arXiv:gr-qc/0002037 v5 17 Mar 2000

On Schwarzschild-Like Solutions in Curvature-Quadratic Gravity

Paul Federbush Department of Mathematics University of Michigan Ann Arbor, MI 48109-1109 (pfed@math.lsa.umich.edu)

Abstract

Partial results are obtained for Schwarzschild-like solutions in a gravity theory with action density c(−g)^{1/2}[R^2_{ik} + bR^2]. A seven parameter family of implicit solutions is found. A number of explicit solutions are also exhibited.

In a previous paper, [1], we have proposed the curvature-quadratic action c ∫ d^4x(−g)^{1/2} [ R^{ik}R_{ik} + bR^2 ] (1) as the basis for quantum gravity. If b = −^1_3 then this action is of the conformal Weyl theory. Classical solutions of the Euler-Lagrange equations for this conformal theory have been studied by Mannheim and Kazanas, in particular for Schwarzsc hild-like solutions, [2]. In this paper we study the problem of such solutions for the action (1) and arbitrary value of b. (In [3] there are some results on the linearized equations.)

We thus seek static spherically symmetric metrics. By a coordinate change these may be put in form ds^2 = d^2(r) [ −c(r)dt^2 + 1 c(r) (dr)^2 + r^2 dΩ ] (2) (as shown in [2]). For the Einstein action c ∫ d^4x(−g)^{1/2} R there is the solution of the form (2) as follows: d(r) = 1, c(r) = 1 + α r . (3) In the conformal Weyl theory, the solution metrics are of the form: c(r) = 1 − β(2 − 3βγ) 1 r − 3βγ + γr − kr^2 (4) (See [2].) In this case, of course, d(r) is arbitrary.

For the action (1), general b, our results are partial. There are several explicit solutions:

explicit solution 1:

c(r) = 1 + γ r , d(r) = 1 + ( α γ ) ℓn(1 + γ r ) + β (5) explicit solution 2: c(r) = 1, d(r) = 1 + α r + β (50) This is a limit of the solution in equation (5). explicit solution 3: c(r) = 1 + α r + βr^2, d(r) = 1 + γ . (6) This is the well-known de Sitter solution. explicit solution 4: c(r) = 1 + α^2r^2, d(r) = β (αr) arctan(αr) (7)

explicit solution 5:

c(r) = 1 − 2αr + 4α^2r^2 d(r) = β ( 1 2αr ) 2 3 √ 3 arctan (√ 3 3 (4αr − 1) ) (8) Beyond these, there is the formal solution.

(c(r), d(r)) = (1, 1) +

1_∑ n=1 t^n⃗u_n (9)

⃗u_1 = 7∑ j=1 a_j ⃗ϕ_j (90) ⃗ϕ_1 = (0, 1) (10a) ⃗ϕ_2 = (r^2, 0) (10b) ⃗ϕ_3 = (0, r^2) (10c) ⃗ϕ_4 = (1 r , 0) (10d) ⃗ϕ_5 = (0, 1 r ) (10e)

⃗ϕ_6 = (−2r, r) (10f)

⃗ϕ_7 = ( −4rln r, 2r ln r − 1 2 3 + 8b 3b + 1 r ) (10g)

The ⃗u_i may be found inductively, each is a finite sum of terms, polynomial in the a_i, r, 1/r, ln r. The sum in (9) is essentially a perturbation expansion. The convergence may be described as follows: for each finite interval, α < r < β, and choice of the a_i, there is an ε such that the series in (9) converges if 0 ≤ |t| < ε, and represents a solution of the Euler-Lagrange equations.

The Euler-Lagrange equations were derived as follows. A metric of the form

ds^2 = ( −d^2(r)c(r) + B(r) ) dt^2 + ( −d^2(r) + A(r) ) r^2dΩ + ( d^2(r) c(r) + A(r) + r^2 C(r) ) dr^2 (11) was substituted into the action (1); and three Euler-Lagrange equations X = 0 Y = 0 (12) Z = 0 were obtained by requiring the action to be invariant under variations, with respect to A(r), B(r) and C(r) respectively (evaluated at A = B = C = 0). This was done using Maple software. Each of the equations in (12) has approximately 500 terms, the al gebra could not be done by hand. There are thus three equations to be satisfied by the two functions c(r) and d(r). It was then checked (in Maple) that (5), (6), (7), and (8) satisfied the equations (12). (The exact form in which the variations A, B, and C were put in (11) was a largely arbitrary choice.)

Under a coordinate change r −→ r + εϕ(r) (13) the action (1) remains invariant, but the A, B, and C change as follows: δA = ε [ ϕ ∂(d^2(r)) ∂r + 2d^2(r) 1 r ϕ ] (14) δB = ε ϕ ∂ ∂r ( − d^2(r)c(r) ) (15) δC = ε [ ϕ 1 r^2 ∂ ∂r ( d^2(r) c(r) ) + 2 1 r^2 ∂ϕ ∂r d^2(r) c(r) − 1 r^2 ( ϕ ∂ ∂r (d^2(r)) + 2d^2(r) 1 r ϕ ) ] . (16)

This leads to the relation between X, Y, Z of (12) as follows: ( d dr (d^2(r)) + 2d^2(r) 1 r ) X + d dr ( − d^2(r)c(r))Y + ( 1 r^2 d dr ( d^2(r) c(r) ) − 1 r^2 d dr (d^2(r)) − 2 r^3 d^2(r) ) Z (17) − d dr ( 2 d^2(r) c(r) 1 r^2 Z ) = 0.

We can see from (17) that if the last two equations of (12) hold, the first automatically is satisfied. The terms in (10) arise as a complete set of seven linearly independent solutions of the linear terms in the equations Y = 0, Z = 0, the first of these is a fourth order differential equation, the second a third order. The linear portions of Y = 0 and Z = 0 are easily verified to be a non-singular linear system (that of X = 0 and Z = 0 would not be). This ensures that during the iterative con struction of the ⃗u_i no compatibility requirements are met. i.e. once ⃗u_1, ..., ⃗u_N have been found, the construction of ⃗u_{N+1} does not impose restrictions on the ⃗u_1, ..., ⃗u_N already developed.

It is of course of interest to see if other explicit solutions may be found.

Acknowledgment: I would like to thank Professor Hans-Juergen Schmidt for helpful comments.

References

[1 ] P. Federbush, “A Speculative Approach to Quantum Gravity”, Symposium in Honor of Eyvind H. Wichmann, University of California, Berkeley, June 1999.

[2 ] P.D. Mannheim and D. Kazanas, “Exact Vacuum Solution to Conformal Weyl Gravity and Galactic Rotation Curves”, Astrophys. J. 342 635 (89).

[3 ] M. Roberts, “Galactic Rotation Curves and Quadratic Lagrangians”, Monthly Notices of the Royal Astronomical Society, Vol. 249, p. 339 (91).