arXiv:gr-qc/0108050 v2 13 Nov 2001

Exact Solution of Photon Equation in Stationary Gödel-type and Gödel Space-Times

Ali Havare, Taylan Yetkin Department of Physics, Mersin University, 33342, Mersin-Turkey (November 13, 2001)

Typeset using REVTEX

Abstract

In this work the photon equation (massless Duffin-Kemmer-Petiau equation) is written expilicitly for the general type of stationary Gödel space-times and is solved exactly for the Gödel-type and the Gödel space-times. Harmonic oscillator behaviour of the solutions is discussed and energy spectrum of photon is obtained.

Keywords: Duffin-Kemmer-Petiau equation, Exact Solution, Gödel spacetimes

I. INTRODUCTION

The relativistic particles satisfying wave equations in cosmological backgrounds are considered to analyze quantum effects in curved space-times. For this purpose single particle states are studied in detail and also some restrictions on solutions are examined to obtain behavior of the particles. In the atomic scale relativistic wave equations which conformed to general relativity may not be important because of the weakness of gravitational effects. On the contrary for many astrophysical situations one has to take into account gravitational effects due to it’s dominant role; for example particle creation by black holes.

The most studied relativistic equations are Klein-Gordon and Dirac equations describing spin zero and spin one-half particles respectively. These equations are considered mostly in the expanding universes [1–6] which are members of Friedmann cosmological models. Other type of universes are so-called Gödel and Gödel-type space-times where they have a global rotation in all point of the space. Theoretical works of Gamow [7] and Gödel [8], and some other evidences of rotation [9–11] are directed us to study the behavior of electromagnetic fields [12–15] and spinning particles in curved rotating backgrounds. The line-elements of the Gödel space-time

ds^2 = −(dt + e^{ar}dθ)^2 + dr^2 + 1 2 (e^{ar}dθ)^2 + dz^2, (1)

and the Gödel-type space-time

ds^2 = −(dt + mdθ)^2 + dr^2 + (l + m^2)dθ^2 + dz^2 (2)

are studied for Klein-Gordon and Weyl equations [16–19]. The functions m and l in the Gödel-type line-element are only functions of r and they satisfy following two independent conditions [15]: D = ( l + m^2 )_{1/2} = A_1 exp(ar) + A_2 exp(−ar), (3)

1 D dm dr = C (4) or

D = Ar, 1 D dm dr = C, (5)

where A_1, A_2, A and C are arbitrary constants. Second condition gives the singular homogeneous Gödel-type solution, but it can not be obtained from the first condition. As a particular choice of the first condition one takes a = 0, then D = const. (6) If we choose A_1 = 1/ √ 2 and A_2 = 0, then D = (1/ √ 2) exp(ar). This gives m = (C/ √ 2a) exp(ar) (with a constant of integration equal to zero) and if we take C = −a √ 2, then m = exp(ar) and l = (−1/2) exp(2ar), that gives Gödel solution (with C < 0) [8].

Although there are some works concerning with the electromagnetic fields in these spacetimes there is not any attempt to find exact solution of the quanta of electromagnetic field, i.e. photon. The photon is a massless spin-one particle and it obeys massless case of Duffin- Kemmer-Petiau (DKP) equation which can be formed as [ iβ^{(α)}∂_{(α)} + m ] Ψ = 0 (7)

where β^{(α)} = γ^{(α)}⊗I+I⊗γ^{(α)}. This 16 × 16 matrix equation is in Minkowski frame and it must be conformed to general relativity to find out quantum effects in curved backgrounds. In the studies of Ünal [20] and Lunardi et al. [21] it has been shown that the covariant form of DKP equation is given by

(iβ^μ∇_μ + m)Ψ = 0 (8)

where β^μ(x) = γ^μ(x)⊗I + I ⊗γ^μ(x) are the Kemmer matrices in curved space-time and they are related to flat Minkowski space-time as

β^μ = e^μ_{(α)}β^{(α)} (9)

with a tetrad frame that satisfies

g_{μν} = e^{(α)}_μ e^{(β)}_ν η_{(α)(β)}. (10)

The covariant derivative in Eq.(8) is

∇_μ = ∂_μ + Σ_μ, (11)

with spinorial connections which can be written as

Σ_μ = Γ_μ ⊗ I + I ⊗ Γ_μ, (12)

where

Γ_ρ = 1 8 [ ~γ^{(i)}, ~γ^{(k)} ] e^ν_{(i)}e_{(k)ν;ρ}. (13)

In the massless limit of DKP equation the particle-antiparticle are identical and hence mass eigenvalue is zero. Therefore, DKP equation reduces to 4 × 4 massless DKP equation as follow [20] β^μ∇_μΨ = 0, (14)

where β^μ are now

β^μ(x) = σ^μ(x) ⊗ I + I ⊗ σ^μ(x) (15)

with σ^μ(x) = (I, −→σ (x)) and

∇_μ = ∂_μ + Σ_μ, (16)

where spinorial connections Σ_μ are given with the limit γ^μ → σ^μ as

Σ_μ =lim_{γ→σ} Γ_μ ⊗ I + I ⊗ Γ_μ. (17)

In this paper we study solution of the photon equation (14) in a singular homogeneous stationary Gödel-type and a stationary Gödel universes. In Section II we write down four coupled equations for the general stationary Gödel-type universes and then solved for singular homogeneous Gödel-type universe. In Section III the equations obtained in Section II is considered for Gödel universe and solved. In Section IV both results are discussed and quantum mechanical oscillatory regions are found. Finally energy spectrums are obtained.

II. SOLUTION OF PHOTON EQUATION FOR THE GÖDEL-TYPE UNIVERSE

For the line-element given Eq.(2) it must be introduced tetrads with a suitable selection. For the simplicity we can choose

e^μ_{(0)} = δ^μ_0 , e^μ_{(1)} = δ^μ_1 , e^μ_{(3)} = δ^μ_3 , e^μ_{(2)} = 1 D (δ^μ_2 − mδ^μ_0 ) (18)

where x^0 = t, x^1 = r, x^2 = θ, x^3 = z [17].

The curved Dirac matrices which satisfy

{γ^μ, γ^ν } = 2g^{μν} (19)

are given by (γ^μ(x) = e^μ_{(α)}~γ^{(α)})

γ^0 = ~γ^0 − m D ~γ^2, γ^1 = ~γ^1, γ^2 = 1 D ~γ^2, γ^3 = ~γ^3. (20)

The spinorial connections are

Γ_0 = m^′ 4D ~γ^2 ~γ^1, Γ_1 = m^′ 4D ~γ^0 ~γ^2, Γ_2 = − m^′ 4 ~γ^1 ~γ^0 + mm^′ + l^′ 4D , Γ_3 = 0 (21)

where prime indicates derivative with respect to r. Using Eq.(14) and Eq.(15) and Jauch and Rohrlich [23] representation of Dirac matrices we obtain the photon equation as {[ −2i(I ⊗ I) − m D (~σ^2 ⊗ I + I ⊗ ~σ^2) ] ∂_t + (~σ^1 ⊗ I + I ⊗ ~σ^1)∂_r + 1 D (~σ^2 ⊗ I + I ⊗ ~σ^2)∂_θ

+(~σ^3 ⊗ I + I ⊗ ~σ^3) ( ∂_z − m^′ 2D ) + iD^′ 2D (~σ^2 ⊗ I + I ⊗ ~σ^2)(~σ^3 ⊗ I + I ⊗ ~σ^3)

− im^′ 4D [ (~σ^1 ⊗ I + I ⊗ ~σ^1)(~σ^2 ⊗ I + I ⊗ ~σ^2) − (~σ^2 ⊗ I + I ⊗ ~σ^2)(~σ^1 ⊗ I + I ⊗ ~σ^1) ] } Ψ = 0.

(22)

To obtain stationary solutions it is used a function as follows

Ψ = exp [−i(ωt + k_2θ + k_3z)] Φ, (23)

hence Eq.(22) gives four coupled differential equations in terms of the components of the spinor as

∂_r(Φ_B + Φ_C ) + 1 D (mω − k_2)(Φ_B + Φ_C ) − 2(ω + ik_3)Φ_A = 0, (24) ( ∂_r − D^′ D ) (Φ_A + Φ_D) − 1 D (mω − k_2)(Φ_A − Φ_D) − 2ωΦ_B = 0, (25) ( ∂_r − D^′ D ) (Φ_A + Φ_D ) − 1 D (mω − k_2)(Φ_A − Φ_D) − 2ωΦ_C = 0, (26)

∂_r(Φ_B + Φ_C ) − 1 D (mω − k_2)(Φ_B + Φ_C ) − 2(ω − ik_3)Φ_A = 0. (27)

From Eq.(25) and Eq.(26) Φ_B = Φ_C . Up to now we have not used an explicit form of m(r) and l(r). Hence, different choices of m and l lead us to different rotating models.

For the Eq.(5) we have that m = m_0 + CAr^2/2 and this is the singular homogeneous Gödel-type universe and Eqs.(24)-(27) reduces to

[∂_r + 1 r ( ~ω + βr^2)]Φ_B − 1 α Φ_A = 0, (28) ( ∂_r − 1 r ) (Φ_A + Φ_D) − 1 r ( ~ω + βr^2)(Φ_A − Φ_D ), (29)

[∂_r − 1 r ( ~ω + βr^2)]Φ_B − 1 α^∗ Φ_D = 0, (30)

where ~ω = m_0ω A − k_2 A , β = C 2 , α = (ω + ik_3)^{−1}. (31)

Eliminating Φ_A and Φ_D from Eq.(28) and Eq.(30) we obtain following second order differential equation for Φ_B as

∂^2_r Φ_B − 1 r ∂_rΦ_B + ( − H r^2

− E − β^2r^2 ) Φ_B = 0, (32)

where

E = ~ωC + ω^2 + k^2_3 , H = ~ω^2 − 2 √ 2ik_3 ~ω ω . (33)

Introducing a variable as u = βr^2 it is found that

4u^2∂^2_uΦ_B + ( −u^2 − H − E β u ) Φ_B = 0, (34)

where if it is used for constants H = 4λ^2 −1 and 4κ = −E/β, one can be obtained well-known Whittaker differential equation has solution [24]

Φ_B(u) = B_1W_{κ,λ}(u) + B_2M_{κ,λ}(u). (35)

III. SOLUTION OF PHOTON EQUATION FOR THE GÖDEL UNIVERSE

As was mentioned before the Gödel space-time can be obtained from the Gödel-type space-time by taking m = exp(ar) and l = (−1/2) exp(2ar) in Eq.(2). So it is sufficient to introduce these values of m and l in Eqs.(24)-(27) to obtain solution of photon equation for the Gödel space-time. Then we obtain following coupled equations

∂_rΦ_B + √ 2(ω − k_2e^{−ar})Φ_B − 1 α Φ_A = 0, (36)

(∂_r − a)(Φ_A + Φ_D) − √ 2(ω − k_2e^{−ar})(Φ_A − Φ_D) − 2ωΦ_B = 0, (37)

∂_rΦ_B − √ 2(ω − k_2e^{−ar})Φ_B − 1 α^∗ Φ_D = 0, (38)

where again Φ_B = Φ_C . Substituting Eq.(36) and Eq.(38) in Eq.(37) it is found second order differential equation as follows

∂^2_r Φ_B + ( −2k^2 e^{−2ar} + Ae^{−ar} − B ) Φ_B = 0, (39)

where A = 4ω − i2 √ 2ak_3 ω , B = 3ω^2 + k^2_3 − i √ 2k_3a. (40)

If variable is changed as u =^{√8k2e−ar}_a and a function Φ_B = u^{−1}g_B is used, the following Whittaker differential equation is obtained

4u^2∂^2_ug_B + [−u^2 + 4σu − (4ρ^2 − 1)]g_B = 0. (41)

The solution of the Eq.(41) can be written as

g_B (u) = C_1W_{σ,ρ}(u) + C_2M_{σ,ρ}(u) (42)

with

4σ = √ 2A a , ρ^2 = B 4a^2 + 1 4 . (43)

IV. EXACT SOLUTIONS

The solutions Eq.(35)and Eq.(42) can be written in terms of the confluent hypergeometric functions U and M using W_{α,ξ}(x) = e^{−x/2}x^{ξ+1/2}U( 1 2 + ξ − α, 1 + 2ξ; x), (44)

M_{α,ξ}(u) = e^{−x/2}x^{ξ+1/2}M( 1 2 + ξ − α, 1 + 2ξ; x), (45)

so exact solution of photon equation for the singular homogeneous Gödel-type universe is

Ψ_B = e^{−i(ωt+k2 θ+k3 z)}e^{−( Cr24 )}( Cr^2 2 )^{λ+1/2}[B_1U( 1 2 + λ − κ, 1 + 2λ; Cr^2 2 )

+ B_2M( 1 2 + λ − κ, 1 + 2λ; Cr^2 2 )]. (46)

Similarly solution of the photon equation for the Gödel universe is

Ψ_B = ( √ 8k_2e^{−ar} a )^{ρ−1/2}e^{−i(ωt+k2 θ+k3 z)}e^{−(} √ 8k2e−ar 2a )

× [C_1U( 1 2 + ρ − σ, 1 + 2ρ; √ 8k_2e^{−ar} a ) + C_2M( 1 2 + ρ − σ, 1 + 2ρ; √ 8k_2e^{−ar} a )]. (47)

From the condition on Whittaker functions that must be bounded for all values of variable we find energy spectrum for both space-times as follows 1 2 + λ − κ = −n_{1,} (48)

1 2 + ρ − σ = −n_2. (49)

where n_1 and n_2 are positive integers or zero. The explicit forms of Eqs.(48) and (49) are n_1 = − ω^2 2C − k^2_3 2C − ~ω 2 ∓ √ ~ω^2 − 2 √ 2ik_3 ~ω ω + 1 − 1 2 , (50)

n_2 = √ 2ω a ∓ 1 2a √ 3ω^2 + k^2_3 − ia √ 2k_3 + a^2 − ik_3 ω − 1 2 . (51)

One can show that solutions (46) and (47) are oscillatory in behavior only regions (for detail Ref. [12]) − 1 2 (ω^2 + ~ωC + k^2_3) − √ 2(ω^2 + ~ωC + k^2_3 ) − ~ω^2C 2 + √ 2i k_3 ~ωC ω < u <

− 1 2 (ω^2 + ~ωC + k^2_3 ) + √ 2(ω^2 + ~ωC + k^2_3) − ~ω^2C 2 + √ 2i k_3 ~ωC ω , (52)

ω − iak_3 √ 2ω − (ω − iak_3 √ 2ω )^2 −

3ω^2 2 − k^2_3 2 + iak_3 √ 2 < k_2u <

ω − iak_3 √ 2ω + (ω − iak_3 √ 2ω )^2 −

3ω^2 2 − k^2_3 2 + iak_3 √ 2 . (53)

V. RESULTS AND DISCUSSIONS

We have analyzed the photon equation in the background of stationary Gödel-type and the Gödel universes. The method of separation of variables is used because of the simple symmetry of the Gödel universes. The energy spectrum of particle and oscillatory character of solutions were found.

The results obtained can be used to study quantum field theory in curved rotating spacetimes. Also it is necessary to quantize obtained wave functions to discuss pair creation and annihilation. In addition, these results can be compared with earlier results of electromagnetic fields in Gödel space-times and calculate quantum corrections on these results. The effects of rotation on propagation and helicity of electromagnetic fields can be obtained by using the wave functions found in the Section II and Section III.

REFERENCES

[1] L. Parker, Phys. Rev. D 3, 346 (1971).

[2] C. J. Isham and J. E. Nelson, Phys. Rev. D 10, 3226 (1974). [3] J. Audretsch and G. Shäfer, J. Phys. A 11, 1583 (1978). [4] M. Kovalyov and M. Legaré, J. Math. Phys. 31, 191 (1990). [5] A.O. Barut and I. H. Duru, Phys.Rev. D 36, 3705 (1987). [6] V. M. Villalba and U. Percoco, J. Math. Phys. 31, 715 (1990). [7] G. Gamow, Nature 158 (1946). [8] K. Gödel, Rev. Mod. Phys. 21 (1949). [9] P. Brich, Nature, 298, 451 (1982); 301, 736 (1983). [10] B. Nodland and J. P. Ralston, Phys. Rev. Lett. 78, 3043 (1997). [11] Y. N. Obukhov, V. A. Korotky, and F. W. Hehl, astro-ph / 9705243. [12] J. M. Cohen, C. V. Vishveshwara, and S.V. Dhurandhar, J. Phys. A 13, 933 (1980). [13] W. A. Hiscock, Phys.Rev. D 17, 1497 (1978). [14] B. Mashoon, Phys.Rev. D 11, 2679 (1975). [15] Y.A. Abd-Eltwab, Nuovo Cimento B 108, 464 (1993). [16] L.O. Pimentel and A. Macias, Phys. Lett. A 117, 325 (1987). [17] L.O. Pimentel, A. Camacho, and A. Macias, Mod.Phys.Lett. A 9, 3703 (1994). [18] V.M. Villalba, Mod. Phys. Lett. A 8, 3011 (1993). [19] V.F. Panov, Izv. Vuzov. Fiz. 1, 62 (1990).

[20] J. T. Lunardi, B. M. Pimentel, and R. G. Teixeria, edited by A. A. Bytsenko, A. E.

Golcalves, and B. M. Pimentel (World Scientific, 2001). [21] A. O. Barut, Phys. Lett. B 237, 436 (1990) [22] N. Ünal, Found. Phys. 27, 795 (1997).

[23] J. M. Jauch and F. Rohrlich, The Theory of Photons and Electrons (Springer,1976). [24] I.S. Gradshteyn and I.M. Ryzhik, Tables of Integrals, Series and Products (Academic Press, New York, 1980).