arXiv:gr-qc/0105002 v3 7 Sep 2001

Detectability of cosmic topology in almost flat universes

G.I. Gomero^{1∗}, M.J. Rebouças^{1†}, R. Tavakol^{1,2‡}

1 Centro Brasileiro de Pesquisas Físicas, Rua Dr. Xavier Sigaud 150 22290-180 Rio de Janeiro – RJ, Brazil

2 Astronomy Unit, School of Mathematical Sciences, Queen Mary, University of London, Mile End Road, London E1 4NS, UK

September 7, 2001

Abstract Recent observations suggest that the ratio of the total density to the critical density of the universe, Ω_0, is likely to be very close to one, with a significant proportion of this energy being in the form of a dark component with negative pressure. Motivated by this result, we study the question of observational detection of possible non-trivial topologies in universes with Ω_0 ∼ 1, which include a cosmological constant. Using a number of indicators we find that as Ω_0 → 1, increasing families of possible manifolds (topologies) become either undetectable or can be excluded observationally. Furthermore, given a non-zero lower bound on |Ω_0 − 1|, we can rule out families of topologies (manifolds) as possible candidates for the shape of our universe. We demonstrate these findings concretely by considering families of manifolds and employing bounds on cosmological parameters from recent observations. We find that given the present bounds on cosmological parameters, there are families of both hyperbolic and spherical manifolds that remain undetectable and families that can be excluded as the shape of our universe. These results are of importance in future search strategies for the detection of the shape of our universe, given that there are an infinite number of theoretically possible topologies and that the future observations are expected to put a non-zero lower bound on |Ω_0 − 1| which is more accurate and closer to zero.

∗gomero@cbpf.br †reboucas@cbpf.br ‡r.tavakol@qmw.ac.uk

1 Introduction

A number of recent observations suggest that the ratio of the baryonic (plus dark) matter density to the critical density, Ω_{m0}, is significantly less than unity, being of the order of Ω_{m0} ∼ 0.2−0.3 (see e.g. [1] and references therein). On the other hand, recent measurements of the position of the first acoustic peak in the angular power spectrum of CMBR anisotropies, by BOOMERANG-98 and MAXIMA-I experiments, seem to provide strong evidence that the corresponding ratio for the total density to the critical density, Ω_0, is close to one [2] – [7]. Added to this is the evidence from the spectral and photometric observations of Type Ia Supernovae [8, 9] which seem to suggest that the universe is undergoing an accelerated expansion at the present epoch [10, 11]. This rather diverse set of observations has led to an evolving consensus among cosmologists that the total density of the universe, Ω_0, is likely to be very close to unity, a significant part of which resides in the form of a dark component which is smooth on cosmological scales and which possesses negative pressure. A candidate that satisfies these criteria is the vacuum energy corresponding to a cosmological constant.

Somewhat parallel to these developments, and to some extent unrelated to them, a great deal of work has also recently gone into studying the possibility that the universe may possess compact spatial sections with a non-trivial topology (see, for example, [12] – [17]), including the construction of different topological indicators (see e.g. [18] – [33]). A fair number of these studies have concentrated on cases where the densities corresponding to matter and vacuum energy are substantially smaller than the critical density. This was reasonable because until very recently observations used to point to a low density universe. In addition an important aim of most of these previous works has often been to produce examples where the topology of the universe has strong observational signals and can therefore be detected and even determined.

The main aims of this paper, which are complementary to these earlier works, are twofold. Firstly, to study the question of detectability of a possible non-trivial compact topology in locally homogeneous and isotropic universes whose total density parameter is taken to be close to one (Ω_0 ∼ 1). Secondly, to show how given a non-zero lower bound on |Ω_0 − 1|, we can exclude certain families of compact manifolds as viable candidates for the shape of the universe. We shall do this by employing two indicators, namely the ratios of the so called injectivity radius ( r_{inj} ), and maximal inradius ( r^{max}_− ) to the depth χ_{obs} of given catalogues. We study almost flat models with both Ω_0 > 1 and Ω_0 < 1, and our results apply to any method of detection of topology based on observations of multiple images of either cosmic objects or spots of microwave background radiation. We note that even though the idea that non-trivial topologies become harder to detect as Ω_0 → 1 is implicitly present in some other works [22, 27], it has, however, often been passed over as an uninteresting limit concerning non-trivial topologies, given the observations at the time. Here, in addition to studying this limit in detail by considering concrete families of manifolds (topologies), rather than individual examples as has often been done before, we treat it as the most relevant limit concerning the geometry of the universe today in view of the recent observations [2] – [7].

The structure of the paper is as follows. In Section 2 we give an account of the cosmological models employed. Section 3 contains a brief account of our topological setting. In Section 4 we discuss the question of detectability of cosmic topology using a number of indicators. Section 5 contains a detailed discussion of the question of detection of cosmic topology in universes with |Ω_0 − 1| ≪ 1, with the help of concrete examples, and finally Section 6 contains summary of our main results and conclusions.

2 Cosmological Setting

Let us begin by assuming that the universe is modelled by a 4-manifold M which allows a (1 + 3) splitting, M = R × M, with a locally isotropic and homogeneous Friedmann- Lemaître-Robertson-Walker (FLRW) metric

ds^2 = −c^2dt^2 + R^2(t) [ dχ^2 + f^2(χ)(dθ^2 + sin^2 θdϕ^2) ] , (2.1)

where t is a cosmic time, the function f(χ) is given by f(χ) = χ , sin χ , or sinh χ , depending on the sign of the constant spatial curvature (k = 0, ±1), and R(t) is the scale factor. Furthermore, we shall assume throughout this article that the 3-space M is a multiply connected compact quotient manifold of the form M = ~M/Γ, where Γ is a discrete group of isometries of ~M acting freely on the covering space ~M of M, where ~M can take one of the forms E^3, S^3 or H^3 [corresponding, respectively, to flat (k = 0), elliptic (k > 0) and hyperbolic (k < 0) spaces]. The group Γ is called the covering group of M, and is isomorphic to its fundamental group π_1(M).

For non-flat models (k ≠ 0), the scale factor R(t) is identified with the curvature radius of the spatial section of the universe at time t, and thus χ can be interpreted as the distance of any point with coordinates (χ, θ, ϕ) to the origin of coordinates (in ~M ), in units of curvature radius, which is a natural unit of length and suitable for measuring areas and volumes. Throughout this paper we shall use this natural unit.

In the light of current observations, we assume the current matter content of the universe to be well approximated by dust (of density ρ_m) plus a cosmological constant Λ. The Friedmann equation is then given by

H^2 = 8πGρ_m 3 − kc^2 R^2 + Λ 3 , (2.2)

where H = Ṙ/R is the Hubble parameter and G is the Newton’s constant, which upon introducing Ω_m =^{8πGρm}_{3H}2 and Ω_Λ ≡^{8πGρ}�_{3H}2 =^Λ_{3H}2 and letting Ω = Ω_m + Ω_Λ, it can be rewritten as R^2 = kc^2 H^2 (Ω − 1)

. (2.3)

For universe models having compact spatial sections with non-trivial topology, which we shall be concerned with in this article, it is clear that any attempt at the discovery of such a topology through observations must start with the comparison of the curvature radius and the horizon radius (distance) d_{hor} at the present time. To calculate the latter, we recall the redshift-distance relation in the above FLRW settings can be written in the form d(z) = c H_0 ∫ z 0 [ (1 + x)^3Ω_{m0} + Ω_{Λ0} − (1 + x)^2(Ω_0 − 1)

]_{−1}/_2

dx , (2.4)

where the index 0 denotes evaluation at present time. The horizon radius d_{hor} is then defined as d_{hor} = lim_{z→∞} d(z) , which, by using (2.3) evaluated at the present time, can be expressed in units of the curvature radius in the form χ_{hor} ≡ d_{hor} R_0 = √ |1 − Ω_0| ∫_∞ 0 [ (1 + x)^3Ω_{m0} + Ω_{Λ0} − (1 + x)^2(Ω_0 − 1)

]_{−1}/_2

dx . (2.5)

We note that in practice there are basically three types of catalogues which can be used in order to search for repeated patterns in the universe and hence the nature of the cosmic topology: namely, clusters of galaxies, containing clusters with redshifts of up to z ≈ 0.3; active galactic nuclei (mainly QSO’s and quasars), with a redshift cut-off of z_{max} ≈ 4; and the CMBR from the decoupling epoch with a redshift of z ≈ 3000. It is expected that future catalogues will increase the first two cut-offs to z_{max} ≈ 0.7 [34] and z_{max} ≈ 6 (by 2005 [35]) respectively. Thus, instead of χ_{hor} (for which z → ∞ ) it is observationally more appropriate to consider the largest distance χ_{obs} = χ(z_{max}) explored by a given astronomical survey.

3 Topological prerequisites

Let us start by recalling that, contrary to the hyperbolic and elliptic cases, there is no natural unit of length for the Euclidean geometry, since in this case the curvature radius is infinite. Also, it is unlikely that astrophysical observations can fix the density parameter Ω_0 to be exactly equal to one. Therefore, in this section we shall confine ourselves to nearly flat hyperbolic and spherical spaces and briefly consider some relevant facts about manifolds with constant non-zero curvature, which will be used in the following sections.

Regarding the hyperbolic case, there is at present no complete classification of these manifolds. A number of important results are, however, known about them, including the two important theorems of Mostow [36] (see also Prasad [37]) and Thurston [38]. According to the former, geometrical quantities of orientable hyperbolic manifolds, such as their (finite) volumes and the lengths of their closed geodesics, are topological invariants. Moreover, it turns out that there are only a finite number of compact hyperbolic manifolds with the same volume. According to the latter, there is a countable infinity of sequences of compact orientable hyperbolic manifolds, with the manifolds of each sequence being ordered in terms of their volumes [38]. Moreover there exists a hyperbolic 3-manifold with a minimum volume [38], whose volume is shown to be greater than 0.28151 [39].

Hyperbolic manifolds can be easily constructed and studied with the publicly available software package SnapPea [40] (see e.g. [41]). In this way, Hodgson and Weeks have compiled a census of 11031 closed hyperbolic manifolds, ordered by increasing volumes (see [40, 42]). As examples, we show in Table 1 the first 10 manifolds from this census with the lowest volumes, together with their volumes, as well as the lengths l_M of their smallest closed geodesics and their inradii r_− , which are discussed below. The first two entries (rows) of Table 1 are known as Weeks’ and Thurston’s manifolds respectively, with the former conjectured to be the smallest (minimum volume) closed hyperbolic manifold. M V ol(M) l_M r_− m003(-3,1) 0.942707 0.584604 0.519162 m003(-2,3) 0.981369 0.578082 0.535437 m007(3,1) 1.014942 0.831443 0.527644 m003(-4,3) 1.263709 0.575079 0.550153 m004(6,1) 1.284485 0.480312 0.533500 m004(1,2) 1.398509 0.366131 0.548345 m009(4,1) 1.414061 0.794135 0.558355 m003(-3,4) 1.414061 0.364895 0.562005 m003(-4,1) 1.423612 0.352372 0.535631 m004(3,2) 1.440699 0.361522 0.556475

Table 1: First ten manifolds in the Hodgson-Weeks census of closed hyperbolic manifolds, together with their corresponding volumes, length l_M of their smallest closed geodesics and their inradii r_−.

Regarding the spherical manifolds, we recall that the isometry group of the 3-sphere is O(4). However, since any isometry of S^3 that has no fixed points is orientation-preserving, to construct multiply connected spherical manifolds it is sufficient to consider the subgroups of SO(4), because for these subgroups the orientation is necessarily preserved. Thus any spherical 3-manifold of positive constant curvature is of the form S^3/Γ, where Γ is a finite subgroup of SO(4) acting freely on the 3-sphere. The classification of spherical 3-dimensional manifolds is well known and can be found, for instance in [44, 45, 46] (see also [47] for a description in the context of cosmic topology). In the remainder of this section we shall focus our attention on the important subset of such spaces, referred to as lens spaces, in order to examine the question of detectability of cosmic topology of nearly flat spherical universes.

Briefly, there are an infinite number of 3-dimensional lens spaces that are globally homogeneous and also an infinite number that are only locally homogeneous. In both cases the lens spaces are quotient spaces of the form S^3/Z_p where the covering groups are the cyclic groups Z_p (p ≥ 2). The cyclic groups Z_p can act on S^3 in different ways parameterized by an integer parameter, denoted by q, such that p and q are relatively prime integers such that 1 ≤ q < p/2 . These quotients are the lens spaces L(p, q). The action of Z_p on S^3 gives rise to globally homogeneous lens spaces only if q = 1; in all other cases the quotient S^3/Z_p gives rise to lens spaces that are globally inhomogeneous.

One can give a very simple description of the actions of Z_p on S^3 that give rise to lens spaces. In fact, the 3-sphere can be described as the points of the bi-dimensional complex space C^2 with modulus 1, thus

S^3 = { (z_1, z_2) ∈ C^2 : |z_1|^2 + |z_2|^2 = 1 } , and any action of Z_p on S^3 giving rise to a lens space is generated by an isometry of the form

α_{(p,q)} : S^3 → S^3 (z_1, z_2) → ( e^{2πi/p}z_1, e^{2πiq/p}z_2 ) , (3.6)

where p and q are given as above.

To close this section it is important to recall that since any covering group of spherical space forms is of finite order, all of its elements are cyclic. As a consequence, any 3-dimensional spherical manifold is finitely covered by a lens space. Thus lens spaces play a special role in studying the topology of spherical manifolds, which motivates their employment below in our study of the problem of detectability of the cosmic topology in nearly flat spherical universes.

4 Detectability of cosmic topology

Unless there are fundamental laws that restrict the topology of the universe, its detection and determination is ultimately expected to be an observational problem, at least at a classical level. As a first step, according to eq. (2.5), one would expect the topology of nearly flat compact universe to be detectable from cosmological observations, provided the bound χ_{hor} ≥ 1 (d_{hor} ≥ R_0) holds, since the typical lengths of the simplest hyperbolic and spherical manifolds are of the order of their curvature radii (see, for example, the values of l_M and r_− in Table 1).

This is, however, a rough estimate and a more appropriate bound will crucially depend upon the detailed shape of the universe, our position in it, and on the cosmological parameters. This is particularly true in view of the fact that a crucial feature of generic 3-manifolds is their complicated shapes. Moreover, the fact that most 3-manifolds with non-zero curvature are globally inhomogeneous introduces the possibility of observer dependence (or location dependence) in the topological indicators, in the sense made precise below, which makes it likely for these bounds to be location dependent. What is therefore called for are indicators which are more sensitive (accurate) than χ_{hor} and which at the same time take into account the uncertainty in our location in such compact universes.

A natural way to characterize the shape of compact manifolds is through the size of their closed geodesics. More precisely, for any x ∈ M, the distance function δ_g(x) for a given isometry g ∈ Γ is defined by δ_g(x) = d(x, gx) , (4.7) which gives the length of the closed geodesic associated with the isometry g that passes through x. So one can define the length of the smallest closed geodesic that passes through x ∈ M as ℓ(x) = min_{g∈} ~Γ {δ_g(x)} , where ~Γ denotes the covering group without the identity map, i.e. ~Γ = Γ \ {id}.

In a globally homogeneous manifold, the distance function for any covering isometry g is constant, as is the length of the closed geodesic associated with it. However, this is not the case in a locally, but non-globally, homogeneous manifold, where in general the length of the smallest closed geodesic in M is given by^1 l_M = inf_{x∈M}{ℓ(x)} = inf_{(g,x)∈} ~Γ×M {δ_g(x)} , (4.8)

where inf_{x∈M} {ℓ(x)} denotes the absolute (global) minimum of ℓ(x) , and l_M clearly satisfies l_M ≤ ℓ(x). The injectivity radius, which is the radius of the smallest sphere inscribable in M (terminology used in the SnapPea package [40] and in refs. [14, 22]) is then given by r_{inj} = l_M /2. One can similarly define the injectivity radius at any point x as r_{inj} (x) = ℓ(x)/2.

Furthermore, the maximal inradius r^{max}_− , can be defined as the radius of the largest sphere embeddable in M, and is given by r^{max}_− = 1 2 sup_{x∈M}{ℓ(x)} , where sup_{x∈M}{ℓ(x)} indicates the absolute (global) maximum of ℓ(x) . The maximal inradius r^{max}_− is half of the largest distance any point in M can be from its closest image. Clearly in the covering space ~M , the maximal inradius r^{max}_− is also the radius of the largest sphere inscribable in any fundamental polyhedron (FP) of the set of all possible fundamental polyhedra of M.

An indicator that has been utilized in most studies regarding searches for topological multiple images, is the ratio of the injectivity radius r_{inj} to χ_{hor} (see, for example, [14] and reference therein and also [21] for a similar measure). At first sight this seems to be a very accurate indicator, since it defines the minimum scale required for multiple images to be in principle observable in a given multiply connected universe. This can be made more practical from an observational point of view by taking instead a different indicator, defined as the ratio of the injectivity radius to the largest distance explored by some astronomical survey χ_{obs} [14], namely T_{inj} = r_{inj} χ_{obs} . (4.9)

It turns out, however, that such individual indicators based on topological invariants do not encode all the information required to fix the topology uniquely. Thus, more than one indicator is often necessary in practice. This is the case for the above indicator T_{inj}, an

1We are assuming that the topology of the spacelike section M of our universe is compact, so for any possible manifold a closed geodesic of non-zero minimum length always exists.

important limitation of which arises from the fact that generic (globally inhomogeneous) manifolds are likely to have complicated shapes, making it unlikely for the smallest closed geodesic to pass precisely through our location in the universe. There is also the fact that in the set of all compact manifolds there is no lower bound to the length of the smallest closed geodesics (or equivalently on r_{inj}), even though each given manifold does have a lower bound l_M .

To partially remedy the first shortcoming above, one can consider, for an observer O(x) situated at x ∈ M, the analogous location dependent measure T_{inj} (x) = r_{inj}(x) χ_{obs} . (4.10)

However, there is still a major problem associated with this indicator, since our uncertainty regarding our location in the universe makes r_{inj}(x) uncertain.

As another indicator, we take the ratio of the length of the maximal inradius to χ_{obs} , namely T_{max} = r^{max}_− χ_{obs} . (4.11)

A crucial feature of this indicator is that it provides a bound which holds for all observers, regardless of their location and in this sense, therefore, circumvents the problem of our ignorance regarding our location in the universe. We note also that assuming a fixed astronomical survey for a given compact universe, T_{inj}(x) is bounded by the values of r_{inj} and r^{max}_− , thus T_{inj} ≤ T_{inj}(x) ≤ T_{max} . (4.12) It should be noted that one cannot guarantee that the inradius (given in the fourth column of Table 1) is the maximal inradius for the corresponding hyperbolic manifolds. This is so because the inradius is calculated for a specific Dirichlet domain, which depends on the basepoint used for its construction. Thus, the same manifold can have different Dirichlet domains and so different inradii. The maximal inradius r^{max}_− of a given manifold M, however, is unique [43] and corresponds to the largest sphere inscribable in any possible fundamental polyhedra of M . The package SnapPea chooses the basepoint x at a local maximum of the inradius, which may or may not be the global (absolute) maximum r^{max}_− , but the relation r^{max}_− ≥ r_− (x) clearly holds for all compact hyperbolic (and elliptic) manifolds. We shall show in the next section that the indicator T_{max} will enable us to exclude certain families of manifolds (topologies) as the shape of our universe.

Let us close this section by computing r_{inj} and r^{max}_− for the lens spaces which will be used in the following sections. Recall that the distance between two points z = (z_1, z_2) and w = (w_1, w_2) on S^3 is the angle between these points viewed from the origin of complex bi-dimensional space C^2,

cos (d(z, w)) = ⟨z, w⟩ = Re(z_1w^∗_1 + z_2w^∗_2) , where ⟨ , ⟩ indicates the inner product in C^2, and Re takes the real part of any complex expression. Taking w = α_{(p,q)}z, with α_{(p,q)} as in (3.6), one has

cos (d(z, w)) = cos 2π p + ( cos 2πq p − cos 2π p ) |z_2|^2 . (4.13)

If q = 1, then d(z, w) = 2π/p is position independent, showing that L(p, 1) is globally homogeneous, as anticipated in the previous section. In the general case of a lens space L(p, q) one obtains r_{inj} = π p and r^{max}_− = πq p , (4.14)

since the coefficient of |z_2|^2 in (4.13) is always non-positive.

5 Detectability of topology of nearly flat universes

In this section we study how the bounds provided by recent cosmological observations can constrain the set of detectable topologies and how given a non-zero lower bound on |Ω_0 − 1|, we can exclude certain families of manifolds as viable candidates for the shape of our universe.

To study the constraints on detectability as a function of Ω_0, we begin by considering the horizon radius (2.5). Figures 1a and 1b show the behaviour of χ_{hor} as a function of Ω_{m0} and Ω_{Λ0}. Since in Ω_{m0} – Ω_{Λ0} plane (hereafter referred to as the parameter space) the flat universes are obviously characterized by the straight line Ω_{m0} + Ω_{Λ0} = 1, these figures clearly demonstrate that as |Ω_0 − 1| → 0 then χ_{hor} → 0, hence showing that, for a given manifold M with non-zero curvature, there are values of |Ω_0 − 1| below which the topology of the universe is undetectable (χ_{hor} < 1) for any mix of Ω_{m0} and Ω_{Λ0}. A crucial feature of this result is the rapid way χ_{hor} drops to zero in a narrow neighbourhood of the Ω_0 = 1 line. From the observational point of view, this is significant since it shows that the detection of the topology of the nearly flat models (Ω_0 ∼ 1) becomes more and more difficult as Ω_0 → 1, a limiting value favoured by recent observations.

To show concretely how T_{inj} and T_{max} can be used to set constraints on the topology of the universe, we recall two recent sets of bounds on cosmological parameters [4, 5], namely

(i) Ω_0 = 1.08 ± 0.06, and Ω_{Λ0} = 0.66 ± 0.06, obtained by combining the data from CMBR and galaxy clusters; and

(ii) Ω_0 = 1.04±0.05, and Ω_{Λ0} = 0.68±0.05, obtained by combining the CMBR, supernovae and large scale structure observations.

The bound (i) exclusively implies positive curvatures for the spatial 3-surfaces, while (ii) allows negative curvatures as well. We note that even though the precise values of these bounds are likely to be modified by future observations, the closeness of Ω_0 to 1 is expected to be confirmed. We have chosen these bounds here as concrete examples of how recent observations may be employed in order to constrain the topology of the universe, and clearly similar procedures can be used for any modified future bounds on cosmological parameters.

Let us return to the question of detectability of the topology in the neighbourhood Ω_0 ∼ 1 and assume that a particular catalogue which covers the entire sky up to a redshift cut-off z_{max}. For a given universe [with fixed (Ω_{m0} , Ω_{Λ0} )] this assumption fixes the values of χ_{obs} used in (4.9) – (4.11).

Suppose that the universe is compact and let r_{inj} denote its injectivity radius. Now if χ_{obs} < r_{inj} , then the topology of the universe is undetectable by any survey of depth up to the corresponding z_{max} . Note that this assertion holds regardless of our particular position in the universe, as r_{inj} ≤ r_{inj}(x), for all x. Also, since χ_{hor} is the farthest distance at which events are causally connected to us, one can obtain limits on undetectability by considering χ_{hor} rather than χ_{obs}. For example, for a given universe [fixed (Ω_{m0} , Ω_{Λ0})] any manifold M whose r_{inj} has a value that lies above the bird-like surface in Figure 1 (thus ensuring T_{inj} > 1) is undetectable. The crucial point here is that as we approach the line Ω_0 = 1, the rapid decrease in the allowed values of χ_{obs} will result in a rapid elimination of families of detectable manifolds (topologies). This is important given that recent observations seem to restrict the cosmological parameters to small regions near the Ω_0 = 1 line.

As concrete examples of constraints set by the bound (i), we consider universes that possess lens space L(p, q) topologies. Using (4.14), and recalling that the topology cannot be detected if T_{inj} > 1 , one finds that for this family of universes the topology will be undetectable if p < π χ_{obs} ≤ p_∗ , (5.15)

where p_∗ is the smallest integer larger than π/χ_{obs} . Using (2.5) and (5.15), we have compiled in Table 2 the values of p_∗ for different sets of values of (Ω_0, Ω_{Λ0}) contained in bounds (i) and four catalogues with distinct values of z_{max} .

As concrete examples, we note that given Ω_0 = 1.08 and Ω_{Λ0} = 0.66, then according to Table 2, it would be impossible to detect any multiple images if the universe turns out to be the projective 3-space L(2, 1) (for which r_{inj} = 1.57080 ), or the lens space L(3, 1) (for which r_{inj} = 1.04712 ), as the entire observable universe would lie inside some fundamental polyhedron of M. Similarly, if the universe turns out to be either of the lens spaces L(4, 1), L(5, 1), L(5, 2), or L(6, 1), it would be impossible to detect its topology using catalogues of quasars up to z_{max} = 6. It is important to note that from Table 2, one can see that as Ω_0 approaches unity, p_∗ increases, which implies that an increasing subset of lens space topologies are undetectable, in agreement with Figures 1. Note also that the greater the depth z_{max} of survey, the smaller is the number of undetectable topologies, as expected. But even when z_{max} → ∞ there is still a subset of lens space topologies that remains undetectable. The key point here is that proceeding in a similar way, one can translate bounds on cosmological parameters to constraints on allowed topologies (here taken to be lens topologies).

So far we have considered the question of detectability of families of manifolds (topologies) in universes with Ω_0 → 1 . Alternatively, we may ask what is the region of the parameter space for which a given topology is undetectable. To this end, we note that for a given z_{max} Ω_0 Ω_{Λ0} χ_{obs} p_∗ 1.02 0.60 0.40885 8 ∞ 1.08 0.66 0.82728 4 1.14 0.72 1.10777 3 1.02 0.60 0.40088 8 3000 1.08 0.66 0.81135 4 1.14 0.72 1.08670 3 1.02 0.60 0.24375 13 6 1.08 0.66 0.49596 7 1.14 0.72 0.66796 5 1.02 0.60 0.10278 31 1 1.08 0.66 0.20879 16 1.14 0.72 0.28073 12

Table 2: For each value of z_{max} the first and third rows correspond to the smallest and largest values of χ_{obs} in the parameter space given by bounds (i), while the second entry corresponds to the central value. From this table one can see that the projective space L(2, 1), and the lens space L(3, 1) are undetectable in a universe with Ω_0 = 1.08, and Ω_{Λ0} = 0.66; while for the same values of the density parameters the lens spaces L(4, 1), L(5, 1), L(5, 2), and L(6, 1) are undetectable, using catalogues of depth up to z_{max} = 6.

topology (fixed r_{inj} ) and for a given catalogue cut-off z_{max}, one can solve the equation

χ_{obs} = r_{inj} , (5.16)

which is an implicit function of Ω_{m0} and Ω_{Λ0}. Equivalently using (2.5), equation (5.16) can be rewritten as the following implicit function of ε_0 ≡ 1 − Ω_0 and ε_Λ ≡ 1 − Ω_{Λ0} : χ_{obs} ≡ √ |ε_0| ∫ z_{max} 0 [ (ε_Λ − ε_0)(1 + x)^3 + 1 − ε_Λ + ε_0(1 + x)^2

]_{−1}/_2

dx = r_{inj} . (5.17)

Now, note that any point of the parameter space for which χ_{obs} < r_{inj}, will lie below the graph of the solution of eq. (5.17) in the plane (ε_Λ, |ε_0|). Thus the points below the solution curves correspond to universe models for which any topology with injectivity radius larger than that given by the fixed r_{inj} are undetectable.

As concrete examples of the constraints set by the bound (ii), we consider the subinterval of this bound with Ω_0 ≤ 1 , corresponding to nearly flat hyperbolic universes. We will take r_{inj} as the largest value of χ_{obs} in this region of parameter space, which can be easily calculated to be χ_{obs} = 0.20125 for z_{max} = 6 , and χ_{obs} = 0.34211 for z_{max} = 3000. We solved equation (5.17) with these two specific extreme values of χ_{obs} as the values for r_{inj} , and the results are shown in Fig. 2 as plots of ε_0 against ε_Λ. As can be seen the allowed hyperbolic region of the parameter space, given by ε_0 ∈ (0, 0.01] and ε_Λ ∈ [0.27, 0.37], lies below both curves, showing that using quasars up to z_{max} = 6 , nearly flat FLRW hyperbolic universes, with the density parameters in this region, will have undetectable topologies, if their corresponding injectivity radii satisfy r_{inj} ≥ 0.20125 . Similarly, using CMBR, the topology of nearly flat FLRW hyperbolic universes with r_{inj} ≥ 0.34211 and the density parameter in the hyberbolic range of the bound (ii) are undetectable.

In Table 3 we have summarized the restrictions on detectability imposed by the hyperbolic subinterval of the bounds (ii) on the first seven manifolds of Hodgson-Weeks census of closed orientable hyperbolic manifolds (there is no restrictions for the last three in the set of the first ten smallest manifolds). In Table 3, U denotes that the topology is undetectable by any survey of depth up to the redshifts z_{max} = 6 (quasars) or z_{max} = 3000 (CMBR) respectively. Thus using quasars, the topology of the five known smallest hyperbolic manifolds, as well as m009(4,1), are undetectable within the hyperbolic region of the parameter space given by (ii), while only topologies m007(3,1) and m009(4,1) remain undetectable even if CMBR observations are used.

M r_{inj} quasars cmbr m003(-3,1) 0.292302 U — m003(-2,3) 0.289041 U — m007(3,1) 0.415721 U U m003(-4,3) 0.287539 U — m004(6,1) 0.240156 U — m004(1,2) 0.183065 — — m009(4,1) 0.397067 U U

Table 3: Restrictions on detectability imposed by the hyperbolic interval of the recent bounds (ii) for the first seven manifolds of Hodgson-Weeks census. The capital U stands for undetectable using catalogues of quasars (up to z_{max} = 6) or CMBR (up to z_{max} = 3000).

Hitherto we have used T_{inj} together with observational bounds on cosmological parameters in order to set bounds on detectability. We shall now employ the indicator T_{max} as a way of excluding certain families of manifolds (topologies) for the universe. Recalling that for a hyperbolic or spherical compact manifold M, the maximal inradius r^{max}_− is the radius of the largest sphere embeddable in M, then any catalogue of depth z_{max}, such that χ_{obs} > r^{max}_− , may contain multiple images of cosmic sources or CMBR spots. Thus if we can be confident that multiple images do not exist up to a certain depth z_{max}, then one can claim that T_{max} > 1 (r^{max}_− > χ_{obs}), and therefore any topology not satisfying this inequality (i.e. those for which r^{max}_− < χ_{obs} ) can be excluded by such observations.^2

As an illustration for the case of spherical manifolds, suppose again that our universe

2Obviously it is possible that even exploring a region of the universe deeper than a ball of radius r^{max}_− with catalogues of cosmic sources, we do not observe any multiple images. This may be the case when the selection rules used to build the catalogues do not allow the recording of enough multiple images to have a detectable topological signal (see [25] for a more detailed discussion on this point).

has a lens space topology. If using a catalogue of cosmic objects with redshift cut-off up to z_{max} yields no multiple images, then any lens space satisfying T_{max} < 1 (r^{max}_− < χ_{obs}) can be discarded as a model for the shape of our universe, while those with T_{max} > 1 would be either detectable or undetectable. Using (4.14) one can see that the discarded lens spaces L(p, q) are those satisfying p ≥ p^∗_q , (5.18) where p^∗_q is the smallest integer larger than qπ/χ_{obs} . As concrete examples, assume that a catalogue of cluster of galaxies with redshift cut-off z_{max} = 1 was constructed and no multiple images exist. Using the values of χ_{obs} from Table 2, corresponding to the extremes and the central values of Ω_0 and Ω_{Λ0} of the bounds (i), we can obtain values of p^∗_q corresponding to q ranging from 1 to 7, as shown in Table 4. Equation (5.18) together with this table

Ω_0 Ω_{Λ0} q → 1 2 3 4 5 6 7 1.14 0.72 p^∗_q → 12 23 34 45 56 68 79 1.08 0.66 p^∗_q → 16 31 46 61 76 91 106 1.02 0.60 p^∗_q → 31 62 93 123 154 185 216

Table 4: Lens spaces L(p, q) with p ≥ p^∗_q are discarded on the basis of observations if there are no multiple images up to z_{max} = 1 in universes with three different set of (Ω_0 , Ω_{Λ0}) in the bound (i). For a given universe [fixed (Ω_0 , Ω_{Λ0})] and for each value of q the corresponding value of p^∗_q is given, thus for example, any lens space of the family L(p, 3) with p ≥ 93 could not be the shape of a universe with Ω_0 = 1.02 and Ω_{Λ0} = 0.60 .

make it clear that, for example, any lens space belonging to the family L(p, 4), with p ≥ 61, cannot be the shape of an elliptic universe with the central values of the density parameters. Furthermore, it is clear from Table 4 that as Ω_0 approaches unity, p^∗_q increases for any fixed q, which implies that a decreasing subset of lens space topologies are excluded.

Alternatively, we can ask how fixing the cosmological parameters results in the exclusion of a given topology as a possible shape of our universe. To this end, given a fixed value of r^{max}_− , one can solve the equation χ(z_{max}) = r^{max}_− , (5.19) which is analogous to (5.16).

We recall that if one can be certain that there is no multiple images up to a certain depth z_{max} then one can claim that r^{max}_− > χ_{obs} , and therefore any topology for which r^{max}_− < χ_{obs} can be excluded by such observations. Thus, for a fixed catalogue depth z_{max} , the points above the graph of the solution of (5.19) in the plane ε_Λ – ε_0 correspond to cosmological models for which any topology with r^{max}_− < χ_{obs} can be excluded.

As an interesting example of application of the indicator T_{max}, we consider the hyperbolic manifolds and recall the important recent mathematical result according to which any closed orientable hyperbolic 3–manifold contains a ball of radius r_0 = 0.24746 [39]. It therefore follows that the absolute lower bound to r^{max}_− for any compact hyperbolic manifold is given by r_0. We solved Eq. (5.19) for r^{max}_− = r_0 and with catalogue depths z_{max} = 6 and 3000 , and the results are shown in Fig. 3. This figure shows that the allowed observational hyperbolic range of the cosmological parameters given by bounds (ii) intersects the lowest solution curve, corresponding to the catalogue with z_{max} = 3000. Thus, given the current observational bounds (ii), if no repeated patterns exist up to z_{max} = 3000, there are families of hyperbolic manifolds that can be excluded as the shape of our universe.^3 As concrete examples note that in such cases the topology of the first ten closed orientable hyperbolic manifolds with smallest volumes given in Table 1 would not be excluded, as they all possess values of r^{max}_− ≥ 0.519162, and therefore the corresponding solution curves would lie substantially above the hyperbolic range of the observational bounds (ii).

Interestingly Fig. 3 also shows that if only quasars are used (redshift up to z_{max} = 6) and no multiple images exist, then no hyperbolic manifolds can be excluded as the shape of our universe, as the corresponding solution curve lies above the current bounds (ii) on the cosmological parameters.

The above considerations provide examples of the importance of considering families of manifolds (topologies), rather than arbitrary individual examples, in looking for the shape of our universe in the infinite set of distinct possible topologies.

6 Final Remarks

We have made a detailed study of the question of detectability of the cosmic topology in nearly flat universes (Ω_0 ∼ 1), which are favoured by recent cosmological observations. Most studies so far have concentrated on individual manifolds. Given the infinite number of theoretically possible topologies, we have instead concentrated on how to employ current observations and a number of indicators in order to find families of possible undetectable manifold (topologies) as well as families of manifolds (topologies) that can be excluded.

We have found that as Ω_0 → 1, increasing families of possible manifolds (topologies) become undetectable observationally. In this sense the topology of the universe can be said to become more difficult to detect through observations of multiple images of either cosmic objects or spots of microwave background radiation. We have also found that for any given manifold M with non-zero curvature, there are values of |Ω_0 − 1| below which its topology is undetectable (using pattern repetition) for any mix of Ω_{m0} and Ω_{Λ0}.

We have made a detailed study of the constraints that the most recent estimates of the cosmological parameters place on the detectable and allowed topologies. Considering concrete examples of both spherical and hyperbolic manifolds, we find that, given the present observaional bounds on cosmological parameters, there are families of both hyperbolic and

3Clearly we are assuming here that the universe is multiply connected, and no multiple images exist. These multiply connected universes are therefore indistinguishable (using pattern repetition) from simplyconnected universes with the same covering space, equal radius, and identical distribution of cosmic sources. In these cases the scale of multiply-connectedness is greater than the observations depth χ_{obs}(z_{max} ) and no sign of multiply-connectedness will arise.

spherical manifolds that remain undetectable and families that can be excluded as the shape of our universe. We also demonstrate the importance of considering families of possible manifolds (topologies), rather than arbitrary individual examples, in search strategies for the detection of the shape of our universe.

Finally we note that even though the precise values of the recent bounds on the density parameter used in this paper are likely to be modified by future observations, the closeness Ω_0 ∼ 1 is expected to be confirmed. We have chosen these bounds in this paper as concrete examples of how recent observations may be employed in order to constrain the topology of the universe, and clearly similar procedures can be used for any modified future bounds on cosmological parameters.

Acknowledgments

We are grateful to Jeff Weeks for his expert advice on topology and on the SnapPea program. Our knowledge of hyperbolic manifold was greatly enhanced by his very kind and useful correspondence and comments. We also thank Dr A. Przeworski for helpful correspondence. Finally we thank FAPERJ and CNPq for the grants under which this work was carried out.

Figure captions

Figure 1. The behaviour of the horizon radius χ_{hor} in units of curvature radius, for FLRW models with dust and cosmological constant, given by Eq. (2.5), as a function of the cosmological density parameters Ω_Λ and Ω_m . These figures (1a & 1b) show clearly the rapid way χ_{hor} (as well as χ_{obs}) falls off to zero for nearly flat (hyperbolic or elliptic) universes, as Ω_0 = Ω_{m0} + Ω_{Λ0} → 1. In both figures the vertical axes represent χ_{hor}, while the horizontal axes are given respectively (and anti–clockwise), by Ω_Λ and Ω_m (in Fig. 1a) and Ω_m and Ω_Λ (in Fig. 1b).

Figure 2. The solutions of Eq. (5.17) as plots of ϵ_0 = 1 − Ω_{Λ0} (vertical axis) versus ϵ_Λ = 1−Ω_{Λ0} (horizontal axis), with r_{inj} taken as the largest values of the χ_{obs} in the range of cosmological parameters given by the bounds (ii). The upper and the lower solutions curves correspond to the catalogues with z_{max} = 3000 and z_{max} = 6, respectively. Note that the allowed hyperbolic region of the parameter space given by (ε_0 ∈ (0, 0.01] & ε_Λ ∈ [0.27, 0.37]), and represented by the dashed rectangular box, lies below both curves, showing that using quasars up to z_{max} = 6 nearly flat FLRW hyperbolic universes, with the density parameters in this region, will have undetectable topologies, if their corresponding inradii satisfy r_{inj} ≥ 0.20125 . Similarly, using CMBR, with z_{max} = 3000 , the topology of nearly flat hyperbolic FLRW universes with r_{inj} ≥ 0.34211 will be undetectable.

Figure 3. The solutions of Eq. (5.19) for r^{max}_− = 0.24746, as plots of ϵ_0 (vertical axis) versus ϵ_Λ (horizontal axis),for the catalogues with z_{max} = 6 and z_{max} = 3000. As can be seen, the allowed observational hyperbolic range of the cosmological parameters given by bounds (ii), and represented by the dashed rectangular box, intersects the lowest solution curve, corresponding to the catalogue with z_{max} = 3000, thus showing that given the current observational bounds, there are families of hyperbolic manifolds that remain undetectable and families that can be excluded as the shape of our universe, if there are no repeated patterns up to z_{max} = 3000. On the other hand if quasars (z_{max} = 6) are used, then no hyperbolic manifolds can be excluded as the shape of our universe, if there are no repeated patterns up to that depth, as the corresponding solution curve lies above the dashed rectangle.

References

[1] J. P. Ostriker & P. J. Steinhardt, Nature 377, 600 (1995).

[2] A.E. Lange et al., Phys. Rev. D 63, 042001 (2001).

[3] P. de Bernardis et al., First Results from BOOMERANG Experiment, astro-ph/0011469 (2000). In Proceeding of the CAPP2000 conference, Verbier, 17-28 July 2000.

[4] J.R. Bond et al., The Cosmic Background Radiation circa ν2K , astro-ph/0011381 (2000). In Proceeding of Neutrino 2000 (Elsevier), CITA-2000-63, Eds. J. Law & J. Simpson.

[5] J.R. Bond et al., The Quintessential CMB, Past & Future. In Proceeding of CAPP-2000 (AIP), CITA-2000-64.

[6] J.R. Bond et al., CMB Analysis of Boomerang & Maxima & the Cosmic Parameters Ω_{tot} ,Ω_bh^2 ,Ω_{cdm}h^2 , Ω_Λ ,n_s, astro-ph/0011378. In Proc. IAAU Symposium 201 (PASP), CITA-2000-65.

[7] A. Balbi et al., Astrophys. J. 545, L1–L4 (2000).

[8] B.P. Schmidt et al., Astrophys. J. 507 46 (1998).

[9] A.G. Riess et al., Astron. J. 116, 1009 (1998).

[10] S. Perlmutter et al., Astrophys. J. 517, 565 (1999).

[11] S. Perlmutter, M.S. Turner & M. Write, Phys. Rev. Lett. 83, 670 (1999).

[12] R. Lehoucq, J.P. Uzan & J.P. Luminet, Limits of Crystallographic Methods for Detecting Space Topology, astro-ph/0005515 (2000). LPT-ORSAY Preprint 00/51, UGVA-DPT 00/05-1082.

[13] V. Blanlœil & B.F. Roukema, Editors of the electronic proceedings of the Cosmological Topology in Paris 1998, astro-ph/0010170.

[14] J.-P. Luminet & B.F. Roukema, Topology and the Universe: Theory and Observation, astro-ph/9901364 (1999). To appear in the Proceedings of Cosmology School held at Cargese, Corsica, August 1998.

[15] G.D. Starkman, Class. Quantum Grav. 15, 2529 (1998). See also the other articles in this special issue featuring invited papers from the Topology of the Universe Conference, Cleveland, Ohio, October 1997. Guest editor: Glenn D. Starkman.

[16] M. Lachièze-Rey & J.-P. Luminet, Phys. Rep. 254, 135 (1995).

[17] Ya. B. Zeldovich & I.D. Novikov, The Structure and Evolution of the Universe, pages 633-640. The University of Chicago Press, Chicago (1983). On page 637 of this book there are references to earlier works by Süveges (1966), Sokolov (1970), Paal (1971), Sokolov and Shvartsman (1974), and Starobinsky (1975).

[18] D.D. Sokolov & V.F. Shvartsman, Sov. Phys. JETP 39, 196 (1974). [19] R. Lehoucq, M. Lachièze-Rey & J.-P. Luminet, Astron. Astrophys. 313, 339 (1996). [20] B.F. Roukema, Mon. Not. R. Astron. Soc. 283, 1147 (1996). [21] G. Ellis & R. Tavakol, Class. Quantum Grav. 11, 675 (1994).

[22] N.J. Cornish, D.N. Spergel & G.D. Starkman, Class. Quantum Grav. 15, 2657 (1998). [23] N.J. Cornish, D.N. Spergel & G.D. Starkman, Proc. Nat. Acad. Sci. 95, 82 (1998). [24] N.J. Cornish & J.R. Weeks, Measuring the Shape of the Universe, astro-ph/9807311 (1998), to appear as a feature article in the Notices of the American Mathematical Society.

[25] G.I. Gomero, A.F.F. Teixeira, M.J. Rebouças & A. Bernui, Spikes in Cosmic Crystallography, gr-qc/9811038 (1998).

[26] H.V. Fagundes & E. Gausmann, Cosmic Crystallography in Compact Hyperbolic Universes, astro-ph/9807038 (1998).

[27] R. Lehoucq, J.-P. Luminet & J.-P. Uzan, Astron. Astrophys. 344, 735 (1999). [28] J.P. Uzan, R. Lehoucq & J.P. Luminet, Astron. Astrophys. 351, 776 (1999). [29] H.V. Fagundes & E. Gausmann, Phys. Lett. A 261, 235 (1999). [30] G.I. Gomero, M.J. Rebouças & A.F.F. Teixeira, Phys. Lett. A 275, 355 (2000). [31] G.I. Gomero, M.J. Rebouças & A.F.F. Teixeira, Int. J. Mod. Phys. D 9, 687 (2000).

[32] M.J. Rebouças, Int. J. Mod. Phys. D 9, 561 (2000).

[33] G.I. Gomero, M.J. Rebouças & A.F.F. Teixeira Class. Quantum Grav. 18, 1885 (2001). [34] R.G. Carlberg et al., Phil. Trans. R. Soc. Lond. A 357, 167 (1999). [35] B. Margon, Phil. Trans. R. Soc. Lond. A 357, 105 (1999). [36] G.D. Mostow, Proc. Internat. Congr. Math. Vol 2, 187-197 (1971). [37] G. Prasad, Invent. Math. 21, 255 (1973).

[38] W.P. Thurston, Three-Dimensional Geometry and Topology, Ed. by Silvio Levy, Princeton University Press, Princeton (1997).

[39] A. Przeworski, Cones Embedded in Hyperbolic 3-Manifolds, preprint available at

http://www.ma.utexas.edu/users/prez/

[40] J.R. Weeks, SnapPea: A computer program for creating and studying hyperbolic 3- manifolds, available at http://thames.northnet.org/weeks/ [41] C. Adams, Not. Am. Math. Soc. 37, 273 (1990).

[42] C.D. Hodgson & J.R. Weeks, Experimental Mathematics 3, 261 (1994). [43] J.R. Weeks, private communication.

[44] J.A. Wolf, Spaces of Constant Curvature, fifth ed., Publish or Perish Inc., Delaware (1984).

[45] P. Scott, Bull. London Math. Soc. 15, 401 (1983). [46] W.P. Thurston, Bull. Am. Math. Soc. 6, 357 (1982). [47] G.F.R. Ellis, Gen. Rel. Grav. 2, 7 (1971).