gr-qc/0108035

Gauge invariant metric perturbations during reheating

Mauricio Bellini^∗ Instituto de Física y Matemáticas, Universidad Michoacana de San Nicolás de Hidalgo, AP:2-82, (58041) Morelia, Michoacán, México.

Abstract

The possible amplification of gauge invariant metric fluctuations in the infrared sector are very important during reheating stage of inflation. In this stage the inflaton field oscillates around the minimum of the scalar potential. The evolution for the super Hubble scales gauge invariant metric fluctuations can be studied by means of the Bardeen parameter. For a massive scalar field with potential V (Φ_c) =^{m2}_2 Φ^2_c + Λ with nonzero cosmological constant. I find that (in the reheating regime and for super Hubble scales) the Sasaki- Mukhanov parameter oscillates with amplitude constant such that there is not amplification of Q during reheating.

PACS number(s): 98.80.Cq

Postulating a period of nearly exponential growth in the primordial universe, inflationary cosmology [1] solved many problems which plagued previous models of the big bang. After inflation, the universe is dominated by the inflation, the scalar field whose evolution controls the dynamics of the inflationary era. The process for which the inflaton energy density is then converted into thermalized matter, is knowed as reheating [2]. The issue of gauge invariance becomes critical when we attempt to analyze how the scalar metric perturbations produced in the very early universe influence of a globally flat isotropic and homogeneous universe [3]. The evolution of gauge invariant metric perturbations during inflation have been well studied [4]. This allows to formulate the problem of the amplitude for the scalar metric perturbations on the evolution of the background Friedmann-Robertson- Walker (FRW) universe in a coordinate - independent manner at every moment in time. Parametric resonance instability occurs during a reheating period when the inflaton oscillates around the minimum of the scalar potential [5–7]. Since the gravitational perturbation

∗E-mail address: mbellini@mdp.edu.ar — Cátedra Patrimonial de CONACYT.

is coupled to the inflaton field by the Einstein equation, it may also experience parametric amplification during this stage. The parametric resonance instabilities have important consequences for cosmology. They will lead to a reheating temperature which can be much larger than would be obtained by calculating the efficiency of reheating using perturbation theory and could have important implications for grand-unification-scale baryogenesis [8], the production of supermassive dark matter [9] or the formation of topological defects [10].

In this work I study the metric inhomogeneities during reheating for gauge invariant metric perturbations [3] by means of the Sasaki-Mukhanov variable [11] on super Hubble scales for a massive scalar field with potential V (Φ_c) =^{m2}_2 Φ^2_c + Λ and nonzero cosmological constant and Φ_c = +^{3MpH0}_{πm} . Since the results do not depend on the gauge, the perturbed globally flat isotropic and homogeneous universe is well described by [3]

ds^2 = (1 + 2ψ) dt^2 − a^2(t)(1 − 2Φ) dx^2, (1)

where a is the scale factor of the universe and ψ and Φ the perturbations of the metric. I will consider the particular case where the tensor T_{ij} is diagonal, i.e., for Φ = ψ [12]. Linearizing the Einstein equations in terms of the matter and metric fluctuations ϕ and Φ, one obtains the system of differential equations for ϕ and Φ [13]

Φ̈ + ( ȧ a − 2 ϕ̈_c ϕ̇_c ) Φ̇ − 1

a^2

∇^2Φ + 2 [ ä a − (ȧ a )_2 − ȧ a ϕ̈_c ϕ̇_c ] Φ = 0, (2) 1 a d dt (aΦ)_{,β} = 4π M^2_p ( ϕ̇_cϕ ) ,β , (3) ϕ̈ + 3ȧ a ϕ̇ − 1 a^2

∇^2ϕ + V^{′′}(ϕ_c)ϕ + 2V^′(ϕ_c)Φ − 4ϕ̇_cΦ̇ = 0. (4)

Here, the dynamics of the spatially homogeneous field ϕ_c being described by the equations [14]

ϕ̈_c + 3ȧ a ϕ̇_c + V^′(ϕ_c) = 0, (5)

ϕ̇_c = −M^{2p} 4π H^′_c(ϕ_c), (6)

where the prime denotes the derivative with respect to ϕ_c and H_c(ϕ_c) ≡^ȧ .

In the case of adiabatic perturbations with scales outside the Hubble radius, it is convenient to work with the Bardeen parameter ζ = 2 3 Φ + H^{−1}_c Φ̇

1 + ω

+ Φ, (7)

where the overdot denotes the time derivative and ω = p/ρ is the ratio of the pressure to the density of the background. In the k → 0 limit, the Bardeen parameter satisfies [16,12] 3 2 (1 + ω)H_cζ̇ = 0, (8)

which, in the reheating stage holds the following condition [12] ϕ̇^2_cζ̇ = 0. (9)

During the slow roll regime the eq. (2) is well behaved, but during the reheating period the field ϕ_c oscillates and the coefficients in eq. (2) has singularities, which can be removed by means of the Sasaki-Mukhanov variable Q = ϕ +^{ϕ̇c}_{Hc} Φ. Hence, from eq. (2), the modes for Q satisfies [17]

Q̈_k + 3H_cQ̇_k + [ V^{′′} + k^2 a^2 + 2 d dt (Ḣ_c H_c + 3H_c )] Q_k = 0. (10)

The parameter Q is related with the Bardeen one by the following relation [18] ζ = H_c ϕ̇_c Q. (11)

The structure of the eq. (10) can be simplified with the map Q = e^{−3/2} ∫_{Hcdt} P , such that the equation for the modes of P is

P̈_k + k^2 a^2

+ V^{′′} + 9 2 Ḣ_c − 9 4 H^2_c + 2 Ḧ_c H_c − 2 ( Ḣ_c H_c )_2 P_k = 0, (12)

which can be written as P̈_k + [_{k2} a^2 − k^2_0 a^2 ] P_k = 0, where μ^2(t) =^{k20}_{a2} is an effective parameter of mass given by

μ^2(t) = 2 ( Ḣ_c H_c )_2 − V^{′′} − 9 2 Ḣ_c − 9 4 H^2_c − 2 Ḧ_c H_c . (13)

In the infrared sector one takes^{k2}_{a2} ≪^{k20}_{a2} , where k_0 is the time dependent wavenumber which separates the infrared and ultraviolet sectors. During inflation, for a given scalar potential V (ϕ_c), the dynamics of the Hubble parameter H_c(ϕ_c) being described by the Friedmann equation (see, for example, [15])

V (ϕ_c) =

3M^2_p 8π H^2_c − M^2_p 12π (Ḣ_c ϕ̇_c )_2 . (14) In the reheating period the second term inside the brackets cannot be neglected because the slow roll conditions are violated.

Now I consider the scalar potential V (Φ_c) =^{m2}_2 Φ^2_c + Λ, where Λ is some negative cosmological constant and Φ_c = ϕ_c +^{3MpH0}_{πm} . If Φ_c(t) =^2_5 M_p cos(ωτ ) [here τ = t − t(ϕ_c = 0)], one obtains H_c = 4 √_π 75 m cos(ωτ ) + H_0, V^{′′} = m^2 and Ḣ_c = −4 √_π 75 m ω sin(ωτ ). Here, ω is the oscillation frequency of the inflaton field and H_0 ≡ H_c(ϕ_c = 0). From eq. (14) one obtains the cosmological constant

Λ = −

M^2_p 2π [ H^2_0 ( 36 − 3π 4π ) + m^2 12π ] . (15)

This case was studied by Finelli and Branderberger [18] but without cosmological constant. In this paper I am interested in the study of possible consequences in the evolution of super Hubble metric perturbations during reheating when one take into account a nonzero cosmological constant. During reheating 0 < H_c < m, so that m > H_0 >^4_5 m and Λ can take negative values near the minimum of the potential. The effective parameter of mass is

μ^2(τ ) = 2 4 √_π 75 mωsin(ωτ ) 4 √_π 75 mcos(ωτ ) + H_0 2 + 18 √ π 75 [sin(ωτ )

− cos(ωτ )] − 12π 25 m^2cos^2(ωτ ) − 9 4 H^2_0 + 8 √_π 75 mω^2cos(ωτ ) 4 √_π 75 mcos(ωτ ) + H_0

. (16)

Since in the infrared sector^{k2}_{a2} ≪^{k20}_{a2} , the solution for P_k is given with a very good approximation for super Hubble scales by the equation P̈_k − μ^2(τ )P_k = 0. For inflation take place one requires that μ^2(τ ) ≥ 0. The conditions required are (for ω < 1; m = 10^{−5}M_p) ω m > 1, (17)

H_0 − 4 √ π 75 m ≪ 10^{−1} M_p. (18)

Figure 1 shows the numerical solution for the evolution of P e^{− 3}2^{H0t} ≡ Q e^{3m}2ω^{sin(ωτ )} for τ ≥ 0 and ω = 10^{−3} M_p. Note that the amplitude of Q e^{3m2ω sin(ωτ )} increases with time. This means that Q also increases with time. Note that in this case μ^2 < 0 and inflation do not take place.

Figure 2 shows P e^{− 3}2^{H0t} for ω = 10^{−5} M_p = m. Note that Q e^{3m}2ω^{sin(ωτ )} oscillates with amplitude constant and effective frequency ω_{ef f} ≃ 6 × 10^{−3} M_p. Hence, the solution for the Sasaki-Mukhanov variable will be a coupled oscillator with frequencies ω = 10^{−5} M_p and ω_{ef f} ≃ 6 × 10^{−3} M_p. In this case μ^2 > 0 and μ^2 ≫^{k2}_{a2} in the IR sector.

Finally, from eq. (11) one obtains the Bardeen parameter for super Hubble scales during the reheating era ζ = − 5 2 4 √_π 75 mcos(ωτ ) + H_0 M_pωsin(ωτ ) Q. (19) Note that the denominator in eq. (19) has singular points in ωτ = nπ (n = 0, 1, 2, ...). Hence, the Bardeen parameter indeterminates for ωτ = nπ. These singularities in ζ correspond to the the points where ϕ̇_c = 0. This result disagrees with other results of a previous work [19], where the authors founded that ζ oscillates with constant amplitude during reheating.

The results here obtained for Q are very similar with the Finelli and Branderberger [18] (i.e., for μ^2 > 0) because there is not growth of the Sasaki-Mukhanov variable for super Hubble scales during reheating. The only difference is that here Q oscillates around a constant value. This oscillation should be a consequence that — instead Finelli and Branderberger have made to simplify the equation of motion for P_k (12) — I worked without perform a time average in the effective parameter of mass [see eq. (16)]. The calculation without a time average leads to an oscillating μ^2 which is the responsible for the oscillation of Q. A similar result, but when super Hubble non-adiabatic pressure perturbation is negligible was obtained recently by Wands et. al. [20].

REFERENCES

[1] A. H. Guth, Phys. Rev. D23, 347 (1981).

[2] L. F. Abbott, E. Farhi and M. B. Wise, Phys. Lett. 117B, 29 (1982); A. Albrecht, P.

J. Steinhardt, M. S. Turner, and F. Wilczek, Phys. Rev. Lett. 48, 1437 (1982); A. D. Dolgov and A. D. Linde, Phys. Lett. B116, 329 (1982).

[3] J. M. Bardeen, Phys. Rev. D22, 1882 (1980).

[4] A. S. Goncharov, A. D. Linde, V. F. Mukhanov, Int J. Mod. Phys. A2, 561 (1987); M.

Bellini, Phys. Rev. D61, 107301 (2000).

[5] Traschen and R. Brandenberger, Phys. Rev. D42, 2491 (1990); L. Kofman, A. Linde and A. A. Starobinsky, Phys. Rev. D56, 3258 (1997).

[6] H. Dodama and T. Hamazaki, Prog. Theor. Phys. 96, 949 (1996); Y. Nambu and A.

Taruya, Prog. Theor. Phys. 97, 83 (1997); A. Taruya and Y. Nambu, Phys. Lett. B428, 37 (1998).

[7] B. Bassett, D. Kaiser and R. Maartens, hep-ph/9808404. [8] E. Kolb, A. Linde and A. Riotto, Phys. Rev. Lett. 77, 4290 (1996). [9] D. Chung, E. Kolb and A. Riotto, Phys. Rev. Lett. 81, 4048 (1998). [10] S. Kasuya and M. Kawasake, Phys. Rev. D56, 7597 (1997).

[11] M. Sasaki, Prog. Theor. Phys. 76, 1036 (1986); V. Mukhanov, Sov. Phys. JETP 67, 1297 (1988).

[12] V. F. Mukhanov, R. H. Branderberger, and H. Feldman, Phys. Rep 215, 203 (1992). [13] A. D. Linde, Particle Physics and Inflationary Cosmology (Harwood, Chur, 1990). [14] A. A. Starobinsky, in Fundamental Interactions, ed. V. N. Ponomarev (MGPI Press, Moscow, 1984). P. 54.

A. A. Starobinsky, in Current Topics in Field Theory Quantum Gravity, and Strings, ed. by H. J. de Vega and N. Sánchez, Lecture in Physics, p. 107 (Springer, New York, 1986).

[15] M. Bellini, H. Casini, R. Montemayor and P. Sisterna, Phys. Rev. D54, 7172 (1996). [16] J. Bardeen, P. Steinhardt and M. Turner, Phys. Rev. D28, 679 (1983). [17] V. Mukhanov, Sov, Phys. JETP 67, 1297 (1988); M. Sasaki, Prog. Theor. Phys. 76, 1036 (1986).

[18] F. Finelli and R. Brandenberger, Phys. Rev. Lett. 82, 1362 (1999). [19] W. B. Lin, X. H. Meng and Xinmin Zhang, Phys. Rev. D61, 121301 (2000). [20] D. Wands, K. A. Malik, D. H. Lyth, A. R. Liddle, Phys. Rev. D62, 043527 (2000).

FIGURES

FIG. 1. Evolution for P/a^{3/2} as a function of τ, for H_0 = 0.4m, m = 10^{−5} M_p and ω = 10^{−3} M_p. The amplitude of P/a^{3/2} increases with time in the ultraviolet sector. Note that we have used Planckian unities.

FIG. 2. Evolution for P/a^{3/2} as a function of τ, for H_0 = 0.4m, m = 10^{−5} M_p and ω = 10^{−5} M_p. The amplitude of P/a^{3/2} remains constant. Note that P/a^{3/2} oscillates with effective frequency ω_{ef f} ≃ 6 × 10^{−3} M_p.