arXiv:gr-qc/0104090 26 Apr 2001

Null cone preserving maps, causal tensors and algebraic Rainich theory

Göran Bergqvist^{1;2}, José M. M. Senovilla^2 1 Department of Mathematics, Mälardalen University, 721 23 Västerås, Sweden E-mail: gbt@mdh.se 2 Departamento de Física Teórica, Universidad del País Vasco, Apartado 644, 48080 Bilbao, Spain E-mail: wtpmasej@lg.ehu.es

April 26, 2001

Abstract

A rank-n tensor on a Lorentzian manifold whose contraction with n arbitrary causal future directed vectors is non-negative is said to have the dominant property. These tensors, up to sign, are called causal tensors, and we determine their general mathematical properties in arbitrary dimension N. Then, we prove that rank-2 tensors which map the null cone on itself are causal tensors. Previously it has been shown that, to any tensor field A on a Lorentzian manifold there is a corresponding “superenergy” tensor field T {A} (defined as a quadratic sum over all Hodge duals of A) which always has the dominant property. Here we prove that, conversely, any symmetric rank-2 tensor with the dominant property can be written in a canonical way as a sum of N superenergy tensors of simple forms. We show that the square of any rank-2 superenergy tensor is proportional to the metric in dimension N ≤ 4, and that the square of the superenergy tensor of any simple form is proportional to the metric in arbitrary dimension. Conversely, we prove in arbitrary dimension that any symmetric rank-2 tensor T whose square is proportional to the metric must be a causal tensor and, up to sign, the superenergy of a simple p-form, and that the trace of T determines the rank p of the form. This generalises, both with respect to the dimension N and the rank p, the classical algebraic Rainich conditions, which are necessary and sufficient conditions for a metric to originate algebraically in some physical field. Furthermore, it has the important geometric interpretation that the set of superenergy tensors of simple forms is precisely the set of tensors which leave the null cone invariant and preserve its time orientation. It also means that all involutory Lorentz transformations can be represented as superenergy tensors of simple forms, and that any rank-2 superenergy tensor is the sum of at most N conformally involutory Lorentz transformations. Nonsymmetric null cone preserving maps are shown to have a symmetric part with the dominant property and are classified according to the null eigenvectors of the skewsymmetric part. We therefore obtain a complete classification of all conformal Lorentz transformations and singular null cone preserving maps on any Lorentzian manifold of any dimension.

1 Introduction

The Bel-Robinson tensor [2, 4], a rank-4 tensor constructed from the Weyl curvature tensor and its dual (it has only one dual in four dimensions), was until some ten years ago not a widely known tensor outside part of the general relativity community. That it has the dominant property —the contraction with any four causal future directed vectors is non-negative— was certainly known [26], and many relations to gravitational energy were found (see e.g. [35] and references therein). Its precise physical meaning was, and still is, however not clear, and it is possible that no fundamental physical interpretation can be given. Thus, interest in the Bel-Robinson tensor was limited. This all changed with the work of Christodoulou and Klainerman on the global non-linear stability of Minkowski spacetime [13], (Bel-Robinson estimates were in fact previously considered in the works by Friedrich on hyperbolic formulations of the field equations, see [14].) It became clear that the Bel-Robinson tensor is mathematically a very useful quantity, its positivity (the dominant property) and divergence properties being the main reasons. Today, the tensor is established as a key ingredient in many mathematical studies of Einstein’s vacuum equations, see e.g. [18, 32] and references therein.

Considering this rise of interest in the Bel-Robinson tensor, it is remarkable that the Bel tensor seems virtually unknown. This is the full Riemann curvature tensor analogue of the Bel-Robinson tensor, so it is constucted from the Riemann tensor and its duals [3, 35]. A fundamental fact is that also the Bel tensor has the dominant property [6, 8, 35], and it is essentially the only tensor with this property one can construct from the Riemann tensor. Its divergence can often be controlled if some suitable field equations for the matter are given, and it should therefore be the natural candidate to replace the Bel-Robinson tensor if the full Einstein’s equations are studied.

More recently, it was discovered that this way of constructing a tensor with the dominant property from a given tensor and its duals is universal [34, 35]. Given any tensor field A on a Lorentzian manifold of arbitrary dimension, one can always in an essentially unique way construct from A a corresponding tensor T {A} with the dominant property [6, 30, 35]. It is perhaps unfortunate that, by historical reasons, T {A} has become to be known as the superenergy tensor of A, as this terminology may have prevented attention from those studying differential equations on curved manifolds. Superenergy tensors provide a very natural and geometric way to define norms (including Sobolev norms) and inner products (corresponding to the positive norms) on Lorentzian manifolds. Like the Bel-Robinson tensor, there is no need of a physical interpretation of T {A} for it to be mathematically useful.

A first example of how the general superenergy tensors can be used in this sense was given in [7], where causal propagation of fields on Lorenztian manifolds was studied generalising techniques from [16, 9]. Note that for energy-momentum tensors (symmetric rank-2 tensors) the dominant property, first introduced in [28], is usually called the dominant energy condition [16]. Such tensors map the future cone on itself, something we refer to as a causal map or causal tensor. Superenergy tensors have also been used to construct new conserved quantities [35, 36], and to study the propagation of shock-waves [35].

In this paper we develop the mathematical structure of tensors having the dominant property and prove some new basic results about superenergy tensors. We prove that the product T_{ac}T_b^c of the superenergy tensor T_{ab}{A} of a simple form A is always proportional to the metric. This is further shown to be true for any arbitrary rank-2 superenergy tensor in dimensions N ≤ 4.

While any superenergy tensor has the dominant property, we prove that any symmetric rank-2 tensor with the dominant property can be written as a sum of N superenergy tensors of simple forms in a canonical way. We also present some geometrical interpretation of these forms and emphasize that, in this sense, superenergy tensors of simple forms are the basic building blocks of positive or causal quantities.

The classical Rainich conditions [31, 23], sometimes referred to as RMW (Rainich- Misner-Wheeler) theory or already unified theory, are necessary and sufficient conditions in 4 dimensions for an energy-momentum tensor to originate in a Maxwell field. One may also express this as saying that they are conditions on a metric, which then via the Ricci tensor and Einstein’s equations give the energy-momentum tensor. The algebraic Rainich conditions as stated in [26] are that the energy-momentum tensor is trace-free, satisfies the dominant energy condition, and has a square that is proportional to the metric. The Rainich conditions have also been generalised to cover some other physical situations (e.g. [10, 20, 24, 25, 27]).

Here, we prove a much more general result, namely that in N dimensions any symmetric rank-2 tensor with a square proportional to the metric must be the superenergy tensor of a simple p-form. We prove that the trace can only have certain discrete values related to the rank p of this form. This result, being an equivalence, has an important geometrical interpretation. It says that on any Lorentzian manifold of any dimension, the set of superenergy tensors of simple forms is precisely the set of tensors which leave the null cone invariant and preserve its time orientation. This also leads to an extended algebraic Rainich theory which includes the previously known results as special cases. It also has the interesting implication that all symmetric (i.e. involutory) Lorentz transformations can be represented as superenergy tensors of simple forms. Furthermore, the combination with the previous results proves that any superenergy tensor is the sum of at most N conformally involutory Lorentz transformations. We also study non-symmetric null cone preserving maps, which are proven to have a symmetric part with the dominant property, and classify them according to the null eigenvectors of its skew-symmetric part. All this provides a complete classification of all conformal Lorentz transformations as well as the singular null cone preserving maps in any Lorentzian manifold of arbitrary dimension.

In our notation we sometimes use indices on the tensors. These indices may be considered as abstract indices in the sense of Penrose and Rindler [26], and it is clear that all results are geometric and independent of any basis or coordinate system. We will also use the standard arrows for vectors and boldface characters for 1-forms. The tensor and exterior products are denoted by ⊗ and ∧ respectively. As usual, (square) round brackets enclosing any set of indices indicate (anti) symmetrization. Equalities by definition are denoted by ≡. The symbol is used to mark the end of proofs. We shall use the signature +, −, . . ., − of the metric. Note that this is the opposite of [35].

The outline of the paper is as follows. In section 2 we develop some general mathematical properties of tensors with the dominant property and in section 3 we recall the definition of superenergy tensors and prove certain new results for superenergy tensors of simple forms. We also extend the previous definition to N-forms in N dimensions and motivate why their superenergy is essentially the metric. Various properties of null cone preserving maps, their relation to superenergy tensors, and how these are used to construct any tensor satisfying the dominant energy condition are described in section 4. The classification of the (conformally) non-involutory Lorentz transformation is then given in section 5 while that of the (conformally) involutory ones and the generalised algebraic Rainich conditions with their important geometrical consequences are presented in section 6.

2 The dominant property: causal tensors

We assume that we work on an N-dimensional manifold V_N endowed with a Lorentzian metric g_{ab} and that a time-orientation has been chosen. Most of our considerations are algebraic and are implicitly assumed to hold in a point x ∈ V_N ; of course, they can be straightforwardly translated to tensor fields. We begin by giving the basic definition.

Definition 2.1 A tensor T_{a1...ar} is said to have the dominant property if T_{a1...ar} u^{a1}_1 ...u^{ar}_r ≥ 0 for any set u^{a1}_1 ,..., u^{ar}_r of causal future-pointing vectors. The set of tensors with the dominant property will be denoted by DP. By −DP we mean the set of tensors T_{a1...ar} such that −T_{a1...ar} ∈ DP.

We will see below, in Properties 2.3 and 2.4 respectively, that the definition of DP implies in fact that the strict inequality holds if the future-pointing u^{a1}_1 . . . u^{ar}_r are all timelike, and that the use of only null vectors u^{a1}_1 . . .u^{ar}_r is also enough.

By a natural extension, the non-negative real numbers are also considered to have the dominant property: IR^+ ⊂ DP. Rank-1 tensors with the dominant property are simply the future-pointing causal vectors (while those in −DP are the past-directed ones). For rank-2 tensors, the dominant property was introduced by Plebański [28] in General Relativity and is usually called the dominant energy condition [16] because it is a requirement for physically acceptable energy-momentum tensors. The elements of DP could thus be termed as “future tensors”, and those of DP ∪ −DP will be called “causal tensors”. As in the case of past- and future-pointing vectors, any statement concerning DP has its counterpart concerning −DP, and they will be taken as obvious unless otherwise stated.

The basic properties of tensors in the class DP are given in what follows. First of all, the class is closed under linear combinations with non-negative coefficients as well as under tensor products [35].

Property 2.1 If T^{(i)}a_1...a_r ∈ DP and α_i ∈ IR^+ (i = 1, ..., n) then^n ∑ i=1 α_iT^{(i)}a_1...a_r ∈ DP. Moreover, if T^{(1)}a_1...a_r , T^{(2)}a_1...a_s ∈ DP then ( T^{(1)} ⊗ T^{(2)} ) a_1...ar+s ∈ DP. Proof: This is an immediate consequence of the definition of DP.

Given any tensor T_{a1...ar} ∈ DP, one can immediately construct many other tensors in DP by simply permuting the indices, as is obvious from Definition 2.1. Then, we also have (see Section 5 in [35])

Lemma 2.1 If T_{a1...ar} ∈ DP, then for any set of non-negative constants c_σ the family of tensors ∑ σ c_σT_{aσ(1)...aσ(r)} belongs to DP where the sum is over all permutations σ(1), . . ., σ(r) of (1, . . ., r). In particular, any symmetric part of T_{a1...ar} is in DP.

Proof: Given that T_{aσ(1)...aσ(r)} ∈ DP for any permutation σ(1), . . ., σ(r) the first part follows from Property 2.1. Since any symmetric part is in fact a linear combination of such terms with particular positive coefficients c_σ the Lemma is proven.

It must be remarked that, sometimes, linear combinations ∑ σ c_σT_{aσ(1)...aσ(r)} with some negative coefficients c_σ may also be in DP. On the other hand, we also have

Lemma 2.2 If T_{a1...ar} ≠ 0 is antisymmetric in any pair of indices, then T_{a1...ar} cannot be in DP ∪ −DP. Proof: Assume, for instance, that T_{a1a2...ar} = −T_{a2a1...ar} . Then, for any futurepointing u^{a1}_1 , u^{a2}_2 , . . ., u^{ar}_r , the scalars T_{a1a2...ar} u^{a1}_1 u^{a2}_2 . . .u^{ar}_r and T_{a1a2...ar} u^{a1}_2 u^{a2}_1 . . . u^{ar}_r have opposite signs. This implies that a constant sign cannot be maintained.

Property 2.2 T_{a1...ar} ∈ DP ⇐⇒ u^{ar} T_{a1a2...ar} ∈ DP for all future-pointing vectors ⃗u.

Proof: Again this is trivial from Definition 2.1.

Of course, this can be equally proven for the contraction of ⃗u with any index of T_{a1...ar} . The previous property can be generalized to show that the class DP is also closed under tensor products with one contraction applied. To that end, we introduce the following products for any two tensors T^{(1)}_{a1...ar} and T^{(2)}_{a1...as}: (T^{(1)}_i ×_j T^{(2)})_{a1......ar+s−2} ≡ T^{(1)}_{a1...ai−1bai...ar−1} T^{(2)}_{ar...ar+j−2}^b_{ar+j−1...ar+s−2} where the contraction is taken with the i^{th} index of the first tensor and the j^{th} of the second. There are of course many different products_i×_j depending on where the contraction is made.

Lemma 2.3 For all i = 1, . . ., r and all j = 1, . . ., s, if T_{a1...ar} , t_{a1...as} ∈ DP or if T_{a1...ar} , t_{a1...as} ∈ −DP, then (T_i ×_j t)_{a1......ar+s−2} ∈ DP; and if T_{a1...ar} ∈ DP and t_{a1...as} ∈ −DP then (T_i×_j t)_{a1......ar+s−2} ∈ −DP and (t_j ×_i T )_{a1......ar+s−2} ∈ −DP. Proof: If T_{a1...ar} , t_{a1...as} ∈ DP, or if they are in −DP , then, by Property 2.2, v_b ≡ T_{a1...ai−1bai...ar−1} u^{a1}_1 ...u^{ai−1}_{i−1} u^{ai}_i ...u^{ar−1}_{r−1} , (1) w_b ≡ t_{ar...ar+j−2bar+j−1...ar+s−2} u^{ar}_r ...u^{ar+j−2}_{r+j−2} u^{ar+j−1}_{r+j−1} ...u^{ar+s−2}_{r+s−2} are causal vectors with the same time orientation for any set u^{a1}_1 . . . u^{ar+s−2}_{r+s−2} of futurepointing vectors. Hence (T_i ×_j t)_{a1......ar+s−2} u^{a1}_1 ...u^{ar+s−2}_{r+s−2} = v_bw^b ≥ 0 and the first result follows. The other is similar.

Corollary 2.1 If for some i, j, 0 ≠ (T_i ×_j T )_{a1......a2r−2} ∈ −DP, then T_{a1...ar} cannot be in DP ∪ −DP. Proof: For if T_{a1...ar} were in either DP or −DP, by Lemma 2.3 (T_i ×_j T )_{a1......a2r−2} should be in DP. Notice that DP ∩ −DP = {0}. Corollary 2.2 T_{a1...ar} ∈ DP ⇐⇒ (T_i ×_j t)_{a1......ar+s−2} ∈ DP for all t_{a1...as} ∈ DP. Proof: The implication from left to right is in Lemma 2.3. The converse can be proved by taking in particular s = 1 and using Property 2.2.

Corollary 2.2 is the evident generalization of the well-known fact that a causal vector ⃗u is future-pointing if and only if u_cv^c ∈ IR^+ for all future-pointing vectors ⃗v.

The concept of “positivity” does not capture all that is behind the definition of DP, and the terminology dominant property (or dominant energy condition) is preferable because the pure time component dominates any other component in orthogonal bases.

Lemma 2.4 T_{a1...ar} ∈ DP ⇐⇒ T_{0...0} ≥ |T_{α1...αr} | for all α_1, ..., α_r ∈ {0, 1, ..., N − 1}, where T_{α1...αr} are the components of T_{a1...ar} with respect to any orthonormal basis {⃗e_0, ⃗e_1, ..., ⃗e_{N −1}} with a future-pointing timelike ⃗e_0.

Proof: See Lemma 4.1 in [35].

Corollary 2.3 If T_{a1...ar} ∈ DP and T_{a1...ar} u^{a1} . . . u^{ar} = 0 for a timelike vector ⃗u, then T_{a1...ar} = 0. Proof: By choosing the sign ϵ we have that ⃗e_0 ≡ ϵ ⃗u/(u_au^a) is unit and futurepointing. Thus, by Lemma 2.4, all components of T_{a1...ar} vanish in any orthonormal basis including ⃗e_0, which means that T_{a1...ar} is the zero tensor.

Corollary 2.4 If T_{a1...ar} ∈ DP and T_{a1...ar} u^{ar} = 0 for a timelike vector ⃗u, then T_{a1...ar} = 0. Definition 2.1 involves all causal future-pointing vectors, but in fact the class DP can be equally characterized by using timelike vectors exclusively, or also only null vectors. Concerning the timelike case we have:

Property 2.3 A tensor T_{a1...ar} ≠ 0 is in DP ⇐⇒ T_{a1...ar} u^{a1}_1 ...u^{ar}_r > 0 for any set u^{a1}_1 , ..., u^{ar}_r of timelike future-pointing vectors.

Proof: The implication from right to left follows by continuity. Conversely, first for rank 1, T_{a1}u^{a1}_1 = 0 for T_{a1} ∈ DP would imply that T_{a1} and u^{a1}_1 are parallel and null as this is the only way two causal vectors can be orthogonal. Thus, if u^{a1}_1 is timelike and T_{a1} ≠ 0 then T_{a1} u^{a1}_1 > 0. Suppose now that the property has been proved for rank- (r − 1) tensors and define τ_{a1...ar−1} ≡ T_{a1...ar} u^{ar}_r . By Property 2.2 τ_{a1...ar−1} ∈ DP and hence, if T_{a1...ar} u^{a1}_1 ...u^{ar}_r = 0 then τ_{a1...ar−1} u^{a1}_1 ...u^{ar−1}_{r−1} = 0 which in turn, by Corollary 2.3, would imply that τ_{a1...ar−1} = T_{a1...ar} u^{ar}_r = 0. But then Corollary 2.4 would lead to T_{a1...ar} = 0. Thus the result follows by induction on r.

In order to give the characterization with null vectors we first need a basic result stating that future-pointing null vectors are the basic “building blocks” of all futurepointing vectors, i.e. rank-1 tensors in DP. In section 4 we shall generalize this by identifying the analogous building blocks of rank-2 tensors in DP.

Lemma 2.5 Given a future-pointing timelike vector ⃗u and a future-pointing null vector ⃗k, there is another future-pointing null vector ⃗n such that ⃗u = c⃗k + ⃗n where c = u^au_a/(2u^ak_a) > 0.

Proof: See, e.g., [5].

We can now show that in order to check that a tensor is in DP it is sufficient to check it for null vectors. This is very helpful because obviously it is easier to work with null vectors exclusively rather than with both null and timelike vectors.

Property 2.4 T_{a1...ar} ∈ DP ⇐⇒ T_{a1...ar} k^{a1}_1 ...k^{ar}_r ≥ 0 for any set k^{a1}_1 ,..., k^{ar}_r of futurepointing null vectors.

Proof: By Lemma 2.5, T_{a1...ar} u^{a1}_1 ...u^{ar}_r with s ≤ r timelike vectors can be written as a sum with positive coefficients of 2^s terms of the type T_{a1...ar} k^{a1}_1 ...k^{ar}_r involving null vectors only and the result follows immediately.

Now we can prove a partial but important converse of the Lemma 2.3.

Proposition 2.1 0 ≠ (T_i ×_i T )_{a1...a2r−2} ∈ DP for some i = 1, . . ., r =⇒ T_{a1...ar} ∈ DP ∪ −DP. Proof: For any set of timelike future pointing vectors u^{a1}_1 , ..., u^{ar−1}_{r−1} define v_b as in (1) of Lemma 2.3. Now, if (T_i ×_i T )_{a1...a2r−2} ∈ DP then v_bv^b ≥ 0 which implies that v_b is causal, either future- or past-pointing. To see that the time orientation of these v_b is consistent take any other arbitrary set of timelike future-pointing vectors ũ^{a1}_1 , ..., ũ^{ar−1}_{r−1} and define ṽ_b analogously to (1). As (T_i×_i T )_{a1...a2r−2} ∈ DP and is not zero by assumption, using Property 2.3 we have that v_bṽ^b > 0, so that v_b and ṽ_b have the same time orientation. As all the vectors u^{a1}_1 , ..., u^{ar−1}_{r−1} and ũ^{a1}_1 , ..., ũ^{ar−1}_{r−1} are arbitrary and future pointing, this means that T_{a1...ar} or −T_{a1...ar} is in DP.

Corollary 2.5 0 ≠ (T_i×_i T )_{a1...a2r−2} ∈ DP for some i = 1, . . ., r =⇒ (T_i ×_j T )_{a1...a2r−2} ∈ DP for all i, j = 1, . . ., r. Proof: If 0 ≠ (T_i×_i T )_{a1...a2r−2} ∈ DP for some i = 1, . . ., r then by Proposition 2.1 ϵT_{a1...ar} ∈ DP with ϵ^2 = 1, but then by Lemma 2.3 (T_i×_j T )_{a1...a2r−2} ∈ DP for all i, j = 1, . . ., r. In the last two results, Proposition 2.1 and Corollary 2.5, the special case with (T_i×_i T )_{a1...a2r−2} = 0, which is in DP, has been excluded. Similar results apply for this extreme case, but they need some refinement.

Proposition 2.2 (T_i×_i T )_{a1...a2r−2} = 0 for some i = 1, . . ., r ⇐⇒ there is a null vector ⃗k such that T_{a1...ar} = k_{ai}t_{a1...ai−1ai+1...ar} for some tensor t_{a1...ar−1} . Proof: Using the same notation as in Proposition 2.1 we have that all the v_b are causal and furthermore, as v_bṽ^b = 0, all of them are orthogonal to each other. This means that all of them must be proportional to a null vector v_b ∝ k_b, and the result follows. The converse is immediate.

Therefore, it can happen that (T_i ×_i T )_{a1...a2r−2} = 0 and therefore is in DP and yet neither T_{a1...ar} nor −T_{a1...ar} is in DP. It is enough that t_{a1...ar−1} /∈ DP ∪ −DP. Nevertheless, we have the following result.

Corollary 2.6 (T_i×_i T )_{a1...a2r−2} = 0 for all i = 1, . . ., r ⇐⇒ T_{a1...ar} = k_{a1} . . . n_{ar} for a set of r null vectors ⃗k, . . ., ⃗n. Therefore, (T_i×_i T )_{a1...a2r−2} = 0 for all i = 1, . . ., r =⇒ T_{a1...ar} ∈ DP ∪ −DP. Proof: The first part follows from repeated application of Proposition 2.2. Then, depending on how many of the null vectors ⃗k, . . ., ⃗n are future-pointing, either T_{a1...ar} or −T_{a1...ar} is in DP. Corollary 2.7 Assume that T_{a1...ar} is completely symmetric. Then, (T_i×_j T )_{a1...a2r−2} = 0 ⇐⇒ T_{a1...ar} = fk_{a1} . . .k_{ar} for some future-pointing null vector ⃗k.

Proof: If T_{a1...ar} is completely symmetric then all the products (T_i×_j T )_{a1...a2r−2} are the same. Thus, from Corollary 2.6 and the symmetry of T_{a1...ar} the result follows.

Of course, under the assumptions of Corollary 2.7, T_{a1...ar} ∈ DP ∪ −DP. On the other hand, we have

Corollary 2.8 If T_{a1...ar} is completely antisymmetric and (T_i×_i T )_{a1...a2r−2} = 0 then T_{a1...ar} = 0. Proof: If T_{a1...ar} is completely antisymmetric again all the products (T_i×_j T )_{a1...a2r−2} are the same. Thus, from Corollary 2.6 and the antisymmetry of T_{a1...ar} the only possibility is T_{a1...ar} = 0.

3 Superenergy tensors

In the previous section we have defined the set DP and analyzed its general properties. However, we must still face the question of how general is the class DP and how we can build such causal tensors. Actually this has been already solved and the result is that, given an arbitrary tensor A_{c1...cm} , there is a general procedure to construct its “positive square”: a tensor quadratic in A_{c1...cm} and with the dominant property. This general procedure was introduced in [34] and extensively considered in [35], and the positive tensors thus constructed receive the generic name of “super-energy tensors” (due to historical reasons [35]). In what follows, we recall here the definition of a general superenergy tensor (see section 3 of [35]).

Let A_{c1...cm} be an arbitrary rank-m tensor. Let [n_1] denote the set of indices containing c_1 and all other indices c_j such that A_{c1...cm} is anti-symmetric in c_1c_j. The number n_1 is the number of indices in [n_1]. Then [n_2] is the next set formed from anti-symmetries with c_2 (or c_3 if c_2 is already in [n_1] and so on). Note that 1 ≤ n_i ≤ N for each i. In this way c_1, . . ., c_m are divided into r blocks [n_1], . . ., [n_r] with n_1 +. . .+n_r = m. We can therefore consider A_{c1...cm} as an r-fold (n_1, . . ., n_r)-form and we write A_{c1...cm} = A_{[n1]...[nr ]}.

There are 2^r different (multiple) Hodge duals of A_{[n1]...[nr ]}. The dual with respect to the block [n_1] is denoted A ∗_{[N −n1][n2]...[nr ]}, with respect to [n_2] by A_{[n1]} ∗_{[N −n2]...[nr ]}, the

dual with respect to [n_1] and [n_2] by A ∗_{[N −n1]} ∗_{[N −n1]...[nr ]} and so on. Note that different

duals may be tensors of different rank but all duals are r-folded forms. Denote by (A_P )_{[ ]...[ ]} , P = 1, 2, . . ., 2^r, all the possible duals, where P ≡ 1+s_1 +2s_2 +. . .+2^{r−1}s_r with s_i = 0 if there is no dual with respect to the block [n_i] and s_i = 1 if there is a dual with respect to this block (so A_1 = A and A_2r is the r-fold form where the dual has been taken with respect to all blocks).

In order to define the superenergy tensor of A_{c1...cm} we need a product ⊙ of an r-fold form by itself resulting in a 2r-tensor. Let Ã_{c1...cm} be the tensor obtained by permuting the indices in A_{c1...cm} so that the n_1 first indices in Ã_{c1...cm} are precisely the indices in the block [n_1], the following n_2 indices are the ones in [n_2] and so on. Now define the product ⊙ by^1 (A ⊙ A)_{a1b1...arbr} = ( r ∏ Υ=1 (−1)^{nΥ−1} (n_Υ − 1)! ) Ã_{a1c2...cn1 ,...,ard2...dnr} Ã_{b1}^c2^{...c}n1^,_{...,br}^d2^{...d}nr . (2)

From each block in A_{[n1]...[nr ]} two indices are obtained in (A ⊙ A)_{a1b1...arbr} . We can form (A_P ⊙ A_P )_{a1b1...arbr} for any P but observe that A_{[n1]...[nr ]} could contain N-blocks (with dual 0-blocks) for which the expression (2) has no meaning. Therefore, assuming 1 ≤ n_i ≤ N − 1 for all i, we make the following definition.

Definition 3.1 The superenergy tensor of A_{c1...cm} is defined to be

T_{a1b1...arbr} {A} = 1 2 2r∑ P =1 (A_P ⊙ A_P )_{a1b1...arbr}

Observe that any dual A_P of the original tensor A = A_1 generates the same superenergy tensor. We note that T_{a1b1...arbr} {A} = T_{(a1b1)...(arbr )}{A} and if A_{[n1]...[nr]} is symmetric with respect to two blocks [n_Υ] and [n_{Υ̃}], then T_{a1b1...arbr} is symmetric with respect to the pairs a_Υb_Υ and a_{Υ̃}b_{Υ̃}. Important is also the property that T_{a1b1...arbr} {A} = 0 if and only if A_{c1...cm} = 0 [35].

Another property of superenergy tensors is:

1The signs in this formula arise here because of the different choice of signature with respect to [35].

Property 3.1 If A_{[n1]...[nr]} = B_{[n1]...[ns]}C_{[ns+1]...[nr]} for some s- and (r−s)-folded forms B_{[n1]...[ns]} and C_{[ns+1]...[nr]}, then T_{a1b1...arbr} { B_{[n1]...[ns]}C_{[ns+1]...[nr ]} } = T_{a1b1...asbs} { B_{[n1]...[ns]} } T_{as+1bs+1...arbr} { C_{[ns+1]...[nr ]} } .

Proof: This follows at once from Definition 3.1 because the 2^s terms and the 2^{r−s} terms of T_{a1b1...asbs} { B_{[n1]...[ns]} } and T_{as+1bs+1...arbr} { C_{[ns+1]...[nr ]} } , respectively, produce precisely the 2^r terms needed.

Definition 3.2 An r-fold form A_{[n1]...[nr ]} is said to be decomposable if there are r forms Ω^{(Υ)}_{a1...anΥ} = Ω^{(Υ)}_{[a1...anΥ ]} (Υ = 1 . . .r) such that Ã_{[n1]...[nr ]} = ( Ω^{(1)} ⊗ . . . ⊗ Ω^{(r)} ) [n1]...[nr ] . Corollary 3.1 If A_{[n1]...[nr ]} is decomposable, then T_{a1b1...arbr} { A_{[n1]...[nr]} } = T_{a1b1} { Ω^{(1)}_{[n1]} } . . . T_{arbr} { Ω^{(r)}_{[nr ]} } .

Proof: This is evident from Property 3.1 and Definition 3.2.

The last result shows that rank-2 superenergy tensors may be used as basic set to build up more general superenergy tensors in many occasions. Actually, we will later be interested (for other important reasons) in rank-2 tensors, specially those in DP.

It is remarkable that, after expanding all duals in the Definition 3.1, one obtains an explicit expression for the general superenergy tensor which is independent of the dimension N, see [35]. In the case of a general p-form Ω_{a1...ap}, the rank-2 superenergy tensor becomes [35]

T_{ab}{Ω_{[p]}} = (−1)^{p−1} (p − 1)! [ Ω_{aa2...ap} Ω_b^{a2...ap} − 1 2p (Ω · Ω)g_{ab} ] . (3)

Here we have used a notation which will be useful on many occasions: for any two tensors of the same rank a_{a1...aj} and b_{a1...aj} , we write a_{a1...aj} b^{a1...aj} ≡ a · b, i.e. we have contracted over all indices in order.

In the Definition 3.1 we assumed that there were no N-blocks. The expression (3) however is perfectly well defined for an N-form. If Ω_{a1...aN} = fη_{a1...aN} where η is the canonical volume form and f a scalar, then (3) gives

T_{ab}{Ω_{[N ]}} = 1 2 f^2g_{ab} . (4)

If we combine (4) with Property 3.1 the Definition 3.1 is naturally extended to include N-blocks:

Definition 3.3 The superenergy tensor of A_{c1...cm} = A_{[n1]...[nr−1][N ]} = B_{[n1]...[nr−1]}Ω_{[N ]}, with Ω_{a1...aN} = fη_{a1...aN} is defined to be T_{a1b1...ar−1br−1arbr} {A} = 1 2 f^2T_{a1b1...ar−1br−1} {B}g_{arbr}

This definition is to be understood recursively, if there are q [N]-blocks one continues until a tensor T_{a1b1...ar−qbr−q} {B} given by Definition 3.1 is obtained.

We note that the tensor obtained by taking the dual of A_{[n1]...[nr−1][N ]} with respect to the N-block to get a 0-block does not have the same superenergy tensor as A_{[n1]...[nr−1][N ]} has, the difference being the g_{arbr} . This is a special situation only for N-blocks and it is the price one has to pay to extend the definition. The advantages however will be seen in a more consistent presentation of several definitions and results, the first being the following definition.

Definition 3.4 The set SE is the set of all superenergy tensors according to Definitions 3.1 and 3.3. By −SE we denote the set of tensors such that −T_{a1...ar} ∈ SE. The sets SE_n and −SE_n will denote the classes of rank-n tensors in SE and −SE, respectively.

The metric is an essential element in this set. In [6] it was shown that the metric g_{ab} is not a superenergy tensor of any p-form Ω_{[p]} with 1 ≤ p ≤ N − 1 so without the extended definition elements of the form f^2g_{ab} would have to be added artificially to SE. A fundamental result is that superenergy tensors always have the dominant property.

Theorem 3.1 SE ⊂ DP.

Proof: The first proof for 4 dimensions was given in [6] and used spinors. In arbitrary dimension the first proof is in [35] while a proof that uses Clifford algebras and which is also valid in arbitrary dimension was presented in [30]. Of course, −SE ⊂ −DP.

It is important to remark that the superenergy tensor T_{a1b1...arbr} {A} and its derived tensors by permutation of indices are the only (up to linear combinations) tensors quadratic in A_{c1...cm} and with the dominant property [35]. Therefore, there is a unique (up to a proportionality factor) completely symmetric tensor in DP which is quadratic in A_{c1...cm} , and this is simply T_{(a1b1...arbr )}{A} [35].

In N = 4, the superenergy tensor of a 2-form F_{ab} = F_{[ab]} is its Maxwell energymomentum tensor, and the superenergy tensor of an exact 1-form dϕ has the form of the energy-momentum tensor for a massless scalar field ϕ. If we compute the superenergy tensor of the Riemann tensor, which is a double symmetrical (2,2)-form, we get the so-called Bel tensor [3]. The superenergy tensor of the Weyl curvature tensor is the well-known Bel-Robinson tensor [2, 4]. For these and other interesting physical examples see [6, 35, 36]. The dominant property of the Bel-Robinson tensor was used by Christodoulou and Klainerman [13] in their study of the global stability of Minkowski spacetime, and in [9] to study the causal propagation of gravity in vacuum. The dominant property of more general superenergy tensors was used in [7] to find criteria for the causal propagation of fields on Lorentzian spacetimes of N dimensions.

In order to study relations between SE_2 and DP, and to see how SE_2 builds up DP, we prove now some results for rank-2 tensors. First, we need a very simple Lemma to fix the notation.

Lemma 3.1 For any T_{ab} we have that (T_1 ×_1 T )_{ab} and (T_2 ×_2 T )_{ab} are symmetric. Furthermore, if s_{ab} = s_{(ab)} and t_{ab} = t_{(ab)} are symmetric, then

(s_1×_1 t)_{ab} = (s_1×_2 t)_{ab} = (s_2×_1 t)_{ab} = (s_2×_2 t)_{ab} ≡ (s × t)_{ab} ;

if F_{ab} = F_{[ab]} and G_{ab} = G_{[ab]} are antisymmetric, then

(F_1 ×_1 G)_{ab} = − (F_1 ×_2 G)_{ab} = − (F_2 ×_1 G)_{ab} = (F_2 ×_2 G)_{ab} ≡ (F × G)_{ab} ;

finally in the mixed case

(s_1×_1 F )_{ab} = − (s_1×_2 F )_{ab} = (s_2×_1 F )_{ab} = − (s_2×_2 F )_{ab} ≡ (s × F )_{ab}

so that in the three cases the simple ×-notation will be used.

Proof: First, (T_1 ×_1 T )_{ab} = T_{ca}T^c_b which is obviously symmetric in ab, and analogously for_2×_2. If s_{ab}, r_{ab} are symmetric then s_{ca}r^c_b = s_{ac}r^c_b = s_{ac}r_b^c and similarly for the other cases.

Lemma 3.2 If F_{ab} = F_{[ab]} ≠ 0 is a 2-form, then (F × F )_{ab} /∈ DP.

Proof: If (F × F )_{ab} were in DP and non-zero, then from Proposition 2.1 F_{ab} should be in DP ∪ −DP, which is impossible due to Lemma 2.2. If (F × F )_{ab} = 0, then from Corollary 2.8 it follows that F_{ab} = 0.

Notice that, still, (F × F )_{ab} can certainly be in −DP.

Proposition 3.1 In dimension N ≤ 4, T_{ab} ∈ SE_2 =⇒ (T ×T )_{ab} = h^2g_{ab}. On the other hand, if N > 4 there exist tensors T_{ab} ∈ SE_2 such that (T × T )_{ab} is not proportional to the metric.

Proof: If T_{ab} = hg_{ab} then (T × T )_{ab} = h^2g_{ab} so the property is trivial. As the superenergy of a p-form is the same as the superenergy of its dual (N − p)-form, we just have to confirm the proposition for 1-forms for N ≤ 3, and for 1-forms and 2-forms for N = 4. By (3), the superenergy tensor of a 1-form J_a in any dimension N is

T_{ab}{J_{[1]}} = J_aJ_b − (J · J) 2 g_{ab} (5)

and this gives ( T {J_{[1]}} × T {J_{[1]}} ) ab = (J · J)^2 4 g_{ab} so ( T {J_{[1]}} × T {J_{[1]}} ) ab is proportional to the metric in any dimension. For a 2-form F_{ab}, the superenergy tensor reads

T_{ab}{F_{[2]}} = −F_{ac}F_b^c + (1/4)(F · F )g_{ab} (6)

which again, by (3), holds in any N. Now, if N = 4, and only in this case, a very well-known result is (see, e.g., [21, 22, 23, 26, 31]) ( T {F_{[2]}} × T {F_{[2]}} ) ab = 1 16 [ (F · F )^2 + (F · ∗F )^2 ] g_{ab} if N = 4 (7)

where ∗F_{ab} is the 2-form dual to F_{ab} in 4 dimensions. This is the basis of the Rainich theory [31, 23, 26] and, as was pointed out by Lovelock [21, 22], formula (7) is an explicit example of a dimensionally-dependent identity, being valid only in N = 4.

Not even by changing the proportionality factor on the righthand side the above expression (7) holds in N > 4. To check it, we can construct explicit counterexamples. Let {e_0, e_1, ..., e_{N −1}} be an orthonormal basis and let F_{ab} = (e_0 ∧ e_1)_{ab} + (e_2 ∧ e_3)_{ab}. Then the computation of (6) gives T_{ab}{F_{[2]}} = (e_0 ⊗ e_0)_{ab} − (e_1 ⊗ e_1)_{ab} + (e_2 ⊗ e_2)_{ab} + (e_3 ⊗ e_3)_{ab} from where one immediately obtains ( T {F_{[2]}} × T {F_{[2]}} ) ab = (e_0 ⊗ e_0)_{ab} − (e_1 ⊗ e_1)_{ab} − (e_2 ⊗ e_2)_{ab} − (e_3 ⊗ e_3)_{ab} which is (proportional to) the metric in 4 but not higher dimension.

Thus, for N ≤ 4, SE_2 is the set of tensors with the property that (T × T )_{ab} is porportional to the metric, but this is not true for N > 4. The natural question arises of which super-energy tensors satisfy this property in arbitrary N. This is going to be answered now, and in a more complete way in the next section. The generalization of the algebraic Rainich condition (7) will be dealt with in the last section.

Recall that a p-form Ω_{a1...ap} = Ω_{[a1...ap]} is called simple [33, 26] if it is a product of p linearly independent 1-forms ω^1, . . ., ω^p, i.e. Ω_{a1...ap} = (ω^1 ∧ ... ∧ ω^p)_{a1...ap}. By standard techniques, the set ω^1, . . ., ω^p can be chosen to be orthogonal by simply taking the appropriate linear combinations ω^{i′} = a^{i′}_j ω^j with det(a^{i′}_j ) = 1, because (ω^1 ∧ ... ∧ ω^p)_{a1...ap} = (ω^{1′} ∧ ... ∧ ω^{p′} )_{a1...ap}. A p-form Ω_{[p]} is simple if and only if Ω ∗_{[N −p]}

is simple, and if and only if ( Ω_{[p] 1}×_1 Ω ∗_{[N −p]} ) a_1...a_{N−2} = 0, see e.g. [33, 26].

Definition 3.5 We denote by SS the set of superenergy tensors of simple p-forms. Observe that SS ⊂ SE_2. We define −SS as usual.

Proposition 3.2 T_{ab} ∈ SS =⇒ (T × T )_{ab} = h^2g_{ab}.

Proof: From the proof of Proposition 3.1 the result is already proved for fg_{ab} and for the superenergy tensor T_{ab}{Ω_{[1]}} of any 1-form. Using (3) for the superenergy tensor of a general p-form Ω_{a1...ap}, a straightforward calculation gives

[(p − 1)!]^2 ( T {Ω_{[p]}} × T {Ω_{[p]}} ) ab = = Ω_a^{a2...ap}Ω_{bb2...bp}Ω_{ca2...ap}Ω^{cb2...bp} − Ω · Ω p Ω_{aa2...ap}Ω_b^{a2...ap} + (Ω · Ω)^2 4p^2 g_{ab} Now, in the first term Ω_{bb2...bp}Ω_{ca2...ap} Ω^{cb2...bp} = Ω_{b[b2...bp}Ω_{c]a2...ap} Ω^{cb2...bp} . By [33] (p.23) (or [26] (p.165)) we have Ω_{b[b2...bp}Ω_{c]a2...ap} = (1/p)Ω_{ba2...ap}Ω_{cb2...bp} if and only if Ω_{a1...ap} is simple. Thus, in this case we are left with ( T {Ω_{[p]}} × T {Ω_{[p]}} ) ab = (Ω · Ω)^2 (2 p!)^2 g_{ab} (8)

which proves the proposition.

Proposition 3.3 If Ω_{a1...ap} = (ω^1 ∧ ... ∧ ω^p)_{a1...ap} is a simple p-form, then ⃗ω^1, . . ., ⃗ω^p are eigenvectors, all with the same eigenvalue [ (−1)^{p−1}(Ω · Ω) ] /(2p!), of its superenergy tensor T_{ab}{Ω_{[p]}} ∈ SS.

Proof: The case p = N is trivial so assume p < N. The dual Ω ∗_{[N −p]} of Ω_{[p]} is

obviously orthogonal to any of the ⃗ω^1, . . ., ⃗ω^p. But the superenergy tensors T_{ab}{Ω_{[p]}} and T_{ab}{Ω ∗_{[N −p]}} are identical, so that using the explicit expression (3) for T_{ab}{Ω ∗_{[N −p]}}

and contracting with ⃗ω^i for i = 1, . . ., p we get

ω^i_aT_b^a{Ω ∗_{[N −p]}} = ω^i_aT_b^a{Ω_{[p]}} = (−1)^{p−1} 2 p!

(Ω · Ω)ω^i_b for any i.

Recall finally that a p-form Ω_{[p]} is called null if it is simple and (Ω · Ω) = 0. Then, Ω_{[p]} defines canonically a null direction ⃗k such that (k ∧ Ω_{[p]})_{a1...ap+1} = 0 and ( k ∧ Ω ∗_{[N −p]} ) a_1...a_{N−p+1} = 0. Equivalently, Ω_{[p]} can be written in the form Ω_{[p]} =

(k ∧ ω^2 ∧ ... ∧ ω^p)_{a1...ap} where the (p − 1) 1-forms ω^2, . . ., ω^p are mutually orthogonal and orthogonal to ⃗k.

Definition 3.6 We denote by N S the set of superenergy tensors of null p-forms. Obviously, N S ⊂ SS ⊂ SE_2 ⊂ DP. −N S is defined as usual.

Corollary 3.2 T_{ab} ∈ N S =⇒ (T × T )_{ab} = 0 and T_{ab} = fk_ak_b where ⃗k is null and f > 0. Proof: As T_{ab} = T_{ab}{Ω_{[p]}} for a null p-form Ω_{[p]}, so that (Ω · Ω) = 0, from (8) we get (T × T )_{ab} = 0. Furthermore, as Ω_{a1...ap} = (k ∧ ω^2 ∧ ... ∧ ω^p)_{a1...ap} where k_a is its canonical null direction, a simple calculation produces T_{ab} = fk_ak_b where f ≡ (−1)^{p−1}(ω^2 · ω^2) · · ·(ω^p · ω^p) which is positive.

Corollary 3.3 T_{ab} ∈ SS \ N S =⇒ T_{ab} has N independent eigenvectors, p of them with eigenvalue [ (−1)^{p−1}(Ω · Ω) ] /(2p!) and (N-p) of them with the opposite eigenvalue.

T_{ab} ∈ N S =⇒ T_{ab} has N-1 independent eigenvectors, all with zero eigenvalues. It has a unique null eigenvector.

Proof: Again p = N is trivial so assume p < N. As Ω ∗_{[N −p]} is simple if Ω_{[p]} is

simple, and as T_{ab}{Ω_{[p]}} = T_{ab}{Ω ∗_{[N −p]}}, the (N − p) 1-forms that generate Ω ∗_{[N −p]}

are also eigenvectors of T_{ab}{Ω_{[p]}}. From (3) one immediately finds the eigenvalues (−1)^p(Ω · Ω)/(2 p!). The case T_{ab} ∈ N S is trivial from Corollary 3.2.

4 Maps preserving the null cone and DP

In this section we are going to show two important properties of the set SS: on one hand, its elements are the basic building blocks of all rank-2 tensors in DP, and on the other they define maps which leave the null cone invariant. The converse of this result also holds but is left for the last section.

Definition 4.1 We say that T_a^b defines a null-cone preserving map if k^aT_a^b is null for any null vector ⃗k. A map that preserves the null cone is said to be orthochronus

(respectively time reversal) if it keeps (resp. reverses) the cone’s time orientation, and is called proper, improper or singular if det(T_a^b) is positive, negative, or zero, respectively. If the map is proper and orthochronus then it is called restricted. A nullcone preserving map is involutory if T_a^b = (T^{−1})_a^b, and bi-preserving if T_a^bk_b is also null for any null 1-form k.

Most of the above terminology is taken from that of Lorentz transformations, see e.g. [26]. Notice that involutory null-cone preserving maps are necessarily non-singular. In order to characterize all these maps and relate them to SS we first recall a simple result.

Lemma 4.1 T_{(ab)} = fg_{ab} ⇐⇒ T_{ab}k^ak^b = 0 for any k^a that is null.

Proof: The implication from left to right is trivial. Conversely, if T_{ab}k^ak^b = T_{(ab)}k^ak^b = 0, take an orthonormal basis {⃗e_0, ⃗e_1, ..., ⃗e_{N −1}} with a timelike ⃗e_0. Using first as null ⃗k the vectors ⃗e_0 ± ⃗e_i for i = 1 . . ., N − 1 one immediately deduces T_{(0i)} = 0 and

T_{00} + T_{ii} = 0 for each i. Using then as null ⃗k the vectors ⃗e_0 ± cos α ⃗e_i ± sin α ⃗e_j for i, j = 1 . . ., N − 1 one gets T_{(ij)} = 0 for all i ≠ j.

The following Lemma gives important geometrical interpretations to some results.

Lemma 4.2 (T_2 ×_2 T )_{ab} = fg_{ab} ⇐⇒ T_a^b is a null cone preserving map.

Proof: The basic formula is (T_2 ×_2 T )_{ab}k^ak^b = (T_{ac}k^a)(T_b^ck^b). If (T_2 ×_2 T )_{ab} = fg_{ab} then for any null k^b we have that T_{ab}k^a must be null. Conversely, if T_{ab}k^a is null for any k^a that is null, and given that (T_2 ×_2 T )_{ab} is symmetric according to Lemma 3.1, then by Lemma 4.1 (T_2 ×_2 T )_{ab} must be proportional to the metric.

Corollary 4.1 If (T_2×_2 T )_{ab} = fg_{ab} then f ≥ 0 (for N ≠ 2).

Proof: From Lemma 4.2 we know that T_{ab}k^a is null for any k^a that is null. If f were negative, then for any null and future-pointing vectors k^a and n^b we would have (T_{ac}k^a)(T_b^cn^b) = f k_cn^c < 0, so that any two null vectors of type T_{ab}k^a and T_{ab}n^a would have opposite time orientations. But this is evidently impossible for all the null vectors of type T_{ab}k^a unless there are only two, that is, N = 2.

Similar results can be shown for the product (T_1×_1 T )_{ab}. However, they are mainly redundant because of the following

Lemma 4.3 In N > 2, (T_2 ×_2 T )_{ab} = fg_{ab} ≠ 0 ⇐⇒ f > 0 and (T_1 ×_1 T )_{ab} = fg_{ab} ⇐⇒ T_a^b defines a non-singular null-cone preserving map. A fortiori, all nonsingular maps preserving the null cone are automatically bi-preserving, proportional to an N-dimensional Lorentz transformation, and in DP ∪ −DP.

Proof: If (T_2 ×_2 T )_{ab} = fg_{ab} ≠ 0, from Corollary 4.1 we get f > 0 so that we can define L_{ab} ≡^1√_f T_{ab} and the condition becomes g_{cd}L_a^cL_b^d = g_{ab}. This means that L_a^b

is a Lorentz transformation (ergo non-singular), which as is well-known also satisfies g_{cd}L^c_aL^d_b = g_{ab}, see e.g. [33, 26]. This is exactly (T_1×_1 T )_{ab} = fg_{ab}. Now, a reasoning identical to that in the proof of Lemma 4.2 implies that T_{ab}k^b is null for any k^a that is null, that is, T_{ab} is bi-preserving. Finally, as f > 0, (T_2 ×_2 T )_{ab} ∈ DP so that from Proposition 2.1 T_{ab} ∈ DP ∪ −DP.

The singular case must be treated separately because of some minor subtleties.

Lemma 4.4 (a) (T_2 ×_2 T )_{ab} = 0 ⇐⇒ T_a^b is a singular null cone preserving map ⇐⇒ T_{ab} = s_ak_b where k_b is null.

(b) (T_2×_2 T )_{ab} = (T_1×_1 T )_{ab} = 0 ⇐⇒ T_a^b is a singular null-cone bi-preserving map ⇐⇒ T_{ab} = n_ak_b where n_a and k_b are null and T_{ab} ∈ DP ∪ −DP.

Proof: From Lemma 4.2 we know that (T_2×_2 T )_{ab} = 0 if and only if the map defined by T_a^b preserves the null cone, and by Lemma 4.3 this map must be singular. Thus, from Proposition 2.2 there exists a null k_b such that T_{ab} = s_ak_b. This proves (a). Then, (b) follows from Corollary 2.6 in a similar way.

Corollary 4.2 The tensors in SS \ N S (respectively in −SS \ −N S) are proportional to involutory orthochronus (resp. time-reversal) Lorentz transformations. The tensors in N S (resp. −N S) define singular orthochronus (resp. time-reversal) null-cone bipreserving maps.

Proof: This follows at once from Proposition 3.2, Corollary 3.2, Lemmas 4.2, 4.4, and the fact that if T_a^b is involutory then by Lemma 4.3 it must coincide with an involutory Lorentz transformation T_a^b = L_a^b, which are symmetric L_{ab} = L_{ba} [26].

If a null-cone preserving map is non-symmetric (ergo not proportional to an involutory Lorentz transformation if non-singular), then it can be divided into its symmetric and anti-symmetric parts: T_{ab} ≡ S_{ab} + F_{ab}, S_{ab} ≡ T_{(ab)}, F_{ab} ≡ T_{[ab]} . Notice that, by definition, if T_{ab} is proportional to an involutory Lorentz transformation then T_{[ab]} = 0 and (up to sign) T_{(ab)} ∈ DP (later we shall prove that, in fact, T_{(ab)} ∈ SS, see Theorem 6.1). The general characterization is (see [11, 12, 26] for N = 4):

Lemma 4.5 The symmetric and antisymmetric parts of T_a^b satisfy

(S × S)_{ab} + (F × F )_{ab} = fg_{ab}, (S × F )_{(ab)} = 0 (9)

if and only if T_a^b defines a null cone bi-preserving map. Furthermore, S_{ab} ∈ DP∪−DP.

Proof: If (T_2 ×_2 T )_{ab} = (T_1 ×_1 T )_{ab} = fg_{ab} then S_{ac}S_b^c + S_{ac}F_b^c + F_{ac}S_b^c + F_{ac}F_b^c = fg_{ab} S_{ac}S_b^c − S_{ac}F_b^c − F_{ac}S_b^c + F_{ac}F_b^c = fg_{ab} and by adding and substracting these two equations the expresions (9) are obtained. Moreover, due to Lemmas 4.3 and 4.4 (b) we know that T_{ab} ∈ DP ∪ −DP. Then, from Lemma 2.1 it follows that S_{ab} ∈ DP ∪ −DP.

Recall that, from elementary considerations, any eigenvector of a 2-form F_{ab} with non-zero eigenvalue must be null. If there is one such eigenvector, then there are exactly two of them with non-zero eigenvalues of opposite signs, and any other eigenvector must be spacelike. Thus, if there is a timelike eigenvector then all eigenvectors have zero eigenvalue. The possible number of null eigenvectors for a 2-form is: (i) if N = 2, there are exactly two of them with nonzero eigenvalues of opposite sign; (ii) if N = 3, there can be 0, 1 or 2 null eigenvectors; if there are 2 then both of them have non-zero eigenvalues of opposite sign. (iii) for N > 3 and even, say N = 2n (n ≥ 2), there can be either 1, 2, 4, . . ., 2(n−1) = N −2 null eigenvectors (the only odd number in the list is 1). (iv) for N > 3 and odd, say N = 2n+1, there can be either 0, 1, 2, 3, . . ., 2n−1 = N −2 null eigenvectors (the only even numbers in the list are 0, 2). In all cases, if there is only one null eigenvector its eigenvalue is zero. This case includes the null 2-forms.

Lemma 4.6 If T_a^b defines a null cone bi-preserving map then:

(a) every null eigenvector of its symmetric part T_{(ab)} is also a null eigenvector of its antisymmetric part T_{[ab]}.

(b) every eigenvector with non-zero eigenvalue of T_{[ab]} is also a null eigenvector of T_{(ab)}.

(c) In the singular case, T_{ab} = k_an_b, and k^b and n^b (which may coincide if T_{[ab]} = 0) are the null eigenvectors of both T_{(ab)} and T_{[ab]}.

(d) every null eigenvector k^a with zero eigenvalue of T_{[ab]} is either a null eigenvector of T_{(ab)} or there is another independent null eigenvector n^b with vanishing eigenvalue of T_{[ab]} such that the timelike 2-plane generated by {⃗k, ⃗n} contains two eigenvectors of both T_{(ab)} and T_{[ab]}, one of them spacelike the other timelike, with opposite eigenvalues.

(e) every timelike eigenvector of its symmetric part T_{(ab)} is either an eigenvector also of T_{[ab]} or there are two null vectors which are simultaneously eigenvectors of both T_{(ab)} and T_{[ab]} with non-zero eigenvalues.

(f) if T_{[ab]} has a timelike eigenvector then there is a common timelike eigenvector for T_{[ab]} and T_{(ab)}.

(g) Furthermore, if T_{[ab]} ≠ 0 then T_{(ab)} /∈ SS ∪ −SS (for N ≠ 2).

Proof: Let us start with the null eigenvectors. From equations (9) we get for any null vector k^a

(k^aS_{ac})(k^bS_b^c) + (k^aF_{ac})(k^bF_b^c) = 0, (10) (k^aS_{ac})(k^bF_b^c) = 0. (11)

Thus, if k^a is an eigenvector of S_{ab} then by (10) k^aF_{ac} is null and obviosuly orthogonal to k^c so that they must be proportional k^aF_{ac} ∝ k_c. This proves (a). If k^a is an eigenvector of F_{ab} then by (10) k^aS_{ac} is null, and by (11) it is orthogonal to k^aF_{ac} = λk_c. Hence, if λ ≠ 0 then k^aS_{ac} ∝ k_c, which proves (b). The statement (c) for the singular case follows immediately from Lemma 4.4 (b). It remains the case with k^aF_{ac} = 0. In this case from (9) we get

(k^aS_a^c)F_{bc} = 0, (k^aS_a^c)S_{bc} = fk_b

so that k^aS_a^c is also a null eigenvector of F_{ab} with zero eigenvalue. If k^aS_a^c ≡ n^c and k^c are not colinear, that is k ∧ n ≠ 0, then n^b ± √ fk^b are eigenvectors of S_{ab} with eigenvalues ± √ f , respectively. From (c) we know that f ≠ 0, so obviously one of these vectors is timelike and the other spacelike, and both of them are eigenvectors with zero eigenvalue of F_{ab}. This proves (d).

Concerning timelike eigenvectors, let ⃗u be unit and such that S_{ab}u^b = λu_a. Contracting relations (9) with ⃗u we get

(u^aF_{ac})F_b^c = (f − λ^2)u_b , S_b^c(u^aF_{ac}) = λ(u^aF_{ab}) . (12)

Thus, either p_c ≡ u^aF_{ab} vanishes or it is spacelike (for it is orthogonal to u^c). In the latter case from (12) we have (p·p) = f −λ^2 < 0 and the two null vectors ⃗u±⃗p/|p·p|^{1/2} are eigenvectors of S_{ab} with eigenvalue λ, and also eigenvectors of F_{ab} with eigenvalues ±|p·p|^{1/2} respectively, proving (e). To prove (f), let ⃗u be unit and such that F_{ab}u^b = 0. Then, from (9) it follows

(u^aS_{ac})S_b^c = fu_b , F_b^c(u^aS_{ac}) = 0 . (13)

From Lemma 4.5 we know that S_{ab} ∈ DP ∪ −DP, and then v_c ≡ u^aS_{ac} is causal. In fact, contracting the first relation in (13) with u^b we deduce (v · v) = f, so that ⃗v must be timelike, as otherwise f would vanish which is impossible due to (c) above. Then, using (13) is easy to check that the two vectors ⃗v ± √ f⃗u are eigenvectors of both S_{ab} and F_{ab}, with eigenvalues ± √ f respectively, one of them timelike and the other spacelike.

Finally, to prove (g), if ϵS_{ab} is in SS for ϵ = 1 or −1, then by Proposition 3.2 (S × S)_{ab} = h^2g_{ab} so that from (9) we have (F × F )_{ab} = (f − h^2)g_{ab}. But then Corollary 4.1 and Lemma 3.2 imply that F_{ab} = 0 unless N = 2.

Thus, the maps preserving the null cone have a symmetric part which is in DP and either in SS (if F_{ab} = 0, see Theorem 6.1) or not (if F_{ab} ≠ 0), in the second case algebraically determined by the antisymmetric part of the map and its null eigenvalues. Hence, in order to classify all these maps we only need to know the structure of tensors in DP_2 (defined as the rank-2 tensors in DP) in relation with SS ⊂ DP_2 and with the null eigenvectors. Curiously enough, this result is the analogue to Lemma 2.5 but for rank-2 symmetric tensors (DP_2 and SS playing the role analogous to causal and null future-pointing vectors, respectively): we now show that all symmetric tensors in DP_2 can be written as sums of terms in SS. This means that the elements in SS can be used to build up DP_2, and a fortiori SE_n. Furthermore, each term of SS in the sum is related in a precise way to the null eigenvectors of the tensor in DP_2. More precisely, we have:

Theorem 4.1 In N dimensions, any symmetric rank-2 tensor S_{ab} ∈ DP_2 can be written S_{ab} = N∑ p=1 T_{ab}{Ω_{[p]}} (14)

where T_{ab}{Ω_{[p]}} ∈ SS are the superenergy tensors of simple p-forms Ω_{[p]}, p = 1, ..., N such that for p > 1 they have the structure Ω_{[p]} = k^1 ∧ . . . ∧ k^p where k^1, . . ., k^p are appropriate null 1-forms. The number of tensors in the sum (14) and the structure of the Ω_{[p]} depend on the particular S_{ab} as follows: if S_{ab} has N −m ≥ 1 null eigenvectors ⃗k1, . . .,⃗kN −m then at least T_{ab}{Ω_{[N −m]}}, with Ω_{[N −m]} = k^1 ∧ . . . ∧ k^{N −m}, must appear in the sum, and possibly terms with p > N − m. If it has no null eigenvectors, then at least T_{ab}{Ω_{[1]}} appears in the sum, and possibly terms with p > 1, and Ω_{[1]} is the timelike eigenvector of S_{ab}.

Remark: As already stated, the superenergy tensor of the dual of a p-form (p < N) is identical with that of the p-form itself. Thus, in the sum (14) there are two superenergy tensors of 1-forms, namely T_{ab}{Ω_{[1]}} and T_{ab}{Ω ∗_{[1]}} = T_{ab}{Ω_{[N −1]}}, but the first one is

the superenergy tensor of a causal 1-form and the second of a spacelike 1-form. This is an essential difference. Similar remarks apply to the 2-forms Ω_{[2]} and Ω_{[N −2]}, and so on. The choice of simple p-forms taken in Theorem 4.1 is such that (−1)^{p−1}(Ω_{[p]} · Ω_{[p]}) > 0 for p = 2, . . ., N − 1, and Ω_{[1]} is causal.

Proof: Recall that for a symmetric tensor S_{ab} any two eigenvectors with different eigenvalues must be orthogonal. Then, any two linearly independent null eigenvectors of a symmetric tensor must have the same eigenvalue.

We divide up in cases depending on the number of null eigenvectors of S_a^b. Suppose that S_a^b has N linearly independent null eigenvectors. All their eigenvalues must be equal to some constant, say α, and α ≥ 0 as S_{ab} ∈ DP. The N null eigenvectors span all tangent vectors so we get S_{ab} = αg_{ab} = T_{ab}{ √ 2αη_{[N ]}} where η is the volume N-form.

Suppose now that the Theorem is proven for the case with (N − m) + 1 linearly independent null eigenvectors and assume that S_a^b has N − m ≥ 2 linearly independent null eigenvectors, ⃗k^{(1)}, . . .,⃗k^{(N −m)} say, all with eigenvalue β. With^∗(k^1 ∧ . . . ∧ k^{N −m}) = r^1 ∧ . . . ∧ r^m, all ⃗r^{(i)} must be spacelike as they are orthogonal to all ⃗k^{(j)} and N − m ≥ 2 (a vector which is orthogonal to two null vectors must be spacelike). We have S^{ab}k^{(j)}a r^{(i)}_b = β⃗k^{(j)} · ⃗r^{(i)} = 0 so S^{ab}r^{(i)}_b is orthogonal to all ⃗k^{(j)} and hence S^{ab}r^{(i)}_b ∈ Span{⃗r^{(1)}, . . ., ⃗r^{(m)}} ≡ V_{(m)}. Therefore S_{ab} is a symmetric map on V_{(m)} which is a Euclidean space. There are then m orthonormal (y^{(i)} · y^{(j)} = −δ^{ij}) eigenvectors ⃗y^{(1)}, . . ., ⃗y^{(m)} to S_{ab} in V_{(m)} with corresponding eigenvalues λ_1, . . ., λ_m. We can assume λ_1 ≥ λ_i for i = 2, . . ., m. Now, by Proposition 3.3 and Corollary 3.3, T_{ab}{Ω_{[N −m]}}, where Ω_{[N −m]} = k^1 ∧ . . . ∧ k^{N −m}, has also the null eigenvectors ⃗k(1), . . .,⃗k(N −m) with some eigenvalue γ > 0 and it has the spacelike eigenvectors ⃗y^{(1)}, . . ., ⃗y^{(m)} with eigenvalues −γ. Define τ_{ab} = S_{ab} + (λ_1 − β)T_{ab}{Ω_{[N −m]}}/2γ. Then τ_a^bk^{(j)}_b = (β + λ_1)k^{(j)}a /2 and τ_a^by^{(1)}_b = (β + λ_1)y^{(1)}a /2. Take u_a ∈ V^⊥_{(m)} with u_au^a = 1 and let k̃_a = u_a + y^{(1)}_a . Then k̃_a ∉ V^⊥_{(m)}, k̃_ak̃^a = 0 and τ_a^bk̃_b = (β + λ_1)k̃_a/2. Hence τ_{ab} has (N − m) + 1 linearly independent null eigenvectors ⃗k^{(1)}, . . .,⃗k^{(N −m)}, k̃. Note that S_a^b(u_b ± y^{(i)}_b ) = βu_b ± λ_iy^{(i)}_b are future-pointing since S_{ab} ∈ DP, and therefore β ≥ |λ_i| for all i. To show that τ_{ab} ∈ DP, then use that an arbitrary future-pointing null vector N_a can be written N_a = K_a + Y_a where K_a = a_1k^{(1)}a + . . . + a_{N −m}k^{(N −m)}a and Y_a = b_1y^{(1)}a + . . . + b_my^{(m)}a , and where K_aK^a − b^2_1 − . . . − b^2_m = 0. Then τ_a^bN_b = (β + λ_1)K_a/2 + λ_1b_1y^{(1)}a + . . . λ_mb_my^{(m)}a + (β − λ_1)Y_a/2 which has the squared length (τ_a^bN_b)(τ^{bc}N_c) = (λ_1 − λ_2)(β + λ_2)b^2 + . . . + (λ_1 − λ_m)(β + λ_m)b^2_m ≥ 0. Thus, S_{ab} = (β − λ_1)T_{ab}{Ω_{[N −m]}}/2γ + τ_{ab} = T_{ab}{ √ (β − λ_1)/2γΩ_{[N −m]}} + τ_{ab} has the form required by the induction hypothesis so the statement of the theorem holds for the cases with at least 2 linearly independent null eigenvectors.

Next consider the case with precisely one null eigenvector ⃗k, with eigenvalue β. Take a set {r̃^{(1)}, . . ., r̃^{(N −2)}} of linearly independent spacelike vectors, all orthogonal to ⃗k. Again we have S^{ab}k_ar̃^{(i)}_b = βk · r̃^{(i)} = 0 so S^{ab}r̃^{(i)}_b is orthogonal to ⃗k. For those i that S_a^br̃^{(i)}_b = μ_ik_a for some real number μ_i, define r^{(i)}_a = r̃^{(i)}_a − μ_ik_a/β so S_a^br^i_b = 0, r^{(i)}_a is spacelike, and r^{(i)}_a k^a = 0. For those i that S_a^br̃^{(i)}_b is already spacelike, let r^{(i)}_a = r̃^{(i)}_a . Let ⃗n be the other future-pointing null vector orthogonal to V_{(N −2)} = Span{⃗r^{(1)}, . . ., ⃗r^{(N −2)}} and normalised by k_an^a = 1. As S^{ab}r^{(i)}_b ∈ V_{(N −2)} we have n_a(S^{ab}r^{(i)}_b ) = 0 which means that S^{ab}n_b is orthogonal to all ⃗r^{(i)}. Thus, S^{ab}n_b = βn^a + γk^a with γ > 0. Define τ_{ab} = S_{ab} − γk_ak_b. Then τ_{ab}k^b = βk_a and τ_{ab}n^b = βn_a so

⃗k and ⃗n are two linearly independent null eigenvectors of τ_{ab}. To show τ_{ab} ∈ DP we use as above that in V_{(N −2)} there is an orthonormal basis of eigenvectors {⃗y^{(1)}, . . ., ⃗y^{(N −2)}} where τ_a^by^{(i)}_b = λ_iy^{(i)}a . For any c > 0, ℓ_a = ck_a + n_a/2c + y^{(i)}a is future-pointing and null, and therefore 0 ≤ (S_{ab}ℓ^b)(S^{ac}ℓ_c) = β^2 + βγ/2c^2 − λ^2_i . As c can be taken arbitrary large we get β^2 ≥ λ^2_i . An arbitrary future-pointing null vector can be written N_a = a_1k_a + a_2n_a + b_1y^{(1)}a + . . . + b_{N −2}y^{(N −2)}a where 2a_1a_2 − b^2_1 − . . . − b^2_{N −2} = 0. We find (τ_{ab}N^b)(τ^{ac}N_c) = b^2_1(β^2 − λ^2_1) + . . . + b^2_{N −2}(β^2 − λ^2_{N −2}) ≥ 0 and conclude that τ_{ab} ∈ DP. Thus, S_{ab} = γk_ak_b + τ_{ab} = T_{ab}{ √ γk_{[1]}} + τ_{ab} has the required form which proves the case with one null eigenvector.

Finally we consider the case with no null eigenvector. If there exist null vectors ⃗k and ⃗n such that S_{ab}k^a = n_b then, as S_{ab} ∈ DP, S_{ab}n^a = βk_b for some β > 0. Then ⃗n+ √ β⃗k is a timelike eigenvector which normalised we denote by ⃗u. Otherwise, if all null vectors are mapped on timelike vectors then again [1] S_{ab} has a (unit) timelike eigenvector ⃗u. Thus we have a unit timelike eigenvector ⃗u with eigenvalue λ_0, and on {⃗u}^⊥ there is an ON-basis {⃗y^{(1)}, . . ., ⃗y^{(N −1)}} of eigenvectors with eigenvalues λ_1, . . .λ_{N −1}. As ⃗u + ⃗y^{(i)} is future-pointing and null S_a^b(u_b + y^{(i)}_b ) must be future-pointing which implies λ_0 ≥ |λ_i| for all i = 1, . . ., N − 1. Assume λ_1 ≥ λ_i for i = 2, . . ., N − 1 and define τ_{ab} = S_{ab} − (λ_0 − λ_1)(u_au_b −^1_2 g_{ab}). Then τ_a^b(u_b ± y^{(1)}_b ) =^1_2 (λ_0 + λ_1)(u_a ± y^{(1)}a ) so τ_{ab} has two null eigenvectors. To show that τ_{ab} ∈ DP, let c^2_1 + . . . + c^2_{N −1} = 1; then N_a(c_1, . . ., c_{N −1}) = (u_a + c_1y^{(1)}a + . . . c_{N −1}y^{(N −1)}a ) is proportional to an arbitrary future-pointing null vector. One finds (τ_{ab}N^b)(τ^{ac}N_c) = Σ_ic^2_i (λ_1 − λ_i)(λ_0 + λ_i) ≥ 0, so S_{ab} = T_{ab}{ √ λ_0 − λ_1u_{[1]}} + τ_{ab} has the right properties and this finishes the proof.

Remarks: Recall that by Lemma 2.5 a future-pointing causal vector can be written as a sum of two future-pointing null vectors in infinitely many ways. In the same manner, a symmetric S_{ab} ∈ DP_2 can be expressed as a sum of N elements of SS in many ways. As an example, let {e_a} be an orthonormal basis. Then, by (3), one easily find relations such as

T_{ab}{(e_0)_{[1]}} + T_{ab}{(e_1)_{[1]}} = T_{ab}{(e_0 ∧ e_2)_{[2]}} + T_{ab}{(e_1 ∧ e_2)_{[2]}},

αT_{ab}{(e_1)_{[1]}} + βT_{ab}{(e_2)_{[1]}} = β 2 g_{ab} + (α − β)T_{ab}{(e_1)_{[1]}} + βT_{ab}{(e_1 ∧ e_2)_{[2]}}. (15)

In Theorem 4.1 however, we construct the representation of S_{ab} ∈ DP_2 in a canonical way in which the simple p-forms Ω_{[p]} are constructed from the null eigenvectors of S_{ab}.

5 Non-symmetric null-cone preserving maps

We are now prepared to present the classification of the general conformally noninvolutory null-cone preserving maps, which follows directly from the Theorem 4.1 and the Lemma 4.6. Given that the results are elementary but the number of different cases is increasing with the dimension N, we will restrict ourselves to the low-dimension cases in full, but this will show the way one has to follow as well as the general ideas which serve for a general N. As the singular case has been already solved, in this section we only deal with the non-singular conformally non-involutory maps, so that T_{[ab]} ≠ 0. The conformally involutory ones are left for the next section.

Case N = 2. The simplest case is a 2-dimensional Lorentzian manifold. In this case there are only two independent null directions, say ℓ and k, and we can always write T_{[ab]} = (ℓ ∧ k)_{ab} = μη_{ab}. Both ⃗ℓ and ⃗k are null eigenvectors of T_{[ab]} with non-zero eigenvalue, and then due to Lemma 4.6 (b), they are also null eigenvectors of T_{(ab)}. Using then Theorem 4.1 the only possibility is that T_{(ab)} = αg_{ab}. Thus, we have

Corollary 5.1 In N = 2, the maps proportional to non-involutory Lorentz transformations are given by T_{ab} = αg_{ab} + μη_{ab} with arbitrary α and μ such that α^2 − μ^2 ≠ 0. They are proper (resp. improper) if α^2 − μ^2 > 0 (resp. < 0), and orthochronus (resp. time-reversal) if α > |μ| (resp. α < −|μ|).

Notice that in this particular case, an arbitrary 2-form μη_{ab} defines an improper null cone bi-preserving map. This is the only possibility in which a 2-form can preserve the null cone, and it appears as an exceptional case as follows from Corollary 4.1 and Lemmas 4.2 and 4.3.

Before we proceed with the non-trivial cases N > 2, we need some simple lemmas. From Corollary 3.3 we know that if T_{ab} ∈ SS \ N S then the tangent space can be decomposed as T_x(V_N ) = E^+⊕E^− where E^+ is p-dimensional, E^− is (N −p)-dimensional, and both E^± are eigensubspaces of T_{ab} with opposite eigenvalues.

Lemma 5.1 If F_{[2]} is a simple 2-form and T_{ab} ∈ SS \ N S, then (T × F )_{(ab)} = 0 if and only if F_{ab} lies entirely in either Λ_2(E^+) or Λ_2(E^−).

Proof: F = θ_1 ∧θ_2 for some 1-forms θ_1 and θ_2. Obviously ⃗θ_1 = ⃗θ^+_1 +⃗θ^−_1 , ⃗θ_2 = ⃗θ^+_2 +⃗θ^−_2 with ⃗θ^+_1 , ⃗θ^+_2 ∈ E^+ and ⃗θ^−_1 , ⃗θ^−_2 ∈ E^−. A straightforward computation gives then

(T × F )_{(ab)} = 2λ [ (θ^−_1 ⊗ θ^+_2 )_{(ab)} − (θ^+_1 ⊗ θ^−_2 )_{(ab)} ]

where λ is the eigenvalue for E^+. Then, the condition (T × F )_{(ab)} = 0 holds if and only if either ⃗θ^+_1 = ⃗θ^+_2 = 0 or ⃗θ^−_1 = ⃗θ^−_2 = 0.

Similarly, from Corollary 3.3 if T_{ab} { Ω_{[p]} } ∈ N S, there is an (N − 1)-dimensional subspace E^0 of eigenvectors with zero eigenvalue generated by {⃗k, ⃗ω_2, . . ., ⃗ω_{N −1}}, where ⃗k is the canonical null direction of the null Ω_{[p]}.

Lemma 5.2 If F_{[2]} is a simple 2-form and T_{ab} ∈ N S, then (T × F )_{(ab)} = 0 ⇐⇒ (T × F )_{ab} = 0 ⇐⇒ F_{ab} lies entirely in Λ_2(E^0).

Proof: Set F = θ_1 ∧θ_2 as before and choose ⃗n null, independent of k, and orthogonal to all {⃗ω_2, . . ., ⃗ω_{N −1}}. Obviously ⃗θ_1 = ⃗θ^0_1 + C_1⃗n, ⃗θ_2 = ⃗θ^0_2 + C_2⃗n with ⃗θ^0_1, ⃗θ^0_2 ∈ E^0. As T_{ab} = fk_ak_b, we have

(T × F )_{ab} = f(k · n)k_a(C_1θ^+_2 − C_2θ^+_1 )_b

and given that θ_1 and θ_2 are linearly independent, the vanishing of this (or of its symmetric part) gives C_1 = C_2 = 0, and conversely.

The notation of Lemma 4.6 for T_{(ab)} = S_{ab} and T_{[ab]} = F_{ab} is used in the remaining of this section.

Case N = 3. There are three possibilities, as F_{ab} can have 0,1, or 2 null eigenvectors.

(a) If F_{ab} has no null eigenvector, then it is proportional to the dual of a unit timelike vector ⃗u, i.e. F_{[2]} = μu ∗_{[2]}. Due to Lemma 4.6 (a), S_{ab} has no null eigenvectors, and

due to Lemma 4.6 (f), ⃗u is timelike eigenvector also of S_{ab}. Thus, Theorem 4.1 allows us to write T_{ab} = βT_{ab} { u_{[1]} } + γT_{ab} { Ω_{[2]} } + αg_{ab} + F_{ab}. Using Lemma 5.1 one has (S × F )_{(ab)} = γ ( T_{ab} { Ω_{[2]} } × F ) (ab) and here the term in brackets is non-vanishing due again to Lemma 5.1. Thus, the second condition (9) implies γ = 0. With this, it is easily checked that the first condition in (9) leads to μ^2 = 2αβ. Thus, we obtain T_{ab} = βT_{ab} { u_{[1]} } + αg_{ab} ± √ 2αβ ( u ∗_{[2]} ) ab . (16) These maps are proper and orthochronus if α > 0, and improper and time-reversal if α < 0. (b) If F_{ab} has one null eigenvector ⃗k, then F_{[2]} is null and can be written F = μk ∧ p with (k · p) = 0. Lemma 4.6 (d) implies that ⃗k is also a null eigenvector of S_{ab}, and this is unique for S_{ab} due to Lemma 4.6 (a). So, again Theorem 4.1 tells us that T_{ab} = βT_{ab} { k_{[1]} } + γT_{ab} { Ω_{[2]} } + αg_{ab} + F_{ab}. Analogously to case (a) above, Lemmas 5.1 and 5.2 lead to γ = 0, and the first relation in (9) gives again μ^2 = 2αβ. Hence T_{ab} = βT_{ab} { k_{[1]} } + αg_{ab} ± √ 2αβ ( k ∗_{[2]} ) ab . (17)

Notice that this can be considered a limit case of (16) when ⃗u becomes null. (c) If F_{ab} has two independent null eigenvectors ⃗k and ⃗n, then they necessarily have non-zero eigenvalues, and by Lemma 4.6 (b) they are also eigenvectors of S_{ab}, which cannot have more null eigenvectors due to Lemma 4.6 (a). Thus, by Theorem 4.1 T_{ab} = βT_{ab} { (k ∧ n)_{[2]} } + αg_{ab} + μ(k ∧ n)_{ab}. The computation of (9) leads now simply to μ^2 = 2αβ. In summary, T_{ab} = βT_{ab} { (k ∧ n)_{[2]} } + αg_{ab} ± √ 2αβ (k ∧ n)_{ab} . Observe that this case can be rewritten as T_{ab} = βT_{ab} { p_{[1]} } + αg_{ab} ± √ 2αβ ( p ∗_{[2]} ) ab . (18) where ⃗p is spacelike and defined by p ≡ ∗(k ∧ n). Hence, the combination of (16-18) proves the following

Corollary 5.2 In N = 3, the maps proportional to non-involutory Lorentz transformations are given by T_{ab} = βT_{ab} { Σ_{[1]} } + αg_{ab} ± √ 2αβ ( Σ ∗_{[2]} ) ab where α and β are arbitrary with αβ > 0 and Σ_{[1]} is any 1-form. These maps leave none, one or two null directions invariant if Σ_{[1]} is time-, light-, or space-like, respectively.

Case N = 4. Now there are just two possibilities: either F_{ab} has one or two null eigenvectors.

(a) If F_{ab} has one null eigenvector ⃗k, then F_{[2]} is null, F = μk ∧ p with (k · p) = 0. Due to Lemma 4.6 (d) and (a) this is also the unique null eigenvector of S_{ab} so that from Theorem 4.1 T_{ab} = βT_{ab} { k_{[1]} } + δT_{ab} { Ω_{[2]} } + γT_{ab} { Ω_{[3]} } + αg_{ab} + F_{ab}. with Ω_{[2]} and Ω_{[3]} having the form k ∧ n and k ∧ n ∧ ℓ, respectively, for null n and ℓ. Lemmas 5.1 and 5.2 imply that the second equation in (9) reads δ ( T { Ω_{[2]} } × F ) (ab) + γ ( T { Ω_{[3]} } × F ) (ab) = 0 which, as ⃗p cannot be linear combination of ⃗k and ⃗n, becomes −(δλ + γλ̃)k_{(a}p_{b)} + γk_{(a}T_{b)c} { Ω_{[3]} } p^c = 0

where λ and λ̃ are positive as they are proportional to −(Ω_{[2]} · Ω_{[2]}) and (Ω_{[3]} · Ω_{[3]}), respectively. The above expression can only be satisfied with non-negative δγ ≥ 0 if δ = 0 and T_{bc} { Ω_{[3]} } p^c = λ̃p_b. This also implies that p ∧ (k ∧ n ∧ ℓ) = 0 and we can write T_{ab} = βT_{ab} { k_{[1]} } + γT_{ab} { (k ∧ n ∧ ℓ)_{[3]} } + αg_{ab} + F_{ab}. The remaining condition in (9) implies in particular that αγ = 0, so that two possibilities arise (assuming that ⃗p is unit): α = 0 and then μ^2 = βγ; or γ = 0 and μ^2 = 2αβ. In summary, by setting q ≡ ∗(k ∧ n ∧ p), we have T_{ab} = βT_{ab} { k_{[1]} } + γT_{ab} { q_{[1]} } ± √ βγ(k ∧ p)_{ab}, (19) T_{ab} = βT_{ab} { k_{[1]} } + αg_{ab} ± √ 2αβ(k ∧ p)_{ab}. (20) Observe that in both cases one can replace T_{ab} { k_{[1]} } by T_{ab} { (k ∧ p)_{[2]} } , because F_{[2]}

is null. Furthermore, the above expressions (19-20) are valid for arbitrary N so they are proportional to Lorentz transformations in any V_N (where ⃗q is just any spacelike vector orthogonal to both ⃗k and ⃗p).

(b) If F_{ab} has two null eigenvectors ⃗k and ⃗n, then

F_{[2]} = μ_1(k ∧ n)_{[2]} + μ_2(k ∧ n) ∗_{[2]}

with μ^2_1 + μ^2 ≠ 0. If μ_1 ≠ 0, from Lemma 4.6 (a), (b) and (d), ⃗k and ⃗n are the two null eigenvectors of S_{ab} and we can write in principle, from Theorem 4.1, T_{ab} = γT_{ab} { Ω_{[2]} } + βT_{ab} { Ω_{[3]} } + αg_{ab} + F_{ab}. with Ω_{[2]} and Ω_{[3]} having the form k ∧ n and k ∧ n ∧ ℓ, respectively, for null ℓ. Lemmas 5.1 and 5.2 imply that the second equation in (9) leads to βμ_2 = 0. Solving these two possibilites we arrive at T_{ab} = γT_{ab} { (k ∧ n)_{[2]} } + αg_{ab} ± √ 2αγ [cos θ(k ∧ n) + sin θ ∗ (k ∧ n)]_{ab} , (21) T_{ab} = 2αT_{ab} { (k ∧ n)_{[2]} } + βT_{ab} { (k ∧ n ∧ ℓ)_{[3]} } + αg_{ab} ± √ 2α(β + 2α)(k ∧ n)_{ab} (22)

where θ is arbitrary.

If μ_1 = 0, there also arises the possibility given by Lemma 4.6 (d), (f) that S_{ab} has a timelike eigenvector ⃗u and a spacelike one ⃗p with k ∧ n = u ∧ p, such that from Theorem 4.1 one has in principle T_{ab} = βT_{ab} { u_{[1]} } + δT_{ab} { Ω_{[2]} } + γT_{ab} { Ω_{[3]} } + αg_{ab} + F_{ab}. with Ω_{[2]} ∧ p ≠ 0 and Ω_{[3]} ≡ p ∗_{[3]}. However, ⃗u and ⃗p have opposite eigenvalues due

to Lemma 4.6 (d), from where we get α = 0. Then, from Lemma 5.1 and the second equation in (9) it follows that δ = 0 too. Finally, taking ⃗u and ⃗p unit, the first relation in (9) leads to μ^2 = 2βγ so that T_{ab} = βT_{ab} { u_{[1]} } + γT_{ab} { p_{[1]} } ± √ 2βγ(u ∧ p)_{ab}. (23)

Corollary 5.3 In N = 4, the maps proportional to non-involutory Lorentz transformations are given by (19-23).

These results were obtained for the restricted case in [11, 12], and in general in [26] using spinors. The case given by (22) may seem not included in the solution presented in [26], but this is apparent. In fact, one can rewrite (22) by using the identity (15) as 2αT_{ab} { p_{[1]} } + (2α + β)T_{ab} { q_{[1]} } ± √ 2α(β + 2α)(k ∧ n)_{ab} where q ≡ ∗(k ∧ n ∧ ℓ) and p ∧ q ≡ ∗(k ∧ n), and this last form is certainly included in the cases given in [26].

The number of possibilities and the complexity of the equations increase with N, but the reasonings and techniques are always simple and the same: application of Lemmas 4.6, 5.1 and 5.2 and Theorem 4.1 to the equations (9). The details will be omitted here but, as an illustrative example, we present the general solution for arbitrary odd dimension N = 2n + 1.

Case N = 2n + 1, (n ≥ 2). Let {⃗e_0, . . ., ⃗e_{2n}} be an orthonormal basis. Then, the maps proportional to non-involutory Lorentz transformations are in one of the following cases:

(1) T_{ab} = β_1T_{ab} { v_{[1]} } + n∑ j=2 β_jT_{ab} { (e_{2j−1} ∧ . . . ∧ e_{2n}) ∗_{[2j−1]} } + αg_{ab} +

±μ_1(v ∧ e_2)_{ab} ± n∑ j=2 μ_j (e_{2j−1} ∧ e_{2j})_{ab} where α, β_1, . . ., β_n are arbitrary, the μ_i are given, for all i = 1, . . ., n by

μ^2_i = (β_1 + . . . + β_i)(β_{i+1} + . . . + β_n + 2α),

and v is a causal 1-form equal to e_0 if T_{ab} leaves no null direction invariant, and to e_0 + e_1 if it leaves exactly one null direction (⃗v) invariant.

(2) T_{ab} = β_1T_{ab} { (e_0 ∧ e_1)_{[2]} } + n∑ j=2 β_jT_{ab} { (e_{2j−1} ∧ . . . ∧ e_{2n}) ∗_{[2j−1]} } + αg_{ab} +

±μ_1(e_0 ∧ e_1)_{ab} ± n∑ j=2 μ_j (e_{2j−1} ∧ e_{2j})_{ab}

where now μ^2_1 = β_1(β_2 + . . . + β_n + 2α),

and for all j = 2, . . ., n

μ^2_j = (β_2 + . . . + β_j)(β_{j+1} + . . . + β_n + 2α − β_1).

Generically, this leaves 2 null directions invariant, 3 if β_1 = 0, and in general 2j + 1 null directions invariant if β_1 = . . . = β_j = 0.

(3) Those cases which effectively reduce to low-dimensional cases, such as for instance T_{ab} = 2αT_{ab} { (e_0 ∧ e_1)_{[2]} } + βT_{ab} { (e_2) ∗_{[2n]} } + αg_{ab} ± √ 2α(β + 2α)(e_0 ∧ e_1)_{ab}

which is the analogue of (22) and has two invariant null directions. And similarly for the appropriate generalizations of (19-20) and (23).

6 Symmetric null-cone preserving maps and algebraic Rainich conditions

We are now going to prove an important result: the converses of Proposition 3.2, Lemma 4.4 and Corollary 4.2 hold. One can also intrinsically determine the rank p of the p-form generating the tensor in SS. More precisely

Theorem 6.1 In N dimensions, if T_{ab} is symmetric and (T × T )_{ab} = fg_{ab} then:

(a) f = 0 =⇒ T_{ab} ∈ N S ∪ −N S and T_{ab} = βk_ak_b for a null k_b. (b) f ≠ 0 =⇒ T_{ab} ∈ SS ∪ −SS and, for some p ∈ {1, . . ., N}, ϵT_a^a = (2p − N) √ f with ϵ = ±1. Moreover, ϵT_a^a = (2p − N) √ f ⇐⇒ ϵT_{ab} = T_{ab}{Ω_{[p]}} where T_{ab}{Ω_{[p]}} is the superenergy tensor of a simple p-form Ω_{[p]} of the type used in Theorem 4.1.

Proof: By Corollary 4.1, T_{ab} symmetric and (T × T )_{ab} = fg_{ab} implies that f ≥ 0. Thus √ f is well defined as the positive square root of f. Lemmas 4.3 and 4.4 give then ϵT_{ab} ∈ DP. Then by Theorem 4.1 and using T_{ab}{Ω_{[N ]}} = αg_{ab}, ϵT_{ab} = T_{ab}{Ω_{[1]}} + ... + T_{ab}{Ω_{[N −1]}} + αg_{ab}. We have to verify that only one term or proportional terms can remain if (T × T )_{ab} = fg_{ab}. We have (T × T )_{ab} = (αg_{c(a} + T_{c(a}{Ω_{[1]}} + ... + T_{c(a}{Ω_{[N −1]}})(αg_{b)}^c + T_{b)}^c{Ω_{[1]}} + ... + T_{b)}^c{Ω_{[N −1]}}). This expression contains four types of terms: α^2g_{ca}g_b^c, αg_{ca}T_b^c{Ω_{[p]}}, T_{ca}{Ω_{[p]}}T_b^c{Ω_{[p]}} and T_{ca}{Ω_{[p]}}T_b^c{Ω_{[q]}} with p ≠ q. By Theorem 3.1 and Lemma 2.3 every term is in DP. If (T × T )_{ab} = fg_{ab} then (T × T )_{ab}k^ak^b = 0 for every null vector k^a. Since each term is non-negative this means that every term must be zero when contracted with k^ak^b. By Proposition 3.2 this is satisfied by α^2g_{ca}g_b^c and T_{ca}{Ω_{[p]}}T_b^c{Ω_{[p]}} since they are proportional to g_{ab}. Take then αg_{ca}T_b^c{Ω_{[p]}}k^ak^b = 0. This means that αT_{ab}{Ω_{[p]}}k^ak^b = 0 which is impossible for every null vector k^a unless α = 0 or Ω_{[p]} = 0. Thus if α ≠ 0 then Ω_{[p]} = 0 for all p = 1, ..., N − 1 so ϵT_{ab} = αg_{ab} with α = √ f and ϵT_a^a = N √ f. If α = 0 we need to study the implications of T_{ca}{Ω_{[p]}}T_b^c{Ω_{[q]}}k^ak^b = 0 for every null vector k^a. By Proposition 3.2 and Lemma 4.2, T_{ca}{Ω_{[p]}}k^a and T_b^c{Ω_{[q]}}k^b are null vectors and hence they must be parallel, T_{ca}{Ω_{[p]}}k^a = β(k)T_{ca}{Ω_{[q]}}k^a. Contraction with another null vector n^a gives β(n) = β(k) because of symmetry. Therefore, there is some constant β such that T_{ca}{Ω_{[p]}}k^a = βT_{ca}{Ω_{[q]}}k^a for all null vectors, and extending by linear combinations to all vectors we must have T_{ca}{Ω_{[p]}} = βT_{ca}{Ω_{[q]}}, or that one of them is zero. In total, all non-zero T_{ab}{Ω_{[p]}}, p = 1, ..., N − 1, should be proportional, but this is not possible because as seen in the proof of Theorem 4.1 each of them has a strict different number of null eigenvectors. Then ϵT_{ab} = T_{ab}{Ω_{[p]}} for some p and by (8) (T × T )_{ab} = [(Ω · Ω)^2/(2 p!)^2] g_{ab} so f = [(Ω · Ω)/(2 p!)]^2 and

ϵT_a^a = T_a^a{Ω_{[p]}} = (−1)^{p−1} (p − 1)!

(1 − N/2p)(Ω · Ω) = (2p − N) 2 p! |Ω · Ω| = (2p − N) √ f which, as p = 1, ..., N − 1, gives the values (2 − N) √ f, ..., (N − 2) √ f. Finally, the particular case (a), with f = 0, follows immediately from the above or directly from Lemma 4.4 (b).

Combining Proposition 3.2, Lemma 4.4, Corollary 4.2 and Theorem 6.1, we immediately obtain the following important result.

Theorem 6.2 In N dimensions, if T_{ab} is symmetric then (T × T )_{ab} = fg_{ab} ⇐⇒ T_{ab} ∈ SS ∪ −SS. This means that the tensors in SS \ N S (respectively in −SS \ −N S) are precisely those proportional to involutory orthochronus (resp. time-reversal) Lorentz transformations. The symmetric tensors in N S (resp. −N S) are exactly the symmetric singular orthochronus (resp. time-reversal) null-cone bi-preserving maps.

Theorems 6.1 and 6.2 provide a complete characterization of the conformally involutory null-cone preserving maps. Its classification also follows from the proof of Proposition 3.3 and Corollary 3.3, for we know that p eigenvalues of T_{ab}{Ω_{[p]}} ∈ SS are equal to (−1)^{p−1}(Ω · Ω)/(2 p!) while (N − p) are equal to (−1)^p(Ω · Ω)/(2 p!). If an odd number of these are negative, T_{ab}{Ω_{[p]}} is an improper null cone preserving map, otherwise a proper one. If Ω_a is a spacelike 1-form, then one eigenvalue is negative so T_{ab}{Ω_{[1]}} is improper and can be interpreted as a reflection in the hyperplane orthogonal to Ω_a. If ω_a is a timelike 1-form, then (N − 1) eigenvalues are negative and T_{ab}{ω_{[1]}} is proper in odd dimensions and improper in even dimensions. It can be interpreted as a reflection in the line parallel to ω_a. For other p-forms one can develop the corresponding geometrical interpretations.

Proposition 3.1 and Theorem 6.2 also imply:

Corollary 6.1 If N ≤ 4 then SE_2 = SS, i.e. in 2, 3, and 4 dimensions, SE_2 is precisely the set of symmetric tensors leaving invariant the null cone with its time orientation. Thus, if N ≤ 4, SE_2 is constituted by all tensors proportional to involutory orthochronus Lorentz transformations plus the symmetric singular orthochronus nullcone bi-preserving maps. −SE_2 gives the time-reversal case.

For N ≤ 3 this is trivial. For N = 4 this also means that the energy-momentum of any Maxwell field is proportional to an involutory orthochronus (and proper) Lorentz transformation, and coincides with the energy-momentum of some (possibly another) Maxwell field corresponding to a simple 2-form. This is well known and related to the duality rotations [26, 29]. With N = 4 and p = 2 in Theorem 6.1 we can state this as

Corollary 6.2 In 4 dimensions, a tensor T_{ab} is (up to sign) algebraically the energymomentum tensor of a Maxwell field (a 2-form) if and only if (T × T )_{ab} = fg_{ab} and T_a^a = 0.

These are the classical algebraic Rainich conditions [23, 31] (see also [15, 17, 19, 26]). They are necessary and sufficient conditions for a spacetime metric to originate algebraically (via Einstein’s equations) in a Maxwell field, i.e. a way of determining the physics from the geometry.

By Theorem 6.1 we can find generalisations to arbitrary dimension and to many different physical fields. In order to show the possibilities of our results, we can derive the following algebraic Rainich conditions. For a scalar field (compare with the partial results in [20, 24, 25, 27] for N = 4) we have

Corollary 6.3 In N dimensions, a tensor T_{ab} is algebraically the energy-momentum tensor of a minimally coupled massless scalar field ϕ if and only if (T × T )_{ab} = fg_{ab} and T_a^a = β √ T_{ab}T^{ab}/N where β = ±(N − 2). Moreover, dϕ is spacelike if β = N − 2 and T_a^a ≠ 0, timelike if β = 2 − N and T_a^a ≠ 0, and null if T_a^a = 0 = T_{ab}T^{ab}.

Proof: Recall that T_{ab} = ∇_aϕ∇_bϕ − (1/2)(∇ϕ · ∇ϕ)g_{ab} which is exactly T_{ab}{∇_{[1]}ϕ} ∈ SS so (T ×T )_{ab} = fg_{ab}. We get T_a^a = (2−N)(∇ϕ·∇ϕ)/2 and T_{ab}T^{ab} = N(∇ϕ·∇ϕ)^2/4 so T_a^a = ±(N − 2) √ T_{ab}T^{ab}/N with a plus sign if ∇ϕ · ∇ϕ < 0 and a minus sign if ∇ϕ · ∇ϕ > 0. Conversely, if (T × T )_{ab} = fg_{ab} then T_{ab}T^{ab} = Nf. If T_a^a = ±(N − 2) √ T_{ab}T^{ab}/N = ±(N − 2) √ f, then by Theorem 6.1 T_{ab} is the superenergy tensor of a null 1-form in case f = 0. If f ≠ 0 and T_a^a = (2 − N) √ f then T_{ab} is the superenergy tensor of a timelike 1-form. If f ≠ 0 and T_a^a = (N − 2) √ f then T_{ab} is the superenergy tensor of an (N − 1)-form of the type used in Theorem 4.1 which is the same as the superenergy tensor of its dual spacelike 1-form.

We can also generalize the algebraic Rainich conditions for a perfect fluid as given by Coll and Ferrando [10] to the case of general N.

Corollary 6.4 In N dimensions, a tensor T_{ab} is algebraically the energy-momentum tensor of a perfect fluid satisfying the dominant energy condition if and only if T_{ab} = λ 2 g_{ab} + μT_{ab}{v_{[1]}} (24)

where λ, μ ≥ 0 and v_b is timelike (so that T_{ab}{v_{[1]}} is intrinsically characterized as a tensor in SS according to its trace, see previous Corollary). The velocity vector of the fluid, its energy density and pressure are given by u^b = v^b/(v · v), ρ = (μ(v · v) + λ)/2 and P = (μ(v · v) − λ)/2, respectively.

Proof: Recall that a perfect fluid has the Segre type {1, (1 . . .1)}, so that

T_{ab} = (ρ + P )u_au_b − P g_{ab} (25)

where (u · u) = 1. Thus, if (24) holds it is obvious that T_{ab} takes the form (25). Conversely, if (25) holds, then T_{ab} − T_{ab}{u_{[1]}} has every null k^b as eigenvector, as can be trivially checked. Therefore, T_{ab} − T_{ab}{u_{[1]}} is proportional to the metric, and the proportionality factor is obtained from the T_a^a.

In fact, we can get the conditions as stated in [10] generalized for N dimensions as follows. From (24) we get (T ×T )_{ab} = λμT_{ab}{v_{[1]}}+ μ^2(v · v)^2 + λ^2 4 g_{ab} = λT_{ab}+ μ^2(v · v)^2 − λ^2 4 g_{ab} = λT_{ab}+ρP g_{ab} and also N(T × T )_a^a − (T^a_a )^2 ≥ 0, T^a_a ≤^N_2 λ and T_{ab}w^aw^b ≥ λ/2 for all timelike w^a.

As another example, let us consider the case of dust (P = 0 perfect fluids). Of course, this case can be deduced from the previous one by setting P = 0. However, in dimension N = 5 some stronger results can be derived. To see it, recall that any

2-form F_{[2]} with no null eigenvector can only exist in odd dimension N = 2n + 1, and must take the form

F_{[2]} = μ_1(e_1 ∧ e_2) + . . . + μ_n(e_{2n−1} ∧ e_{2n})

where {e_0, e_1, ..., e_{2n}} is an orthonormal basis and μ_i (i = 1, . . ., n) are non-zero constants. Thus, in the particular case that all the μ_i’s are equal we get for the superenergy tensor (6) of such an F_{[2]}

T_{ab}{F_{[2]}} = μ^2_1 2 [n e_0 ⊗ e_0 + (2 − n)(e_1 ⊗ e_1 + . . . + e_{2n} ⊗ e_{2n})]_{ab} . (26)

Corollary 6.5 In 5 dimensions, T_{ab} is algebraically the energy-momentum tensor of a dust, that is T_{ab} = ρu_au_b where (u · u) = 1 and ρ ≥ 0, if and only if T_{ab} is the s-e tensor of a 2-form F_{[2]} with no null eigenvector having μ_2 = μ_1.

Proof: This is the case n = 2 (=⇒ N = 5) of the previous formula (26), identifying u = e_0 and ρ = μ^2_1. Notice that the timelike direction u is intrinsically defined by ∗(F_{[2]} ∧ F_{[2]}).

Acknowledgments

The authors are grateful to the Ministerio de Educación, Cultura y Deporte in Spain for support for a longer stay at the Department of Theoretical Physics at the University of the Basque Country (SAB1999-0135 for G.B.) and for a 3-month stay at the Institut für Theoretische Physik of the University of Vienna (PR2000-0222 for J.M.M.S.). JMMS is thankful to this Institut, where the paper was partly written, for kind hospitality. We thank Anders Höglund for useful comments and Alfonso García-Parrado for pointing out some typos.

References

[1] R.B.Bapat and T.E.S.Raghavan, Nonnegative matrices and applications, Cambridge University Press, Cambridge 1997

[2] L. Bel, C.R. Acad Sci. Paris 247, 1094-1096 (1958) [3] L. Bel, C.R. Acad Sci. Paris 248, 1297-1300 (1959)

[4] L. Bel, Cahiers de Physique 138, 59-81 (1962); English translation: Gen. Rel. Grav. 32, 2047-2078 (2000).

[5] G.Bergqvist, J.Math.Phys. 39, 2141-2147 (1998) [6] G.Bergqvist, Commun.Math.Phys. 207, 467-479 (1999) [7] G.Bergqvist and J.M.M.Senovilla, Class.Quantum Grav. 16, L55-61 (1999) [8] M.Á.G.Bonilla, Class.Quantum Grav. 15, 2001-2005 (1998) [9] M.Á.G.Bonilla and J.M.M.Senovilla, Phys.Rev.Lett. 78, 783-786 (1997) [10] B.Coll and J.J.Ferrando, J.Math.Phys. 30, 2918-2922 (1989) [11] B.Coll and F. San José, C.R. Acad. Sci. Paris Série I 307, 367-370 (1988) [12] B.Coll and F. San José, Gen. Rel. Grav. 22, 811-826 (1990) [13] D.Christodoulou and S.Klainerman, Commun.Pure Appl.Math. XLIII, 137-199 (1990);

and The global non-linear stability of Minkowski space, Princeton University Press, Princeton 1993 [14] H.Friedrich, J. Diff. Geom. 34, 275-345 (1991) [15] K.S.Hammon, Gen.Rel.Grav. 24, 259-279 (1992) [16] S.W.Hawking and G.F.R.Ellis, The large-scale structure of spacetime, Cambridge University Press, Cambridge 1973 [17] V.Hlavatny, Ann.Mat.Pura Appl. 53, 21-39 (1961) [18] S.Klainerman and F.Nicolò, Class.Quantum Grav. 16, R73-157 (1999) [19] D.Kramer, H.Stephani, M.MacCallum and E.Herlt, Exact solutions of Einstein’s field equations, Cambridge University Press, Cambridge 1980 [20] K.Kuchar, Czech.J.Phys. 13, 551-557 (1963) [21] D.Lovelock, Proc.Camb.Phil.Soc. 68, 345-350 (1970) [22] D.Lovelock, Gen.Rel.Grav. 4, 149-159 (1973) [23] C.W.Misner and J.A.Wheeler, Ann.Phys. 2, 525-603 (1957) [24] R.Penny, Phys.Lett. 11, 228-229 (1964) [25] R.Penney, J.Math.Phys. 6, 1309-1314 (1965) [26] R.Penrose and W.Rindler, Spinors and spacetime, vol.1-2, Cambridge University Press, Cambridge 1986 [27] A.Peres, Bull.Res.Council Israel. 9F, 129-131 (1960) [28] J.F.Plebański, Acta Phys. Pol. 26, 963-1020 (1964).

[29] J.F.Plebański and M.Przanowski, Internat.J.Theoret.Phys. 33, 1535-1551 (1994) [30] J.M.Pozo and J.M.Parra, In Recent Progress in Gravitation, ed. J.Ibáñez, pp.283-287, Servicio editorial de la UPV, 2000; (gr-qc/9911041) [31] G.Y.Rainich, Trans.Amer.Math.Soc. 27, 106-136 (1925)

[32] A. Rendall, Living Reviews,

http://www.LivingReviews.org/Articles/Volume3/2000-1rendall

[33] J. A. Schouten, Ricci Calculus, Springer, Berlin 1954 [34] J.M.M. Senovilla, In Gravitation and Relativity in General. Proc. Spanish Relativity Meeting in Honour of the 65th Birthday of L Bel Salamanca 1998, eds. J.Martín, E.Ruiz, F.Atrio and A.Molina, pp.175-182, World Scientific, Singapore 1999; (gr-qc/9901019) [35] J.M.M.Senovilla, Class.Quantum Grav. 17, 2799-2842 (2000) [36] J.M.M.Senovilla, Mod.Phys.Lett.A 15, 159-165 (2000)