arXiv:gr-qc/0012071 19 Dec 2000

Electrostatic in Reissner-Nordström space-time with a conical defect

J. Spinelly and V. B. Bezerra Departamento de Física, Universidade Federal da Paraíba Caixa Postal 5008, 58051-970 João Pessoa,PB,Brazil We calculate the electrostatic potential generated by a point charge at rest in Reissner-Nordström space-time with a conical defect. An expression for the selfenergy is also presented.

PACS nos.04.20-q, 41.20-q, 41.90+e It is well known that the gravitational field modifies the electrostatic interaction of a charged particle in such a way that the particle experiences a finite self-force [1,2]. The origin of this force comes from the space-time curvature associated with the gravitational field. On the other hand, even in the absence of curvature, such as in the conical space-time of an infinite straight cosmic string [3], it was shown that a charged point particle [4] or a linear charge distribution [5] placed at rest in this background becomes subject to a finite repulsive electrostatic self-force. In this case, the origin of this force is the distortion in the particle field caused by the lack of global flatness of the space-time of a cosmic string. Therefore, the modifications of the electrostatic potential comes from two contributions, one of geometric origin and the other of topological one.

Some authors have suggested that the most simple exact solutions of Einstein’s equations can easily be generalized to include a conical defect [6]. Such space-times have been considered in different context and some investigations were done in these backgrounds [7].

In this paper we determine the expression for the electrostatic potential generated by a point charge held stationary in the space-time of Reissner- Nordström pierced by a cosmic string and also determine the self-energy. These results extend previous one obtained by Linet [8] in the case of a Schwarzschild background with conical defect.

The Reissner-Nordström space-time endowed with a conical defect takes the following form ds^2 = � ( 1 �^{2E}_{br} +^{q2}_{b2r2} ) dt^2 + ( 1 �^{2E}_{br} +^{q2}_{b2r2}

)_−1 dr^2 +r^2dθ^2 + b^2r^2 sin^2 θdφ^2, (1) where b is a parameter quantifying the conical defect. Assuming that the conical defect is associated with a cosmic string, then the parameter b is given by b = 1 − 4μ, where μ is the linear mass density of the cosmic string. The quantity E is the energy of the black hole [9] and q is the electric charge. Space-times with a conical defect are geometrically constructed by removing a wedge, that is, by requiring that the azimuthal angle around the axis runs over the range 0 < ϕ < 2πb. In the present case, in addition to the geometric procedure, we have to correct the mass term with the factor^1_b due to the fact that in the presence of a string, the energy at infinity and the Schwarzschild mass parameter are not identical [9]. The same correction must be applied to the electrostatic term due to Gauss theorem. In the calculations that follow we will consider the region of space-time outside the outer horizon, that is, for r > r_+, where r_+ = ( E + √ E^2 − q^2 ) /b, and assume that E^2 > q^2.

Consider a point test charge e, held stationary at (r_o, θ_o, φ_o), with r_o > r_+. In this case the current density J^i vanishes and the charge density J^0 is given by

J^0 = e br^2 sin θ δ (r − r_o) δ (θ − θ_o) δ (φ − φ_o) . (2)

Now, let us take Maxwell’s equations in the space-time given by metric (1) with source being a point test charge e. In the present case we have just one equation for the component A_0 which is given by ∂_i (√ −gF^{i0} ) = 4π √ −gJ^0, (3) where F_{i0} = ∂_iA_0.

Therefore, in the space-time under consideration, the equation for A_0 can be written as ∂ ∂r ( r^2 ∂A_0 ∂r ) + ( 1 − 2E br + q^2 b^2r^2 )_−1 [ 1 sin θ ∂ ∂θ ( sin θ ∂A_0 ∂θ ) + 1 b^2 sin^2 θ

∂^2A_0 ∂φ^2 ]

= − 4πe b sin θ δ (r − r_o) δ (θ − θ_o) δ (φ − φ_o) . (4)

Doing the following substitutions [10]

r = r_s + r_− (5)

A_0 = r − r_− r A^s_0, (6)

where r_− = E/b − M and M^2 = (E^2 − q^2) /b^2, eq.(4) turns into ∂ ∂r_s ( r^2_s ∂A^s_0 ∂r_s ) + ( 1 − 2M r_s )_−1 [ 1

sin θ ∂ ∂θ ( sin θ ∂A^s_0 ∂θ ) + 1 b^2 sin^2 θ

∂^2A^s_0 ∂φ^2 ]

= − 4πe b sin θ r_s r_s + r_− δ (r_s − r_{so}) δ (θ − θ_o) δ (φ − φ_o) , (7)

which can be rewritten as ∂ ∂r_s ( r^2_s ∂A^s_0 ∂r_s ) + ( 1 − 2M r_s )_−1 [ 1

sin θ ∂ ∂θ ( sin θ ∂A^s_0 ∂θ ) + 1 b^2 sin^2 θ

∂^2A^s_0 ∂φ^2 ]

= − 4πe^′ b sin θ δ (r_s − r_{so}) δ (θ − θ_o) δ (φ − φ_o) , (8)

where e^′ = er_{so}/ (r_{so} + r_−). Equation (8) is formally identical to the partial differential

equation for the electrostatic potential in the space-time of Schwarzschild with a conical

defect [8]. Proceeding in analogy with Linet [8] and assuming that φ_o = π and 1/2 < b < 1,

we find that the solution for (8) is given by

A^s_0 (r_s, θ, φ) = V^∗_s (r_s, θ, φ) + V^b_s (r_s, θ, φ) + e^′M br_{so}r_s , (9)

where

V^∗_s (r_s, θ, φ) = V_{cs} [r_s, σ_0 (θ, φ)] + V_{cs} [r_s, σ_1 (θ, φ)]

V_{cs} [r_s, σ_0 (θ, φ)]

V_{cs} [r_s, σ_0 (θ, φ)] + V_{cs} [r_s, σ_{−1} (θ, φ)]

, , ,

0 < φ < π/b − π π/b − π < φ < 3π − π/b 3π − π/b < φ < 2π . (10)

Note that solution given by eq.(9) is fixed taking into account the requirement that

charge q of the black hole and charge e of the test particle contribute to the potential.

The term V_{cs} is the solution of Copson [11], which is a solution of eq.(8) for b = 1 and

whose expression is [12]

V_{cs} [r_s, σ] = e^′ r_{so}r_s (r_s − M) (r_{so} − M) − M^2σ [ (r_s − M)^2 + (r_{so} − M)^2 − M^2 − 2 (r_s − M) (r_{so} − M) σ + M^2σ^2

]1_/2 (11)

with

σ_0 (θ, φ) = cos θ cos θ_o + sin θ sin θ_o cos[b (φ − π)] (12) σ_1 (θ, φ) = cos θ cos θ_o + sin θ sin θ_o cos[b (φ + π)] (13) σ_{−1} (θ, φ) = cos θ cos θ_o + sin θ sin θ_o cos[b (φ − 3π)]. (14)

The potential V^b_s that appears in eq.(9) is given by [8] V^b_s (r_s, θ, φ) = 1 2πb ∫_∞ 0 V_{cs} [r_s, k (θ, x)] F_b (φ, x) dx, (15) where k (θ, x) and F_b (φ, x) are

k (θ, x) = cos θ cos θ_o − sin θ sin θ_o cosh x (16) and F_b (φ, x) = − sin (φ − π/b) cosh (x/b) + cos (φ − π/b) + sin (φ + π/b) cosh (x/b) + cos (φ + π/b)

. (17)

Now, using eqs. (5) and (6), we can rewrite the electrostatic potential given by eq.(9) as

A_0 = V^∗ (r, θ, φ) + V^b (r, θ, φ) + eM br_or , (18)

where

V^∗ (r, θ, φ) = V_c [r, σ_0 (θ, φ)] + V_c [r, σ_1 (θ, φ)] V_c [r, σ_0 (θ, φ)] V_c [r, σ_0 (θ, φ)] + V_c [r, σ_{−1} (θ, φ)]

, , ,

0 < φ < π/b − π π/b − π < φ < 3π − π/b 3π − π/b < φ < 2π , (19)

and V_c V_c [r, σ] = e r_or (r − E/b) (r_o − E/b) − M^2σ [ (r − E/b)^2 + (r_o − E/b)^2 − M^2 − 2 (r − E/b) (r_o − E/b) σ + M^2σ^2

]1_/2 . (20)

The potential V^b obeys the following relation

V^b (r, θ, φ) = 1 2πb ∫_∞ 0 V_c [r, k (θ, x)] F_b (φ, x) dx. (21) Doing the same procedure as in [8] we can verify that eq.(9) is a solution of eq.(8), or returning to the original radial coordinate, we conclude that eq.(18) is a solution of eq.(4), that is, eq.(18) is the electrostatic potential generated by a point charge e placed at rest in the space-time of a charged black hole (Reissner-Nordström space-time) with a cosmic string passing through it.

Now, let us consider the electrostatic potential eq.(18) in a neighborhood of the point (r_o, θ_o, π) in the region defined by^π_b < ϕ < 3π −^π_b . The terms V^b (r, θ) and eM/brr_o are finite at the position of the test charge. The term V^∗ (r, θ) is infinite at that point and corresponds to the Coulombian potential. Therefore the electrostatic self-force comes from V^{reg} ≡ V^b (r, θ)+eM/brr_o. From the definition of energy for an arbitrary charge distribution we get that the self-energy is given by U_{self} (r_o, θ_o) = 1 2 ( eV^b (r_o, θ_o) + e^2M br^2_o ) . (22)

Putting eq. (21) into eq.(22) and using eq.(17), we get the following result U_{self} (r_o, θ_o) = e^2M 2br^2_o − e sin (π/b) 2π ∫_∞ 0 V_c [r_o, k (θ_o, x)] dx cosh (x/b) − cos (π/b)

(23)

Equation (23) is the gravitationally induced electrostatic self-energy on a test point particle at rest in the space-time of Reissner-Nordström with a conical defect(cosmic string). It is important to call attention to the fact that this result brings together the geometric and topological aspects. The geometric contribution is connected with the curvature of the space-time and the topological features are due to the lack of spherical symmetry produced by the conical defect.

From the present results we can get the particular cases which has already been obtained corresponding to the electrostatic self-force in the Schwarzschild black hole with [8] and without [2] a conical defect and in the cosmic string space-time [4].

Acknowledgment This work was partially supported by CNPq and CAPES. We are grateful to Prof. B. Linet for useful discussions.

REFERENCES [1] A. Vilenkin, Phys Rev. D 20, 373(1979); B. Léauté and B. Linet, Class. Quantum Grav.

1, 5(1985); Franco Piazzese and Guido Rizzi, Phys. Lett. A 119, 7(1986); B. Boisseau, C. Charmousis and B. Linet, Class. Quantum Grav.13, 1797(1996).

[2] A. G. Smith and Clifford M. Will, Phys Rev. D 22, 1276(1980); B. Léauté and B. Linet, Int. J. Theor. Phys.22, 67(1983); A. I. Zel’nikov and V. P. Frolov, Sov. Phys. - JETP 55, 191(1982) .

[3] A. Vilenkin, Phys. Rev. D 23, 852(1981); W. A. Hiscock, ibid. 31, 3288 (1985); B.

Linet, Gen. Rel. Grav. 17, 1109 (1985); J. R. Gott, Astrophys. J. 288, 422(1985). [4] B. Linet, Phys. Rev. D 33, 1833(1986); A. G. Smith, Proceedings of the Symposium The Formation and Evolution of Cosmic Strings, ed. G. W. Gibbons, S. W/. Hawking and T. Vaschapati (Cambridge University Press, Cambridge, 1990), p.262.

[5] E. R. Bezerra de Mello, V. B. Bezerra, C. Furtado and F. Moraes, Phys. Rev. D 51, 7140(1995).

[6] A. Vilenkin and E. P. S. Shellard, Cosmic Strings and other Topological Defects,( Cambridge University Press,1994).

[7] P. C. W. Davies and V. Shani, Class. Quantum Grav. 5, 1(1988); D. V. Gal’tsov and E.

Masár, ibid. 6, 1313(1989); M. G. Germano, V. B. Bezerra and E. R. Bezerra de Mello, ibid. 13, 2663(1996).

[8] B. Linet, Class. Quantum Grav. 16 , 2947 (1999).

[9] M. Aryal, L. H. Ford and A. Vilenkin, Phys. Rev. D 34, 2263(1986). [10] B. Léauté and B. Linet, Phys. Lett. A 58, 5(1976). [11] E. Copson, Proc. R. Soc. London A 118, 184(1928). [12] B. Linet, J. Phys. A 9, 1081 (1976).