arXiv:gr-qc/0011010 v3 12 Jan 2001

Hamiltonians for a general dilaton gravity theory on a spacetime with a non-orthogonal, timelike or spacelike outer boundary

M. Cadoni,^{a ∗} P. G. L. Mana^{b †}

aDipartimento di Fisica, Università di Cagliari, Cittadella Universitaria, I-09042 Monserrato, Italy, and INFN, Sezione di Cagliari, Italy.

bDipartimento di Fisica, Università di Cagliari, Cittadella Universitaria, I-09042 Monserrato, Italy.

September 2000

INFNCA-TH0020

Abstract

A generalization of two recently proposed general relativity Hamiltonians, to the case of a general (d+1)-dimensional dilaton gravity theory in a manifold with a timelike or spacelike outer boundary, is presented.

1 Introduction

The study of Hamiltonians for general relativity and other gravity theories is important for many interrelated questions and issues, such as black hole thermodynamics, in particular black hole entropy and its statistical origin, or as the definition of quasilocal quantities. In particular, the boundary terms, which are part of the Hamiltonian, are especially relevant. In fact, the Hamiltonian reduces to them when evaluated on-shell and they are used to determine global charges and thermodynamic quantities.

The form of the Hamiltonian boundary terms depends on the boundary conditions we use for the variational principle (for instance we can choose to fix the metric induced on the boundary), or on gauge conditions such as, for instance, the orthogonality of the boundaries. In the general framework of the Arnowitt- Deser-Misner parametrization, three different gravitational Hamiltonians have

∗E-mail address: cadoni@ca.infn.it
†E-mail address: mana@ca.infn.it

been proposed recently by, respectively, Hawking and Hunter (HH) [1], Booth and Mann (BM) [2], Creighton and Mann (CM) [3].

The HH and BM Hamiltonians correspond to different Legendre transformations of the Einstein-Hilbert action and represent the natural choice for classical general relativity defined on a spacetime manifold with non-orthogonal boundaries. Conversely, the CM proposal gives the Hamiltonian for a dilaton gravity theory defined on a spacetime manifold with orthogonal boundaries.

The limitations of the different proposal are evident. If one wants to describe dilaton gravity theories in the Hamiltonian framework, one has to use the CM prescription and is therefore forced to consider only orthogonal boundaries. In some situation this limitation may be too strong, for instance if one wants to consider symmetry transformations whose generators cannot be tangent to a timelike boundary (e.g. spatial or null translations). This kind of generators are important in the discussion of the asymptotic symmetries of the spacetime and the associated charges [4, 5, 6, 7]. On the other hand, if one needs to consider a manifold with non-orthogonal boundaries, one can use the HH or BM prescription but is limited to the non-dilatonic case.

Therefore, it is natural to investigate the possibility of using a Booth-Mann-like Hamiltonian together with any evolution generator. In this paper we show that this is possible. We propose two Hamiltonians for a general dilaton gravity theory defined on a (d+1)-dimensional spacetime with non-orthogonal boundaries. Our Hamiltonians generalize and comprehend the HH, BM, and CM Hamiltonians. Moreover, they can deal with spacelike, as well as timelike, outer boundaries.

The structure of the paper is the following. In Sect. 2 we set up our notation and define the objects we are dealing with. In Sect. 3 we derive our Hamiltonians. In Sect. 4 we discuss our results.

2 Definitions

We consider a (d+1)-dimensional spacetime manifold M whose boundary consists of two spacelike hypersurfaces S^′ and S^{′′} sharing the same topology, and an ‘outer’ hypersurface B, which can be either timelike or spacelike, with topology ∂S^′ ×I, where I is a real interval. The spacetime is foliated into spacelike hypersurfaces S_t of constant t, where t : M → R is a time function defined throughout M. The initial and final hypersurfaces of this foliation are S^′ and S^{′′}. Another foliation is induced on the boundary B and is given by spacelike surfaces P_t = S_t ∩ B = ∂S_t of dimension (d − 1). The initial and final surfaces are P^′ = S^′ ∩ B and P^{′′} = S^{′′} ∩ B, respectively. We can also think of every P_t as given by the intersection of B with (local) orthogonal hypersurfaces S̃_t.^1 When the boundary B is spacelike, it must also be transversal to every S_t

1When the B boundary is spacelike, we only assume locality and do not suppose that the

hypersurfaces S̃t foliate the whole spacetime M. In this case S̃t is timelike and we do not want a foliation of M into timelike hypersurfaces. Thus, clamped foliations, in the sense of Lau [8, 9], are allowed only when B is timelike.

to be sure that the foliation of M is always well-defined. However, later on we will relax this assumption and will allow for the degenerate case in which B is non-transversal to some or every S_t.

The metric on the spacetime M is g_{μν}, with signature (− + + · · · ), volume element √ −g, covariant derivative ∇_μ and curvature R_M. With respect to

this metric the M-foliation lapse is N^{def}= [−(∇t)^2]^{−1/2}. The metric g_{μν} induces other metric structures on the various surfaces. These structures are described in detail below.

A scalar dilaton field η is also defined on M, as well as its functions f : η → f(η), k : η → k(η) and p : η → p(η); their derivatives^{df}_{dη} etc. are written as f^′ etc.; their restrictions to the various surfaces, η|_{St} , η|_B, f|_{Pt} , etc., will be often called η, f, etc. for simplicity.

The Lie derivative operator is denoted by L.

The S_t hypersurfaces

A future-pointing vector field u^μ normal to every S_t is defined on M; its acceleration a^{μ def}= u^ν∇_ν u^μ is tangent to S_t (u_μa^μ = 0). The induced Riemannian metric on every S_t is h_{μν} = g_{μν} + u_μu_ν, with volume element √ h (note

that √ hN = √ −g), covariant derivative D_μ, intrinsic curvature R_S , and ex-

trinsic curvature K_{μν}^{def}= −h_μ^τ ∇_τ u_ν. Tensors are projected onto the S_t hypersurfaces by h^μ_ν .

The B boundary

The outer boundary B, whose normal ñ^μ we require to be always outwardpointing, can be timelike (see Fig. 1) or spacelike. When B is spacelike we have to distinguish between two different cases, sketched in Figs. 2 and 3. In Fig. 2 B lies outside the future of S^′ (its normal is past-pointing), while it lies inside the future of S^′ in Fig. 3 (its normal is future-pointing). We can characterize the three different cases defining the following quantities:

ε^{def}= ñ_μñ^μ, (1)

β^{def}= u^μñ_μ, (2)

as well as the hyperbolic angle α:

α^{def}= { arcsinh β if ε = +1, − sgn(β) arccosh |β| if ε = −1. (3)

If B is timelike (see Fig. 1) then ε = +1, β R 0, and α R 0; if B is spacelike and outside the future of S^′ (past-pointing ñ^μ, see Fig. 2) then ε = −1, β > 1, and α < 0; finally, if B is spacelike and inside the future of S^′ (futurepointing ñ^μ, see Fig. 3) then ε = −1, β < −1, and α > 0.

M

S^′

S_t S^{′′}

p p p p p p p p p p p p p p p p p p p p p

p p p p p p

p p p p p p p p p p p p p p p p p p p p p

p p p p p p p p p p p p p p p p

pp pp pp pp pp

p p p p p p p p pp pp pp pp JJ JJ JJ � � � B q q P^′

q q P_t q qP^{′′} -_nμ6^{uμ}�

�Œ^{ũμ} ȷȷȷ3^{ñμ}

Figure 1: Example of foliation of a two-dimensional spacetime M with a timelike outer boundary (ε=+1, β R0, αR0). Dotted lines represent lightcones.

M

S^′

S_t S^{′′}

p p p p p p p p p p p p p p p p p p p p p

p p p p p p

p p p p p p p p p p p p p p p p p p p p p

p p p p p p p p p p p p p p p p

pp pp pp pp pp

p p p p p p p p pp pp pp pp QQ QQ QQ QQ Q ȷȷ ȷȷ ȷȷ ȷȷ ȷ B q q P^′

q q P_t q qP^{′′} -_nμ6^u μ � �Æ_{ñμ} ȷȷȷ3^{ũμ}

Figure 2: Example of foliation of a two-dimensional spacetime M with a spacelike outer boundary outside the future of S^′ (ε=−1, β >+1, α<0). Dotted lines represent lightcones.

M S^{′′} S_t

S^′ p p p p p p

p p p p p p p p p p p p p p p p p p p p p

p p p p p p

p p p p p p p p p p p p p p p p p p p p p

p p p p p p p p p p

pp pp pp pp pp

p p p p p p p p pp pp pp pp ȷȷ ȷȷ ȷȷ ȷȷ ȷ QQ QQ QQ QQ Q B q qP^{′′} q q P_t q q P^′ -n^μ6^u μ JJ J]^{ñμ} QQQk^{ũμ}

Figure 3: Example of foliation of a two-dimensional spacetime M with a spacelike outer boundary inside the future of S^′ (ε=−1, β <−1, α>0). Dotted lines represent lightcones.

On B we have the induced intrinsic metric γ_{μν} = g_{μν} − εñ_μñ_ν with volume element √ |γ|, covariant derivative Δ_μ and extrinsic curvature Θ_{μν}^{def}= −γ_μ^τ ∇_τ ñ_ν. In the ε = +1 case the induced metric is Lorentzian with signature (− + + · · · ), while in the ε = −1 case it is a positive definite Riemannian metric having signature (+++ · · · ). We can project tensors onto B by using γ^μ_ν .

The spacetime foliation induces a foliation in B by means of the induced time function t|_B : B → R, and the associated lapse is Ñ^{def}= [−ε(Δt|_B)^2]^{−1/2}.

The P_t surfaces

The P_t surfaces are defined by the intersection of the outer boundary with the various slices S_t, so they can be viewed as embedded in B or in S_t. In particular, P^′ and P^{′′} together form the boundary of B, and every P_t is the boundary of S_t. Hence, four different unit normal vector fields can be defined on P_t: as a surface in S_t, P_t has the outward-pointing spacelike normal n^μ, and shares with S_t the future-pointing timelike unit normal u^μ; as a surface in B, P_t has the unit normal ũ^μ, which satisfies u_μũ^μ < 0, and shares with B the outward-pointing unit normal ñ^μ. Both n^μ and ũ can be obtained by projection of the normals ñ^μ and u^μ onto S_t and onto B respectively, and normalizing, n^μ = ελh^μ_νñ^μ = ελñ^μ + ελβu^μ, (4a) ũ^μ = ελγ^μ_ν u^μ = 1 λ u^μ − λβñ^μ, (4b) where the normalizing positive scalar λ is defined by: λ = 1 √ ε + β^2 = { (cosh α)^{−1} if ε = +1, (sinh |α|)^{−1} if ε = −1. (5) Note that δβ = ε^1_λ δα; moreover, n_μn^μ = +1, u_μu^μ = −1, ũ_μũ^μ = −ε, ñ_μñ^μ = ε, and the following relations hold:

ñ^μ = ε 1 λ n^μ − βu^μ ũ^μ = 1 λ u^μ − εβn^μ, (6a) n^μ = 1 λ ñ^μ + βũ^μ u^μ = ε 1 λ ũ^μ + εβñ^μ. (6b)

The Riemannian metric induced on P_t is

σ_{μν} = g_{μν} − n_μn_ν + u_μu_ν = g_{μν} + εũ_μũ_ν − εñ_μñ_ν , (7)

with volume element √ σ (and √ σÑ = √ |γ|). Tensors are projected on P_t by

using σ^μ_ν .

Every P_t can be seen as a (d−1)-dimensional surface embedded in S_t, and as such it has an extrinsic curvature which we denote by θ_{μν} :

θ_{μν}^{def}= −σ^τ_μσ^σ_ν ∇_τ n_σ = −σ^τ_μD_τ n_ν . (8)

However, we can consider also the embedding of P_t in a hypersurface S̃_t, locally orthogonal to B (so that S̃_t has unit normal ũ^μ); in this case we can define an associated extrinsic curvature θ̃_{μν} :

θ̃_{μν}^{def}= −σ^τ_μσ^σ_ν ∇_τ ñ_σ. (9)

The following useful relation holds among the traces of θ_{μν} , θ̃_{μν} and the extrinsic curvatures of S_t and B: trθ = ελtrΘ + ελβtrK + ελñ^μa_μ − λũ^μ∇_μα, (10) = εtrθ̃ + ελβtrK + ελβn^μñ^ν ∇_μũ_ν + ελβn^μ∇_μα. (11) Bulk and boundary foliations

The time evolution of the hypersurfaces S_t (and of the fields defined on them) can be specified by means of a time-flow vector field X^μ, satisfying dt(X) ≡ 1. An equivalent definition is:

X^μ = N u^μ + V^μ, (12)

where N ≡ [−(∇t)^2]^{−1/2} = −u_μX^μ and V^μ ≡ h^μ_ν X^ν are the (bulk) lapse and shift, respectively.

Analogously, the time evolution of the surfaces P_t along B can be specified by a boundary time-flow vector field X̃^μ tangent to B and such that dt|_B(X̃) ≡ 1. We have now,

X̃^μ = Ñ ũ^μ + Ṽ^μ, (13)

where Ñ ≡ [−ε(Δt|_B)^2]^{−1/2} = −εũ_μX̃^μ and Ṽ^μ ≡ γ^μ_νX̃^ν are the boundary lapse and shift.

In general, the bulk time-flow vector field X^μ is not tangent to the outer boundary, ñ_μX^μ ≠ 0, so that it differs from the boundary time-flow vector field: X^μ|_B ≠ X̃^μ. This means that the bulk and boundary shifts are unrelated to each other. Note, though, that the bulk and boundary lapses N and Ñ are always related by:

Ñ = λN. (14)

This equation is just a consequence of the fact that the B foliation is induced by the M foliation.

When the vector field X^μ is tangent to B, ñ_μX^μ = 0, we may require the two time-flow vector fields to coincide, X^μ|_B = X̃^μ, so that the respective shifts are related by

Ṽ^μ = σ^μ_νV^ν = V^μ + εÑ βn^μ. (15)

The general action

The action for a general dilaton gravity theory on a (d+1)-dimensional spacetime is I^{def}=^1_{2κ}^∫_M^√−g[f(η)RM + k(η)(∇η)^2 + p(η)] + 1 κ ∫ S √ hf(η)trK − εκ ∫ B √ |γ|f(η)trΘ + 1κ ∫ P √ σf(η)α, (16)

where ∫ S and ∫ P are abbreviations for ∫ S^{00} − ∫ S^0 and ∫ P^{00} − ∫ P^0 respectively.

The boundary terms make the action suitable for a variational principle with Dirichlet boundary conditions, i.e. with boundary-induced metric and dilaton field fixed.

The terms f, k, p, and the constant κ depend on the model under consideration (for example, setting d = 1, κ = π, η = e^{−2ϕ}, f(η) = η, k(η) = 0, p(η) = −2Λη, we have the Jackiw-Teitelboim action [10, 11]; setting d = 3, κ = 8πG, η = f ≡ 1, k = p ≡ 0, we have the classical Einstein-Hilbert action [12, 13]; cf. also Creighton and Mann [3] and Lemos [14]). We have not included minimally-coupled matter terms in the action, because the presence of these terms does not affect our main results.

The variation of the action (16) is:

δI =^∫_M(Ξ^{μν} δgμν + Ξ^ȷδη) +^∫_S (P^{μν} δhμν + P^ȷδη) + ∫ B (Π^{μν} δγ_{μν} + Πȷδη) + ∫ P (π^{μν}δσ_{μν} + πȷδη), (17)

where

Ξ^{μν} = − 1 2κ √ −g[fR_M^{μν} −^1_2 R_Mg^{μν} −^1_2 pg^{μν} + g^{μν} ∇^2f

− ∇^μ∇^ν f + k∇^μη∇^ν η −^1_2kg^{μν} (∇η)^2],

(18a)

Ξȷ = 1 2κ √ −g[f^′R_M + p^′ + k^′(∇^2η) − 2∇^μ(k∇_μη)] (18b)

are the terms which give the equations of motion of the theory, Ξ^{μν} = 0 and Ξȷ = 0; whereas P^{μν} = − √ h 2κ [f(K^{μν} − trKh^{μν} ) + h^{μν} L_uf], (19a)

P ȷ = √ h κ (f^′trK − kL_uη) (19b)

are the momenta conjugated to h_{μν} and η|_S on S;

Π^{μν} = ε 2κ √ |γ|[f(Θ^{μν} − trΘγ^{μν} ) + γ^{μν} L_ñf], (20a)

Πȷ = − ε κ √ |γ|(f^′trΘ − kL_ñη) (20b)

are the momenta conjugate to γ_{μν} and η|_B on B; and finally

π^{μν} = 12κ √ σfασ^{μν} , (21a) πȷ = 1κ √ σf^′α (21b)

are the momenta conjugate to σ_{μν} and η|_P on P.

3 Derivation of the Hamiltonians

In this section we derive two Hamiltonians, corresponding to two different Legendre transformations of the action (16), which are the generalizations for a dilaton gravity theory of those proposed by Hawking and Hunter [1], and Booth and Mann [2].

First Hamiltonian

The action (16) is first decomposed with respect to the foliation in the standard way, using the Gauss-Codazzi equations

R_M = R_S + K^{μν} K_{μν} − (trK)^2 − 2∇_μ(u^μtrK + a^μ), (22)

and the decomposition of the squared divergence of the dilaton

(∇η)^2 = (Dη)^2 − (L_uη)^2. (23)

One obtains:

I =^1_{2κ}^∫_M^√−g{fRS + fK^{μν} Kμν − f(trK)^2 + k(Dη)^2 − k(Luη)^2

+ p + 2trKL_uf + 2L_af − 2∇_μ[f(u^μtrK + a^μ)]} + 1 κ ∫ S √ hftrK − εκ ∫ B √ |γ|ftrΘ + 1κ ∫ P √ σfα. (24)

We can rewrite the intrinsic curvature K^{μν} and the Lie derivative of the dilaton L_uη in terms of the momenta P^{μν} and P ȷ: K^{μν} = κ fQ √ h {−2QP^{μν} + 2[(f^′)^2 − fk]trP h^{μν} + ff^′P ȷh^{μν} }, (25a)

L_uη = κ Q √ h [−2f^′trP + (d − 1)fP ȷ], (25b)

with

Q^{def}= d(f^′)^2 − (d − 1)fk. (26)

Using the previous equations, together with the relation

L_af = 1 N D_μ(N D^μf) − D^2f, (27)

we get I =^∫_M^[P^{μν}LX hμν + P^ȷLX η − N H^⊥ − V^μHμ − 1 κ √ −g∇_μ(u^μftrK + a^μf) + 1 κ √ hD_μ ( N D^μf − 2V_ν κ√ h P^{μν} )]

+ 1 κ ∫ S √ hftrK − ε κ ∫ B √ |γ|ftrΘ + 1 κ ∫ P √ σfα,

(28)

where the Hamiltonian constraints H^⊥ and H_μ are given by

H^{⊥ def}= 2κ√ h [ 1 f P^{μν} P_{μν} − (f^′)^2 − fk fQ (trP )^2 − f^′ Q trP P ȷ + (d − 1)f 4Q (P ȷ)^2 ] − √ h 2κ [fR_S + k(Dη)^2 + p − 2D^2f],

(29a)

H_μ^{def}= − 2D_ν P^ν_μ + P ȷD_μη, (29b)

and Q is defined in Eq. (26).

Let us now focus on the additional boundary terms in Eq. (28) that represent total derivatives. The first term yields boundary terms on S^′, S^{′′}, and B:

I1 = −^1_κ^∫_M^√−g∇μ(u^μftrK + a^μf) = 1 κ ∫ S √ h(−ftrK + u_μa^μf) − ε κ ∫ B √ |γ|(fβtrK + fñ^μa_μ). (30)

Since a^μ is orthogonal to u^μ, we see that the first integral in I_1 exactly cancels out with the S-integral already present in the action (see Eq. (16)). The second integral, instead, sums up with the B-integral of the action to give

I2 = −^ε_κ^∫_B^√|γ|(ftrΘ + fβtrK + fñμa^μ). (31)

Using Eq. (10) one can show that Eq. (31) can be written as

I2 = −^1_κ^∫_B^√|γ|(fλ^{−1}trθ + fũ^μΔμα). (32)

Taking out of it a total divergence by using fũ^μΔ_μα = Δ_μ(fũ^μα)−αΔ_μ(fũ^μ), one finds

I2 = −^1_κ^∫_B^√|γ|[ftrθ − αΔμ(fũ^μ)] −^1_κ^∫_P^√σfα, (33)

so that the P-integral in I_2 exactly cancels out with the P-integral which appears in the action (16). Let us now consider the last divergence in Eq. (28). This term yields the following boundary contribution:

I3 =^1_κ^∫_t^∫_{St}^√hDμ^(N D^μf − 2Vν^κ√_hP^{μν )} = 1 κ ∫ t ∫ Pt √ h ( N n^μD_μf − 2n_μV_ν κ√ h P^{μν} ) . (34)

It follows that the action put into canonical form contains only a boundary integral on B:

I =^∫_t^{{∫}_{St} (P^{μν} LX hμν + P^ȷLX η − N H^⊥ − V^μHμ) − 1 κ ∫ Pt √ σ [ N [ftrθ − λαΔ_μ(fũ^μ) − n^μD_μf] − 2V_μn_ν κ√ h P^{μν} ]} . (35)

It is now straightforward to perform the Legendre transformation, ∫ t H ≡^∫_t^∫_{St} (P^{μν} LX hμν + P^ȷLX η) − I, (36)

which gives us the Hamiltonian:

H =^∫_{St} (N H^⊥ + V^μH μ) +^∫_{Pt} (N E − V^μJ μ), (37)

where

E^{def}= √ σ κ [ftrθ − L_nf − λαΔ_μ(fũ^μ)], (38a)

J_μ^{def}= − 2n_ν √ σ√ h P^{μν} . (38b)

Note that the term which depends on the hyperbolic angle α can be rewritten as follows by means of Eqs. (6a), (7), (8), and (25): N λαΔ_μ(fũ^μ) = N α [ ελβ(ftrθ − L_nf) − 2κn_μn_ν P μν √ h ] . (39)

The appearance of a term containing the intersection angle α, which in this case does not depend on the canonical variables, is analogous to what happens for the HH Hamiltonian. In fact, the N E integral reduces, in the non-dilatonic case, to the sum of the HH ‘curvature’ and ‘tilting’ terms, whereas the V^μJ_μ integral reduces to the HH ‘momentum’ term. In order to get rid of the explicit angle dependence we have to subtract a reference term from the Hamiltonian.

Second Hamiltonian

In this subsection we use Booth and Mann’s prescription, i.e. we require the time-flow vector field X^μ to lie on the outer boundary B (so that ñ_μX^μ = 0). This means that we are focusing our attention on the foliation of the outer boundary B into surfaces P_t, rather than on the foliation of the spacetime M into surfaces S_t. This, in turn, implies that we have to pass from the spacetime lapse N and shift V^μ to the boundary lapse Ñ and shift Ṽ^μ, and from the quantities trθ, u^μ, n^μ to the quantities trθ̃, ũ^μ, ñ^μ.

Let us now write the boundary contributions in the Hamiltonian (37) in terms of the new objects. Summing up the following identities, which are obtained from Eqs. (11), (19a), (4), and (6): N ftrθ =εN λftrθ̃ + εN λβftrK + εN λβfn^μ (ñ^ν ∇_μũ_ν + ∇_μα), (40) 2n_μV_ν κ √ h P^{μν} = − εN λβftrK + εN λβL_uf + fV^μ(ñ^ν ∇_μũ_ν + ∇_μα),

(41) −N L_nf = − εN λL_ñf − εN λβL_uf, (42) and using the relations Ñ = N λ and Ṽ^μ = εN λβn^μ + V^μ, we find that the boundary integral in Eq. (37) can be expressed as follows: ∫ Pt (N E − V^μJ_μ) = 1 κ ∫ Pt √ σ[εÑ (ftrθ̃ − L_ñf) + fṼ^μñ^ν ∇_μũ_ν

+ fṼ^μΔ_μα − Ñ αΔ_μ(fũ^μ)].

(43)

Let us now consider the terms containing α, which can be manipulated using the identities √ |γ| = Ñ √ σ and X^μ = Ñ ũ^μ + Ṽ^μ, to obtain: ∫ Pt √ σ[fṼ^μΔ_μα − Ñ αΔ_μ(fũ^μ)] = = ∫ Pt √ |γ| [ Δ_μ ( f Ṽ^μ Ñ α ) − αΔ_μ ( f Ñ ũ^μ + Ṽ^μ Ñ )]

= ∫ Pt √ |γ|Δ_μ ( f Ṽ^μ Ñ α ) − ∫ Pt αL_X (f √ σ). (44)

Note that the integral containing the total divergence can be discarded, since, by Stokes’ theorem, upon integration in time it gives vanishing terms proportional to ũ_μṼ^μ = 0 on P^′ and P^{′′}. Moreover, it is easy to show that

αL_X (f √ σ) ≡ π^{μν} L_X σ_{μν} + πȷL_X η. (45)

Using the previous equations we finally find ∫ Pt (N E − V^μJ_μ) = 1 κ ∫ Pt √ σ[εÑ (ftrθ̃ − L_ñf) − Ṽ^μfũ^ν ∇_μñ_ν] − ∫ Pt (π^{μν} L_X σ_{μν} + πȷL_X η).

(46)

The last term can be discarded if we perform a Legendre transformation different from (36): ∫ t H̃≡^∫_t^{[∫}_{St}(P^{μν} LX hμν +P^ȷLX η)+^∫_{Pt}(π^{μν}LX σμν +π^ȷLX η)^]−I. (47)

In this way σ_{μν} , η|_P, and π^{μν} , πȷ are treated as canonical variables and momenta on the same footing as h_{μν} , η|_S , and P^{μν} , P ȷ. We now have the new Hamiltonian:

H̃ =^∫_{St} (N H^⊥ + V^μH μ) +^∫_{Pt} (^~N^~E −^~V^{μ~}J μ), (48)

where

Ẽ^{def}= εκ √ σ(ftrθ̃ − L_ñf), (49a)

J̃_μ^{def}= √ σ κ fũ^ν ∇_μñ_ν. (49b)

This Hamiltonian reduces, in the non-dilatonic case and when B is timelike, to Booth and Mann’s Hamiltonian. Anologously to the BM Hamiltonian, H̃ has no explicit dependence upon the intersection angle between B and S_t. This happens because all quantities in the boundary term of (48) are defined considering a local, natural spacetime foliation of M into slices S̃_t orthogonal to the outer boundary.

It is interesting to compare the boundary term of H̃, Eq. (48), with that

of H, Eq. (37); this can simply be done by rewriting^~N ,^~V^μ, tr^~θ, ũ^μ, and ñ^μ in

terms of N , V^μ, trθ, u^μ, n^μ. The result is: ∫ Pt (ÑẼ − Ṽ^μJ̃_μ) = = 1 κ ∫ Pt √ σ [ N ftrθ − N L_nf − fV^μσ_μ^ν D_ν α + 2κV_μn_ν P μν √ h ]

= 1 κ ∫ Pt √ σ [ N ftrθ − N L_nf + α σ_μ^ν D_ν(fσ^μ_τ V^τ ) + 2κV_μn_ν P^{μν} √ h ] . (50)

Background terms

It is a well-known fact that we can subtract from the gravitational action (and thus from the Hamiltonian) a reference term I_¯, which has to be a functional of the boundary metric only, without affecting the equations of motion of the system. Subtracting such a term corresponds to redefining the zero-point energy and momentum [12]. This may be necessary when we want to renormalize divergent quantities, which may appear in the Hamiltonian when we consider an outer boundary at infinity. Usually one chooses this term in order to have vanishing energy and momentum for a given reference spacetime (e.g. Minkowski or anti-de Sitter spacetime).

For the Hamiltonian H of Eq. (37), the reference term can be defined in the following way (note that another equivalent, but local, definition can be given along the lines of ref. [2, Sect. III D]). First we embed the boundary (B, γ_{μν} , η|_B) into the reference spacetime (M_¯ , g_{¯μν} , η_¯) in such a way that the metric and dilaton induced on B by the embedding agree with those induced from M (we may call it an isometric and ‘isodilatonical’ embedding). Moreover we must require that M_¯ be foliated in such a way that β (see Eq. (2)) has the same value in M and in M_¯ .

These conditions together imply that √ σN , λ, α, Δ_μ, ũ^μ, and f|_B are the

same in the two spacetimes. Hence, we define the reference term to be

H_¯ P_t^{def}= −^∫_{Pt} (N E − V^μJ μ) calculated with respect to M_¯ . (51)

With this definition the boundary term H_{Pt} becomes explicitly:

HP_t =^1_κ^∫_{Pt}^√σ^{N [f(trθ − trθ_¯) − (Lnf − Ln_¯ f_¯)] − κ ( V_μn_ν P μν √ h − V_{¯ μ}n_{¯ν} P̄ μν √ h_¯ )} , (52)

where all objects with an under-bar are evolved on the reference spacetime M_¯ . Note that the term containing the explicit dependence on the hyperbolic angle α has disappeared, for it is the same in both spacetimes: this makes the presence of the reference term a necessary feature in the case of the Hamiltonian H of Eq. (37).

The situation is different in the case of the Hamiltonian H̃ of Eq. (48). We still require an isometric and isodilatonical embedding of B in the reference spacetime M_¯ , but now we do not impose any requirement about the foliation of M_¯ and the intersection angle; yet this weaker condition implies that the boundary lapse and shift agree in both spacetimes. The reference term is then defined by

H̃_¯ P_t^{def}= −^∫_{Pt} (^~N^~E −^~V^{μ~}J μ) calculated with respect to M_¯ ≡ − ∫ Pt (ÑẼ_¯ − Ṽ^μJ̃_{¯ μ}),

(53)

where

Ẽ_¯^{def}= ε κ √ σ(ftrθ̃_¯ − L_{ñ̄}f_¯), (54a)

J̃_{¯ μ}^{def}= 1 κ √ σfũ^ν ∇_{¯ μ}ñ_{¯ν} ; (54b)

The boundary term in H̃ becomes now

H̃P_t =^∫_{Pt} [^~N (^~E −^~E_¯ ) −^~V^μ(^~J μ −^~J_¯ μ)] = 1 κ ∫ Pt √ σ{εÑ [f(trθ̃ − trθ̃_¯) − (L_ñf − L_{ñ̄}f_¯)]

+ fṼ^μũ^ν(∇_μñ_ν − ∇_{¯ μ}ñ_{¯ ν})}.

(55)

In this case the reference term is not necessary to eliminate explicit angle dependence in the Hamiltonian, for H̃ has none by construction.

Null and non-transversal outer boundaries

All the results obtained so far hold, generally, for a spacetime with a timelike or transversal spacelike outer boundary. The formalism developed in the previous subsections can deal with these two cases but is not meant to deal with a null or non-transversal spacelike outer boundary. In the first case, the main reason is that the action (16) becomes ill-behaved whenever one considers the limit of a null B, for the integrands in the B- and P-surface integrals diverge; one should define a new action with appropriate boundary terms before going on to derive Hamiltonians. In the second case, the foliation is no more well-defined.

Yet, no one prevents us from considering a null B or a non-transversal spacelike B as limits of a regular outer boundary. We are forced to allow for these possibilities if we want to consider e.g. lightlike generators or generators of spatial translations.

The null-B limit corresponds to α → ±∞. Eqs. (38) and (39) show that the boundary term of the first Hamiltonian H diverges in this limit; this divergence can be easily cured: it disappears upon subtracting from H a reference term as we have discussed in the previous subsection. The boundary term of the second HamiltonianH̃ diverges as well in general, as one can see from Eqs. (49) and (50); however, this is not always true and we see that H̃ is well-behaved, for α → ±∞, when the component of X^μ tangent to P_t, namely σ^μ_ν X^ν = σ^μ_νV^ν = Ṽ^μ, is divergence-free on P_t, i.e. when σ^μ_ν D_μ(σ^μ_ν V^μ) = 0; note that this is trivially verified in a two-dimensional spacetime (d = 1), since P_t is a point (or a finite collection of points) in that case.

The non-transversal-B limit corresponds, instead, to N, α → 0. In this case it is easy to verify, again by means of Eqs. (38), (39), and (49), (50), that the surface terms of both Hamiltonians are well-behaved and yield the same limit, which, for constant shift and in asymptotically flat or anti de-Sitter spacetimes, corresponds to the total momentum (cf. e.g. refs. [4, 5] for the non-dilatonic case): ∫ Pt (N E − V^μJ_μ) −→ 2 ∫ Pt √ σV_μn_ν P^{μν}√ h , (56) ∫ Pt (ÑẼ − Ṽ^μJ̃_μ) −→ 2 ∫ Pt √ σV_μn_ν P^{μν}√ h . (57)

4 Discussion

In this paper we have derived two Hamiltonians for a general (d+1)-dimensional dilaton gravity theory, H (Eq. (37)) and H̃ (Eq. (48)), which generalize Hawking and Hunter’s [1] and Booth and Mann’s [2] Hamiltonian respectively. For the purposes of the present discussion we can call H ‘bulk-oriented Hamiltonian’ and H̃ ‘boundary-oriented Hamiltonian’.

When we use the bulk-oriented Hamiltonian, we focus our attention mainly on the foliation of M into spacelike hypersurfaces and we use the ‘bulk’ lapse N and shift V^μ, together with other S_t-related objects (trθ, L_uη, etc.). Conversely, when we use the boundary-oriented Hamiltonian we assume that the initial surface P^′ is time-evolved along B, we restrict our attention to the boundary foliation and we use the boundary lapse Ñ and shift Ṽ^μ, and other boundary objects (trθ̃, L_ñη, etc.).^2

We have seen also that one Hamiltonian has merits where the other has drawbacks, and vice versa. The bulk-oriented one allows to consider all kinds of generators (spacelike, timelike, null), but contains an explicit dependence upon the hyperbolic angle of the foliation α—which diverges in the limit of a null outer boundary—needing an additive spacetime reference term. Conversely, the boundary-oriented Hamiltonian has no explicit dependence on the intersection between the slices and the outer boundary, yet forces us to modify the latter (considering even the possibility of a spacelike case), and in some cases to resort to limit procedures, in order to study a generic evolution generator.

Apart from the fact that the two Hamiltonians correspond to a different choice of thermodynamical ensembles (see e.g. Kijowski [15]), it is evident that they are useful in two complementary situations. H is the natural choice for the Hamiltonian when one is dealing with a spatially non-compact spacetime, whereas H̃ is useful in the case of a bounded spacetime.

In a spatially non-compact spacetime we may want to consider e.g. spatial translations, which usually belong to the group of automorphisms of the manifold. In this case the bulk-oriented Hamiltonian allows us to study the generators of translations. We first introduce a boundary at finite distance, study the generators on this boundary, then push the boundary to infinity to study the asymptotic behavior of our generators. The fact that the generators map the manifold out of the boundary is of no importance, since the boundary is introduced only to be pushed to infinity. Moreover, in this case the explicit dependence upon the angle foliation is not problematic: a spatially non-compact spacetime usually needs a reference spacetime for renormalizing possible divergences, and the dependence on the angle α can be eliminated together with the divergences by subtracting from H a reference term.

On the other hand, when we deal with a spatially bounded manifold, usu-

2The bulk-oriented approach is used e.g. by Lau [8, 9], Hawking and Horowitz [16], Hawking

and Hunter [1], and implicitly also by DeWitt [17], Regge and Teitelboim [4], Brown and Henneaux [5], Cadoni and Mignemi [6, 7], et al. The boundary-oriented approach is followed by Brown and York [12], Bose and Dadhich [18], Kijowski [15], Brown, Creighton and Mann [19], Creighton and Mann [3], Booth and Mann [2, 20], Brown, Lau, and York [13], et al.

ally, we do not consider transformations like e.g. spatial translations, for they are not automorphisms of the spacetime. In this case one naturally uses the boundary-oriented Hamiltonian H̃ , which has no dependence on α. Moreover, the formalism we have developed in this paper enables one to use H̃ in spacetimes with almost all kind of boundaries, hence makes H̃ as much versatile as H for the study of almost all kinds of generators.

References

[1] S. W. Hawking, C. J. Hunter: The Gravitational Hamiltonian in the Presence of Non-Orthogonal Boundaries, Class. Quant. Grav. 13 2735 (1996).

[2] I. S. Booth, R. B. Mann: Moving observers, nonorthogonal boundaries, and quasilocal energy, Phys. Rev. D59 064021 (1999).

[3] J. D. E. Creighton, R. B. Mann: Quasilocal thermodynamics of dilaton gravity coupled to gauge fields, Phys. Rev. D52 4569 (1995).

[4] T. Regge, C. Teitelboim: Role of Surface Integrals in the Hamiltonian Formulation of General Relativity, Ann. Phys. 88 286 (1974).

[5] J. D. Brown, M. Henneaux: Central Charges in the Canonical Realization of Asymptotic Symmetries: An Example from Three Dimensional Gravity, Comm. Math. Phys. 104 207 (1986).

[6] M. Cadoni, S. Mignemi: Asymptotic Symmetries of AdS_2 and Conformal Group in d = 1, Nucl. Phys. B557 165 (1999) and Entropy of 2D black holes by counting microstates, Phys. Rev. D59 081501 (1999).

[7] M. Cadoni, S. Mignemi: Symmetry Breaking, Central Charges and the AdS_2/CFT_1 Correspondence, Phys. Lett. B490 131 (2000).

[8] S. R. Lau: On the Canonical Reduction of Spherically Symmetric Gravity, Class. Quant. Grav. 13 1541 (1996).

[9] S. R. Lau: New variables, the gravitational action, and boosted quasilocal stress-energy-momentum, Class. Quant. Grav. 13 1509 (1996).

[10] C. Teitelboim, in: Quantum theory of Gravity, edited by S. M. Christensen (Hilger, Bristol); R. Jackiw, ibid.

[11] T. Banks, M. O’ Loughlin, Nucl. Phys. B362 649 (1991); R. B. Mann:

Conservation laws and two-dimensional black holes in dilaton gravity, Phys. Rev. D47 4438 (1993).

[12] J. D. Brown, J. W. York, Jr.: Quasilocal energy and conserved charges derived from the gravitational action, Phys. Rev. D47 1407 (1992).

[13] J. D. Brown, S. R. Lau, J. W. Jork: Action and Energy of the Gravitational Field, arXiv:gr-qc/0010024 (2000).

[14] J. P. S. Lemos: A profusion of black holes from two to ten dimensions, in Proceedings of the XVIIth Brazilian Meeting of Particle Physics and Fields, edited by Adilson, J. da Silva et al. (1997).

[15] J. Kijowski: A Simple Derivation of Canonical Structure and Quasi-local Hamiltonians in General Relativity, Gen. Rel. Grav. 29 307 (1997).

[16] S. W. Hawking, G. T. Horowitz: The Gravitational Hamiltonian, Action, Entropy and Surface Terms, Class. Quant. Grav. 13 1487 (1996).

[17] B. DeWitt: Quantum Theory of Gravity. I. The Canonical Theory, Phys. Rev. 160 1113 (1967).

[18] S. Bose, N. Dadhich: Brown-York quasilocal energy, gravitational charge, and black hole horizons, Phys. Rev. D60 064010 (1999).

[19] J. D. Brown, J. Creighton, R. B. Mann: Temperature, energy, end heat capacity of asymptotically anti-de Sitter black holes, Phys. Rev. D50 6394 (1994).

[20] I. S. Booth, R. B. Mann: Static and infalling quasilocal energy of charged and naked black holes, Phys. Rev. D60 124009 (1999).