arXiv:gr-qc/0108059 v2 26 Dec 2001

KEK-TH-781 gr-qc/0108059

The Singularity Problem in String Theory

Makoto Natsuume^1

Theory Division Institute of Particle and Nuclear Studies KEK, High Energy Accelerator Research Organization Tsukuba, Ibaraki, 305-0801 Japan

Abstract

We review the current status of the singularity problem in string theory for nonexperts. After the problem is discussed from the point of view of supergravity, we discuss classic examples and recent examples of singularity resolution in string theory. Based on lectures presented at “Frontier of Cosmology and Gravitation” (April 25-27 2001, YITP), “QFT2001” (July 16-19 2001, YITP), and the Fall Meeting 2001 of the Physical Society of Japan (Sep. 22-25 2001).

1 Introduction

In this note, we review the current status of the singularity problem in string theory, in particular emphasizing on the possible lessons one could draw from the known singularity resolutions in string theory.

The organization of the present note is as follows. First, in the next section, we discuss the singularity problem from the point of view of supergravity. Then in Sec. 3, we see some “classic” examples of singularity resolutions in string theory. However, we discuss in Sec. 4.1 that there are at least two types of singularities — one which is “resolved” and the one which is “excised.” It is this latter type of singularities where we have a more understanding in the last few years. So, we quickly review these examples in Sec. 4.3. In the course of discussion, we also discuss topology change and cosmic censorship conjecture in the context of string theory.

In the rest of this section, we briefly review supergravity – the classical and the low energy approximations of string. However, it is not our purpose here to give a detailed review. For further discussion on supergravity, see the talk by Soda in this volume [49] and see, e.g., Refs. [42, 34, 39]. A supergravity action derived from string theory typically has the following form: S = 1 16πG_d ∫ d^dx √ −g { e^{−2ϕ}(R + 4(∇ϕ)^2) + L_{matter} } , (1)

where G_d is the d-dimensional Newton’s constant, ϕ is a scalar field called the dilaton, and L_{matter} represents various matter fields such as gauge fields and fermions. If one makes a conformal transformation g^E_{μν} = e^{−4ϕ/(d−2)}g_{μν}, (2) then the action takes the standard Einstein-Hilbert form coupled to various matter fields:

S_E = 1 16πG_d ∫ d^dx √ −g^E { R_E − 4 d − 2 (∇ϕ)^2 + L^′_{matter} } . (3)

The metric g_{μν} is called the string metric, and the metric g^E_{μν} is called the Einstein metric. In this note, we will always write line elements ds^2 in the string metric.

1 E-mail: makoto.natsuume@kek.jp

Choosing a different conformal frame is just a field redefinition. Thus, physically they have to give equivalent answers. The definition of curvature singularities, however, seems to depend on the conformal frame chosen since a metric changes under the field redefinition. In this sense, the notion of curvature singularities is not well-defined. But the dilaton is often singular even if a metric may become nonsingular in a given frame. Thus, one cannot really distinguish the singularity in the metric and the divergence of the dilaton. In either case, supergravity description is no longer valid near these “singularities.” (The Newton’s constant corresponds to the constant part of the dilaton e^{2ϕ0} from Eq. (1), so the quantum corrections become important once the dilaton becomes large.) We will call “singularities” whenever supergravity breaks down in such a broad sense.

The action (1) is the leading order action, and it has various stringy corrections. For example, there are classical corrections from the massive string states (“α^′-corrections”) such as

l^2_s { a_1R_{μνρσ}R^{μνρσ} + a_2R_{μν}R^{μν} + a_3R^2 } + · · · (4)

with appropriate coefficients a_i, which depend on the theory one considers. Here, l_s is the string scale, a typical size of string.

In general relativity, the event horizon of a stationary black hole must be topologically S^2. This is known as the topology theorem (Ref. [21], Proposition 9.3.2). One feature of higher dimensional theories is that the event horizon can take various kinds of topology [28]. These objects are generically called “black p-branes.” A black p-brane has the event horizon with topology IR^p × S^{d−p−2}. These branes arise because string theory has various (p + 1)-form gauge potential A_{p+1}; a p-brane couples to A_{p+1} and carries its charge. Again for more discussion on branes, consult other references.

For example, M-theory (the d = 11 supergravity) and the Type IIA string has the branes in Table 1. Below we will mainly consider the BPS limit of black branes.

M-theory W M2 M5 KK ↙ ↓ ↙ ↓ ↙ ↓ ↙ ↓ Type IIA D0 W NS1 D2 D4 NS5 KK D6

Table 1: M-theory branes and their relations to the Type IIA branes. NSp represents a p-brane with a Neveu-Schwarz–Neveu-Schwarz (NS-NS) charge, and Dp represents a p-brane with a Ramond-Ramond (R-R) charge. W and KK represent the plane wave solution and the Kaluza-Klein monopole respectively.

2 Singularity Problem — String as SUGRA

2.1 Singularity Theorem and Energy Conditions

Most BPS branes in string theory are actually known to be singular (Table 2). However, this fact itself is not very useful when one thinks about the singularity problem. First, one often knows only the solutions to the leading order action (1), and the α^′-corrections may change the story. Moreover, when one talks of the singularity problem, it is not important that a particular solution has a singularity or not. What is important is that the occurrence of singularities is generically unavoidable or not. The singularity theorems are important in this respect in general relativity. Fortunately, many theorems in general relativity do not depend on the detailed form of the Einstein equation R_{μν} − 1 2 g_{μν}R = 8πGT_{μν}, (5) i.e., the detailed form of the energy-momentum tensor T_{μν} , but depend only on the generic conditions on T_{μν} . Thus, many results in general relativity can be extended rather easily to supergravity as well. Such conditions on T_{μν} are generically named “energy conditions.”

There are four energy conditions in common use:

Condition Definition Applications

Strong: ( T_{μν} −^1_{d−2} g_{μν} T ) t^μt^ν ≥ 0 Hawking-Penrose singularity theorem ([22]; Ref. [21], Sec. 8.2, Thm. 2) Dominant: T_{μν} t^μt̃^ν ≥ 0 positive mass theorem (ADM mass) [46, 47] positive mass theorem (Bondi mass) [26, 48] 0th law of black hole thermodynamics [56] (p.333) topology theorem (no-hair theorem) (Ref. [21], Prop. 9.3.2; Ref. [23], Thm. 6.17) cosmic censorship conjecture [56] (p.303, p.305) Weak: T_{μν} t^μt^ν ≥ 0 Penrose singularity theorem (Ref. [21], Sec. 8.2, Thm. 1) 3rd law of black hole thermodynamics [32] topology change (Tipler) [51] (Thm. 5) Null: T_{μν} n^μn^ν ≥ 0 2nd law of black hole thermodynamics [56] (Thm. 12.2.6) holographic c-theorem [7]

where t and t̃ are arbitrary future-directed timelike or null vectors, and n is an arbitrary null vector. As other important applications, topological censorship [8] and Penrose singularity theorem (Roman’s improvement [44, 45]) use the averaged null energy condition, and Hawking-Penrose singularity theorem (Tipler’s improvement) assumes the weak energy condition and the averaged strong energy condition [52]. One should note that the above applications do not only assume energy conditions, but also make various assumptions. From the above definitions, one can easily see that they are related to each other by Strong ↘ Null ↗ Dominant → Weak

(→ means that the tip of the arrow is the weaker condition).

There are many versions of singularity theorems, but the most powerful one is the Hawking-Penrose singularity theorem with the following assumptions (Ref. [22]; Ref. [21], Sec. 8.2, Theorem 2):

(i). The strong energy condition holds.

(ii). There exists a compact surface called a trapped surface, at which all null geodesics orthogonal to the surface converge.

(iii). No closed timelike curve exists.

(iv). The timelike and null generic conditions are satisfied.

Thus, as long as these conditions are satisfied, singularities are expected to occur generically for any metric theories of gravity. Below we will consider the strong energy condition.

The strong energy condition holds for massless scalar fields or for gauge fields, but even physically reasonable cases violate the condition. For example, for a massive scalar field φ, ( T_{μν} − 1 d − 2 g_{μν} T ) t^μt^ν = (t · ∇φ)^2 + 1 d − 2 m^2φ^2t^2 ≱ 0. (6)

The first term is positive definite, but the second term can be negative since t^2 < 0. Similarly, a positive scalar potential violates the condition too. Since a scalar potential contributes to a cosmological constant, a positive cosmological constant violates the condition as well; thus, the condition is violated in inflationary universes.

In string theory, the dilaton violates the condition in the string metric. Also, string theory has corrections such as (4). Because the curvature becomes large near a singularity, such corrections give large corrections to a solution. Formally regarding such corrections as T_{μν} , one can see that such corrections violate the strong energy condition as well. Thus, the singularity theorem does not hold in string theory. There could be black holes without singularities. (Incidentally, there have been known some special black holes without singularities by violating the assumptions other than (i). The M5-brane violates the condition (ii) (the trapped surface is not compact since it is a brane) [11], and J ≠ 0 BTZ black holes violate the condition (iii).)

Since the curvature becomes large near singularities, singularities might be resolved by α^′-corrections. However, in practice, it is hard to check this explicitly since the correction (4) is only the leading order correction. Once the leading correction becomes important, all the corrections had better be included, which are practically impossible.

2.2 Classically Singular Spacetimes in String

However, there have been known many exact solutions with all α^′-corrections, and some of them are singular. Among the BPS brane solutions in string theory, the NS1-brane and the plane wave are known to be exact solutions with singularities. The NS1-brane is given by [5]

ds^2 = f^{−1}(−dt^2 + dx^2) + dr^2 + r^2dΩ^2_7, e^{−2ϕ} = f, (7) B_{tx} = f^{−1} − 1,

where the brane lies along x direction, f = 1 + (r_0/r)^6, and r = 0 is the singularity. This solution was initially obtained without including α^′-corrections, but is known to be exact even with all classical corrections [29].

The plane wave solution is an exact classical solution of any metric theory of gravity (as long as the theory reduces to general relativity at low energy) [20, 27]:

ds^2 = −dudv + dx^idx_i + F (u, x^i)du^2, ∂^2_i F = 0, (8)

where i runs from 1 to d − 2. The reason is because the solution has a covariantly constant null vector l, i.e., ∇_μl^ν = 0, l^2 = 0, (9)

and the Riemann tensor is proportional to two powers of l. Since any contraction of l vanishes, all secondrank tensors constructed from curvature tensors and their derivatives must vanish. So, all α^′-corrections to the equation of motion vanish identically. Similarly, all curvature invariants vanish as well. However, it still has a singularity if F diverges. This is because the tidal forces diverge as one approaches the singularity. In general relativity, one can classify singularities as follows [53, 21, 56]:

1. s.p. (scalar polynomial) curvature singularities;

2. p.p. (parallelly propagated) curvature singularities;

3. others (the conical singularity, Taub-NUT space, . . . ).

The singularity of the plane wave corresponds to 2.

There is no known generic singularity theorem which applies to string theory. However, since there are many classically exact solutions with singularities,

Lesson 1: String (as a classical field theory) does not prohibit singularities.

When one talks of singularities in string theory, one should really look at classically exact solutions. However, below we will mainly focus on the leading order solutions for simplicity.

M-theory W M2 M5 KK Singularity △ × ◯ ◯ ↗ ↑ ↗ ↑ ↗ ↑ ↗ ↑ Type IIA D0 W NS1 D2 D4 NS5 KK D6 Singularity (string metric) △ △ × △ × ◯ ◯ × Singularity (Einstein metric) × △ × × × × ◯ × Effective coupling S − W S W S − W

Table 2: Singularities for M-theory and Type IIA branes (BPS limit). The definition of a curvature singularity depends on the conformal frame chosen. Thus, the presence of singularities are shown both in the string metric and in the Einstein metric. We also show how the effective coupling e^ϕ varies as one approaches the branes. The table below shows what various symbols stand for.

Singularity ◯ regular × s.p. curvature singularity △ p.p. curvature singularity String coupling W weak coupling S strong coupling − constant

2.3 Embeddings

As a classical field theory, string does not prohibit singularities. Thus, one needs some stringy mechanism to resolve singularities. However, some singularities can be resolved simply by embedding into higher dimensions [11].

For example, the d = 10 Type IIA string is embedded into the d = 11 supergravity as

ds^2_{11} = e^{−2ϕ/3}ds^2 + e^{4ϕ/3}(dx^{11} + A_μdx^μ)^2, (10)

where ds^2_{11} and ds^2 are the line elements in 11 and 10-dimensions respectively (The latter is the line element in the string metric).

As seen from Table 2, most BPS branes in the Type IIA string are singular (in the leading order solutions). The NS5-brane is nonsingular, but the string coupling diverges as one approaches the horizon. Thus, supergravity again breaks down there. In this sense, the NS5-brane is singular as well.

Most Type IIA branes are singular, but some of them can be resolved by embedding into M-theory. Since M-theory is regarded as more fundamental than string theory in recent years, brane singularities are not very serious in this respect. However, obviously this method is not enough. Even M-theory has singular solutions, and this method cannot be applied to the Type IIB string, where there is no embedding in higher dimensions. But one should note that some singularities can be resolved without an exotic mechanism.

Even though NS1 and W are exact solutions, they are vacuum solutions and lack source terms; they describe only the “Coulomb part” of the field. Including the source term in the field equation may lead to α^′-corrections and may smooth out these singularities [54].

3 Singularity Problem — Stringy Resolutions

3.1 Dualities

As we saw, classical spacetime itself could be singular even in string theory. However, this does not necessarily imply that physics is singular there. The natural probe in string theory is string and branes. If physics of string and branes itself is not singular, a singularity in a metric does not matter.

Strings behave very differently from point particles. As a simplest example, let us consider strings on a cylinder with radius R (Fig. 1). The effect of the compactification appears in two ways. First, the

Figure 1: Closed strings of winding number w = +1, 0, +2.

center-of-mass momentum is quantized: k = n R . (11)

This is just a Kaluza-Klein momentum and is the same as in field theory. The second effect is stringy; a closed string may wrap around the cylinder. Since the string has a tension, its potential energy is proportional to the total length of the string: E = wR l^2_s

. (12)

Now, the spectrum is invariant under R ↔ l^2_s R , n ↔ w. (13) This symmetry is called a T-duality. (See Ref. [14] for a review.) Since the spectrum is equivalent, we cannot distinguish the cylinder with radius R and the cylinder with radius l^2_s /R. Thus, the physically inequivalent theories are limited to R ≥ l_s. This implies that string theory has a “minimal length” l_s. (If one considers branes, there could be a shorter distance scale though.)

The T-duality for the cylinder R ↔ l^2_s/R can be extended to more general spacetimes. Let translations in x be a Killing symmetry. In the simplest case, if the original solution is (g_{μν}, ϕ), the transformed solution (g̃_{μν} , ϕ̃) is given by g̃_{xx} = 1/g_{xx}, ϕ̃ = ϕ − 1 2 ln g_{xx} (14)

(See, e.g., Ref. [43] for the full T-duality transformation). As an example, consider four-dimensional Minkowski spacetime in cylindrical coordinates:

ds^2 = −dt^2 + dx^2 + dr^2 + r^2dθ^2. (15)

The duality transformation to θ changes g_{θθ} to r^{−2} and creates a curvature singularity at r = 0. But the theory on this spacetime should be equivalent to the original theory on flat spacetime. Thus, the would-be singularity is not a true singularity, but merely an artifact of classical field theory. For instance, the T-duality rule (14) can get α^′-corrections. This is a simple example, but there are other nontrivial examples, where a singular spacetime transforms to a nonsingular spacetime via T-duality (e.g., see Ref. [30]).

Strictly speaking, T-duality requires that x is compact and the signature of the metric is Euclidean [43]. Otherwise, the symmetry is currently justified only as a symmetry of supergravity and maps solutions to solutions. (To begin with, many issues have not been solved for string theory on curved spacetime, e.g., see Refs [2, 38].)

There are many attempts to resolve singularities using other dualities. Ref. [33] uses gauge/gravity dualities for D-branes in order to resolve singularities of these branes. We will see other examples in Sec. 4.3, which makes use of this duality.

Figure 2: Infinitely thin cosmic string. For illustration, only the transverse directions to the cosmic string are shown.

One sometimes seems to have the impression that duality arguments “sweep the problem under the rug.” Even though the problem is solved in the dual picture, it is not clear how the problem is solved in the original picture. In this sense, duality arguments are more like the existence proof of the solution. It guarantees that there is a solution, but does not tell how it is solved. However, duality arguments are natural logically. Recall that supergravity is only an approximation to string theory. String has various approximation schemes (e.g., supersymmetric Yang-Mills in gauge/gravity duality) depending on the situations. The existence of singularities simply tells us that supergravity is no longer a valid description due to corrections such as (4). In this case, it is natural to use more appropriate scheme; one should not stick to an approximation which is not valid.

3.2 Orbifolds

The other well-known example of singularity resolution is orbifolds [6]. An example of orbifolds is an infinitely thin cosmic string [55]. Let us consider a cosmic string with a deficit angle 4π/3 (Fig. 2). The transverse plane to the cosmic string is described by a “cone,” but one can instead consider a flat space and identify three regions. Denoting the transverse plane by a complex variable z, we identify z → exp(2πi/3)z. As the result of the identification, this theory has a Z_3 symmetry, so one can write

IR^2/Z_3. (16)

The tip of the cone z = 0 is a singularity. The curvature does not diverge there since we simply identify the plane. But the point z = 0 is not a smooth manifold, and the spacetime is geodesically incomplete there. In the classification of singularities in Sec. 2.2, the conical singularity is one type of 3, called quasiregular singularity.

A field theory on such a background is generically problematic. The Hilbert space on the orbifold is obtained from the flat space Hilbert space by truncating Z_3-noninvariant states. However, the Z_3- noninvariant states truncated may be indispensable for unitarity. If they are not decoupled from the rest of the spectrum, we would spoil unitarity by the truncation.

On the other hand, string theory on orbifolds are unitary. The Hilbert space of string is not only the Z_3-invariant subspace, but there are also new sectors. Because of the Z_3 symmetry, it is enough for closed strings to close up to Z_3 action (Fig. 3). These strings are called the twisted sectors, and they correspond to the winding strings in Sec. 3.1. With the addition of these new sectors, unitarity is recovered. String theory on orbifolds is perfectly consistent, so the singularity does not matter. To be precise, ordinary orbifolds are compact ones. A noncompact orbifold such as IR^2/Z_3 has interesting new physics in terms of singularity resolution [83].

One common theme both for T-duality and for orbifolds is that the extended nature of strings is essential for resolving singularities. Thus, one lesson here is

Lesson 2: Pay attention to the extended objects.

Figure 3:

The theme will appear below over and over again. Also, most of discussion so far is essentially classical. So, Lesson 3: Some singularities are resolved in string theory even “classically.”

This is because string theory has new physics even classically (e.g., winding modes).

3.3 Topology Change

Now, let us move on the issue of topology change. We include the issue here since topology change is always associated with singularities in general relativity; smooth topology change cannot occur in general relativity. Suppose that a spacetime M has two spacelike hypersurfaces S_1 and S_2 which have different topology (Fig. 4). Then, the spacetime M must have either closed timelike curves or singularities [9]. The argument is very generic, and does not depend on any equations of motion. However, if one imposes the weak energy condition and the generic condition, a stronger statement holds; the spacetime must be actually singular [51]. Now, does smooth topology change occur in string theory?

Compactify spacetime to four-dimensional Minkowski spacetime and a six-dimensional compact Calabi- Yau space. We will consider topology change in the compact space. To low energy observers, topology change looks as a phase transition because additional particles become massless, and the symmetry breaking pattern changes at the point of the topology change. In string theory, the spectrum of massless particles is determined by the topology of the compact manifold. For example, the number of generations is given by |χ(K)|/2, where χ(K) is the Euler number of the compact space K. Two kinds of topology change have been known: flops [3, 58] and conifold transitions [50, 15]. (See Ref. [16] for a review.)

The problem of conifold transitions was particularly keen in the Type IIB string. When the topology change occurs, S^3 (part of the compact space) shrinks to zero size at the singular point. But this theory has D3-branes. The D3-brane which wraps around S^3 becomes massless at the point (since the mass of the brane is the product of the brane tension and its volume). Low energy physics looks singular since this new massless state was not taken into account. Also, the massless state can condense and gives mass to the other massless fields. Geometrically, the whole process looks as the topology change from a compact space with S^3 to the one with S^2. The discussion of flops uses mirror symmetry, which is a generalization of T-duality. Even though the transition looks singular in the original picture, it is completely a smooth change in the mirror description. We see earlier that extended objects are important to resolve singularities, but this is because

Lesson 4: A singularity signals the appearance of new massless degrees of freedom.

Figure 4:

4 Resolutions and Excisions

4.1 Singularities Which Are Not Resolved

So far we have seen various mechanisms to resolve singularities. These singularities are basically welldefined, and one can interpret them as physically reasonable sources. Such a singularity may be called as a “geometric singularity.” While they have a wide range of applications in string theory, geometric singularities are only a part of singularities that could arise, and not all singularities have a reasonable interpretation quantum mechanically. Namely, not all singularities can be resolved [25].

As an example, consider the M < 0 Schwarzschild solution. Asymptotically the metric is a good approximate solution even in string theory. It is not clear what happens near the singularity r = 0. It could be possible that the singularity is resolved by α^′-corrections and that the full solution is nonsingular. But then the theory would have a regular solution with negative energy, so Minkowski spacetime would not be stable. Even if the theory admits a stable ground state with E < 0, we can argue similarly by starting with the Schwarzschild solution with M < E. Thus, if all singularities are resolved, states with arbitrarily negative energy are allowed, and there is no guarantee that a ground state exists.

Therefore, some singularities should not be resolved, but must be prohibited somehow. References [18, 73] propose what kinds of singularities must be prohibited. Now, the M < 0 Schwarzschild considered here is a naked singularity, and the statement that the M < 0 Schwarzschild must be prohibited may sound familiar to relativists — there is a well-known cosmic censorship conjecture which protects the occurrence of such a naked singularity. In fact, for the M < 0 Schwarzschild, its gravitational force is repulsive; massive particles are repelled. It is hard to imagine how such a singularity can actually form from gravitational collapse. Thus, one candidate to prohibit unphysical singularities is the cosmic censorship, and we will see its status in string theory below.

In Sec. 4.3, we will encounter such a singularity in the context of string theory, but with a twist. Many such solutions are BPS solutions composed of elementary branes. As a result, even if one cannot interpret the singularities as physically reasonable sources, the brane configuration themselves must exist. It seems that string theory solves the issue by changing the geometries drastically (by some stringy effect) so that the resulting geometries are well-behaved.

We have seen that there are two classes of singularities (Fig. 5). One is “resolved” singularities; they are, e.g., “well-defined” or smoothed out by α^′-corrections. The other is “excised” singularities; string theory had better prohibit them as unphysical. We will loosely call both mechanisms as “resolutions.”

4.2 Cosmic Censorship

There are two versions of the cosmic censorship conjecture. Roughly speaking, they state as follows:

Weak Cosmic Censorship Conjecture [40]: Starting from generic initial conditions, all singularities from the gravitational collapse of physically reasonable matter are hidden within black holes in asymptotically flat spacetimes.

Figure 5:

Strong Cosmic Censorship Conjecture [41]: For all physically reasonable spacetimes, no singularity is ever visible to any observer apart from a possible initial singularity (such as the big bang singularity), i.e., timelike singularities never occur.

The strong censorship in particular implies that singularities are not only hidden to asymptotic observers, but also to the observers who fall into black holes.

Below we will consider only the weak censorship. The conjecture is essential to derive various properties of black holes (e.g., the second law of black hole thermodynamics, the positive mass theorem, and the topology theorem). However, there was a possible counterexample until recently that higher dimensional theories like string theory would violate the conjecture. What is special to these theories is the existence of branes, and this fact leads to the would-be counterexample. (See Ref. [57] for the current status of the cosmic censorship conjecture in general relativity.)

To begin with, black branes are unstable under perturbations, which is known as the Gregory- Laflamme instability [17]. Since this phenomenon itself has wide applications, we describe it briefly. The simplest example occurs for neutral objects in five dimensions (with S^1 compactified. The S^1 is just an infrared cutoff.) The instability occurs since a neutral solution in five dimensions is not unique and there exist at least two. One is a S^1-wrapped black string:

ds^2 = − ( 1 − r_0 r ) dt^2 + dr^2 1 −^{r0}_r

+ r^2dΩ^2 + dx^2. (17)

Here, x is S^1 direction with circumference L. This is simply the product of a d = 4 Schwarzschild and S^1. The d = 4 Newton’s constant G_4 is related to the d = 5 Newton’s constant G_5 by G_4 = G_5/L. This is because the four-dimensional reduced action then takes the standard Einstein-Hilbert action 1 16πG_5 ∫ d^5x √ −g_5R_5 = 1 16πG_4 ∫ d^4x √ −g_4{R_4 + · · ·}, (18)

where the dots denote matter fields that arises from the compactification. Thus, the Bekenstein-Hawking entropy of the black string is given by S^{(string)} BH ∼ A_4 G_4 ∼ r^2_0 G_4

∼ G_4M^2 ∼

G_5M^2 L , (19)

where M is the mass of the black string. We have derived the entropy from the point of view of fourdimensional observers, who do not see the fifth dimension. But the entropy can be calculated from the point of view of five-dimensional observers with the same result. Using G_4 = G_5/L, and that the d = 4 area A_4 is related to the d = 5 area A_5 by A_5 = A_4L, one gets A_5/G_5 = A_4L/G_4L = A_4/G_4.

Another neutral configuration is the black hole solution in IR^{1,3} × S^1. Since we will concern with the situation where L is large, the solution is well-approximated by the d = 5 Schwarzschild solution: ds^2 ∼ − { 1 − ( r̃_0 r )^2 } dt^2 + dr^2 1 − (^{r̃0}_r )^2

+ r^2dΩ^2_3. (20)

Figure 6: A black string is unstable under perturbations (The Gregory-Laflamme instability). One possible end-product of the instability is a black hole.

The entropy of the black hole is given by S^{(BH)} BH ∼ A_5 G_5 ∼ r̃^3_0 G_5 ∼ √ G_5M^{3/2}. (21)

For large enough L, S^{(BH)}_{BH} > S^{(string)}_{BH} . So, the black string is expected to be unstable and decay. One possible outcome would be the black hole. However, an event horizon does not bifurcate under the cosmic censorship (Ref. [56], Theorem 12.2.1). Thus, a naked singularity might arise if the decay really happens (Fig. 6).

Now, we make a couple of remarks:

• The black string discussed here is not a BPS solution like D-branes. BPS solutions are expected to be stable from supersymmetry, and their analysis shows that this is in fact the case. Also, in principle this instability is not the instability associated with the Hawking radiation, but there is an interesting relation between them [19].

• This instability does not occur in general relativity. The black string which approaches Minkowski spacetime asymptotically does not exist in four dimensions under the strong/weak/dominant energy conditions [28]. This is also a consequence of the topology theorem.

There are many possible loopholes in the argument, so one cannot immediately say that the censorship is violated. In fact, Ref. [24] has shown that the event horizon does not bifurcate under the instability. So, the Gregory-Laflamme instability does not seem to end up with black holes. Actually, there is no reason to believe that the above two are the only possible neutral configurations . They conjecture the existence of the stable black string which breaks the translational invariance (along the string). They claim that this black string is the end-product of the instability. The Gregory-Laflamme instability was the only known counterexample that would violate the censorship in string theory. Since this possibility now seems gone, there is no indication that the (weak) cosmic censorship is violated even in string theory.

4.3 Recent Examples

Recently, many new examples are found to resolve singularities. References [61]-[83] are only a partial list. They typically resolve naked singularities.

Many of them are systems with D3-branes, and they have fewer supersymmetry than the maximal one. This is because they originated from the study of gauge/gravity duals. The original Maldacena duality was the following duality (See Ref. [1] for a review about the duality.):

Type IIB string on AdS_5 × S^5 ↔ D = 4, N = 4 supersymmetric Yang-Mills theory

It is of course very important to study other duals with fewer supersymmetry in order to study more realistic gauge theory and its physics (e.g., confinement). This is obviously a topic many people have thought, and thus we have many examples. In this case, the background is often AdS_5 ×X asymptotically, where X is a more general transverse space than the original S^5. So, naive deformations of AdS_5 tend to produce singularities, but stringy physics cures the problem.

The singularity in the original geometry is often naked. Moreover, they are “unphysical.” A typical unphysical behavior is that gravitational force becomes repulsive near the singularity. This type of singularities is known as “repulson.” (The extreme Reissner-Nordström solution has the same behavior inside the degenerate horizon.) They are unphysical just like the M < 0 Schwarzschild, but the final geometries usually do not have the problem (e.g., all enhançon examples known to date, the Klebanov- Strassler solution, and some of “transgression” examples.) In the terminology of Sec. 4.1, they “excise” singularities, not “resolve” singularities.

Now, we briefly review a couple of examples:

(i). Enhançon mechanism [61]: The prototypical example is Dp-branes wrapped around K3 (p = 4, . . ., 7), and the supergravity solutions have repulson singularities. However, the constituents, the wrapped D-branes, become massless before reaching the singularity. (This is similar to the conifold transition in Sec. 3.3, but the new massless degrees of freedom appear before the singularity, not at the singularity.) Thus, the naive supergravity analysis breaks down, and one must take into account stringy physics. Their conclusion is that constituent branes stay at a finite radius and form a shell (called enhançon). This mechanism is closely related to T-duality in Sec. 3.1. The wrapped D4-branes are nothing but winding states in a dual picture [68] under the d = 6 heterotic/IIA S-duality [31, 59]. The gauge theory side is pure N = 2 supersymmetric Yang-Mills theory. The mechanism has the gauge theory interpretation that the metric on moduli space is oneloop exact but receives corrections nonperturbatively. Thus, the phenomenon seems characteristic to an N = 2 system. For more details, see the talk by Yamaguchi in this volume [60]. Also, see Refs. [62]-[67] for this mechanism applied to other systems.

(ii). Polchinski - Strassler solution [69]: On the gauge theory side, one may add mass perturbations to the N = 4 matter in order to break supersymmetry (so-called N = 1^∗ theory). Then, the gravity side looks singular [13], but actually it is not due to Myers’ effect (dielectric effect) [36]. A collection of D-branes develops a multipole moment under a background field that normally couple to a higherdimensional brane. This effect arises because D-brane coordinates become noncommutative for coincident D-branes. For example, D0-branes in an RR 4-form flux blow up into a spherical D2- brane, and develops a dipole moment under the potential. Similarly, in the Polchinski - Strassler solution, D3-branes in a RR 7-form flux polarize the D3-branes into a D5-brane. The RR 7-form flux corresponds to the mass perturbations. Both the enhançon mechanism and Myers’ effect could be considered as some sort of “brane expansion phenomena,” and such a finite distribution of branes resolves singularities. There is another example called the “giant gravitons” [35]. Reference [70] uses the giant gravitons to resolve a certain naked singularity. They are all related via appropriate dualities (For a review, see Ref. [37]).

(iii). Klebanov - Strassler solution [72]: The system consists of D3-branes and fractional D3-branes on the conifold. The fractional D3-branes are D5-branes wrapped over vanishing S^2. The solution is known to be singular [71], but the solution does not have the right symmetry expected from gauge theory. On the gauge theory side, one has a N = 1 theory. The theory has an anomalous U (1)_R symmetry, which is broken down to Z_2 by nonperturbative effect. On the gravity side, replacing the conifold by the “deformed” conifold does the job, and the resulting geometry is regular. In the final analysis these constituent branes dissolve into flux. There is another way to modify the conifold (“resolution”), but this manipulation is not enough to repair the geometry and may need the enhançon mechanism as well [74]. Also, this solution has been used for a stringy realization of the Randall-Sundrum model (RS1) [12]. For other related issues, see Refs. [73]-[78].

Although many examples are known, the underlying stringy physics is not often very clear. Typically, there are two problems:

• Gauge theory side picture only: One often has the understanding in the gauge theory side only. This problem is common to duality arguments. However, this itself is fine if the gravity side is stronglycoupled and the notion of geometry does not make sense any more (e.g., the case of Ref. [33]). But since the original geometry has a large unphysical region, the theory repairs the region where geometry still makes sense.

• Just replace the singular geometry with a regular geometry: Some approaches declare that the original solution is simply wrong, and they just replace it with a regular geometry. Note that there is no no-hair theorem here since we are talking of naked singularities. The solution may not be unique for a given set of conserved charges.

Many examples use both approaches simultaneously to make scenarios convincing. Also, in many examples, the backgrounds are often very complicated, and few exact solutions are known (even the leading order solution in α^′).

5 Conclusions

We saw that singularities are often resolved in string theory even classically. In many cases, the existence of extended objects – string and branes – and the degrees of freedom from them were essential to resolve the singularities. However, even though there is a common theme, details differ from case to case. Also, we have seen that some singularities should not be “resolved” but must be “excised” by the theory. So, it seems that there is no single mechanism which resolves all singularities. Probably, part of the problem is that there are many types of singularities. One cannot even define what is a singularity, and a singularity is defined indirectly through geodesic incompleteness. Moreover, even though various mechanisms are found to resolve singularities, it is not clear how to resolve the most important singularities – the Schwarzschild and the big bang singularities.

Finally, it is important to note that singularities we covered are mainly BPS solutions. But it may be too optimistic to imagine that singularity resolutions for BPS cases also apply to non-BPS cases. Such a criticism was often made for the microscopic derivation of black hole entropy using D-branes, but a similar story applies here as well. As an example, we saw that the state which corresponds to the M < 0 Schwarzschild should not exist at quantum level. In contrast, naked singularities in Sec. 4.3 are often various BPS configurations of branes, so they must exist at quantum level. Thus, those naked singularities had to be somehow regularized. Reference [18] also gives some argument that singularities must make sense if they can be obtained as the zero-temperature limit of black holes. This indicates that we cannot discuss a non-BPS naked singularity on the same footing as a BPS naked singularity. The upshot is that BPS solutions are very different from the real world, and there is no reason to believe that they have something in common.

Acknowledgments

We would like to thank Gary Horowitz, Akio Hosoya, Veronika E. Hubeny, Akihiro Ishibashi, Gungwon Kang, David Kastor, Hideo Kodama, Donald Marolf, Kengo Maeda, Ken-ichi Nakao, Takashi Okamura, Masa-aki Sakagami, and Jiro Soda for useful discussions. I would also like to thank the participants and organizers of workshops and of “Working group on singularity in string and general relativity” for their questions and comments. This work was supported in part by the Grant-in-Aid for Scientific Research (13740167) from the Ministry of Education, Culture, Sports, Science and Technology, Japan.

References

[1] O. Aharony, S. S. Gubser, J. Maldacena, H. Ooguri and Y. Oz, “Large N field theories, string theory and gravity,” Phys. Rept. 323 (2000) 183 [arXiv:hep-th/9905111].

[2] M. Asano and M. Natsuume, “The no-ghost theorem for string theory in curved backgrounds with a flat timelike direction,” Nucl. Phys. B588 (2000) 453 [arXiv:hep-th/0005002].

[3] P. S. Aspinwall, B. R. Greene and D. R. Morrison, “Multiple mirror manifolds and topology change in string theory,” Phys. Lett. B303 (1993) 249 [arXiv:hep-th/9301043]; “Calabi-Yau moduli space, mirror manifolds and spacetime topology change in string theory,” Nucl. Phys. B416 (1994) 414 [arXiv:hep-th/9309097].

[4] M. Banados, C. Teitelboim and J. Zanelli, “The black hole in three-dimensional space-time,” Phys. Rev. Lett.

69 (1992) 1849 [arXiv:hep-th/9204099]; M. Banados, M. Henneaux, C. Teitelboim and J. Zanelli, “Geometry of the (2+1) black hole,” Phys. Rev. D48 (1993) 1506 [arXiv:gr-qc/9302012].

[5] A. Dabholkar, G. Gibbons, J. A. Harvey and F. Ruiz Ruiz, “Superstrings and solitons,” Nucl. Phys. B340 (1990) 33.

[6] L. Dixon, J. A. Harvey, C. Vafa and E. Witten, “Strings on orbifolds,” Nucl. Phys. B261 (1985) 678; “Strings on orbifolds. 2,” Nucl. Phys. B274 (1986) 285.

[7] D. Z. Freedman, S. S. Gubser, K. Pilch and N. P. Warner, “Renormalization group flows from holography supersymmetry and a c-theorem,” Adv. Theor. Math. Phys. 3 (1999) 363 [arXiv:hep-th/9904017].

[8] J. L. Friedman, K. Schleich and D. M. Witt, “Topological censorship,” Phys. Rev. Lett. 71 (1993) 1486 [arXiv:gr-qc/9305017]; Erratum-ibid.75 (1995) 1872.

[9] R. P. Geroch, “Topology in general relativity,” J. Math. Phys. 8 (1967) 782. [10] R. Geroch, “What is a singularity in general relativity?,” Annals Phys. 48 (1968) 526. [11] G. W. Gibbons, G. T. Horowitz and P. K. Townsend, “Higher dimensional resolution of dilatonic black hole singularities,” Class. Quant. Grav. 12 (1995) 297 [arXiv:hep-th/9410073].

[12] S. B. Giddings, S. Kachru and J. Polchinski, “Hierarchies from fluxes in string compactifications,” arXiv:hepth/0105097.

[13] L. Girardello, M. Petrini, M. Porrati and A. Zaffaroni, “The supergravity dual of N = 1 super Yang-Mills theory,” Nucl. Phys. B 569 (2000) 451 [arXiv:hep-th/9909047].

[14] A. Giveon, M. Porrati and E. Rabinovici, “Target space duality in string theory,” Phys. Rept. 244 (1994) 77 [arXiv:hep-th/9401139].

[15] B. R. Greene, D. R. Morrison and A. Strominger, “Black hole condensation and the unification of string vacua,” Nucl. Phys. B451 (1995) 109 [arXiv:hep-th/9504145].

[16] B. R. Greene, “String theory on Calabi-Yau manifolds,” arXiv:hep-th/9702155.

[17] R. Gregory and R. Laflamme, “Black strings and p-branes are unstable,” Phys. Rev. Lett. 70 (1993) 2837 [arXiv:hep-th/9301052]; “The instability of charged black strings and p-branes,” Nucl. Phys. B 428 (1994) 399 [arXiv:hep-th/9404071]; “Evidence for stability of extremal black p-branes,” Phys. Rev. D 51 (1995) 305 [arXiv:hep-th/9410050].

[18] S. S. Gubser, “Curvature singularities: The good, the bad, and the naked,” arXiv:hep-th/0002160. [19] S. S. Gubser and I. Mitra, “Instability of charged black holes in anti-de Sitter space,” arXiv:hep-th/0009126;

“The evolution of unstable black holes in anti-de Sitter space,” JHEP 0108 (2001) 018 [arXiv:hepth/0011127].

[20] R. Gueven, “Plane waves in effective field theories of superstrings,” Phys. Lett. B191 (1987) 275. [21] S. W. Hawking and G. F. R. Ellis, The large scale structure of spacetime (Cambridge Univ. Press, Cambridge, 1973).

[22] S. W. Hawking and R. Penrose, “The singularities of gravitational collapse and cosmology,” Proc. Roy. Soc.

Lond. A314 (1970) 529.

[23] M. Heusler, Black hole uniqueness theorems (Cambridge Univ. Press, Cambridge, 1996). [24] G. T. Horowitz and K. Maeda, “Fate of the black string instability,” Phys. Rev. Lett. 87 (2001) 131301 [arXiv:hep-th/0105111].

[25] G. T. Horowitz and R. Myers, “The value of singularities,” Gen. Rel. Grav. 27 (1995) 915 [arXiv:grqc/9503062].

[26] G. T. Horowitz and M. J. Perry, “Gravitational energy cannot become negative,” Phys. Rev. Lett. 48 (1982) 371.

[27] G. T. Horowitz and A. R. Steif, “Spacetime singularities in string theory,” Phys. Rev. Lett. 64 (1990) 260. [28] G. T. Horowitz and A. Strominger, “Black strings and p-branes,” Nucl. Phys. B360 (1991) 197. [29] G. T. Horowitz and A. A. Tseytlin, “On exact solutions and singularities in string theory,” Phys. Rev. D 50 (1994) 5204 [arXiv:hep-th/9406067].

[30] G. T. Horowitz and D. L. Welch, “Exact three-dimensional black holes in string theory,” Phys. Rev. Lett.

71 (1993) 328 [arXiv:hep-th/9302126].

[31] C. M. Hull and P. K. Townsend, “Unity of superstring dualities,” Nucl. Phys. B 438 (1995) 109 [arXiv:hepth/9410167].

[32] W. Israel, “Third law of black-hole dynamics: A formulation and proof,” Phys. Rev. Lett. 57 (1986) 397. [33] N. Itzhaki, J. M. Maldacena, J. Sonnenschein and S. Yankielowicz, “Supergravity and the large N limit of theories with sixteen supercharges,” Phys. Rev. D58 (1998) 046004 [arXiv:hep-th/9802042].

[34] D. Marolf, “String/M-branes for relativists,” arXiv:gr-qc/9908045.

[35] J. McGreevy, L. Susskind and N. Toumbas, “Invasion of the giant gravitons from anti-de Sitter space,” JHEP 0006 (2000) 008 [arXiv:hep-th/0003075].

[36] R. C. Myers, “Dielectric-branes,” JHEP 9912 (1999) 022 [arXiv:hep-th/9910053]. [37] R. C. Myers, “Nonabelian D-branes and noncommutative geometry,” Int. J. Mod. Phys. A 16 (2001) 956 [arXiv:hep-th/0106178].

[38] M. Natsuume and Y. Satoh, “String theory on three dimensional black holes,” Int. J. Mod. Phys. A13 (1998) 1229 [arXiv:hep-th/9611041].

[39] A. W. Peet, “TASI lectures on black holes in string theory,” arXiv:hep-th/0008241. [40] R. Penrose, “Gravitational collapse: The role of general relativity,” Riv. Nuovo Cim. 1 (1969) 252. [41] R. Penrose, “Singularities and time asymmetry,” In General relativity: An Einstein centenary survey, eds.

S. W. Hawking and W. Israel (Cambridge Univ. Press, Cambridege, 1979). [42] J. Polchinski, String theory (Cambridge Univ. Press, Cambridge, 1998).

[43] M. Rocek and E. Verlinde, “Duality, quotients, and currents,” Nucl. Phys. B 373 (1992) 630 [arXiv:hepth/9110053].

[44] T. A. Roman, “Quantum stress energy tensors and the weak energy condition,” Phys. Rev. D 33 (1986) 3526.

[45] T. A. Roman, “On the ‘averaged weak energy condition’ and Penrose’s singularity theorem,” Phys. Rev. D 37 (1988) 546.

[46] R. M. Schoen and S. Yau, “On the proof of the positive mass conjecture in general relativity,” Commun.

Math. Phys. 65 (1979) 45.

[47] R. M. Schoen and S. Yau, “Positivity of the total mass of a general spacetime,” Phys. Rev. Lett. 43 (1979) 1457.

[48] R. Schoen and S. T. Yau, “Proof that the Bondi mass is positive,” Phys. Rev. Lett. 48 (1982) 369. [49] J. Soda, “Branes for relativists,” arXiv:gr-qc/0108046.

[50] A. Strominger, “Massless black holes and conifolds in string theory,” Nucl. Phys. B451 (1995) 96 [arXiv:hepth/9504090].

[51] F. J. Tipler, “Singularities and causality violation,” Annals Phys. 108 (1977) 1. [52] F. J. Tipler, “Energy conditions and spacetime singularities,” Phys. Rev. D 17 (1978) 2521. [53] F. J. Tipler, C. J. S. Clarke, and G. F. R. Ellis, “Singularities and horizons - A review article,” In General relativity and gravitation: One hundred years after the birth of Albert Einstein, ed. A. Held (Plenum Press, New York, 1980).

[54] A. A. Tseytlin, “On singularities of spherically symmetric backgrounds in string theory,” Phys. Lett. B363 (1995) 223 [arXiv:hep-th/9509050].

[55] A. Vilenkin, “Cosmic strings and domain walls,” Phys. Rept. 121 (1985) 263. [56] R. M. Wald, General relativity (The Univ. of Chicago Press, Chicago, 1984). [57] R. M. Wald, “Gravitational collapse and cosmic censorship,” arXiv:gr-qc/9710068. [58] E. Witten, “Phases of N = 2 theories in two dimensions,” Nucl. Phys. B403 (1993) 159 [arXiv:hepth/9301042].

[59] E. Witten, “String theory dynamics in various dimensions,” Nucl. Phys. B 443 (1995) 85 [arXiv:hepth/9503124].

[60] S. Yamaguchi, “Enhançon and resolution of singularity,” arXiv:gr-qc/0108084.

[61] C. V. Johnson, A. W. Peet and J. Polchinski, “Gauge theory and the excision of repulson singularities,” Phys. Rev. D61 (2000) 086001 [arXiv:hep-th/9911161].

[62] A. Buchel, A. W. Peet and J. Polchinski, “Gauge dual and noncommutative extension of an N = 2 supergravity solution,” Phys. Rev. D 63 (2001) 044009 [arXiv:hep-th/0008076].

[63] N. Evans, C. V. Johnson and M. Petrini, “The enhançon and N = 2 gauge theory/gravity RG flows,” JHEP 0010 (2000) 022 [arXiv:hep-th/0008081].

[64] M. Bertolini, P. Di Vecchia, M. Frau, A. Lerda, R. Marotta and I. Pesando, “Fractional D-branes and their gauge duals,” JHEP 0102 (2001) 014 [arXiv:hep-th/0011077].

[65] J. Polchinski, “N = 2 gauge-gravity duals,” Int. J. Mod. Phys. A 16 (2001) 707 [arXiv:hep-th/0011193]. [66] M. Frau, A. Liccardo and R. Musto, “The geometry of fractional branes,” Nucl. Phys. B 602 (2001) 39 [arXiv:hep-th/0012035].

[67] P. Merlatti, “The enhançon mechanism for fractional branes,” arXiv:hep-th/0108016. [68] M. Natsuume, “The heterotic enhançon,” arXiv:hep-th/0111044.

[69] J. Polchinski and M. J. Strassler, “The string dual of a confining four-dimensional gauge theory,” arXiv:hepth/0003136.

[70] R. C. Myers and O. Tafjord, “Superstars and giant gravitons,” JHEP 0111 (2001) 009 [arXiv:hepth/0109127].

[71] I. R. Klebanov and A. A. Tseytlin, “Gravity duals of supersymmetric SU(N) × SU(N+M) gauge theories,” Nucl. Phys. B 578 (2000) 123 [arXiv:hep-th/0002159].

[72] I. R. Klebanov and M. J. Strassler, “Supergravity and a confining gauge theory: Duality cascades and χSB-resolution of naked singularities,” JHEP 0008 (2000) 052 [arXiv:hep-th/0007191].

[73] J. Maldacena and C. Nunez, “Supergravity description of field theories on curved manifolds and a no-go theorem,” Int. J. Mod. Phys. A 16 (2001) 822 [arXiv:hep-th/0007018].

[74] L. A. Pando Zayas and A. A. Tseytlin, “3-branes on resolved conifold,” JHEP 0011 (2000) 028 [arXiv:hepth/0010088].

[75] M. Cvetic, H. Lu and C. N. Pope, “Brane resolution through transgression,” Nucl. Phys. B 600 (2001) 103 [arXiv:hep-th/0011023].

[76] F. Cachazo, K. Intriligator and C. Vafa, “A large N duality via a geometric transition,” Nucl. Phys. B 603 (2001) 3 [arXiv:hep-th/0103067].

[77] J. D. Edelstein, K. Oh and R. Tatar, “Orientifold, geometric transition and large N duality for SO/Sp gauge theories,” JHEP 0105 (2001) 009 [arXiv:hep-th/0104037].

[78] M. Atiyah and E. Witten, “M-theory dynamics on a manifold of G2 holonomy,” arXiv:hep-th/0107177. [79] P. Kraus, F. Larsen and S. P. Trivedi, “The Coulomb branch of gauge theory from rotating branes,” JHEP 9903 (1999) 003 [arXiv:hep-th/9811120].

[80] D. Z. Freedman, S. S. Gubser, K. Pilch and N. P. Warner, “Continuous distributions of D3-branes and gauged supergravity,” JHEP 0007 (2000) 038 [arXiv:hep-th/9906194].

[81] A. Brandhuber and K. Sfetsos, “Wilson loops from multicentre and rotating branes, mass gaps and phase structure in gauge theories,” Adv. Theor. Math. Phys. 3 (1999) 851 [arXiv:hep-th/9906201].

[82] R. Kallosh, T. Mohaupt and M. Shmakova, “Excision of singularities by stringy domain walls,” arXiv:hepth/0010271.

[83] A. Adams, J. Polchinski and E. Silverstein, “Don’t panic! Closed string tachyons in ALE space-times,” JHEP 0110 (2001) 029 [arXiv:hep-th/0108075].