arXiv:gr-qc/0006024 7 Jun 2000

Spaces with contravariant and covariant affine connections and metrics

Sawa Manoff^� Bogoliubov Laboratory of Theoretical Physics Joint Institute for Nuclear Research

141980 Dubna, Russia .

Abstract The theory of spaces with different (not only by sign) contravariant and covariant affine connections and metrics [ (Ln, g)-spaces] is worked out within the framework of the tensor analysis over differentiable manifolds and in a volume necessary for the further considerations of the kinematics of vector fields and the Lagrangian theory of tensor fields over (Ln, g)-spaces. The possibility of introducing different (not only by sign) affine connections for contravariant and covariant tensor fields over differentiable manifolds with finite dimensions is discussed. The action of the deviation operator, having an important role for deviation equations in gravitational physics, is considered for the case of contravariant and covariant vector fields over differentiable manifolds with different affine connections (called Ln-spaces). A deviation identity for contravariant vector fields is obtained. The notions covariant, contravariant, covariant projective and contravariant projective metric are introduced in ( Ln, g)- spaces. The action of the covariant and the Lie differential operator on the different type of metrics is found. The notions of symmetric covariant and contravariant (Riemannian) connection are determined and presented by means of the covariant and contravariant metric and the corresponding torsion tensors. The different types of relative tensor fields (tensor densities) as well as the invariant differential operators acting on them are considered. The invariant volume element and its properties under the action of different differential operators are investigated.

Contents

1 Introduction 2 1.1 Space-time geometry and differential geometry . . . . . . . . . . 3

�Permanent address: Bulgarian Academy of Sciences, Institute for Nuclear Research and Nuclear Energy, Department of Theoretical Physics, Blvd. Tzarigradsko Chaussee 72, 1784 Sofia, Bulgaria. E-mail address: smanov@inrne.acad.bg

2 Algebraic dual vector spaces. Contraction operator 4

3 Contravariant and covariant affine connections. Covariant differential operator 7 3.1 Affine connection. Covariant differential operator . . . . . . . . . 7 3.2 Contravariant and covariant affine connections . . . . . . . . . . 8 3.3 Covariant derivatives of contravariant tensor fields . . . . . . . . 9 3.4 Covariant derivatives of covariant tensor fields . . . . . . . . . . . 11

4 Lie differential operator 12 4.1 Lie derivatives of contravariant tensor fields . . . . . . . . . . . . 12 4.2 Connections between the covariant and the Lie differentiations . 15 4.3 Lie derivative of covariant basic vector fields . . . . . . . . . . . . 17 4.3.1 Lie derivative of covariant co-ordinate basic vector fields . 17 4.3.2 Lie derivative of covariant non-co-ordinate basic vector fields 18 4.4 Lie derivatives of covariant tensor fields . . . . . . . . . . . . . . 18 4.5 Classification of linear transports with respect to the connections between contravariant and covariant affine connections . . . . . . 20

5 Curvature operator. Bianchi identities 21 5.1 Curvature operator . . . . . . . . . . . . . . . . . . . . . . . . . . 21 5.2 Bianchi identities . . . . . . . . . . . . . . . . . . . . . . . . . . . 23

6 Deviation operator 24

7 Extended covariant differential operator. Extended derivative 27

8 Metrics 29 8.1 Covariant metric . . . . . . . . . . . . . . . . . . . . . . . . . . . 29 8.1.1 Covariant symmetric affine connection . . . . . . . . . . . 31 8.1.2 Action of the Lie differential operator on the covariant metric . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 32 8.2 Covariant projective metric . . . . . . . . . . . . . . . . . . . . . 33 8.3 Contravariant metric . . . . . . . . . . . . . . . . . . . . . . . . . 33 8.3.1 Contravariant symmetric affine connection . . . . . . . . . 34 8.4 Contravariant projective metric . . . . . . . . . . . . . . . . . . . 36

9 Bianchi identities for the covariant curvature tensor 37 9.1 Bianchi identity of first type for the covariant curvature tensor . 37 9.2 Bianchi identity of second type for the covariant curvature tensor 37

10 Invariant volume element 38 10.1 Definition and properties . . . . . . . . . . . . . . . . . . . . . . . 38 10.2 Action of the covariant differential operator on an invariant volume element . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 39 10.3 Action of the Lie differential operator on an invariant volume element . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 40

10.4 Covariant differential operator preserving the invariant volume element . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 40 10.5 Trace free covariant differential operator. Weyl’s transport. Weyl’s space . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 43 10.6 Lie differential operator preserving the invariant volume element 46

11 Conclusions 48

1 Introduction

In the present review, the differentiable manifolds with different (not only by sign) contravariant and covariant affine connections and metrics [spaces with contravariant and covariant affine connections and metrics, (L_n, g)-spaces] are considered as models of the space-time. On the grounds of the differentialgeometric structures of the (L_n, g)-spaces the kinematics of vector fields and the dynamics of tensor fields has been worked out as useful tools in mathematical models for description of physical interactions and especially the gravitational interaction in the modern gravitational physics. The general results found for differentiable manifolds with different (not only by sign) contravariant and covariant affine connections and metrics can be specialized for spaces with one affine connection and a metric [the s. c. (L_n, g)-spaces] as well as for (pseudo) Riemannian spaces with or without torsion [the s.c. U_n- and V_n-spaces]. The most results are given either in index-free form or in a co-ordinate, or in a nonco-ordinate basis. The main objects taken in such type of investigations can be given in the following scheme

Spaces with contravariant and covariant affine connections and metrics differential operators covariant differential operator, Lie differential operator, operator of curvature, deviation operator, extension operator, affine connections, metrics, special tensor fields, tensor densities, invariant volume element |

Kinematic characteristics of contravariant vector fields relative velocity (shear, rotation and expansion velocities), relative acceleration (shear, rotation and expansion accelerations), deviation equations, geodesic and auto-paralel equations, Fermi-Walker transports, conformal transports | Lagrangian theory of tensor fields Lagrangian density, variational principles, Euler-Lagrange’s equations, energy-momentum tensors

In this review we consider only the elements of the first part of the above scheme related to spaces with contravariant and covariant affine connections and metrics. The review appears as an introduction to the theory of the (L_n, g)- spaces. It contains formulas necessary for the development of the mechanics of tensor fields and for constructing mathematical models of different dynamical systems described by the use of the main objects under consideration. The general results found for differentiable manifolds with different (not only by sign) contravariant and covariant affine connections and metrics can be specialized for spaces with one affine connection and a metric [the s. c. (L_n, g)-spaces] as well as for (pseudo) Riemannian spaces with or without torsion [the s.c. U_n- and V_nspaces]. The most results are given either in index-free form or in a co-ordinate, or in a non-co-ordinate basis. This has been done to facilitate the reader in choosing the right form of the results for his own further considerations. The main conclusions are summarized in the last section.

The (L_n, g)-spaces have interesting properties which could be of use in the theoretical physics and especially in the theoretical gravitational physics. In these type of spaces the introduction of a contravariant non-symmetric affine connection for contravariant tensor fields and the introduction of a symmetric (Riemannian, Levi-Civita connection) for covariant tensor fields is possible. On this grounds we can consider flat spaces [(M_n, g)-spaces] with predetermined torsion for the contravariant vector fields and with torsion-free connection for the covariant vector fields. In analogous way these type of structures could be induced in (pseudo) Riemannian spaces [(V_n, g)-spaces].

1.1 Space-time geometry and differential geometry

In the last few years new attempts [1] - [3] have been made to revive the ideas of Weyl [4], [?] for using manifolds with independent affine connection and metric (spaces with affine connection and metric) as a model of space-time in the theory of gravitation [3]. In such spaces the connection for co-tangent vector fields (as dual to the tangent vector fields) differs from the connection for the tangent vector fields only by sign. The last fact is due to the definition of dual vector bases in dual vector spaces over points of a manifold, which is a trivial generalization of the definition of dual bases of algebraic dual vector spaces from the multi-linear algebra [6] - [9]. On the one hand, the hole modern differential geometry is built as a rigorous logical structure having as one of its main assumption the canonical definition for dual bases of algebraic dual vector spaces (with equal dimensions) [10]. On the other hand, the possibility of introducing a non-canonical definition for dual bases of algebraic dual vector spaces (with equal dimensions) has been pointed out by many mathematicians [11] who have not exploited this possibility for further evolution of the differential-geometric structures and its applications. The canonical definition of dual bases of dual spaces is so naturally embedded in the ground of the differential geometry that no need has occurred for changing it [12] - [15]. But the last time evolution of the mathematical models for describing the gravitational interaction on a classical level shows a tendency to generalizations, using spaces with affine connection and metric, which can also be generalized using the freedom of the differentialgeometric preconditions. It has been proved that an affine connection, which in a point or over a curve in Riemannian spaces can vanish (a fact leading to the principle of equivalence in ETG), can also vanish under a special choice of the basic system in a space with affine connection and metric [16] - [18]. The last fact shows that the equivalence principle in the ETG could be considered only as a physical interpretation of a corollary of the mathematical apparatus used in this theory. Therefore, every differentiable manifold with affine connection and metric can be used as a model for space-time in which the equivalence principle holds. But if the manifold has two different (not only by sign) connections for tangent and cotangent vector fields, the situation changes and is worth being investigated.

The basic notions in the differential geometry related to the notions considered in this review are defined for the most part in textbook and monographs on differential geometry [see for example [19] - [25]].

2 Algebraic dual vector spaces. Contraction operator

The notion of algebraic dual vector space can be introduced in a way [7] in which the two vector spaces (the considered and its dual vector space) are two independent (finite) vector spaces with equal dimensions.

Let X and X^∗ be two vector spaces with equal dimensions dim X = dim X^∗ = n. Let S be an operator (mapping) such that to every pair of elements u ∈ X and p ∈ X^∗ sets an element of the field K (R or C), i.e. S : (u, p) → z ∈ K , u ∈ X , p ∈ X^∗ . (1)

Definition 1 The operator (mapping) S is called contraction operator S if it is a bilinear symmetric mapping, i.e. if it fulfils the following conditions:

(a) S(u, p_1 + p_2) = S(u, p_1) + S(u, p_2) , ∀u ∈ X, ∀p_i ∈ X^∗ , i = 1, 2 . (b) S(u_1 + u_2, p) = S(u_1, p) + S(u_2, p) , ∀u_i ∈ X , i = 1, 2 , ∀p ∈ X^∗ . (c) S(αu, p) = S(u, αp) = αS(u, p) , α ∈ K . (d) Nondegeneracy: if u_1, ..., u_n are linear independent in X and S(u_1, p) = 0, ..., S(u_n, p) = 0, then the p is the null element in X^∗ . In an analogous way, if p_1, ..., p_n are linear independent in X^∗ and S(u, p_1) = 0, ... , S(u, p_n) = 0, then u is the null element in X.

(e) Symmetry: S(u, p) = S(p, u) , ∀u ∈ X , ∀p ∈ X^∗ .

Let e_1, ..., e_n be an arbitrary basis in X, and let e^1, ..., e^n be an arbitrary basis in X^∗. Let u = u^ie_i ∈ X and p = p_ke^k ∈ X^∗. From the properties (a) - (c) it follows that S(u, p) = f^k_i.u^i.p_k , (2)

where f^k_i = S(e_i, e^k) = S(e^k , e_i) ∈ K . (3)

In this way the result of the action of the contraction operator S is expressed in terms of a bilinear form. The property non-degeneracy (d) means the nondegeneracy of the bilinear form. The result S(u, p) can be defined in different ways by giving arbitrary numbers f^k_i ∈ K for which the condition det (f^k i) ≠ 0 and, at the same time, the conditions (a) - (d) are fulfilled.

Definition 2 (Mutually) algebraic dual vector spaces. The spaces X and X^∗ are called (mutually) dual spaces if an contraction operator acting on them is given and they are considered together with this operator [i.e. (X, X^∗, S) with dim X = n =dim X^∗ defines the two (mutually) dual spaces X and X^∗].

The definition for (mutually) algebraic dual spaces allows for a given vector space X an infinite number of vector spaces X^∗ (in different ways dual to X) to be constructed. In order to avoid this non-uniqueness Efimov and Rosendorn [7] introduced the notion equivalence between dual vector spaces [which is an additional condition to the definition of (mutually) dual spaces].

Definition 3 Equivalent dual to X vector spaces. Let X^∗_1 and X^∗_2 be two ndimensional vector spaces, dual to X. If a linear isomorphism exists between them, such that

S(u, p) = S(u, p^′) , ∀u ∈ X , ∀p ∈ X^∗_1 , p^′ ∈ X^∗_2 , (4)

where p^′ is the element of X^∗_2 , corresponding to p of X^∗_1 by means of the linear isomorphism, then X^∗_1 and X^∗_2 are called equivalent dual to X vector spaces.

Proposition 4 All linear (vector) spaces, dual to a given vector space X, are equivalent to each other.

For proving this proposition, it is enough to be shown that if for X and X^∗ is given an arbitrary S, then for an arbitrary basis e_1, ..., e_n ∈ X one can find an unique dual to it basis e^1, ..., e^n in the space X^∗, i.e. e^1, ..., e^n ∈ X^∗ can be found in an unique way so that S(e_i , e^k) = f^k_i, where f^k_i ∈ K are preliminary given numbers [26]. The proof is analogous to the proof given by Efimov and Rosendorn [7] for the case S = C : C(e_k, e^i) = g^i_k, g^i_k = 1 for k = i, g^i_k = 0 for k ≠ i. C(e_k, e^i) = g^i_k means that the dual to {e_k} basic vector field e^i is orthogonal to all basic vectors e_k for which k ≠ i. The contraction operator C is the corresponding to the canonical approach mapping

C(u, p) = C(p, u) = p(u) = p_i.u^i . (5)

The new definition of algebraic dual spaces is as a matter in fact corresponding to that in the common approach. Only the dual basic vector e^i is not orthogonal to the basic vectors e_k : S(e_k , e^i) = f^i_k ≠ g^i_k. It is enough to be noticed that for an arbitrary element p ∈ X^∗ the corresponding linear form

S(u, p) = p_i.u^i = p_i.f^i_k.u^k = p_i.u^i (6)

is given, where p_1, ..., p_n are the constant components of a given vector p ∈ X^∗. The last equality can be written also in the form

S(u, p) = S(p, u) = p(u) = p_i.u^i . (7)

Remark 1 The generalization of the notion of algebraic dual spaces for the case of vector fields over a differentiable manifold is a trivial one. The vector fields are considered as sections of vector bundles over a manifold. The vector bases become dependent on the points of the manifold and the numbers f^i_j are considered as functions over the manifold.

Remark 2 If the basic vectors in the tangential space T_x(M ) at a point x of a manifold M (dim M = n) are the co-ordinate vector fields ∂_i and in the dual vector space (the co-tangent space) T^∗_x (M ) the basis {dx^k} is defined as a dual to the basis {∂_i}, where dx^k are the differentials of the co-ordinates x^k of the point x in a given chart, then S(∂_i, dx^k) = f^k_i [f^k_i ∈ C^r(M )]. After multiplication of the last equality with f_k^l and taking into account the relation f^k_i.f_k^l = g^l_i the condition follows S(∂_i, f_k^l.dx^k) = g^l_i, which is equivalent to the result of the action of the contraction operator C over the vectors ∂_i and e^l, where e^l = f^l_k.dx^k. The new vectors e^l are not in the general case co-ordinate differentials of the co-ordinates x^l at x ∈ M . They would be differentials of new co-ordinates x^l 0 = x^l 0 (x^k) if the relation dx^l 0 = A_k^l 0 .dx^k is connected with the condition e^l = dx^l 0 and x^l 0 = ∫ dx^l 0 . In analogous way, for the case, when S(f_l^i.∂_i, dx^k) = g^k_l the new vectors e_l = f_l^i.∂_i in the general case are not again co-ordinate vector fields ∂_i0. e_l would be again co-ordinate vector fields if by changing the charts (the co-ordinates) at a point x ∈ M the condition f_l i =^{∂xi}_{∂xl}0 is fulfilled.

Thus, the definition of algebraic dual vector fields over manifolds by means of the contraction operator S as a generalization of the contraction operator C allows considerations including functions f^i_j (x^k) instead of the Kronecker symbol g^i_j .

The contraction operator S can be easily generalized to a multilinear contraction operator S.

3 Contravariant and covariant affine connections.

Covariant differential operator

3.1 Affine connection. Covariant differential operator

The notion affine connection can be defined in different ways but in all definitions a linear mapping is given, which to a given vector of a vector space over a point x of a manifold M juxtaposes a corresponding vector from the same vector space at this point. The corresponding vector is identified as vector of the vector space over another point of the manifold M . The way of identification is called transport from one point to another point of the manifold.

Vector and tensor fields over a differentiable manifold are provided with the structure of a linear (vector) space by defining the corresponding operations at every point of the manifold.

Definition 5 Affine connection over a differentiable manifold M . Let V (M ) (dim M = n) be the set of all (smooth) vector fields over the manifold M . The mapping ∇ : V (M ) × V (M ) → V (M ), by means of ∇(u, w) → ∇_uw, u, w ∈ V (M ), with ∇_u as a covariant differential operator along the vector field u (s. the definition below), is called affine connection over the manifold M .

Definition 6 A covariant differential operator (along the vector field u). The linear differential operator (mapping) ∇_u with the following properties

(a) ∇_u(v + w) = ∇_uv + ∇_uw , u, v, w ∈ V (M ), (b) ∇_u(f.v) = (uf).v + f.∇_uv , f ∈ C^r(M ) , r ≥ 1 , (c) ∇_{u+v}w = ∇_uw + ∇_vw , (d) ∇_{fu}v = f.∇_uv , (e) ∇_uf = uf , f ∈ C^r(M ) , r ≥ 1 , (f) ∇_u(v ⊗ w) = ∇_uv ⊗ w + v ⊗ ∇_uw (Leibniz rule), ⊗ is the sign for the tensor product,

is called covariant differential operator along the vector field u. The result of the action of the covariant differential operator ∇_uv is often called covariant derivative of the vector field v along the vector field u.

In a given chart (co-ordinate system), the determination of ∇_{eα} e_β in the basis {e_α} defines the components ∇^α_{βγ} of the affine connection ∇ ∇_{eα} e_β = ∇^γ_{αβ}.e_γ , α, β, γ = 1, ..., n . (8)

{∇^γ_{αβ}} have the transformation properties of a linear differential geometric object [19], [27].

Definition 7 Space with affine connection. Differentiable manifold M , provided with affine connection ∇, i.e. the pair (M, ∇), is called space with affine connection.

3.2 Contravariant and covariant affine connections

The action of the covariant differential operator on a contravariant (tangential) co-ordinate basic vector field ∂_i over M along another contravariant co-ordinate basic vector field ∂_j is determined by the affine connection ∇ = Γ with components Γ^k_{ij} in a given chart (co-ordinate system) defined through

∇_{∂j} ∂_i = Γ^k_{ij}.∂_k . (9)

For a non-coordinate contravariant basis e_α ∈ T (M ) , T (M ) = ∪_{x∈M} T_x(M ),

∇_{eβ} e_α = Γ^γ_{αβ} .e_γ . (10)

Definition 8 Contravariant affine connection. The affine connection ∇ = Γ induced by the action of the covariant differential operator on contravariant vector fields is called contravariant affine connection.

The action of the covariant differential operator on a covariant (dual to contravariant) basic vector field e^α [e^α ∈ T^∗(M ) , T^∗(M ) = ∪_{x∈M} T^∗_x (M )] along a contravariant basic (non-co-ordinate) vector field e_β is determined by the affine connection ∇ = P with components P^α_{βγ} defined through

∇_{eβ} e^α = P^α_{γβ}.e^γ . (11)

For a co-ordinate covariant basis dx^i

∇_{∂j} dx^i = P^i_{kj}.dx^k . (12)

Definition 9 Covariant affine connection. The affine connection ∇ = P induced by the action of the covariant differential operator on covariant vector fields is called covariant affine connection.

Definition 10 Space with contravariant and covariant affine connections (L_nspace). The differentiable manifold provided with contravariant affine connection Γ and covariant affine connection P is called space with contravariant and covariant affine connections.

The connection between the two connections Γ and P is based on the connection between the two dual spaces T (M ) and T^∗(M ), which on its side is based on the existence of the contraction operator S. Usually commutation relations are required between the contraction operator and the covariant differential operator in the form S ∘ ∇_u = ∇_u ∘ S . (13)

If the last operator equality in the form ∇_{∂k} ∘ S = S ∘ ∇_{∂k} is used for acting on the tensor product dx^i ⊗ ∂_j of two basic vector fields dx^i ∈ T^∗(M ) and ∂_j ∈ T (M ), then the relation follows

f^i_{j,k} = Γ^l_{jk}.f^i_l + P^i_{lk}.f^l_j , f^i_{j,k} := ∂_kf^i_j (in a co-ordinate basis). (14) The last equality can be considered from two different points of view: 1. If P^i_{jk}(x^l) and Γ^i_{jk}(x^l) are given as functions of co-ordinates in M , then the equality appears as a system of equations for the unknown functions f^i_j(x^l). The solutions of these equations determine the action of the contraction operator S on the basic vector fields for given components of both connections. The integrability conditions for the equations can be written in the form

R^m_{jkl}.f^i_m + P^i_{mkl}.f^m_j = 0 , (15)

where R^m_{jkl} are the components of the contravariant curvature tensor, constructed by means of the contravariant affine connection Γ, and P^i_{mkl} are the components of the covariant curvature tensor, constructed by means of the covariant affine connection P , where [R(∂_i, ∂_j)]dx^k = P^k_{lij} .dx^l, [R(∂_i, ∂_j)]∂_k = R^l_{kij}.∂_l , R(∂_i, ∂_j) = ∇_{∂i} ∇_{∂j} − ∇_{∂j} ∇_{∂i} . 2. If f^i_j (x^l) are given as functions of the co-ordinates in M , then the conditions for f^i_j determine the connection between the components of the contravariant affine connection Γ and the components of the covariant affine connection P on the grounds of the predetermined action of the contraction operator S on basic vector fields.

If S = C, i.e. f^i_j = g^i_j , then the conditions for f^i_j are fulfilled for every P = −Γ, i.e.

P^i_{jk} = −Γ^i_{jk} . (16)

This fact can be formulated as the following proposition

Proposition 11 S = C is a sufficient condition for P = −Γ (P^i_{jk} = −Γ^i_{jk}).

Corollary 12 If P ≠ −Γ, then S ≠ C, i.e. if the covariant affine connection P has to be different from the contravariant affine connection Γ not only by sign, then the contraction operator S has to be different from the canonical contraction operator C (if S commutes with the covariant differential operator).

The corollary allows the introduction of different (not only by sign) contravariant and covariant connections by using contraction operator S, different from the canonical contraction operator C.

Example 13 If f^i_j = e^φ.g^i_j, where φ ∈ C^r(M ), φ ≠ 0, then P^i_{jk} = −Γ^i_{jk} + φ_{,k}.g^i_j. 3.3 Covariant derivatives of contravariant tensor fields

The action of a covariant differential operator along a contravariant vector field u is called transport along a contravariant vector field u (or transport along u).

The result of the action of the covariant differential operator on a tensor field is called covariant derivative of this tensor field.

The result ∇_uV of the action of ∇_u on a contravariant tensor field V is called covariant derivative of a contravariant tensor field V along a contravariant vector field u (or covariant derivative of V along u).

The action of the covariant differential operator on contravariant tensor fields with rank > 1 can be determined in a trivial manner on the grounds of the Leibniz rule which the operator obeys. Then the action of the operator ∇_{∂j} on a tensor basis ∂_A = ∂_{j1} ⊗ ... ⊗ ∂_{jl} can be written in the form ∇_{∂j} ∂_A = ∇_{∂j} [∂_{j1} ⊗ ... ⊗ ∂_{jl} ] = (∇_{∂j} ∂_{j1} ⊗ ∂_{j2} ... ⊗ ∂_{jl} )+ + (∂_{j1} ⊗ ∇_{∂j} ∂_{j2} ⊗ ... ⊗ ∂_{jl} ) + ... + (∂_{j1} ⊗ ... ⊗ ∇_{∂j} ∂_{jl} ) = = Γ^{i1}_{j1j} .∂_{i1} ⊗ ... ⊗ ∂_{jl} + ... + Γ^{il}_{jlj} .∂_{j1} ⊗ ... ⊗ ∂_{il} = = ( ∑_l k=1 g^i_{jk} .g^{ik}_m .g^{i1}_{j1}.g^{i2}_{j2} ...g^{ik}�^1_{jk}�_1.g^{ik+1}_{jk+1}...g^{il}_{jl} .).Γ^m_{ij} .(∂_{i1} ⊗ ... ⊗ ∂_{il} ) . If we introduce the abbreviations S_{Am}^{Bi} = − l∑ k=1 g^i_{jk} .g^{ik}_m .g^{i1}_{j1}.g^{i2}_{j2} ...g^{ik}�^1_{jk}�_1.g^{ik+1}_{jk+1} ...g^{il}_{jl} , (17) Γ^B_{Aj} = −S_{Am}^{Bi}.Γ^m_{ij} , A = j_1...j_l , B = i_1...i_l , (18)

then ∇_{∂j} ∂_A can be written in the form

∇_{∂j} ∂_A = Γ^B_{Aj}.∂_B = −S_{Am}^{Bi}.Γ^m_{ij} .∂_B . (19)

The quantities S_{Am}^{Bi} obey the following relations (a) S_{Bi}^{Aj} .S_{Ak}^{Cl} = −g^l_i.S_{Bk}^{Cj} , dim M = n, l = 1, ..., N , (b) S_{Bi}^{Bj} = −N.n^{N−1}.g^j_i , (c) S_{Bi}^{Ai} = −N.g^A_B , where g^A_B = g^{j1}_{i1} ...g^{jm}�^1_{im}�_1 .g^{jm}_{im} .g^{jm+1}_{im+1} ...g^{jl}_{il} (20) is defined as multi-Kronecker symbol of rank l

g^A_B = 1 i_k = j_k (for all k simultaneously) = 0 i_k ≠ j_k , k = 1, ................., l . (21) The covariant derivative along a contravariant vector field u of a contravariant tensor field V = V^A.∂_A can be written in a co-ordinate basis as

∇_uV = (V^A_{,i} + Γ^A_{Bi}.V^B).u^i.∂_A = V^A_{;i}.u^i.∂_A , (22) where V^A_{;i} = V^A_{,i} + Γ^A_{Bi}.V^B (23) is called first covariant derivative of the components V^A of the contravariant tensor field V along a contravariant co-ordinate basic vector field ∂_i

∇_{∂i} V = V^A_{;i}.∂_A . (24)

In an analogous way we find for the second covariant derivative ∇_ξ∇_uV

∇_ξ∇_uV = (V^A_{;j;i}.u^j + V^A_{;j} .u^j_{;i}).ξ^i.∂_A = (V^A_{;j} .u^j)_{;i}.ξ^i.∂_A ,

where V^A_{;j;i} = (V^A_{;j} )_{,i} + Γ^A_{Bi}.V^B_{;j} − Γ^k_{ji}.V^A_{;k} (25)

is the second covariant derivative of the components V^A of the contravariant vector field V . Here

∇_ξ∇_uV −∇_u∇_ξV = [(V^A_{;i;j} −V^A_{;j;i}).u^i.ξ^j +V^A_{;j}.(u^j_{;i}.ξ^i−ξ^j_{;i}.u^i)].∂_A . (26)

3.4 Covariant derivatives of covariant tensor fields

In analogous way the covariant derivative of a covariant vector field can be written in the form ∇_up = (p_{i,j} + P^k_{ij}.p_k).u^j.dx^i = p_{i;j} .u^j.dx^i , p ∈ T^∗(M ) , (in a co-ordinate basis).

(27)

The action of the covariant differential operator on covariant tensor fields with rank > 1 is generalized in a trivial manner on the grounds of the Leibniz rule, which holds for this operator. Then the action of the operator ∇_{∂j} on the basis dx^A = dx^{j1} ⊗ ... ⊗ dx^{jl} can be written in the form ∇_{∂j} dx^B = P^B_{Aj}.dx^A = −S_{Am}^{Bi}.P^m_{ij} .dx^A , (28) where P^B_{Aj} = −S_{Am}^{Bi}.P^m_{ij} .

The covariant derivative of a covariant tensor field W = W_A.dx^A = W_B .e^B can be written in the form ∇_uW = (W_{A,j} + P^B_{Aj}.W_B).u^j.dx^A = W_{A;j} .u^j.dx^A, (in a co-ordinate basis).

(29)

The form of the covariant derivative of a mixed tensor field follows from the form of the derivative of contravariant and covariant basic tensor fields, and the Leibniz rule

∇_uK = ∇_u(K^A_B .∂_A ⊗ dx^B) = K^A_{B;j} .u^j.∂_A ⊗ dx^B = (K^A_{B,j} + Γ^A_{Cj}.K^C_B + P^D_{Bj} .K^A_D).u^j.∂_A ⊗ dx^B , (in a co-ordinate basis).

(30)

If the Kronecker tensor is defined in the form

Kr = g^i_j.∂_i ⊗ dx^j = g^α_β .e_α ⊗ e^β , (31)

then the components of the contravariant and the covariant affine connection differ from each other by the components of the covariant derivative of the Kronecker tensor, i.e.

Γ^i_{jk} + P^i_{jk} = g^i_{j;k} , Γ^α_{βγ} + P^α_{βγ} = g^α_{β/γ} . (32)

Remark 3 In the special case, when S = C and in the canonical approach g^i_{j;k} = 0 (g^α_{β/γ} = 0).

4 Lie differential operator

The Lie differential operator £_ξ along the contravariant vector field ξ appears as an other operator, which can be constructed by means of a contravariant vector field. Its definition can be considered as a generalization of the notion Lie derivative of tensor fields [28], [19], [11], [29].

Definition 14 £_ξ := Lie differential operator along the contravariant vector field ξ with the following properties:

(a) £_ξ : V → V = £_ξV , V, V ∈ ⊗^l(M ) . (b) £_ξ : W → W = £_ξW , W, W ∈ ⊗_k(M ) . (c) £_ξ : K → K = £_ξK , K, K ∈ ⊗^l_k(M ) . (d) Linear operator with respect to tensor fields, £_ξ(α.V_1 + β.V_2) = α.£_ξV_1 + β.£_ξV_2 , α, β ∈ F (R or C) , V_i ∈ ⊗^l(M ) , i = 1, 2,

£_ξ(α.W_1 + β.W_2) = α.£_ξW_1 + β.£_ξW_2 , W_i ∈ ⊗_k(M ) , i = 1, 2, £_ξ(α.K_1 + β.K_2) = α.£_ξK_1 + β.£_ξK_2 , K_i ∈ ⊗^l_k(M ) , i = 1, 2. (e) Linear operator with respect to the contravariant field ξ , £_{α.ξ + β.u} = α.£_ξ + β.£_u , α, β ∈ F (R or C), ξ, u ∈ T (M ) . (f) Differential operator, obeying the Leibniz rule, £_ξ(S ⊗ U ) = £_ξS ⊗ U + S ⊗ £_ξU , S ∈ ⊗^m_q(M ) , U ∈ ⊗^k_l(M ) . (g) Action on function f ∈ C^r(M ) , r ≥ 1 , £_ξf = ξf , ξ ∈ T (M ) .

(h) Action on contravariant vector field, £_ξu = [ξ, u] , ξ, u ∈ T (M ) , [ξ, u] = ξ ∘ u − u ∘ ξ , £_ξe_α = [ξ, e_α] = − (e_αξ^β − ξ^γ .C_{γα}^β).e_β , £_{eα} e_β = [e_α, e_β] = C_{αβ}^γ .e_γ , C_{aβ}^γ ∈ C^r(M ) , £_ξ∂_i = −ξ^j_{,i}.∂_j , £_{∂i} ∂_j = [∂_i, ∂_j] = 0 . (i) Action on covariant basic vector field, £_ξe^α = k^α_β (ξ).e^β , £_{eγ} e^α = k^α_{βγ} .e^β , £_ξdx^i = k^i_j(ξ).dx^j , £_{∂k} dx^i = k^i_{jk}.dx^j .

The action of the Lie differential operator on a covariant basic vector field is determined by its action on a contravariant basic vector field and the commutation relations between the Lie differential operator and the contraction operator S. 4.1 Lie derivatives of contravariant tensor fields

The Lie differential operator £_ξ along a contravariant vector field ξ appears as an other operator which can be constructed by means of a contravariant vector field. It is an operator mapping a contravariant tensor field V in a contravariant tensor field ~V = £_ξV .

The action of the Lie differential operator along a contravariant vector field ξ is called dragging-along the contravariant vector field ξ (or dragging-along ξ).

The result of the action (£_ξ V ) of the Lie differential operator £_ξ on V is called Lie derivative of the contravariant tensor field V along a contravariant vector field ξ (or Lie derivative of V along ξ).

The commutator of two Lie differential operators

[£_ξ, £_u] = £_ξ ∘ £_u − £_u ∘ £_ξ (33)

has the properties:

(a) Action on a function

[£_ξ, £_u]f = (£_ξ ∘ £_u − £_u ∘ £_ξ)f = [ξ, u]f = (£_ξu)f = [∇_ξ, ∇_u]f , f ∈ C^r(M ) , r ≥ 2 .

(b) Action on a contravariant vector field

[£_ξ, £_u]v = (£_ξ ∘ £_u − £_u ∘ £_ξ)v = £_ξ£_uv − £_u£_ξv = = £_v£_uξ = −£$_{uξ}v = £$_{ξu}v .

(c) The Jacobi identity

< [£_ξ, [£_u, £_v]] > ≡ [£_ξ, [£_u, £_v]] + [£_v, [£_ξ, £_u]] + [£_u, [£_v, £_ξ]] ≡ 0 . (34)

The Lie derivative of a contravariant vector field

£_ξu = [ξ, u] = (£_ξu^i).∂_i = (ξ^k.u^i_{,k} − u^k.ξ^i_{,k}).∂_i , (35)

where £_ξu^i = ξ^k.u^i_{,k} − u^k.ξ^i_{,k} (36)

is called Lie derivative of the components u^i of a vector field u along a contravariant vector field ξ (or Lie derivative of the components u^i along ξ) in a co-ordinate basis.

In a non-co-ordinate basis the Lie derivative can be written in an analogous way as in a co-ordinate basis

£_ξu = [ξ, u] = (£_ξu^α).e_α = (ξ^β.e_β u^α − u^β.e_βξ^α + C_{βγ}^α.ξ^β.u^γ ).e_α , (37) where £_ξu^α = ξ^β.e_βu^α − u^β.e_βξ^α + C_{βγ}^α.ξ^β.u^γ (38)

is called Lie derivative of the components u^α of the contravariant vector field u along a contravariant vector field ξ in a non-co-ordinate basis (or Lie derivative of the components u^α along ξ). £_{eβ} u can be written in the form

£_{eβ} u = (e_β u^α − C_{γβ}^α.u^γ ).e_α = u^α_{//β}.e_α = −£_ue_β = (£_{eβ} u^α).e_α , (39)

where £_{eβ} u^α = u^α_{//β} = e_βu^α − C_{γβ}^α.u^γ . (40)

The second Lie derivative £_ξ£_uv will have in a non-co-ordinate basis the form

£_ξ£_uv = [ξ^β.e_β(£_uv^α) − (£_uv^β ).e_βξ^α − C_{γβ}^α.(£_uv^γ ).ξ^β].e_α = (£_ξ £_uv^α).e_α , (41) where £_ξ£_uv^α = ξ^β.e_β (£_uv^α)−(£_uv^β ).e_β ξ^α −C_{γβ}^α.(£_uv^γ ).ξ^β is called second Lie derivative of the components v^α along u and ξ in a non-co-ordinate basis.

The action of the Lie differential operator on a contravariant tensor field with rank k > 1 can be generalized on the basis of the validity of the Leibniz rule under the action of this operator on the bases of the tensor fields.

The result of the action of the operator £_ξ on a basis ∂_A = ∂_{j1} ⊗...⊗∂_l can be found by the use of the already known relation £_ξ∂_{jk} = −£_{∂jk} ξ = −ξ^m_{,jk} .∂_m. Then £_ξ∂_A = S_{Am}^{Bn}.ξ^m_{,n}.∂_B, and

£_ξV = £_ξ(V^A.∂_A) = (£_ξV^A).∂_A = (ξ^k.V^A_{,k} + S_{Bk}^{Al}.V^B .ξ^k_{,l}).∂_A , (42)

where £_ξV^A = ξ^k.V^A_{,k} + S_{Bk}^{Al}.V^B.ξ^k_{,l} is the Lie derivative of the components V^A of a contravariant tensor field V along a contravariant vector field ξ in a co-ordinate basis (or Lie derivative of the components V^A along ξ in a co-ordinate basis).

For £_ξ£_uV we obtain

£_ξ£_uV = (£_ξ£_uV^A).∂_A = [ξ^k(£_uV^A)_{,k} + S_{Bk}^{Al}.(£_uV^B).ξ^k_{,l}].∂_A , (43)

where £_ξ£_uV^A = ξ^k(£_uV^A)_{,k} +S_{Bk}^{Al}.(£_uV^B).ξ^k_{,l} is called second Lie derivative of the components V^A along u and ξ in a co-ordinate basis.

The result of the action of the Lie differential operator £_ξ on a non-co-ordinate basis e_A can be found in an analogous way as that for a co-ordinate basis. Since

£_ξe_β = −ξ^α_{//β}.e_α , ξ^α_{//β} = e_β ξ^α − C_{γβ}^α.ξ^γ , (44)

£_ξe_A = £_ξ[e_{α1} ⊗ ... ⊗ e_{αl} ] = (£_ξe_{α1} ⊗ e_{α2} ... ⊗ e_{αl} )+ + (e_{α1} ⊗ £_ξe_{α2} ⊗ ... ⊗ e_{αl} ) + ... + (e_{α1} ⊗ ... ⊗ £_ξe_{αl} ) = = S_{Aα}^{Bβ} .ξ^α_{//β} .e_B , A = α_1...α_l , B = β_1...β_l , e_B = e_{β1} ⊗ ... ⊗ e_{βl} , (45) then

£_ξe_A = S_{Aα}^{Bβ} .ξ^α_{//β} .e_B and £_ξV = £_ξ(V^A.e_A) = (£_ξV^A).e_A = = (ξ^α.e_αV^A + S_{Bα}^{Aβ}.V^B .ξ^α_{//β} ).e_A . (46)

The explicit form of the expression S_{Bα}^{Aβ}.ξ^α_{//β} can be given as S_{Bα}^{Aβ} .ξ^α_{//β} = S_{Bα}^{Aβ} .e_βξ^α − S_{Bα}^{Aβ}.C_{γβ}^α.ξ^γ , (47) and if we introduce the abbreviations C_{Bγ}^A = S_{Bα}^{Aβ}.C_{γβ}^α = −S_{Bα}^{Aβ} .C_{βγ}^α , (48) S_{Bα}^{Aβ}.ξ^α_{//β} = S_{Bα}^{Aβ}.e_βξ^α − C_{Bα}^A.ξ^α , (49) then £_ξV^A can be written in the forms £_ξV^A = ξ^α.e_αV^A + S_{Bα}^{Aβ}.V^B .ξ^α_{//β} = = ξ^α.e_αV^A + S_{Bα}^{Aβ}.V^B.(e_β ξ^α − C_{γβ}^α.ξ^γ ) = = ξ^α.(e_αV^A − S_{Bβ}^{Aγ} .V^B .C_{αγ}^β) + S_{Bβ}^{Aγ} .V^B.e_γ ξ^β = = ξ^α.V^A_{//α} + S_{Bα}^{Aβ}.V^B.e_β ξ^α . (50)

£_ξV^A is called Lie derivative of the components V^A of a contravariant tensor field V along ξ in a non-co-ordinate basis. Here

V^A_{//α} = e_αV^A − S_{Bβ}^{Aγ} .V^B.C_{αγ}^β = e_αV^A − C_{Bα}^A.V^B . (51) In a non-co-ordinate basis the relations are valid £_{eα} V = V^A_{//α}.e_A , £_{eα} e_A = − C_{Aα}^B .e_B . (52) The quantity S_{Bα}^{Aβ} = − l∑ k=1 g^{i1}_{j1} ...g^{ik}�^1_{jk}�_1.g^{ik}_α .g^β_{jk} .g^{ik+1}_{jk+1}...g^{il}_{jl} , (53) where l = 1, ..., N , B = j_1...j_l, A = i_1...i_l, is the multi-contraction symbol with rank N .

4.2 Connections between the covariant and the Lie differentiations

The action of the covariant differential operator and the action of the Lie differential operator on functions are identified with the action of the contravariant vector field in the construction of both operators. The contravariant vector field acts as a differential operator on functions over a differentiable manifold M ∇_ξf = ξf = £_ξf = ξ^i.∂_if = ξ^α.e_αf , f ∈ C^r(M ) , ξ ∈ T (M ) .

If we compare the Lie derivative with the covariant derivative of a contravariant vector field in a non-co-ordinate (or co-ordinate) basis

£_ξu = (£_ξu^α).e_α = (ξ^β .e_βu^α − u^β.e_β ξ^α + C_{βγ}^α.ξ^β.u^γ ).e_α , ∇_ξu = (u^α_{/β}.ξ^β).e_α = (ξ^β .e_βu^α + Γ^α_{γβ} .u^γ.ξ^β).e_α ,

(54)

we will see that both expressions have a common term of the type ξu^α = ξ^β .e_βu^α allowing a relation between the two derivatives.

After substituting e_β u^α and e_βξ^α from the equalities e_βu^α = u^α_{/β} − Γ^α_{γβ}.u^γ and e_β ξ^α = ξ^α_{/β} − Γ^α_{γβ}.ξ^γ in the expression for £_ξ u we obtain £_ξu^α = u^α_{/β} .ξ^β − ξ^α_{/β}.u^β − T_{βγ}^α.ξ^β.u^γ = = u^α_{/β}.ξ^β − (ξ^α_{/β} − T_{βγ}^α.ξ^γ ).u^β , (55)

where T_{βγ}^α = Γ^α_{γβ} − Γ^α_{βγ} − C_{βγ}^α = −T_{γβ}^α , (56)

£_ξu = (£_ξu^α).e_α = (u^α_{/β} .ξ^β − ξ^α_{/β}.u^β − T_{βγ}^α.ξ^β.u^γ ).e_α = = ∇_ξu − ∇_uξ − T (ξ, u) , (57)

with

T (ξ, u) = T_{βγ}^α.ξ^β.u^γ .e_α = −T (u, ξ) , T (e_β , e_γ ) = T_{βγ}^α.e_α . (58)

The contravariant vector field T (ξ, u) is called (contravariant) torsion vector field (or torsion vector field).

If we use the equality following from the expression for £_uv^β

v^β_{/γ} .u^γ − u^β_{/γ} .v^γ = £_uv^β + T_{αγ}^β.u^α.v^γ (59)

in the expression ∇_u∇_vξ − ∇_v∇_uξ = [(ξ^α_{/β/γ} − ξ^α_{/γ/β} ).v^β .u^γ + ξ^α_{/β}.(v^β_{/γ} .u^γ − u^β_{/γ} .v^γ )].e_α , then ∇_u∇_vξ − ∇_v∇_uξ = [(ξ^α_{/β/γ} − ξ^α_{/γ/β} ).v^β.u^γ + ξ^α_{/β} .(£_uv^β + T_{γδ}^β .u^γ.v^δ )].e_α = = [(ξ^α_{/β/γ} − ξ^α_{/γ/β}).v^β .u^γ + ξ^α_{/β}.(£_uv^β + T^β (u, v)].e_α , T^β(u, v) = T_{δγ}^β .u^δ.v^γ , ∇_{T (u,v)}ξ = ξ^α_{/β} .T_{γδ}^β.u^γ .v^δ.e_α , ∇_u∇_vξ − ∇_v∇_uξ − ∇$_{uv}ξ = (ξ^α_{/β/γ} − ξ^α_{/γ/β} ).v^β.u^γ .e_α + ∇_{T (u,v)}ξ , (60) or ∇_u∇_vξ − ∇_v∇_uξ − ∇$_{uv}ξ − ∇_{T (u,v)}ξ = (ξ^α_{/β/γ} − ξ^α_{/γ/β}).v^β .u^γ .e_α , ∇_{eγ} ∇_{eβ} ξ − ∇_{eβ} ∇_{eγ} ξ − ∇$_{eγ eβ} ξ − ∇_{T (eγ ,eβ )}ξ = (ξ^α_{/β/γ} − ξ^α_{/γ/β}).e_α . (61) In a co-ordinate basis the contravariant torsion vector will have the form T (ξ, u) = T_{kl}^i.ξ^k.u^l.∂_i = (Γ^i_{lk} − Γ^i_{kl}).ξ^k.u^l.∂_i , (62)

T_{kl}^i = Γ^i_{lk} − Γ^i_{kl} , T (∂_k, ∂_l) = T_{kl}^i.∂_i . (63) The Lie derivative £_ξu can be now written as

£_ξu = (£_ξu^i).∂_i = (u^i_{;k}.ξ^k − u^k.ξ^i_{;k} − T_{kl}^i.ξ^k.u^l).∂_i , £_ξu^i = u^i_{;k}.ξ^k − u^k.ξ^i_{;k} − T_{kl}^i.ξ^k.u^l .

(64)

The connection between the covariant derivative and the Lie derivative of a contravariant tensor field can be found in an analogous way as in the case of a contravariant vector field.

4.3 Lie derivative of covariant basic vector fields

4.3.1 Lie derivative of covariant co-ordinate basic vector fields

The commutation relations between the Lie differential operator £_ξ and the contraction operator S in the case of basic co-ordinate vector fields can be written in the form

£_ξ ∘ S(dx^i ⊗ ∂_j ) = S ∘ £_ξ (dx^i ⊗ ∂_j) , £_ξ ∘ S(e^α ⊗ e_β ) = S ∘ £_ξ (e^α ⊗ e_β ) ,

(65)

where £_ξ ∘ S(dx^i ⊗ ∂_j ) = ξf^i_j = f^i_{j,k}.ξ^k , S ∘ £_ξ(dx^i ⊗ ∂_j) = S(£_ξ dx^i ⊗ ∂_j) + S(dx^i ⊗ £_ξ∂_j ) .

(66)

By means of the non-degenerate inverse matrix (f^i_j)^{−1} = (f_j^i) and the connections f^i_k.f_j^k = g^i_j , f^k_i.f_k^j = g^j_i , after multiplication of the equality for k^i_l(ξ) with f_m^j and summation over j, the explicit form for k^i_j(ξ) is obtained in the form

k^i_j(ξ) = f_j^l.ξ^k_{,l}.f^i_k + f_j^l.f^i_{l,k}.ξ^k . (67)

For £_{∂k} dx^i = k^i_j (∂_k).dx^j = k^i_{jk}.dx^j it follows the corresponding form £_{∂k} dx^i = k^i_{jk}.dx^j = f_j^l.f^i_{l,k}.dx^j , k^i_{jk} = f_j^l.f^i_{l,k} .

(68)

On the other hand, from the commutation relations between S and the covariant differential operator ∇_ξ, the connection between the partial derivatives of f^i_j and the components of the contravariant and covariant connections Γ and P follows in the form

f^i_{l,k} = P^i_{mk}.f^m_l + Γ^m_{lk} .f^i_m . (69)

After substituting the last expression in the expressions for k^i_j (ξ) and for k^i_{jk}, the corresponding quantities are obtained in the forms

k^i_j (ξ) = f_j^l.ξ^k_{,l}.f^i_k + (P^i_{jk} + f_j^l.Γ^m_{lk}.f^i_m).ξ^k , (70) k^i_j (∂_k) = k^i_{jk} = P^i_{jk} + f_j^l.Γ^m_{lk}.f^i_m , £_ξdx^i = [f_j^l.ξ^k_{,l}.f^i_k + (P^i_{jk} + f_j^l.Γ^m_{lk}.f^i_m).ξ^k].dx^j , (71) £_{∂k} dx^i = k^i_{jk}.dx^j = = (P^i_{jk} + f_j^l.Γ^m_{lk}.f^i_m).dx^j . (72) If we introduce the abbreviations

ξ^i_{,j} = f^i_k.ξ^k_{,l}.f_j^l , Γ^i_{jk} = f_j^l.Γ^m_{lk}.f^i_m , (73)

then the Lie derivatives of covariant co-ordinate basic vector fields dx^i along the contravariant vector fields ξ and ∂_k can be written in the forms

£_ξdx^i = [ξ^i_{,j} + (P^i_{jk} + Γ^i_{jk}).ξ^k].dx^j , £_{∂k} dx^i = (P^i_{jk} + Γ^i_{jk}).dx^j . (74)

4.3.2 Lie derivative of covariant non-co-ordinate basic vector fields Analogous to the case of covariant co-ordinate basic vector fields the Lie derivatives of covariant non-co-ordinate basic vector fields can be obtained in the form £_ξe^α = [ξ^α_{//β} + (P^α_{βγ} + Γ^α_{βγ} ).ξ^γ ].e^β = = [e_βξ^α + (P^α_{βγ} + Γ^α_{βγ} + C_{βγ}^α).ξ^γ ].e^β ,

(75)

£_{eγ} e^α = (P^α_{βγ} + Γ^α_{βγ} + C_{βγ}^α).e^β , (76) where

ξ^α_{//β} = f^α_γ .ξ^γ_{//δ} .f_β^δ = f^α_γ .(e_δξ^γ ).f_β^δ + f^α_γ .C_{δσ}^γ .f_β^δ.ξ^σ = = e_βξ^α + C_{βσ}^α.ξ^σ , e_β ξ^α = f^α_γ .(e_δξ^γ ).f_β^δ , C_{βσ}^α = f^α_γ .C_{δσ}^γ .f_β^δ , Γ^α_{βγ} = f_β^δ.Γ^σ_{δγ} .f^α_σ .

(77)

4.4 Lie derivatives of covariant tensor fields

The action of the Lie differential operator on covariant vector and tensor fields is determined by its action on covariant basic vector fields and on the functions over M .

In a co-ordinate basis the Lie derivative of a covariant vector field p along a contravariant vector field ξ can be written in the forms £_ξp = £_ξ(p_i.dx^i) = (£_ξ p_i).dx^i = = [p_{i,k}.ξ^k + p_j .ξ^j_{,i} + p_j.(P^j_{ik} + Γ^j_{ik}).ξ^k].dx^i = = [p_{i;k}.ξ^k + ξ^k_{;i}.p_k + T^j_{ki} .p_j.ξ^k].dx^i ,

(78)

where ξ^j_{;i} = f^j_k.ξ^k_{;l}.f_i^l , T^j_{ki} = f^j_l.T^l_{km} .f_i^m , T^j_{ki} = Γ^j_{ik} − Γ^j_{ki} , (in a co-ordinate basis).

(79)

In a non-co-ordinate basis the Lie derivative £_ξp has the forms £_ξp = £_ξ(p_α.e^α) = (£_ξ p_α).e^α = {(e_γ p_α + P^β_{αγ} .p_β).ξ^γ + p_β.[e_αξ^β + (Γ^β_{αγ} + C_{αγ}^β ).ξ^γ ]}.e^α = = (p_{α/β} .ξ^β + ξ^β_{/α}.p_β + T^β_{γα} .p_β.ξ^γ ).e^α , (80)

where ξ^β_{/α} = f^β_δ.ξ^δ_{/γ} .f_α^γ , T^β_{γα} = f_α^δ.T^σ_{γδ} .f^β_σ , T^α_{βγ} = Γ^α_{γβ} − Γ^α_{βγ} − C_{βγ}^α , (in a non-co-ordinate basis).

(81)

The action of the Lie differential operator on covariant tensor fields is determined by its action on basic tensor fields.

In a co-ordinate basis

£_ξW = £_ξ(W_A.dx^A) = (ξW_A).dx^A + W_A.£_ξdx^A = = (£_ξW_A).dx^A , W ∈ ⊗_k(M ) , £_ξdx^B = −k^m_n(ξ).S_{Am}^{Bn}.dx^A , £_ξdx^m = k^m_n(ξ).dx^n , £_ξdx^B = [−ξ^k_{,l}.S_{Ak}^{Bl} − S_{Am}^{Bn}.(P^m_{nl} + Γ^m_{nl}).ξ^l].dx^A . (82)

After introducing the abbreviations ~Γ^B_{Ak} = −S_{Ai}^{Bj} .Γ^i_{jk} , P^B_{Ak} = −S_{Ai}^{Bj} .P^i_{jk} , (83) £_ξW can be written in the form £_ξW = (£_ξ W_A).dx^A = = [ξ^k.W_{A ,k} − ξ^k_{,l}.S_{Ak}^{Bl}.W_B + (P^B_{Al} + ~Γ^B_{Al}).W_B.ξ^l].dx^A , (84)

where £_ξW_A = ξ^k.W_{A,k} − ξ^k_{,l}.S_{Ak}^{Bl}.W_B + (P^B_{Al} + ~Γ^B_{Al}).W_B .ξ^l = = ξ^k.W_{A;k} − S_{Ak}^{Bl}.W_B.(ξ^k_{;l} − T^k_{lj} .ξ^j ) = = ξ^k.W_{A;k} − S_{Ak}^{Bl}.W_B.(ξ^k_{;l} − T^k_{lj} .ξ^j ) , (85)

£_{∂j} W_A = W_{A,j} + (P^B_{Aj} + ~Γ^B_{Aj}).W_B , £_{∂j} dx^B = −S_{Ai}^{Bl}.(P^i_{lj} + Γ^i_{lj} ).dx^A = (P^B_{Aj} + ~Γ^B_{Aj}).dx^A .

(86) The second Lie derivative of the components W_A of the covariant tensor field W can be written in the form £_ξ£_uW_A = ξ^k.(£_uW_A)_{,k} − ξ^k_{,l}.S_{Ak}^{Bl} .£_uW_B + (P^B_{Al} + ~Γ^B_{Al}).ξ^l.£_uW_B . (87) In a non-co-ordinate basis £_ξW has the form £_ξW = (ξW_A).e^A + W_B .(£_ξe^B ) = (£_ξW_A).e^A , (88) where

£_ξ W_A = ξ^β .e_βW_A − S_{Aα}^{Bβ} .W_B.e_βξ^α + (P^B_{Aγ} + ~Γ^B_{Aγ} + ~C_{Aγ}^B ).W_B.ξ^γ , ~Γ B_{Aγ} = −S_{Aα} Bβ.Γα_{βγ} , ~C_{Aγ} B = −S_{Aα} Bβ .C_{βγ} α , £_{eβ} e^B = (P^B_{Aβ} + ~Γ^B_{Aβ} + ~C_{Aβ}^B ).e^A , £_{eβ} W_A = e_β W_A + (P^B_{Aβ} + ~Γ^B_{Aβ} + ~C_{Aβ}^B).W_B . (89) The second Lie derivative of W_A in a non-co–ordinate basis has the form

£_ξ£_uW_A = ξ^β.e_β (£_uW_A) − S_{Aα}^{Bβ} .(£_uW_B).e_β ξ^α + (90)

+(P^B_{Aγ} + ~Γ^B_{Aγ} + ~C_{Aγ}^B).ξ^γ .£_uW_B .

The Lie derivatives of covariant basic tensor fields can be given in terms of the covariant derivatives of the components of the contravariant vector field ξ and the torsion tensor

£_ξe^B = [−S_{Aα}^{Bβ} .ξ^α_{/β} + P^B_{Aγ} .ξ^γ + ~T^B_{Aγ} .ξ^γ ].e^A , (91)

where ~T^B_{Aγ} = S_{Aα}^{Bβ} .T^α_{βγ} = S_{Aα}^{Bβ} .T^α_{βγ} .

£_ξW_A will then have the form £_ξ W_A = ξ^β .W_{A/β} − S_{Aα}^{Bβ} .W_B .(ξ^α_{/β} − T^α_{βγ} .ξ^γ ) = = ξ^β .W_{A/β} − S_{Aα}^{Bβ}.W_B .(ξ^α_{/β} − T^α_{βγ} .ξ^γ ) . (92) The generalization of the Lie derivatives for mixed tensor fields is analogous to that for covariant derivatives of mixed tensor fields.

4.5 Classification of linear transports with respect to the connections between contravariant and covariant affine connections

By means of the Lie derivatives of covariant basis vector fields, a classification can be proposed for the connections between the components Γ^i_{jk} (Γ^α_{βγ} ) of the contravariant affine connection Γ and the components P^i_{jk} (P^α_{βγ} ) of the covariant affine connection P . On this basis, linear transports (induced by the covariant differential operator or by connections) and draggings-along (induced by the Lie differential operator) can be considered as connected with each other through commutation relations of both operators with the contraction operator.

T ransport condition T ype of dragging − along and transports P^α_{βγ} + Γ^α_{βγ} + C_{βγ}^α = F^α_{βγ} ,

P^i_{jk} + Γ^i_{jk} = F^i_{jk} .

£_{eγ} e^α = F^α_{βγ} .e^β , £_{∂k} dx^i = F^i_{jk}.dx^j . Transport with arbitrary dragging-along P^α_{βγ} + Γ^α_{βγ} = A_γ .g^α_β , P^i_{jk} + Γ^i_{jk} = A_k.g^i_j .

£_{eγ} e^α = A_γ .e^α + C_{βγ}^α.e^β , £_{∂k} dx^i = A_k.dx^i .

Transport with co-linear dragging-along P^α_{βγ} + Γ^α_{βγ} = 0 , P^i_{jk} + Γ^i_{jk} = 0 .

£_{eγ} e^α = C_{βγ}^α.e^β , £_{∂k} dx^i = 0 .

Transport with invariant dragging-along Table 1. Relations between transport conditions and types of draging-along

The classification of the relations between the affine connections is analogous to the classification proposed by Schouten [27] and considered by Schmutzer [30].

5 Curvature operator. Bianchi identities

5.1 Curvature operator

One of the well known operator constructed by means of the covariant and the Lie differential operators which has been used in the differential geometry of differentiable manifolds is the curvature operator.

Definition 15 Curvature operator. The operator

R(ξ, u) = ∇_ξ∇_u − ∇_u∇_ξ − ∇$_{ξu} = [∇_ξ, ∇_u] − ∇_{[ξ,u]} , ξ, u ∈ T (M ) , (93)

is called curvature operator (or operator of the curvature).

1. Action of the curvature operator on a function of a class C^r(M ), r ≥ 2, over a manifold M

[R(ξ, u)]f = 0 , f ∈ C^r (M ), r ≥ 2 . 2. [R(ξ, u)]fv = f.[R(ξ, u)]v, f ∈ C^r(M ), r ≥ 2, v ∈ T (M ). 3. Action of the curvature operator on a contravariant vector field [R(ξ, u)]v = ∇_ξ∇_uv − ∇_u∇_ξv − ∇$_{ξu}v = = [(v^δ_{/β/γ} − v^δ_{/γ/β}).u^β.ξ^γ + v^δ_{/α}.T_{βγ}^α.ξ^β .u^γ].e_δ = = [(v^i_{;j;k} − v^i_{;k;j}).u^j.ξ^k + v^i_{;j} .T_{kl}^j.ξ^k.u^l].∂_i .

(94)

In such a way, we can find for ∀ ξ ∈ T (M ) and ∀ u ∈ T (M ) the relation in a co-ordinate basis

v^i_{;k;l} − v^i_{;l;k} = − v^j .R^i_{jkl} + v^i_{;j} .T_{kl}^j , (95) where R^i_{jkl} = Γ^i_{jl,k} − Γ^i_{jk,l} + Γ^m_{jl} .Γ^i_{mk} − Γ^m_{jk}.Γ^i_{ml} (96) are called components of the (contravariant) curvature tensor (Riemannian tensor) in a co-ordinate basis.

4. Action of the curvature operator on contravariant tensor fields. For V = V^A.e_A = V^B .∂_B, V ∈ ⊗^l(M ) and the bases e_A and ∂_B the following relations can be proved using the properties of S_{Ak}^{Bl} and Γ^B_{Ai}: [R(ξ, u)](f.V ) = f.[R(ξ, u)]V , (97) [R(ξ, u)]V = V^A.[R(ξ, u)]e_A = V^B .[R(ξ, u)]∂_B , (98) [R(∂_j, ∂_i)]∂_A = R^B_{Aji}.∂_B = − S_{Ak}^{Bl} .R^k_{lji}.∂_B , (99) where R^B_{Aji} = − S_{Ak}^{Bl} .R^k_{lji} , S_{Ak}^{Bl}_{,i} = 0 , (100) R^B_{Aji} = Γ^B_{Ai,j} − Γ^B_{Aj,i} + Γ^C_{Ai}.Γ^B_{Cj} − Γ^C_{Aj} .Γ^B_{Ci} , (101) [R(ξ, u)]V = − S_{Bk}^{Al}.V^B.R^k_{lij} .ξ^i.u^j.∂_A . (102) On the other side, it follows from the explicit construction of [R(ξ, u)]V [R(ξ, u)]V = (V^A_{;i;j} − V^A_{;j;i} + V^A_{;k}.T_{ji}^k).u^i.ξ^j .∂_A , V^A_{;i;j} − V^A_{;j;i} = − S_{Bk}^{Al}.V^B.R^k_{lji} − T_{ji}^k.V^A_{;k} , [R(∂_j, ∂_i)] − ∇_{T (∂j ,∂i)}]V = (V^A_{;i;j} − V^A_{;j;i}).∂_A .

(103)

5. The action of the curvature operator on covariant vector fields is determined by its structure and by the action of the covariant differential operator on covariant tensor field.

In a co-ordinate basis [R(ξ, u)]p = (∇_ξ∇_u − ∇_u∇_ξ − ∇$_{ξu})p = p_l.P^l_{ikj}.ξ^k.u^j.dx^i = = (p_{i;j;k} − p_{i;k;j} + T_{kj}^l.p_{i;l}).u^j.ξ^k.dx^i , (104) [R(∂_k, ∂_l)]dx^i = P^i_{jkl}.dx^j , (105) where P^i_{jkl} = P^i_{jl,k} − P^i_{jk,l} + P^m_{jk}.P^i_{ml} − P^m_{jl} .P^i_{mk} = −P^i_{jlk} (106) are called components of the covariant curvature tensor in a co-ordinate basis.

Special case: S = C : f^i_j = g^i_j : P^i_{jk} + Γ^i_{jk} = 0. P^i_{jkl} = −R^i_{jkl} . (107) In a non-co-ordinate basis: [R(ξ, u)]p = p_δ.P^δ_{αβγ} .ξ^β.u^γ .e^α = = (p_{α/γ/β} − p_{α/β/γ} + T_{βγ}^δ.p_{α/δ}).ξ^β.u^γ .e^α , (108)

P^α_{δβγ} = e_βP^α_{δγ} − e_γ P^α_{δβ} + P^σ_{δβ}.P^α_{σγ} − P^σ_{δγ} .P^α_{σβ} − C_{βγ}^σ .P^α_{δσ} . (109) P^α_{δβγ} = −P^α_{δγβ} are called components of the covariant curvature tensor in a non-co-ordinate basis.

For a covariant tensor field W = W_A.dx^A = W_C .e^C ∈ ⊗_k(M ) we have the relation in a co-ordinate basis W_{A;i;j} − W_{A;j;i} = S_{Am}^{Bn}.W_B .P^m_{nij} + W_{A;l}.T_{ij}^l , (110) and in a non-co-ordinate basis W_{A/β/γ} − W_{A/γ/β} = S_{Aα}^{Bδ}.W_B .P^α_{δβγ} + W_{A/δ}.T_{βγ}^δ . (111) 5.2 Bianchi identities

If we write down the cycle of the action of the curvature operator on contravariant vector fields, i. e. if we write < [R(ξ, u)]v > = [R(ξ, u)]v + [R(v, ξ)]u + [R(u, v)]ξ , (112) and put the explicit form of every term in the cycle, then by the use of the covariant and the Lie differential operator, after some (not so difficult) calculations, we can find identities of the type written in the form [R(ξ, u)]v + [R(v, ξ)]u + [R(u, v)]ξ ≡ ≡ T (T (ξ, u), v) + T (T (v, ξ), u) + T (T (u, v), ξ)+ + (∇_ξT )(u, v) + (∇_vT )(ξ, u) + (∇_uT )(v, ξ) ,

(113)

or in the form < [R(ξ, u)]v > ≡ < T (T (ξ, u), v) > + < (∇_ξT )(u, v) > . (114) The identities are called Bianchi identities of first type (or of the type 1.), where < T (T (ξ, u), v) > ≡ T (T (ξ, u), v) + T (T (v, ξ), u) + T (T (u, v), ξ) , < (∇_ξT )(u, v) > ≡ (∇_ξ T )(u, v) + (∇_vT )(ξ, u) + (∇_uT )(v, ξ) , ∇_ξ [T (u, v)] = (∇_ξT )(u, v) + T (∇_ξu, v) + T (u, ∇_ξv) . By the use of the curvature operator and the covariant differential operator a new operator (∇_wR)(ξ, u) can be constructed in the form (∇_wR)(ξ, u) = [∇_w, R(ξ, u)] − R(∇_wξ, u) − R(ξ, ∇_wu) , (115) where [∇_w, R(ξ, u)] = ∇_w ∘ R(ξ, u) − R(ξ, u) ∘ ∇_w , w, ξ, u ∈ T (M ) . (∇_wR)(ξ, u) has the structure

(∇_wR)(ξ, u) = ∇_w∇_ξ∇_u − ∇_w∇_u∇_ξ + ∇_u∇_ξ∇_w − ∇_ξ∇_u∇_w+ + ∇_u∇_{∇w ξ} − ∇_{∇w ξ}∇_u + ∇_{∇w u}∇_ξ − ∇_ξ∇_{∇w u}+ +∇$ξu∇w − ∇w∇$ξu + ∇$ξ∇w u − ∇$u∇w ξ . (116)

This operator obeys the s. c. Bianchi identity of second type (or of the type 2.) < (∇_wR)(ξ, u) > ≡ < R(w, T (ξ, u)) > , (117) where < (∇_wR)(ξ, u) > ≡ (∇_wR)(ξ, u) + (∇_uR)(w, ξ) + (∇_ξR)(u, w) , < R(w, T (ξ, u)) > ≡ R(w, T (ξ, u)) + R(u, T (w, ξ)) + R(ξ, T (u, w)) . The Bianchi identity of type 2. can be written in a co-ordinate or in a nonco-ordinate basis as an identity of the components of the contravariant curvature tensor R^i_{j<kl;m>} ≡ R^i_{j<kn}.T_{lm>}^n ≡ − R^i_{jn<k}.T_{lm>}^n , (118) where R^i_{j<kl;m>} ≡ R^i_{jkl;m} + R^i_{jmk;l} + R^i_{jlm;k} , R^i_{j<kn}.T_{lm>}^n ≡ R^i_{jkn}.T_{lm}^n + R^i_{jmn}.T_{kl}^n + R^i_{jlr} .T_{mk}^r . (119)

For the commutator [∇_w, R(ξ, u)] = ∇_w ∘ R(ξ, u) − R(ξ, u) ∘ ∇_w the following commutation identity is valid: < [∇_w, R(ξ, u)] > ≡ − < R(w, £_ξu) > , (120) where < [∇_w, R(ξ, u)] > ≡ [∇_w, R(ξ, u)] + [∇_u, R(w, ξ)] + [∇_ξ, R(u, w)] , < R(w, £_ξu) > ≡ R(w, £_ξu) + R(u, £_wξ) + R(ξ, £_uw) . (121) The curvature operator and the Bianchi identities have been applied in differentiable manifolds with one affine connection. They can also find applications in considerations concerning the characteristics of differentiable manifolds with affine connections and metrics. The structure of the curvature operator induces a construction of an other operator called deviation operator.

6 Deviation operator

By means of the structure of the curvature operator, R(ξ, u) = ∇_ξ ∇_u − ∇_u∇_ξ − ∇$_{ξu} = [∇_ξ, ∇_u] − ∇_{[ξ,u]} , (122)

the commutator [∇_w, R(ξ, u)] [w, ξ, u ∈ T (M )] can be presented in the form [∇_w, R(ξ, u)] = [∇_w, £Γ(ξ, u)] + [∇_w, [∇_ξ, ∇_u]] − [∇_w, [£_ξ, ∇_u]] , (123) where £Γ(ξ, u) = £_ξ∇_u − ∇_u£_ξ − ∇$_{ξu} = [£_ξ, ∇_u] − ∇_{[ξ,u]} . (124) The operator £Γ(ξ, u) appears as a new operator, constructed by means of the Lie differential operator and the covariant differential operator [31] - [34].

Definition 16 The operator £Γ(ξ, u) is called deviation operator. Its properties contain the relations:

1. Action of the deviation operator on a function f : [£Γ(ξ, u)]f = 0 , f ∈ C^r(M ), r ≥ 2.

2. Action of the deviation operator on a contravariant vector field: [£Γ(ξ, u)](fv) = f[£Γ(ξ, u)]v , ξ, u, v ∈ T (M ), [£Γ(ξ, u)]v = v^β [£Γ(ξ, u)]e_β = v^j [£Γ(ξ, u)]∂_j = u^γ v^β [£Γ(ξ, e_γ )]e_β = u^jv^i[£Γ(ξ, ∂_j)]∂_i. The connections between the action of the deviation operator and that of the curvature operator on a contravariant vector field can be given in the form [£Γ(ξ, u)]v = [R(ξ, u)]v + [∇_u∇_v − ∇_{∇uv}]ξ− −T (ξ, ∇_uv) + ∇_u[T (ξ, v)] . (125)

In a co-ordinate basis [£Γ(ξ, ∂_l)]∂_k has the form

[£Γ(ξ, ∂_l)]∂_k = [ξ^i_{;k;l} − R^i_{klj} .ξ^j + (T_{jk}^i.ξ^j )_{;l}].∂_i = (£_ξ Γ^i_{kl}).∂_i , (126)

where ∇_{∂j} [T (ξ, ∂_i)] − T (ξ, ∇_{∂j} ∂_i) = (T_{li}^k.ξ^l)_{;j} .∂_k .

£_ξΓ^i_{kl} is called Lie derivative of contravariant affine connection along the contravariant vector field ξ. It can be written also in the form

£_ξΓ^i_{kl} = ξ^i_{,k,l} + ξ^j .Γ^i_{kl,j} − ξ^i_{,j} .Γ^j_{kl} + ξ^j_{,k}.Γ^i_{jl} + ξ^j_{,l}.Γ^i_{kj} . (127)

By means of £_ξΓ^i_{kl} the expression for [£Γ(ξ, u)]v can be presented in the form [£Γ(ξ, u)]v = v^k.u^l.(£_ξΓ^i_{kl}).∂_i = = [ξ^i_{;k;l}.v^k.u^l − R^i_{klj}.v^k.u^l.ξ^j + (T_{jk}^i.ξ^j )_{;l}.v^k.u^l].∂_i . (128)

In this way, the second covariant derivative ∇_u∇_vξ of the contravariant vector field ξ can be presented by means of the deviation operator in the form

∇_u∇_vξ = ([R(u, ξ)]v) + ∇_ξ∇_uv − £_ξ(∇_uv) − ∇_u[T (ξ, v)]+ +[£Γ(ξ, u)]v = = ([R(u, ξ)]v) + ∇_ξ∇_uv − ∇_u£_ξv − ∇$_{ξu}v − ∇_u[T (ξ, v)] . (129)

For v = u the last identity is called generalized deviation identity [31]. It is used for analysis of deviation equations in spaces with affine connection and metric (L_n-spaces, U_n-spaces and V_n-spaces), where deviation equations are considered with respect to their structure and solutions [35] - [39], and as a theoretical ground for gravitational wave detectors in (pseudo) Riemannian spaces without torsion (V_n-spaces) [40] - [46]. Deviation equations of Synge and Schild and its generalization for (L_n, g)-spaces are considered in [26].

2. Action of the deviation operator on contravariant tensor field

[£Γ(ξ, u)]V = u^γ .V^A.[£Γ(ξ, e_γ )]e_A = u^γ .V^B.(£_ξΓ^A_{Bγ} ).e_A = = −(S_{Bα}^{Aβ}.V^B .£_ξΓ^α_{βγ} .u^γ )e_A , V ∈ ⊗^k(M ) , (130) where £_ξΓ^A_{Bγ} = −S_{Bα}^{Aβ}.£_ξΓ^α_{βγ} , ([£Γ(ξ, u)]e_B) = (£_ξ Γ^A_{Bγ} ).u^γ .e_A = = −S_{Bα}^{Aβ} .[ξ^α_{/β/γ} − R^α_{βγδ}.ξ^δ + (T_{δβ}^α.ξ^δ )_{/γ} ].u^γ.e_A . (131)

3. The deviation operator obeys identity analogous to the 1. type Bianchi identity for the curvature operator ⟨[£Γ(ξ, u)]v⟩ ≡ ⟨(∇_ξ ∇_u − ∇_{∇ξu})v⟩ + ⟨T (T (ξ, u), v)⟩− −⟨T (u, ∇_ξv)⟩ , ξ, u, v ∈ T (M ) , (132) where

⟨[£Γ(ξ, u)]v⟩ = [£Γ(ξ, u)]v + [£Γ(v, ξ)]u + [£Γ(u, v)]ξ , ⟨(∇_ξ∇_u − ∇_{∇ξu})v⟩ = (∇_ξ∇_u − ∇_{∇ξu})v + (∇_v∇_ξ − ∇_{∇v ξ})u+ +(∇_u∇_v − ∇_{∇uv})ξ , ⟨T (u, ∇_ξv)⟩ = T (u, ∇_ξv) + T (v, ∇_uξ) + T (ξ, ∇_vu) . (133)

In a non-co-ordinate basis this identity obtains the form

(£_ξΓ^γ_{αβ} ).v^α.u^β + (£_uΓ^γ_{αβ}).ξ^α.v^β + (£_vΓ^γ_{αβ}).u^α.ξ^β ≡ ≡ ξ^γ_{/α/β}.v^α.u^β + u^γ_{/α/β}.ξ^α.v^β + v^γ_{/α/β} .u^α.ξ^β+ +T_{⟨αβ}^κT_{κδ⟩}^γ .v^α.ξ^β.u^δ− −T_{αβ}^γ .(u^α.v^β_{/δ}.ξ^δ + v^α.ξ^β_{/δ}.u^δ + ξ^α.u^β_{/δ}.v^δ) . (134)

The commutator of the covariant differential operator and the deviation operator obeys the following identity ⟨[∇_w, £Γ(ξ, u)]⟩ ≡ ⟨[∇_w, [£_ξ, ∇_u]]⟩ − ⟨R(w, £_ξu)⟩ , (135) where

⟨[∇_w, £Γ(ξ, u)]⟩ = [∇_w, £Γ(ξ, u)] + [∇_u, £Γ(v, ξ)] + [∇_ξ, £Γ(u, v)], ⟨[∇_w, [£_ξ, ∇_u]]⟩ = [∇_w, [£_ξ, ∇_u]] + [∇_u, [£_w, ∇_ξ]] + [∇_ξ, [£_u, ∇_w]] , ⟨R(w, £_ξu)⟩ = R(w, £_ξu) + R(u, £_wξ) + R(ξ, £_uw) , ξ, u, w ∈ T (M ). 4. The action of the deviation operator on covariant vector fields is determined by its structure and especially by the Lie differential operator.

In a non-co-ordinate basis

[£Γ(ξ, e_γ )]e^α = £_ξ∇_{eγ} e^α − ∇_{eγ} £_ξ e^α − ∇$_{ξeγ} e^α = (£_ξP^α_{βγ} ).e^β , (136)

where

£_ξP^α_{βγ} = ξ^δ .e_δP^α_{βγ} + P^α_{δγ} .e_βξ^δ + P^α_{δγ} .(P^δ_{βρ} + Γ^δ_{βρ} + C_{βρ}^δ).ξ^ρ −

−e_γ (e_β ξ^α) − e_γ [(P^α_{βρ} + Γ^α_{βρ} + C_{βρ}^α).ξ^ρ] −

−P^δ_{βγ} .[e_δξ^α + (P^α_{δρ} + Γ^α_{δρ} + C_{δρ}^α).ξ^ρ] + +P^α_{βδ}.(e_γ ξ^δ − C_{ργ}^δ.ξ^ρ) , (137) e_β ξ^δ = f_β^σ .e_σξ^κ.f^δ_κ , Γ^δ_{βρ} = f^δ_κ.f_β^σ .Γ^κ_{σρ} . (138)

The expression for £_ξP^α_{βγ} can also be written in the form

£_ξP^α_{βγ} = −P^α_{βγδ}.ξ^δ − ξ^α_{/β/γ} + T_{βδ}^α.ξ^δ_{/γ} + T_{βδ}^α_{/γ} .ξ^δ . (139)

£_ξP^α_{βγ} is called Lie derivative of the components P^α_{βγ} of the covariant affine connection P in a non-co-ordinate basis.

Special case: S = e^φ.C : f^α_β = e^φ.g^α_β , f^i_j = e^φ.g^i_j, f_i^j = e^{−φ}.g^j_i .

£_ξP^i_{jk} = −P^i_{jkl}.ξ^l − ξ^i_{;j;k} + T_{jl}^i.ξ^l_{;k} + T_{jl}^i_{;k}.ξ^l . (140)

The Lie derivative of the components of the covariant affine connection P could be used in considerations related to deviation equations for covariant vector fields.

7 Extended covariant differential operator. Extended derivative

If Γ^i_{jk} are components of a contravariant affine connection Γ and P^i_{jk} are components of a covariant affine connection P in a given (here co-ordinate) basis in a (L_n, g)-space, then Γ^i_{jk} and P^i_{jk}

Γ^i_{jk} = Γ^i_{jk} − A^i_{jk} , P^i_{jk} = P^i_{jk} − B^i_{jk} , A = A^i_{jk}.∂_i ⊗ dx^j ⊗ dx^k , B = B^i_{jk}.∂_i ⊗ dx^j ⊗ dx^k , A , B ∈ ⊗^1_2(M ) ,

are components (in the same basis) of a new contravariant affine connection Γ and a new covariant affine connection P respectively.

Γ and P correspond to a new [extended with respect to ∇_u, u ∈ T (M )] covariant differential operator^e∇_u

e∇_{∂k} ∂_j = Γ^i_{jk}.∂_i ,^e∇_{eβ} e_α = Γ^γ_{αβ}.e_γ , e∇_{∂k} dx^i = P^i_{jk}.dx^j ,^e∇_{eγ} e^α = P^α_{βγ} .e^β , with the same properties as the covariant differential operator ∇_u. If we choose the tensors A and B with certain predefined properties, then we can find Γ and P with predetermined characteristics. For instance, we can find P for which^e∇_ug = 0, ∀u ∈ T (M ), g ∈ ⊗_2(M ), although ∇_ug ≠ 0 for the covariant affine connection P . On the other side, A^i_{jk} and B^i_{jk} are related to each other on the basis of the commutation relations of^e∇_u and ∇_u with the contraction operator S. From

∇_u ∘ S = S ∘ ∇_u ,^e∇_u ∘ S = S ∘^e∇_u ,

we have

(S ∘^e∇_{∂k} )(∂_j ⊗ dx^i) = Γ^l_{jk}.f^i_l − A^l_{jk}.f^i_l + P^i_{lk}.f^l_j − B^i_{lk}.f^l_j ,

(^e∇_{∂k} ∘ S)(∂_j ⊗ dx^i) =^e∇_{∂k} (S(∂_j ⊗ dx^i)) =^e∇_{∂k} (f^i_j) = ∂_k(f^i_j) = f^i_{j,k} .

Therefore,

f^i_{j,k} = Γ^l_{jk}.f^i_l − A^l_{jk}.f^i_l + P^i_{lk}.f^l_j − B^i_{lk} .f^l_j .

Since (∇_{∂k} ∘ S)(∂_j ⊗ dx^i) = (S ∘ ∇_{∂k} )(∂_j ⊗ dx^i) leads to the relation f^i_{j,k} = Γ^l_{jk}.f^i_l + P^i_{lk}.f^l_j , we obtain the connection between A^i_{jk} and B^i_{jk} in the form A^l_{jk}.f^i_l + B^i_{lk}.f^l_j = 0.

Therefore, B^i_{jk} = − A^l_{mk}.f^i_l.f_j^m = − A^i_{jk} and A^i_{jk} = − B^m_{lk}.f^l_j.f_m^i = − B^i_{jk}. We can write^e∇_{∂k} in the form^e∇_{∂k} = ∇_{∂k} − A_{∂k} with A_{∂k} = A^i_{jk}.∂_i ⊗ dx^j._e ∇_u can also be written in the form^e∇_u = ∇_u−A_u with A_u = A^i_{jk}.u^k.∂_i⊗ dx^j. A_u appears as a mixed tensor field of second rank but acting on tensor fields as a covariant differential operator because^e∇_u is defined as covariant differential operator with the same properties as the covariant differential operator ∇_u.

Definition 17 Extended to ∇_u covariant differential operator. The linear differential operator^e∇_u : v →^e∇_uv = ~v, v, ~v ∈ ⊗^k_l(M ), with the properties of ∇_u.

From the properties of^e∇_u and ∇_u the properties of the operator A_u follow

A_u : v → A_uv , u ∈ T (M ) , v, A_uv ∈ ⊗^k_l(M ) .

(a) A_u(v + w) = A_uv + A_uw , v, w ∈ ⊗^k_l(M ). (b) A_u(f.v) = f.A_uv , f ∈ C^r(M ). (c) A_{u + v}w = A_uw + A_vw. (d) A_{f.u}v = f.A_uv. (e) A_uf = 0.

(f) A_u(v ⊗ w) = A_uv ⊗ w + v ⊗ A_uw , v ∈ ⊗^k_l(M ), w ∈ ⊗^m_r(M ). (g) A_u ∘ S = S ∘ A_u (commutation relation with the contraction operator S). All properties of A_u correspond to the properties of^e∇_u and ∇_u as well defined covariant differential operators. In fact, A_u can be defined as A_u = ∇_u −^e∇_u. If A_u is a given mixed tensor field, then^e∇_u can be constructed in an unique way.

On the grounds of the above considerations we can formulate the following proposition:

Proposition 18 To every covariant differential operator ∇_u and a given tensor field A_u ∈ ⊗^1_1(M ) acting as a covariant differential operator on tensor field in a (L_n, g)-space corresponds an extended covariant differential operator^e∇_u = ∇_u − A_u.

In accordance to its property (c): A_{u + v} = A_u +A_v, A_u has to be linear to u. On the other side, A_u as a mixed tensor field of second rank can be represented by the use of the existing in (L_n, g)-space contravariant and covariant metrics g and g respectively in the form A_u = g(A_u), where A_u is a covariant tensor field of second rank constructed by the use of a tensor field C and a contravariant vector field u in such a way that A_u is linear to u. There are at least three possibilities for construction of a covariant tensor field of second rank A_u in such a way that A_u is linear to u, i. e. A_u = C(u) = C_{ij}(u).dx^i ⊗ dx^j with 1. A_u = C(u) = A(u) = A_{ijk}.u^k.dx^i ⊗ dx^j, A = A_{ijk}.dx^i ⊗ dx^j ⊗ dx^k ∈ ⊗_3(M ), u ∈ T (M ). 2. A_u = C(u) = ∇_uB = B_{ij;k}.u^k.dx^i ⊗ dx^j, B = B_{ij}.dx^i ⊗ dx^j ∈ ⊗_2(M ), u ∈ T (M ). 3. A_u = C(u) = A(u) + ∇_uB, A(u) = A_{ijk}.u^k.dx^i ⊗ dx^j, A = A_{ijk}.dx^i ⊗ dx^j ⊗ dx^k ∈ ⊗_3(M ), u ∈ T (M ); ∇_uB = B_{ij;k}.u^k.dx^i ⊗ dx^j, B = B_{ij} .dx^i ⊗ dx^j ∈ ⊗_2(M ), u ∈ T (M ).

An extended covariant differential operator^e∇_u = ∇_u − A_u can obey additional conditions determining the structure of the mixed tensor field A_u (acting on tensor fields as a covariant differential operator). One can impose given conditions on^e∇_u leading to determined properties of A_u and vice versa: one can impose conditions on the tensor field A_u leading to determined properties of e∇_u. Every extended covariant differential operator as well as every covariant differential operator have their special type of transports of covariant vector fields.

8 Metrics

The notion contraction operator has been introduced, acting on two vectors belonging to two different vector spaces with equal dimensions in a point of a differentiable manifold M and juxtaposing to them a function over M . If a contraction operator is acting on two vectors belonging to one and the same vector space, then this operator is connected with the notion metric.

Definition 19 Metric. Contraction operator S acting on two vectors of one and the same vector space and mapping them to an element of the field F (R or C).

Definition 20 Metric over a differentiable manifold M . Contraction operator S, acting on two vector fields which vectors in every given point x ∈ M belong to one and the same vector space, i.e. S : (u, v) → S(u, v) ∈ C^r (M ), u_x, v_x ∈ N_x(M ).

8.1 Covariant metric

Definition 21 Covariant metric. Contraction operator S, acting on two contravariant vector fields over a manifold M , which action is identified with the action of a covariant symmetric tensor field of rank two on the two vector fields, i.e. S(u, v) ≡ g(u, v) := S(g, q) = S(g, u ⊗ v) = S(g ⊗ (u ⊗ v)) , q = u ⊗ v. (141) The tensor g = g_{αβ} .e^α.e^β = g_{ij}.dx^i.dx^j is called covariant metric tensor field (covariant metric) and g(x) = g_x ∈ ⊗_{2/x}(M ) is called covariant metric tensor (covariant metric) at a point x ∈ M .

(a) Action of the covariant metric on two contravariant vector fields in a co-ordinate basis g(u, v) = g_{kl}.f^k_i.f^l_j.u^i.v^j = g_{ij}u^i.v^j = g_{kl}.u^k.v^l = u_l.v^l = u_j .v^j , g_{ij} = f^k_i.f^l_j.g_{kl} , u^k = f^k_i.u^i , u_j = g_{ij}.u^i , u_l = g_{kl}.u^k = g_{kl}.u^k .

(142)

Remark 4 g(u, v) is also called scalar product of the contravariant vector fields u and v over the manifold M . When v = u, then g(u, u) = g_{αβ} .u^α.u^β = g_{αβ}.u^α.u^β = u_α.u^α = u_α.u^α = (143) := u^2 = ± | u |^2:= ± l^2_u , (144)

and g(u, u) = u^2 = ± l^2_u is called the square of the length of the contravariant vector field u.

(b) The action of the covariant metric on a contravariant vector field u can be introduced by means of the contraction operator S in a co–ordinate basis as g(u) := S^j_k(g, u) = S^j_k(g_{ij}.dx^i.dx^j, u^k.∂_k) = = g_{ij}.u^k.S^j_k(dx^i.dx^j, ∂_k) = g_{ij}.u^k.f^j_k.dx^i = = g_{ik}.u^k.dx^i = g_{ij}.u^j.dx^i = u(g) , g_{ik} = g_{ij}.f^j_k . (145)

Remark 5 The abbreviation u(g) is equivalent to the abbreviation (u)(g) := S(u, g). It should not be considered as the result of the action of the contravariant vector field u on g. Such action of u on g is (until now) not defined.

The action of the covariant metric g on a contravariant vector field u considered in index form (in a given basis) is called lowering indices by means of g. The result of the action of g on u ∈ T (M ) is a covariant vector field g(u) ∈ T^∗(M ). On this ground, g can be defined as linear mapping (operator) which maps every element of T (M ) in a corresponding element of T^∗(M ), i.e. g : u → g(u) ∈ T^∗(M ), u ∈ T (M ).

8.1.1 Covariant symmetric affine connection In a non-co-ordinate basis the covariant affine connection P will have the form

P^γ_{αβ} = P^γ_{αβ} + 1 2 .U^γ_{αβ} , (146)

where P^γ_{αβ} =^1_2 (P^γ_{αβ} + P^γ_{βα} + C_{αβ}^γ ) , U^γ_{αβ} = P^γ_{αβ} − P^γ_{βα} − C_{αβ}^γ = −U^γ_{βα} .

(147)

The components of the covariant derivative of covariant metric tensor field g can be presented by means of the covariant symmetric affine connection. If

g_{αβ;γ} = e_γ g_{αβ} + P^δ_{αγ} .g_{δβ} + P^δ_{βγ} .g_{αδ} (148)

is the covariant derivative of the components g_{αβ} of the covariant metric tensor g with respect to the covariant symmetric affine connection P in a non-co-ordinate basis, then g_{αβ/γ} = g_{αβ;γ} + 1 2 (U^δ_{αγ} .g_{δβ} + U^δ_{βγ} .g_{αδ}) . (149)

On the other side, the components of the covariant symmetric affine connection P^δ_{αβ} can be written in the form g_{δγ} .P^δ_{αβ} = −{αβ, γ} + K_{αβγ} + C_{αβγ} +^1_2 (g_{δα}.U^δ_{βγ} + g_{δβ}.U^δ_{αγ} ) = = −{αβ, γ} + C_{αβγ} +^1_2 (g_{αγ;β} + g_{βγ;α} − g_{αβ;γ} ) , (150)

where {αβ, γ} =^1_2 (e_αg_{βγ} + e_βg_{αγ} − e_γ g_{αβ}) , K_{αβγ} =^1_2 (g_{αγ/β} + g_{βγ/α} − g_{αβ/γ} ) , C_{αβγ} =^1_2 (g_{δα}.C_{βγ}^δ + g_{δβ}.C_{αγ}^δ + g_{δγ} .C_{αβ}^δ ) .

(151)

By means of the last expressions P^γ_{αβ} can be represented in the form g_{δγ} .P^δ_{αβ} = −{αβ, γ} + K_{αβγ} + U_{αβγ} + C_{αβγ} , (152) where U_{αβγ} = 1 2 (g_{δα}.U^δ_{βγ} + g_{δβ}.U^δ_{αγ} + g_{δγ} .U^δ_{αβ}) . (153)

In the special case, when the condition g_{αβ;γ} = 0 is required, then the following proposition can be proved:

Proposition 22 The necessary and sufficient condition for g_{αβ;γ} = 0 is the condition g_{δγ} .P^δ_{αβ} = −{αβ, γ} + C_{αβγ} . (154)

The proof follows imediately from (150).

In a co-ordinate basis the covariant derivative of the components g_{ij} of g can in analogous way be presented by means of the components P^i_{jk} of the covariant symmetric affine connection g_{ij;k} = g_{ij,k} + P^l_{ik}.g_{lj} + P^l_{jk}.g_{il} +^1_2 (U^l_{ik}.g_{lj} + U^l_{jk}.g_{il}) = = g_{ij/k} +^1_2 (U^l_{ik}.g_{lj} + U^l_{jk}.g_{il}) ,

(155)

where g_{ij/k} = g_{ij,k} + P^l_{ik}.g_{lj} + P^l_{jk}.g_{il} . (156) 8.1.2 Action of the Lie differential operator on the covariant metric In a co-ordinate basis £_ξg will take the form £_ξg = (£_ξ g_{ij}).dx^i.dx^j = = [g_{ij;k}.ξ^k + g_{kj}.ξ^k_{;i} + g_{ik}.ξ^k_{;j} + (g_{kj}.T^k_{li} + g_{ik}.T^k_{lj} ).ξ^l].dx^i.dx^j . (157)

The following relations are also fulfilled:

£_ξ [g(u, v)] = ξ[g(u, v)] = (£_ξg)(u, v) + g(£_ξu, v) + g(u, £_ξv) , £_ξ[g(u)] = (£_ξg)(u) + g(£_ξ u) , ξ, u, v ∈ T (M ) . (158) The action of the Lie differential operator is called dragging-along a contravariant vector field. On the basis of draggings-along the metric tensor field g notions as arbitrary (non-metric) draggings-along, quasi-projective draggingsalong, conformal motions and motions can be defined and considered in analogous way as in (L_n, g)-spaces. Here we will only define different types of draggings-along.

1. Arbitrary (non-metric) draggings-along £_ξg = q_ξ , ∀ξ ∈ T (M ) , q_ξ ∈ ⊗_{sym2}(M ) ,

2. Quasi-projective draggings-along

£_ξg = 1 2 [p ⊗ g(ξ) + g(ξ) ⊗ p] , ξ ∈ T (M ) , p ∈ T^∗(M ) .

3. Conform-invariant draggings-along (conformal motions)

£_ξg = λ.g , λ ∈ C^r(M ) , ξ ∈ T (M ) .

4. Isometric draggings-along (motions)

£_ξg = 0 , ξ ∈ T (M ) .

For all types of draggings-along changes of the scalar product of two contravariant vector fields and the changes of the length of these fields can be found and used in the analogous way as in (L_n, g)-spaces.

8.2 Covariant projective metric

If a covariant metric field g is given and there exists a contravariant vector field u which square of the length g(u, u) = e ≠ 0, then a new covariant tensor field can be constructed orthogonal to the vector field u. It possesses properties analogous to these of the covariant tensor field g acting on contravariant vector fields in every orthogonal to u(x) = u_x ∈ T_x(M ) subspace T^{⊥u}_x (M ) in T_x(M ), where (T^{⊥u}_x (M ) = {ξ_x} : g_x(ξ_x, u_x) = 0), g_x ∈ ⊗_{sym2/x}(M ).

Definition 23 Covariant projective metric. Covariant metric, orthogonal to a given non-isotropic (non-null) vector field u [e = g(u, u) ≠ 0], i.e. covariant metric h_u satisfying the condition h_u(u) = u(h_u) = 0 and constructed by means of the covariant metric g and u in the form h_u = g − 1 g(u, u) .g(u) ⊗ g(u) = g − 1 e .g(u) ⊗ g(u) . (159)

The properties of the covariant projective metric follow from its construction and from the properties of the covariant metric g:

(a) h_u(u) = u(h_u) = 0, [g(u)](u) = g(u, u) = e. (b) h_u(u, u) = 0.

(c) h_u(u, v) = h_u(v, u) = 0 , ∀v ∈ T (M ).

8.3 Contravariant metric

Definition 24 Contravariant metric. Contraction operator S, acting on two covariant vector fields over a manifold M which action is identified with the action of a contravariant symmetric tensor field of rank two on the two vector fields, i.e. S(p, q) ≡ g(p, q) := S(g, w) := S(g, p ⊗ q) = S(g ⊗ (p ⊗ q)) , w = p ⊗ q , The tensor field g = g^{αβ} .e_α.e_β = g^{ij} .∂_i.∂_j is called contravariant metric tensor field (contravariant metric). g(x) = g_x ∈ ⊗^2_x(M ) is called contravariant metric tensor in x ∈ M .

The properties of the contravariant metric are determined by the properties of the contraction operator and its identification with the contravariant symmetric tensor field of rank 2. On this basis the following properties can be proved:

(a) Action of the contravariant metric on two covariant vector fields in a co-ordinate basis g(p, q) = g^{kl}.f^i_k.f^j_l.p_i.q_j = g^{ij} .p_i.q_j = g^{kl}.p_k.q_l = p^j .q_j = p_k.q^k , p_k = f^i_k.p_i , q_l = f^j_l.q_j , p^j = g^{ji}.p_i .

[When q = p, then g(p, p) = p^2 = ± | p |^2 is called square of the length of the covariant vector field p.]

(b) Action of the contravariant metric g on covariant vector field g(p) = p(g) = g^{ij} .p_k.f^k_j .∂_i = g^{ij} .p_j.∂_i = g^{ik}.p_k.∂_i = p^i.∂_i , g^{ik} = g^{il}.f^k_l , p^i = g^{ij} .p_j = g^{ij}.p_j ,

The action of the contravariant metric g on covariant vector field p in a given basis is called raising of indices by means of the contravariant metric. The result of this action is a contravariant vector field g(p). On this basis g can be defined as a linear mapping (operator) which maps an element of T^∗(M ) in an element of T (M ):

g : p → g(p) ∈ T (M ) , p ∈ T^∗(M ) .

The connection between the contravariant and covariant metric can be determined by the conditions

g[g(u)] = u , u ∈ T (M ) , g[g(p)] = p , p ∈ T^∗(M ) . (160)

In a co-ordinate basis these conditions take the forms:

g^{ij} .g_{jk} = g^i_k , g_{ij}.g^{jk} = g^k_i . (161)

From the last expressions the relation follows

g[g] = g_{ij}g^{ij} = n , g[g] = g^{ij} .g_{ij} = n , dim M = n . (162)

8.3.1 Contravariant symmetric affine connection From the transformation properties of the components of the contravariant affine connection, it follows that the quantity 1 2 (Γ^γ_{αβ} + Γ^γ_{βα} − C_{αβ}^γ ) or 1 2 (Γ^k_{ij} + Γ^k_{ji})

has the same transformation properties as the contravariant affine connection itself. This fact can be used as usual for representing the contravariant affine connection by means of its symmetric and anti-symmetric part in the form

Γ^k_{ij} = Γ^k_{ij} −^1_2 T^k_{ij} , Γ^k_{ij} =^1_2 (Γ^k_{ij} + Γ^k_{ji}) , T^k_{ij} = Γ^k_{ji} − Γ^k_{ij} , (in a co-ordinate basis) , Γ^γ_{αβ} = Γ^γ_{αβ} −^1_2 T^γ_{αβ} , Γ^γ_{αβ} =^1_2 (Γ^γ_{αβ} + Γ^γ_{βα} − C_{αβ}^γ ) , T^γ_{αβ} = Γ^γ_{βα} − Γ^γ_{αβ} − C_{αβ}^γ , (in a non-co-ordinate basis) .

(163)

Γ^k_{ij} (Γ^γ_{αβ} ) are called components of the contravariant symmetric affine connection in a co-ordinate (respectively in a non-co-ordinate) basis.

The components of the covariant derivative of the contravariant metric tensor field g can be represented by means of the contravariant symmetric affine connection. If we introduce the abbreviations

g^{αβ}_{;γ} = e_γ g^{αβ} + Γ^α_{δγ} .g^{δβ} + Γ^β_{δγ} .g^{αδ} (in a non-co-ordinate basis) , g^{ij}_{/k} = g^{ij}_{,k} + Γ^i_{lk}.g^{lj} + Γ^j_{lk}.g^{il} (in a co-ordinate basis) ,

(164)

where g^{αβ}_{;γ} is the covariant derivative of the components of the contravariant metric tensor g with respect to the contravariant symmetric affine connection Γ in a non-co-ordinate basis, then g^{αβ}_{/γ} = g^{αβ}_{;γ} − 1 2 (T^α_{δγ} .g^{δβ} + T^β_{δγ} .g^{αδ}) . (165)

By means of the explicit expression for g^{αβ}_{/κ}.g^{κγ} and the usual method for expressing the components of the symmetric affine connection the components of the contravariant symmetric affine connection can be represented in the form g^{αδ}.g^{βκ}.Γ^γ_{δκ} = K^{αβγ} − {^{αβ,γ} } − C^{αβγ} − 1 2 g^{γδ}(g^{βκ}T^α_{κδ} + g^{ακ}T^β_{κδ} ) , (166)

where {^{αβ,γ} } =^1_2 (g^{ακ}.e_κg^{βγ} + g^{βκ}.e_κg^{αγ} − g^{γκ}.e_κg^{αβ}) , K^{αβγ} =^1_2 (g^{αγ}_{/κ}.g^{βκ} + g^{βγ}_{/κ}.g^{ακ} − g^{αβ}_{/κ}.g^{γκ}) , C^{αβγ} =^1_2 (g^{γδ}.g^{βκ}.C_{κδ}^α + g^{γδ} .g^{ακ}.C_{κδ}^β + g^{αδ}.g^{βκ}.C_{δκ}^γ ) . (167)

{^{αβ,γ} } are called Christoffel symbols of the first kind for the contravariant symmetric affine connection in a non-co-ordinate basis.

The components Γ^γ_{αβ} of the contravariant affine connection Γ can be written by means of the last abbreviations in the form g^{αδ}.g^{βκ}.Γ^γ_{δκ} = −{^{αβ,γ} } + K^{αβγ} − T^{αβγ} − C^{αβγ} , (168) where T^{αβγ} = 1 2 (g^{γδ}.g^{βκ}.T^α_{κδ} + g^{γδ} .g^{ακ}.T^β_{κδ} + g^{αδ}.g^{βκ}.T^γ_{δκ} ) . (169) By using the connections between the components of the covariant metric, the components of the contravariant metric and their derivatives g_{αβ} .g^{βγ} = g^γ_α , g_{αδ}.e_κg^{δγ} = −g^{δγ} .e_κ(g_{αδ}) , g_{αδ}.g^{γδ}_{/κ} = −g^{γδ}.g_{αδ/κ} , (170) the components of the contravariant affine connection Γ can be represented in a non-co-ordinate basis in the form

Γ^γ_{αβ} = {^γ_{αβ}} − K_{αβ}^γ − S_{αβ}^γ − C_{αβ}^γ , (171) where

{^γ_{αβ}} =^1_2 g^{γδ} [e_β(g_{αδ} ) + e_α(g_{βδ}) − e_δ(g_{αβ})] = = −g_{αρ}.g_{βσ}.{^{ρσ,γ} } , K_{αβ}^γ = −g_{αρ}.g_{βσ}.K^{ρσγ} , S_{αβ}^γ = −g_{αρ}.g_{βσ}.T^{ρσγ} , C_{αβ}^γ = −g_{αρ}.g_{βσ}.C^{ρσγ} . (172)

{^γ_{αβ}} are called generalized Christoffel symbols of the second kind for the contravariant symmetric affine connection in a non-co-ordinate basis.

In analogous way, when a contravariant and covariant metric fields are given, the covariant affine connection can be presented by means of the both types of tensor metric fields in the form

P^γ_{αβ} = −{^γ_{αβ}} + K_{αβ}^γ + U_{αβ}^γ + C_{αβ}^γ , (173)

where {^γ_{αβ} } = g^{γσ} .{αβ, γ} , K_{αβ}^γ = g^{γσ} .K_{αβσ} , U_{αβ}^γ = g^{γσ}.U_{αβσ} , C_{αβ}^γ = g^{γσ}.C_{αβσ} . (174)

{^γ_{αβ}} are called generalized Christoffel symbols of the second kind for the covariant symmetric affine connection in a non-co-ordinate basis.

The same expressions can be obtained also in a co-ordinate basis. For the special case, when the condition of vanishing of the covariant derivatives of the contravariant metric with respect to the contravariant symmetric affine connection is required, i.e. g^{αβ}_{;γ} = 0, then the components of the contravariant symmetric affine connection can be written in the form Γ^γ_{αβ} = {^γ_{αβ}} − C_{αβ}^γ . The last expression is the necessary and sufficient condition for g^{αβ}_{;γ} = 0.

In a co-ordinate basis the necessary and sufficient condition for g^{ij}_{/k} = 0 takes the form Γ^k_{ij} = {^k_{ij}}.

On the basis of the connection between the covariant derivative of the contravariant tensor metric field and the covariant derivative of the covariant tensor metric field ∇_ξg = −g(∇_ξg)g , (∇_ξ g)[g(u)] = −g[(∇_ξg)(u)] , ∀ξ, ∀u ∈ T (M ) , ∇_ξ g = −g(∇_ξg)g , (∇_ξg)[g(p)] = −g[(∇_ξ g)(p)] , ∀ξ ∈ T (M ), ∀p ∈ T^∗(M ) , one can prove that there is one-to-one correspondence between the transports of g and g. Every transport of the covariant tensor metric field g induces a corresponding transport of the contravariant tensor metric field g and vice versa.

8.4 Contravariant projective metric

The notion of contravariant projective metric with respect to a non-isotropic (non-null) contravariant vector field u can be introduced in two different ways:

(a) by definition h^u = g − 1 g(u, u) .u ⊗ u = g − 1 e .u ⊗ u , e = g(u, u) ≠ 0 , (175)

(b) by inducing from the covariant projective metric using the relations between the covariant and contravariant metric

h^u = g(h_u)g = g − 1 e .u ⊗ u , g(g)g = g , g(g(u) ⊗ g(u))g = u ⊗ u . (176) h^u is called contravariant projective metric with respect to the non-isotropic contravariant vector field u.

The properties of the contravariant projective metric are determined by its structure.

9 Bianchi identities for the covariant curvature tensor

9.1 Bianchi identity of first type for the covariant curvature tensor

The existence of contravariant and covariant metrics allow us to consider the action of the curvature operator on a covariant vector field g(v) = g_{αβ}.v^β .e^α = g_{ij}.v^j .dx^i, constructed by the use of the covariant metric g and a contravariant vector field v.

The identity < g{([R(ξ, u)]g)(v)} > ≡ < g([R(ξ, u)][g(v)]) > − < [R(ξ, u)]v >≡ ≡ < g([R(ξ, u)][g(v)]) > − < T (T (ξ, u), v) > − < (∇_ξT )(u, v) > (177) is called Bianchi identity of first type (of the type 1.) for the covariant curvature tensor.

In a co-ordinate basis the Bianchi identity of first type will have the forms P^l_{<ijk>} ≡ −g^{mn}.R^l_{m<ij}.g_{k>n} , (178) R^l_{<ijk>} ≡ −g^{lm} .g_{mn}.P^n_{<ijk>} ≡ T_{<ij}^l_{;k>} + T_{<ij}^m.T_{mk>}^l . (179) It is obvious that the form of the Bianchi identity of first type for the components of the covariant curvature tensor is not so simple as the form of the Bianchi identity for the components of the contravariant curvature tensor.

9.2 Bianchi identity of second type for the covariant curvature tensor

The action of the operator (∇_wR)(ξ, u) can be extended to an action on covariant vector and tensor fields in an analogous way as in the case of contravariant vector and tensor fields. By the use of the relation ∇_w{[R(ξ, u)]p} = [(∇_wR)(ξ, u)]p + [R(∇_wξ, u)]p + + [R(ξ, ∇_wu)]p + [R(ξ, u)](∇_wp) , w, ξ, u ∈ T (M ) , p ∈ T^∗(M ) , (180) we can find the identity < (∇_wR)(ξ, u) > p ≡ < R(w, T (ξ, u)) > p , (181) where < (∇_wR)(ξ, u) > p = [(∇_wR)(ξ, u)]p + [(∇_uR)(w, ξ)]p + [(∇_ξR)(u, w)]p , < R(w, T (ξ, u)) > p = [R(w, T (ξ, u))]p + [R(u, T (w, ξ))]p + +[R(ξ, T (u, w))]p . (182)

The identity (181) is called Bianchi identity of second type (of type 2.) for the covariant curvature tensor.

The Bianchi identity of second type will have the form in a co-ordinate basis P^i_{j<kl;m>} = P^i_{jkl;m} + P^i_{jmk;l} + P^i_{jlm;k} ≡ ≡ P^i_{j<kn}.T_{lm>}^n = P^i_{jkn}.T_{lm}^n + P^i_{jmn}.T_{kl}^n + P^i_{jlr} .T_{mk}^r . (183)

10 Invariant volume element

10.1 Definition and properties

The notion of volume element of a manifold M can be generalized to the notion of invariant volume element [14].

Definition 25 The volume element of a manifold M (dim M = n)

d^{(n)}x = d^{(n)}x = dx^1 ∧ ... ∧ dx^n (in a co-ordinate basis), dV_n = e^1 ∧ ... ∧ e^n (in a non-co-ordinate basis).

The properties of the volume element could be represented as follows:

d^{(n)}x =^1_{n!} .ε_A.ω^A =^1_{n!} .ε_A.d^x^A , d^{(n}

0_) x^′ = J^{−1}.d^{(n)}x , dV_n =^1_{n!} .ε_A.ω^A =^1_{n!} .ε_A.^e^A , dV^′_n = J^{−1}.dV_n ,

(184)

where J = det(A_α0^α) = det(∂x^i/∂x^i 0 ), dV^′_n = e^1 0 ∧ ...e^n 0 , ε_A = ε_{i1...in} , ω^A = dx^{i1} ∧ ... ∧ dx^{in} , ε_A is the Levi-Civita symbol [14], ε_A0.ω^A 0 = J^{−1}.ε_A.ω^A , ε_A.ω^A = J.ε_A0.ω^A 0 , ε_A0.d^x^A 0 = J^{−1}.ε_A.d^x^A , ε_A.d^x^A = J.ε_A0.d^x^A 0 , d^{(n)}x =^1_{n!} .ε_A.ω^A = J.^1_{n!} .ε_A0 .ω^A 0 =^1_{n!} .J.ε_A0.d^x^A 0 . The transformation properties of the volume element are corresponding to these of a tensor density of the weight ω = −^1_2 . Therefore, for the construction of an invariant volume element (keeping its form and independent of the choice of a full anti-symmetric tensor basis) it is necessary the volume element to be multiplied with a tensor density with the weight ω =^1_2 and rank 0. Since the covariant metric tensor field is connected with the basic characteristics of contravariant (and covariant) vector fields and determines along with them notions (such as length of a contravariant vector, cosine of the angle between two contravariant vectors) which in the Euclidean geometry are related to the notion volume element, the covariant metric tensor density ~Q_g with a weight ω =^1_2 and rank 0 ( ~Q_g =| d_g |^{12} ) appears as a suitable multiplier to a volume element [50].

Definition 26 The invariant volume element dω of a manifold M (dim M = n). dω = √ −d_g.d^{(n)}x :=^1_{n!} .ε_A.ω^A , ω^A = √ −d_g. ω^A , d_g < 0 , (invariant volume element in a co-ordinate basis), dω = √ −d_g.dV_n , d_g < 0 , (invariant volume element in a non-co-ordinate basis).

From the transformation properties of √ −d_g : √ −d^′_g = ±J. √ −d_g the invariance of the invariant volume element follows: dω^′ = ± dω, where dω^′ = √ −d^′_g .d^{(n} 0_) x^′ (in a co-ordinate basis), dω^′ = √ −d^′_g .dV^′_n (in a non-co-ordinate basis). (185)

Remark 6 The sign (−) in ± dω can be omitted because of the identical configuration (order, orientation) of the basic vector fields in the old and in the new tensor basis.

From the definition of the invariant volume element the relations connected with its structure follow: dω^′ = 1 n! . √ −d^′_g.ε_A0.ω^A 0 = 1 n! . √ −d_g.ε_A.dω^A = dω . (186) 10.2 Action of the covariant differential operator on an invariant volume element

The action of the covariant differential operator on an invariant volume element is determined by its action on the elements of the construction of the invariant volume element (the Levi-Civita symbols, the full anti-symmetric tensor basis, the metric tensor density). From dω =^1_{n!} .ε_A.ω^A and ∇_ξ(dω), it follows

∇_ξ(dω) = ∇_ξ[ 1 n! .(ε_A.ω^A)] = 1 n! [(ξε_A).ω^A + ε_A.∇_ξω^A] . (187)

∇_ξ(dω) can be written in the form ∇_ξ(dω) = 1 2 .g[∇_ξg]. 1 n! .ε_A.ω^A = 1 2 .g[∇_ξ g].dω . (188) ∇_ξ(dω) is called covariant derivative of the invariant volume element dω along the contravariant vector field ξ.

10.3 Action of the Lie differential operator on an invariant volume element

The action of the Lie differential operator on an invariant volume element is determined in analogous way as the action of the covariant differential operator

£_ξ(dω) =^1_{n!} .£_ξ(ε_A.ω^A) =^1_{n!} [(ξε_A).ω^A + ε_A.£_ξω^A] = =^1_{n!} .ε_A.£_ξω^A .

(189)

After some computation, it follows for £_ξ(dω)

£_ξ(dω) =^1_{n!} .ε_A.^1_2 .g[£_ξg].ω^A =^1_2 .g[£_ξg].^1_{n!} .ε_A.ω^A ,

£_ξ(dω) =^1_2 .g[£_ξg].dω .

(190)

£_ξ(dω) is called Lie derivative of the invariant volume element dω along the contravariant vector field ξ.

Special case: Metric transports (∇_ξg = 0) : ∇_ξ (dω) = 0. Special case: Isometric draggings along (motions) (£_ξ g = 0) : £_ξ(dω) = 0. . In some cases, when the conservation of the volume is required as an additional condition, one can introduce a new covariant differential operator or a new Lie differential operator which do not change the invariant volume element, i. e. they act on dω in an analogous way as ∇_ξ and £_ξ act on constant functions.

10.4 Covariant differential operator preserving the invariant volume element

The variation of the invariant volume element dω under the action of the covariant differential operator ∇_ξ ∇_ξ(dω) = 1 2 .g[∇_ξg].dω allows the introduction of a new covariant differential operator^ω∇_ξ preserving by its action the invariant volume element.

Definition 27^ω∇_ξ is a covariant differential operator preserving the invariant volume element dω along a contravariant vector field ξ ω ∇_ξ = ∇_ξ − 1 2 .g[∇_ξg] . The properties of^ω∇_ξ are determined by the properties of the covariant differential operator and the existence of a covariant metric tensor field g connected with its contravariant metric tensor field g:

(a) Action on an invariant volume element dω: ω∇_ξ(dω) = 0 , (191) It follows from the definition of^ω∇_ξ and (188). (b) Action on a contravariant basic vector field: ω∇_{∂j} ∂_i = (Γ^k_{ij} − 1 2 .g^{lm}.g_{lm;j} .g^k_i ).∂_k . (192) (c) Action on a covariant basic vector field: ω∇_{∂j} dx^i = (P^i_{kj} − 1 2 .g^{lm}.g_{lm;j} .g^i_k).dx^k . (193) (d) Action on a function f over M ω∇_ξf = ξf − 1 2 .g[∇_ξg].f , f ∈ C^r(M ) , r ≥ 1 . (194) If we introduce the abbreviations

Q_β = g[∇_{eβ} g] = g^{γδ} .g_{γδ/β} , Q_j = g[∇_{∂j} g] = g^{kl}.g_{kl;j} , (195) Q = Q_β.e^β = Q_j .dx^j , (196) ωΓ^γ_{αβ} = Γ^γ_{αβ} − 1 2 .g^γ_α.Q_β ,^ωP^α_{γβ} = P^α_{γβ} − 1 2 .g^α_γ .Q_β , (197) Q_ξ = g[∇_ξg] = Q_β.ξ^β = Q_j.ξ^j = 2._cθ_ξ , (198) then^ω∇_ξ, (192), and (193) can be written in the form ω∇_ξ = ∇_ξ − 1 2 .Q_ξ , (199) ω∇_{eβ} e_α =^ωΓ^γ_{αβ}.e_γ ,^ω∇_{∂j} ∂_i =^ωΓ^k_{ij}.∂_k , (200) ω∇_{eβ} e^α =^ωP^α_{γβ} .e^γ ,^ω∇_{∂j} dx^i =^ωP^i_{kj}.dx^k . (201) ωΓ^γ_{αβ} are called components of the contravariant affine connection^ωΓ preserving the invariant volume element dω in a non-co-ordinate basis,^ωP^γ_{αβ} are called components of the covariant affine connection^ωP preserving the invariant volume element dω in a non-co-ordinate basis.

Since^ωΓ^γ_{αβ} and^ωP^γ_{αβ} differ from Γ^γ_{αβ} and P^γ_{αβ} respectively with the components of a mixed tensor field^1_2 .g^γ_α.Q_β of rank 3,^ωΓ and^ωP will have the same transformation properties as the affine connections Γ and P respectively.

The action of^ω∇_ξ on a contravariant vector field u can be written in the form ω∇_ξu = ∇_ξ u − 1 2 .Q_ξ.u . (202)

If u is considered as a tangential vector field to a curve x^i(τ ), i. e. u = d dτ = u^α.e_α = u^i.∂_i , u^i = dx^i dτ , (203)

u^α = A_i^α.u^i = A_i^α. dx^i dτ , e_α = A_α^k.∂_k , A_i^α.A_α^k = g^k_i , (204)

and the parameter τ is considered as a function of another parameter λ [with one to one (injective) mapping between τ and λ], i. e.

τ = τ (λ) , λ = λ(τ ) , (205) u = d dτ = dλ dτ . d dλ = dλ dτ .v , v = d dλ , (206)

then^ω∇_ξu can be represented by means of the vector field v and ∇_ξv in the form ω∇_ξ u = dλ dτ .∇_ξv + [ξ( dλ dτ ) − 1 2 .Q_ξ. dλ dτ ].v . (207)

If an additional condition for a relation between λ and τ is given in the form ξ( dλ dτ ) − 1 2 .Q_ξ. dλ dτ = 0 , (208)

then for an arbitrary vector field ξ a solution for λ = λ(τ ) exists in the form

λ = λ_0 + λ_1. ∫ [exp( 1 2 ∫ Q_i.dx^i)].dτ , Q_i = Q_i(x^k) , λ_0, λ_1 = const. (209)

and the connection between^ω∇_ξu and ∇_ξv is obtained in the form ω∇_ξu = dλ dτ .∇_ξv = [λ_1. exp( 1 2 ∫ Q_i.dx^i)].∇_ξv , λ_1 = const. (210)

It follows from the last expression that there is a possibility the action of^ω∇_ξ on a contravariant vector field u (as a tangential vector field to a given curve) to be juxtaposed to the action of ∇_ξ on the corresponding to vector field u vector field v (obtained after changing the parameter of the curve). If the vector field v fulfils the condition for an auto-parallel transport along ξ, induced by the covariant differential operator ∇_ξ (∇_ξv = 0), then the vector field u will also fulfil the auto-parallel condition along ξ induced by the covariant differential operator^ω∇_ξ (^ω ∇_ξu = 0).

The action of^ω∇_ξ on a metric tensor field g can be presented in the form ω∇_ξg = ∇_ξg − 1 2 .Q_ξ.g . (211)

After contraction of both components of^ω∇_ξg with g, i. e. for g[^ω∇_ξg] = g^{αβ} .(^ω∇_ξg)_{αβ} , the equality

g[^ω∇_ξ g] = (1 − n 2 ).Q_ξ (212)

follows.

The trace free part of^ω∇_ξ g, ω∇_ξg =^ω∇_ξg − 1 n .g[^ω∇_ξ g].g , (213)

by means of (212) can be written in the form

ω∇_ξg =^ω∇_ξg + n − 2 2n .Q_ξ.g . (214)

Using this form,^ω∇_ξg can be presented by means of its trace free part and its trace part in the form ω∇_ξg =^ω∇_ξ g − n − 2 2n .Q_ξ.g , (215)

where g[^ω∇_ξg] = 0.

Special case: dim M = n = 2 :^ω∇_ξg =^ω∇_ξg , g[^ω∇_ξg] = 0. Special case: dim M = n = 4 :^ω∇_ξg =^ω∇_ξg −^1_4 .Q_ξ.g.

The covariant differential operator preserving the invariant volume element does not obey the Leibniz rule when acting on a tensor product Q ⊗ S of two tensor fields Q and S

ω∇_ξ(Q ⊗ S) =^ω∇_ξ Q ⊗ S + Q ⊗^ω∇_ξS +^1_2 .Q_ξ.Q ⊗ S , Q ∈ ⊗^k_l(M ) , S ∈ ⊗^m_r(M ) .

(216)

10.5 Trace free covariant differential operator. Weyl’s transport. Weyl’s space

The description of the gravitational interaction and its unification with the other types of interactions over differentiable manifolds with affine connections and metric [(L_n, g)-spaces] induces [1] the introduction of an affine connection with a corresponding covariant differential operator^s∇_ξ constructed by means of ∇_ξ and Q_ξ in the form s∇_ξ = ∇_ξ − 1 n .Q_ξ , dim M = n . (217)

The action of^s∇_ξ on a covariant metric tensor field g is determined as s∇_ξg = ∇_ξ g − 1 n .Q_ξ.g , (218)

obeying the condition g[^s∇_ξg] = 0 . (219) On the basis of this relation the covariant differential operator^s∇_ξ is called trace free covariant differential operator.

If the transport of g by the trace free covariant differential operator^s∇_ξ obeys the condition_s ∇_ξg = 0 , (220) equivalent to the condition for ∇_ξg ∇_ξg = 1 n .Q_ξ.g , (221)

then the transport is called Weyl’s transport.

The covariant vector field [s. (196)] Q = 1 n .Q (222)

is called Weyl’s covector field.

A differentiable manifold M (dim M = n) with affine connection and metric, over which for every contravariant vector field ξ ∈ T (M ) the transport of g is a Weyl transport, is called Weyl’s space with torsion (Weyl-Cartan space) Y_n [1].

The trace free covariant differential operator^s∇_ξ is connected with the covariant differential operator^ω∇_ξ preserving the invariant volume element dω through the relation

ω∇_ξ =^s∇_ξ − n − 2 2n .Q_ξ = ∇_ξ − 1 2 .Q_ξ . (223)

The action of the two operators^ω∇_ξ and^s∇_ξ would be identical, if dim M = n = 2 (Q_ξ ≠ 0) or if Q_ξ = 0.

The components Γ^α_{βγ} of the affine connection Γ can be represented by means of the components of the affine connections corresponding to the operators^ω∇_ξ and^s∇_ξ .

∇_{eβ} e_α can be written in the form

∇_{eβ} e_α = 1 2 (∇_{eα} e_β + ∇_{eβ} e_α − [e_α, e_β]) − 1 2 .T (e_α, e_β) , (224)

corresponding to the representation of Γ^γ_{αβ} in the form

Γ^γ_{αβ} = 1 2 (Γ^γ_{αβ} + Γ^γ_{βα} − C_{αβ}^γ ) − 1 2 .T_{αβ}^γ = Γ^γ_{αβ} − 1 2 .T_{αβ}^γ . (225)

If we introduce the abbreviations g∇_{eβ} e_α = 1 2 (∇_{eα} e_β + ∇_{eβ} e_α − [e_α, e_β ]) = Γ^γ_{αβ} .e_γ , (226)

s∇_{eβ} e_α = Q_{αβ}^γ .e_γ = (Γ^γ_{αβ} − 1 n .g^γ_α.Q_β).e_γ , (227) then ∇_{eβ} e_α =^s∇_{eβ} e_α + 1 n .Q_β.e_α , (228)

∇_{eβ} e_α =^g∇_{eβ} e_α + 1 2 .T (e_β, e_α) . (229)

From (224), (226), and (228), it follows that

∇_{eβ} e_α = 1 2 [^g∇_{eβ} e_α + 1 2 .T (e_β, e_α) + 1 n .Q_β.e_α +^s∇_{eβ} e_α] . (230)

The last equality corresponds to the representation of Γ^γ_{αβ} in the form Γ^γ_{αβ} ≡ 1 2 (Γ^γ_{αβ} − 1 2 .T_{αβ}^γ + 1 n .g^γ_α.Q_β + Q_{αβ}^γ ) . (231)

In analogous way, using the relations ω∇_{eβ} e_α =^ωΓ^γ_{αβ} .e_γ = (Γ^γ_{αβ} −^1_2 .g^γ_α.Q_β).e_γ = = ∇_{eβ} e_α −^1_2 .Q_β.e_α ,

(232)

∇_{eβ} e_α =^ω∇_{eβ} e_α +^1_2 .Q_β.e_α , ∇_{eβ} e_α =^g∇_{eβ} e_α +^1_2 .T (e_β, e_α) , one can obtain for ∇_{eβ} e_α

∇_{eβ} e_α = 1 2 [^g∇_{eβ} e_α + 1 2 .T (e_β, e_α) +^ω∇_{eβ} e_α + 1 2 .Q_β.e_α] . (233)

The last equality is equivalent to the representation of Γ^γ_{αβ} in the form

Γ^γ_{αβ} = 1 2 (Γ^γ_{αβ} − 1 2 .T_{αβ}^γ + 1 2 .g^γ_α.Q_β +^ωΓ^γ_{αβ} ) . (234)

From (228) and (229), the connection between^g ∇_{eβ} e_α and^s∇_{eβ} e_α follows in the form g ∇_{eβ} e_α =^s∇_{eβ} e_α − 1 2 .T (e_β , e_α) + 1 n .Q_β.e_α , (235)

equivalent to the connection between Γ^γ_{αβ} and Q_{αβ}^γ

Γ^γ_{αβ} = Q_{αβ}^γ + 1 2 .T_{αβ}^γ + 1 n .g^γ_α.Q_β . (236)

On the other side, there is a connection between^g∇_{eβ} e_α and^ω∇_{eβ} e_α

g ∇_{eβ} e_α =^ω∇_{eβ} e_α − 1 2 .T (e_β , e_α) + 1 2 .Q_β.e_α , (237)

corresponding to the connection between Γ^γ_{αβ} and^ωΓ^γ_{αβ}

Γ^γ_{αβ} =^ωΓ^γ_{αβ} + 1 2 .T_{αβ}^γ + 1 2 .g^γ_α.Q_β . (238)

10.6 Lie differential operator preserving the invariant volume element

The action of the Lie differential operator £_ξ on the invariant volume element dω £_ξ(dω) = 1 2 .g[£_ξg].dω , allows the construction of a new Lie differential operator preserving the invariant volume element dω.

Definition 28^ω£_ξ := Lie differential operator preserving the invariant volume element dω along a contravariant vector field ξ

ω £_ξ = £_ξ − 1 2 .g[£_ξg] .

The properties of^ω£_ξ are determined by the properties of the Lie differential operator and the existence of a covariant metric tensor field g connected with a contravariant metric tensor field g:

(a) Action on the invariant volume element dω:

ω£_ξ(dω) = 0 . (239)

It follows from the definition of^ω£_ξ and (190). (b) Action on a contravariant basis vector field:

ω£_{eα} e_β = £_{eα} e_β −^1_2 .g[£_{eα} g].e_β = = (C_{αβ}^γ −^1_2 .g^{ρσ}.£_{eα} g_{ρσ} .g^γ_β).e_γ , (240)

ω£_{∂i} ∂_j = − 1 2 .g^{kl}.£_{∂i} g_{kl}.∂_j . (241) (c) Action on a covariant basis vector field:

ω£_{eα} e^β = £_{eα} e^β −^1_2 .g[£_{eα} g].e^β =

= k_{γα}^β .e^γ −^1_2 .g[£_{eα} g].e^β ,

(242)

ω£_{∂i} dx^j = k_{mi}^j.dx^m − 1 2 .g[£_{∂i} g].dx^j . (243)

(d) Action on a function f: ω£_ξf = ξf − 1 2 .g[£_ξg].f , f ∈ C^r(M ) , r ≥ 1 . (244)

If we introduce the abbreviations

P_β = g[£_{eβ} g] = g^{γδ}.£_{eβ} g_{γδ} , (245)

P_j = g[£_{∂j} g] = g^{kl}.£_{∂j} g_{kl} , (246)

P = P_β.e^β = P_j.dx^j , (247) P_ξ = g[£_ξg] = 2._lθ_ξ , (248) ^C_{αβ}^γ = C_{αβ}^γ − 1 2 .P_α.g^γ_β , ^C_{αβ}^γ ≠ − ^C_{βα}^γ , (249) then^ω£_ξ and (240) ÷ (244) can be written in the form

ω£_ξ = £_ξ − 1 2 .P_ξ , (250)

ω£_{eα} e_β = £_{eα} e_β −^1_2 .P_α.e_β = = (C_{αβ}^γ −^1_2 .g^γ_β .P_α).e_γ = ^C_{αβ}^γ .e_γ ,

(251)

ω£_{∂i} ∂_j = − 1 2 .P_i.∂_j , (252) ω£_{eα} e^β = £_{eα} e^β −^1_2 .P_α.e^β = = k_{γα}^β .e^γ −^1_2 .P_α.e^β ,

(253) ω£_{∂i} dx^j = k_{mi}^j.dx^m − 1 2 .P_i.dx^j , (254) ω£_ξf = ξf − 1 2 .P_ξ.f , f ∈ C^r(M ) , r ≥ 1 . (255) The commutator of two Lie differential operators preserving dω has the following properties:

(a) Action on a function f:

[^ω£_ξ ,^ω£_u]f = (£_ξu)f +^1_2 (uP_ξ − ξP_u)f = = [£_ξu +^1_2 (uP_ξ − ξP_u)]f , f ∈ C^r(M ) , r ≥ 2 .

(256)

(b) Action on a contravariant vector field: [^ω£_ξ,^ω£_u]v = [£_ξ, £_u]v +^1_2 (uP_ξ − ξP_u)v = = {[£_ξ, £_u] +^1_2 (uP_ξ − ξP_u)}v , ξ, u, v ∈ T (M ) .

(257)

(c) Satisfies the Jacobi identity < [[^ω£_ξ,^ω£_u],^ω£_v] >= [[^ω£_ξ,^ω£_u],^ω£_v]+ +[[^ω£_v,^ω£_ξ],^ω£_u] + [[^ω£_u,^ω£_v],^ω£_ξ] ≡ 0 . (258) The different types of differential operators acting on the invariant volume element can be used for description of different physical systems and interactions over a differentiable manifold with affine connections and metric interpreted as a model of the space-time.

11 Conclusions

The main conclusions following from the obtained results could be grouped together in the following statements:

1 A contraction operator S, commuting with the covariant differential operator and with the Lie differential operator, for which the affine connection P determined by the covariant differential operator for covariant tensor fields is different (not only by sign) from the affine connection Γ determined by the covariant differential operator for contravariant tensor fields can be introduced over every differentiable manifold. The components (in a co-ordinate or in a non-co-ordinate basis) of the both affine connections P^i_{jk} and Γ^i_{jk} differ to each other by the components g^i_{j;k} of the covariant derivatives of the Kronecker tensor. At that, at least three cases could be distinguished:

(a) g^i_{j;k} := 0 : P^i_{jk} + Γ^i_{jk} = 0 , [P^i_{jk} differs only by sign from Γ^i_{jk} (canonical case:

S := C)],

(b) g^i_{j;k} := φ_{,k}.g^i_j : P^i_{jk} + Γ^i_{jk} = φ_{,k}.g^i_j , φ ∈ C^r(M ), [P^i_{jk} differs from Γ^i_{jk} by the derivative of an invariant function φ ∈ C^r(M ), r ≥ 2, along a basis vector field (∂_k or e_k), and the components of the Kronecker tensor in the given basis],

(c) g^i_{j;k} = q^i_{jk} : P^i_{jk} + Γ^i_{jk} = q^i_{jk}, q ∈ ⊗^1_2(M ), [P^i_{jk} differs from Γ^i_{jk} by the covariant derivative g^i_{j;k} of the Kronecker tensor along a basis vector field ∂_k (or e_k)].

In the cases (b) and (c) the Lie derivatives of covariant tensor fields depend also on structures determined by the affine connections in contrast to the case (a), where the covariant derivative and the Lie derivative of covariant tensor fields are independent of each other structures (although the fact that the Lie derivatives can be expressed by means of the covariant derivatives).

On the grounds of the obtained results the kinematics of vector fields has been work out [26], [47] - [50]. The Lagrangian theory for tensor fields has been considered [51] and applied to the Einstein theory of gravitation as a special case of a Lagrangian theory of tensor fields [52] over V_n-spaces (n = 4).

Acknowledgments

The author is grateful to:

- Prof. Dr. N. A. Chernikov, Dr. N. S. Shavokhina and Dr. A. B. Pestov from the Joint Institute for Nuclear Research (JINR) - Dubna (Russia) for the helpful discussions;

- Prof. Dr. St. Dimiev from the Institute for Mathematics and Informatics of the Bulgarian Academy of Sciences and Prof. Dr. K. Sekigawa from the Department of Mathematics of the Faculty of Science at the Niigata University (Japan) for their support of the considered topics;

- Prof. D. I. Kazakov for his kind hospitality during my stay at the JINR in Dubna.

This work is supported in part by the National Science Foundation of Bulgaria under Grants No. F-103, F-498, F-642.

References

[1] Hehl F. W., Kerlick G. D. � Gen. Rel. and Grav. 9, 1978, 8, 691 [2] Hecht R. D., Hehl F. W. � In Proc. 9th Italian Conf. on Gen. Rel. and Grav.

Physics. Capri, Italy 1991. eds. Cianci R. et al., World Sci. Pub. Co., Singapore, 1991, pp. 246-291 [3] Hehl F. W., McCrea J. D., Mielke E. W., Ne’eman Y. � Physics Reports 258, 1995, 1-2, 1-171 [4] Eddington A. S. � Relativitätstheorie in mathematischer Behandlung, Berlin, Verlag von Julius Springer, 1925 [5] Schrödinger E. � Space-Time Structure, Cambridge, Cambridge at the University Press, 1950 [6] Greub W. � Multilinear Algebra, New York, Springer Verlag, 1978 [7] Efimov N. B., Rosendorn E. R. � Linear Algebra and Multi-dimensional Geometry. 2-nd ed., Moscow, Nauka, 1974 (in russ.)

[8] Greub W., Halperin St., Vanstone R. � Connections, Curvature, and Cohomology. Vol.I., New York and London, Academic Press, 1972; Connections, Curvature, and Cohomology. Vol.II., New York and London, Academic Press, 1973 [9] Bishop R. L., Goldberg S. I. � Tensor Analysis on Manifolds, New York, The Macmillan Company, 1968 [10] Choquet-Bruhat Y., DeWitt-Morette C., Dillard-Bleik M. � Analysis, Manifolds and Physics, Amsterdam, North-Holland Pub. Co., 1977 [11] Kobayashi S., Nomizu K. � Foundations of Differential Geometry. Vol. I., New York, Interscience Publishers., 1963 [12] Matsushima Y. � Differentiable Manifolds, New York, Marcel Dekker, Inc., 1972 [13] Boothby W. M. � An Introduction to Differentiable Manifolds and Riemannian Geometry, New York, Academic Press, 1975 [14] Lovelock D., Rund H. � Tensors, Differential Forms, and Variational Principles, New York, John Wiley & Sons, 1975 [15] Norden A. P. � Spaces with affine connection. 2-nd ed., Moscow, Nauka, 1976 [16] von der Heyde P. � Lett. Nuovo Cim. 14, 1975, 7, 250-252 [17] Iliev B. � J. Phys. A: Math. Gen. 29, 1996, 6895-6901; 30, 1997, 4327-4336; 31, 1998, 1287-1296; Journal of Geometry and Physics 24, 1998, 209-222 [18] Hartley D. � Class. and Quantum Grav. 12, 1995, L103-L105 [19] Yano K. � The Theory of Lie Derivatives and its Applications, Amsterdam, North-Holland Pub. Co., 1957 [20] Egorov I. P. � Geometrija (Geometry), Moscow, Prosvestenije, 1979 (in russ.)

[21] Dubrovin B. A., Novikov S. P., Fomenko A. T. � Sovremennaja geometrija.

Metodii i prilojenija (Modern geometry. Methods and applications). 2-nd ed., Moscow, Nauka, 1986 (in russ.)

[22] Trofimov V. V. � Introduction in the geometry of manifolds with symmetries, Moscow, Izd. Moskov-skogo universiteta, 1989 [23] Mishtchenko A. S. � Vector bundles and their applications, Moscow, Nauka, 1984 (in russ.)

[24] Mishtchenko A. S., Fomenko A. T. � Course of differential geometry and topology, Moscow, Izd. Moskovskogo universiteta, 1980 (in russ.)

[25] Shirokov P. A., Shirokov A. P. � Affine differential geometry, Moscow, Gos. izd.

fiz. math. lit., 1959 (in russ.), pp. 149-160 [26] Manoff S. � 14th Intern. Conf. on General Relativity and Gravitation. Florence, Italy, 6-12.08.1995. Contr. papers. Workshop A1.; Workshop A4., Florence, Univ. of Florence, 1995; In Complex Structures and Vector Fields. eds. Dimiev St., Sekigawa K., Singapore, World Sci. Publ., 1995, pp. 61-113 [27] Schouten J. A. � Tensor Analysis for Physicists, Oxford, Clarendon Press, 1951;

Ricci-Calculus: An Introduction to Tensor Analysis and its Geometrical Applications, Berlin, Springer Verlag, 1954

[28] Slebodzinski W. � Bull. Acad. Roy. Belgique. 17, 1931, 864 [29] Lightman A. P., Press W. H., Price R. H., Teukolsky S. A. � Problem Book in Relativity and Gravitation, Princeton, New Jersey, Princeton Univ. Press, 1975 [30] Schmutzer E. � Relativistische Physik (Klassische Theorie), Leipzig, B.G. Teubner Verlagsgesellschaft, 1968 [31] Manoff S. � In Proc. 8th Intern. Conf. on Gen. Rel. and Grav., Waterloo, Ontario, Canada, 1977, Univ. Waterloo, Ontario, 1977, p. 241; In Gravitational Waves. JINR Dubna P2-85-667, 1985, 157-168 [32] Manoff S., Gen. Rel. and Grav. 11, 1979, 189-204

[33] Manoff S. � In 6th Sov. Grav. Conf. Contr. Papers., UDN, Moscow, 1984, pp.

229-232

[34] Manoff S. � 11th Intern. Conf. on Gen. Rel. and Grav. Contr. Papers. Stockholm 6-12 July 1986, Univ. of Stockholm, Stockholm, 1986

[35] Baz̀ański S. L. � Ann. Inst. Henri Poincare’. Sec. A. 27, 1977, 2, 115-144; A.

27, 1977, 2, 145-166; Scripta Fac. Sci. Nat. Ujep. Brunensie. Physica 5, 1975, 3-4, 271-277; Acta Phys. Polonica 7B, 1976, 5, 305-326 [36] Manoff S. � Exp. Technik der Physik 24, 1976, 5, 425-431 [37] Swaminarayan N. S., Safko J. L. � J. Math. Phys. 24, 1983, 4, 883-885

[38] Ciufolini I. � Phys. Rev. D34, 1986, 4, 1014-1017 [39] Ciufolini I., Demianski M. � Phys. Rev. D34, 1986, 4, 1018-1020 [40] Weber J. � Phys. Rev. 117, 1960, 306-313; General relativity and gravitational waves, New York, 1961. Russian translation: Moscow, Inostrannaja literatura, 1962; In General Relativity and Gravitation. ed. Held A. Vol. 2., New York, Plenum Press, 1980, pp. 435-467

[41] Will C. M. � In General Relativity: An Einstein Centenary Survey. eds. S. W.

Hawking, W. Israel, Cambridge, Cambridge U.P., 1979, pp. 24-89; Theory and experiment in gravitational physics, Cambridge, London, New York, Cambridge Univ. Press, 1981, Ch. 10. Russian translation: Moscow, Energoatomizdat, 1985 [42] Dixon W. G. � Nuovo Cim. 34, 1964, 2, 317-339; Phil. Trans. Royal Soc. London 277, 1974, No.1264, 59-119

[43] Fishbone L. C. � Astrophys. J. 175, 1972, Part 2, L155-L159; 185, 1973, Part 1, 43-67; 195, 1975, Part 1, 499-505

[44] Fuchs H. � Exp. Technik d. Physik 3, 1974, 185-190; Ann. der Physik (DDR) 34, 1977, 2, 159-160

[45] Maugin G. A. � Gen. Rel. and Grav. 4, 1973, 3, 241-272; 5, 1974, 1, 13-23 [46] Mashhoon B. � J. Math. Phys. 12, 1971, 7, 1075-1077; Ann. of Phys. (USA) 89, 1975, 1, 254-257; Astrophys. J. 197, 1975, 3, Part 1., 705-716; Preprint, Univ. of Maryland, Maryland, 1976; Tidal radiation. Preprint, University of Utah, 1977; Astrophys. J. 216, 1977, 2, Part 1., 591-609 [47] Manoff S. � Intern. J. Mod. Phys. A 11, 1996, 21, 3849-3874 [48] Manoff S. � Fermi-Walker transports over spaces with affine connections and metrics. JINR Rapid Communications 1 [81], 1997, 5-12 [49] Manoff S. � Fermi derivative and Fermi-Walker transports over (Ln, g)-spaces.

Class. Quantum Grav. 15, 1998, 2, 465-477 [50] Manoff S. � Fermi derivative and Fermi-Walker transports over (Ln, g)-spaces.

Intern. J. Mod. Phys. A, 1998, (in press) [51] Manoff S. � Lagrangian formalism for tensor fields. In Topics in Complex Analysis, Differential Geometry and Mathematical Physics. eds. Dimiev St., Sekigawa K., World Sci. Publ., Singapore, 1997, pp. 177-218

[52] Manoff S. � Einstein’s theory of gravitation as a Lagrangian theory for tensor fields. Intern. J. Mod. Phys. A, 1998 (in press)