arXiv:gr-qc/0011060 17 Nov 2000

Inflation on a single brane – exact solutions

Rachael M. Hawkins and James E. Lidsey Astronomy Unit, School of Mathematical Sciences, Queen Mary, University of London, Mile End Road, London, E1 4NS, U. K.

(November 17, 2000)

Algorithms are developed for generating a class of exact braneworld cosmologies, where a self– interacting scalar field is confined to a positive–tension brane embedded in a bulk containing a negative cosmological constant. It is assumed that the five–dimensional Planck scale exceeds the brane tension but is smaller than the four–dimensional Planck mass. It is shown that the field equations can be expressed as a first–order system. A number of solutions to the equations of motion are found. The potential resulting in the perfect fluid model is identified.

PACS numbers: 98.80.Cq

I. INTRODUCTION

The possibility [1,2] that our observable universe may be viewed as a domain wall embedded in a higher– dimensional space has received considerable attention recently. Motivated by developments in superstring and M–theory [3], it is assumed in this scenario that the standard model interactions are confined to a (3 + 1)– dimensional hypersurface, but that gravity may propagate through the ‘bulk’ dimensions perpendicular to the brane. This change in viewpoint has important consequences for early universe cosmology and, in particular, for the inflationary paradigm.

Various cosmological aspects of branes embedded in five dimensions have been investigated [4–15]. The effects of including a scalar field in the bulk have also been studied [13–15]. In this paper, we consider a co–dimension 1 brane with positive tension, λ, embedded in vacuum Einstein gravity with a negative cosmological constant. This corresponds to the scenario introduced by Randall and Sundrum where the extra dimension is infinite [2]. We focus on the region of parameter space defined by λ^{1/4} ≪ m_5 ≪ m_4, where m_{4,5} represent the four– and five–dimensional Planck scales, respectively.

One approach to determining the expansion of the brane is to project the five–dimensional metric onto the brane world–volume [7,15]. In effect, this is equivalent to solving Einstein’s field equations, together with appropriate jump conditions, for a negative cosmological constant and an energy–momentum tensor restricted to the brane [4]. The field equations admit a first integral that may be interpreted as a generalized Friedmann equation [4,5,7]. We emphasize, however, that the dynamics could differ in a compactified scenario, due to the effects of radion stabilization. If the cosmological constant and brane tension are related in an appropriate fashion, this equation takes the form^∗ [4,5]:

H^2 = 4π 3λm^2_4 ρ(ρ + 2λ) + ϵ a^4

, (1.1)

where ρ represents the energy density of matter on the brane, ϵ is a constant and we have assumed that the four– dimensional cosmological constant is zero. The last term on the right–hand side of Eq. (1.1) behaves as ‘dark radiation’ and arises due to the backreaction of the bulk gravitational degrees of freedom on the brane [4,5,9,10]. At sufficiently low energies, ρ ≪ λ, the standard cosmic behaviour is recovered and the primordial nucleosynthesis constraint is satisfied provided that λ ≥ (1 MeV)^4.

Quantum gravitational effects become important if the energy density on the brane exceeds the five–dimensional Planck scale. In this case, the assumption that matter is confined to the brane may become unreliable. However, if λ ≪ m^4_5, there is a region of parameter space, corresponding to λ ≪ ρ ≪ m^4_5, where the classical solution is still valid, but where the quadratic correction becomes significant. In particular, this term can play an important role during inflation [8,11]. Cosmological inflation has played a central role in studies of the very early universe. (For recent reviews, see, e.g., Refs. [16,17]). It is therefore important to study the inflationary dynamics of the braneworld scenario. In the standard inflationary cosmology, the universe is dominated by a scalar ‘inflaton’ field self–interacting through a potential, V (ϕ), with an energy density ρ ≡ ϕ̇^2/2 + V . Inflation proceeds if the potential energy of the field dominates its kinetic energy. Maartens et al. have recently considered the case where a

�In this paper we assume that the world–volume metric of the three–brane is the spatially flat, Friedmann–Robertson– Walker (FRW) line element with scale factor, a(t), and Hubble parameter, H ȷ ȧ/a. A dot and prime denote differentiation with respect to cosmic time, t, and the scalar field, ϕ, respectively.

single inflaton field is confined to the brane and have derived the necessary criteria for successful inflation when the slow–roll approximation is valid [8]. In general, the quadratic term in the Friedmann equation (1.1) results in an enhanced friction on the field, implying that inflation is possible for a wider region of parameter space than in the standard cosmology [6,8,10,11].

When the scalar field is confined to the brane, energy– momentum conservation implies that its equation of motion has the standard form:

ϕ̈ + 3Hϕ̇ + V^′(ϕ) = 0. (1.2)

Eq. (1.2) can be expressed in terms of the energy density such that

ρ̇ = −3Hϕ̇^2 (1.3)

and it follows that a given inflationary braneworld model is specified by a solution to the Friedmann–scalar field equations (1.1) and (1.3).

In general, however, it is very difficult to solve this system of equations, even when the standard slow–roll assumptions, ϕ̇^2 ≪ V and |ϕ̈| ≪ H|ϕ̇|, are made. It is therefore important to develop generating techniques for finding exact solutions to Eqs. (1.1) and (1.2) and this is the purpose of the present work. During inflation, the dark radiation redshifts rapidly and soon becomes dynamically negligible and we therefore consider models where ϵ = 0. On the other hand, we do not assume that the slow–roll approximation is necessarily valid. Thus, such a study has direct applications to the final stages of inflation, where the kinetic energy of the inflaton field inevitably becomes significant. Depending on the form of the potential, this may happen when the quadratic correction to the Friedmann equation (1.1) is still important. The search for exact scalar field braneworlds is also important because it allows one to classify the possible types of behaviour that arise in these universes and to uncover the generic characteristics of such models.

II. FIRST–ORDER FIELD EQUATIONS

From a particle physics perspective, it is natural to begin by specifying the functional form of the potential. However, even for simple choices, such as exponential or power law potentials, analytical progress can not be made. An alternative route, originally introduced within the context of standard chaotic inflation [18], is to specify the time–dependence of the scale factor, a(t). In the braneworld scenario, given a(t), one may deduce ρ(t) from Eq. (1.1) and hence ϕ̇(t) from Eq. (1.3). Integrating yields ϕ(t). The time–dependence of the potential follows immediately from the definition of the energy density and the form of V (ϕ) is deduced by inverting ϕ(t). The drawback of this approach is that such an inversion is not always possible and moreover a realistic potential does not necessarily result.

In principle, these problems are partially avoided by first specifying an invertible form for ϕ(t) [19], although we do not explore this possibility further here. Our approach is to note that during inflation, the scalar field rolls monotonically down its potential. Thus, Eq. (1.3) may be expressed in the form

ρ^′ = −3Hϕ̇. (2.1)

The formal limit, λ → ∞, corresponds to the standard inflationary scenario. In this case, Eqs. (1.1) and (2.1) can be written in the particularly simple ‘Hamilton–Jacobi’ form [20,21]

H^′a^′ = − 4π m^2_4

Ha (2.2)

H^′ = − 4π m^2_4 ϕ̇ (2.3)

(H^′)^2 − 12π m^2_4

H^2 = −

32π^2 m^4

V, (2.4)

where the Hubble parameter is viewed implicitly as a function of the scalar field. Eq. (2.2) may be integrated to yield the scale factor:

a(ϕ) = exp [ − 4π m^2_4 ∫_ϕ dϕ H H^′ ] (2.5)

and this implies that the cosmological dynamics is determined, up to a single quadrature, once the functional form of H(ϕ) has been specified. It has been suggested that H(ϕ) should be viewed as the solution generating function when analysing inflationary cosmologies [22]. The advantage of such an approach is that the form of the potential is readily deduced from Eq. (2.4). The question that naturally arises within the braneworld context, therefore, is whether there exists an analogous generating function when the quadratic correction in the Friedmann equation (1.1) is relevant.

To proceed, we define a new function y(ϕ): ρ ≡ 2λy^2 1 − y^2

, (2.6)

where the restriction y^2 < 1 must be imposed for the weak energy condition to be satisfied. Substituting Eq. (2.6) into the Friedmann equation (1.1) implies that the Hubble parameter is given by H(ϕ) = ( 16πλ 3m^2_4 )_{1/2} y 1 − y^2

. (2.7)

The right–hand side of Eq. (2.7) can be expanded as a geometric progression: H = ( 16πλ 3m^2_4

)_{1/2} [

y + y^3 + y^5 + . . . ] , (2.8) implying that y is proportional to the Hubble parameter in the low–energy limit, y → 0 (ρ/λ → 0).

Substitution of Eq. (2.6) into the scalar field equation (2.1) implies that ϕ̇ = − ( λm^2_4 3π )_{1/2} y^′ 1 − y^2

(2.9)

and the potential is given in terms of y(ϕ) by combining Eqs. (2.6) and (2.9):

V (ϕ) = 2λy^2 1 − y^2 − λm^2_4 6π ( y^′ 1 − y^2

)_2

. (2.10)

It follows from Eqs. (2.7) and (2.9) that the scale factor satisfies

y^′a^′ = − 4π m^2_4 ya. (2.11)

Eq. (2.11) is formally identical to Eq. (2.2) and may be integrated to yield the scale factor in terms of a single quadrature with respect to the scalar field:

a(ϕ) = exp [ − 4π m^2_4 ∫_ϕ dϕ y y^′ ] . (2.12)

Finally, the dependence of the scalar field on cosmic time is deduced by evaluating the integral

t − t_0 = ( 3π λm^2_4

)_{1/2} ∫_ϕ ϕ0 dϕ y^2 − 1 y^′ (2.13)

and inverting the result, where t_0 is an arbitrary integration constant.

Thus, we have reduced the second–order system of equations (1.1) and (1.2) to the non–linear, first–order system (2.9) and (2.11) by employing the scalar field as dynamical variable.

Further insight may be gained by defining a second new function b(ϕ):

y ≡ tanhb. (2.14)

It follows immediately from Eqs. (2.7) and (2.9) that the Hubble parameter is given by H = ( 4πλ 3m^2_4 )_{1/2} sinh 2b (2.15)

and that the scalar field varies as ϕ̇ = − ( λm^2_4 3π )_{1/2} b^′. (2.16)

Eq. (2.16) is formally equivalent to Eq. (2.3). Hence, the scale factor is given by

a = exp [ − 2π m^2_4 ∫_ϕ dϕ sinh 2b b^′ ] (2.17) and the potential takes the simple form

V = 2λ sinh^2 b − λm^2_4 6π b^{′2}. (2.18)

The time–dependence of the scalar field is determined by the integral

t − t_0 = − ( 3π λm^2_4

)_{1/2} ∫_ϕ ϕ0 dϕ 1 b^′ . (2.19)

The function b plays the equivalent role to that of the Hubble parameter in the field equation (2.3). Indeed, b(ϕ) ∝ H(ϕ) in the low–energy limit. It follows from Eq. (2.16) that b(t) is a monotonically decreasing function of cosmic time.

To summarize this Section, we have found that the braneworld field equations can be rewritten after suitable redefinitions in a way that directly extends the Hamilton– Jacobi form of the standard scalar field cosmology. However, the physical interpretation of the variables is different in the two cases. Nevertheless, this correspondence implies that similar techniques may be employed to find exact braneworld cosmologies. In particular, when the functional form of the parameter y(ϕ) is known, the potential is determined in terms of this function and its first derivative. The function a(ϕ) follows from Eq. (2.12) and ϕ(t) follows by evaluating Eq. (2.13) and inverting the result. An alternative method for solving the field equations is to specify the form of b(ϕ) and to then evaluate the two integrals in Eqs. (2.17) and (2.19). This is equivalent to determining the kinetic energy of the scalar field as a function of the field itself. A related technique was recently employed in the standard inflationary scenario [23]. The advantage of this approach is that the integrand in Eq. (2.17) can be expanded as a power series in b.

III. EXACT BRANEWORLDS

We now find exact braneworld models by employing the above techniques. Firstly, we consider the ansatz

y = sech (√ 2πC m_4 ϕ ) , (3.1)

where C is an arbitrary constant. Substitution of Eq. (3.1) into Eq. (2.10) implies that the potential is given by V = λ 3 ( 6 − C^2 ) cosech^2 (√ 2πC m_4 ϕ ) . (3.2)

Thus, we require C^2 < 6 for the potential to be positive– definite and we consider this region of parameter space in what follows. Evaluating Eq. (2.13) implies that t − t_0 = ( 3 4πλ )_{1/2} m_4 C^2 cosh (√ 2πC m_4 ϕ ) (3.3)

and substituting Eqs. (3.1) and (3.3) into Eq. (2.12) implies that the scale factor is given by a(t) = [ 4πλC^4 3m^2_4

(t − t_0)^2 − 1 ]_{1/C}2 . (3.4)

Without loss of generality, we may choose t_0 = −[3m^2_4/(4πλC^4)]^{1/2} such that the origin of time corresponds to a vanishing scale factor.

It can be verified by direct substitution that the solution (3.4) is a scaling solution, in the sense that the kinetic and potential energies of the scalar field redshift at the same rate as the brane expands. The field behaves as a perfect fluid with an effective equation of state, p = ωρ, where the barotropic index is given by ω = C^2 − 3 3 . (3.5)

Thus, we have found the scalar field model equivalent to the perfect fluid cosmology presented in Ref. [4]. The solution is interesting because it reduces to the power– law cosmology driven by an exponential potential in the low–energy limit. Inflation proceeds indefinitely into the future if C^2 < 2 and the expansion decelerates for C^2 > 2. However, at early times, the asymptotic behaviour is a ∝ t^{1/C2} , and inflation proceeds for a finite time for C^2 < 1. In this limit, the potential is of the form V ∝ ϕ^{−2}, where the constant of proportionality determines the power of the expansion.

At late times the function y given in Eq. (3.1) asymptotes to an exponential form. It is therefore of interest to consider a second ansatz

y = exp ( − √ 2πCϕ/m_4 ) , (3.6)

that is valid for all time, where we assume implicitly that ϕ > 0 and that C^2 < 6. Integrating Eqs. (2.9) and (2.12) implies that ϕ = m_4 √ 2πC ln ( T + √ T^2 − 1 ) (3.7) a = ( T + √ T^2 − 1 )_{2/C}2 , (3.8)

where we have introduced a rescaled time variable T ≡ ( πλC^4 3m^2_4 )_{1/2} (t − t_0) (3.9)

and the origin of time corresponds to T = 1. The potential of the scalar field is deduced by substituting Eq. (3.6) into Eq. (2.10): V = 2λy^2 1 − y^2 [ 1 − C^2 6 1 1 − y^2 ] . (3.10)

The potential is negative for y^2 > (6−C^2)/6, has a single maximum located at y^2 = (6 − C^2)/(6 + C^2) and exponentially decays to zero from above as y^2 → 0. Although the potential is negative to the right of the maximum, the solution exists for all ϕ > 0 because the initial magnitude of the field’s kinetic energy is sufficiently large for it to move over the maximum and reach ϕ → +∞.

We now consider the formulation of the cosmological brane equations summarized in Eqs. (2.14)–(2.19). One ansatz that can be invoked is b ≡ ( 3πA^2 λm^2_4 )_{1/2} ϕ, (3.11)

where A is a constant. From Eq. (2.16), this represents a model where the kinetic energy of the scalar field is a constant for all time:

ϕ = ϕ_0 − A (t − t_0) . (3.12)

The scale factor and potential of the field are readily deduced from Eqs. (2.17) and (2.18), respectively:

a = exp [ − λ 3A^2 cosh (√ 12πA^2 λm^2_4 ϕ )] (3.13)

V = 2λ sinh^2 (√ 3πA^2 λm^2_4 ϕ ) − A^2 2 . (3.14)

Early times correspond to the limit ϕ ≫ λ^{1/2}m_4/A, where the potential has an asymptotically exponential form and inflation may proceed for a wide range of parameter space. Inflation ends within a finite time, however, and the field eventually falls into its minimum at V_{min} = −A^2/2. The expansion of the universe is then reversed and the subsequent collapse enables the field to move up the other side of its potential.

Another solvable model is defined by

b ≡ p_2ϕ^2, (3.15)

where p_2 is an arbitrary constant. Substituting Eq. (3.15) into Eq. (2.18) implies that the potential is given by V = 2λ sinh^2 ( p_2ϕ^2 ) − 2λp^2m^2_4 3π ϕ^2. (3.16)

This potential has a single maximum at V (ϕ = 0) = 0 and two minima at

sinh(2p_2ϕ^2) = p_2m^2_4 3π . (3.17)

Integration of Eq. (2.16) implies that the time– dependence of the scalar field is given by

ϕ = ϕ_0 exp [ − ( 4λp^2m^2_4 3π )_{1/2} (t − t_0) ] . (3.18)

Finally, the growth in the scale factor can be expressed as a power series by substituting Eq. (3.15) into Eq. (2.17) and integrating:

a = exp [ − π 2p_2m^2_4 ∞∑ n=0 1 (2n + 1)(2n + 1)! ( 2p_2ϕ^2

)_{2n+1} ] . (3.19)

Before concluding, we develop in the next Section an algorithm that generates a new braneworld cosmology from a known solution such as those presented above.

IV. A THIRD ALGORITHM

Since b(t) is a monotonically decreasing function, Eq. (2.16) may be rewritten as

ϕ̇^2 = − ( λm^2_4 3π )_{1/2} ḃ. (4.1)

Defining a new function

c ≡ exp [ − ∫_t dt^′b(t^′) ] (4.2)

and a new time parameter η ≡ ∫_t dt^′c(t^′) (4.3)

implies that Eq. (4.1) may be then expressed in the form of a one–dimensional Helmholtz equation: [ d^2 dη^2 − U (η) ] c = 0, (4.4)

where the effective potential is uniquely determined by the kinetic energy of the scalar field: U (η) ≡ ( 3π λm^2_4

)_{1/2} ( dϕ dη )_2

. (4.5)

The importance of Eq. (4.4) is that if a particular solution, c_1(η), is known, the general solution can be written in terms of a single quadrature with respect to this solution [24]:

c = c_1 ( κ + ∫_η dz c^2_1(z) ) , (4.6)

where κ is an arbitrary constant. It is this feature that form the basis of the algorithm. Suppose a particular solution to the braneworld field equations has already been found, i.e., that {b(t), ϕ(t)} are known. The function, c_1(η), can in principle be evaluated from Eqs. (4.2) and (4.3). Eq. (4.6) then yields the new solution for c(η) and, hence, b(η) from the definition (4.2). The form of ϕ(η) is identical in both solutions, but the potential of the scalar field is different in the new solution. It is given by

V [η(ϕ)] = 2λsinh^2 [b(η)] − 1 2 c^2(η) ( dϕ dη )_2 , (4.7)

or, equivalently, by

V [η(ϕ)] = 2λ [ sinh ( dc dη )]_2 − ( λm^2_4 12π )_{1/2} c d^2c dη^2 . (4.8)

The form of V (ϕ) follows from Eqs. (4.7) and (4.8) and the scale factor is deduced as before from Eq. (2.17).

In effect, each particular braneworld cosmology is twinned with a second solution. In practice, it may not always be possible to evaluate the integrals (4.2) and (4.3), but it would be interesting to explore models of this nature further. We also remark that in the low– energy limit, c varies as a power of the scale factor of the brane. Thus, the above discussion is also relevant to standard scalar field cosmology.

V. CONCLUSIONS

In conclusion, we have presented algorithms for solving the braneworld Friedmann equation for a single, self– interacting scalar field confined to a brane with positive tensione3 embedded in five–dimensional, vacuum Einstein gravity. The formalism does not assume the slow– roll approximation and is valid during inflation when the field is monotonically rolling down its potential. It does not apply if the field is oscillating about a minimum. A number of new exact solutions were found, including the scalar field model that corresponds to a perfect fluid. The algorithms may be viewed as generalizations of the Hamilton–Jacobi formalism that has played a central role in analyses of the standard chaotic inflationary scenario [20]. In the latter case, the Hamilton–Jacobi formalism provides the necessary framework for establishing the precise correspondence between the potential of the scalar field and the scalar and tensor perturbation spectra that are generated during inflation [17]. It would be interesting to employ the techniques developed above to establish the equivalent correspondence in the braneworld scenario.

ACKNOWLEDGMENTS

RMH is supported by a Particle Physics and Astronomy Research Council (PPARC) postgraduate studentship. JEL is supported by the Royal Society. We thank David Wands for numerous helpful discussions.

[1] K. Akama, hep-th/0001113; V. A. Rubakov and M. E.

Shaposhnikov, Phys. Lett. B159, 22 (1985); N. Arkani– Hamed, S. Dimopoulos, and G. Dvali, Phys. Lett. B429, 263 (1998); M. Gogberashvili, Europhys. Lett. 49, 396 (2000).

[2] L. Randall and R. Sundrum, Phys. Rev. Lett. 83, 3370 (1999); ibid., Phys. Rev. Lett. 83, 4690 (1999).

[3] P. Hořava and E. Witten, Nucl. Phys. B460, 506 (1996);

ibid. B475, 94 (1996).

[4] P. Binétruy, C. Deffayet, and D. Langlois, Nucl. Phys.

B565, 269 (2000); P. Binétruy, C. Deffayet, U. Ellwanger, and D. Langlois, Phys. Lett. B477, 285 (2000).

[5] E. E. Flanagan, S. -H. Tye, and I. Wasserman, hepph/9910498.

[6] J. M. Cline, C. Grojean, and G. Servant, Phys. Rev. Lett.

83, 4245 (1999); C. Cśaki, M. Graesser, C. Kolda, and J. Terning, Phys. Lett. B462, 34 (1999).

[7] T. Shiromizu, K. Maeda, and M. Sasaki, gr-qc/9910076. [8] R. Maartens, D. Wands, B. Bassett, and I. Heard, Phys.

Rev. D62, 041301 (2000).

[9] S. Mukohyama, Phys. Lett. B473, 241 (2000). [10] D. Ida, J. High En. Phys. 09, 014 (2000). [11] Y. Gong, gr-qc/0005075; E. J. Copeland, A. R. Liddle, and J. E. Lidsey, astro-ph/0006421.

[12] P. Kanti, I. I. Kogan, K. A. Olive, and M. Pospelov, hepph/9912226; P. Kanti, I. I. Kogan, K. A. Olive, and M. Pospelov, hep-ph/9909481; T. Nehei, hep-ph/9905487; D. N. Volovich, hep-th/9911181; N. Kaloper, hepth/9905210; H. B. Kim, hep-th/0001209; S. Mukohyama, T. Shiromizu, and K. Maeda, hep-th/9912287; I. I. Kogan, S. Mouslopoulos, A. Papazoglou, G. G. Ross, and J. Santiago, hep-ph/9912552; S. W. Hawking, T. Hertog, and H. S. Reall, hep-th/0003052.

[13] W. D. Goldberger and M. B. Wise, Phys. Rev. Lett. 83, 4922 (1999); C. Cśaki, M. Graessar, L. Randall, and J. Terning, Phys. Rev. D62, 045015 (2000).

[14] R. N. Mohapatra, A. Pérez–Lorenzana, and C. A. de S. Pires, hep-ph/0003089; R. N. Mohapatra, A. Pérez– Lorenzana, and C. A. de S. Pires, hep-ph/0003328.

[15] K. Maeda and D. Wands, hep-th/0008188; A. Mennim and R. A. Battye, hep-th/0008192.

[16] D. H. Lyth and A. Riotto, Phys. Rep. 314, 1 (1999);

M. Kamionkowski and A. Kosowsky, Ann. Rev. Nucl. Part. Sci. 49, 77 (1999); A. R. Liddle and D. H. Lyth, Cosmological Inflation and Large Scale Structure (Cambridge University Press, Cambridge, 2000); J. E. Lidsey, D. Wands, and E. J. Copeland, hep-th/9909061.

[17] J. E. Lidsey, A. R. Liddle, E. W. Kolb, E. W. Copeland, T. Barreiro, and M. Abney, Rev. Mod. Phys. 69, 373 (1997).

[18] F. Lucchin and S. Matarrese, Phys. Rev. D32, 1316 (1985); G. F. R. Ellis and M. Madsen, Class. Quantum Grav. 8, 667 (1991).

[19] J. D. Barrow and P. Parsons, Phys. Rev. D52, 5576 (1995).

[20] L. P. Grishchuk and Yu. V. Sidorav, in Fourth Seminar on Quantum Gravity, eds. M. A. Markov, V. A. Berezin, and V. P. Frolov (World Scientific, Singapore, 1988); A. G. Muslimov, Class. Quantum Grav. 7, 231 (1990); D. S. Salopek, J. R. Bond, and J. M. Bardeen, Phys. Rev. D40, 1753 (1989); D. S. Salopek and J. R. Bond, ibid. 42, 3936 (1990).

[21] J. E. Lidsey, Phys. Lett. B273, 42 (1991). [22] J. E. Lidsey, Class. Quantum Grav. 8, 923 (1991); B. J.

Carr and J. E. Lidsey, Phys. Rev. D48, 543 (1993). [23] L. P. Chimento, V. Méndez, and N. Zuccalá, Class. Quantum Grav. 16, 3749 (1999).

[24] M. M. Nieto, Phys. Lett. 145B, 208 (1984); C. V. Sukumar, J. Phys. A18, 2917 (1985).