arXiv:gr-qc/0003015 v3 19 Jul 2000

MRI-PHY/P20000309

Nonstatic global string in Brans-Dicke theory

A.A.Sen^{1∗} and N.Banerjee^{2†} 1Mehta Research Institute,Chhatnag Road,Jhushi Allahabad 211019,India 2Relativity and Cosmology Research Centre, Department of Physics, Jadavpur University, Calcutta 700032, India

Abstract

Gravitational field of a nonstatic global string has been studied in the context of Brans-Dicke theory of gravity. Both the metric components and the BD scalar field are assumed to be nonseparable functions of time and space.The spacetime may or may not have any singularity at a finite distance from the string core but the singularity at a particular time always remains. It has been shown that the spacetime exhibits both outgoing and incoming gravitational radiation.

PACS numbers: 11.27.d, 04.20Jb, 04.50.+h

I. INTRODUCTION

In the recent years there has been a rapid growth of research in the interface between particle physics and cosmology resulting in several exciting ideas concerning the unification of forces of nature. One of the most important features in the early universe, particle physicists and cosmologists have speculated, is the ”Grand

∗anjan@mri.ernet.in

†narayan@juphys.ernet.in

Unification”- unification of the strong and electroweak forces. It was soon realised that this grand symmetery presented in the early universe at very high energy scale had to be broken in order to account for the electroweak and nuclear forces as different fields in the present day low energy universe. One of the immediate and inescapable consequences of this symmetry breaking is the formation of topological defects. They can be monopoles, cosmic strings or domain walls [1].

Among these defects, cosmic strings are particularly interesting in view of their capability to produce direct observational effects such as gravitational lensing and also because they are possible seeds of galaxy formation [2]. Strings are said to be local or global depending on their origin from the breakdown of local or global U(1) symmetry. While local strings are well behaved [3], having an exterior representing a flat Minkowskian spacetime with a conical defect, global strings, however, have strong gravitational effects at large distances. The static global string spaectime is found to have a singularity at a finite distance [4] from the string core. Later Gregory [5] showed that the time dependence of the metric might remove the singular behaviour of the global string spacetime.Very recently Sen and Banerjee have shown that one can also have nonsingular static spacetime outside the core of the global string if the spacetime does not admit Lorentz boost along the symmetry axis [6].

Discussions in the previous paragraphs have been confined within the context of General Relativity(GR). But at sufficiently high energy scales, it seems likely that gravity is not given by the Einstein action but becomes modified by the superstring terms. In the low energy limits of this string theory, one recovers Einstein’s gravity along with scalar dilaton field which is nonminimally coupled to the gravity [7]. On the other hand, scalar tensor theories, such as Brans-Dicke theory(BD) [8], which is compatible with the Mach’s principle, have been considerably revived in the recent years. In these theories, the purely metric coupling of matter with gravity is restored and hence the equivalence principle is ensured. Moreover these models exhibit an attractor mechanism towards GR, so that the expansion of the universe during matter dominated epoch tends to drive the scalar field towards a state where these models are indistinguishable from GR [9]. Although dilaton gravity and BD theory arise from entirely different motivations, it can be shown that the former is special case of the later, at least formally [10]. The implications of the BD theory for topological defects have been studied by many authors. Gundlach and Ortiz [11] obtained analytical solutions for a local gauge string in BD theory. These solutions are not satisfactory because here the BD theory was used to solve for the exterior, while in the interior, the solutions were given for Einstein’s field equations, ignoring the BD scalar field completely. The other solutions in BD theory for a local gauge string have been given by Barros and Romero [12] and Guimaraes [13]. Later Sen et.al [14] have shown that for a local gauge string, Vilenkin’s prescription for the energy momentum tensor due to the string is inconsistent with BD theory. Gravitational field of a U(1) global string has also been studied by many authors. Sen et.al [14] have presented two kind of solutions for the specetime outside the core of a static global string, one of which was in closed form and was nonsingular at a finite distance from the string core while the other one could not be written in a closed form and moreover contained singularity at a finite distance from the string core. More general solutions for static global string in BD theory have been provided by Boisseau and Linet [15]. In another interesting work, Dando and Gregory [16] have examined field equations of a self gravitating nonstatic global string in low energy string gravity allowing for an arbitary coupling of the global string to the dilaton field. Both massive and massless dilaton fields were considered. In both cases, they had demonstrated the existence of a nonsingular spacetime for the string if one includes a time dependence of the form e^{b0t} along the length of the string where b_0 > 0. But here the dilaton scalar field itself was not time dependent. In this work, we have studied the gravitational field of a nonstatic global string in BD theory where the BD scalar field is also time depenedent along with the metric components. Moreover the metric components are not separable functions of time and space which was the assumption for most of the previous works.

In section II, we have constructed the field equations for the time dependent global string in BD theory and have presented the solutions for the field equations. In section III, we have analysed our solutions where we have studied the presence of the physical singularity in our spacetime and also have shown that the spacetime represents both incoming and outgoing gravitational radiations. The paper ends with a conclusion in section IV.

II. FIELD EQUATIONS AND THEIR SOLUTIONS

The gravitational field equation in BD theory is given by [8] G_{μν} = T_{μν} Φ + ω Φ^2

(Φ_{,μ}Φ_{,ν} − 1 2 g_{μν} Φ_{,α}Φ^{,α}) + 1 Φ (Φ_{,μ;ν} − g_{μν} 2Φ) (1.1),

together with the wave equation for the BD scalar field Φ

2Φ =^T_{(2ω + 3)} (1.2),

where Φ is the BD scalar field, T_{μν} is the energy momentum tensor for the matter field and ω is the BD parameter. The conservation relation for the matter field T^{μν}_{;ν} = 0 follows identically. Sometimes it is more convenient to use a nonphysical metric ḡ_{μν} which is conformally related to g_{μν} by [17]

g_{μν} = Φ^{−1}ḡ_{μν} (1.3),

and the corresponding field equations are

Ḡ_{μν} = T̄_{μν} + (2ω + 3) 2Φ^2

(Φ_{,μ}Φ_{,ν} − 1 2 ḡ_{μν} Φ^{,α}Φ_{,α}) (1.4),

2Φ =^{T̄}_{2ω + 3} (1.5),

where 2 operator is calculated with respect to ḡ_{μν} and also now T̄_{μν} is the conformally transformed energy momentum tensor given by

T_{μν} = ΦT̄_{μν} (1.6).

But now the conservation equation for the matter field does not follow identically. The rest mass of the particles vary depending on the spacetime locations and hence the paths of the massive particles are no longer geodesics.

We have taken the line element as

ds^2 = e^{2(k−u)}(dt^2 − dr^2) − e^{2u}dz^2 − w^2e^{−2u}dθ^2 (1.7),

where k, u, w are functions of both t and r. Assuming that the complex scalar field for the global string is independent of the radial distance r outside the core radius δ = (η √ λ)^{−1}, where η is the symmetry breaking energy scale and λ is a constant, one can calculate the energy momentum tensor for the global string in the original version of BD theory as

T^t_t = T^r_r = T^z_z = −T^θ_θ = η^2 2 e^{2u} w^2 (1.8). In our case the T^μ_ν s are conformally transformed as (1.6), hence we assume T̄^μ_ν in the conformally transformed version as

T̄^t_t = T̄^r_r = T̄^z_z = −T̄^θ_θ = σ̄(r, t) (1.9)

With (1.7) and (1.9), equations (1.4) and (1.5) become k̇ẇ w − u̇^2 − w^{00} w + k^0 w^0 w − u^{02} = −σ̄e^{2(k−u)} −

(2ω + 3) 4 (ψ̇^2 + ψ^{02}) (1.91a) ẅ w − k̇ẇ w + u̇^2 − k^0 w^0 w + u^{02} = −σ̄e^{2(k−u)} +

(2ω + 3) 4 (ψ̇^2 + ψ^{02}) (1.91b)

u̇^2 + k̈ − u^{02} − k^{00} = σ̄e^{2(k−u)} −

(2ω + 3) 4 (ψ̇^2 − ψ^{02}) (1.91c) ẅ w − 2u̇ẇ w −2ü+u̇^2 +k̈ − w^{00} w + 2u^0 w^0 w +2u^{00} −k^{00} −u^{02} = −σ̄e^{2(k−u)} +

(2ω + 3) 4 (ψ̇^2 −ψ^{02}) (1.91d) k^0ẇ w − ẇ^0 w + k̇w^0 w − 2u^0u̇ = −

(2ω + 3) 2 ψ̇ψ^0 (1.91e)

ψ̈ + ψ̇ẇ w − ψ^0 − ψ^0 w^0 w = 2σ̄e^{2(k−u)} (2ω + 3)

(1.91f)

where we have assumed ψ = ln(Φ) and overdot and prime represent differentiation with respect to t and r respectively. After some straightforward calculations one can get (u̇w)^. = (u^0 w)^0 (1.92).

One of the possible solutions of (1.92) is that both (u̇w) and (u^0 w) are functions of (r + t). In what follows, we have assumed that k, u, w, ψ, σ are functions of (at + br) in our subsequent calculations where a, b are arbitary constants.

Defining x = at + br, equations (1.91a)-(1.91f) become

(a^2 + b^2) k_xw_x w − (a^2 + b^2)u^2_x − b^2 w_{xx} w = −σ̄e^{2(k−u)} − (2ω + 3) 4 (a^2 + b^2)ψ^2_x (1.93a)

a^2 w_{xx} w − (a^2 + b^2) k_xw_x w + (a^2 + b^2)u^2_x = −σ̄e^{2(k−u)} +

(2ω + 3) 4 (a^2 + b^2)ψ^2_x (1.93b)

(a^2 − b^2)u^2_x + (a^2 − b^2)k_{xx} = σ̄e^{2(k−u)} +

(2ω + 3) 4 (a^2 − b^2)ψ^2_x (1.93c)

(a^2 − b^2) w_{xx} w − 2(a^2 − b^2) u_xw_x w − 2(a^2 − b^2)u_{xx} + (a^2 − b^2)u^2_x + (a^2 − b^2)k_{xx} = −σ̄e^{2(k−u)} + (2ω + 3) 4 (a^2 − b^2)ψ^2_x (1.93d)

(a^2 − b^2)(ψ_{xx} + ψ_xw_x w ) = 2σ̄e^{2(k−u)} 2ω + 3

(1.93e) It can be shown that equation (1.91e) is now no longer indepenedent but can be achieved with the help of other equations. After some straightforward calculations one can get from (1.93a)-(1.93e) the following equations:

(a^2 − b^2) w_{xx} w = −2σ̄e^{2(k−u)} (1.94a) w_{xx} w − 2k_xw_x w + 2u^2_x =

(2ω + 3) 2 ψ^2_x (1.94b) u_x = α/w (1.94c) k_x = β/w (1.94d) e^ψ = Bw^{−1/(2ω+3)} (1.94e) where α, β and B are arbitary integration constants. So we have five equations and five unknowns namely, w, k, u, ψ and σ̄. Also one should note from equation (1.94a) that a^2 ≠ b^2 in order to have nonvanishing σ̄. Using (1.94c)-(1.94e), (1.94b) becomes

ww_{xx} − 2βw_x + 2α^2 − 1 2(2ω + 3) w^2_x = 0 (1.95).

To have an exact analytical solution for the equation (1.95), we make a simplified assumption that α = β = 0 which means

u_x = k_x = 0 (1.96).

Then one can integrate equation (1.95) to get

w = w_0(x − x_0)^{1/(1−A)} (1.97)

where w_0 and x_0 are arbitary constants and A =^1_{2(2ω+3)} . One can now calculate the expressions for the energy density σ̄ and the BD scalar field Φ:

σ̄ = p(p − 1)(b^2 − a^2)

2(x − x_0)^2

(1.98a)

Φ = e^ψ = Φ_0(x − x_0)^{2A/(A−1)} (1.98b) where we have taken the constants e^k = e^u = 1 without any loss of generality and p = 1/(1 − A). Using (1.3) and (1.6) one can now calculate the expression for the line element and the energy density in the original BD theory which are given by

ds^2 = 1 Φ_0 (at+br−x_0)^{2A/(1−A)}(dt^2−dr^2 −dz^2)− w^2_0 Φ_0

(at+br−x_0)^{2(1+A)/(1−A)}dθ^2 (1.99a)

σ = p(p − 1)(b^2 − a^2)Φ^2_0 2 (at + br − x_0)^{−2(1+A)/(1−A)} (1.99b).

One can check that the energy density σ ∝ 1/g_{33} which is true for global string according to (1.8). To recover the corresponding solution for Einstein’s General Relaivity one has to take the limit ω → ∞ [8]. In the present case, in this limit, the BD scalar field Φ becomes constant and the line element (1.99a) becomes a flat metric with an angular deficit.

One can also calculate the angular deficit in the spacetime for a constant time which becomes 2π ” 1 − bw_0(at + br − x_0)^{(1+A)/(1−A)} (1 − A)[(at + br − x_0)^{1/(1−A)} − (at − x_0)^{1/(1−A)}] # . Hence it is clear from the above expression that the angular deficit is a function of both r and t.

III. ANALYSIS OF THE SOLUTION

To check the occurance of the curvature singularity in the spacetime, one has to calculate the Kretschmann curvature scalar for the line element (1.99a): R^{ijkl}R_{ijkl} = 4Φ^2_0 ” (a^2 − b^2)^2(80ω^2 + 248ω + 198)(at + br − x_0)^{−8(2ω+3)/(4ω+7)} (16ω^2 + 40ω + 25)^2 # (2.1)

One can see that for x_0 ≤ 0, the spacetime does not have any curvature singularity at any finite distance from the string core if (2ω + 3) > 0 which is a physical assumption so as to make the energy contribution from the scalar field positive [9]. There may be singularity at r = 0 but line element (1.99a) is valid for r > δ because the form of the energy momentum tensor given in (1.8) is valid only for outside the string core that is r > δ. For x_0 > 0 the spacetime may have singularity at a finite distance from the string core. But there is always a physical singularity at a particular time in the spacetime depending on the choice of the constant as the range of t is −∞ ≤ t ≤ ∞.

To check whether the spacetime represents the emission and absorption of gravitational radiation, one has to calculate the corresponding Weyl tensor, which is thought of as representing the pure gravitational field [18]. Introducing the null tetrad frame by L^μ = e^{u−k} √ 2 (δ^μ_t − δ^μ_r ) (2.2a)

N^μ = e^{u−k} √ 2 (δ^μ_t + δ^μ_r ) (2.2b)

M^μ = 1 √ 2 (e^{−u}δ^μ_z + i w δ^μ_θ ) (2.2c)

M̄^μ = 1√ 2 (e^{−u}δ^μ_z − i w δ^μ_θ ) (2.2d)

one can find that the two of the nonvanishing components of the Weyl tensor for the line element (1.99a) are Ψ_0 = −C_{μνλσ} L^μM^ν L^λM^σ (2.3a),

Ψ_4 = −C_{μνλσ} N^μM̄^ν N^λM̄^σ (2.3b).

The reason for calculating these two components in null frame is that these components in this frame have a direct physical meaning that is Ψ_0 represents an outgoing cylindrical gravitational wave along the null hypersurface defined by N^μ and Ψ_4 represents the incoming cylindrical gravitational wave propagating along the null hypersuface defined by L^μ [19]. Using the line element (1.99a) and (2.2) and (2.3) these components become

Ψ_0 =

3AΦ^3_0(a^2 + b^2)(at + br − x_0)^{−2(1+2A)(1−A)} 24(1 − A)^2 ” Φ_0(at + br − x_0)^{−2(1+A)/(1−A)} w^2_0 + 1 #

− abAΦ^3_0(a^2 + b^2)(at + br − x_0)^{−2(1+2A)(1−A)} 24(1 − A)^2 ” Φ_0(at + br − x_0)^{−2(1+A)/(1−A)} w^2_0 + 1 #

(2.4a) Ψ_4 =

3AΦ^3_0(a^2 + b^2)(at + br − x_0)^{−2(1+2A)(1−A)} 24(1 − A)^2 ” Φ_0(at + br − x_0)^{−2(1+A)/(1−A)} w^2_0 + 1 #

+ abAΦ^3_0(a^2 + b^2)(at + br − x_0)^{−2(1+2A)(1−A)} 24(1 − A)^2 ” Φ_0(at + br − x_0)^{−2(1+A)/(1−A)} w^2_0 + 1 #

(2.4b)

The first terms in the expressions for Ψ_0 and Ψ_4 are equal and are nonvanishing for a = 0 i.e for static spacetime. They represent the gravitational field for the global string. The second terms in Ψ_0 and Ψ_4 are of opposite sign and does not exist for a = 0 i.e for static spacetime. These terms represent the outgoing and incoming gravitational radiation respectively. For a particular case ab = 3 one can see that there is no outgoing radiation from the string but only the incoming radiation exists.

IV. CONCLUSION

In this work we have studied the gravitational field outside the core of a nonstatic global string in BD theory of gravity. The solution presented here are not the general one as we have made some assumptions but this may be the first example of such investigations where the BD scalar field is itself time dependent and also where the metric components are not the separable function of t and r. The previous work in this line by Dando and Gregory [16], assumed the metric components are separable functions of time and space and also the BD scalar field was time independent. The solution presented here may or may not have singularity at a finite distance from the string core depending upon the value of arbitary constant but it has singularity at a particular time. One can also check from the expression of Kretschmann scalar that the spaceime is asymtotically flat both in time and space for (2ω + 3) > 0 which is a physical assumption [8]. As the components of Weyl tensor in null frame are nonzero hence there are incoming as well as outgoing gravitational radiation in our spacetime. Also the fact that the weyl tensor has non zero components combined with the non zero Ricci tensor leads to the fact that these strings may produce some gravitational lens effects for null rays passing near the strings. Hence there may be distortion and amplifications of distance objects seen along the lines of sight passing near the string [20].

V. ACKNOWLEDGEMENT

One of the authors (AAS) gratefully acknowledge the hospitality provided by the Abdus Salam International Center for Theoretical Physics, Trieste, Italy, where part of the work has been done.

REFERENCES

[1] T.W.Kibble J.Phys, A9, 1387 (1976).

[2] A.Vilenkin and E.P.S.Shellard, Cosmic strings and other topological defects, Cambridge Univ. Press (1994).

[3] A.Vilenkin Phys.Rev.D, 23, 852 (1981); J.R.Gott Astrophys.J, 288, 422 (1985);

W.A.Hiscock Phys.Rev.D 31, 3288 (1985); B.Linet Phys.Lett., 124A, 240 (1987); D.Garfinkle Phy.Rev.D 32, 1323 (1985).

[4] D.Harari and P.Sikivie Phys.Rev.D, 37, 3448 (1988); A.D.Cohen and D.B.Kaplan Phys.Lett, 215B, 65 (1988); A.Banerjee, N.Banerjee and A.A.Sen Phys.Rev.D, 53, 5508 (1996); R.Gregory Phys.Lett., 215B, 663 (1988).

[5] R.Gregory Phys.Rev.D 54, 4955 (1996).

[6] Nonsingular static global string A.A.Sen and N.Banerjee, gr-qc/9909030 [7] M.B.Green,J.H.Schwarz and E.Witten Superstring Theory, Cambridge University Press (1987).

[8] C.Brans and R.H.Dicke Phys.Rev, 124, 925 (1961).

[9] T.Damour and K.Nordvedt Phys.Rev.D, 48, 3436 (1993); T.Damour and A.M.Polyakov Nucl.Phys, 423B, 532 (1994); D.I.Santiago,D.Kalligas and R.V.Wagoner Phys.Rev.D, 58, 124005 (1998).

[10] A.A.Sen Phys.Rev.D, 60, 067501 (1999). [11] C.Gundlach and M.Ortiz Phys.Rev.D, 42, 2521 (1990). [12] A.Barros and C.Romero J.Math.Phys, 36, 5800 (1995). [13] M.E.X.Guimaraes Class.Quant.Grav., 14, 435 (1997). [14] A.A.Sen, N.Banerjee and A.Banerjee Phys.Rev.D, 56, 3706 (1997). [15] B.Boisseau and B.Linet Gen.Rel.Grav., 30, 963 (1998). [16] O.Dando and R.Gregory Phys.Rev.D, 58, 023502 (1998). [17] R.H.Dicke Phys.Rev., 125, 2163 (1962).

[18] A.Wang and N.O.Santos Class.Quant.Grav., 13, 715 (1996). [19] D.Krammer, H.Stephani, E.Herlt and M.MacCallum Exact solutions of Einstein’s field equations, Cambridge University Press (1980).

[20] C.C.Dyer and F.R.Marleau Phys.Rev.D, 52, 5588 (1995).