arXiv:gr-qc/0011046 v2 7 Feb 2001

SIT-HEP-00/10

October, 2000

N = 3 chiral supergravity

compatible with the reality condition and higher N chiral Lagrangian density

Motomu Tsuda^∗

Laboratory of Physics, Saitama Institute of Technology

Okabe-machi, Saitama 369-0293, Japan

Abstract

We obtain N = 3 chiral supergravity (SUGRA) compatible with the reality condition by applying the prescription of constructing the chiral Lagrangian density from the usual SUGRA. The N = 3 chiral Lagrangian density in first-order form, which leads to the Ashtekar’s canonical formulation, is determined so that it reproduces the secondorder Lagrangian density of the usual SUGRA especially by adding appropriate four-fermion contact terms. We show that the four-fermion contact terms added in the first-order chiral Lagrangian density are the non-minimal terms required from the invariance under first-order supersymmetry transformations. We also discuss the case of higher N theories, especially for N = 4 and N = 8.

PACS number(s): 04.65.+e

∗e-mail: tsuda@sit.ac.jp

1. Introduction

The supersymmetric extension of the Ashtekar’s canonical gravity [1, 2] has been developed since the first construction of N = 1 chiral^1 supergravity (SUGRA) [3]. In particular, the extended chiral SUGRA was constructed in the context of the two-form gravity [4, 5] for N = 2 [6, 7] and N = 3, 4 theories [8], and was also constructed by closely following the method of the usual SUGRA for N = 2 theory [9]. Furthermore the canonical formulation of SUGRA in terms of the Ashtekar variable was explicitly derived up to N = 2 theory from the method of the two-form SUGRA [6, 7] and also from that of the usual SUGRA [10]. However, for N ≥ 3 chiral SUGRA, the straightforward derivation of the canonical formulation in terms of the Ashtekar variable has not yet been done in the literature so far.

In this paper we construct N = 3 chiral SUGRA compatible with the reality condition, which is the lowest N theory involving a spin-1/2 field in addition to spin-2 (gravitational), spin-3/2 and spin-1 fields, by closely following the method of the usual SUGRA as a preliminary to derive the canonical formulation of N = 3 SUGRA in terms of the Ashtekar variable. Furthermore, we discuss the construction of higher N chiral SUGRA, in particular, the construction of the chiral Lagrangian density for N = 4 and N = 8 theories.

When we construct the chiral SUGRA, we assume at first that the tetrad is complex and construct such a chiral Lagrangian as analytic in complex field variables as briefly mentioned in [3]. This means that right- and left-handed SUSY transformations introduced in the chiral SUGRA are independent of each other even in the second-order formalism. This fact makes it more transparent to confirm the SUSY invariance, particularly the right-handed one. Once we construct the chiral

1 The ‘chiral’ means in this paper that only right-handed (or left-handed) spinor fields are coupled to the spin connection in the kinetic term of spinor fields.

Lagrangian density, we impose the reality condition.^2

In order to construct the chiral Lagrangian density in first-order form, we apply the prescription proposed in the case of N = 2 chiral SUGRA [9]. Firstly the chiral Lagrangian density in the second-order formalism, L^{(+)}[second order], with a (complex) tetrad is obtained from the Lagrangian density of the usual SUGRA, L_{usual SUGRA}[second order], by complexifying spinor fields (spin-3/2 and -1/2 fields) as follows:

(a) Replace Rarita-Schwinger fields^3 ψ^I_μ and their conjugates ψ^I_μ with ψ^I_μ → ψ^I_{Rμ} + ψ̃^I_{Lμ}, ψ^I_μ → ψ^I_{Lμ} + ψ̃^I_{Rμ}, (1.1)

by using two independent sets of Rarita-Scwinger fields ψ^I_μ and ψ̃^I_μ.

(b) Rewrite the kinetic term of eϵ^{μνρσ}ψ^I_{Lμ}γ_ρ∇_σψ̃^I_{Lν} into eϵ^{μνρσ}ψ̃^I_{Rμ}γ_ρ∇_σψ^I_{Rν} plus a total derivative by partial integration, where ∇_σ denotes the ordinary covariant derivative in general relativity.

(c) Apply the prescription (a) and (b) to spin-1/2 fields.

Then the chiral Lagrangian density in first-order form, L^{(+)}, is determined by the following prescription:

2 After imposing the reality condition, the phase space in the canonical formulation consists of the real triad and the complex connection as discussed, for example, in [1, 2, 11, 12] for general relativity, and in [3, 13] for (N = 1) chiral SUGRA. This phase space leads to non-Hermitian operator with respect to the connection variable in quantizing the theory (see, for example, Refs. [11, 13]).

3 Rarita-Schwinger fields denoted by ψ^I_μ and ψ̃^I_μ, and spin-1/2 fields denoted by χ (or χ^I , χ^{IJK} ) and χ̃ (or χ̃^I , χ̃^{IJK} ) represent Majorana spinors. Throughout this paper capital letters I, J, . . . denote the number of Rarita-Schwinger fields, and we shall follow the notation and convention of Ref. [9].

(d) Replace the ∇_σ to the D^{(+)}_σ which is defined in Eq. (2.2) later.

(e) Add appropriate four-fermion contact terms so that the L^{(+)} reproduce the L^{(+)}[second order].

The four-fermion contact terms added in L^{(+)} by means of the prescription (e) are also required from the invariance under first-order supersymmetry (SUSY) transformations up to N = 3 chiral SUGRA as will be explained later: We expect that the same result will be the case for higher N. The L^{(+)} in terms of the real spin contents is obtained by imposing the reality condition (e.g., e^i_μ = e^i_μ for the tetrad, and ψ̃^I_μ = ψ^I_μ for Rarita-Schwinger fields).

In the case of N = 2 chiral SUGRA [9] under the reality condition, the chiral Lagrangian density in first-order form constructed by the above prescription (a)-(e) differs from the first-order Lagrangian density of the usual N = 2 SUGRA by

(L^{(+)}_{N =2} − L_{N =2 usual SUGRA}) [first order] = − i 8κ^2 e ϵ^{μνρσ}(T_{λμν} + iκ^2ψ^I_μγ_λψ^I_ν ) T^λ_{ρσ} + i 8 κ^2e ϵ^{μνρσ}(ψ^I_{Lμ}ψ^J_{Rν})ψ^K_{Rρ}ψ^L_σϵ^{IJ} ϵ^{KL} − i 4κ^2 ∂_μ{e ϵ^{μνρσ}(T_{νρσ} + iκ^2ψ^I_ργ_ν ψ^I_σ)}, (1.2) where T_{λμν} stands for the torsion tensor. The last imaginary boundary term corresponds to a certain Chern-Simons boundary term given by Macías [14] and Mielke et al. [15] as a generating function of the canonical transformation. However, in the first-order formalism, the second four-fermion contact term added by the prescription (e) does not appear in N = 1 chiral SUGRA [3, 14, 15]. Indeed, we showed that this new second term is the non-minimal one required from the invariance under first-order SUSY transformations [9]. In the second-order formalism, the first term does not vanish by itself in contrast with the N = 1 theory, but cancels with the second four-fermion contact term by using a Fierz transformation. In N = 3 chiral SUGRA, an additional four-fermion contact term quadratic with respect to both spin-3/2 and -1/2 fields is also required in the chiral Lagrangian density as explained in the next section.

This paper is organized as follows. In Sec. 2 we construct N = 3 chiral SUGRA compatible with the reality condition by applying the above prescription (a)-(e). The invariance of the field equation for vector fields under duality transformations in N = 3 chiral SUGRA is shown in Sec. 3. In Sec. 4 we discuss the case of higher N theories, especially for N = 4 and N = 8. The conclusion is given in Sec. 5.

2. N = 3 chiral SUGRA compatible with the reality con-

dition

Let us construct N = 3 chiral SUGRA by means of the prescription (a)-(e) explained in Introduction. The usual N = 3 SUGRA [16, 17] has spin contents (2,^3_2 ,^3_2 ,^3_2 , 1, 1, 1,^1_2 ). Corresponding to these spin contents, the independent variables in N = 3 chiral SUGRA are a (complex) tetrad e^i_μ, two independent sets of Rarita-Schwinger fields (ψ^I_μ, ψ̃^I_μ) (I = 1, 2, 3), two independent spin-1/2 fields (χ, χ̃), (complex) vector fields A^I_μ, in addition to the self-dual connection A^{(+)}_{ijμ} which is also treated as one of the independent variables in the first-order formalism. Then the N = 3 chiral Lagrangian density in first-order form is given by

L^{(+)}_{N =3} = − i 2κ^2 e ϵ^{μνρσ}e^i_μe^j_νR^{(+)}_{ijρσ} − e ϵ^{μνρσ}ψ̃^I_{Rμ}γ_ρD^{(+)}_σ ψ^I_{Rν} +ie χ̃_Rγ^μD^{(+)}_μ χ_R − e 4 (F^I_{μν})^2 + κ 2 √ 2 e {(F^{(−)Iμν} + F̂^{(−)Iμν})ψ^J_{Lμ}ψ^K_{Rν} +(F^{(+)Iμν} + F̂^{(+)Iμν})ψ̃^J_{Rμ}ψ̃^K_{Lν}}ϵ^{IJK}

− i 2 κ e

æ

F̂^I_{μν} − κ 2 (ψ^I_{Lμ}γ_νχ̃_L + ψ̃^I_{Rμ}γ_ν χ_R)

œ

(ψ^I_{Lλ}S^{μν} γ^λχ̃_L + ψ̃^I_{Rλ}S^{μν} γ^λχ_R) + i 8 κ^2e ϵ^{μνρσ}(ψ^J_{Lμ}ψ^K_{Rν})ψ̃^L_{Rρ}ψ̃^M_{Lσ}ϵ^{IJK}ϵ^{ILM} + κ^2 2 e (ψ̃^I_{Rμ}γ^{[μ}ψ^I_{Rν}) χ̃_Rγ^{ν]}χ_R, (2.1)

which is globally O(3) invariant. Here e := det(e^i_μ), ϵ^{IJK} denotes a totally antisymmetric tensor, and F^{(±)I}_{μν} := (1/2)(F^I_{μν} ∓ iF̃^I_{μν} ) with F^I_{μν} = 2 ∂_{[μ}A^I_{ν]} and F̃ I_{μν} = (1/2)ϵ_{μνρσ} F Iρσ. The covariant derivative D(+)_μ and the curvature R(+)ij_{μν} are

D^{(+)}_μ := ∂_μ + i 2 A^{(+)}_{ijμ} S^{ij}, R^{(+)ij}_{μν} := 2(∂_{[μ}A^{(+)ij}_{ν]} + A^{(+)i}_{k[μ}A^{(+)kj}_{ν]}), (2.2)

while F̂^I_{μν} in the chiral Lagrangian density (2.1) is defined as F̂^I_{μν} := F^I_{μν} − κ√ 2 (ψ^J_{Lμ}ψ^K_{Rν} + ψ̃^J_{Rμ}ψ̃^K_{Lν})ϵ^{IJK}. (2.3)

In Eq. (2.1), the A^I_μ-dependent terms and the four-fermion contact terms except for the last two contact terms correspond to those obtained in the usual SUGRA. Note that Eq. (2.1) is reduced to the N = 2 chiral Lagrangian density [9], if we put the condition (χ, χ̃) = 0, (ψ^3_μ, ψ̃^3_μ) = 0, F^1_{μν} = 0 = F^2_{μν} , (2.4) in Eq. (2.1), and if the e^i_μ, (ψ^I_μ, ψ̃^I_μ) (I = 1, 2) and F_{μν} (:= F^3_{μν}) are taken as the field variables.

We show that the chiral Lagrangian density (2.1) is invariant under the local SUSY transformations. The invariance up to the order κ is confirmed by means of the following right- and left-handed SUSY transformations in the first-order formalism, and entirely determines the form of the chiral Lagrangian density. In particular, the last two contact terms in Eq. (2.1), which are added by the prescription (e) of constructing the chiral Lagrangian density, are the non-minimal terms required from the invariance of order κ under the right-handed SUSY transformations generated by α^I given by δ_Re^i_μ = iκ α^I_Lγ^iψ̃^I_{Lμ}, δ_RA^I_μ = √ 2 ϵ^{IJK}α^J_Lψ^K_{Rμ} + α^I_Lγ_μχ̃_L, δ_Rψ^I_{Rμ} = 2 κ D^{(+)}_μ α^I_R − i 2 κ (χ̃_Rγ^λχ_R)γ_λγ_μα^I_R, δ_Rψ̃^I_{Lμ} = − 1 √ 2 ϵ^{IJK}F^{(−)J}_{ρσ}S^{ρσ}γ_μα^K_R − i √ 2 κ ϵ^{IJK}(ψ^J_{Lμ}γ_νχ̃_L)γ^ν α^K_R , δ_Rχ_R = F^{(+)I}_{μν}S^{μν} α^I_R, δ_Rχ̃_L = 0, (2.5)

and under the left-handed SUSY transformations generated by α̃^I given by δ_Le^i_μ = iκ α̃^I_Rγ^iψ^I_{Rμ}, δ_LA^I_μ = √ 2 ϵ^{IJK}α̃^J_Rψ̃^K_{Lμ} + α̃^I_Rγ_μχ_R, δ_Lψ̃^I_{Lμ} = 2 κ D^{(−)}_μ α̃^I_L + i 2 κ (χ̃_Rγ^λχ_R)γ_λγ_μα̃^I_L, δ_Lψ^I_{Rμ} = − 1 √ 2 ϵ^{IJK}F^{(+)J}_{ρσ}S^{ρσ}γ_μα̃^K_L − i √ 2 κ ϵ^{IJK}(ψ̃^J_{Rμ}γ_ν χ_R)γ^να̃^K_L , δ_Lχ_R = 0, δ_Lχ̃_L = F^{(−)I}_{μν} S^{μν}α̃^I_L, (2.6)

where F^I_{μν} in Eqs. (2.5) and (2.6) is defined as

F^I_{μν} := F̂^I_{μν} − κ(ψ^I_{Lμ}γ_νχ̃_L + ψ̃^I_{Rμ}γ_ν χ_R). (2.7)

In addition, we choose the right- and left-handed SUSY transformations of A^{(+)}_{ijμ} as [18]

δ_RA^{(+)}_{ijμ} = 0, δ_LA^{(+)}_{ijμ} = self−dual part of {−κ(B_{μij} − e_{μ[i}B^m_{|m|j]})}, (2.8)

respectively, with B^{λμν} := ϵ^{μνρσ}α̃^I_Rγ^λD^{(+)}_ρ ψ^I_{Rσ}. (2.9)

Although the A^{(−)}_{ijμ} appears at δ_Lψ̃^I_{Lμ} in the left-handed SUSY transformations of Eq. (2.6), it is not an independent variable but a quantity given by e^i_μ, (ψ^I_μ, ψ̃^I_μ), and (χ, χ̃); namely, the A^{(−)}_{ijμ} is fixed as the sum of the antiself-dual part of the Ricci rotation coefficients A_{ijμ}(e) and that of K_{ijμ} given by

K_{ijμ} = i 2 κ^2(ψ̃^I_{R[i}γ_{|μ|}ψ^I_{Rj]} + ψ̃^I_{R[i}γ_{|j|}ψ^I_{Rμ]} − ψ̃^I_{R[j}γ_{|i|}ψ^I_{Rμ]}) + κ^2 4 ϵ_{ijμν}χ̃_Rγ^ν χ_R. (2.10)

At order κ^2 and κ^3, on the other hand, the transformations (2.8) should be corrected to recover the SUSY invariance in the first-order formalism. However, this task will be complicated as is expected from the usual SUGRA [16], and therefore we turn to the second-order formalism in order to minimize complication. Then it can be shown by a straightforward calculation that the chiral Lagrangian density (2.1) is invariant under the SUSY transformations of Eqs. (2.5) and (2.6), provided that the A^{(+)}_{ijμ} is fixed as A^{(+)}_{ijμ} = A^{(+)}_{ijμ} (e) + K^{(+)}_{ijμ} (2.11) by solving the equation δL^{(+)}_{N =3}/δA^{(+)}_{ijμ} = 0 with respect to A^{(+)}_{ijμ} .

Here we also note that the last two four-fermion contact terms in Eq. (2.1), which do not appear in the first-order Lagrangian density [16, 17, 19] of the usual SUGRA, are necessary to reproduce the second-order Lagrangian density of the usual N = 3 SUGRA, when the reality condition,

e^i_μ = e^i_μ, ψ̃^I_μ = ψ^I_μ, χ̃ = χ and A^I_μ = A^I_μ, (2.12)

is imposed.^4 Indeed, if we use the solution (2.11) in the first three terms in Eq. (2.1), then these terms give rise to a number of four-fermion contact terms, which

4 The bars of e^i_μ and A^I_μ in Eq. (2.12) mean the complex conjugate.

involve the following terms i 8κ^2 e ϵ^{μνρσ}T_{λμν}T^λ_{ρσ} = − i 16 κ^2e ϵ^{μνρσ}(ψ̃^J_{Rμ}γ_λψ^L_{Rν})ψ̃^K_{Rρ}γ^λψ^M_{Rσ}ϵ^{IJK}ϵ^{ILM} − κ^2 2 e (ψ̃^I_{Rμ}γ^{[μ}ψ^I_{Rν}) χ̃_Rγ^{ν]}χ_R, (2.13) where the torsion tensor is defined by T^i_{μν} = −2D_{[μ}e^i_{ν]} with D_μe^i_ν = ∂_μe^i_ν + A^i_{jμ}e^j_ν. The second last term in Eq. (2.1), on the other hand, can be rewritten as i 8 κ^2e ϵ^{μνρσ}(ψ^J_{Lμ}ψ^K_{Rν})ψ̃^L_{Rρ}ψ̃^M_{Lσ}ϵ^{IJK} ϵ^{ILM} = i 16 κ^2e ϵ^{μνρσ}(ψ̃^J_{Rμ}γ_λψ^L_{Rν})ψ̃^K_{Rρ}γ^λψ^M_{Rσ}ϵ^{IJK}ϵ^{ILM} (2.14) by using a Fierz transformation, and the sum of the last two terms in Eq. (2.1) exactly cancels out the terms of Eq. (2.13). When the reality condition (2.12) is imposed in the second-order formalism, the last two terms in Eq. (2.12) and the terms of Eq. (2.13) are purely imaginary up to boundary terms, but they cancel with each other. Therefore the L^{(+)}_{N =3}[second order] of N = 3 chiral SUGRA with the reality condition (2.12) is reduced to that of the usual one up to imaginary boundary terms; namely, we have^5 L^{(+)}_{N =3}[second order] = L_{N =3 usual SUGRA}[second order] + 1 8 ∂_μ(e ϵ^{μνρσ}ψ^I_ργ_ν ψ^I_σ + ie χγ_5γ^μχ). (2.15) This second-order Lagrangian density (2.15) is invariant under the right- and lefthanded SUSY transformations of Eqs. (2.5) and (2.6), which are now complex conjugate of each other in the second-order formalism under the reality condition (2.12).

Let us explain how to gauge [20] the global O(3) invariance of the chiral Lagrangian density (2.1). Firstly we introduce a minimal coupling of ψ^I_{Rμ} with A^I_μ,

5 The imaginary boundary terms in Eq. (2.15) correspond to the Chern-Simons type boundary terms [14, 15] as appeared in Eq. (1.2) evaluated in the second-order formalism.

which automatically requires a spin-3/2 mass-like term and a cosmological term in order to ensure the SUSY invariance of the Lagrangian, and we also replace the Abelian field strength F^I_{μν} with the non-Abelian one,

F^{′I}_{μν} := F^I_{μν} + λϵ^{IJK} A^J_μA^K_ν (2.16)

with the gauge coupling constant λ: The three terms added to Eq. (2.1) in order to gauge the O(3) invariance are then written as L_{cosm} = −λe ϵ^{μνρσ}ψ̃^I_{Rμ}γ_ρψ^K_{Rν}A^J_σϵ^{IJK} − √ 2iκ^{−1}λe(ψ̃^I_{Rμ}S^{μν}ψ̃^I_{Lν} + ψ^I_{Lμ}S^{μν} ψ^I_{Rν}) −Λκ^{−2}e, (2.17)

where the cosmological constant Λ is related to λ as Λ = −6κ^{−2}λ^2.

3. Duality invariance in N = 3 chiral SUGRA

In the extended usual SUGRA without gauging the global O(N) invariance, the field equation for vector fields is invariant under duality transformations [21, 22, 23] which generalize those of the free Maxwell equations, while the Lagrangian changes its form in a specific way under these transformations.

As we have already noted, the chiral Lagrangian density (2.1) possesses global O(3) invariance. We show in this section that the field equation for vector fields derived from the nongauged, chiral Lagrangian density (2.1) is invariant under duality transformations. The field equation for A^I_μ can be written as

∂_μ(eG̃^{Iμν} ) = 0, (3.1) where the G̃^{Iμν} are defined by

G̃^{Iμν} := 2 e ∂L^{(+)}_{N =3} ∂F^I_{μν} = −F^{Iμν} + κ(H^{(+)Iμν} + I^{(−)Iμν}) (3.2)

with H^{(+)Iμν} and I^{(−)Iμν} being given by H^{(+)Iμν} = √ 2 ϵ^{IJK}(ψ̃^J_R^μψ̃^K_L^ν )^{(+)} − i ψ^I_{Lλ}S^{μν} γ^λχ̃_L, I^{(−)Iμν} = √ 2 ϵ^{IJK}(ψ^J_L^μψ^K_R^ν )^{(−)} − i ψ̃^I_{Rλ}S^{μν}γ^λχ_R. (3.3) In addition, the F̃^I_{μν} satisfies the Bianchi identity

∂_μ(eF̃^{Iμν}) = 0. (3.4)

Equations (3.1) and (3.4) are invariant under the following (global) duality transformations, δe^i_μ = 0, δψ^I_{Rμ} = −iΛ^{IJ}ψ^J_{Rμ}, δψ̃^I_{Lμ} = iΛ^{IJ}ψ̃^J_{Lμ}, δχ_R = 0, δχ̃_L = 0, δ ` F_{Iμν} G^{Iμν}

´

= ` 0 Λ_{IJ}

−Λ^{IJ} 0 ´ ` F_{Jμν} G^{Jμν}

´

(3.5) with the constant parameters Λ^{IJ} which are assumed to be complex, symmetric (Λ^{IJ} = Λ^{JI} ) and traceless (Λ^{II} = 0): When the reality condition (2.12) is imposed, however, Λ^{IJ} are supposed to be real. The transformations of Eq. (3.5) can be rewritten in terms of the bases (H^{(+)Iμν} , I^{(−)Iμν}) and (F^{Iμν} + iG^{Iμν}, F^{Iμν} − iG^{Iμν}) as δ ` H_{(+)Iμν} I^{(−)Iμν}

´

= −i ` Λ_{IJ} 0 0 −Λ^{IJ} ´ ` H_{(+)Jμν} I^{(−)Jμν}

´

, δ ` F_{Iμν} + iG_{Iμν} F^{Iμν} − iG^{Iμν}

´

= −i ` Λ_{IJ} 0 0 −Λ^{IJ} ´ ` F_{Jμν} + iG_{Jμν} F^{Jμν} − iG^{Jμν}

´

. (3.6)

Since the transformations of Eq. (3.6) combined with the O(3) transformations becomes the SU(3) group [21], the duality symmetry based on Eq. (3.6) is an example for “compact” duality symmetries [22]. Also, the transformations (3.6) reduce to (global) U(1) transformations in N = 2 chiral SUGRA if Eq. (2.4) and Λ^{11} = Λ^{22} = −(1/2)Λ^{33} are satisfied.

The N = 3 chiral Lagrangian density (2.1) is expressed by using (F^{Iμν}, G^{Iμν} ) and (H^{(+)Iμν}, I^{(−)Iμν}) as

L^{(+)}_{N =3} = e 4 (F^I_{μν}G̃^{Iμν} ) + e 8 {(F^{(+)I}_{μν} − iG^{(+)I}_{μν} )H^{(+)Iμν} + (F^{(−)I}_{μν} + iG^{(−)I}_{μν} )I^{(−)Iμν}} +[A^I_μ−independent terms]. (3.7)

The second line is obviously invariant under the transformation of Eq. (3.6), and the invariance of the A^I_μ-independent terms can also be confirmed by using Eq. (3.5). Therefore, the L^{(+)}_{N =3} transforms under Eq. (3.6) in a definite way as

δL^{(+)}_{N =3} = δ

`e

4 F^I_{μν}G̃^{Iμν}

´

= − e 4 (F^I_{μν}Λ^{IJ} F̃^{Jμν} − G̃^I_{μν} Λ^{IJ} G^{Jμν} ), (3.8)

which is same as that of the usual SUGRA except that the parameters Λ^{IJ} are now complex.

4. Construction of the higher N chiral Lagrangian density

In this section let us first construct the N = 4 chiral Lagrangian density by applying the prescription (a)-(e) explained in Introduction. In the usual N = 4 SUGRA, the field contents are a tetrad field, four Rarita-Schwinger fields, six vector fields, four spin-1/2 fields and two (real) scalar fields. Since there are scalar fields in the theory, the duality symmetry group becomes “non-compact” [22] in contrast with the N = 2, 3 theories. Indeed, the duality symmetry group of the usual N = 4 SUGRA is SU(4) × SU(1,1) [24], and the two scalar fields are described by the SU(1,1)/U(1) non-linear sigma model [22, 23].

In N = 4 chiral SUGRA, we introduce at first the (complex) tetrad e^i_μ, two independent sets of Rarita-Schwinger fields (ψ^I_μ, ψ̃^I_μ) (I = 1, 2, 3, 4), two independent sets of spin-1/2 fields (χ^I, χ̃^I ), (complex) vector fields A^{IJ}_μ (= −A^{JI}_μ ) and complex scalar fields^6 (^±ϕ_1,^±ϕ_2) as the field variables. The self-dual connection A^{(+)}_{ijμ} is also treated as one of the independent variables in the first-order formalism. If we apply the prescription of constructing the chiral Lagrangian density from the usual N = 4 SUGRA as in the case of N = 3, then the obtained N = 4 chiral Lagrangian density in first-order form can be written schematically as

L^{(+)}_{N =4} = − i 2κ^2 e ϵ^{μνρσ}e^i_μe^j_νR^{(+)}_{ijρσ} − e ϵ^{μνρσ}ψ̃^I_{Rμ}γ_ρD^{(+)}_σ ψ^I_{Rν} +ie χ̃^I_Rγ^μD^{(+)}_μ χ^I_R +L_{N =4}[scalar kinetic term + A^{IJ}_μ −dependent terms] +[A^{IJ}_μ −independent terms] + i 16 κ^2e ϵ^{μνρσ}(ψ^K_{Lμ}ψ^L_{Rν} )ψ̃^M_{Rρ}ψ̃^N_{Lσ}ϵ^{IJKL}ϵ^{IJMN} + κ^2 2 e (ψ̃^I_{Rμ}γ^{[μ}ψ^I_{Rν}) χ̃^J_Rγ^{ν]}χ^J_R (4.1)

with

L_{N =4}[scalar kinetic term + A^{IJ}_μ −dependent terms]

6 In N = 4 chiral SUGRA, we define complex scalar fields as^±ϕ_1 = p � iq and^±ϕ_2 = r � is with p, q, r and s being assumed to be complex, respectively. The reality condition for these scalar fields will be taken as (^−ϕ_1,^−ϕ_2) = (^+ϕ_1,^+ϕ_2).

= 1 2 ∂_μ^+z ∂^{μ−}z (1 −^+z^−z) − e 4 F^{IJ}_{μν} K_{IJ,KL}F^{KLμν} +[F^{IJ}_{μν} −proportional terms]. (4.2)

The first term in Eq. (4.2) is the kinetic term of the scalar fields corresponding to the SU(1,1)/U(1) non-linear sigma model, and^±z in this term is defined as U(1) invariant variable constructed from (^±ϕ_1,^±ϕ_2), i.e.,

±z :=^±ϕ_2(^±ϕ_1)^{−1}. (4.3)

The function K_{IJ,KL}(= K_{KL,IJ} ) in the second term of Eq. (4.2), on the other hand, is given by K_{IJ,KL} = 1 +^−z^2 1 −^−z^2 δ_{I[K}δ_{|J|L]} − 2^−z 1 −^−z^2 1 2 ϵ_{IJKL}, (4.4) which is determined from a specific transformation property of K_{IJ,KL} [22, 23] under the duality transformations. Eq. (4.2) and the A^{IJ}_μ -independent terms in Eq. (4.1) correspond to those obtained in the usual N = 4 SUGRA [24, 25]. In order to prove the SUSY invariance of the chiral Lagrangian density (4.1) under right- and left-handed SUSY transformations, we will need a straightforward calculation.

The last two four-fermion contact terms in Eq. (4.1) has the same role as in N = 2, 3 chiral SUGRA; namely, those terms ensure the first-order SUSY invariance and are also necessary to reproduce the Lagrangian density of the usual N = 4 SUGRA, when the reality condition,

e^i_μ = e^i_μ, ψ̃^I_μ = ψ^I_μ, χ̃^I = χ^I, A^{IJ}_μ = A^{IJ}_μ and (^−ϕ_1,^−ϕ_2) = (^+ϕ_1,^+ϕ_2), (4.5)

is imposed. Indeed, the last two terms in Eq. (4.1) exactly cancel with two of terms obtained in the second-order formalism by solving the equation δL^{(+)}_{N =4}/δA^{(+)}_{ijμ} = 0 with respect to A^{(+)}_{ijμ} . Then the L^{(+)}_{N =4}[second order] of N = 4 chiral SUGRA with the reality condition (4.5) is reduced to that of the usual one up to imaginary boundary terms as

L^{(+)}_{N =4}[second order] = L_{N =4 usual SUGRA}[second order] + 1 8 ∂_μ(e ϵ^{μνρσ}ψ^I_ργ_ν ψ^I_σ + ie χ^I γ_5γ^μχ^I ). (4.6)

This second-order Lagrangian density (4.6) is invariant under the SUSY transformations of the usual N = 4 SUGRA.

Next we discuss the construction of the N = 8 chiral Lagrangian density also by applying the prescription (a)-(e) explained in Introduction. Here we note the characteristic features of the chiral Lagrangian density constructed so far. The N = 3 and 4 chiral Lagrangian densities of Eqs. (2.1) and (4.1) have different forms from those of the usual SUGRA, in particular, with respect to the following points: Firstly, only the gravitational and spinor (spin-3/2 and -1/2) kinetic terms in the chiral Lagrangian density are written in terms of the self-dual connection A^{(+)}_{ijμ} . Then the appropriate four-fermion contact terms, which are required from the invariance under first-order SUSY transformations at order κ at least up to N = 3 chiral SUGRA, are added in the chiral Lagrangian density by the prescription (e). In view of these points, the prescription of constructing the chiral Lagrangian density is easily extended to N = 8 SUGRA [26, 27].

The field contents of the usual N = 8 SUGRA are a tetrad field, eight Rarita- Schwinger fields, 28 vector fields, 56 spin-1/2 fields and 35 complex scalar fields. If we introduce at first the (complex) tetrad e^i_μ, two independent sets of Rarita-Schwinger fields (ψ^I_μ, ψ̃^I_μ) (I = 1, . . . , 8), two independent sets of spin-1/2 fields (χ^{IJK}, χ̃^{IJK}), 7 then the gravitational and spinor kinetic terms written by the A^{(+)}_{ijμ} in the N = 8

7 The χ^{IJK} denotes totally antisymmetric spinor, i.e., χ^{IJK} = χ^{[IJK]}.

chiral Lagrangian density L^{(+)}_{N =8} are written as L^{(+)}_{N =8}[gravitational and spinor kinetic terms] = − i 2κ^2 e ϵ^{μνρσ}e^i_μe^j_νR^{(+)}_{ijρσ} − e ϵ^{μνρσ}ψ̃^I_{Rμ}γ_ρD^{(+)}_σ ψ^I_{Rν} + i 6 e χ̃^{IJK}_R γ^μD^{(+)}_μ χ^{IJK}_R . (4.7) The four-fermion contact terms added in L^{(+)}_{N =8} by means of the prescription (e), on the other hand, are chosen as L^{(+)}_{N =8}[contact terms by the prescription (e)] = i 8 · 6! κ^2e ϵ^{μνρσ}(ψ^P_{Lμ}ψ^Q_{Rν})ψ̃^R_ρψ̃^S_{Lσ}ϵ^{IJKLMNP Q}ϵ^{IJKLMNRS} + κ^2 12 e (ψ̃^I_{Rμ}γ^{[μ}ψ^I_{Rν}) χ̃^{JMN}_R γ^{ν]}χ^{JMN}_R , (4.8) which will also be required from the invariance under first-order SUSY transformations at order κ. The terms other than Eqs. (4.7) and (4.8) correspond to those obtained in the usual N = 8 SUGRA [26, 27]. In order to prove the SUSY invariance of L^{(+)}_{N =8} under right- and left-handed SUSY transformations, we will also need a straightforward calculation.

By means of the four-fermion contact terms of Eq. (4.8), the L^{(+)}_{N =8}[second order] of N = 8 chiral SUGRA with the reality condition is also reduced to that of the usual one up to imaginary boundary terms as

L^{(+)}_{N =8}[second order] = L_{N =8 usual SUGRA}[second order] + 1 8 ∂_μ

`

e ϵ^{μνρσ}ψ^I_ργ_ν ψ^I_σ + i 6 e χ^{IJK} γ_5γ^μχ^{IJK}

´

, (4.9) which is invariant under the SUSY transformations of the usual N = 8 SUGRA. The imaginary boundary terms in Eq. (4.9) are same as those of the N = 3, 4 chiral SUGRA.

5. Conclusion

In this paper we obtained N = 3 chiral SUGRA compatible with the reality condition by applying the prescription of constructing the chiral Lagrangian density from the usual N = 3 SUGRA. The N = 3 chiral Lagrangian density in first-order form of Eq. (2.1) was determined so that it reproduces the L^{(+)}_{N =3}[second order] of Eq. (2.15) by adding the appropriate four-fermion contact terms, and showed that those four-fermion contact terms added in Eq. (2.1) are the non-minimal terms required from the invariance under the first-order SUSY transformations at order κ. We also showed that the field equation for the vector fields derived from Eq. (2.1) is invariant under the (compact) duality transformations.

Furthermore, we constructed the N = 4 chiral Lagrangian density, in which the duality symmetry group is (non-compact) SU(4) × SU(1,1), and we also discussed the construction of the N = 8 chiral Lagrangian density. In the higher N chiral Lagrangian density we added appropriate four-fermion contact terms as in the case of N = 3, which will be required from the invariance under the first-order SUSY transformations at order κ. We will need a straightforward calculation in order to prove the SUSY invariance of the higher N chiral Lagrangian density under rightand left-handed SUSY transformations.

Finally we briefly discuss the polynomiality of constraints in the canonical formulation of the chiral SUGRA. There appear, in the chiral SUGRA, right- and left-handed SUSY constraints in addition to Gauss-law, U(1) gauge (for N ≥ 2), vector and Hamiltonian constraints, which reflect the invariance of the chiral Lagrangian density. In the N = 1 theory [3], all the constraints are indeed written in polynomial form in terms of the canonical variables of the Ashtekar formulation. In the N = 2 theory [6, 10], although only the left-handed SUSY constraint (and the Hamiltonian constraint as stated in [6]) has the non-polynomial factor as in the case of the Einstein-Maxwell theory in the Ashtekar variable [28], the rescaled left-handed SUSY constraint by multiplying this factor becomes polynomial. In the N = 3 theory derived from the N = 3 chiral Lagrangian density (2.1) with the reality condition (2.12), it can be verified that both right- and left-handed SUSY constraints have the same non-polynomial factor as appears only in the left-handed SUSY constraint of the N = 2 theory. However, the polynomiality of these SUSY constraints is also recovered by multiplying this factor to the constraints. The constraint algebra of the N = 3 theory is now under investigation and will be reported elsewhere.

Acknowledgments

I am grateful to Professor T. Shirafuji for useful discussions and reading the manuscript. I am also grateful to Professor Y. Tanii for discussions. I would like to thank the members of Physics Department at Saitama University and Laboratory of Physics at Saitama Institute of Technology for discussions and encouragements. This work was supported in part by the High-Tech Research Center of Saitama Institute of Technology.

References

[1] A. Ashtekar, Phys. Rev. Lett. 57, 2244 (1986); Phys. Rev. D 36, 1587 (1987). [2] A. Ashtekar, Lectures on Non-perturbative Canonical Gravity (World Scientific, Singapore, 1991).

[3] T. Jacobson, Class. Quantum Grav. 5, 923 (1988). [4] J. F. Plebanski, J. Math. Phys. 18, 2511 (1977).

[5] R. Capovilla, J. Dell, T. Jacobson and L. Mason, Class. Quantum Grav. 8, 41 (1991).

[6] H. Kunitomo and T. Sano, Prog. Theor. Phys. Suppl. 114, 31 (1993); Int. J.

Mod. Phys. D 1, 559 (1993); T. Sano, preprint, hep-th/9211103. [7] K. Ezawa, Prog. Theor. Phys. 95, 863 (1996).

[8] T. Kadoyoshi and S. Nojiri, Mod. Phys. Lett. A 12, 1165 (1997). [9] M. Tsuda and T. Shirafuji, Class. Quantum Grav. 16, 69 (1999). [10] M. Tsuda and T. Shirafuji, Phys. Rev. D 62, 064020 (2000). [11] T. Fukuyama and K. Kaminura, Phys. Rev. D 41, 1105 (1990). [12] H. A. Morales-Técotl, L. F. Urrutia and J. D. Vergara Class. Quantum Grav.

13, 2933 (1996).

[13] E. W. Mielke and A. Macías, Ann. Phys. (Leipzig) 8, 301 (1999). [14] A. Macías, Class. Quantum Grav. 13, 3163 (1996).

[15] E. W. Mielke, A. Macías and H. A. Morales-Técotl, Phys. Lett. A 215, 14 (1996).

[16] D. Z. Freedman, Phys. Rev. Lett. 17, 105 (1977). [17] S. Ferrara, J. Scherk and B. Zumino, Phys. Lett. B 66, 35 (1977). [18] M. Tsuda and T. Shirafuji, Phys. Rev. D 54, 2960 (1996). [19] P. van Nieuwenhuizen, Phys. Rep. 68, 189 (1981). [20] D. Z. Freedman and A. Das, Nucl. Phys. B 120, 221 (1977). [21] S. Ferrara, J. Scherk and B. Zumino, Nucl. Phys. B 121, 393 (1977). [22] M. K. Gaillard and B. Zumino, Nucl. Phys. B 193, 221 (1981). [23] Y. Tanii, “Introduction to Supergravities in Diverse Dimensions,” hepth/9802138.

[24] E. Cremmer, J. Scherk and S. Ferrara, Phys. Lett. B 68, 234 (1977); Phys.

Lett. B 74, 61 (1978).

[25] E. Cremmer and J. Scherk, Nucl. Phys. B 127, 259 (1977). [26] E. Cremmer and B. Julia, Phys. Lett. B 80, 48 (1978); Nucl. Phys. B 159, 141 (1979).

[27] B. de Wit and H. Nicolai, Phys. Lett. B 108, 285 (1982); Nucl. Phys. B 208, 323 (1982).

[28] R. Gambini and J. Pullin, Phys. Rev. D 47, R5214 (1993).