldberg-Sachs theorem tells us that this condition is necessary and sufficient for the Weyl curvature spinor to be algebraically special. In this paper we will relax the vacuum condition and instead assume that the GHP-components of the Ricci spinor satisfy Φ_{00} = Φ_{01} = Φ_{02} = 0

or equivalently Φ_{ABA}0_B0 o^{A0} o^{B0} = 0

where l^a = o^Ao^{A0} denotes the geodesic shear-free expanding congruence. This assumption is still sufficient to ensure algebraic speciality of the Weyl spinor. For technical reasons we will also assume

Λ = constant.

We then show that all GHP equations containing IP can be integrated explicitly, something which is done in [10] for the vacuum case.^1 We also show that the remaining GHP equations take on a very simple appearance after the integration procedure is completed and discuss redundancy in the final system of equations.

It is worth noting that a similar integration in NP-formalism for a nonvacuum subclass of these spacetimes is performed in [14] and [15] and, under even more restrictive assumptions, this NP integration have been performed in e.g., [17], [13], [18] and [19]

1Kerr [12] has also integrated the GHP equations using this method for the case ΦABA_0 B_0 =

0 i.e., Einstein spacetimes.

2 Spacetimes admitting a geodesic shear-free expanding null congruence

2.1 The general case

We will consider spacetimes admitting a geodesic, shear-free null congruence l^a = o^Ao^{A0} and whose Ricci spinor satisfies the condition

Φ_{ABA}0_B0 o^Ao^B = 0. (1)

Take o^A as the first spinor of a spinor dyad. In GHP-formalism the above conditions are equivalent to

Φ_{00} = Φ_{01} = Φ_{02} = 0 , κ = σ = 0 (2)

By the Goldberg-Sachs theorem we obtain

Ψ_0 = Ψ_1 = 0 (3)

so the spacetime is algebraically special.

In addition we will assume that ρ ≠ 0 so that l^a is expanding. Then we can use a null rotation about o^A to achieve τ = 0, and the Ricci equations [16] then imply that also τ^0 = σ^0 = 0. (4)

We introduce Held’s [10] modified operators which can be written

~∂ = 1 ρ̄ ∂ , ~∂^0 = 1 ρ ∂^0 , ĨP^0 = IP^0 + p 2ρ (Ψ_2 + 2Λ) + q 2ρ̄ (Ψ̄_2 + 2Λ) (5)

in this dyad. Note that the definition of ĨP^0 is slightly modified from Held’s in our non-vacuum case. The purpose of using Held’s modified operators is simply to reduce the length of calculations; in particular the new operators have the nice properties [ IP, ~∂ ] = [ IP, ~∂^0 ] = 0 (6)

and [ IP, ĨP^0 ] η = [ − 1 2ρ (Ψ_2 + 2Λ) − 1 2ρ̄ (Ψ̄_2 + 2Λ) ] IPη (7)

so if η^ffi satisfies IPη^ffi = 0 (a degree sign will, throughout the paper, be used to denote a quantity that is killed by IP) then

IP~∂^0η^ffi = [ IP, ~∂^0 ] η^ffi = 0

and the same result is true if ~∂^0 is replaced with ~∂ or ĨP^0.

From the Ricci equations [16] we obtain the equations IPρ = ρ^2 , ~∂ρ = 0 (8)

The first of these equations can be used to ‘ρ-integrate’ some of the Ricci- and Bianchi equations. However, we first need to calculate ~∂^0ρ. Therefore, define the twist of the congruence l^a as

Ω^ffi = 1 ρ̄ − 1 ρ (9) We then obtain IPΩ^ffi = − ρ̄^2 ρ̄^2 + ρ^2 ρ^2 = 0 so the notation is consistent. We also obtain ~∂^0ρ = ρ^2 ~∂^0Ω^ffi. (10)

The Ricci- and Bianchi equations [16] involving IP, but not Φ_{22} are IPρ^0 = ρ̄ρ^0 − Ψ_2 − 2Λ IPκ^0 = −Ψ_3 − Φ_{21} IP(Ψ_2 + 2Λ) = 3ρΨ_2 + 2ρΦ_{11} IPΨ_3 − IPΦ_{21} − ρ~∂^0(Ψ_2 + 2Λ) = 2ρΨ_3 − 2ρ̄Φ_{21} IPΨ_4 − ρ~∂^0Ψ_3 − ρ~∂^0Φ_{21} = ρΨ_4

IP(Φ_{11} + 3Λ) = 2(ρ + ρ̄)Φ_{11} IPΦ_{21} − ρ~∂^0(Φ_{11} − 3Λ) = (ρ + 2ρ̄)Φ_{21} (11)

In order to integrate these with respect to IP we need to know the dependence of the Ricci scalar Λ on IP. Therefore we will make the additional assumption that Λ is constant^2. Then these equations reduce to IPρ^0 = ρ̄ρ^0 − Ψ_2 − 2Λ IPκ^0 = −Ψ_3 − Φ_{21} IPΨ_2 = 3ρΨ_2 + 2ρΦ_{11} IPΨ_3 − IPΦ_{21} − ρ~∂^0Ψ_2 = 2ρΨ_3 − 2ρ̄Φ_{21} IPΨ_4 − ρ~∂^0Ψ_3 − ρ~∂^0Φ_{21} = ρΨ_4 IPΦ_{11} = 2(ρ + ρ̄)Φ_{11} IPΦ_{21} − ρ~∂^0Φ_{11} = (ρ + 2ρ̄)Φ_{21} (12)

2It would in fact be sufficient to assume that Λ is killed by I P, @ and @^0 , but unless æ = ǣ the commutators would imply that also IP^0 Λ = 0, so we choose to ignore this possibility. It may also be sufficient to assume some other explicit IP�, @� and @^0 �dependence of Λ, Ψ2, or Φ11.

The sixth of these equations is equivalent to 0 = 1 ρ^2ρ̄^2

IPΦ_{11} − ( 2 ρρ̄^2 + 2 ρ^2ρ̄ ) Φ_{11} = IP

( Φ_{11}

ρ^2ρ̄^2 )

Thus, we obtain Φ_{11} = ρ^2ρ̄^2Φ^ffi_{11} (13) where, as usual IPΦ^ffi_{11} = 0. Then the third equation can be written 0 = 1 ρ^3

IPΨ_2 − 3 ρ^2

Ψ_2 − 2ρ̄^2Φ^ffi_{11} = IP

( Ψ_2 ρ^3

− 2ρ̄Φ^ffi_{11} ) . This gives us Ψ_2 = ρ^3Ψ^ffi_2 + 2ρ^3ρ̄Φ^ffi_{11}. (14) In a similar way, the remaining of the above equations can be integrated, to give

ρ^0 = ρ̄ρ^{0ffi} − 1 2 (ρ^2 + ρρ̄)Ψ^ffi_2 − ρ^2ρ̄Φ^ffi_{11} + 1 ρ̄ Λ κ^0 = κ^{0ffi} − ρΨ^ffi_3 − 1 2 ρ^2 ~∂^0Ψ^ffi_2 − 1 2 ρ^3Ψ^ffi_2 ~∂^0Ω^ffi − ρρ̄Φ^ffi_{21} − ρ^2ρ̄~∂^0Φ^ffi_{11} − ρ^3ρ̄Φ^ffi_{11}~∂^0Ω^ffi

Φ_{21} = ρρ̄^2Φ^ffi_{21} + ρ^2ρ̄^2 ~∂^0Φ^ffi_{11} + ρ^3ρ̄^2Φ^ffi_{11}~∂^0Ω^ffi

Ψ_3 = ρ^2Ψ^ffi_3 + ρ^3 ~∂^0Ψ^ffi_2 + 3 2 ρ^4Ψ^ffi_2 ~∂^0Ω^ffi + ρ^2ρ̄Φ^ffi_{21} + 2ρ^3ρ̄~∂^0Φ^ffi_{11} + 3ρ^4ρ̄Φ^ffi_{11}~∂^0Ω^ffi

Ψ_4 = ρΨ^ffi_4 + ρ^2 ~∂^0Ψ^ffi_3 + 1 2 ρ^3 (~ ∂^{02}Ψ^ffi_2 + 2Ψ^ffi_3 ~∂^0Ω^ffi ) + 1 2 ρ^4 ( Ψ^ffi_2 ~∂^{02}Ω^ffi + 3~∂^0Ω^ffi~∂^0Ψ^ffi_2 )

+ 3 2 ρ^5Ψ^ffi_2(~∂^0Ω^ffi)^2 + ρ^2ρ̄~∂^0Φ^ffi_{21} + ρ^3ρ̄ (~ ∂^{02}Φ^ffi_{11} + Φ^ffi_{21}~∂^0Ω^ffi ) +ρ^4ρ̄ ( Φ^ffi_{11}~∂^{02}Ω^ffi + 3~∂^0Ω^ffi~∂^0Φ^ffi_{11} ) + 3ρ^5ρ̄Φ^ffi_{11}(~∂^0Ω^ffi)^2. (15)

The remaining Ricci- and Bianchi equations are IP^0ρ = ρρ̄^0 − Ψ_2 − 2Λ IP^0ρ^0 − ∂κ^0 = ρ^{02} + Φ_{22} ∂^0κ^0 = −Ψ_4 ∂^0ρ^0 = (ρ̄ − ρ)κ^0 − Ψ_3 + Φ_{21} ∂Ψ_2 = 2ρΦ_{12} IP^0Ψ_2 − ∂Ψ_3 − ∂Φ_{21} + IPΦ_{22} = 3ρ^0Ψ_2 + ρ̄Φ_{22} + 2ρ^0Φ_{11} IP^0Ψ_3 − ∂Ψ_4 − IP^0Φ_{21} + ∂^0Φ_{22} = 4ρ^0Ψ_3 − 3κ^0Ψ_2 − 2ρ̄^0Φ_{21} + 2κ^0Φ_{11} IPΦ_{22} + IP^0Φ_{11} − ∂^0Φ_{12} − ∂Φ_{21} = (ρ + ρ̄)Φ_{22} + 2(ρ^0 + ρ̄^0)Φ_{11} (16)

We will now use the expressions (15), to rewrite these equations. Starting with the first one, we obtain

ĨP^0ρ = ρ2ρ̄0ffi − 1 2 ρ^2ρ̄Ψ^ffi_2 − 1 2 ρ^3Ψ^ffi_2 − ρ^3ρ̄Φ^ffi_{11} + ρ ρ̄ Λ. (17)

From this equation we obtain the relation ĨP^0Ωffi = ρ̄0ffi − ρ0ffi,

and by applying the [ ∂, ∂^0 ] -commutator to ρ we obtain the useful relation

~∂ ~∂^0Ω^ffi = 2Ω^ffiρ̄^{0ffi} + Ψ^ffi_2 − Ψ^ffi_2.

Similarly, the substitution of known expressions into the third, fourth and fifth equation of (16) easily give us ~∂^0κ^{0ffi} = −Ψ^ffi_4 ~∂^0ρ^{0ffi} = −Ω^ffiκ^{0ffi} − Ψ^ffi_3 ~∂Ψ^ffi_2 = 2Φ^ffi_{21} (18)

As we have already calculated the derivative operators action on Ω^ffi we can replace their action on ρ with their action on the real (−1, −1)-quantity^1_ρ +^1_{ρ̄} IP ( 1 ρ + 1 ρ̄ ) = −2 ~∂ ( 1 ρ + 1 ρ̄ ) = ~∂Ω^ffi

~∂^0 ( 1 ρ + 1 ρ̄ ) = −~∂^0Ω^ffi

ĨP^0 ( 1 ρ + 1 ρ̄ ) = −(ρ^{0ffi} + ρ̄^{0ffi}) + ρΨ^ffi_2 + ρ̄Ψ^ffi_2 + 2ρρ̄Φ^ffi_{11} − 2Λ ρρ̄ . (19)

We will next use the last equation of (16) to ρ-integrate for Φ_{22}, but before that we give two of the commutators that will be used in the integration [ ĨP^0, ~∂^0 ] = ( − κ^{0ffi} ρ + Ψ^ffi_3 + 1 2 ρ~∂^0Ψ^ffi_2 + 1 2 ρ^2Ψ^ffi_2 ~∂^0Ω^ffi + ρ̄Φ^ffi_{21} + ρρ̄~∂^0Φ^ffi_{11}

+ρ^2ρ̄Φ^ffi_{11}~∂^0Ω^ffi ) IP + p ( κ^{0ffi} + Λ~∂^0Ω^ffi ) [ ~∂, ~∂^0 ] = ( ρ̄0ffi ρ̄ − ρ^{0ffi} ρ + ρ 2 ( 1 ρ + 1 ρ̄ ) Ψ^ffi_2 − ρ̄ 2 ( 1 ρ + 1 ρ̄ ) Ψ^ffi_2 + Ω^ffi(ρρ̄Φ^ffi_{11} − Λ) ) IP +Ω^ffiĨP^0 + p ( ρ^{0ffi} + Ω^{ffi2}Λ ) − q(ρ̄^{0ffi} + Ω^{ffi2}Λ ) . (20) The last equation of (16) requires considerably more work to ρ-integrate than the ones integrated previously. However, after a very long calculation involving these commutators, we obtain

Φ_{22} = ρρ̄Φ^ffi_{22} + ρ^2ρ̄ (~ ∂^0Φ^ffi_{21} − 1 2 ĨP^0Φffi_{11}) + ρρ̄2(~∂Φffi_{21} − 1 2 ĨP^0Φffi_{11})

+ρ^3ρ̄Φ^ffi_{21}~∂^0Ω^ffi + 1 2 ρ^2ρ̄^2 (~ ∂~∂^0Φ^ffi_{11} + ~∂^0~∂Φ^ffi_{11} ) − ρρ̄^3Φ^ffi_{21}~∂Ω^ffi

+ρ^3ρ̄^2 ~∂^0Ω^ffi~∂Φ^ffi_{11} − ρ^2ρ̄^3 ~∂Ω^ffi~∂^0Φ^ffi_{11} − ρ^3ρ̄^3Φ^ffi_{11}~∂Ω^ffi~∂^0Ω^ffi (21)

Next we will look at the sixth equation of (16). We start by subtracting it from the last equation of (16) to get rid of the IPΦ_{22}-term

IP^0Φ_{11} − ∂^0Φ_{12} − IP^0Ψ_2 + ∂Ψ_3 = −3ρ^0Ψ_2 + 2ρ̄^0Φ_{11} + ρΦ_{22}. (22)

By using the previous equations along with the [ ~∂, ~∂^0 ] -commutator it becomes

~∂Ψ^ffi_3 − ĨP^0Ψ^ffi_2 = Φ^ffi_{22} (23)

It remains to check the second and seventh equation of (16). Using the equations obtained so far, the second gives us

ĨP^0ρ0ffi − ~∂κ0ffi = Λ(2Ωffiρ0ffi + Ψffi_2 − Ψ^ffi_2). (24)

Checking the seventh equation of (16) is a very long and tedious calculation where both of the commutators (20) are used. The end result is that

~∂Ψ^ffi_4 − ĨP^0Ψ^ffi_3 = Λ(~∂^0Ψ^ffi_2 − 2Φ^ffi_{21} − 2Ω^ffiΨ^ffi_3) (25)

As could be expected, the system of equations that we have obtained contains considerable redundancy. As an example of this we note that the imaginary part of equation (23) and the whole of equation (25) are actually consequences of the other equations.

3 Summary and conclusions

3.1 Summary

In this section we will collect the resulting equations in one place.

First of all, the equations for the GHP-operators acting on ρ

IPρ = ρ^2 ~∂ρ = 0 ~∂^0ρ = ρ^2 ~∂^0Ω^ffi

ĨP^0ρ = ρ2ρ̄0ffi − 1 2 ρ^2ρ̄Ψ^ffi_2 − 1 2 ρ^3Ψ^ffi_2 − ρ^3ρ̄Φ^ffi_{11} + ρ ρ̄ Λ (26)

can be split into the relations IP ( 1 ρ + 1 ρ̄ ) = −2 ~∂ ( 1 ρ + 1 ρ̄ ) = ~∂Ω^ffi

~∂^0 ( 1 ρ + 1 ρ̄ ) = −~∂^0Ω^ffi

ĨP^0 ( 1 ρ + 1 ρ̄ ) = −(ρ^{0ffi} + ρ̄^{0ffi}) + ρΨ^ffi_2 + ρ̄Ψ^ffi_2 + 2ρρ̄Φ^ffi_{11} − 2Λ ρρ̄ IPΩ^ffi = 0 ĨP^0Ωffi = ρ̄0ffi − ρ0ffi (27)

From the commutators on ρ we have the useful relation

~∂ ~∂^0Ω^ffi = 2Ω^ffiρ̄^{0ffi} + Ψ^ffi_2 − Ψ^ffi_2. (28)

The curvature scalars and the spin coefficients are

ρ^0 = ρ̄ρ^{0ffi} − 1 2 (ρ^2 + ρρ̄)Ψ^ffi_2 − ρ^2ρ̄Φ^ffi_{11} + 1 ρ̄ Λ κ^0 = κ^{0ffi} − ρΨ^ffi_3 − 1 2 ρ^2 ~∂^0Ψ^ffi_2 − 1 2 ρ^3Ψ^ffi_2 ~∂^0Ω^ffi − ρρ̄Φ^ffi_{21} − ρ^2ρ̄~∂^0Φ^ffi_{11} − ρ^3ρ̄Φ^ffi_{11}~∂^0Ω^ffi

Ψ_2 = ρ^3Ψ^ffi_2 + 2ρ^3ρ̄Φ^ffi_{11}

Ψ_3 = ρ^2Ψ^ffi_3 + ρ^3 ~∂^0Ψ^ffi_2 + 3 2 ρ^4Ψ^ffi_2 ~∂^0Ω^ffi + ρ^2ρ̄Φ^ffi_{21} + 2ρ^3ρ̄~∂^0Φ^ffi_{11} + 3ρ^4ρ̄Φ^ffi_{11}~∂^0Ω^ffi

Ψ_4 = ρΨ^ffi_4 + ρ^2 ~∂^0Ψ^ffi_3 + 1 2 ρ^3 (~ ∂^{02}Ψ^ffi_2 + 2Ψ^ffi_3 ~∂^0Ω^ffi ) + 1 2 ρ^4 ( Ψ^ffi_2 ~∂^{02}Ω^ffi + 3~∂^0Ω^ffi~∂^0Ψ^ffi_2 )

+ 3 2 ρ^5Ψ^ffi_2(~∂^0Ω^ffi)^2 + ρ^2ρ̄~∂^0Φ^ffi_{21} + ρ^3ρ̄ (~ ∂^{02}Φ^ffi_{11} + Φ^ffi_{21}~∂^0Ω^ffi ) +ρ^4ρ̄ ( Φ^ffi_{11}~∂^{02}Ω^ffi + 3~∂^0Ω^ffi~∂^0Φ^ffi_{11} ) + 3ρ^5ρ̄Φ^ffi_{11}(~∂^0Ω^ffi)^2 Φ_{11} = ρ^2ρ̄^2Φ^ffi_{11} Φ_{21} = ρρ̄^2Φ^ffi_{21} + ρ^2ρ̄^2 ~∂^0Φ^ffi_{11} + ρ^3ρ̄^2Φ^ffi_{11}~∂^0Ω^ffi

Φ_{22} = ρρ̄Φ^ffi_{22} + ρ^2ρ̄ (~ ∂^0Φ^ffi_{21} − 1 2 ĨP^0Φffi_{11}) + ρρ̄2(~∂Φffi_{21} − 1 2 ĨP^0Φffi_{11})

+ρ^3ρ̄Φ^ffi_{21}~∂^0Ω^ffi + 1 2 (~ ∂~∂^0Φ^ffi_{11} + ~∂^0~∂Φ^ffi_{11} ) − ρρ̄^3Φ^ffi_{21}~∂Ω^ffi

+ρ^3ρ̄^2 ~∂^0Ω^ffi~∂Φ^ffi_{11} − ρ^2ρ̄^3~∂Ω^ffi~∂^0Φ^ffi_{11} − ρ^3ρ̄^3Φ^ffi_{11}~∂Ω^ffi~∂^0Ω^ffi. (29)

The remaining Ricci and Bianchi equations are

ĨP^0ρ0ffi − ~∂κ0ffi = (2Ωffiρ0ffi + Ψffi_2 − Ψ^ffi_2)Λ ~∂^0κ^{0ffi} = −Ψ^ffi_4 ~∂^0ρ^{0ffi} = −Ω^ffiκ^{0ffi} − Ψ^ffi_3 ~∂Ψ^ffi_2 = 2Φ^ffi_{21} ~∂Ψ^ffi_3 + ~∂^0Ψ^ffi_3 − ĨP^0(Ψ^ffi_2 + Ψ^ffi_2) = 2Φ^ffi_{22}. (30)

The commutators become [ IP, ~∂ ] = 0 [ IP, ~∂^0 ] = 0 [ IP, ĨP^0 ] = − ( 1 2 ρ^2Ψ^ffi_2 + 1 2 ρ̄^2Ψ^ffi_2 + ρ^2ρ̄Φ^ffi_{11} + ρρ̄^2Φ^ffi_{11} + Λ ( 1 ρ + 1 ρ̄ )) IP [ ĨP^0, ~∂ ] = ( − κ̄^{0ffi} ρ̄ + Ψ^ffi_3 + 1 2 ρ̄~∂Ψ^ffi_2 − 1 2 ρ̄^2Ψ^ffi_2 ~∂Ω^ffi + ρΦ^ffi_{21} + ρρ̄~∂Φ^ffi_{11}

−ρρ̄^2Φ^ffi_{11}~∂Ω^ffi ) IP + q ( κ̄^{0ffi} − Λ~∂Ω^ffi ) [ ĨP^0, ~∂^0 ] = ( − κ^{0ffi} ρ + Ψ^ffi_3 + 1 2 ρ~∂^0Ψ^ffi_2 + 1 2 ρ^2Ψ^ffi_2 ~∂^0Ω^ffi + ρ̄Φ^ffi_{21} + ρρ̄~∂^0Φ^ffi_{11}

+ρ^2ρ̄Φ^ffi_{11}~∂^0Ω^ffi ) IP + p ( κ^{0ffi} + Λ~∂^0Ω^ffi ) [ ~∂, ~∂^0 ] = ( ρ̄0ffi ρ̄ − ρ^{0ffi} ρ + ρ 2 ( 1 ρ + 1 ρ̄ ) Ψ^ffi_2 − ρ̄ 2 ( 1 ρ + 1 ρ̄ ) Ψ^ffi_2 + Ω^ffi(ρρ̄Φ^ffi_{11} − Λ) ) IP +Ω^ffiĨP^0 + p ( ρ^{0ffi} + Ω^{ffi2}Λ ) − q(ρ̄^{0ffi} + Ω^{ffi2}Λ ) (31)

3.2 Conclusions

The most obvious application of these results is when searching for exact nonvacuum solutions of Einstein’s field equations using the GHP integration procedure suggested by Held [10], [11] and developed by Edgar and Ludwig [6], [7], [8]. It is worth noting that among the remaining Ricci- and Bianchi equations (30) we can view the second one as the definition of Ψ^ffi_4, the third as the definition of Ψ^ffi_3, the fourth as the definition of Φ^ffi_{21} and the fifth as the definition of Φ^ffi_{22}. This leaves only a system of equations consisting of the equations (27), (31) and the first equation of (30) for the unknown functions^1_ρ +^1_{ρ̄} , Ω^ffi, κ^{0ffi}, ρ^{0ffi}, Ψ^ffi_2, Φ^ffi_{11} and the constant Λ. Of these,^1_ρ +^1_{ρ̄} , Φ^ffi_{11} and Λ are real while Ω^ffi is purely imaginary and the others are complex.

There are however two important points to keep in mind.

• The GHP integration program requires that the commutators are applied to four real (0, 0)-weighted quantities and one non-trivially weighted complex quantity. Only then is all the information extracted from the commutators.

• We have not yet imposed Einstein’s field equations. When we do this some of the equations taken as definitions of the Ricci components will actually become constraints e.g., if we impose the condition that the spacetime be vacuum we obtain the extra conditions

~∂Ψ^ffi_2 = 0

~∂Ψ^ffi_3 − ĨP^0Ψ^ffi_2 = 0.

Also, impositions of other features such as symmetries, special Petrov types etc., may result in extra constraint equations.

Another important application is to quasi-local momentum in these spacetimes. Recall that a symmetric spinor L_{ABCA}0 is said to be a Lanczos potential of Ψ_{ABCD} if it satisfies the Weyl-Lanczos equation i.e., Ψ_{ABCD} = 2∇_{(A}^{A0} L_{BCD)A}0 This equation can be translated into GHP-formalism (see e.g., [1]) and if we look for solutions satisfying

L_{ABCA}0 o^{A0} = 0

the GHP Weyl-Lanczos equations are easy to ρ-integrate. Such Lanczos potentials turn out to be very useful when looking for metric asymmetric curvaturefree connections in these spacetimes. Such a connection have been used in the Kerr spacetime to construct quasi-local momentum. For details of this construction and some generalizations, see [5], [9], [4], [1] and [3]. This application is further developed in [2].

Acknowledgements

Special thanks are due to docent S. Brian Edgar for helpful suggestions and discussions.

References

[1] Andersson, F., Properties of the Lanczos spinor, LiU-TEK-LIC-1997:48, Linköping University, Linköping, 1997.

[2] Andersson, F., Lanczos potentials and curvature-free connections aligned to a geodesic shear-free expanding null congruence, (preprint) (2000).

[3] Andersson, F. and Edgar, S. B., Curvature-free asymmetric metric connections and Lanczos potentials in Kerr-Schild spacetimes, J. Math. Phys. 39 (1998), 2859–2861.

[4] Bergqvist, G., A Lanczos potential in Kerr geometry, J. Math. Phys. 38 (1997), 3142–3154.

[5] Bergqvist, G. and Ludvigsen, M., Quasilocal momentum and angular momentum in Kerr spacetime, Class. Quantum Grav. 8 (1991), 697–701.

[6] Edgar, S. B., Integration methods within existing tetrad formalism in general relativity, Gen. Rel. Grav. 24 (1992), 1267.

[7] Edgar, S. B. and Ludwig, G., Integration in the GHP formalism II: An operator approach for spacetimes with Killing vectors, with applications to twisting type N spaces, Gen. Rel. Grav. 29 (1997), 19.

[8] Edgar, S. B. and Ludwig, G., Integration in the GHP formalism III: Finding conformally flat pure radiation metrics, as an example of an ‘optimal’ stuation, Gen. Rel. Grav 29 (1997), 1309.

[9] Harnett, G., The flat generalized affine connection and twistors for the Kerr solution, Class. Quantum Grav. 10 (1993), 407–415.

[10] Held, A., A formalism for the investigation of algebraically special metrics.

I, Commun. Math. Phys. 37 (1974), 311. [11] Held, A., Commun. Math. Phys. 44 (1975), 211.

[12] Kerr, G. D., Algebraically special Einstein spaces: Kerr-Schild metrics and homotheties, Ph. D. thesis, Queen Mary and Westfield College, Univ. of London, 1998.

[13] Lind, R. W., Gen. Rel. Grav 5 (1974), 25.

[14] Ludwig, G., On algebraically special space-times with twisting rays, Gen.

Rel. and Grav. 9 (1978), 1009–1019.

[15] Ludwig, G., On algebraically special space-times with nontwisting rays, J.

Math. Phys. 21 (1980), 154–160.

[16] Penrose, R. and Rindler, W., Spinors and spacetime, vol 1, Cambridge University Press, Cambridge, 1984.

[17] Talbot, C. J., Commun. Math. Phys. 13 (1969), 45. [18] Trim, D. W. and Wainwright, J., J. Math. Phys. 12 (1971), 2494. [19] Trim, D. W. and Wainwright, J., J. Math. Phys. 15 (1974), 535.