arXiv:gr-qc/0007025 v2 1 Dec 2000

Generalized Equivalence Principle in Extended New General Relativity

Toshiharu Kawai^∗, Kaoru Shibata and Izumi Tanaka^† Department of Physics, Osaka City University, Osaka 558-8585, Japan

November 30, 2000

Abstract

In extended new general relativity, which is formulated as a reduction of a Poincaré gauge theory of gravity whose gauge group is the covering group of the Poincaré group, we study the problem of whether the total energy-momentum, total angular momentum and total charge are equal to the corresponding quantities of the gravitational source. We examine this problem for charged axi-symmetric solutions of gravitational field equations. Our main concern is the restriction on the asymptotic form of the gravitational field variables imposed by the requirement that physical quantities of the total system are equivalent to the corresponding quantities of the charged rotating source body. This requirement can be regarded as an equivalence principle in a generalized sense.

1 Introduction

Energy-momentum, angular momentum and electric charge play central roles in modern physics. The conservation properties of the first two are related

∗E-mail: kawai@sci.osaka-cu.ac.jp †E-mail: itanaka@sci.osaka-cu.ac.jp

to the homogeneity and isotropy of space-time, respectively, and charge conservation corresponds to the invariance of the action integral under internal U(1) transformations. Also, local quantities such as energy-momentum density, angular momentum density and charge density are well defined if gravitational fields are not present in the system in question.

In general relativity (G. R.), however, well-behaved energy-momentum and angular momentum densities have not yet been defined, although total energy-momen-tum and total angular momentum can be defined for an asymptotically flat space-time surrounding an isolated finite system. The total energy of the system is regarded as the inertial mass multiplied by the square of the velocity of light, and there arises the following question: Is the active gravitational mass of the isolated system equal to its inertial mass? This question regards an aspect of the equivalence principle, and it is usually considered to be affirmatively answered within G. R.[1, 2] However, the equality of the active gravitational mass and the inertial mass is violated for the Schwarzschild metric when it is expressed with using a certain coordinate system.[3] New general relativity (N. G. R.),[4] which is formulated by gauging coordinate translations and is constructed within the Weitzenböck space-time, is a possible alternative to G. R. The most general gravitational Lagrangian density, which is quadratic in the torsion tensor and is invariant under global Lorentz transformations including also space inversion and general coordinate transformations, has three free parameters, c_1 , c_2 and c_3. Solar system experiments show that c_1 and −c_2 are very likely to be equal to −1/(3κ). In Ref.[5], Shirafuji, Nashed and Hayashi give, for the case with c_1 = −1/(3κ) = −c_2, the most general spherically symmetric solution, and they clarified the restriction on the behavior of the vierbeins at spatial infinity imposed by the requirement that the inertial mass is equal to the active gravitational mass. Such analysis has been extended to the case in which c_1 ≠ −1/(3κ) ≠ −c_2 in Ref.[2].

Extended new general relativity (E. N. G. R.),[6] is obtained as a reduction of the Poincaré gauge theory (P̄. G. T.) of gravity,[7] which is formulated on the basis of the principal fiber bundle over the space-time, possessing the covering group P̄_0 of the Poincaré group as the structure group, by following the lines of the standard geometric formulation of Yang-Mills theories as closely as possible. E. N. G. R.[6] is also constructed within the Weitzenböck space-time and has many points in common with N. G. R. The field equations for the vierbeins in E. N. G. R. , for example, are identical to those in

N. G. R., if fields with non-vanishing “intrinsic” energy-momentum do not exist.

In this paper, considering charged axi-symmetric solutions in E. N. G. R., we examine the condition imposed on the asymptotic behavior of the field variables by the requirement^1 that the total energy-momentum, the total angular momentum and the total charge of the system are all equal to the corresponding quantities of the central gravitating body.

This paper is organized as follows. In §2, we give the basic formulation of E. N. G. R. In §3, we calculate conserved quantities for a charged axisymmetric solution. In §4, we study solutions obtainable from the solution discussed in §3 and examine restrictions on the field variables imposed by the requirement mentioned above. In the final section, we give a summary and discussion.

2 Basic formulation

2.1 Poincaré gauge theory

P̄. G. T.[7] is formulated on the basis of the principal fiber bundle P over the space-time M possessing the covering group P̄_0 of the proper orthochronous Poincaré group as the structure group. The space-time is assumed to be a noncompact four- dimensional differentiable manifold having a countable base. The bundle P admits a connection Γ. The translational and rotational parts of the coefficients of Γ will be written as A^k_μ and A^k_{lμ}, respectively. The fundamental field variables are A^k_μ , A^k_{lμ}, the Higgs-type field ψ = {ψ^k}, and the matter field ϕ = {ϕ^A|A = 1, 2, 3, · · · , N}.^2 These fields transform

1This is a generalization of the requirement that the inertial mass is equal to the active gravitational mass.

2Unless otherwise stated, we use the following conventions for indices: The middle part of the Greek alphabet, μ, ν, λ, · · ·, denotes 0, 1, 2 and 3, while the initial part, α, β, γ, · · · , denotes 1, 2 and 3. In a similar way, the middle part of the Latin alphabet, i, j, k, · · ·, denotes 0, 1, 2 and 3, unless otherwise stated, while the initial part, a, b, c, · · ·, denotes 1, 2 and 3. The capital letters A and B are used for indices of components of the field ϕ, and N denotes the dimension of the representation ρ.

as^3

ψ^{′k} = (Λ(a^{−1}))^k_l(ψ^l − t^l) , A^{′k}_μ = (Λ(a^{−1}))^k_l(A^l_μ + t^l_{,μ} + A^l_{mμ}t^m) , A^{′k}_{lμ} = (Λ(a^{−1}))^k_mA^m_{nμ}(Λ(a))^n_l + (Λ(a^{−1}))^k_m(Λ(a))^m_{l,μ} , ϕ^{′A} = (ρ((t, a)^{−1}))^A_Bϕ^B , (1)

under the Poincaré gauge transformation σ^′(x) = σ(x) · (t(x), a(x)) , t(x) ∈ T^4 , a(x) ∈ SL(2, C) . (2) Here, Λ is the covering map from SL(2, C) to the proper orthochronous Lorentz group, and ρ stands for the representation of the Poincaré group to which the field ϕ belongs. Also, σ and σ^′ represent the local cross sections of P. The dual components b^k_μ of the vierbeins b^μ_k∂/∂x^μ are related to the field ψ and the gauge potentials A^k_μ and A^k_{lμ} through the relation

b^k_μ = ψ^k_{,μ} + A^k_{lμ}ψ^l + A^k_μ , (3)

and these transform according to

b^{′k}_μ = (Λ(a^{−1}))^k_lb^l_μ (4)

under the transformation (2). Also, they are related to the metric g_{μν} dx^μ ⊗ dx^ν of M through the relation

g_{μν} = η_{kl}b^k_μb^l_ν , (5)

with (η_{kl})^{def}= diag(−1, 1, 1, 1).

There is a 2 to 1 bundle homomorphism F from P to the affine frame bundle A(M) over M, and an extended spinor structure and a spinor structure exist in association with it.[8] The space-time M is orientable, which follows from its assumed noncompactness and from the fact that M has a spinor structure.

The affine frame bundle A(M) admits a connection Γ_A. The T^4-part, Γ^μ_ν , and GL(4, R)-part, Γ^μ_{νλ}, of its connection coefficients are related to A^k_{lμ} and b^k_μ through the relations

Γ^μ_ν = δ^μ_ν , A^k_{lμ} = b^k_ν b^λ_lΓ^ν_{λμ} + b^k_ν b^ν_{l,μ} (6)

3For the function f on M , we define f_{,μ}^{def}= ∂f/∂x^μ.

by the requirement that F maps the connection Γ into Γ_A , and the spacetime M is of the Riemann-Cartan type.

The field strengths R^k_{lμν} , R^k_{μν} and T^k_{μν} of A^k_{lμ}, A^k_μ and of b^k_μ are given by^4 R^k_{lμν}^{def}= 2(A^k_{l[ν,μ]} + A^k_{m[μ}A^m_{lν]}) , R^k_{μν}^{def}= 2(A^k_{[ν,μ]} + A^k_{l[μ}A^l_{ν]}) , T^k_{μν}^{def}= 2(b^k_{[ν,μ]} + A^k_{l[μ}b^l_{ν]}) , (7) and we have the relation T^k_{μν} = R^k_{μν} + R^k_{lμν} ψ^l . (8) The field strengths T^k_{μν} and R^{kl}_{μν} are both invariant under internal translations. The torsion is given by T^λ_{μν} = 2Γ^λ_{[νμ]} , (9) and the T^4- and GL(4, R)-parts of the curvature are given by R^λ_{μν} = 2(Γ^λ_{[ν,μ]} + Γ^λ_{ρ[μ}Γ^ρ_{ν]}) , (10) R^λ_{ρμν} = 2(Γ^λ_{ρ[ν,μ]} + Γ^λ_{τ [μ}Γ^τ_{ρν]}) , (11) respectively. Also, we have T^k_{μν} = b^k_λT^λ_{μν} = b^k_λR^λ_{μν} , (12) R^k_{lμν} = b^k_λb^ρ_lR^λ_{ρμν} , (13) which follow from Eq. (6).

The covariant derivative of the matter field ϕ takes the form D_k ϕ^A = b^μ_k D_μϕ^A , D_μϕ^{A def}= ∂_μϕ^A + i 2 A^{lm}_μ(M_{lm}ϕ)^A + iA^l_μ(P_lϕ)^A . (14)

4We define A_{···[μ···ν]···}^{def}= 1 2 (A_{···μ···ν···} − A_{···ν···μ···}) , A_{···(μ···ν)···}^{def}= 1 2 (A_{···μ···ν···} + A_{···ν···μ···}) .

Here, M_{kl} and P_k are representation matrices of the standard basis of the group P̄_0 : M_{kl} = −iρ_∗(M_{kl}), P_k = −iρ_∗(P_k). The matrix P_k represents the intrinsic energy-momentum of the field ϕ^A,[8] and it is vanishing for all the observed fields.^5

From the requirement of invariance of the action integral under internal P̄_0 gauge transformations, it follows that the gravitational Lagrangian density is a function of T_{klm} and of R_{klmn}. The gravitational Lagrangian density is identical to that in Poincaré gauge theory, and hence gravitational field equations take the same forms in these theories. The field equation for the field ψ^k is automatically satisfied if those for A^k_μ and ϕ^A are both satisfied, and ψ^k is a non-dynamical field in this sense.

2.2 Extended new general relativity

2.2.1 Reduction of Poincaré gauge theory to an extended new general relativity

In P̄. G. T., we consider the case in which the field strength R^{kl}_{μν} vanishes identically,

R^{kl}_{μν} ≡ 0 , (15)

and we choose SL(2.C)-gauge such that

A^{kl}_μ ≡ 0 . (16)

Then, the curvature vanishes, and the space-time reduces to the Weitzenböck space-time, which means that we have a teleparallel theory.

Also, the vierbeins b^k_μ, the affine connection coefficients Γ^λ_{μν} and the torsion tensor T^λ_{μν} are given by

b^k_μ = ψ^k_{,μ} + A^k_μ , (17) Γ^λ_{μν} = b^λ_l b^l_{μ,ν} , (18) and T^λ_{μν} = 2 Γ^λ_{[νμ]} = 2b^λ_kb^k_{[ν,μ]} = b^λ_k T^k_{μν} , (19)

5In what follows, the field components b^k_μ and b^μ_k are used to convert Latin and Greek indices, in analogy to the case of D_kϕ^A and D_μϕ^A. Also, raising and lowering the indices k, l, m, · · · are accomplished with the aid of (η^{kl})^{def}= (η_{kl})^{−1} and (η_{kl}).

respectively. Introducing the volume element dv by

dv^{def}= √ −gdx^0 ∧ dx^1 ∧ dx^2 ∧ dx^3 , (20)

with g^{def}= det(g_{μν} ) = −{det(b^k_μ)}^2, we consider the action integral I = ∫ D L(ψ^k_{,μ}, ψ^k, A^k_{μ,ν} , A^k_μ, A_{μ,ν} , A_μ, ϕ^A_{,μ}, ϕ^A, ϕ^{∗A}_{,μ}, ϕ^{∗A})dv , (21) where A_μ and D denote the electromagnetic vector potential and a compact region in M, respectively.^6 Also, the symbol ∗ represents the operation of complex conjugation, and thus ϕ^{∗A} denotes the complex conjugate of ϕ^A.

We impose the following requirement:

(R.i) The action I is invariant under local internal translations and global SL(2, C)-transformations. From this, the identities [6] δL δψ^k + ∂_μ ( δL δA^k_μ ) + i δL δϕ^A (P_k ϕ)^A − i δL δϕ^{∗A} (P_k ϕ)^{∗A} ≡ 0 , (22)

F_k^{(μν)} ≡ 0 , (23)

totT_k^μ − ∂_ν F_k^{μν} − δL δA^k_μ ≡ 0 , (24)

∂_μtotS_{kl}^μ − 2 δL δψ^{[k} ψ_{l]} − 2 δL δA^{[k}_μ A_{l]μ} − i δL δϕ^A (M_{kl}ϕ)^A + i δL δϕ^{∗A} (M_{kl}ϕ)^{∗A} ≡ 0 (25)

follow, where we have defined

L^{def}= √ −gL , (26) F_k^{μν def}= ∂L ∂A^k_{μ,ν} , (27)

totT_k^{μ def}= ∂L ∂ψ^k_{,μ} + i ∂L ∂ϕ^A_{,μ} (P_k ϕ)^A − i ∂L ∂ϕ^{∗A}_{,μ} (P_k ϕ)^{∗A} , (28)

totS_{kl}^{μ def}= −2 ∂L ∂ψ^{[k}_{,μ} ψ_{l]} − 2F_{[k}^{νμ}A_{l]ν} −i ∂L ∂ϕ^A_{,μ} (M_{kl}ϕ)^A + i ∂L ∂ϕ^{∗A}_{,μ} (M_{kl}ϕ)^{∗A} . (29)

6We consider the case in which the electromagnetic field and the charged field are present. The field ϕ^A is considered to be a field with the electric charge q. This is preparation for the subsequent sections, in which space-time produced by a charged source is treated.

By virtue of the identity (24), the density totT_k^μ can be expressed in the usual form of the currrent in Yang-Mills theories,

totT_k^μ = ∂L ∂A^k_μ . (30)

When the field equations δL/δA^k_μ^{def}= ∂L/∂A^k_μ −∂_ν (∂L/∂A^k_{μ,ν} ) = 0 and

δL/δϕ^A = 0 are both satisfied, we have the following:

(i) The field equation δL/δψ^k = 0 is automatically satisfied, and hence ψ^k is not an independent dynamical variable. (ii)

∂_μtotT_k^μ = 0 , (31) ∂_μtotS_{kl}^μ = 0 , (32)

which are the differential conservation laws of the dynamical energy-momentum and the “spin” angular momentum, respectively. The assertions (i) and (ii) follow from Eqs. (22) – (25).

Also, we require the following:

(R.ii) The Lagrangian density L is a scalar field on M. Then, we have T̃_μ^ν − ∂_λΨ_μ^{νλ} − δL δA^k_ν A^k_μ − δL δA_ν A_μ ≡ 0 (33) and Ψ_λ^{(μν)} ≡ 0 , (34)

with T̃_μ^{ν def}= δ_μ^ν L − F_k^{λν} A^k_{λ,μ} − F^{λν} A_{λ,μ} − ∂L ∂ϕ^A_{,ν} ϕ^A_{,μ} − ∂L ∂ϕ^{∗A}_{,ν} ϕ^{∗A}_{,μ} − ∂L ∂ψ^k_{,ν} ψ^k_{,μ} (35) and Ψ_λ^{μν def}= F_k^{μν} A^k_λ + F^{μν} A_λ , (36)

F^{μν def}= ∂L ∂A_{μ,ν} . (37)

The identities (33) and (34) lead to ∂_νT̃_μ^ν = 0 , (38) ∂_ν M_λ^{μν} = 0 (39) when δL/δA^k_μ = 0 and δL/δA_μ = 0, where M_λ^{μν def}= 2(Ψ_λ^{μν} − x^μT̃_λ^ν ). Equations (38) and (39) are the differential conservation laws of the canonical energy-momentum and “extended orbital angular momentum”,[9] respectively. We also require invariance of the action under the U(1) gauge transformation:

A^′_μ = A_μ + λ_{,μ} , ϕ^{′A} = exp(iqλ)ϕ^A , ψ^{′k} = ψ^k , A^{′k}_μ = A^k_μ, (40) with λ being an arbitrary function on M, from which we can obtain

F^{(μν)} ≡ 0 , (41) J^μ + iq ( ∂L ∂ϕ^A_{,μ} ϕ^A − ∂L ∂ϕ^{∗A}_{,μ} ϕ^{∗A} ) ≡ 0 , (42) ∂_μ ( δL δA_μ − J^μ ) ≡ 0 , (43)

with

J^{μ def}= ∂L ∂A_μ . (44)

From the identity (43), the differential conservation law of the electric charge, ∂_μJ^μ = 0 , (45) follows when the field equation δL/δA_μ = 0 is satisfied. The functional dependence of L is restricted as L = L(ψ^k , T_{klm}, F_{μν} , ∇_kϕ^A, ϕ^A, ∇^∗_kϕ^{∗A}, ϕ^{∗A}) , (46) with L satisfying certain identities,[6] where

F_{μν}^{def}= ∂_μA_ν − ∂_ν A_μ , (47) ∇_kϕ^{A def}= b^μ_k ∇_μϕ^{A def}= b^μ_k(ϕ^A_{,μ} + iA^k_μ(P_k ϕ)^A − iqA_μϕ^A) , ∇^∗_kϕ^{∗A def}= b^μ_k ∇^∗_μϕ^{∗A def}= b^μ_k(ϕ^{∗A}_{,μ} − iA^k_μ(P_k ϕ)^{∗A} + iqA_μϕ^{∗A}) . (48)

The gravitational action^7

Ĩ_G = ∫ D (c_1 t^{klm}t_{klm} + c_2 v^kv_k + c_3 a^ka_k)dv , (49)

with c_i (i = 1, 2, 3) being real constants, satisfies the requirements (R.i) and (R.ii). Here t_{klm}, v_k and a_k are irreducible components of the torsion tensor:

t_{klm}^{def}= 1 2 (T_{klm} + T_{lkm}) + 1 6 (η_{mk}v_l + η_{ml}v_k) − 1 3 η_{kl}v_m , (50)

v_k^{def}= T^l_{lk} , (51)

a_k^{def}= 1 6 ε_{klmn}T^{lmn} , (52) where ε_{klmn} is a completely anti-symmetric Lorentz tensor with ε_{(0)(1)(2)(3)} = −1.^8

The action Ĩ_G with^9

c_1 = −c_2 = − 1 3κ , (53)

with κ being the Einstein gravitational constant agrees quite well with experimental results.[4] In what follows, we assume that the condition (53) is satisfied. Thus, our gravitational action is

I_G^{def}= ∫ D L_Gdv , (54) with

L_G^{def}= − 1 3κ (t^{klm}t_{klm} − v^kv_k) + c_3 a^ka_k . (55)

2.2.2 The gravitational and electromagnetic field equations in vac- uum The electromagnetic Lagrangian density L_{em} is given by^{10} L_{em} = − 1 4 g^{μρ}g^{νσ} F_{μν} F_{ρσ} . (56) 7This action is identical to the gravitational action in N. G. R.[4] 8Latin indices are put in parentheses to discriminate them from Greek indices. 9We will use natural units in which ~ = c = 1. 10Here we use Heaviside-Lorentz rationalized unit.

We consider a system described by the Lagrangian density L^{def}= L_G + L_{em}. The gravitational and electromagnetic field equations for this system are the following:

G^{μν} ({}) + K^{μν} = κT^{μν}_{em} , (57) ∂_μ( √ −gJ^{klμ}) = 0 , (58) ∂_ν (√ −gF^{μν} ) = 0 . (59)

Here we have defined

G_{μν} ({})^{def}= R_{μν} ({}) − 1 2 g_{μν} R({}) , (60) and R_{μν} ({})^{def}= R^λ_{μλν} ({}) , R({})^{def}= g^{μν} R_{μν} ({}) , (61)

with the Riemann-Christoffel curvature tensor

R^λ_{ρμν} ({})^{def}= 2 ( ∂_{[μ} { λ ρ ν] } + { λ σ [μ }{ σ ρ ν] }) . (62)

Also, T^{μν}_{em} is the energy-momentum tensor of the electromagnetic field,

T^{μν}_{em}^{def}= F^{μρ}F^{νσ}g_{ρσ} + g^{μν} L_{em} , (63)

and the tensors K^{μν} and J^{klμ} are defined by

K^{μν def}= κ λ [ 1 2 { ε^{μρσλ}(T^ν_{ρσ} − T_{ρσ}^ν ) + ε^{νρσλ}(T^μ_{ρσ} − T_{ρσ}^μ) }a_λ − 3 2 a^μa^ν − 3 4 g^{μν} a^λa_λ ]

(64) and J^{klμ def}= − 3 2 b^k_ρb^l_σε^{ρσμν} a_ν , (65) respectively, where we have used

λ^{def}= 9κ 4κc_3 + 3

. (66)

2.2.3 An exact solution of gravitational and electromagnetic field equations with a charged rotating source

An exact solution of the field equations (57) – (59), which represents the gravitational and electromagnetic fields surrounding a charged rotating source, is given in Ref.[10]. This will be described below. The vector fields b^k_μ and the electromagnetic potential A_μ have the expressions

b^k_μ =^{(0)}b^k_μ + a 2 l^kl_μ − Q^2 2 m^km_μ , (67)

A_μ = − q 4π √ Z l_μ , (68)

where^{(0)}b^k_μ are the dual components of constant vierbeins and are defined by^{(0)}b^k_μ^{def}= δ^k_μ. The functions Z, l_μ, m_μ, l^k and m^k are given by Z = N D , l_0 = √ Z , l_α = 2 √ Z D + r^2 + h^2 [ Nx_α + h^2x^3δ^3_α N − ε_{αβ3}x^β ] , m_μ = l_μ √ N , l^k = δ^k_μη^{μν} l_ν , m^k = δ^k_μη^{μν} m_ν , (69)

where D and N are given by D = √ (r^2 − h^2)^2 + 4h^2(x^3)^2 , N = √ r^2 − h^2 + D √ 2 , (70)

with r^{def}= √ (x^1)^2 + (x^2)^2 + (x^3)^2. In Eq. (69), the ε_{αβγ} are three-dimensional totally anti-symmetric tensor with ε_{123} = 1. Also, we have defined

a^{def}= κm 4π , Q^{def}= q 4π √ κ 2 , h^{def}= − J m , (71)

with m, J and q being the active gravitational mass, the absolute value of the angular momentum, and the electromagnetic charge of the source body, respectively.

For the solution given by Eqs. (67) and (68), the axial vector part a_μ of the torsion tensor vanishes,

a_μ = 0 , (72) and the metric is identical to the charged Kerr metric in G. R.

The asymptotic forms of the vierbeins and the electromagnetic vector potential for large r are given by

b^a_α = δ^a_α + 1 2 ( a − Q^2 r ) n^an_α r − ahn^β 2r^2

(ε_{αβ3}n^a + ε^a_{β3}n_α) + O^a_α ( 1 r^3 ) , b^{(0)}_α = − n_α 2r ( a − Q^2 r ) + ah 2r^2 ε_{αβ3}n^β + O_α ( 1 r^3 ) , b^a_0 = n^a 2r ( a − Q^2 r ) − ah 2r^2 ε^a_{β3}n^β + O^a ( 1 r^3 ) , b^{(0)}_0 = 1 − 1 2r ( a − Q^2 r ) + O ( 1 r^3 ) (73) and A_0 = − q 4πr + O ( 1 r^3 ) , A_α = − q 4π x^α r^2 + O_α ( 1 r^3 ) , (74)

respectively, which follow from Eqs. (67) and (68). Here, we have defined n^{α def}= x^α/r, and the expression O (1/r^w ) with positive w denotes a term such that lim_{r→∞} r^w O (1/r^w ) = constant.^{11}

2.2.4 Asymptotic form of ψ^k

The space-time in this theory has vanishing curvature tensor. When, additionally, the torsion tensor vanishes identically, the space-time is the Minkowski space-time, for which the translational gauge potentials A^k_μ can be chosen to be zero and Eq. (3) is reduced to

b^k_μ = ψ^k_{,μ} . (75)

For the solution given by Eqs. (67) and (68), we have^{12}

T^k_{μν} = O^k_{[μν]} ( 1 r^2 ) , (76)

11The symbols a and α in O^a_α(1/r^3), O_α(1/r^3) and O^a(1/r^3) are to show that these terms have indices as indicated.

12The square bracket [ ] in the suffix of O^k_{[μν]}(1/r^2) indicate that this term is antisymmetric with respect to μ , ν.

and the space-time asymptotically approaches the Minkowski space-time for large r.

The above discussion and the consideration given in Ref.[11] to introduce vierbeins suggest that ψ^k can be regarded as a Minkowskian coordinate at spatial infinity, and we are naturally led to employ the following form of ψ^k:

ψ^k =^{(0)}b^k_μx^μ +^{(0)}ψ^k + O^k ( 1 r^β ) , (β > 0) ψ^k_{,μ} =^{(0)}b^k_μ + O^k_μ ( 1 r^{1+β} ) , ψ^k_{,μν} = O^k_{(μν)} ( 1 r^2 ) , (77)

where^{(0)}ψ^k and β are constants.

3 Equivalence relations for the case of the solution represented by Eqs. (67) and (68)

In this section, on the basis of the discussion in Refs.[9] and [12], we examine the energy-momentum, the angular momentum and the charge for the solution given in the preceding section.

3.1 The case in which fψ^k, A^k_μ, A_μg is employed as the set of independent field variables

We regard the Lagrangian density L^{def}= √ −gL as a function of ψ^k, A^k_μ, A_μ and of their derivatives. For this case, the generator M_k of internal translations and the generator S_{kl} of internal Lorentz transformations are[7] the dynamical energy-momentum and the total (=spin + orbital) angular momentum, respectively, and they are expressed as

M_k^{def}= ∫ σ totT_k^μdσ_μ (78) and S_{kl}^{def}= ∫ σ totS_{kl}^μdσ_μ . (79)

Here, σ is a space-like surface, and dσ_μ is the surface element on it: dσ_μ = 1 3! ε_{μνλρ}dx^ν ∧ dx^λ ∧ dx^ρ . (80) We have

F_k^{μν} = F^{(1)}_k^{μν} + F^{(2)}_k^{μν} , (81)

with

F^{(1)}_k^{μν def}= 1 κ √ −g b_{kρ}∂_σ { (−g) g^{ρ[μ}g^{ν]σ} } + Z_k^{μν} , (82)

F^{(2)}_k^{μν def}= 3 2λ √ −g ε_k^{lmn}b^μ_mb^ν_na_l , (83) Z_k^{μν def}= √ −g κ { b^{[μ}_k( b^{ν]l}b^λ_{l.λ} − b^{λl} b^{ν]}_{l,λ}) + b^λ_kb^{[μ}_lb^{ν]l}_{,λ} } , (84)

as is known by using the explicit form of L_G.[6] From Eqs. (17), (24), (28) and (81), we find that totS_{kl}^μ defined by Eq. (29) can be rewritten as

totS_{kl}^μ = 2∂_ν (ψ_{[k}F_{l]}^{μν} ) + 2 κ ∂_ν (√ −gb^μ_{[k}b^ν_{l]} −^{(0)}b^μ_{[k}^{(0)}b^ν_{l]} ) −b_{[kν} F^{(2)}_{l]}^{μν} + 2ψ_{[k} δL δA^{l]}_μ , (85)

where^{(0)}b^μ_k are the components of the constant vierbeins:^{(0)}b^μ_k^{def}= δ^μ_k . For the vierbeins given by Eq. (67), we have

Z_k^{μν} = 0 , F^{(2)}_k^{μν} = 0 , (86)

and hence

F_k^{μν} = F^{(1)}_k^{μν} = 1 κ √ −g b_{kρ}∂_σ { (−g) g^{ρ[μ}g^{ν]σ} } . (87)

3.1.1 Energy-momentum

When the field equation δL/δA^k_μ = 0 is satisfied, Eq. (78) can be rewritten as M_k = ∫ σ ∂_ν F_k^{μν} dσ_μ = ∫ S F_k^{0α}r^2n_αdΩ , (88)

by using the identity (24). Here, S and dΩ stand for the two-dimensional surface of σ and the differential solid angle, respectively. Equations (81), (86) – (88) and (179) give

M_{(0)} = −m , M_a = 0 . (89) The quantity M_k is the total energy-momentum vector of the system. The first relation in Eq. (89) expresses the equality of the active gravitational mass and the inertial mass.

3.1.2 Angular momentum From Eqs. (79) and (85), the toal angular momentum can be expressed as

S_{kl} = 2 ∫ σ ∂_ν [ ψ_{[k}F_{l]}^{μν} + 1 κ {√ −g b^μ_{[k} b^ν_{l]} −^{(0)}b^μ_{[k}^{(0)}b^ν_{l]} } ] dσ_μ , (90)

from which the expression

S_{(0)a} =^{(0)}ψ_am = −^{(0)}ψ_aM_{(0)} +^{(0)}ψ_{(0)}M_a , S_{ab} = Jε_{ab3} = Jε_{ab3} +^{(0)}ψ_aM_b −^{(0)}ψ_bM_a (91) is obtained by the use of Eqs. (73), (77), (78), (81), (87) and (179).

In the above, terms of the form^{(0)}ψ_kM_l −^{(0)}ψ_lM_k are regarded as to represent the conserved orbital angular momentum around the origin of the internal space.[12] Equation (91) implies that the total angular momentum is equal to the angular momentum of the rotating source.

3.1.3 Canonical energy-momentum and “extended orbital angular momentum”

The generator M^c_μ of coordinate translations and the generator L_μ^ν of GL(4, R) coordinate transformations are the canonical energy-momentum and the “extended orbital angular momentum”,^{13} respectively. They have the expressions

M^c_μ^{def}= ∫ σ T̃_μ^ν dσ_ν = ∫ σ ∂_τ Ψ_μ^{ντ} dσ_ν , (92)

L_μ^{ν def}= ∫ σ M_μ^{νλ}dσ_λ = −2 ∫ σ ∂_τ (x^ν Ψ_μ^{λτ} )dσ_λ . (93)

13Note that the anti-symmetric part L_{[μν]}^{def}= η_{[νλ}L_{μ]}^λ is the orbital angular momentum.

The asymptotic behavior of the translational gauge potentials A^k_μ at spatial infinity is given as

A^{(0)}_0 = − a 2r + O ( 1 r^{1+β} ) , A^{(0)}_α = − a 2r n_α + O_α ( 1 r^{1+β} ) , A^a_0 = a 2r n^a + O^a ( 1 r^{1+β} ) , A^a_α = a 2r n^an_α + O^a_α ( 1 r^{1+β} ) , (94)

which are known from Eqs. (17), (73) and (77). Then M^c_μ vanishes trivially,

M^c_μ = ∫ S F_k^{0α}A^k_μr^2n_αdΩ = 0 , (95)

while L_μ^ν is expressed as

L_μ^ν = −2 ∫ S x^ν (F_k^{0α}A^k_μ + F^{0α}A_μ)r^2n_αdΩ , (96)

and the non-zero components are given by

L_1^1 = L_2^2 = L_3^3 = q^2 6π . (97)

These can be shown by use of Eqs. (36), (74), (81), (94) and (179). Thus, the orbital angular momentum L_{[μν]} is vanishing: L_{[μν]} = 0.

3.1.4 Charge

The charge is defined as the generator of U(1) gauge transformations and is given by

C^{def}= ∫ σ ∂_ν ( ∂L ∂A_{μ,ν} ) dσ_μ = ∫ σ ∂_ν ( √ −gF^{μν} )dσ_μ = − ∫ S (∂^αA^0)n_αr^2dΩ = q ,

(98)

where we have used Eq. (74). This implies the equality of the total charge of the system and the charge of the source.

3.2 The case in which fψ^k, b^k_μ, A_μg is employed as the set of independent field variables

Let us denote L and L, expressed as functions of ψ^k, b^k_μ, A_μ and their derivatives, by L̂ and L̂, respectively. The action I is now written as

Î = ∫ D L̂dv = I . (99) Various identities can be derived from the requirements (R.i) and (R.ii), among which we have δL̂ δψ^k ≡ 0 , (100) totT̂_k^μ ≡ 0 , (101)

∂_μtotŜ_{kl}^μ − 2 δL̂ δψ^{[k} ψ_{l]} − 2 δL̂ δb^{[k}_μ b_{l]μ} ≡ 0 , (102)

^̃T_μ^ν − ∂_λΨ̂_μ^{νλ} − δL̂ δb^k_ν b^k_μ − δL̂ δA_ν A_μ ≡ 0 , (103) where we have defined

L̂^{def}= √ −gL̂ , (104) totT̂_k^{μ def}= ∂ L̂ ∂ψ^k_{,μ} , (105)

totŜ_{kl}^{μ def}= −2 ∂ L̂ ∂ψ^{[k}_{,μ} ψ_{l]} − 2F̂_{[k}^{νμ}b_{l]ν} , (106) ^̃T_μ^{ν def}= δ_μ^νL̂ − F̂_k^{λν} b^k_{λ,μ} − F̂^{λν} A_{λ,μ} − ∂ L̂ ∂ψ^k_{,ν} ψ^k_{,μ} , (107) Ψ̂_λ^{μν def}= F̂_k^{μν} b^k_λ + F̂^{μν} A_λ = −Ψ̂_λ^{νμ} , (108)

F̂_k^{μν def}= ∂L̂ ∂b^k_{μ,ν} = F_k^{μν} , F̂^{μν def}= ∂L̂ ∂A_{μ,ν} = F^{μν} . (109)

From Eqs. (100) and (101), we see that ∂_μtotŜ_{kl}^μ = 0 (110) when the field equations for b^k_μ are satisfied. From Eqs. (103) and (108), it follows that

∂_ν ^̃T_μ^ν = 0 , (111) ∂_νM̂_λ^{μν} = 0 (112)

when the field equations δL̂/δb^k_μ = 0 and δL̂/δA_μ = 0 are both satisfied, where M̂_λ^{μν def}= 2(Ψ̂_λ^{μν} −x^μ ^̃T_λ^ν ). Equations (110) – (112) are the differential conservation laws of the “spin” angular momentum, the canonical angular momentum, and the “extended orbital angular momentum”, respectively.

The density totŜ_{kl}^μ defined by Eq. (106) can be rewritten as

totŜ_{kl}^μ = 2 κ ∂_ν (√ −gb^μ_{[k}b^ν_{l]} −^{(0)}b^μ_{[k}^{(0)}b^ν_{l]} ) − b_{[kν} F^{(2)}_{l]}^{μν} , (113)

by the use of Eqs. (81), (101), (109) and (105).

3.2.1 Energy-momentum The dynamical energy-momentum M̂_k, which is the generator of internal translations, vanishes identically:

M̂_k^{def}= ∫ σ totT̂_k^μdσ_μ ≡ 0 . (114)

This is evident from Eq. (101).

3.2.2 Spin angular momentum The generator Ŝ_{kl} of internal Lorentz transformations is expressed as

Ŝ_{kl}^{def}= ∫ σ totŜ_{kl}^μdσ_μ = 2 κ ∫ S (√ −g b^0_{[k}b^α_{l]} −^{(0)}b^0_{[k}^{(0)}b^α_{l]} ) n_αr^2dΩ , (115)

as can be shown by using Eq. (113), and we obtain

Ŝ_{(0)a} = 0 , Ŝ_{ab} = 1 3 Jε_{ab3} (116)

by using Eq. (73).

3.2.3 Canonical energy-momentum and “extended orbital angular momentum” The generator M̂^c_μ of coordinate translations and the generator L̂_μ^ν of GL(4, R) coordinate transformations are the canonical energy-momentum and the “extended orbital angular momentum”, respectively. They have the expressions M̂^c_μ^{def}= ∫ σ ^̃T_μ^ν σ_ν = ∫ σ ∂_τ Ψ̂_μ^{ντ} dσ_ν , (117) L̂_μ^{ν def}= ∫ σ M̂_μ^{νλ}dσ_λ = −2 ∫ σ ∂_τ ( x^νΨ̂_μ^{λτ} ) dσ_λ . (118)

Then we have M̂^c_0 = −m , M̂^c_α = 0 . (119)

Thus, M̂^c_μ is the total energy-momentum, and the equality of the active gravitational mass and the inertial mass holds. Also, L̂_μ^ν is given by L̂_0^0 = 2x^0m , L̂_0^α = 0 , L̂_α^0 = 0 , L̂_α^β = 2 3 Jε_α^{β3} , (α ≠ β) , L̂_1^1 = L̂_2^2 = L̂_3^3 = ∞ . (120) Equations (119) and (120) are obtained by using Eqs. (73), (74), (87), (108), (109) and (179).

The orbital angular momentum L̂_{[μν]} is given by L̂_{[0α]} = 0 , L̂_{[αβ]} = 2 3 Jε_{αβ3} . (121) If we define the total angular momentum of the system by[9] Ĵ_{kl}^{def}= Ŝ_{kl} +^{(0)}b^μ_k^{(0)}b^ν_lL̂_{[μν]} , (122) then we have Ĵ_{(0)k} = 0 , Ĵ_{ab} = Jε_{ab3} , (123) and the total angular momentum is equal to the angular momentum of the rotating source.

3.2.4 Charge

The generator Ĉ of U(1) gauge transformations is given by

Ĉ^{def}= ∫ σ ∂_ν ( ∂L̂ ∂A_{μ,ν} ) dσ_μ = q , (124)

which implies the equality of the total charge of the system and the charge of the source.

4 Restrictions imposed on field variables by the generalized equivalence principle

In the preceding section, we examined the solution given by Eqs. (67) and (68), and the results show that the total energy-momentum, the total angular momentum, and the total charge of the system, which are generators of transformations, are equal to the corresponding active quantities of a central gravitating body. The total mass, which is equal to the total energy divided by the square of the velocity of light, can be regarded as the inertial mass of the system. Thus, the results include the equality of the inertial mass and the active gravitational mass, which implies that the equivalence principle is satisfied by this solution.

In view of the above, we regard, the total momentum, the total angular momentum and the total charge as “inertial” quantities, and we say that a generalized equivalence principle (G. E. P.) is satisfied if the total energymomentum, total angular momentum and total charge are all equal to the corresponding quantities of the source.

The axial vector part a_μ vanishes for our solution, as stated above, and the field equations (57) – (59) are covariant under general coordinate transformations and under local Lorentz transformations that keep a_μ vanishing. Thus, new solutions can be obtained by applying the general coordinate transformations and restricted local Lorentz transformations b^{k′}_μ = A^k_l(x)b^l_μ that satisfy the condition [4]^{,14}

ε^{μνρσ} b^k_ν b^l_ρA^m_k (x)A_{ml}(x)_{,σ} = 0 (125)

14Note that a_μ is invariant under the local Lorentz transformation A^k_l(x) if and only if this condition is satisfied.

to the solution represented by Eqs. (67) and (68).

In this section, we examine restrictions imposed on solutions by the requirement that this G. E. P. is satisfied. We look for new solutions having suitable asymptotic behavior by considering the following Poincaré gauge transformations:

(1) Local SL(2.C) transformation

H^k_l^{def}= ( Λ(a^{−1}) )_{kl} = Λ^k_l + Λ^k_mω^m_l(x) . (126)

(2) Local internal translation

t^k =^{(0)}t^k + b^k(x) . (127)

Here, Λ^k_l and^{(0)}t^k denote a constant internal Lorentz transformation and the constant internal translation, respectively, and ω^k_l and b^k are functions satisfying the following conditions:

ω^k_l(x) = O^k_l ( 1 r^p ) , ω^k_{l,μ}(x) = O^k_{lμ} ( 1 r^{p+1} ) , (p > 0) (128)

b^k(x) = O^k ( 1 r^γ ) , b^k_{,μ}(x) = O^k_μ ( 1 r^{γ+1} ) . (γ > 0) (129)

The transformation H^k_l^{def}= (Λ(a^{−1}))^k_l is a Lorentz transformation satisfying Eq. (125), if and only if

ω_{kl} + ω_{lk} + ω_{mk} ω^m_l = 0 , (130) ε^{μνλρ}(ω_{kl,ρ} + ω_{mk} ω^m_{l,ρ})b^k_ν b^l_λ = 0 (131) are both satisfied. The conditions (130) and (131) are equivalent to

ω_{μν} + ω_{νμ} + ω_{λμ}ω^λ_ν = 0 (132) and X_{μνλ} + X_{λμν} + X_{νλμ} = 0 , (133)

respectively, where we have defined

ω_{μν}^{def}= b^k_μb^l_ν ω_{kl} , (134) X_{μνλ}^{def}= ω_{μν,λ} + ω^τ_μω_{τ ν,λ} − b^τ_kb^k_{μ,λ}ω_{τ ν} − b^τ_k b^k_{ν,λ}ω_{μτ} +b^{τ k}b^ρ_{k,λ}ω_{τ μ}ω_{ρν} + b^k_ν b^τ_{k,λ}ω^ρ_μω_{ρτ} . (135)

The function X_{μνλ} is anti-symmetric with respect to the first two indices: X_{μνλ} = −X_{νμλ} . (136) From Eqs. (128), (132) and (133), ω_{μν} is known to have the expression

ω_{μν} = ∂_μω_ν − ∂_ν ω_μ + f_{μν} (x) , (137)

with

∂_μω_ν − ∂_ν ω_μ = O_{[μν]} ( 1 r^p ) , f_{μν} (x) = O_{μν} ( 1 r^s ) . ( p < s ) (138)

In addition, we require the leading term of ω_{kl} at spatial infinity to be spherically symmetric. Then we can write

ω^0 = A(r, x^0) , ω^α = n^αB(r, x^0) , (139)

with certain functions A and B of r and x^0.

Also, we consider the following coordinate transformation:

x^{′μ} = C^μ_ν x^ν + D^μ(x) , ∂x^{′μ} ∂x^ν = C^μ_ν + a^μ_ν (x) ,

a^μ_ν^{def}= D^μ_{,ν} ,

a^μ_ν (x) = O^μ_ν ( 1 r^u ) , a^μ_{ν,λ} = O^μ_{νλ} ( 1 r^{u+1} ) , (u > 0) (140)

where C^μ_ν denotes a constant Lorentz transformation, and D^μ(x) satisfies the condition lim_{r→∞} D^μ(x) r = 0 . (141)

We write ∂x^μ/∂x^{′ν} as ∂x^μ ∂x^{′ν} = ( C^{−1} )_{μ ν} + d^μ_ν (x) , (142) with (C^{−1})^μ_ν being constants satisfying (C^{−1})^μ_λC^λ_ν = δ^μ_ν .

The vierbeins and vector potentials given by

b^{′k}_μ^{def}= H^k_l ∂x^ν ∂x^{′μ} b^l_ν , A^′_μ^{def}= ∂x^ν ∂x^{′μ} A_ν , (143)

with b^k_μ and A_μ given by Eqs. (67) and (68), are solutions of the gravitational and electromagnetic field equations. This is true irrespective of the values of the parameters p , s , β , γ and u. The G. E. P. is considered to be satisfied if the energy-momentum, the angular momentum and the charge all have correct transformation properties as their indices indicate. But, this is not necessarily the case for arbitrary values of these parameters; i.e. there are solutions which do not satisfy the G. E. P. We examine restrictions imposed on these parameters by the requirement that the G. E. P. is satisfied.

4.1 The case in which fψ^k, A^k_μ, A_μg is employed as the set of independent field variables

Under the combined transformation of the Poincaré gauge transformation given by Eqs. (126) and (127) and satisfying the conditions (130) and (131) and of the coordinate transformation (140), F^{(1)}_k^{μν} , F^{(2)}_k^{μν} and F^{μν} transform according to

F^{(1)′}_k^{μν} = Δ ∂x^{′μ} ∂x^ρ ∂x^{′ν} ∂x^σ H_k^lF^{(1)}_l^{ρσ} + Δ κ U_k^{lmn}_λW^{ρσλ}_{lmn} ∂x^{′μ} ∂x^ρ ∂x^{′ν} ∂x^σ , (144)

F^{(2)′}_k^{μν} = 0 = Δ ∂x^{′μ} ∂x^ρ ∂x^{′ν} ∂x^σ H_k^lF^{(2)}_l^{ρσ} , (145)

F^{′μν} = Δ ∂x^{′μ} ∂x^ρ ∂x^{′ν} ∂x^σ F^{ρσ} , (146)

where we have defined^{15}

U_k^{lmn}_λ^{def}= H_k^lV^{mn}_λ , (147) V^{mn}_λ^{def}= H^{lm}H_l^n_{,λ} = −V^{nm}_λ , (148) W^{μνλ}_{klm}^{def}= b^{[μ}_kb^{ν]}_lb^λ_m + b^{[μ}_mb^{ν]}_k b^λ_l + b^{[μ}_lb^{ν]}_mb^λ_k , (149) Δ^{def}= det ( ∂x^μ ∂x^{′ν} ) . (150)

Equations (144) – (146) show that F^{(1)}_k^{μν} , F^{(2)}_k^{μν} and F^{μν} transform as tensor densities under coordinate transformations. The function W^{μνλ}_{klm} is totally anti-symmetric, both in upper indices and in lower indices.

4.1.1 Energy-momentum From Eqs. (88) and (144), M_k is found to transform as^{16}

M^′_k^{def}= ∫ σ totT^′_k^μdσ^′_μ = ∫ σ ∂^′_ν F^′_k^{μν} dσ^′_μ = Λ_k^lM_l + 3 κ ∫ U_k^{[0αβ]}_β n_αr^2dΩ , (151)

where we represent ∂^′_μ = ∂/∂x^{′μ}. The energy-momentum M_k obeys the correct transformation rule

M^′_k = Λ_k^lM_l (152)

if the condition p > 1 2 , s > 1 (153)

is satisfied.^{17}

15For simplicity, we restrict our consideration to the case in which Δ > 0. An extension to the case of arbitrary non-vanishing Δ can be made without difficulty.

16A^{[μνλ] def}=^1_3 {A^{μ[νλ]} + A^{ν[λμ]} + A^{λ[μν]}}.

17For derivations of the conditions (153), (156) – (18), (163), (171) and (175), elementary but rather tedious calculations are needed. In Appendix A, we give lists of asymptotic forms of F^{(1)}_k^{μν} , V^{mn}_λ and W^{μνλ}_{klm} for large r, which are useful in calculations.

4.1.2 Angular momentum From Eqs. (90) and (144), we find that S_{kl} transforms as

S^′_{kl}^{def}= ∫ σ totS^′_{kl}^μdσ^′_μ = 2 ∫ σ ∂^′_ν [ ψ^′_{[k}F^′_{l]}^{μν} + 1 κ (√ −g^′b^{′μ}_{[k}b^{′ν}_{l]} − b^{(0)′μ}_{[k}b^{(0)′ν}_{l]} )] dσ^′_μ = Λ_k^mΛ_l^n(S_{mn} − 2^{(0)}t_{[m}M_{n]})

+2Λ_k^m ∫ {ω_m^n(ψ_n − t_n) − b_m}H_l^nF_n^{0α}n_αr^2dΩ + 2 κ ∫ H_{[k}^mH_{l]}^n(ψ_m − t_m)H^{ij} H_i^h_{,β} W^{0αβ}_{njh}n_αr^2dΩ + 2 κ ∫ H_{[k}^m(H_{l]}^n + Λ_{l]}^mω_m^n)(b^0_{[m}b^α_{n]} −^{(0)}b^0_{[m}^{(0)}b^α_{n]})n_αr^2dΩ ,

(154)

where we have defined^{(0)}b^{′μ}_k^{def}= lim_{r→∞} H_k^l(∂x^{′μ}/∂x^ν )b^ν_l = Λ_k^lC^μ_ν^{(0)}b^ν_l. The angular momentum obeys the correct transformation rule^{18}

S^′_{kl} = Λ_k^mΛ_l^n(S_{mn} − 2^{(0)}t_{[m}M_{n]}) (155)

if the following conditions are satisfied: p > 1 2 , s > 2 (156) and [ { p + β > 1, p + γ > 1} or { O^{(0)} ( 1 r^β ) = f(r, x^0) , O^{(0)} ( 1 r^γ ) = g(r, x^0) }]

(157) and [ { p + β > 1, p + γ > 1} or { O^a ( 1 r^β ) = n^ah(r, x^0) , O^a ( 1 r^γ ) = n^ak(r, x^0) }] , with f, g, h and k being some functions of r and x^0, where the terms O^k (1/r^β ) and O^k (1/r^γ ) are those in Eq. (77) and Eq. (129), respectively.

18The term 2^{(0)}t_{[k}M_{l]} comes from the translation (127), and it is an additional orbital angular momentum around the origin of the internal space.

4.1.3 Canonical energy-momentum and “extended orbital angular momentum” The transformed canonical energy-momentum M^{′c}_μ and the “extended orbital angular momentum” L^′_μ^ν are given by

M^{′c}_μ^{def}= ∫ σ T̃^′_μ^ν dσ^′_ν = ∫ σ ∂^′_λΨ^′_μ^{νλ}dσ^′_ν = ∫ Ψ^′_μ^{νλ}J ∂x^0 ∂x^{′ν} ∂x^α ∂x^{′λ} n_αr^2dΩ , (158)

L^′_μ^{ν def}= ∫ σ M^′_μ^{νλ}dσ^′_λ = −2 ∫ σ ∂^′_τ (x^{′ν} Ψ^′_μ^{λτ} )dσ^′_λ = −2 ∫ x^{′ν} Ψ^′_μ^{λτ} J ∂x^0 ∂x^{′λ} ∂x^α ∂x^{′τ} n_αr^2dΩ , (159)

with J^{def}= det(∂x^{′μ}/∂x^ν ), in which the transformed Ψ^′_μ^{νλ} can be obtained from Eqs. (1), (36), (144) – (146).

The relation

M^{′c}_μ = 0 = (C^{−1})^ν_μM^c_ν (160)

holds without any additional condition on the positive parameters p , s , β , γ and u, and L_μ^ν and L_{[μν]} transform according to

L^′_μ^ν = (C^{−1})^ρ_μC^ν_σ L_ρ^σ , (161) L^′_{[μν]} = 0 = (C^{−1})^λ_μ(C^{−1})^ρ_ν L_{[λρ]} (162)

under the condition

p > 1 . (163)

Equations (160) – (162) are the transformation rules which we would like M^c_μ, L_μ^ν and L_{[μν]} to obey.

4.1.4 Charge For the transformed charge

C^{′ def}= ∫ σ ∂^′_ν ( ∂L^0 ∂A^′_{μ,ν} ) dσ^′_μ , (164) with the Lagrangian density L^0 defined with transformed field variables, we can obtain C^′ = C = q (165) without imposing any additional condition.

To summarize, the G. E. P. is satisfied if p > 1 , s > 2 . (166) The asymptotic behavior of the transformed dual components of b^{′k}_μ = H^k_l(∂x^ν /∂x^{′μ})b^l_ν and of the transformed vector potential A^′_μ = (∂x^ν/∂x^{′μ})A_ν can be easily obtained from Eqs. (126), (128), (142) and (166) as b^{′k}_μ = Λ^k_l(C^{−1})^ν_μ^{(0)}b^l_ν + O^k_μ(1/r^u ) + O^k_μ(1/r) , (u > 0) A^′_μ = (C^{−1})^ν_μA_ν + d^ν_μA_ν = O_μ(1/r) . (167)

4.2 The case in which fψ^k, b^k_μ, A_μg is employed as the set of independent field variables

4.2.1 Energy-momentum and angular momentum For the generator of Poincaré gauge transformations, we have M̂^′_k^{def}= ∫ σ totT̂ ′_kμdσ′_μ ≡ 0 = Λ_klM̂_l , (168)

Ŝ^′_{kl}^{def}= ∫ σ totŜ′_{kl}μdσ′_μ = Λ_k mΛ_lnŜ_{mn} , (169)

which hold without imposing any additional condition.

4.2.2 Canonical energy-momentum and “extended orbital angular momentum” For M̂^c_μ, we have M̂^{′c}_μ^{def}= ∫ σ ^̃T^′_μ^ν dσ^′_ν = (C^{−1})^ν_μM̂^c_ν (170)

if the conditions p > 1 2 , s > 1 , p + u > 1 (171) are satisfied. The transformed “extended orbital angular momentum” L̂^′_μ^{ν def}= ∫ σ M̂^′_μ^{νλ}dσ^′_λ (172)

is divergent in general, as is obvious from Eq. (120). However, the transformed orbital angular momentum L̂^′_{[μν]}, and hence the transformed total angular momentum Ĵ^′_{kl}^{def}= Ŝ^′_{kl} +^{(0)}b^{′μ}_k^{(0)}b^{′ν}_lL̂^′_{[μν]}, are well defined, and they obey the rules L̂^′_{[μν]} = (C^{−1})^λ_μ(C^{−1})^ρ_νL̂_{[λρ]} , (173) Ĵ^′_{kl} = Λ_k^mΛ_l^nĴ_{mn} (174) if the conditions p > 1 2 , s > 2 , u > 1 , p + u > 2 (175) are satisfied.

4.2.3 Charge The transformed charge

Ĉ^{′ def}= ∫ σ ∂^′_ν ( ∂L̂^′ ∂A^′_{μ,ν} ) dσ^′_μ , (176)

with the Lagrangian density L̂^′ defined with transformed field variables, is evaluated as Ĉ^′ = Ĉ = q , (177) without imposing any additional condition.

To summarize, the G. E. P. is satisfied if the conditions in Eq. (175) are satisfied. The asymptotic behavior of the transformed dual components of b̂^{′k}_μ^{def}= H^k_l(∂x^ν/∂x^{′μ})b^l_ν and of the transformed vector potential Â^′_μ^{def}= (∂x^ν /∂x^{′μ})A_ν are easily determined from Eqs. (126), (128), (142) and (175) as b̂^{′k}_μ = Λ^k_l(C^{−1})^ν_μ^{(0)}b^l_ν + O^k_μ(1/r^p) , ( p > 1 2 )

Â^′_μ = (C^{−1})^ν_μA_ν + d^ν_μA_ν = O_μ(1/r) . (178)

5 Summary and discussion

In extended new general relativity (E. N. G. R.), we have examined exact charged axi-symmetric solutions of the gravitational and electromagnetic field equations in vacuum from the point of view of the equivalence principle.

In this theory, the generators depend on the choice of the set of independent field variables. In §3, we examined the solution represented by Eqs. (67) and (68) for the case in which {ψ^k, A^k_μ, A_μ} is employed as the set of independent field variables and for the case in which {ψ^k, b^k_μ, A_μ} is employed as the set of independent variables. We have shown the following:

(A) For the case in which {ψ^k, A^k_μ, A_μ} is employed as the set of independent field variables, the total energy-momentum, the total angular momentum and the total electric charge of the system are all given by generators of internal transformations. The canonical energy-momentum and the orbital angular momentum vanish trivially.

(B) For the case in which {ψ^k, b^k_μ, A_μ} is employed as the set of independent field variables, we have following: (1) The total energy-momentum is given by the generator M^c_μ of the coordinate translations, and the generator M̂_k of the internal translations vanishes identically. (2) The total angular momentum is given by the sum Ĵ_{kl}^{def}= Ŝ_{kl} +^{(0)}b^μ_k^{(0)}b^ν_lL̂_{[μν]} of the generator Ŝ_{kl} of the internal Lorentz transformations and of the generator L̂_{[μν]} of the coordinate Lorentz transformations. (3) The total charge is given by the generators of the internal U(1) transformations.

(A∩B) For both cases, the total energy-momentum, the total angular momentum and the total charge of the system are identical to the corresponding active quantities of a central gravitating body.

The total mass, which is equal to the total energy divided by the square of the velocity of light, can be regarded as the inertial mass of the system. Thus, the results mentioned above include the equality of the inertial mass and the active gravitational mass, which implies that the equivalence principle is satisfied by the solution represented by Eqs. (67) and (68). In consideration of this, we have introduced the notion of a generalized equivalence principle (G. E. P.), as stated at the beginning of §4. Solutions obtained by applying {the transformations (126) and (127) satisfying the conditions (125) and (139)} ⊗ {the coordinate transformation (140)} to the original solution have been examined from the point of view of the G. E. P. The following results have been obtained.

(A^′) For the case in which {ψ^k, A^k_μ, A_μ} is employed as the set of independent field variables, the G. E. P. is satisfied by solutions if the conditions in Eq. (166) are satisfied.

(B^′) For the case in which {ψ^k, b^k_μ, A_μ} is employed as the set of independent field variables, the G. E. P. is satisfied if the conditions in Eq. (175) are satisfied.

We would like to add several comments:

[1] For the internal transformation (126), the condition (166) gives a stronger condition than does the condition (175). For the coordinate transformation (140), no constraint is imposed by the former, while the latter gives the restrictions u > 1, p + u > 2.

[2] For the case in which {ψ^k, A^k_μ, A_μ} is employed as the set of independent field variables, the G. E. P. is satisfied even by solutions which approach constant values very slowly at spatial infinity, as is seen from Eq. (167). This is a direct consequence of the following:

(a) The functions F_k^{μν} and F^{μν} = √ −gF^{μν} both describe tensor densities, and hence the total energy-momentum M_k, total angular momentum S_{kl} and the total charge C are all independent of the coordinate systems employed.

(b) The canonical energy-momentum M^c_μ and the “extended orbital angular momentum” L_μ^ν , which are the generators of coordinate transformations, obey the regular transformation rules (160) and (161) under the coordinate transformation (140) with arbitrary positive u if the condition (163) is satisfied.

Note that b^{k′}_{μ′} as given by Eq. (167) approaches a constant value much more slowly than the vierbein components required in the general situation to give reasonable forms of energy-momentum and angular momentum.[6]

[3] In the case in which {ψ^k, b^k_μ, A_μ} is employed as the set of independent field variables, the G.E.P. for the total energy-momentum and for the total angular momentum is established when the vierbeins have asymptotic property as indicated by the first of Eq. (178). This is consistent with the results [5] on the equivalence principle for the energy in new general relativity (N. G. R.).^{19}

The preceding results, together with those in Ref.[6], show that the choice {ψ^k, A^k_μ, A_μ} as the set of independent field variables is preferential to the choice {ψ^k, b^k_μ, A_μ}. This is quite natural, because the fields ψ^k, A^k_μ and A_μ are the fundamental objects and b^k_μ is a composite of ψ^k and A^k_μ.

A Asymptotic Forms of F^{(1)}_k^{μν} , V^{mn}_λ and W^{μνλ}_{klm} for Large r

In this appendix, we give the asymptotic forms of F^{(1)}_k^{μν} , V^{mn}_λ and W^{μνλ}_{klm} for large r, which are useful for the calculations in §§3 and 4.

F^{(1)}_k^{μν} :

F^{(1)}_{(0)}^{0α} = − 1 κ ( a − Q^2 r ) n^α r^2 + ah 2κr^3 ε^α_{β3}n^β + O^α ( 1 r^4 ) , F^{(1)}_a^{0α} = − 1 κr^2 ( a − 3Q^2 2r ) n_an^α − Q^2 2κr^3 δ_a^α − ah 2κr^3 ( δ^{αβ} − 3n^αn^β ) ε_{aβ3} + O_a^α ( 1 r^4 ) , F^{(1)}_{(0)}^{αβ} = 3ah 2κr^3 ( n^αε^β_{γ3} − n^β ε^α_{γ3} ) n^γ + ah κr^3 ε^{αβ}_3 + O^{[αβ]} ( 1 r^4 ) , F^{(1)}_a^{αβ} = − ah 2κr^3 ( ε_a^α_3n^β − ε_a^β_3n^α ) + 2ah κr^3 ( n^αε^β_{γ3} − n^β ε^α_{γ3} ) n_an^γ + ah κr^3 ε^{αβ}_3n_a − Q^2 2κr^3 ( δ_a^αn^β − δ_a^β n^α ) + O_a^{[αβ]} ( 1 r^4 ) . (179)

19Note that E. N. G. R. is reduced to N. G. R. if fields with nonvanishing P_k are not present and if the set {ψ^k, b^k_μ, A_μ, ϕ^A, ϕ^{∗A}} is employed as the set of independent field variables.

V^{mn}_λ: V^{(0)a}_0 = −n^aΞ̇ − a n^a r Π̇ − n^a 2 Ξ^2(Ξ̇ − a r Π̇) + an^a r ΞΠΞ̇ +O^a ( 1 r^{s+1} ) + O^a ( 1 r^{2p+2} ) + o^a ( 1 r^3 ) , V^{(0)a}_α = − 1 r (δ^a_α − n^an_α) Ξ − n^an_αΞ^′ − a r^2

(δ^a_α − 2n^an_α) Π − an^an_α r Π^′ + n^an_α 2 Ξ^2Ξ^′ + O^a_α ( 1 r^{s+1} )

+O^a_α ( 1 r^{2p+2} ) + o^a_α ( 1 r^3 ) , V^{ab}_0 = − a r n^an^b(ΞΠ̇ + Ξ̇Π) − a^2 n^an^b r^2

ΠΠ̇ + 1 2 n^an^bΞ^3Ξ̇ +O^{ab} ( 1 r^{s+1} ) + O^{ab} ( 1 r^{2p+2} ) + o^{ab} ( 1 r^3 ) , V^{ab}_α = − 1 r (n^aδ^b_α − n^bδ^a_α) ( 1 − 1 4 Ξ^2 ) Ξ^2 + O^{ab}_α ( 1 r^{s+1} )

+O^{ab}_α ( 1 r^{2p+2} ) + o^{ab}_α ( 1 r^3 ) (180)

with^{20}

Ξ^{def}= A^′ + Ḃ , Π^{def}= Ȧ + Ḃ − A^′ − B^′ + 1 r (A + B) , (181)

and o^a_α(1/r^3), for example, denotes a term such that lim_{r→∞} r^3o^a_α(1/r^3) = 0.

20Here, the prime and dot represent derivatives with respect to r and x^0, respectively. For example, A^{′ def}= ∂A/∂r and Ȧ^{def}= ∂A/∂x^0.

W^{μνλ}_{klm}: W^{0αβ}_{(0)ab} = 1 2 ( δ^α_aδ^β_b − δ^α_bδ^β_a ) + a 4r {( δ^α_aδ^β_b − δ^α_bδ^β_a ) + (n_aδ^α_b − n_bδ^α_a) n^β + ( n_bδ^β_a − n_aδ^β_b ) n^α } + O^{[αβ]}_{[ab]} ( 1 r^2 ) , W^{0αβ}_{abc} = a 4r {( δ^α_aδ^β_b − δ^α_bδ^β_a ) n_c + ( δ^α_bδ^β_c − δ^α_cδ^β_b ) n_a + ( δ^α_cδ^β_a − δ^α_aδ^β_c ) n_b } + O^{[αβ]}_{[abc]} ( 1 r^2 ) , W^{αβγ}_{(0)ab} = − a 4r {( δ^α_aδ^β_b − δ^α_bδ^β_a ) n^γ + ( δ^β_aδ^γ_b − δ^β_bδ^γ_a ) n^α . + (δ^γ_aδ^α_b − δ^γ_bδ^α_a) n^β } + O^{[αβγ]}_{[ab]} ( 1 r^2 ) , W^{αβγ}_{abc} = 1 2 {( δ^α_aδ^β_b − δ^β_aδ^α_b ) δ^γ_c + ( δ^α_bδ^β_c − δ^β_bδ^α_c ) δ^γ_a + ( δ^α_cδ^β_a − δ^β_cδ^α_a ) δ^γ_b } − a 4r {( δ^α_aδ^β_b − δ^β_aδ^α_b ) n_c + ( δ^α_bδ^β_c − δ^β_bδ^α_c ) n_a + ( δ^α_cδ^β_a − δ^β_cδ^α_a ) n_b } n^γ − a 4r [{ (δ^α_an_b − δ^α_bn_a) n^β − ( δ^β_an_b − δ^β_bn_a ) n^α } δ^γ_c + { (δ^α_bn_c − δ^α_cn_b) n^β − ( δ^β_bn_c − δ^β_cn_b ) n^α } δ^γ_a + { (δ^α_cn_a − δ^α_an_c) n^β − ( δ^β_cn_a − δ^β_an_c ) n^α } δ^γ_b ] +O^{[αβγ]}_{[abc]} ( 1 r^2 ) . (182)

All the other components, which are not listed above, are equal to zero

or are obtainable from the listed ones by permutations.

References

[1] C. W. Misner, K. S. Thorne and J. A. Wheeler, Gravitation (Freeman,

San Francisco, 1973), p. 448.

[2] T. Shirafuji, G. G. L. Nashed and Y. Kobayashi, Prog. Theor. Phys. 96

(1996), 933.

[3] Y. Bozhkov and W. A. Rodrigues, Jr., Gen. Rel. Gravit. 27 (1995), 813.

[4] K. Hayashi and T. Shirafuji, Phys. Rev. D19 (1979), 3524. [5] T. Shirafuji, G. G. L. Nashed and K. Hayashi, Prog. Theor. Phys. 95 (1996), 665.

[6] T. Kawai and N. Toma, Prog. Theor. Phys. 85 (1991), 901. [7] T. Kawai, Gen. Rel. Gravit. 18 (1986), 995; 19 (1987), 1285 (E). [8] T. Kawai, Prog. Theor. Phys. 82 (1989), 850.

[9] T. Kawai and H. Saitoh, Prog. Theor. Phys. 81 (1989), 280; 1119. [10] T. Kawai and N. Toma, Prog. Theor. Phys. 87 (1992), 583. [11] R. Utiyama, Phys. Rev. 101 (1956), 1597. [12] T. Kawai, Prog. Theor. Phys. 79 (1988), 920.