arXiv:gr-qc/0108070 v2 12 Dec 2001

Thermodynamics of binary black holes and neutron stars

John L. Friedman^1 Kōji Uryū^1 and Masaru Shibata^2 1 Department of Physics, University of Wisconsin-Milwaukee, P.O. Box 413, Milwaukee, WI 53201, U.S.A., 2 Department of Earth Science and Astronomy, Graduate School of Arts and Sciences, University of Tokyo, Komaba, Meguro, Tokyo 153-8902, Japan

We consider compact binary systems, modeled in general relativity as vacuum or perfect-fluid spacetimes with a helical Killing vector k^α, heuristically, the generator of time-translations in a corotating frame. Systems that are stationary in this sense are not asymptotically flat, but have asymptotic behavior corresponding to equal amounts of ingoing and outgoing radiation. For blackhole binaries, a rigidity theorem implies that the Killing vector lies along the horizon’s generators, and from this one can deduce the zeroth law (constant surface gravity of the horizon). Remarkably, although the mass and angular momentum of such a system are not defined, there is an exact first law, relating the change in the asymptotic Noether charge to the changes in the vorticity, baryon mass, and entropy of the fluid, and in the area of black holes.

Binary systems with MΩ small have an approximate asymptopia in which one can write the first law in terms of the asymptotic mass and angular momentum. Asymptotic flatness is precise in two classes of solutions used to model binary systems: spacetimes satisfying the post-Newtonian equations, and solutions to a modified set of field equations that have a spatially conformally flat metric. (The spatial conformal flatness formalism with helical symmetry, however, is consistent with maximal slicing only if replaces the extrinsic curvature in the field equations by an artificially tracefree expression in terms of the shift vector.) For these spacetimes, nearby equilibria whose stars have the same vorticity obey the relation δM = ΩδJ, from which one can obtain a turning point criterion that governs the stability of orbits.

I. INTRODUCTION

Beginning with papers by Blackburn and Detweiler [1,2], several authors have used spacetimes with a helical Killing vector^1 to model binary systems in the context of general relativity. Such spacetimes can be regarded as having equal amounts of incoming and outgoing radiation; they are a counterpart in general relativity of the stationary solution due to Schild [4] that describes two oppositely charged particles whose electromagnetic field is the half-advanced + half-retarded solution of the orbiting charges. Because the radiation field of such a stationary solution has infinite energy, spacetimes that describe the corresponding general relativistic binaries are not asymptotically flat. Instead, the asymptotic mass rises linearly with a naturally defined radial coordinate.

The formal lack of asymptotic flatness has been handled in several related ways. As Detweiler has emphasized, one can define an approximate asymptotic region for systems in which the energy emitted in gravitational waves in a dynamical time is small compared to the mass of the system. In this “local wave zone,” the geometry describes gravitational waves propagating on a Schwarzschild background. In the more restrictive context of the post-Newtonian approximation, one regains asymptotic flatness, because there is no radiation through second post-Newtonian order. Finally, a number of authors [5–9] considered spacetimes with conformally flat spacelike slices that satisfy a truncated set of field equations consisting of the initial value equations, a field equation for the spatial conformal factor, and the equation of hydrostatic equilibrium. Like the post-Newtonian spacetimes, these conformally flat spacetimes are nonradiative and (as we show) are asymptotically flat.

We consider binary systems modeled in the exact theory (without asymptotic flatness) and then apply our results to the post-Newtonian spacetimes and spatially conformally flat spacetimes that retain asymptotic flatness. In each case one uses the Killing vector, k^α, to define a conserved current and associated charges. For the exact vacuum and perfect-fluid spacetimes, the Noether current of the helical Killing vector assigns to each spacetime a charge Q. (See,

1In a spacetime with a rotational Killing vector ϕ^α and a timelike Killing vector t^α, each combination t^α + Ωϕ^α, with Ω constant and nonzero, will be called a helical (or helicoidal) Killing vector. We give a precise definition in II and discuss its relation to a previous definition by Bonazzola et al [3] for example, Refs. [10–15].) Despite the lack of asymptotic flatness one can choose the current to make Q finite, and it Q is independent of the 2-surface S on which it is evaluated, as long as S lies outside the matter and all black holes. The Noether current assigns to each black hole a charge that can be identified with its entropy (its area, in the spacetimes we consider); and we obtain a version of the first law (Eq. (55) below) that expresses the change δQ in terms of changes in the vorticity, baryon mass, and entropy of the fluid, and in the area of black holes. Independent work by Baker and Detweiler [16] obtains a similar first law for spacetimes with approximate asymptotic flatness at finite distance from the binary.

In the asymptotically flat spacetimes mentioned above, the helical Killing vector has the asymptotic form k^α = t^α + Ωϕ^α, where t^α and ϕ^α generate asymptotic symmetries associated with time-translations and rotations. Neighboring perfect-fluid equilibria in a post-Newtonian or a spatially conformally flat framework satisfy a first law of thermodynamics of the form δM = ΩδJ + ∫ Σ [¯ T ΔdS + μ̄ΔdM_B + v^αΔdC_α ] + ∑ i 1 8π κ_iδA_i. Here M and J are the ADM mass and angular momentum of the spacetime (see Eqs. (108,109); T̄ and μ̄ are the redshifted temperature and chemical potential; dM_B is the baryon mass of a fluid element; and dC_α is related to the circulation of a fluid element (see Eqs. (56,57)).

Note that, in the full theory, models of binaries with a helical Killing vector can only have corotating black holes. If their generators do not lie along the Killing vector the black holes will have nonzero shear and thus (assuming positive energy) increasing area; and this is inconsistent with the assumption of a helical Killing vector. In an appendix, we derive a virial relation for binary neutron-star systems in a conformally flat framework and show that the relation is equivalent to the equality of the Komar and ADM mass.

One other class of asymptotically flat spacetimes with a single Killing vector is worth mentioning. These are nonaxisymmetric stars whose figure is stationary in an inertial frame, the analog in general relativity of the Newtonian Dedekind ellipsoids. We expect that such stationary, nonaxisymmetric perfect-fluid spacetimes exist; their velocity fields have nonzero shear, however, and cannot be stationary when viscosity is present. [17]

Conventions: Spacetime indices are Greek, spatial indices Latin, and the metric signature is − + ++. Readers familiar with abstract indices can regard indices early in the alphabet as abstract, while i, j, k, l are concrete, associated with a chart {x^i}. We use the dual form of Stokes’ theorem for the divergence of an antisymmetric tensor A^{α···βγ} , namely ∫ Σ ∇_γ A^{α···βγ} dS_{α···β} = ∫ ∂Σ A^{α···βγ} dS_{α···βγ} where dS_α = ϵ_{αβγδ}dS^{βγδ} , dS_{αβ} = ϵ_{αβγδ}dS^{γδ} . For example, in an oriented chart t, {x^i} with Σ a surface of constant t

and ∂Σ a surface of constant t and x^1, dS_α = ∇_αt √ −gd^3x, dS_{αβ} = 1 2 (∇_αt∇_βx^1 − ∇_αx^1∇_βt) √ −gd^2x. Finally, if S is

a 2-surface in a 3-space Σ and ϵ_{abc} is the volume form on Σ associated with a 3-metric γ_{ab}, we write dS_a = ϵ_{abc}dS^{bc}; for S a surface of constant r, dS_a = ∇_ar √ γd^2x.

II. HELICAL KILLING VECTORS, EVENT HORIZONS, AND THE ZEROTH LAW

We consider globally hyperbolic spacetimes M, g_{αβ} that have a symmetry vector k^α, a Killing vector that generates a symmetry of the matter fields. Our particular interest is in stationary binary systems, systems whose Killing vector k^α has helical integral curves with a fixed period T ; but our results hold for a broader class of spacetimes with a single Killing vector.

We begin by using the periodic orbits just mentioned to define a helical vector field. We want a definition that agrees, for stationary, axisymmetric spacetimes, with Killing vectors of the form t^α + Ωϕ^α, where t^α is the asymptotically timelike Killing vector and ϕ^α the rotational Killing vector. Let χ_t be the family of diffeos generated by k^α, moving each point P ∈ M a parameter distance t along the integral curve of k^α through P . Although a helical vector is spacelike at distances from the axis larger than T /2π, its integral curves spiral each period to points that are timelike separated from their starting points; at least they are timelike separated when one is outside a finite region that encloses any horizon or ergosphere. Without this last caveat, one could define a helical vector by the requirement that, for each point P , χ_T (P ) be timelike separated from P . To include the caveat, one requires that the condition hold only outside some sphere. Let S be a spacelike sphere, and let T be the timelike surface swept out by the action of χ_t on S: T (S) = ∪_tχ_t(S); we call T the history of S.

Definition II.1 A vector field k^α is helical if there is a smallest T > 0 for which P and χ_T (P ) are timelike separated for every P outside the history T of some sphere.

When the spacetime admits a foliation by timelike lines, this definition is equivalent to the following definition, essentially that of Bonazzola et al. [3]:

Proposition II.1 A vector field k^α is helical if it can be written in the form

k^α = t^α + Ωϕ^α, (1)

where ϕ^α is spacelike and has circular orbits with parameter length 2π, except where it vanishes; Ω is a constant; and, t^α is timelike outside the history T of some sphere. Conversely, if a vector field is helical, and if the spacetime can be foliated by timelike curves that respect the action χ_T (P ), then k^α can be written in the form (1).^2

Because there are spacetimes with helical vectors that do not allow foliations respecting the action χ_T (P ), the Bonazzola et al. definition is slightly more restrictive than ours; they are also more restrictive in requiring the existence of a 2-dimensional submanifold, the axis of symmetry, on which ϕ^α vanishes; and in requiring that t^α be timelike everywhere. Note that, although the proposition displays the intuitive character of a helical vector, t^α and ϕ^α are far from unique. Each foliation of M by a family of timelike curves that respects χ_T gives a different decomposition of k^α of the form (1).

Proof of Proposition. The first part of the Proposition, that a vector of the form (1) is helical, is immediate. We prove as follows that a helical vector can be written in this form. Define a scalar by requiring it to have the value t on χ_t(Σ), with Σ a Cauchy surface. Let t^α be the vector tangent to our congruence of timelike curves, each parametrized by t.

Let ψ_t be the family of diffeos generated by t^α. Each integral curve of k^α can be projected to a circle on Σ by pushing it down to Σ along the timelike congruence: The circle through each point P ∈ Σ is t → c(t) := ψ_{−t} ∘ χ_t(P ). One obtains a circle with parameter length 2π by reparametrizing c, defining C(s) := c[sT /(2π)]. Finally, define ϕ^α on Σ as the vector field tangent at each point P to the circles C(t) through P ; and drag ϕ^α by ψ_t to extend it to M . Then k^α = t^α + Ωϕ^α, with Ω = 2π/T . □

In particular a spacetime that is stationary and axisymmetric, with asymptotically timelike Killing vector t^α and rotational Killing vector ϕ^α, has a family of helical Killing vectors t^α + Ωϕ^α, for each Ω. Our primary concern, of course, is with binary systems, spacetimes for which t^α and ϕ^α are not themselves Killing vectors, although, for one value of Ω, k^α = t^α + Ωϕ^α is.

We have emphasized that spacetimes with a helical Killing vector cannot be asymptotically flat in the exact theory, and a theorem by Gibbons and Stewart [18], showing that I (null infinity) cannot be periodic, makes this claim precise: No spacetime can have a I (and hence no spacetime can be asymptotically flat) if it is vacuum outside a compact region and has a helical Killing vector. We can, however, use the Killing vector k^α to define as follows the future and past horizon and the future and past domains of outer communication of a spacetime with a helical Killing vector.

Definition II.2 A point x ∈ M is in the future (past) domain of outer communication, D^± if some future-directed (past-directed) timelike curve c(λ) through P eventually exits and remains outside the history T of each sphere S: That is, for each history T that encloses P , there is some λ_0 for which c(λ) is outside of T , all λ > λ_0.

Definition II.3 The future (past) event horizon H^± is the boundary of the future (past) domain of outer communication.

2Without the requirement on the timelike character of t^α, any Killing vector can be written in the form t^α + Ωϕ^α. To restrict helical to the vector fields in which we are interested, we had to exclude the spiral Killing vectors of Minkowski space that have the form s^α + ϕ^α, with s^α a constant spacelike vector.

Proposition II.2 Let the history T of a spacelike sphere lie in D^±. Then H^± = ∂I^∓(T ).

Proof. Denote by int(T ), the points inside a history T . It suffices to show that I^−(D^+) ⋂ int(T ) = I^−(T^+) ⋂ int(T ).

For any P ∈ I^−(D^+) ⋂ int(T ), there is a timelike curve from P that exits T and hence intersects T . Thus P ∈ I^−(T^+) ∩ int(T ); and, from T ⊂ D^+ ⇒ I^−(T ) ⊂ I^−(D), the result follows. □ The main result of this section is that H^± are Killing horizons and hence that they satisfy the zeroth law of blackhole thermodynamics: That is, the Killing vector k^α is tangent on H^± to the null generators; and the associated surface gravity κ, defined by

k^β ∇_βk^α = κk^α, (2)

is constant on each connected component of H^±.

To prove that H^± is a Killing horizon (Prop. II.5 below), we will use an analogous theorem proved by Isenberg and Moncrief [19,20] and a strengthened version by Friedrich, Rácz, and Wald [21] (henceforth FR&W), for a class of spacetimes with a compact null surface (see also earlier work by Hawking [22]). Following FR&W, we first show that the spacetime N, g_{αβ} covers such a compact spacetime. Although our spacetime is not in the class they study, FR&W note that their asymptotic conditions can be relaxed, and we easily extend their proof to spacetimes of the kind considered here.

For convenience in matching our definition and proof to that of FR&W, we consider a subspacetime N = I^+(M ) ⋂ intT , for some T that encloses the fluid and black holes. By choosing a future set, we keep all black holes but discard the bifurcation horizon and white holes that are part of the full spacetime. (To obtain the corresponding results for white holes – for the past horizon – one exchanges future and past). When the surface gravity κ is nonzero, the past-directed null generators reach the bifurcation horizon of M in finite affine parameter length. This means that in N , they are past geodesically incomplete, and that past incompleteness is one of the conditions required for the FR&W proof. The Isenberg-Moncrief version does not require past incompleteness, but does demand that the horizon be analytic. N, g_{αβ} satisfies the following conditions that define a spacetime of type A^′.

Definition II.4 A smooth spacetime N, g_{αβ} will be said to be of class A^′ if it has the following properties. (i) The spacetime has a Killing vector field k^α that is transverse to a Cauchy surface.^3 (ii) N = I^+ (N ) (iii) There is a history T for which N = I^+(T ) (iv) The horizon H := ∂I^−(N ) consists of smooth disconnected components each of which has topology R× S^2. (v) The generators of H are past incomplete. (Alternatively, H is analytic.)

Proposition II.3 Let N, g_{αβ} be a spacetime of type A^′, satisfying the null energy condition R^{αβ}l^αl^β ≥ 0, all null l^α. Then on each component of the horizon, there exists a t_0 ≠ 0 such that χ_{t0} maps each null geodesic generator of H to itself.

We first need to establish for spacetimes of class A^′ an analog of Prop. 9.3.1 of Hawking and Ellis [23], showing that the shear and divergence of the horizon generators vanish. This implies that the generators are Killing vectors of the horizon, Lie-deriving its degenerate 3-metric.

Lemma II.1 Let N, g_{αβ} be a spacetime of class A^′. On each component of the horizon, the shear and expansion of the null generators vanishes.

Proof of Lemma II.1. Let S be a Cauchy surface transverse to k^α, S_t = χ_t(S), and let B_t = S_t ⋂ H. Because χ_t is an isometry, it maps H to itself. Then k^α is tangent to H, and the family of slices F_t foliates H. Because F_t is mapped to F_t′ by the isometry χ_t′_{−t}, the area of F_t is independent of t. This implies that the divergence θ of the horizon’s generators vanishes and that the generators have no past endpoints. Finally, using θ = 0 and the null energy condition, the Raychaudhuri equation (optical scalar equation), dθ dλ = −R_{αβ}l^αl^β − 2σ_{αβ}σ^{αβ} − 1 2 θ^2, (3)

implies σ_{αβ} = 0. □ Proof of Proposition II.3. Once Lemma II.1 is proved, the proof of this proposition is exactly the proof of Prop. 2.1 in FR&W. □

3A vector field k^α is transverse to a hypersurface S if k^α is nowhere zero on S and nowhere tangent to S.

Definition II.5 A spacetime N, g_{αβ} is of class B if it contains a compact orientable, smooth null hypersurface N that is generated by closed null geodesics.

(These causality-violating spacetimes are introduced only as part of the proof of Prop. II.4; the spacetimes considered in this paper as models of physical systems are globally hyperbolic.)

Proposition II.4 Let N, g_{αβ} be a spacetime of type A^′. Then (int(N ), g_{αβ}) is a covering spacetime of a spacetime of type B.

The proof is immediate:

Proof of Prop. II.4 . Because k^α is transverse to a Cauchy surface, χ_t has no fixed points for t ≠ 0; in particular, for t = t_0 of Prop. II.3, χ_{t0} has no fixed points. Then the factor space Ñ = int(N )/χ_{t0} , with induced metric g̃_{αβ} has covering spacetime int(N ), g_{αβ}. Because χ_{t0} maps each generator of H to itself, H̃ = H/χ_{t0} is a null hypersurface generated by closed null geodesics. □

Proposition II.5 In a spacetime of class A^′ H is a Killing horizon of k^α. In particular, if, up to a constant scaling, k^α is the only Killing vector in N (or in any subspacetime), then k^α is parallel to the null generators of H.

Proof. Any neighborhood of a component of the horizon of (int(N ), g_{αβ}) that is disjoint from the fluid covers a vacuum spacetime of type B. Theorem 4.1 of FR&W implies that in a one-sided neighborhood of that component of the horizon, there is a Killing vector K̃^α normal to the the horizon. The pullback K^α of K̃^α to the covering space is then a Killing vector on a one-sided neighborhood of the corresponding component of H, normal on H to H: i.e., H is a Killing horizon. If each neighborhood has k^α as its only Killing vector (up to an overall scale),then k^α ∝ K^α on each component of H, implying that H is a Killing horizon with Killing vector k^α. □

Corollary (0th Law). The surface gravity κ_i is constant on the ith component of H.

Proof. The proof of the zeroth law of event horizons given in Bardeen et al. [24] establishes the result for any Killing horizon in a spacetime satisfying the null energy condition.

The first law is the content of the next section. The second law, that the area of a black hole cannot decrease, has meaning here only if one extend the definition of event horizon in a way that requires neither a Killing vector nor asymptotic flatness. Black-hole thermodynamics of general spacetimes that are not asymptotically flat has been examined previously [25–28] but the results here appear to be new.^4

III. FIRST LAW FOR SYSTEMS WITH A SINGLE KILLING VECTOR

We consider spacetimes with black holes and perfect-fluid sources, which have a helical Killing vector or, more generally, a single Killing vector that is transverse to a Cauchy surface and timelike on the support of the fluid. Although such spacetimes will not, in general, be asymptotically flat, one can obtain a generalized first law of thermodynamics in terms of a Noether charge Q associated with the Killing vector field and with an action for the perfect-fluid spacetime. For spacetimes that are asymptotically flat, the overall scaling of a timelike Killing vector is chosen by requiring it to have unit norm at spatial infinity. Here, without asymptotic flatness, the overall scaling cannot be so determined. Instead, in our discussion of the first law, the choice of a family of spacetimes will include the choice of a Killing vector; but readers should keep in mind that nothing in this section restricts the freedom to choose another scaling of the Killing vector for each member of the family of spacetimes.

4In particular, in the isolated horizon framework, for a horizon with a single Killing vector, one shows the existence of a charge E defined on an isolated horizon for which δE = κδA; [27] in our case this is satisfied by the charge δQi = δQLi + δQKi defined on the ith disconnected component of the horizon by Eqs. (49) and (53). Our first law, in contrast, relates this change in the black-hole charges to the changes in the Noether charge of a sphere surrounding all black holes and all matter and to the changes in the entropy, baryon number, and circulation of the fluid. The existence of such a first law depends precisely on what is not assumed in the isolated horizon framework: a globally defined Killing vector.

We describe a perfect fluid by its four-velocity u^α and stress tensor T^{αβ} = ϵu^αu^β + pq^{αβ}, (4) where p is the fluid’s pressure, ϵ its energy density, and q^{αβ} = g^{αβ} + u^αu^β (5) is the projection orthogonal to u^α. We assume that the fluid satisfies an equation of state of the form p = p(ρ, s), ϵ = ϵ(ρ, s), (6) with ρ the baryon-mass density and s the entropy per unit baryon mass. (That is, ρ := m_B n, with n the number density of baryons and m_B the average baryon mass.)

Given a family of perfect-fluid spacetimes specified by Q(λ) := [g_{αβ}(λ), u^α(λ), ρ(λ), s(λ)], (7) one defines the eulerian change in each quantity by δQ :=^d_{dλ} Q(λ).

We introduce a lagrangian displacement ξ^α in the following way: Let Q := Q(λ), and let Ψ_λ be a diffeo mapping each trajectory (worldline) of the initial fluid to a corresponding trajectory of the configuration Q(λ). Then the tangent ξ^α(P ) to the path λ → Ψ_λ(P ) can be regarded as a vector joining the fluid element at P in the configuration Q(λ) to a fluid element in a nearby configuration. The lagrangian change in a quantity at λ = 0,^5 is then given by ΔQ := d dλ Ψ_{−λ}Q(λ)|_{λ=0} = (δ + £_ξ)Q. (8) The first law will be written in terms of integrals over a spacelike hypersurface Σ, transverse to k^α, whose boundary ∂Σ = S ∪_i B_i, (9) is the union of black hole boundaries B_i (B_i, is the ith disconnected component of Σ ∩ H^+), and a 2-sphere S that encloses the fluid and all black holes. Define a scalar t by setting t = 0 on Σ and requiring k^α∇_αt = 1.

We can write u^α in the form, u^α = u^t(k^α + v^α), (10) with u^t := u^α∇_αt and v^α a vector field on Σ, v^α∇_αt = 0. (11) The fact that Ψ_λ maps fluid trajectories to fluid trajectories and the normalization u^αu_α = −1 imply [29–31] Δu^α = 1 2 u^αu^βu^γ Δg_{βγ} . (12) One obtains an action for a perfect-fluid spacetime by considering perturbations for which the entropy and baryon mass of each fluid element are conserved; and we use this action to define a Noether charge Q associated with k^α, for each spacetime Q(λ). Then for general perturbations, in which the entropy and baryon mass of each fluid element are unconstrained, we use the charge Q to write a form of the first law for perfect-fluid spacetimes that have one Killing vector and a Killing horizon (and that are not, in general, asymptotically flat).

When the entropy and baryon mass of each fluid element are conserved along the family Q(λ), we have Δs = 0 and Δ(ρu^α √ −g) = 0, (13) implying

5The lagrangian change is analogously defined at any λ0: The diffeo ~Ψλ = Ψλ+λ_0 Ψ^{−1}_{λ0} maps each fluid trajectory in the configuration Q(λ0 ) to the corresponding trajectory of Q(λ + λ0 ), whence ΔQ(λ0 ) :=^d_{dλ} ~Ψ−λ Q(λ + λ0 )|λ=0 .

Δρ ρ = − 1 2 q^{αβ}Δg_{αβ}; (14)

and the local first law of thermodynamics for the fluid,

Δϵ = ρT Δs + hΔρ, (15)

with h = ϵ + p ρ , (16)

yields Δϵ ϵ + p = Δρ ρ = − 1 2 q^{αβ}Δg_{αβ}. (17) From these relations, it follows that the scalar density L = ( 1 16π R − ϵ ) √ −g (18)

is a lagrangian density for a perfect fluid space time. That is, δL = 1 16π δ(R √ −g) − Δ(ϵ √ −g) + ∇_α(ϵξ^α) √ −g, (19) and (when Δs = 0 and Δ(ρu^α √ −g) = 0), we have, 1 √ −g Δ(ϵ √ −g) = − 1 2 (ϵ + p)q^{αβ}Δg_{αβ} + 1 2 ϵg^{αβ}Δg_{αβ} = − 1 2 T^{αβ}Δg_{αβ} = − 1 2 T^{αβ}δg_{αβ} + ξ_α∇_βT^{αβ} − ∇_α(T^{αβ}ξ_β ). (20)

That L is a lagrangian density is then expressed by the equation [32] 1 √ −g δL = − 1 16π (G^{αβ} − 8πT^{αβ})δg_{αβ} − ξ_α∇_βT^{αβ} + ∇_αΘ^α, (21)

with

Θ^α = (ϵ + p)q^{αβ}ξ_β + 1 16π (g^{αγ} g^{βδ} − g^{αβ}g^{γδ} )∇_βδg_{γδ}. (22) Now one can associate with L a family of Noether charges [13,10–12,14,15]^6 Q = ∮ S Q^{αβ}dS_{αβ}, (23) where Q^{αβ} = − 1 8π ∇^αk^β + k^αB^β − k^βB^α, (24)

and B^α(λ) is any family of vector fields that satisfies

6Our Noether formalism is similar to Iyer’s extension of the Wald-Iyer work to perfect fluid spacetimes. [12]. Like Schutz and Sorkin, [13,14], however, we use vectors instead of forms, and our lagrangian displacement arises from a map Ψλ from the manifold to itself, not, as in Iyer, from a projection onto the manifold of fluid trajectories.

1 √ −g d dλ (B^α √ −g) = Θ^α. (25)

By choosing B^α(0) = 0, we make Q(λ) finite; and, as we will see, Q is independent of the sphere S, as long as S encloses the fluid and any black holes. Outside the matter,

B^α = 1 16π (g^{αγ} g^{βδ} − g^{αβ} g^{γδ})|_{λ=0}^∘∇_β g_{γδ}(λ) + O(λ^2), (26)

where,^∘∇_β is the covariant derivative of the metric g_{αβ}(0).

The generalized first law will be found by evaluating the change δQ in this Noether charge, allowing perturbations that change the baryon number and entropy of each fluid element. We restrict the gauge in two ways: We use the diffeomorphism gauge freedom to set δk^α = 0. The description of fluid perturbations in terms of a lagrangian displacement ξ^α has a second kind of gauge freedom: a class of trivial displacements, including all displacements of the form fu^α, yield no eulerian change in the fluid variables. We use this freedom to set Δt = 0. Because δt = 0 (t is not dynamical), this is equivalent to the condition ξ^t = 0. Eq. (12) now implies Δu^t u^t = 1 2 u^αu^βΔg_{αβ}. (27)

Then, from Eqs. (12) and (27), we have Δu^α = Δu^t(k^α + v^α), while, by Eq. (10), Δu^α = Δ[u^t(k^α + v^α)]; thus

Δ(k^α + v^α) = 0. (28)

For perturbations that include changes in baryon number and entropy, Eqs. (14) and (20) are replaced by Δρ ρ = − 1 2 q^{αβ}Δg_{αβ} + Δ(ρ √ −gu^t) ρ √ −gu^t , (29) and 1 √ −g Δ(ϵ √ −g) = ρT Δs + h u^t √ −g Δ(ρu^t √ −g) − 1 2 T^{αβ}δg_{αβ} + ξ_α∇_βT^{αβ} − ∇_α(T^{αβ} ξ_β); (30)

and the change in the lagrangian density becomes, 1 √ −g δL = −ρT Δs − h u^t √ −g Δ(ρu^t √ −g) − 1 16π (G^{αβ} − 8πT^{αβ})δg_{αβ} − ξ_α∇_βT^{αβ} + ∇_αΘ^α. (31)

To find the change δQ in the Noether charge, we first compute the difference, δ[Q − ∑ i Q_i], (32)

between the charge on the sphere S and the sum of the charges on the black holes B_i. As we show below, this quantity is invariant under gauge transformations that respect the Killing symmetry. Write Q = Q_K + Q_L (Q_K the Komar charge, Q_L an additional contribution involving the lagrangian density), with

Q_K = − 1 8π ∮ S ∇^αk^β dS_{αβ}, δQ_L = ∮ S (k^αΘ^β − k^β Θ^α)dS_{αβ}, (33)

δ(Q − ∑ i Q_i) = δ(Q_K − ∑ i Q_{Ki}) + δ(Q_L − ∑ i Q_{Li}). (34)

From the identity

∇_β∇^αk^β = R^α_βk^β, (35)

we have

Q_K − ∑ i Q_{Ki} = − 1 8π ∮ ∂Σ ∇^αk^βdS_{αβ} = − 1 8π ∫ Σ R^α_βk^β dS_α (36) = − 1 8π ∫ Σ G^α_β k^β dS_α − 1 16π ∫ Σ Rk^αdS_α. (37) Now − T^α_βk^β dS_α = −T^α_β(k^β + v^β )dS_α + T^α_βv^β dS_α = ϵ k^αdS_α + (ϵ + p)u^αu_βv^β dS_α, (38)

whence Q_K − ∑ i Q_{Ki} = − ∫ Σ ( 1 16π R − ϵ ) k^αdS_α + ∫ Σ (ϵ + p)u^αu_βv^β dS_α − ∫ Σ 1 8π (G^α_β − 8πT^α_β)k^β dS_α. (39) and δ(Q_K − ∑ i Q_{Ki}) = − ∫ Σ δL d^3x + ∫ Σ Δ [ (ϵ + p)u^αu_βv^β dS_α ]

−δ ∫ Σ 1 8π (G^α_β − 8πT^α_β)k^βdS_α. (40)

The second term on the right of Eq. (34) is given by δ(Q_L − ∑ i Q_{Li}) = ∮ ∂Σ (k^αΘ^β − k^βΘ^α)dS_{αβ} = ∫ Σ ∇_β(k^αΘ^β − k^β Θ^α)dS_α = ∫ Σ ∇_βΘ^β k^αdS_α − ∫ Σ £_kΘ^αdS_α, (41)

where we have used the relation ∇_αk^α = 0 to obtain the last equality, and ∇_βΘ^β is given by Eq. (31). Then, adding Eqs. (40) and (41), and using the relations Δ [ (ϵ + p)u^αu_βv^β dS_α ] = hu_βv^β Δ(ρu^αdS_α) + v^β Δ(hu_β)ρu^αdS_α + (ϵ + p)u^αu_β £_kξ^βdS_α, (42)

where Δv^β = −Δk^β = £_kξ^β is used and

£_kΘ^αdS_α = (ϵ + p)q^α_β £_kξ^β dS_α = (ϵ + p)u^αu_β £_kξ^β dS_α, (43)

where £_kξ^β ∇_βt = 0 is used, we obtain an expression for δ(Q − ∑ i Q_i):

δ(Q − ∑ i Q_i) = ∫ Σ [ T u^t Δs ρu^αdS_α + ( h u^t + hu_βv^β ) Δ(ρu^αdS_α) + v^β Δ(hu_β)ρu^αdS_α ]

− 1 8π δ ∫ Σ (G^α_β − 8πT^α_β)k^β dS_α + ∫ Σ [ 1 16π (G^{αβ} − 8πT^{αβ})δg_{αβ} + ξ^β ∇_αT^α_β ] k^γ dS_γ . (44)

We next evaluate the black-hole charges Q_i. Recall that, by Prop. (II.5), k^α is tangent, on each disconnected component H_i, to the null generators of the horizon, with surface gravity κ_i given by

k^β∇_βk^α = κ_ik^α. (45)

On each B_i, let n^α be the unique null vector field orthogonal to B_i and satisfying n_αk^α = −1. The area element of B_i is then dS_{αβ} = 1 2 (k_αn_β − k_βn_α)dA. (46)

Using the Killing equation, ∇^αk^β = ∇^{[α}k^{β]}, and Eq. (2) to evaluate the integrand of Q_{Ki}, we have ∇^αk^β 1 2 (k_αn_β − k_βn_α) = k^β∇_βk^αn_α = −κ_i, (47)

implying Q_{Ki} = − 1 8π ∮ B_i ∇^αk^βdS_{αβ} = 1 8π κ_iA_i. (48)

Finally, following Bardeen et al. [24], we show that δQ_{Li} = − 1 8π δκ_iA_i. (49)

Using δ(∇_αk_β) = δ(∇_{[α}k_{β]}) = ∇_{[α}δk_{β]}, we have

δκ_i = δ(n^αk^β∇_αk_β) = δn^αk^β∇_αk_β + n^αk^β ∇_{[α}δk_{β]}. (50)

Because the horizon is unchanged in our gauge, and k_α is parallel to the null normal to H_i, δk_α = ak_α, some function a on H_i. Then

δn^αk^β∇_αk_β = −δn^ακ_ik_α = κ_in^αδk_α = −κ_ia = −an^αk_β∇_αk^β = −n^αδk_β∇_αk^β = k^αn^β ∇_αδk_β, (51)

where, in the last equality, we have used £_kδk_α = 0. From Eqs. (50) and (51) and from the vanishing of δσ_{αβ} and δθ, we have δκ_i = 1 2 (k^αn^β + k^βn^α)∇_αδk_β = − 1 2 ∇^αδk_α = − 1 2 k^α∇^βδg_{αβ}. (52) Now δQ_{Li} = ∮ B_i (k^αΘ^β − k^βΘ^α)dS_{αβ} = 1 8π ∮ B_i k^α(g^{βδ} g^{γϵ} − g^{βγ} g^{δϵ})∇_γ δg_{δϵ} 1 2 (k_αn_β − k_βn_α)dA = 1 16π ∮ B_i k^α∇^βδg_{αβ}dA = − 1 8π δκ_iA_i (53)

The first law now follows from Eq. (44) for δ(Q − ∑ i Q_i), Eq. (48) for Q_{Ki}, and Eq. (53) for Q̃_{Li}:

δQ = ∫ Σ [ ρ T u^t Δsu^αdS_α + ( h u^t + hu_β v^β ) Δ(ρu^αdS_α) + v^β Δ(hu_β)ρu^αdS_α ] + ∑ i 1 8π κ_iδA_i − 1 8π δ ∫ Σ (G^α_β − 8πT^α_β)k^β dS_α + ∫ Σ [ 1 16π (G^{αβ} − 8πT^{αβ})δg_{αβ} + ξ^β ∇_αT^α_β ] k^γ dS_γ . (54)

When the family of spacetimes satisfies the field equations, the last line vanishes and we obtain a first law of thermodynamics in the form δQ = ∫ Σ [ ρ T u^t Δsu^αdS_α + ( h u^t + hu_βv^β ) Δ(ρu^αdS_α) + v^β Δ(hu_β)ρu^αdS_α ] + ∑ i 1 8π κ_iδA_i. (55)

Equivalently, writing

T̄ := T u^t , μ̄ := μ u^tm_B = h − T s u^t , (56) and dM_B := ρu^αdS_α, dS := s dM_B, dC_α := hu_αdM_B, (57)

we have δQ = ∫ Σ [¯ T ΔdS + μ̄ΔdM_B + v^αΔdC_α ] + ∑ i 1 8π κ_iδA_i. (58)

The relation between this form and that for an asymptotically flat spacetime with two Killing vectors, t^α and ϕ^α, will be found in Sect. IV B.

We noted above that the difference δ(Q − Q_i) is gauge invariant. In fact, we can see as follows that δ(Q_K − ∑ i Q_{Ki}) and δ(Q_L − ∑ i Q_{Li}) are separately invariant under gauge transformations that respect the symmetry k^α. The gauge transformation associated with a vector field η^α is given by

δ_η Q = £_ηQ, ξ^α(η) = −η^α. (59)

The corresponding lagrangian change in any quantity is then identically zero:

Δ_η = δ_η + £_{−η} = 0. (60)

From Eq. (41), (31), and (60) the change in δ(Q_L − ∑ i Q_{Li}) due to a gauge transformation is given by δ(Q_L − ∑ i Q_{Li}) = ∫ Σ ∇_βΘ^β k^αdS_α = ∫ Σ δ_η L d^3x, (61)

when the field equations are satisfied. Decomposing η in the manner

η^α = η^β∇_βt k^α + η̂^α, (62)

with η̂^α∇_αt = 0, and using £_kη^α = 0, we have δ_ηL = £_ηL = ∇_α(Lη̂^α), δ(Q_L − ∑ i Q_{Li}) = ∫ Σ ∂_α(Lη̂^α)d^3x = 0, (63)

because L vanishes outside the fluid (on ∂Σ).

Similarly, from Eq. (37), δ(Q_K − ∑ i Q_{Ki}) = − 1 8π δ ∫ Σ R^α_βk^βdS_α. (64)

Again, for a gauge transformation that respect the Killing symmetry, the right side is an integral over the boundary ∂Σ of a quantity that vanishes outside the fluid.

Lastly, we verify the asertion made previously, that Q is independent of the 2-surface S on which it is evaluated, if S encloses the fluid and any black holes. This is immediate for Q_K from Eq. (37) and (48). For Q (and Q_L), it follows from the fact that Q = Q_K at λ = 0, together with the implication of Eq. (54) that^{dQ}_{dλ} = δQ is independent of S along any sequence of equilibria Q(λ).

A. First law in Hamiltonian framework

In applying the first law to spacetimes that are spatially conformally flat, we will need to write it in a 3+1 form, with metric γ_{ab} on Σ and its conjugate momentum π^{ab} as independent variables. Until Eq. (79) of this section, the vector field k^α that generates time evolution is not assumed to be a Killing vector.

Let Σ = Σ_0 be a Cauchy surface transverse to k^α, and let Σ_t = χ_t(Σ), with χ_t the family of diffeos generated by k^α. Denote by γ_{ab}(t) the spatial metric on Σ_t. Let n^α be the future-pointing unit normal to this foliation, and recall that one can identify spatial tensors on Σ_t with spacetime tensors that are orthogonal on all of their indices to n^α. In particular, the projection γ_{αβ} orthogonal to n_α, γ_{αβ} = g_{αβ} + n_αn_β, (65) is the 4-tensor associated with the family of 3-metrics γ_{ab}(t) on the slices Σ_t. Although k^α is not everywhere timelike, the fact that it is transverse to a family of spacelike hypersurfaces means that we can introduce a nonvanishing lapse α and a shift ω^α that relate ∂_t ≡ k^α to n^α in the usual way, k^α = αn^α + ω^α, ω^αn_α = 0. (66) Then, in a chart {t, x^i} for which Σ_t is a t =constant surface, the metric g_{αβ} = γ_{αβ} − n_αn_β has the form ds^2 = −α^2dt^2 + γ_{ij} (dx^i + ω^idt)(dx^j + ω^jdt). (67) With D_a the covariant derivative of the spatial metric γ_{ab}, the extrinsic curvature of Σ_t is given by K_{ab} = − 1 2 £_nγ_{ab} = 1 2α (−γ̇_{ab} + D_aω_b + D_bω_a), (68) where γ̇_{ab} is the pullback to Σ of £_kγ_{αβ} , vanishing when k^α is a Killing vector.

By taking as independent variables the quantities π^{ab}, γ_{ab}, α,, with π^{ab} = −(K^{ab} − γ^{ab}K)γ^{1/2}, (69) we now generalize the derivation of the first law to permit independent variations of δπ^{ab}, δγ_{ab}, δα, δω^a.

In terms of Hamiltonian metric variables, the gravitational lagrangian density takes the form [33] R √ −g = π^{ab}γ̇_{ab} − αH_G − ω_aC^a_G + D_a(−2D^aαγ^{12} − 2ω^bπ^a_b + ω^aπ) − π̇, (70) where H_G := −2G^{αβ}n_αn_β γ^{12} = −^3Rγ^{12} + (π_{ab}π^{ab} − 1 2 π^2)γ^{− 12} , (71) C^a_G := −2G^{αβ}γ_α^an_β γ^{12} = −2D_bπ^{ab}. (72) Regarding L = ( 1 16π R − ϵ) √ −g as a function of π^{ab}, γ_{ab}, α, ω^a and the fluid variables, we rewrite Eq. (31) in the manner δL = −αγ^{12} ρT Δs − h u^t Δ(ρu^t αγ^{12} ) + 1 16π {−δαH − δω^aC_a + δπ^{ab}[γ̇_{ab} − D_aω_b − D_bω_a − 2α(π_{ab} − 1 2 γ_{ab}π)γ^{− 12} ] − δγ_{ab}(G^{ab} − 8πS^{ab})αγ^{12} } − ξ_α∇_βT^{αβ}αγ^{12} + D_aΘ̃^aγ^{12} − 1 16π (δπ^{ab} γ_{ab})^• . (73) Here, denoting the pullback to Σ of σ_α by γ^α_a σ_α, we have set ρ_H := T_{αβ}n^αn^β, j_a := −T_{αβ} γ^α_a n^β , S_{ab} := T_{αβ}γ^α_a γ^β_b , (74)

H := H_G + 16πρ_H γ^{12} , C^a := C^a_G − 16πj^aγ^{12} ; (75) and the remaining quantities in the last line of (73) are given in terms of (π^{ab}, γ_{ab}, α, ω^a) by Θ̃^a = 1 16π {[ − 2δ(D^aα γ^{1/2}) + (ω^aγ_{bc}δπ^{bc} + πδω^a − 2π^a_bδω^b)]γ^{− 12} + (γ^{ac}γ^{bd} − γ^{ab}γ^{cd})(αD_bδγ_{cd} − D_bα δγ_{cd}) + α(ϵ + p)q^a_bξ^b − αω^aj^bξ_b}, (76)

G^{ab} = π̇^{ab}α^{−1}γ^{− 12} +^3R^{ab} − 1 2 γ^{ab 3}R + (2π^{ac}π^b_c − ππ^{ab} − 1 2 γ^{ab}π^{cd}π_{cd} + 1 4 γ^{ab}π^2)γ^{−1} − 1 α (D^aD^bα − γ^{ab}D^2α) + 2 α π^{c(b}D_cω^{a)}γ^{− 12} − 1 α D_c(π^{ab}ω^c)γ^{− 12} , (77) and αξ_β∇_αT^{αβ} = ξ_b[D_α(αT^{ab}) + D^bα ρ_H − j_aD^bω^a − D_a(ω^aj^b)]. (78)

For k^α a Killing vector and A^α any vector field Lie derived by k^α, we have the identities ∇_αA^α √ −g = D_aÃ^a √ γ, (79) ∫ ∂Σ (k^αA^β − k^βA^α)dS_{αβ} = ∫ ∂Σ Ã^adS_a, (80)

where Ã_a = αA_αγ^α_a + ω_aA_αn^α, (81)

and dS_a is along the outward normal to ∂Σ in Σ. In particular, the vector Θ̃_a of Eq. (76) is related to Θ^α by Θ̃_a = αΘ_αγ^α_a + ω_aΘ_αn^α, implying δQ_L = ∫ S Θ̃^adS_a, δQ_{Li} = − ∫ B_i Θ̃^adS_a. (82)

Q_K can be expressed in terms of (π^{ab}, γ_{ab}, α, ω^a) by writing

∇_αk_βγ^α_a n^β = γ^α_a ∇_α(k_βn^β) − γ^α_a ∇_αn_β k^β = −D_aα + K_{ab}ω^b, (83)

with K_{ab} = −(π_{ab} −^1_2 γ_{ab}π)γ^{− 12} . Then Q_K − ∑ i Q_{Ki} = 1 8π ∫ ∂Σ (D^aα − K^a_bω^b)dS_a = − 1 8π ∫ Σ R^α_βk^βdS_α, (84)

with [34]

R^α_βk^βn_α|_Σ = D_a(D^aα − K^a_bω^b). (85)

We can verify directly that R^α_βk^β n_α takes the form (85), when written in Hamiltonian variables, using the Hamiltonian forms already given for H_G, C_{Ga}, and G^{ab}. Eq. (66) implies R^α_βk^βn_α | |_Σ = − 1 4 αγ^{− 12} H_G − 1 2 γ^{− 12} C_{Ga}ω^a + 1 2 αγ_{ab}G^{ab}. (86) Eq. (77) gives γ_{ab}G^{ab} = − 1 2 (3)R + 2 α D^2α + γ^{−1}( 1 2 π^{ab}π_{ab} − 1 4 π^2) + 2 α π^{ab}D_aω_bγ^{− 12} − 1 α D_a(πω^a)γ^{− 12} ; (87)

and substituting this and the forms (71) and (72), of H_G and C_{Ga} in Eq. (86), we obtain R^α_β k^βn_α | |_Σ = D_a(D^aα + π^a_bω^bγ^{− 1}2 − 1 2 πω^aγ^{− 12} ) = D_a(D^aα − K^a_bω^b). (88)

Consequently, Eq. (40) holds with R and G^α_βn_α given by Eqs. (70), (71), and (72), and with Δg_{αβ} defined as a function of (γ_{ab}, α, ω^a), independent of π^{ab}.

Finally, combining Eq. (40), Eq. (73) and Eq. (82) in the lagrangian derivation, as we obtain Eq. (54), δ ( Q − ∑ i Q_i ) = ∫ Σ (T̄ ΔdS + μ̄ΔdM_B + v^aΔdC_a) + 1 16π ∫ Σ {δπ^{ab}[D_aω_b + D_bω_a + 2α(π_{ab} − 1 2 γ_{ab}π)γ^{− 12} ] − αδH − ω^aδC_a + α[δγ_{ab}(G^{ab} − 8πS^{ab}) + 16π ξ_α∇_βT^{αβ}]γ^{12} }d^3x. (89) Here the last two integrals in Eq. (54) are combined by using 2δ[(G^α_β − 8πT^α_β)k^β n_α] = δαH + αδH + δω^aC_a + ω^a δC_a.

When the field equations are satisfied, and π^{ab} is given by π^{ab} = − 1 α (D^{(a}ω^{b)} − γ^{ab}D_cω^c)γ^{1/2}, (90) we have δQ = ∫ Σ [¯ T ΔdS + μ̄ΔdM_B + v^aΔdC_a ] + ∑ i κ_iδA_i (91)

IV. APPLICATION TO THE INSPIRALING BINARY BLACK HOLE – NEUTRON STAR SYSTEM A. Comparing configurations in quasi-stationary systems Our study of a generalized first law was spurred by the fact that equilibria stationary in a rotating frame – spacetimes with helical Killing vectors – are used in several approaches to binary inspiral. In each of these cases, one approximates the inspiral phase of binary coalescence by an evolutionary path through a sequence of equilibria. The first law has a strikingly simple form when used to compare such dynamically related spacetimes: For isentropic fluids, dynamical evolution conserves the baryon mass, entropy, and vorticity of each fluid element, and we show that the first law becomes δQ = 1 8π ∑ i κ_iδA_i; (92) or δQ = 0, (93) for perfect fluid spacetime with no black holes. In the gauge that we have chosen (δk^α = 0), when the spacetime is asymptotically flat and k^α has the asymptotic form t^α + Ωϕ^α, with t^α and ϕ^α timelike and rotational Killing vectors of a flat asymptotic metric, we find δQ = δM − ΩδJ, (94) with M and J the mass and angular momentum at spatial infinity. In particular, the first law in this form describes (i) comoving binaries, flows with v^α = 0; and (ii) irrotational binaries, potential flows hu_α = ∇_αΦ, with Δ(hu_α) = ∇_αΔΦ. (95) For an isentropic fluid, conservation of rest mass, entropy, and vorticity have the form £_u(ρ √ −g) = 0, £_us = 0, £_uω_{αβ} = 0, (96) with the relativistic vorticity ω_{αβ} given by ω_{αβ} = q_α^γ q_β^δ [∇_γ (hu_δ) − ∇_δ (hu_γ )] = ∇_α (hu_β) − ∇_β (hu_α) . (97) The perturbed conservation laws have the first integrals Δ(ρu^α √ −g) = 0, Δs = 0 Δω_{αβ} = 0, (98) appropriate to the difference between two flows that are related by a dynamical evolution. It immediately follows that the first and second terms of Eq.(55) vanish for isentropic flows.

To see that the third term vanishes when the perturbed vorticity vanishes, we use [d, £_ξ] = 0 to write 0 = Δω_{αβ} = ∇_αΔ (hu_β) − ∇_βΔ (hu_α) , (99) implying Δhu_α = ∇_αΔΦ, as in Eq. (95). The third term in Eq. (55) can then be written ∫ Σ v^β Δ(hu_β)ρu^αdS_α = ∫ Σ v^β ∇_βΔΦρu^tk^αdS_α (100) = ∫ Σ ∇_β(v^β ΔΦρu^t)k^αdS_α − ∫ Σ ∇_β(v^β ρu^t)ΔΦk^αdS_α (101)

The first term in this last equality vanishes, because it is the integral of a total divergence. (Write (∇_βA^β)k^α = ∇_β(A^β k^α − A^αk^β ) and use Stokes’ theorem; or, more concretely, write k^αdS_α = √ −gd^3x.) For the second term, recalling the definition of v^α in Eq. (10), we have ∇_β(v^β ρu^t) = ∇_β(ρu^β ) − £_k(ρu^t) − ρu^t∇_βk^β , (102) with each term on the right separately vanishing.

Thus, for spacetimes related by a perturbation that locally conserves baryon mass, entropy and vorticity, the first law has the form (92), as claimed.

B. Asymptotically flat systems We will use the 3+1 formalism of Sec. (III A) to evaluate δQ = δQ_K + δQ_L. In the post-Newtonian and in the Isenberg-Wilson-Mathews spacetimes that have been used to describe binary systems, the 3-metric has the asymptotic form γ_{ab} = f_{ab} + O(r^{−1}), (103) where r = (δ_{ij} x^ix^j)^{1/2}, with {x^i} a chart for which f_{ij} = δ_{ij} .

By writing k^α = αn^α + ω^α, as in Sec. (III A), we choose a shift ω^a associated with a comoving chart at spatial infinity. That is, ω^a = Ωϕ^a + β^a, where β^a = O(r^{−2}), (104) and ϕ^a is a rotational Killing vector of the flat metric f_{ab} ϕ^a = x^1(∂_2)^a − x^2(∂_1)^a. (105) The extrinsic curvature and lapse have asymptotic behavior K_{ab} = O(r^{−3}), α = 1 + O(r^{−1}), D_aα = O(r^{−2}). (106) To evaluate δQ, we first define two asymptotic masses and the asymptotic angular momentum. A mass M_K seen by a test particle in Keplerian orbit is associated with the asymptotic form of the lapse, M_K := 1 4π ∫ ∞ D^aα dS_a = lim_{r→∞} 1 4π ∫ S_r ∂_rα r^2dΩ, (107) where ∫ ∞ := lim_{r→∞} ∫ S_r with S_r a sphere of constant r. In terms of the metric potentials, M_K has the form of the Komar mass associated with an timelike asymptotic Killing vector t^α.

The ADM mass is computed from the 3-metric:

M_{ADM} = 1 16π ∫ ∞ (f^{ac}f^{bd} − f^{ab}f^{cd})∂_bγ_{cd} dS_a = − lim_{r→∞} 1 2π ∫ S_r ∂_r ψ r^2dΩ. (108)

Finally, the angular momentum associated with the asymptotic rotational Killing vector is given by J = − 1 8π ∫ ∞ π^a_b ϕ^bdS_a = 1 8π ∫ ∞ K^a_b ϕ^bdS_a. (109)

As in the first equality of Eq. (84), we have

Q_K = − 1 8π ∫ ∞ (−D^aα + K^a_bω^b)dS_a = 1 8π ∫ ∞ (D^aα − K^a_bΩϕ^b)dS_a, (110)

whence, by Eqs. (107) and (109)

Q_K = 1 2 M_K − ΩJ. (111)

We obtain δQ_L from Eqs. (82) and (76). Using ϕ^aD_ar = 0 and the asymptotic behavior given above, we have Θ̃^a = 1 16π {[ − 2f^{1/2}δD^aα − 2δ(π^a_b Ωϕ^b) + 2δπ^a_b Ωϕ^b]f^{−1/2} + (f^{ac}f^{bd} − f^{ab}f^{cd})D_bδγ_{cd}} + O(r^{−3}), (112)

δQ̃_L = 1 16π [ − 2δ ∫ ∞ D^aα dS_a + 2δ ∫ ∞ K^a_bΩϕ^bdS_a − 2Ω δ ∫ ∞ K^a_bϕ^bdS_a + ∫ ∞ (f^{ac}f^{bd} − f^{ab}f^{cd})D_bδγ_{cd}dS_a ] = − 1 2 δM_K + δ(ΩJ) − ΩδJ + δM_{ADM} = δM_{ADM} − 1 2 δM_K + δΩJ. (113)

Adding Eq. (113) to δ(111), we have δQ = 1 2 δM_K − δ(ΩJ) + δM_{ADM} − 1 2 δM_K + δΩJ = δM_{ADM} − ΩδJ, (114) in agreement with the usual first law.

C. The first law for spacetimes with a conformally flat spatial geometry

As mentioned earlier, several groups have recently obtained quasi-equilibrium sequences [6–9], approximating binary inspiral by a sequence of Isenberg-Wilson-Mathews spacetimes (henceforth IWM spacetimes), spacetimes whose 3-geometry is conformally flat and whose five metric potentials satisfy a truncated set of five field equations. More precisely, the metric of a IWM spacetime satisfies the constraint equations and the spatial trace of the Einstein equation, together with the maximal slicing condition for its conformally flat slices; and its matter satisfies the equation of motion, ∇_βT^{αβ} = 0 (see e.g., Isenberg [35] or Flanagan [36]).

As Detweiler has pointed out, when the spacetime has a helical (or timelike) Killing vector, one cannot in general solve all of these equations simultaneously for a metric with conformally flat spacelike slices. One must omit one relation to accommodate the new constraint that the existence of a Killing vector imposes on the extrinsic curvature,

K_{ab}. We note first that, if one omits the K = 0 condition, the resulting spatially conformally flat spacetime satisfies an exact first law, despite the fact that only a truncated set of field equations are imposed.

In the second part of this section, we note that one can alternatively retain the K = 0 condition if one simply defines a tensor K̂_{ab} by the form (Eq.( 123) below) that the extrinsic curvature would take in a spacetime with a helical Killing vector foliated by K = 0 slices. We show that the first law is exact in this framework. This is surprising, in view of the artificiality of the definition of ^K_{ab} and the fact that one component of the Einstein equation is not satisfied in the IWM framework.

In each case, one has a spacetime foliated by hypersurfaces whose spatial metrics have the form γ_{ab} = ψ^4f_{ab}, (115) with f_{ab} a flat metric. The corresponding 4-tensors, γ_{αβ} = ψ^4f_{αβ} , (116) are Lie derived by the Killing vector k^α:

£_kγ_{αβ} = 0, £_kψ = 0, £_kf_{αβ} = 0. (117) In particular (although we will not use the fact in this section), k^α = t^α + Ωϕ^α, (118) with ϕ^a a rotational Killing vector of f_{ab}.

In the first case (with K not required to vanish), the spacetime satisfies on each Σ_t the equations H = 0, C_a = 0, γ_{ab}(G^{ab} − 8π T^{ab}) = 0, ∇_βT^{αβ} = 0, (119) together with the relation (90) expressing π^{ab} in terms of the metric. Because δγ_{ab} = 4 δψ ψ γ_{ab}, (120) it is exactly this set of equations that occur in the action and in the 3+1 form of the first law (89), when one compares two spatially conformally flat spacetimes.

Finally, comparing asymptotically flat spacetimes of this kind, with no local change in entropy, baryon number, or circulation, we have δM = ΩδJ + ∑ κ_iδA_i. (121) We consider next solutions (π̂^{ab}, γ_{ab}, α, ω^a, ϵ, u^α), to the same set (119) of equations, now with π̂ = 0: π̂^{ab} = −K̂^{ab}γ^{12} , (122) with K̂_{ab} the tracefree part of the extrinsic curvature: K̂_{ab} = 1 2α (D_aω_b + D_bω_a − 2 3 γ_{ab}D_cω^c). (123) One writes H, C_a, γ_{ab}(G^{ab} − 8π T^{ab}), and ∇_βT^{αβ} as they occur in the Hamiltonian formalism (for the metric), as functions of (π^{ab}, γ_{ab}, α, ω^a) and the matter variables; one substitutes for γ_{ab} and π^{ab} the expressions γ_{ab} = ψ^4f_{ab}, π̂^{ab} = − 1 2α (D^aω^b + D^bω^a − 2 3 γ^{ab}D_cω^c)γ^{− 12} ; (124) and one solves the resulting system of equations for (ψ, α, ω^a; ϵ, v^a). Ĥ = 0, Ĉ_a = 0, (Ĝ^{ab} − 8πS^{ab})γ_{ab} = 0, ∇_βT^{αβ} = 0, (125) where Ĥ = H(π̂^{ab}, γ_{ab}, α, ω^a; ϵ, u^α), Ĉ^a = C^a(π̂^{ab}, γ_{ab}, α, ω^a; ϵ, u^α), Ĝ^{ab}γ_{ab} = G^{ab}γ_{ab}(π̂^{ab}, γ_{ab}, α, ω^a; ϵ, u^α). (126) Then, for a family of such solutions, the quantities δα, δω, and δγ_{ab} = 4^{δψ}_ψ γ_{ab} occurring on the right of the first law (89) multiply expressions that vanish. Because δπ̂^{ab} is traceless, the expression involving δπ̂^{ab} has the form 1 16π δπ̂^{ab}[D_aω_b + D_bω_a + 2αγ^{− 12} π̂_{ab}] = 1 16π δπ̂^{ab}[D_aω_b + D_bω_a − 2 3 γ_{ab}D_cω^c + 2αγ^{− 12} π̂_{ab}] = 0. (127) Eq. (89) thus yields δQ̂_L − 1 8π δ ∫ R̂^α_βk^βdS_α = ∫ Σ [T ΔdS + μΔdM_B + v^aΔdC_a]. (128)

To recover the first law in the form δM = ΩδJ, (129) we must show that − 1 8π δ ∫ Σ R̂^α_βk^βdS_α = − 1 8π δ ∫ ∂Σ ∇^αk^βdS_{αβ}. (130) This is not obvious, because, in replacing the extrinsic curvature by its tracefree part, we invalidate the Killing identity (35):

∇_β∇^αk^β ≠ R^α_β(π̂^{ab}, ψ, α, ω^a)k^β (131) Remarkably, however, the n_α components of the two sides of this inequality differ by a divergence; and the asymptotic behavior of the spacetime implies the equality

Q_K = − 1 8π ∫ ∞ ∇^αk^βdS_{αβ} = − 1 8π ∫ R̂^α_βk^βdS_α (132)

That is, from Eq. (85), we have ∇_β∇^αk^βn_α | |_Σ = R^α_β k^βn_α|_Σ = D_a(D^aα − K^a_bω^b); (133) and R̂^α_β k^βn_α | | |_Σ = Da(D^aα − K̂^abω^b). (134) Then ∇_β∇^αk^βn_α | |_Σ − R̂^α_β k^βn_α|_Σ = D_a[(K̂^a_b − K^a_b)ω^b] = − 1 3 D_a(ω^aK). (135) As noted in Sect. (IV B), ω^a = Ωϕ^a + β^a, with β^a = O(r^{−2}), (136) where ϕ^a is a rotational Killing vector of the flat metric f_{ab}; and K = O(r^{−3}).^7 We then have

7 If, however, one allows a nonzero 3-momentum, with boosted-Schwarzschild asymptotics, then ψ = 1 + f(r̂)/r + O(r^{−2} ) and and β^a = O(r^{−1} ). Because K is given by 1 α ( 6 ψ Ωϕ^aDaψ + Daβ^a), one can only demand K = O(r^{−1} ), β^aK = O(r^{−2}), allowing a finite contribution to QK .

Q_K = − 1 8π ∫ R^α_β k^βdS_α = − 1 8π ∫ Σ R̂^α_β k^βdS_α − 1 24π ∫ ∂Σ ω^bKdS_b = − 1 8π ∫ Σ R̂^α_β k^βdS_α, (137)

as claimed.

From Eq. (108), we conclude δM = ΩδJ, (138) along a family of conformally flat solutions to the IWM equations, written in terms of (π̂^{ab}, ψ, α, ω^a).

Note that the equation ξ_β ∇_αT^{αβ} = 0 is satisfied, because, for an isentropic fluid, the equation of hydrostatic equilibrium, conservation of rest-mass, and the one-parameter equation of state together imply ∇_αT^{αβ} = 0. To see this explicitly, we decompose the divergence of the stress tensor as follows:

∇_αT^{αβ} = (q_{βγ} − u_βu_γ )∇_αT^{αγ} = ρ [u^γ ∇_γ (hu_β) + ∇_βh] + u_βh∇_α(ρu^α) − ρT ∇_β s (139)

In constructing an isentropic (s = const) equilibrium model, conservation of rest mass is assumed, and a barotropic equation of state p = p(ρ) is used. Helical symmetry and the assumption that the fluid flow is either co-rotational or irrotational then leads to a first integral of the Euler equation u^γ ∇_γ (hu_β) + ∇_βh = 0. It is this first integral, specialized to a conformally flat metric, that is solved in the IWM formalism, implying that ∇_αT^{αβ} = 0. Thus, as claimed, all terms involving the field equations vanish in Eq. (54), and the first law holds for IWM spacetimes in the form (55).

As in the exact theory, when the system includes black holes, the κ_iδA_i terms refer to Killing horizons. The IWM spacetimes do not satisfy the Raychaudhuri equation for the null generators of the horizon; as a result, as noted in the introduction, Killing horizons in IWM spacetimes need not co-rotate with the orbital motion.

V. DISCUSSION

The first law can be used to deduce a criterion for orbital stability for the asymptotically flat models of binary equilibria discussed above, using a theorem of Sorkin [37]. Consider a one-parameter family Q(λ) of binary equilibrium models along which baryon number, entropy and circulation are locally constant (the lagrangian changes Δs, ΔdM_B, and ΔdC_α vanish). Suppose that J̇ = 0 at a point λ_0 along the sequence, and that Ω̈J̇ ≠ 0 at λ_0. Then the part of the sequence for which Ω̇J̇ > 0 is unstable for λ near λ_0.

The result relies on a first law in the form

dM = ΩdJ (140)

and on the fact that the equilibria are extrema of mass with J constant. As we have seen, this is the case for a configuration space in which baryon number, entropy, and circulation are fixed for each fluid element. For asymptotically flat models with one or more black holes, if one also fixes the area of the horizon along a sequence, then the same criterion above can be used to diagnose stability.

In general, the proof of the theorem shows only that the spacetime is secularly unstable on one side of the turning point. In the present context, however, the theorem shows the existence of nearby configurations with lower mass that can be reached by perturbations that conserve baryon number, entropy, and circulation; this suggests that the criteria locates the onset of dynamical instability.

When one models stationary binary systems in full GR, the lack of asymptotic flatness leads to several ambiguities. For binary charges in Minkowski space, one can obtain a one-parameter family of equilibria if one simply replaces asymptotic regularity (finite energy) by a condition that the electromagnetic field be given by the half-advanced + half-retarded Green’s function. In GR, it remains to be seen whether one can find an analogous asymptotic condition. Simply requiring equal amounts of ingoing and outgoing radiation is a weaker condition even in Minkowski space; in GR one must have asymptotic conditions as restrictive as asymptotic flatness to avoid ambiguity in each asymptotic multipole. Finally, as mentioned in Sect. III, the helical Killing vector has an arbitrary scaling that one must resolve to obtain a unique value for the charge Q of the first law.

ACKNOWLEDGMENTS

We thank Ric Ancel, Abhay Ashtekar, Steven Detweiler, Eric Gourgoulhon, James Isenberg, Stephen Hawking and Robert Wald for helpful conversations; and we also thank Detweiler and Gourgoulhon for reading and pointing out errors in an earlier draft.

This research was supported in part by NSF Grant PHY00-71044 and by a Japanese Monbu-kagakusho Grant (No. 13740143).

APPENDIX A: VIRIAL RELATION IN IWM SPACETIMES

In this appendix, we derive a virial relation for quasiequilibrium states in IWM spacetimes. Incidentally, we show that the virial relation is equivalent to the relation M_K = M_{ADM}.^8

As described in IV C, we use a 3+1 formalism, with 3-metric γ_{ab} = ψ^4f_{ab}, and with a helical Killing vector that has the form

k^α = t^α + Ωϕ^α, (A1)

where ϕ^a is a rotational Killing vector of the flat metric f_{ab}. Throughout this appendix, we use Cartesian coordinates t, {x^i} for which f_{ab} has components f_{ij} = δ_{ij} and t^μ = δ^μ_0 . In the IWM formalism, one imposes the maximal slicing condition K = 0 on the family of t =const surfaces Σ_t; and, instead of solving the full Einstein equation, one solves the Hamiltonian constraint, the momentum constraint and the equation for the slicing condition. Here, however, as in Sect. IV C, to obtain a set of equations consistent with the existence of a helical Killing vector, we replace the extrinsic curvature in this set of equations by its tracefree part, K̂^{ij}.

The basic equations are then

Δψ = −2πψ^5ρ_H − ψ^5 8 K̂^j_i K̂^i_j ≡ −S_ψ , (A2)

∂_j ( √ γK̂^j_i ) = 8πj_i √ γ, (A3)

Δχ = 2πχψ^4(ρ_H + 2S^k_k ) + 7 8 χψ^4K̂^j_i K̂^i_j ≡ S_χ, (A4)

where Δ denotes the flat Laplacian for three space, √ γ = det(γ_{ij} ) = ψ^6, and χ ≡ αψ. (See Eqs. (74) for definition of ρ_H , j_i and S_{ij}.) The energy-momentum tensor is assumed to be nonzero only inside the light cylinder (x^2 + y^2)^{1/2} < Ω^{−1}.

The shift vector β^a of Eq. (104) satisfies

β^α = −αn^α + t^α. (A5)

The Cartesian components K̂^j_i are given in terms of β^i by

K̂^j_i = 1 2α ( ∂_iβ^j + δ_{il}δ^{jk}∂_kβ^l − 2 3 δ^j_i ∂_kβ^k ) . (A6)

The asymptotic behavior of geometric variables is that of Eqs. (103)- (106),

ψ = 1 + O(r^{−1}), (A7) χ = 1 + O(r^{−1}), (A8) β^i = O(r^{−2}), (A9) K̂^j_i = O(r^{−3}), (A10)

appropriate for an asymptotically flat spacetime in a chart for which the total ADM 3-momentum vanishes:

8The relation MK = MADM for stationary and asymptotically flat spacetimes has been proven by Beig [38], and by Ashtekar and Magnon-Ashtekar [39]. A virial relation relying on this has been derived by Gourgoulhon and Bonazzola [40].

P_i ≡ 1 8π ∮ r→∞ K^j_i √ γdσ_j = 0, (A11)

where dσ_j = (D_j r)r^2dΩ and √ γ is computed in Cartesian coordinates.

We now derive the virial relation and show the equivalence of Komar and ADM mass for quasiequilibria of two neutron stars. For r → ∞, χ and ψ behave as 1 − M_χ/2r + O(r^{−2}) and 1 + M_{ADM}/2r + O(r^{−2}). From this asymptotic behavior, we can define M_χ and M_{ADM} by the surface integrals,

M_χ = 1 2π ∮ r→∞ δ^{ij}ψ∂_iχdσ_j M_{ADM} = − 1 2π ∮ r→∞ δ^{ij}χ∂_iψdσ_j. (A12) Since M_χ = −M_{ADM} + 2M_K , our goal is to show M_χ = M_{ADM}.

Using Gauss’s law, they can be rewritten in the manner

M_χ = 1 2π ∫ (ψS_χ + δ^{ij} ∂_iχ∂_j ψ)d^3x, (A13)

M_{ADM} = 1 2π ∫ (χS_ψ − δ^{ij}∂_iψ∂_j χ)d^3x. (A14) We next derive a relation that will be used several times in the calculations that follow. From χψ^5K̂^j_i K̂^i_j = √ γK̂^j_i ∂_jβ^i, we have ∫ χψ^5K̂^j_i K̂^i_j d^3x = ∫ √ γK̂^j_i ∂_jβ^id^3x = − ∫ ∂_j( √ γK̂^j_i )β^id^3x + ∮ √ γK̂^j_i β^idσ_j = −8π ∫ √ γj_iβ^id^3x, (A15)

where we use the asymptotic behaviors at r → ∞ and Eq. (A3) to obtain the last line. ∮ without specification of a surface denotes a surface integral over ∂Σ: ∮ = ∮ r→∞. From the vanishing of the total ADM 3-momentum (more precisely, from the vanishing of ∫ r→∞ K̂^j_i √γdS_j) and from the momentum constraint (A3), we have 0 = ∫ j_i √ γd^3x, (A16)

which may be interpreted as the linear momentum of a neutron star.

Using Eqs. (A13) and (A14), we write the difference between M_{ADM} and M_χ in the form

M_χ − M_{ADM} = 1 π ∫ [ 2πχψ^5S^k_k + 3 8 χψ^5K^j_i K^i_j + δ^{ij}∂_iψ∂_j χ ] d^3x = 2 ∫ [ √ γ{j_kv^k + 3αP } − 1 2 √ γj_jβ^j + 1 2π δ^{ij}∂_iψ∂_j χ ] d^3x, (A17)

where we use S^k_k = j_ku_lγ̃^{kl}/(αu^t) + 3P , v^k = u^k/u^{t9}, γ^{kl}u_l = u^t(v^k + β^k) and Eq. (A15). In the following we show that the relation M_χ = M_{ADM} is equivalent to the virial relation.

To derive the virial relation, we first write the general relativistic Euler equation γ^ν_k∇_μT^μ_ν = 0 in the form ∂_t(j_k √ γ) + ∂_k(j_l √ γv^l ) + ∂_k(α √ γP ) + ρ_H ψ^5∂_kχ − (ρ_H + 2S^l_l )χψ^4∂_kψ − √ γj_l∂_kβ^l + 1 2 χψS_{ij} ∂_kγ̃^{ij} = 0, (A18)

9The above definition for v^k is used only in this appendix. Note that v^k was differently used for spatial velocity vector in co-moving frame with k^α as defined in Eq.(10) in main sections.

where γ̃^{ij} = γ^{ij} ψ^4. Equation (A18) is a fully general relativistic expression. In the IWM spacetimes, γ̃^{ij} = γ̃_{ij} = δ_{ij} and consequently, the last term in Eq. (A18) is neglected.

In the following calculation, we choose the x^1-axis so that, on some time-slice Σ_t, it lies along the centers of the two members of the binary system.

As in the Newtonian case, the virial relation can be derived by taking inner product with x̂^k and by performing an integral over three space, i.e., ∫ d^3x̂x̂^k [ ∂_t(j_k √ γ) + ∂_j(j_k √ γv^j ) + ∂_k(α √ γP ) + ρ_H ψ^5∂_kχ − (ρ_H + 2S^l_l )χψ^4∂_kψ − √ γj_l∂_kβ^l ] = 0. (A19)

Below, we shall carry out integrals separately. For simplicity, we omit hats (^) on indices in the following.

(1) First term: Since we assume the existence of the helical Killing vector, we have a relation

∂_tJ_k = −Ω[∂_l(ϕ^lJ_k) + J_l∂_kϕ^l], (A20)

where we use ∂_lϕ^l = 0 and J_k ≡ j_k √ γ. In the present coordinates, ϕ^l = (−x^2, x^1 − b, 0). After an integration by parts, we obtain ∫ x^k∂_tJ_kd^3x = Ω ∫ (ϕ^kJ_k − J_lx^k∂_kϕ^l)d^3x. (A21)

From a relation x^k∂_kϕ^l = ϕ^l + δ^{2l}b, we immediately find ∫ x^k∂_t(j_k √ γ)d^3x = −bΩ ∫ j_2 √ γd^3x ≡ −bΩP_{NS}, (A22)

where P_{NS} is interpreted as the linear momentum of a neutron star [see Eq. (A16)].

(2) Second and third terms: An integration by parts immediately yields ∫ x^k∂_j(j_kv^j √ γ)d^3x = − ∫ j_kv^k √ γd^3x, (A23) ∫ x^k∂_k(α √ γP )d^3x = −3 ∫ α √ γP d^3x. (A24)

(3) Fourth and fifth terms: Using Eqs. (A2) and (A4), we can rewrite these terms as

ρ_H ψ^5∂_kχ − (ρ_H + 2S^l_l )χψ^4∂_kψ = − 1 2π [ Δψ∂_kχ + Δχ∂_kψ ] − ψ^{12}K^j_i K^i_j 16π ∂_k ( α √ γ ) . (A25)

Taking into account an identity, ∫ [(x^k∂_kψ)Δχ + (x^k∂_kχ)Δψ]d^3x = ∫ δ^{ij}∂_iχ∂_jψd^3x, (A26) we find ∫ x^k[ρ_H ψ^5∂_kχ − (ρ_H + 2S^l_l )χψ^4∂_kψ]d^3x = − ∫ [ 1 2π δ^{ij}∂_iχ∂_jψ + ψ^{12}K^j_i K^i_j 16π x^k∂_k ( α √ γ )] d^3x. (A27)

(4) Sixth term: − ∫ √ γj_ix^k∂_kβ^id^3x = − 1 8π ∫ ∂_j ( √ γK^j_i )x^k∂_kβ^id^3x = 1 8π ∫ [ √ γK^j_i x^k∂_k∂_j β^i + √ γK^j_i ∂_j β^i]d^3x − 1 8π ∮ √ γK^j_i x^k∂_kβ^idσ_j = − 1 8π ∫ [∂_k( √ γK^j_i )x^k∂_jβ^i + 2 √ γK^j_i ∂_j β^i]d^3x + 1 8π ∮ √ γ(K^j_i x^k − K^k_i x^j )∂_jβ^idσ_k

= − 1 8π ∫ [ αx^k 2 √ γ ∂_k(ψ^{12}K^j_i K^i_j ) + 2α √ γK^j_i K^i_j ] d^3x + 1 8π ∮ √ γ(K^j_i x^k − K^k_i x^j)∂_j β^idσ_k = − 1 16π ∫ [ α √ γK^j_i K^i_j − ψ^{12}K^j_i K^i_j x^k∂_k ( α √ γ )] d^3x − 1 16π ∮ αψ^6K^j_i K^i_j x^kdσ_k + 1 8π ∮ √ γ(K^j_i x^k − K^k_i x^j)∂_j β^idσ_k = 1 16π ∫ [ 8π √ γj_kβ^k + ψ^{12}K^j_i K^i_j x^k∂_k ( α √ γ )] d^3x + 1 16π ∮ αψ^6K^j_i K^i_j x^kdσ_k − 1 8π ∮ √ γK^k_i x^j ∂_jβ^idσ_k, (A28)

where we use Eqs. (A3) and (A15). Because of the asymptotic behavior, the surface terms at r → ∞ in the last line of Eq. (A28) vanish. Eq. (A16) implies that the center of mass of the system does not move in the x^2 direction, that the sum of the momenta of the neutron stars vanishes.

Gathering the results of (1)–(6), we obtain the relation

0 = − ∫ ( j_kv^k √ γ + 3α √ γP + 1 2π δ^{ij}∂_iχ∂_jψ − 1 2 √ γj_kβ^k ) d^3x. (A29)

This is the virial relation for a neutron star binary system in quasiequilibrium.

From Eq. (A17), the right-hand side of Eq. (A29) is written as

0 = −

M_χ − M_{ADM} 2 , (A30)

implying M_{ADM} = M_χ = M_K , if the virial relation holds.

APPENDIX B: THE FIRST LAW FOR NEWTONIAN BINARY SYSTEMS

In this appendix, we derive a first law of thermodynamics for Newtonian gravity. We start with a first-order perturbation of the energy of a perfect-fluid.

E = T + W + U, (B1)

where T = ∫ V 1 2 ρ v^2dV, W = ∫ V ( ρ Φ_N + 1 8πG ∇_iΦ_N∇_iΦ_N ) dV, U = ∫ V ρ u dV. (B2) and Φ_N and u denote the Newtonian potential and specific internal energy^{10}. An integral equation δ ∫ V f ρ dV = ∫ V Δf ρ dV + ∫ V f Δ(ρ dV ), (B3)

is satisfied for a perturbation.

The perturbation of the kinetic energy T can be expressed as follows δT = ∫ V ρv^iΔv_i + ∫ V 1 2 v^2Δ(ρ dV ) + ∫ V [ ξ^jv_j ∇_i(ρv^i) + ρ ξ^j v^i∇_iv_j ] dV − ∮ ∂V ρ v^iv_jξ^j dS_i (B4)

where we used the relation,

10We use v^i for the fluid velocity vector in the inertial frame in this appendix. Note that it was differently used for spatial velocity vector in co-moving frame with k^α as defined in Eq.(10) in main sections.

1 2 Δv^2 = v^iΔv_i − v^iv_j ∇_iξ^j . (B5)

The perturbation of the gravitational potential energy becomes δW = ∫ V Φ_NΔ(ρ dV ) + ∫ V ρ ξ^i∇_iΦ_N dV − 1 4πG ∫ V (∇^2Φ_N − 4πGρ) δΦ_N dV + 1 4πG ∮ ∂V ∇_iΦ_N δΦ_N dS_i. (B6)

The perturbation of the internal energy becomes δU = ∫ V ρ T Δs dV + ∫ V ( u + P ρ ) Δ(ρ dV ) + ∫ V ξ^i∇_iP dV − ∮ ∂V ξ^i P dS_i, (B7)

where we used a relation

∇_iξ^idV = Δ(dV ), (B8)

as well as a local thermodynamic relation,

Δu = T Δs + P ρ^2

Δρ. (B9)

Surface integrals appeared in expressions for δT , δW and δU are all vanish. Combining Eqs.(B4), (B6) and (B7), we have a perturbation of the Newtonian energy integral: δE = δT + δW + δU = ∫ V ρ T Δs dV + ∫ V ( 1 2 v^2 + Φ_N + u + P ρ ) Δ(ρ dV ) + ∫ V ρv^iΔv_i dV + ∫ V [ ξ^jv_j ∇_i(ρv^i) + ξ^iρ ( v^j ∇_jv_i + 1 ρ ∇_iP + ∇_iΦ_N ) − 1 4πG (∇^2Φ_N − 4πGρ) δΦ_N ] dV = ∫ V ρ T Δs dV + ∫ V ( 1 2 v^2 + Φ_N + u + P ρ ) Δ(ρ dV ) + ∫ V ρv^iΔv_i dV + ∫ V ξ^jv_j [ ∂ρ ∂ t + ∇_i(ρv^i) ] dV + ∫ V ξ^iρ ( ∂v_i ∂ t + v^j ∇_jv_i + 1 ρ ∇_iP + ∇_iΦ_N ) dV − 1 4πG ∫ V (∇^2Φ_N − 4πGρ) δΦ_N dV − ∫ V ξ^i ∂ρv_i ∂ t dV. (B10) Next, we derive a variation of the total angular momentum J defined by J = ∫ V ρ v_iϕ^i dV, (B11) where ϕ^i is a generator of rotation with Cartesian components ϕ^i = (−y, x, 0). The variation of J is δJ = ∫ V ρ Δv_i ϕ^i dV + ∫ V ρ v_i Δϕ^i dV + ∫ V v_i ϕ^i Δ(ρ dV ). (B12)

Using a relation

Δϕ^i = δϕ^i + £_ξϕ^i = −£_ϕξ^i, (B13)

the second term of Eq.(B12) is rewritten as follows: ∫ V ρ v_i Δϕ^i dV = − ∫ V ρ v_i £_ϕξ^i dV = − ∫ V £_ϕ(ρ v_i ξ^i) dV + ∫ V ξ^i £_ϕ(ρ v_i) dV = − ∮ ∂V ρ v_i ξ^iϕ^j dS_j + ∫ V ξ^i £_ϕ(ρ v_i) dV, (B14)

where we used ∇_jϕ^j = 0. Discarding the surface term in the above expression and substituting in Eq.(B12), we have a variation of the total angular momentum δJ as follows:

δJ = ∫ V v_i ϕ^i Δ(ρ dV ) + ∫ V ρ ϕ^i Δv_i dV + ∫ V ξ^i £_ϕ(ρ v_i) dV, (B15)

Finally we write down a general expression for the combination of δE and ΩδJ, where Ω is a constant parameter, δE − ΩδJ = ∫ V ρ T Δs dV + ∫ V ( 1 2 v^2 + Φ_N + u + P ρ − v_i Ωϕ^i ) Δ(ρ dV ) + ∫ V ρ(v^i − Ω ϕ^i) Δv_i dV + ∫ V ξ^j v_j [ ∂ ρ ∂ t + ∇_i(ρv^i) ] dV + ∫ V ξ^iρ ( ∂ v_i ∂ t + v^j ∇_jv_i + 1 ρ ∇_iP + ∇_iΦ_N ) dV − 1 4πG ∫ V (∇^2Φ_N − 4πGρ) δΦ_N dV − ∫ V ξ^i [ ∂ ρv_i ∂ t + £_{Ωϕ}(ρ v_i) ] dV, (B16)

As an application of the above general expression, consider a Newtonian binary star system in circular orbit [41]. In this case, the fluid variables Q admit a helical symmetry, namely, [ ∂ ∂ t + Ω£_ϕ ] Q = 0, (B17)

that is, the last integral in Eq.(B16) vanishes. When a Mass conservation equation, the Euler equation and the Poisson equation for the Newtonian gravity are satisfied, namely, ∂ ρ ∂ t + ∇_i(ρv^i) = 0, ∂ v_i ∂ t + v^j ∇_jv_i = − 1 ρ ∇_iP − ∇_iΦ_N, and ∇^2Φ_N = 4πGρ, (B18)

Eq.(B16) takes a simpler form, δE = ΩδJ + ∫ V ρ T Δs dV + ∫ V ( 1 2 v^2 + Φ_N + u + P ρ − v_i Ωϕ^i ) Δ(ρ dV ) + ∫ V ρ(v^i − Ω ϕ^i) Δv_i dV. (B19)

If we further assume that the perturbed flow is isentropic and mass conserving,

Δs = 0 and Δ(ρ dV ) = 0 (B20)

and that the vorticity of each fluid elements is conserved,

Δ ω_{ij} = Δ(∇_jv_i − ∇_iv_j ) = ∇_jΔv_i − ∇_iΔv_j = 0, (B21)

then Eq.(B19) reduces to

δE = Ω δJ. (B22)

Here we have used Eq.(B21) to introduce a function Ψ for which

∇_iΨ = Δv_i; (B23)

this form of Δv_i, together with helical symmetry imply that the last term in Eq.(B19) vanishes: ∫ V ρ(v^i − Ω ϕ^i) Δv_i dV = ∫ V ρ(v^i − Ω ϕ^i) ∇_iΨ dV = ∮ ∂V ρ(v^i − Ω ϕ^i) Ψ dS_i + ∫ V ( ∂ ρ ∂ t + £_{Ω ϕ}ρ ) Ψ dV = 0 (B24)

where we used mass conservation equation and ∇_iϕ^i = 0.

[1] J. K. Blackburn and S. Detweiler, Phys. Rev. D 46, 2318 (1992).

[2] S. Detweiler, Phys. Rev. D 50, 4929 (1994).

[3] S. Bonazzola, E. Gourgoulhon and J.-A. Marck, Phys. Rev. D 56, 7740 (1997) [4] A. Schild, Phys. Rev. 131, 2762 (1963).

[5] J. R. Wilson and G. J. Mathews, Phys. Rev. Lett. 75, 4161 (1995); J. R. Wilson, G. J. Mathews and P. Marronetti, Phys.

Rev. D 54, 1317 (1996).

[6] T. W. Baumgarte, G. B. Cook, M. A. Scheel, S. L. Shapiro and S. A. Teukolsky, Phys. Rev. D 57, 6181 (1998); ibid 57, 7299 (1998).

[7] S. Bonazzola, E. Gourgoulhon and J.-A. Marck, in the proceedings of 19th Texas Symposium on Relativistic Astrophysics:

Texas in Paris, Paris, France (1998); S. Bonazzola, E. Gourgoulhon and J.-A. Marck, Phys. Rev. Lett. 82, 892 (1999); E. Gourgoulhon, P. Grandclement, K. Taniguchi, J.-A. Marck, S. Bonazzola, Phys. Rev. D63 (2001) 064029.

[8] P. Marronetti, G. J. Mathews and J. R. Wilson, in the proceedings of 19th Texas Symposium on Relativistic Astrophysics:

Texas in Paris, Paris, France (1998); P. Marronetti, G. J. Mathews and J. R. Wilson, Phys. Rev. D 60, 087301 (1999). [9] K. Uryū and Y. Eriguchi, Phys. Rev. D. 61, 124023 (2000); K. Uryū, M. Shibata and Y. Eriguchi, Phys. Rev. D. 62, 104015 (2000).

[10] R. M. Wald, Phys. Rev. D. 48, R3427 (1993). [11] V. Iyer and R. M. Wald, Phys. Rev. D. 52, 4430 (1995). [12] V. Iyer, Phys. Rev. D. 55, 3411 (1997).

[13] B. F. Schutz and R.D. Sorkin, Annals of Phys., 107,1 (1977). [14] R.D. Sorkin, Proceedings of the Royal Society London A 435: 635-644 (1991). [15] J. D. Brown, Class. Quant. Grav. 10, 1579 (1993).

[16] B. Baker and S. Detweiler, “Variational principles for binary neutron stars and black holes in general relativity,” in preparation.

[17] L. Lindblom, Ap. J. 208, 873 (1976).

[18] G. Gibbons and J. Stewart, “Absence of asymptotically flat solutions of Einstein’s equations which are periodic and empty near infinity,” in Classical General Relativity, eds. W.B. Bonnor, J.N. Islam, and M.A.H. MacCallum, (Cambridge University Press, Cambridge, England, 1984).

[19] V. Moncrief and J. Isenberg, Comm. Math. Phys. 89, 387 (1983). [20] J. Isenberg and V. Moncreif, J. Math. Phys. 26, 1024 (1985). [21] H. Friedrich, I. Rácz, and R. M. Wald, Comm. Math. Phys. 204, 691 (1999). [22] S. W. Hawking, Comm. Math. Phys. 25, 152 (1972).

[23] S. W. Hawking and G. F. R. Ellis, The large scale structure of space-time, (Cambridge University Press, Cambridge, England, 1973).

[24] J. M. Bardeen, B. Carter, and S. W. Hawking, Comm. Math. Phys. 31, 161 (1973). [25] G. W. Gibbons and S. W. Hawking, Phys. Rev. D. 15, 2738 (1977).

[26] A. Ashtekar, C. Beetle, O. Dreyer, S. Fairhurst, B. Krishnan, J. Lewandowski, and J. Wisniewski, Phys. Rev. Lett. 85, 3564 (2000).

[27] A. Ashtekar, S. Fairhurst, and B. Krishnan, Phys. Rev. D 62, 104025 (2000).

[28] R. Penrose, in Theoretical Principles in Astrophysics and Relativity, edited by N. R. Lebovitz, W.H. Reid, and P.O.

Vandervoort, (Univ. of Chicago Press, Chicago, 1978), and references therein. [29] J. L. Friedman, Comm. Math. Phys. 62, 247 (1978). [30] B. Carter, Comm. Math. Phys. 30, 261 (1973). [31] A. H. Taub, Comm. Math. Phys. 15, 235 (1969).

[32] For a derivation of terms relating to the gravitational field, see e.g. R. M. Wald, General Relativity (Cambridge University Press, 1984).

[33] See e.g. C. W. Misner, K. S. Thorne and J. A. Wheeler, Gravitation, (W. H. Freeman and Company, New York, 1973), Eq.(21.90).

[34] S. Detweiler, in Frontiers in Numerical Relativity, edited by C.R. Evans, L.S. Finn, and D.W. Hobill (Cambridge University Press, Cambridge, 1989), p.43.

[35] J. Isenberg and J. Nester, in General Relativity and Gravitation Vol.1, edited by A. Held, (Plenum Press, New York 1980);

Waveless Approximation Theories of Gravity, preprint (1978), University of Maryland. [36] E. E. Flanagan, Phys. Rev. Lett. 82, 1354 (1999) [37] R. Sorkin, Astrophys. J. 249, 254 (1981). Replace S, β, and E in the Theorem by M, Ω, and J, respectively. [38] R. Beig, Phys. Lett. A 69, 153 (1978) [39] A. Ashtekar and A. Magnon-Ashtekar, J. Math. Phys. 20, 793, (1979) [40] E. Gourgoulhon and S. Bonazzola, Class. Quant. Grav. 11, 443 (1994); see also E. Gourgoulhon, P. Grandclement and S.

Bonazzola, Phys. Rev. D in press (gr-qc/0106015); P. Grandclment, E. Gourgoulhon and S. Bonazzola, Phys. Rev. D in press (gr-qc/0106016).

[41] e.g. K. Uryū and Y. Eriguchi, Mon. Not. R. astr. Soc. 296, L1 (1998); Astrophys. J. Suppl. 118, 563 (1998); Mon. Not.

R. astr. Soc. 303, 329 (1999); K. Taniguchi, E. Gourgoulhon and S. Bonazzola, Phys. Rev. D in press, (gr-qc/0103041).