arXiv:gr-qc/0012027 6 Dec 2000

IL NUOVO CIMENTO B Vol. 115, N. 4 April, 2000

Mass neutrino flavor evolution in spacetime with torsion

C. M. Zhang Department of Physics, Hebei University of Technology, Tianjin-300130, P.R. China

Instituto de Física Teórica, Universidade Estadual Paulista Rua Pamplona 145, 01405-900 São Paulo, Brazil

(ricevuto September, 1999; approvato Feburary, 2000)

Summary. — In the framework of the spacetime with torsion, we obtain the flavor evolution equation of the mass neutrino oscillation in vacuum. A comparison with the result of general relativity case, it shows that the flavor evolutionary equations in Riemann spacetime and Weitzenböck spacetimes are equivalent in the spherical symmetric Schwarzschild spacetime, but turns out to be different in the case of the axial symmetry.

PACS 04.50, 04.90 – .

1. – Introduction

On account of the Super-Kamiokande atmospheric neutrino experiment, which confirmed a nonvanishing mass for the neutrino [1], the neutrino oscillation problem became an even hotter topic in high energy physics, both from the experimental and from the theoretical points of view [2, 3, 4]. As a natural extension to this problem, many authors consider the neutrino oscillation in the presence of gravitation, that is, in a curved spacetime. This means to extend the physics related to the neutrino oscillation in a Minkowski spacetime with Lorentz invariance, to a Riemannian spacetime with the usual invariance under general coordinate transformation. The gravitational effect on the neutrino oscillation has attracted much attention recently [5, 6, 7, 8, 9, 10, 11, 12, 13] in the framework of general relativity, although a lot of problems concerning the understanding of the gravitationally induced neutrino oscillation still persists. However many alternative mechanisms have been proposed to account for the gravitational effect on the neutrino oscillation; e.g. the equivalence principle and neutrino oscillation [14, 15]. As a further theoretical exploration, more recently torsion induced neutrino oscillation in U_4 spacetime [18] with both curvature and torsion is also proposed [16, 17]. In this article, we extend the neutrino oscillation problem into the spacetime with torsion but without curvature, i.e. in a Weitzenböck spacetime A_4 [19, 20, 21, 22], in the framework of new general relativity (NGR)[19].

© Società Italiana di Fisica 437

The paper is organized as follows. In Sec. II we briefly introduce the gravitational theory in Weitzenböck spacetime. In Sec. III we compare Dirac equations in Riemaniann spacetime and in Weitzenböck spacetime, and in Sec. IV. we derive the evolutionary equation of the neutrino oscillation amplitude in Weitzenböck spacetime. We set G = h̄ = c = 1 throughout this article.

2. – A brief review of the NGR

The new general relativity is a parallel tetrad gravitational theory, which is formulated on a Weitzenböck spacetime [19, 22, 23]. It is characterized by the vanishing curvature tensor and by the torsion tensor formed of four parallel tetrad vector fields. Namely, the gravitational field appears as the nontrivial part of the tetrad field. We will use the greek alphabet (μ, ν, ρ, · · · = 1, 2, 3, 4) to denote tensor indices, that is, indices related to spacetime. The latin alphabet (a, b, c, · · · = 1, 2, 3, 4) will be used to denote local Lorentz (or tangent space) indices. Of course, being of the same kind, tensor and local Lorentz indices can be changed into each other with the use of the tetrad, denoted by h^a_μ, and supposed to satisfy

h^a_μ h_a^ν = δ_μ^ν ; h^a_μ h_b^μ = δ^a_b . (1) As is known, curvature and torsion are properties of a connection[20, 22], and many different connections may be defined on the same space. For example, denoting by η_{ab} the metric tensor of the tangent space, a nontrivial tetrad field can be used to define the riemannian metric g_{μν} = η_{ab} h^a_μ h^b_ν , (2) in terms of which the Levi–Civita connection ∘ Γ^σμν = 1 2 g^{σρ} [∂_μg_{ρν} + ∂_ν g_{ρμ} − ∂_ρg_{μν} ] (3) can be introduced. Its curvature ∘ R^θρμν = ∂μ^∘Γ^θρν +^∘Γ^θσμ^∘Γ^σρν − (μ ↔ ν) , (4) according to general relativity, accounts exactly for the gravitational interaction. Owing to the universality of gravitation, which means that all particles feel^∘Γ^σ_{μν} the same, it turns out possible to describe the gravitational interaction by considering a Riemann spacetime with the curvature of the Levi–Civita connection, in which all particles will follow geodesics. This is the stage set of Einstein’s General Relativity, the gravitational interaction being mimicked by a geometrization of spacetime.

On the other hand, a nontrivial tetrad field can also be used to define the linear Cartan connection

Γ^σ_{μν} = h_a^σ ∂_ν h^a_μ , (5) with respect to which the tetrad is parallel:

∇_ν h^a_μ ≡ ∂_ν h^a_μ − Γ^ρ_{μν} h^a_ρ = 0 . (6)

For this reason, tetrad theories have received the name of teleparallelism, or absolute parallelism. Plugging in Eqs.(2) and (3), we get

Γ^σ_{μν} =^∘Γ^σ_{μν} + K^σ_{μν} , (7) where K^σ_{μν} = 1 2 [T_μ^σ_ν + T_ν^σ_μ − T^σ_{μν} ] (8) is the contorsion tensor, with

T^σ_{μν} = Γ^σ_{νμ} − Γ^σ_{μν} (9) If now we try to introduce a spacetime with the same properties of the Cartan connection Γ^σ_{νμ}, we end up with a Weitzenböck spacetime [21], a space presenting torsion, but no curvature. This spacetime is the stage set of the teleparallel description of gravitation. Considering that local Lorentz indices are raised and lowered with the Minkowski metric η^{ab}, tensor indices on it will be raised and lowered with the riemannian metric g_{μν} = η_{ab} h^a_μ h^b_ν [19]. Universality of gravitation, in this case, means that all particles feel Γ^σ_{νμ} the same, which in turn means that they will also feel torsion the same.

From the above considerations, we can infer that the presence of a nontrivial tetrad field induces both, a riemannian and a teleparallel structures in spacetime. The first is related to the Levi–Civita connection, a connection presenting curvature, but no torsion. The second is related to the Cartan connection, a connection presenting torsion, but no curvature. It is important to remark that both connections are defined on the very same spacetime, a spacetime endowed with both a riemannian and a teleparallel structures.

As already remarked, the curvature of the Cartan connection vanishes identically:

R^θ_{ρμν} = ∂_μΓ^θ_{ρν} + Γ^θ_{σμ} Γ^σ_{ρν} − (μ ↔ ν) ≡ 0 .

(10)

Substituting Γ^θ_{μν} from Eq.(7), we get R^θ_{ρμν} =^∘R^θ_{ρμν} + Q^θ_{ρμν} ≡ 0 , (11)

The gravitational Lagrangian density in NGR is written in the form

L_G = √ −g κ [ a_1(t^{μνλ}t_{μνλ}) + a_2(v^μv_μ) + a_3(a^μa_μ) ] , (12)

where a_1, a_2 and a_3 are dimensionless parameters of the theory, t_{μνλ} = 1 2 (T_{μνλ} + T_{νμλ}) + 1 6 (g_{λμ}v_ν + g_{λν} v_μ) − 1 3 g_{μν} v_λ, (13)

v_μ = T^λ_{λμ}, (14) a_μ = 1 6 ϵ_{μνρσ} T^{νρσ} (15)

with ϵ_{μνρσ} being the completely antisymmetric tensor normalized as ϵ_{0123} = √ −g. By applying variational principle to the above Lagrangian, we get the field equation: I^{μν} = κT^{μν} , κ = 8π, (16)

with I^{μν} = 2κ[D_λF^{μνλ} + v_λF^{μνλ} + H^{μν} − 1 2 g^{μν} L_G], (17)

where

F^{μνλ} = 1 2 h^{kμ} ∂L_G ∂h^k_{ν,λ} (18) = 1 κ [ a_1 ( t^{μνλ} − t^{μλν} ) + a_2 ( g^{μν} v^λ − g^{μλ}v^ν ) − a_3 3 ϵ^{μνλρ}a_ρ ] = −F^{μλν} , (19) H^{μν} = T^{ρσμ}F_{ρσ}^ν − 1 2 T^{νρσ} F^μ_{ρσ} = H^{νμ}, (20)

L_G = L_G √ −g , (21)

T^{μν} = 1 √ −g δL_M δh^k_ν h^{kμ}. (22)

Here L_M denotes the Lagrangian density of material fields and T^{μν} is the material energymomentum tensor which is nonsymmetric in general. In order to reproduce the correct Newtonian limit, we require the parameters a_1 and a_2 to satisfy the condition

a_1 + 4a_2 + 9a_1a_2 = 0,

(23)

called the Newtonian approximation condition, which can be solved to give

a_1 = − 1 3(1 − ϵ)

, a_2 = 1 3(1 − 4ϵ)

(24)

with ϵ being a dimensionless parameter. The comparison with solar-system experiments shows that ϵ should be given by

ϵ = −0.004 ± 0.004,

(25)

3. – Dirac equation in Weitzenböck spacetime

Previous to entering to our main point, we stress that the semiclassical by approximated Dirac particle does not follow a geodesic exactly. However the force aroused by the spin and the curvature coupling has little contribution to the geodesic deviation[26]. So here we take the neutrino as a spinless particle to go along the geodesic. The gravitational effects on the spin are incorporated into Dirac equation through the “spin connection” Γ_μ appearing in the Dirac equation in curved spacetime [24, 25, 26], which is constructed by means of the variation of the covariant Lagrangian of the spinor field. In the parallel tetrad theory of Hayashi and Shirafuji [19], considering the covariant derivative of spinor to coincide with the usual derivative, the Dirac Langrange density L_D is given by

L_D = 1 2 h^μ_k [ψγ^k∂_μψ̄ − ∂_μψ̄γ^kψ] − mψ̄ψ. (26)

By taking variation with respect to ψ̄, the Dirac equation in Weitzenböck spacetime is given as

[γ^ah^μ_a (∂_μ + Γ_μ) + m] ψ = 0,

(27)

and the spin connection Γ_μ is

Γ_μ = 1 2 v_μ (28)

where v_μ is the tetrad vector.

The spin connection Γ_μ is different from that of general relativity because the parallelism of vector in Weitzenböck spacetime makes the covariant derivative of spinor to coincide the usual dirivative. However, the Lagrangian of Dirac equation in general relativity is constructed by the covariant derivative and its explicit expression for the spin connection Γ_μ is [9]

Γ_μ = 1 8 [γ^b, γ^c]h_b^ν h_{cν;μ}. (29)

We must first simplify the Dirac matrix product in the spin connection term. It can be shown that γ^a[γ^b, γ^c] = 2η^{ab}γ^c − 2η^{ac}γ^b − 2iϵ^{dabc}γ_5γ_d, (30)

where η^{ab} is the metric of flat space and ϵ^{abcd} is the (flat space) totally antisymmetric tensor, with ϵ^{0123} = +1. With Eq.(30), the contribution from the spin connection in general relativity is

Γ_μ = 1 2 v_μ − 3i 4 a_μγ_5,

(31)

where

a_μ = 1 6 ϵ_{μνλσ} T^{νλσ} (32) a_μ is the tetrad axial-vector represented the deviation of the axial symmetry from the spherical symmetry [27].

Or, in the spherical case, Schwarzschild spacetime, both Dirac equations in Riemaniann spacetime and in Weitzenböck spacetime are equivalent. The difference between them will appear if the spacetime includes the axial symmetric components, Kerr spacetime for instance.

4. – Evolutionary equation for the neutrino oscillation amplitude

As proceeded in ref.[9], in order to incorporate the gravitational effect into the matter effect, we rewrite the spin connection term as

γ^ah^μ_a Γ_μ = γ^ah^μ_a (iA_{Gμ}P_L) = γ^ah^μ_a { iA_{Gμ} [ − 1 2 √ −g γ_5 ]} , (33)

where P_L = −^1_2^√_{−g} γ_5 is the left–handed projection operator, and

A^μ_G ≡ 2i(−g)^{1/2}γ_5v_μ

(34)

In the above equations, (−g)^{1/2} = [det(g_{μν} )]^{1/2}. Proceeding as in the discussion by Cardal and Fuller [9], we will borrow the three-momentum operator used in the neutrino oscillation, which can be calculated from the mass shell condition obtained by iterating the Dirac equation

(P_μ + A_{Gμ}P_L)(P^μ + A^μ_GP_L) = −M^2_f ,

(35)

where we have not included background matter effects. M^2_f is the vacuum mass matrix in flavour basis

M^2_f = U ( m^2_1 0 0 m^2 ) U^†, (36)

where U = ( cosθ sinθ −sinθ cosθ ) , (37)

with θ the mixing angle between different eigenstates of mass neutrinos. For relativistic neutrinos, ignoring terms of O(A^2) and O(AM), and remembering that we employ a null tangent vector n^μ, which is defined as n^μ = dx^μ/dλ, and x^μ(λ) = [ x^0(λ), x^1(λ), x^2(λ), x^3(λ) ] , we find

P_μn^μ = − ( M^2_f /2 + A_{Gμ}n^μ ) . (38)

It is convenient to define a column vector of flavor amplitudes. For example, for the mixing between ν_e and ν_τ ,

χ(λ) ≡ ( ⟨ν_e|Ψ(λ)⟩ ⟨ν_τ |Ψ(λ)⟩ ) . (39)

Eq.(39) can be written as a differential equation for the null world line parameter λ, i dχ dλ = ( M^2_f /2 + A_{f Gμ}n^μ ) χ, (40)

where the subscrip f denotes “ flavor basis”. Eq.(40) can be integrated to yield the neutrino flavor evolution. Similar equations were obtained in Refs.[9, 17] in Riemaniann spacetime and in U_4 spacetime respectively.

5. – Conclusion and discussion

In this paper, we studied the evolution equation for the neutrino oscillation amplitude in the framework of the new general relativity [19]. We find that our results will be equivalent to that of general relativity in the case of spherical symmetry, and the difference will occur when the axial tetrad vector is not zero.

Acknowledgments

The author would like to thank FAPESP-Brazil for financial support, and J.G. Pereira for helpful discussions. Thanks are also due to the hospitalities from S. Civaram, K. Hayashi, F.W. Hehl and J.M. Nester when he visited their research groups.

REFERENCES

[1] Y. Fukuda et al., Phys. Rev. Lett. 81, 1158 (1998);

Y. Fukuda et al., Phys. Rev. Lett. 81, 1562 (1998); Y. Fukuda et al., Phys. Rev. Lett. 82, 1810 (1999).

[2] K. Zuber, Phys. Rep. 305, 295 (1998).

[3] S. Bilenky, C. Giunti and W. Grimus, Phenomenology of neutrino oscillation (hepph/9812360).

[4] S. Pakvasa, Neutrinos (hep-ph/9804426);

M. Zralek, From kaon to neutrino: quantum mechanics of particle oscillation (hepph/9810543).

[5] J. Wudka, Mod. Phys. Lett. A6, 3291 (1991).

[6] D. V. Ahluwalia and C. Burgard, Gen. Rel. Grav. 28, 1161 (1996).

D. V. Ahluwalia and C. Burgard, About the interpretation of gravitationally induced neutrino oscillation phase (gr-qc/9606031).

[7] D. V. Ahluwalia and C. Burgard, Phys. Rev. D57, 4724 (1998). [8] Y. Grossman and H. J. Lipkin, Phys. Rev. D55, 2760 (1997). [9] C.Y. Cardall and G.M. Fuller, Phys. Rev. D55, 7960 (1996).

[10] T. Bhattacharya, S. Habib, and E. Mottola, Comments on the gravitationally induced neutrino oscillation phase (gr-qc/9605074).

[11] N. Fornengo, C. Giunti, C. W. Kim and J. Song, Phys. Rev. D56, 1895 (1997). [12] D. Píriz, M. Roy, and J. Wudka, Phys. Rev. D54, 1587 (1996). [13] M. Brueggen, Phys. Rev. D58, 083002 (1998). [14] M. Gasperini, Phys. Rev. D 38 2635 (1988). [15] J. Mureika and R. B. Mann, Phys. Lett. B368 112 (1996).

J. Mureika and R. B. Mann, Phys. Rev. D54, 2761 (1996). [16] V. De Sabbata, M. Gasperini, Il Nuovo Cim. 65 A 479 (1981);

V. De Sabbata, C Sivaram, Annalen der Physik (Leipzig) 7 627 (1989). [17] M. Alimohammadi, and A. Shariati, Mod. Phys. Lett. A14, 267 (1999).

[18] F. W. Hehl, P. von der Heyde, G. D. Kerlick and J. M. Nester, Rev. Mod. Phys. 48, 393 (1976).

[19] K. Hayashi and T. Shirafuji, Phys. Rev. D 19, 3524 (1979).

[20] R. Aldrovandi and J. G. Pereira, An Introduction to Geometrical Physics (World Scientific, Singapore, 1995).

[21] R. Weitzenböck, Invariantentheorie (Noordhoff, Gronningen, 1923). [22] V. C. de Andrade and J. G. Pereira, Phys. Rev. D56, 4689 (1998). [23] C.M. Zhang and P.D. Zhao, Int. J. Mod. Phys. A10, 2225 (1995). [24] L. Stodolsky, Gen. Rel. Grav. 11, 391 (1979).

[25] J. Anandan, Phys. Rev. D15, 1448 (1977); J. Anandan, N. Cimento A53, 221 (1979). [26] J. Audretsch, J. Phys. A 14, 411 (1981).

[27] J. Nitsch, and F.W. Hehl, Phys. Lett. B 15, 1448 (1981).