arXiv:gr-qc/0109014 v5 20 Feb 2004

Properties of the symplectic structure of General Relativity for spatially bounded spacetime regions.

Stephen C. Anco^∗ Department of Mathematics, Brock University St Catharines, Ontario, L2S 3A1, Canada

Roh S. Tung^† Enrico Fermi Institute, University of Chicago Chicago, Illinois 60637, USA

Abstract

We continue a previous analysis of the covariant Hamiltonian symplectic structure of General Relativity for spatially bounded regions of spacetime. To allow for wide generality, the Hamiltonian is formulated using any fixed hypersurface, with a boundary given by a closed spacelike 2-surface. A main result is that we obtain Hamiltonians associated to Dirichlet and Neumann boundary conditions on the gravitational field coupled to matter sources, in particular a Klein-Gordon field, an electromagnetic field, and a set of Yang- Mills-Higgs fields. The Hamiltonians are given by a covariant form of the Arnowitt-Deser-Misner Hamiltonian modified by a surface integral term that depends on the particular boundary conditions. The general form of this surface integral involves an underlying “energy-momentum” vector in the spacetime tangent space at the spatial boundary 2-surface. We give examples of the

∗Email address : sanco@brocku.ca †Email address : roh@gr.uchicago.edu resulting Dirichlet and Neumann vectors for topologically spherical 2-surfaces in Minkowski spacetime, spherically symmetric spacetimes, and stationary axisymmetric spacetimes. Moreover, we establish the relation between these vectors and the ADM energy-momentum vector for a 2-surface taken in a limit to be spatial infinity in asymptotically flat spacetimes. We also discuss the geometrical properties of the Dirichlet and Neumann vectors and obtain several striking results relating these vectors to the mean curvature and normal curvature connection of the 2-surface. Most significantly, the part of the Dirichlet vector normal to the 2-surface depends only on the spacetime metric at this surface and thereby defines a geometrical normal vector field on the 2- surface. We show that this normal vector is orthogonal to the mean curvature vector, and its norm is the mean null extrinsic curvature, while its direction is such that there is zero expansion of the 2-surface i.e. the Lie derivative of the surface volume form in this direction vanishes. This leads to a direct relation between the Dirichlet vector and the condition for a spacelike 2-surface to be (marginally) trapped.

Typeset using REVTEX

I. INTRODUCTION

In a previous paper [1] we began an investigation of the covariant symplectic structure associated to the Einstein equations for the gravitational field in any fixed spatially compact region Σ × R of spacetime whose spacelike slices Σ possess a closed 2-surface boundary ∂Σ, with a fixed time-flow vector field tangent to the timelike boundary hypersurface ∂Σ × R. Through an analysis of boundary conditions required for existence of a Hamiltonian variational principle, we derived Dirichlet, Neumann, and mixed type boundary conditions for the spacetime metric at the spatial boundary 2-surface ∂Σ. The corresponding Hamiltonians we obtained are given by a covariant form of the ADM Hamiltonian plus a surface integral term whose form depends on the boundary conditions. We also showed that these Hamiltonians naturally yield covariant field equations which are equivalent to a 3+1 split of the Einstein equations into the well-known constraint equations and geometrical time-evolution equations for the spacetime metric.

The present paper continues the previous analysis in two significant ways. First, in Sec. II, we investigate the covariant symplectic structure of the Einstein equations coupled to matter sources in any fixed spatially bounded region of spacetime. Specifically, we consider Dirichlet and Neumann boundary conditions for a scalar field, an electromagnetic field, and a set of Yang-Mills/Higgs fields. Furthermore, we allow the fixed time-flow vector field on spacetime to have an arbitrary direction (i.e. not necessarily timelike) in the spacetime region. Such freedom in the choice of the time-flow vector field is useful for relating the Hamiltonian boundary terms to expressions for total energy, momentum, angular momentum associated to the gravitational and matter fields on given hypersurfaces in spacetime.

Next, in Sec. III, we discuss in detail the geometrical structure of the gravitational part of the Dirichlet and Neumann Hamiltonian boundary terms. In particular, as noted in Ref. [1], these each involve an underlying locally constructed “energy-momentum” vector at each point in the tangent space at the 2-surface. We show that the form of the boundary term vectors is closely related to the mean curvature vector and normal curvature connection 1- form which describe the extrinsic geometry of the spatial boundary 2-surface in spacetime. Most striking, we further show that the part of the Dirichlet boundary term vector orthogonal to the 2-surface yields a direction in which the 2-surface has zero expansion in spacetime.

Finally, through several examples, we illustrate the properties of the Dirichlet and Neumann boundary term vectors for topologically spherical 2-surfaces in various physically interesting spacetimes in Sec. IV. As a main result, we show that in asymptotically flat spacetimes the Dirichlet vector at spatial infinity can be identified in a natural way with the ADM energy-momentum vector.

We make some concluding remarks in Sec. V. (The notation and conventions of Ref. [1] are used throughout.)

II. MATTER FIELDS

It is convenient here to employ the tetrad formulation of the Einstein equations, since this simplifies the analysis of boundary conditions and Hamiltonian boundary terms as shown in Ref. [1]. We focus on Dirichlet and Neumann boundary conditions and make some remarks on more general boundary conditions at the end.

A. Preliminaries

On a given smooth orientable spacetime (M, g_{ab}), let ξ^a be a complete, smooth time-flow vector field, allowed to be timelike, spacelike, or null. Let Σ be a region contained in a fixed hypersurface in M such that the boundary of the region is a closed orientable spacelike 2-surface ∂Σ (with the hypersurface allowed to be otherwise arbitrary).

For treatment of boundary conditions when the time-flow ξ^a is not necessarily timelike, it is helpful to introduce the following structure associated to the boundary 2-surface ∂Σ.

Let P_{∂Σ} and P^⊥_{∂Σ} denote projection operators onto the tangent subspaces T (∂Σ) and T (∂Σ)^⊥ with respect to the surface ∂Σ in local coordinates in M. Note P_{∂Σ} + P^⊥_{∂Σ} is the identity map on the tangent space T (M) at ∂Σ. Define the metric on ∂Σ by

σ^{ab} = P_{∂Σ}(g^{ab}), σ_{ab} = g_{ac}g_{bd}σ^{bc} (2.1)

Let ϵ_{ab} be the metric volume form on ∂Σ, and define ∗ϵ_{ab} = ϵ^{cd}ϵ_{abcd}(g) (2.2) in terms of the spacetime volume form ϵ_{abcd}(g). Note that P_{∂Σ}(∗ϵ_{ab}) = P^⊥_{∂Σ}(ϵ_{ab}) = 0. A useful identity is given by

2(P_{∂Σ})^c_{[a} (P_{∂Σ})^d_{b]} = ϵ_{ab}ϵ^{cd}. (2.3) Let ζ^a = P^⊥_{∂Σ}(ξ^a), N^a = P_{∂Σ}(ξ^a), (2.4)

so ξ^a = ζ^a + N^a decomposes into a sum of normal and tangential vectors with respect to ∂Σ. We now suppose ξ^a is not tangential to ∂Σ, i.e. ζ^a ≠ 0 everywhere on the surface ∂Σ. In this situation, much of the formalism and results given in Sec. 3 of Ref. [1] can be paralleled.

Let B denote the hypersurface given by the image of ∂Σ under a one-parameter diffeomorphism generated by ξ^a on M. Note that the dual vector field ∗ϵ_{ab}ξ^b is hypersurface orthogonal since it is annihilated by all tangent vectors (in particular ξ^a) in B. Define a basis {s_a, t_a} for T^∗(∂Σ)^⊥ by diagonalization of the identity map

δ^b_a = σ^b_a + s_as^{∗b} + t_at^{∗b} (2.5)

such that s_a ∝ ∗ϵ_{ab}ξ^b is hypersurface orthogonal to B, with {s^{∗a}, t^{∗a}} denoting a basis for T (∂Σ)^⊥ that is dual to {s_a, t_a}. In particular, s^{∗a}s_a = t^{∗a}t_a = 1, and s^{∗a}t_a = t^{∗a}s_a = 0. This leads to a corresponding decomposition of the spacetime metric

g_{ab} = σ_{ab} + s_as^∗_a + t_at^∗_b (2.6)

with s^∗_a = g_{ab}s^{∗b} and t^∗_a = g_{ab}t^{∗b}. Now, define a projection operator P_B with respect to B by h^b_a = δ^b_a − s_as^{∗b} (2.7) satisfying h^b_a s_b = 0, h^b_a s^{∗a} = 0. (2.8) Then h_{ab} = g_{ab} − s_as^∗_a = σ_{ab} + t_at^∗_a (2.9) defines the induced metric on B. Also, define the volume form on B by ϵ_{abc}(h) = ϵ_{abcd}(g)s^{∗d} = 3t_{[a}ϵ_{bc]}. (2.10) Finally, note that ∗ϵ_{ab} = 4t_{[a}s_{b]}, ϵ_{abcd} = 3ϵ_{[ab}∗ϵ_{cd]} = 4ϵ_{[abc}(h)s_{d]}, (2.11) ζ^a = −Nt^{∗a}, ζ^at_a = −N, ζ^as_a = ζ^aϵ_{ab} = 0, (2.12) for some scalar function N. This yields the identities ξ^a = −Nt^{∗a} + N^a, (2.13) ξ^aϵ^{bc}ϵ_{abcd}(g) = ξ^a∗ϵ_{ad} = −2Ns_d, (2.14) ξ^aϵ^{bc}ϵ_{abc}(h) = −2N, P_{∂Σ}(ξ^aϵ_{abc}(h)) = −Nϵ_{bc}. (2.15) These will be important in the analysis of boundary conditions for both the gravitational field and matter fields.

Now we introduce an orthonormal frame for g_{ab} given by θ^μ_a = σ^μ_a + s_as^{∗μ} + t_at^{∗μ} (2.16) where σ^μ_a = σ^b_a θ^μ_b is an orthonormal frame for σ_{ab}, with the coefficients s^{∗μ} = s^{∗a}θ^μ_a , t^{∗μ} = t^{∗a}θ^μ_a (2.17) defined to satisfy ∓t^{∗μ}t^{∗ν} ± s^{∗μ}s^{∗ν} = diag(−1, 1, 0, 0) if ξ^a is timelike or spacelike, or 2s^{∗(μ}t^{∗ν)} = diag(−1, 1, 0, 0) if ξ^a is null. Consequently, the frame components of s^a, t^a, σ^{ab}, g^{ab} are given by

s^μ = s^aθ^μ_a , t^μ = t^aθ^μ_a , (2.18) σ^{μν} = σ^{ab}θ^μ_a θ^ν_b = diag(0, 0, 1, 1), η^{μν} = g^{ab}θ^μ_a θ^ν_b = diag(∓1, ±1, 1, 1), (2.19) where {s^μ, t^μ} are dual to {s^∗_μ = η_{μν} s^{∗ν} , t^∗_μ = η_{μν} t^{∗ν} }. Hereafter we fix the frame coefficients (2.17) and (2.18) to be independent of the spacetime metric g_{ab}, so therefore under a variation δg_{ab}, the induced variations δs_a, δt_a, δσ^μ_a , δθ^μ_a satisfy δθ^μ_a = δσ^μ_a + s^{∗μ}δs_a + t^{∗μ}δt_a (2.20) δs_a = s_μδθ^μ_a , δt_a = t_μδθ^μ_a , δσ^μ_a = σ^μ_ν δσ^ν_a , (2.21) δσ_{ab} = 2σ_{μν} θ^μ_{(a}δθ^ν_{b)} = σ^μ_{(a} δσ_{b)μ}, δg_{ab} = 2η_{μν} θ^μ_{(a}δθ^ν_{b)}. (2.22) Note, by hypersurface orthogonality of s_a, it also follows that P_B(δs_a) = 0, P_{∂Σ}(δt_a) = 0, P^⊥_{∂Σ}(δσ_{ab}) = 0. (2.23) Let h^μ_a = h^b_a θ^μ_b = θ^μ_a − s_as^{∗μ} (2.24) which yields a decomposition of the frame with respect to B, satisfying P_{∂Σ}(h^μ_a ) = σ^μ_a , P^⊥_{∂Σ}(h^μ_a ) = t_at^{∗μ}. (2.25) It is convenient for later to also introduce a fixed frame adapted to ∂Σ and ξ^a. Let ϑ^0_a = t_a, ϑ^1_a = s_a, ϑ^2_{[a}ϑ^3_{b]} = ϵ_{ab}, ϑ^2_a = ϵ^b_a ϑ^3_b , (2.26) which defines the frame ϑ^μ_a uniquely up to rotations of ϑ^2_a, ϑ^3_a. Thus, in this formalism, ϑ^μ_a is an orthonormal frame when ξ^a is timelike or spacelike, and a null frame when ξ^a is null.

In the case when ζ^a is timelike, the previous formalism reduces to that in Ref. [1]. Most important, the formalism here applies equally well to the cases when ζ^a is spacelike or null.

Finally, in the case that ζ^a = 0, i.e. ξ^a is tangential to ∂Σ, we simply fix any basis {s_a, t_a} of T^∗(∂Σ)^⊥ and define a frame θ^μ_a to satisfy the previous equations (2.16) to (2.19). This yields the same formalism as in the case that ξ^a is not tangential to ∂Σ, except that there does not exist a hypersurface B generated by ζ^a = 0.

Now, with the frame θ^μ_a used as the gravitational field variable, the Lagrangian for the vacuum Einstein equations is given by L_{abcd}(θ) = ϵ_{abcd}(θ)R(θ). (2.27) Here R(θ) = θ^b_ν R^ν_b (θ) and R^μ_a (θ) = θ^b_ν R^{μν}_{ab} (θ) are the scalar curvature and Ricci curvature obtained from the curvature 2-form R^{μν}_{ab} (θ) = 2∂_{[a}Γ^{μν}_{b]} (θ) + 2Γ^{μσ}_{[a} (θ)Γ^ν_{b]σ} (θ) (2.28) in terms of the frame-connection given by Γ^{μν}_a (θ) = θ^{bμg}∇_aθ^ν_b = 2θ^{b[μ}∂_{[a}θ^{ν]}_{b]} − θ^{bμ}θ^{cν} θ_{aα}∂_{[b}θ^α_{c]}. (2.29) A variation of L_{abcd}(θ) yields δL_{abcd}(θ) = E^μ_{[bcd}(θ)δθ^μ_{a]} + ∂_{[a}Θ_{bcd]}(θ, δθ) (2.30) where E^μ_{bcd}(θ) = 8ϵ_{bcda}(θ)(R^{aμ}(θ) − 1 2 θ^{aμ}R(θ)) = 0 (2.31) are the vacuum Einstein field equations for θ^μ_a , and where Θ_{bcd}(θ, δθ) = 8ϵ_{abcd}(g)θ^e_ν θ^a_μδΓ^{μν}_e (θ) (2.32) is the symplectic potential 3-form. It follows that the Noether current associated to ξ^a is given by the 3-form

J_{abc}(ξ, θ) = Θ_{abc}(θ, L_ξ θ) + 4ξ^dL_{abcd}(θ) = ϵ_{abcd}(g)(8θ^e_μθ^d_ν L_ξΓ^{μν}_e (θ) + 4ξ^dR(θ)) (2.33) which simplifies to J_{abc}(ξ; θ) = 3∂_{[a}Q_{bc]}(ξ; θ) − ξ^e θ_{eμ}E^μ_{abc}(θ) (2.34) where Q_{bc}(ξ; θ) = 4ξ^e ϵ_{bcda}(g)θ^d_μθ^a_ν Γ^{μν}_e (θ) (2.35) is the Noether charge potential.

The gravitational Noether charge associated to ∂Σ is determined by the pullback of Q_{bc}(ξ; θ). A simple expression for the pullback is obtained through identities (2.2) and (2.11), yielding

ϵ^{bc}ξ^aϵ_{debc}(g)θ^d_μθ^e_ν Γ^{μν}_a (θ) = ∗ϵ_{de}θ^d_μθ^e_ν ξ^aΓ^{μν}_a (θ) = 4t_μs_ν ξ^aθ^{eμg}∇_aθ^ν_e = 4ξ^as_ν t^{eg} ∇_aθ^ν_e (2.36) where, recall, ϵ_{bc} is the volume form on ∂Σ. Hence, the surface integral Q_Σ(ξ; θ) = ∫ ∂Σ Q_{bc}(ξ; θ) = 8 ∫ ∂Σ ϵ_{bc}s_ν t^eξ^{ag}∇_aθ^ν_e (2.37) gives the gravitational Noether charge.

When ξ^a is not tangential to ∂Σ, the pullback of Θ_{bcd}(θ, δθ) to the hypersurface B can be simplified similarly by the identities (2.14) and (2.11) and the frame decomposition (2.24), 1 8 ϵ^{ab}ξ^cΘ_{abc}(θ, δθ)= ϵ^{ab}ξ^cϵ_{abcd}(g)θ^d_μθ^e_ν δΓ^{νμ}_e (θ) = −2Ns_μθ^e_ν δ(θ^{cν g}∇_eθ^μ_c ) = −2Nh^e_ν δ(s_μh^d_e h^c_ν^g∇_dθ^μ_c ) = ϵ^{ab}ξ^cϵ_{abc}(h)h^e_ν δK^ν_e (2.38) where we define

K^μ_a = s_ν h^d_a h^{cμg}∇_dθ^ν_c . (2.39)

(Note these expressions have the same form as those obtained in Ref. [1] when ξ^a is timelike.) Hence, one obtains

P_BΘ_{abc}(θ, δθ) = 8ϵ_{abc}(h)h^e_ν δK^ν_e . (2.40)

This expression leads to a simple form for the gravitational symplectic flux associated to B, ∫ B ω_{abc}(θ, δ_1θ, δ_2θ) = ∫ B δ_1Θ_{abc}(θ, δ_2θ) − δ_2Θ_{abc}(θ, δ_1θ) = 8 ∫ B ϵ_{abc}(h) ( (δ_1h^d_μ − h^d_μ h^ν_e δ_1h^e_ν )δ_2K^μ_d − (δ_2h^d_μ − h^d_μ h^ν_e δ_2h^e_ν )δ_1K^μ_d ) . (2.41)

The vanishing of this flux determines the allowed boundary conditions on the frame θ^μ_c at the boundary hypersurface B.

We remark that in a frame (2.26) adapted to ∂Σ, one sees that K^μ_a = h^{cμ}h^d_a^g∇_ds_c represents the frame components of the extrinsic curvature tensor K_{ab} = h^d_a h^c_b^g∇_ds_c of the boundary hypersurface B. Moreover, the Noether charge (2.37) is simply Q_Σ(ξ; θ) = 8 ∫ ∂Σ ϵ_{bc}ξ^at_μK^μ_a = 8 ∫ ∂Σ ϵ_{bc}ξ^at^eK_{ae}. For the sequel, we now introduce Dirichlet and Neumann symplectic vectors

P^D_a (θ)= s_ν t^cσ^d_a^g∇_dθ^ν_c − s_ν t_aσ^{bdg}∇_bθ^ν_d + t_ν s_aσ^{bdg}∇_bθ^ν_d = 1 2 ϵ^{bc}ϵ_{acde}θ^d_μθ^e_ν Γ^{μν}_b (θ), (2.42)

P^N_a (θ)= s_ν t^{cg}∇_aθ^ν_c = 1 4 ϵ^{bc}ϵ_{bcde}θ^d_μθ^e_ν Γ^{μν}_a (θ), (2.43)

associated to the boundary 2-surface ∂Σ and the frame θ^μ_a . In a frame (2.26) adapted to the hypersurface B, these vectors take the more geometrical form

P^D_a (ϑ) = t^cσ^d_a^g∇_ds_c − t_aσ^{bdg}∇_bs_d + s_aσ^{bdg}∇_bt_d, (2.44) P^N_a (ϑ) = t^{cg}∇_as_c. (2.45)

Similarly to the derivation in Ref. [1] holding for the situation when B is timelike, here the projection of the vectors (2.42) and (2.43) along ξ^a yields the respective boundary terms required to define a covariant Hamiltonian for the vacuum Einstein equations with ξ^a as the time-flow vector field in a spacetime region with spatial boundary 2-surface ∂Σ, subject to Dirichlet or Neumann boundary conditions on the frame θ^μ_a , for a timelike, spacelike, or null boundary hypersurface B. The significance and properties of the full vectors (2.42) and (2.43) will be discussed in Sec. III.

Lastly, we make some remarks on the gauge invariance of the preceeding results, which follow from the detailed gauge transformation analysis given in Sec. 3 of Ref. [1]. Under a local SO(3, 1) transformation on the frame θ^μ_a , the Noether charge Q_{bc}(ξ; θ) transforms inhomogeneously due to its explicit dependence on the frame connection. However, the curvature R^{μν}_{ab} (θ) is invariant, and consequently so is the Lagrangian L_{abcd}(θ). Therefore the symplectic current ω_{abc}(θ, δ_1θ, δ_2θ) is necessarily gauge invariant. As a result, up to addition of a locally constructed exact 2-form, the symplectic current obtained here for the frame formulation of the vacuum Einstein equations must agree with the analogous current derived from the standard metric formulation. This means that the presymplectic forms Ω_Σ(θ, δθ, L_ξθ) and Ω_Σ(g, δg, L_ξg) in the two formulations differ by only a boundary term (i.e. a locally constructed 2-form integrated over the 2-surface ∂Σ). Correspondingly, the Dirichlet and Neumann symplectic vectors associated to Ω_Σ(g, δg, L_ξg) in the metric formulation are found to be the same as the ones given here for the frame formulation, up to certain gradient terms. Furthermore, if ξ^a is timelike and orthogonal to ∂Σ, then these gradient terms can be shown to vanish. In this situation, ξ^aP^D_a (ϑ) and ξ^aP^N_a (ϑ) are precisely the Dirichlet and Neumann boundary terms in the covariant Hamiltonian determined by the metric formulation of the vacuum Einstein equations (see Ref. [15] for a discussion of this Hamiltonian). Consequently, as noted in Ref. [1], we find that the expression ξ^aP^D_a (ϑ) reduces to the boundary term derived by Brown and York [16,17] in the standard canonical formalism, with Dirichlet boundary conditions on the canonical variables in the case of a hypersurface boundary B where ξ^a is timelike. In comparison, the covariant formulation we have presented here applies equally well when ξ^a is null or spacelike.

B. Electromagnetic field

We start by considering a free electromagnetic field A_a on (M, g_{ab}), coupled to the gravitational field, generalizing the Minkowski background spacetime considered in Sec. 2 in Ref. [1]. The Lagrangian 4-form for A_a is given by L_{abcd}(A; θ) = 1 2 ϵ_{abcd}(g)F_{mn}F^{mn} = 3F_{[ab}∗F_{cd]} (2.46)

where F_{ab} =^g∇_{[a}A_{b]} = ∂_{[a}A_{b]} is the electromagnetic field strength and ∗F_{ab} = ϵ_{abcd}(g)F^{cd} is the dual field strength in terms of F^{cd} = g^{ca}g^{db}F_{bd}, with g_{ab} = θ^μ_a θ^ν_b η_{μν} . A useful fact here is that^g∇_a reduces to ∂_a in any skew derivative expression on M. By variation of A_a and θ^μ_a in this Lagrangian, one obtains δL_{abcd}(A; θ) = ϵ_{abcd}(g)(^g∇_m(δA_nF^{mn}) − δA_n^g ∇_mF^{mn} − T^e_μ (A; θ)δθ^μ_e ) (2.47) where T^e_μ (A; θ)θ^μ_e = T^e_d (A; g) is the electromagnetic stress-energy tensor given by

T^b_a (A; g) = 2F_{ac}F^{bc} − 1 2 δ^b_aF_{mn}F^{mn}. (2.48)

From the coefficient of the variation δA_a in δL_{abcd}(A; θ), the field equation for A_a is given by the Maxwell equations

∗E_a(A; g) =^g∇^bF_{ba} =^g∇^b∂_{[b}A_{a]} = 0. (2.49)

The symplectic potential 3-form obtained from L_{abcd}(A; θ) is given by the total derivative term in Eq. (2.47), which yields

Θ_{bcd}(A, δA; θ) = 4ϵ_{abcd}(g)δA_eF^{ae}. (2.50) Hence, the Noether current associated to ξ^a for A_a is given by the 3-form J_{abc}(ξ, A; g)= Θ_{abc}(A, L_ξA; θ) + 4ξ^d L_{abcd}(A; θ) = ϵ_{abcd}(g)(−4F^{de}L_ξA_e + 2ξ^d F_{mn}F^{mn}) = 4ϵ_{dabc}(g)(ξ^e T^d_e (A; g) + ξ^eA_e ∗ E^d(A; g)) + 6∂_{[a}(∗F_{bc]}ξ^eA_e) (2.51) by a similar derivation as in Minkowski spacetime, with L_ξA_a = ξ^{e g}∇_eA_a + A_e^g∇_aξ^e = 2ξ^{e g}∇_{[e}A_{a]} +^g∇_a(ξ^eA_e). (2.52) This yields the electromagnetic Noether charge

Q_Σ(ξ; A) = ∫ Σ J_{abc}(ξ, A; g) = 4 ∫ Σ ξ^eϵ_{dabc}(g)T^d_e (A; g) + 2 ∫ ∂Σ ϵ_{bcda}F^{da}ξ^eA_e (2.53) for solutions A_a of the Maxwell equations (2.49).

The total Lagrangian for the Maxwell equations coupled to the Einstein equations R^a_μ (θ) − 1 2 θ^μ_a R(θ) = T^a_μ (A; θ) (2.54) using the field variables A_a and θ^μ_a is given by L_{abcd}(θ, A) = L_{abcd}(θ) − L_{abcd}(A; θ) from Eqs. (2.27) and (2.46). One then obtains the total Noether current J_{abc}(ξ, θ, A)= J_{abc}(ξ, θ) − J_{abc}(ξ, A; θ) = 8ϵ_{dabc}(g)ξ^e θ^μ_e (R^d_μ (θ) − 1 2 θ^d_μR(θ) − T^d_μ (A; θ)) + 3∂_{[a}Q_{bc]}(ξ, θ, A) (2.55) where Q_{bc}(ξ, θ, A) = ξ^aϵ_{bcde}(g)(4θ^d_μθ^e_ν Γ^{μν}_a (θ) − 2F^{de}A_a) (2.56) is the Noether charge potential. Hence, on solutions of the coupled Einstein-Maxwell equations, the total Noether charge is given by the surface integral Q_Σ(ξ; θ, A) = ∫ ∂Σ Q_{bc}(ξ, θ, A). (2.57) The electromagnetic part of this expression simplifies through identities (2.2) and (2.11), yielding ϵ^{bc}∗F_{bc}ξ^dA_d = ∗ϵ_{bc}F^{bc}ξ^dA_d = 4t_bs_cF^{bc}ξ^dA_d. (2.58) Then, substituting Eq. (2.36) for the gravitational part, one obtains Q_Σ(ξ; θ, A) = ∫ ∂Σ ϵ_{bc}ξ^a(8s_ν t^{eg}∇_aθ^ν_e − 4t_ds_eF^{de}A_a). (2.59)

The Noether current gives a Hamiltonian conjugate to ξ^a on Σ under compact support variations δθ^μ_a and δA_a, H(ξ; θ, A) = 8 ∫ Σ ϵ_{dabc}(g)ξ^e θ^μ_e (R^d_μ (θ) − 1 2 θ^d_μR(θ) − T^d_μ (A; θ)) (2.60)

up to a boundary term (2.59). For variations δθ^μ_a and δA_a with support on ∂Σ, after taking into account boundary terms, one has δH(ξ; θ, A) = ∫ ∂Σ δQ_{ab}(ξ, θ, A) − ξ^cΘ_{abc}(θ, A, δθ, δA) (2.61) for Einstein-Maxwell solutions, where Θ_{abc}(θ, A, δθ, δA)= Θ_{abc}(θ, δθ) − Θ_{abc}(A, δA; θ) = ϵ_{dabc}(g)(8θ^d_μθ^e_ν δΓ^{μν}_e (θ) − 4F^{de}δA_e) (2.62) is the total symplectic potential 3-form from Eqs. (2.32) and (2.50). The electromagnetic part of the symplectic potential terms in the Hamiltonian variation (2.61) can be simplified similarly to expression (2.38) for the gravitational part, yielding 1 4 ϵ^{ab}ξ^cΘ_{abc}(A, δA; θ)= ϵ^{ab}ξ^cϵ_{dabc}(g)F^{de}δA_e = 2Ns_dF^{de}δA_e = −ϵ^{ab}ξ^cϵ_{abc}(h)s_dF^{de}δA_e (2.63) through identities (2.14) and (2.15). Thus, one obtains

P_{∂Σ}(ξ^cΘ_{abc}(θ, A, δθ, δA))= P_{∂Σ}(ξ^cϵ_{abc}(h)(8h^e_ν δK^ν_e + 4s_dF^{de}δA_e)) (2.64) = −Nϵ_{ab}(8h^e_ν δK^ν_e + 4s_dF^{de}δA_e). Hence, for existence of a Hamiltonian conjugate to ξ^a on Σ, there must exist a locally constructed 3-form B̃_{abc}(θ, A) such that P_{∂Σ}(ξ^cΘ_{abc}(θ, A, δθ, δA)) = P_{∂Σ}(ξ^cδB̃_{abc}(θ, A) − ∂_{[a}α_{b]}(ξ, θ, A, δθ, δA)) (2.65) for some locally constructed 1-form α_b(ξ, θ, A, δθ, δA) in T^∗(∂Σ). Then the total Hamiltonian is given by H(ξ; θ, A) plus a boundary term H_B(ξ; θ, A) = ∫ ∂Σ Q_{ab}(ξ, θ, A) − ξ^cB̃_{abc}(θ, A). (2.66) We now consider Dirichlet and Neumann type boundary conditions on the fields θ^μ_a and A_a at ∂Σ.

First, consider the case when ξ^a is tangential to ∂Σ. Then one finds P_{∂Σ}(ξ^cΘ_{abc}(θ, A, δθ, δA)) = 0, which leads to the following result.

Proposition 2.1. Suppose ξ^a is tangential to ∂Σ. Then no boundary conditions are necessary for existence of a Hamiltonian conjugate to ξ^a on Σ. Consequently, a Hamiltonian is given by H_Σ(ξ; θ, A) = H(ξ; θ, A) + Q_Σ(θ, A).

Next, assume ξ^a is not tangential to ∂Σ, and consider Dirichlet and Neumann boundary conditions on the electromagnetic and gravitational field variables. Theorem 2.2. Suppose ξ^a is nowhere tangential to ∂Σ. Let (D) δ(h^b_a A_b)|_{∂Σ} = 0, δ(h^μ_a )|_{∂Σ} = 0 (2.67) (N) δ(|h|s_bh^a_c F^{cb})|_{∂Σ} = 0, δ(K^μ_a )|_{∂Σ} = 0 (2.68) where |h| = det(h^μ_a ) is the determinant of the components of the frame h^μ_a associated to B. Under Dirichlet (D) or Neumann (N) boundary conditions for both A_a and θ^μ_a , there exists a Hamiltonian H(ξ; θ, A) + H_B (ξ; θ, A) conjugate to ξ^a on Σ, with the boundary term (2.66) given by H^D(ξ; θ, A) = 8 ∫ ∂Σ ξ^a(P^D_a (θ) − 1 2 t_ds_eF^{de}A_a)dS, (2.69) H^N(ξ; θ, A) = 8 ∫ ∂Σ ξ^a(P^N_a (θ) − σ^c_{[a} t_{d]}s_eF^{de}A_c)dS, (2.70) in terms of the Dirichlet and Neumann symplectic vectors (2.42) and (2.43). Proof:

For case (D), first note from Eq. (2.63) that ϵ^{bc}ξ^aΘ_{abc}(A, δA; θ) = 8Ns_dF^{de}h^c_e δA_c. Now, using the boundary condition (D) on δA_a, one has h^c_e δA_c = h^c_e δ(s_cs^{∗b}A_b) = s^{∗b}A_bh^c_e δs_c = 0 (2.71) by the hypersurface orthogonality relations (2.7) and (2.23). Thus, P_{∂Σ}(ξ^aΘ_{abc}(A, δA; θ)) = 0. (2.72) Then, in Eq. (2.38), since δϵ_{abc}(h) = δϵ_{bc} = 0 by the boundary condition (D) on δθ^μ_a , one has ϵ^{bc}ξ^aΘ_{abc}(θ, δθ) = ϵ^{bc}δ(8ξ^aϵ_{abc}(h)K ) (2.73) and thus, P_{∂Σ}(ξ^aΘ_{abc}(θ, δθ) − δ(8ξ^aϵ_{abc}(h)K )) = 0 (2.74) where K = h^e_ν K^ν_e . Hence, substitution of Eqs. (2.72) and (2.74) into Eq. (2.65) yields ξ^aB̃_{abc}(θ, A) = 8ξ^aϵ_{abc}(h)K (2.75) and α_b = 0. This leads to the boundary term (2.69) through Eq. (2.66) as follows. The pullback of ξ^aB̃_{abc}(θ, A) to ∂Σ is given by 8ξ^aϵ^{bc}ϵ_{abc}(h)K = 8ξ^at_as_ν h^e_d^g∇_eθ^{dν} = 16ξ^at_as_ν h^e_d^g∇_eθ^{dν} (2.76) which, when combined with expression (2.36) for the pullback of Q_{bc}(ξ, θ), yields ϵ^{bc}(Q_{bc}(ξ, θ) − ξ^aB̃_{abc}(θ, A))= 16ξ^a(s_ν t^{eg}∇_aθ^ν_e − t_as_ν h^e_d^g∇_eθ^{dν} ) = 16ξ^as_ν (t^dσ^e_a − t_aσ^{de})^g∇_eθ^ν_d = 16ξ^aP^D_a (θ) (2.77) by the metric decompositions (2.6) and (2.9) and the orthogonality ξ^as_a = 0. Finally, combining this expression with the pullback of Q_{bc}(ξ, A) given by Eq. (2.58), we obtain Eq. (2.69).

For case (N), one has from Eq. (2.63) that ϵ^{bc}ξ^aΘ_{abc}(A, δA; θ)= ϵ^{bc}δ(4ξ^aϵ_{abc}(h)s_eA_dF^{de}) + 4ϵ^{bc}A_eξ^aδ(ϵ_{abc}(h)s_dF^{de}). (2.78) Now, since δ(ϵ_{abc}(h)s_dF^{de}) = ϵ_{abc}(h)(δ(s_dh^e_m F^{dm}) + δ ln |h|s_dh^e_m F^{dm}), (2.79) this term vanishes by boundary condition (N) for δF^{ab}, and thus P_{∂Σ}(ξ^aΘ_{abc}(A, δA; θ) − δ(4ξ^aϵ_{abc}(h)s_eA_dF^{de})) = 0. (2.80) Next, P_{∂Σ}(ξ^aΘ_{abc}(θ, δθ)) = 0 holds immediately by boundary condition (N) for δK^μ_a .

Hence, from Eqs. (2.65) and (2.80), one has α_b = 0 and ξ^aB̃_{abc}(θ, A) = 4ξ^aϵ_{abc}(h)s_eA_dF^{de}. (2.81) Then this leads to the boundary term (2.70) through Eq. (2.66) similarly to the derivation of the boundary term (2.69) above. ⊔⊓

C. Klein-Gordon scalar field We next consider a free Klein-Gordon scalar field φ coupled to the gravitational field on (M, g_{ab}), with the standard Lagrangian 4-form given by L_{abcd}(φ; θ) = 1 2 ϵ_{abcd}(g)(^g∇_eφ^g∇^eφ + m^2φ^2) (2.82) where m = const is the mass. Note, here^g∇_aφ = ∂_aφ,^g∇^aφ = g^{ab}∂_bφ, and g_{ab} = θ^μ_a θ^ν_b η_{μν} . A variation of this Lagrangian with respect to φ and θ^μ_a yields δL_{abcd}(φ; θ) = ϵ_{abcd}(g)(^g∇_e(δφ^g∇^eφ) − δφ(^g∇^{eg}∇_eφ − m^2φ) − T^e_μ (φ; θ)δθ^μ_e ) (2.83) where T^e_μ (φ; θ)θ^μ_e = T^e_d (φ; g) is the Klein-Gordon stress-energy tensor given by T^b_a (φ; g) =^g∇^bφ^g ∇_aφ − 1 2 δ^b_a(^g∇_eφ^g∇^eφ + m^2φ^2). (2.84) Hence, from the coefficient of the variation δφ in Eq. (2.83), the Klein-Gordon field equation for φ is given by ∗E(φ; g) =^g∇^a∂_aφ − m^2φ = 0. (2.85) The symplectic potential 3-form obtained from L_{abcd}(φ; θ) is given by Θ_{bcd}(φ, δφ; θ) = 4ϵ_{abcd}(g)^g∇^aφδφ. (2.86) This yields the Noether current associated to ξ^a J_{abc}(ξ, φ; g)= Θ_{abc}(φ, L_ξφ; θ) + 4ξ^d L_{abcd}(φ; θ) = ϵ_{abcd}(g)(−4^g∇^dφL_ξφ + 2ξ^d (^g∇_mφ^g∇^mφ + m^2φ^2) = 4ϵ_{dabc}(g)ξ^eT^d_e (φ; g) (2.87) where L_ξφ = ξ^{eg}∇_eφ = ξ^e∂_eφ. Hence, one obtains the Noether charge Q_Σ(ξ; φ) = ∫ Σ J_{abc}(ξ, φ; g) = 4 ∫ Σ ϵ_{dabc}(g)ξ^eT^d_e (φ; g). (2.88) In contrast to the situation for the electromagnetic field, here, due to the scalar nature of the Klein-Gordon field, the Noether charge does not have a surface integral term.

The total Lagrangian for the Klein-Gordon equation coupled to the Einstein equations R^a_μ (θ) − 1 2 θ^μ_a R(θ) = T^a_μ (φ; θ) (2.89) using the field variables φ and θ^μ_a is obtained through Eqs. (2.27) and (2.82) by L_{abcd}(θ, φ) = L_{abcd}(θ) − L_{abcd}(φ; θ). The resulting total Noether current is given by J_{abc}(ξ, θ, φ)= J_{abc}(ξ, θ) − J_{abc}(ξ, φ; θ) = 8ϵ_{dabc}(g)ξ^eθ^μ_e (R^d_μ (θ) − 1 2 θ^d_μR(θ) − T^d_μ (φ; θ)) + 3∂_{[a}Q_{bc]}(ξ, θ) (2.90) where Q_{bc}(ξ, θ) is the gravitational Noether charge potential (2.35). Thus, there is no contribution from φ to the total Noether charge.

The Noether current gives a Hamiltonian conjugate to ξ^a on Σ under compact support variations δθ^μ_a and δφ,

H(ξ; θ, φ) = 8 ∫ Σ ϵ_{dabc}(g)ξ^e θ^μ_e (R^d_μ (θ) − 1 2 θ^d_μR(θ) − T^d_μ (φ; θ)) (2.91) up to a boundary term ∫ ∂Σ Q_{ab}(ξ, θ). For variations δθ^μ_a and δφ with support on ∂Σ, one has for Einstein-Klein-Gordon solutions, δH(ξ; θ, φ) = ∫ ∂Σ δQ_{ab}(ξ, θ) − ξ^cΘ_{abc}(θ, δθ) (2.92) where Θ_{abc}(θ, δθ) is the expression (2.38) for the gravitational symplectic potential. Thus, there exists a Hamiltonian conjugate to ξ^a on Σ if P_{∂Σ}(ξ^cΘ_{abc}(θ, φ, δθ, δφ)) = P_{∂Σ}(ξ^cδB̃_{abc}(θ, φ) − ∂_{[a}α_{b]}(ξ, θ, φ, δθ, δφ)) (2.93) holds for a locally constructed 3-form B̃_{abc}(θ, φ) and 1-form α_b(ξ, θ, φ, δθ, δφ). Then the total Hamiltonian is given by H(ξ; θ, φ) plus a boundary term H_B (ξ; θ, φ) = ∫ ∂Σ Q_{ab}(ξ, θ) − ξ^cB̃_{abc}(θ, φ). (2.94) Now, by an analysis similar to that for the Einstein-Maxwell equations, we obtain the following results.

Proposition 2.3. Suppose ξ^a is tangential to ∂Σ. Then no boundary conditions are necessary for existence of a Hamiltonian conjugate to ξ^a on Σ. Consequently, a Hamiltonian is given by H_Σ(ξ; θ, φ) = H(ξ; θ, φ) + Q_Σ(θ).

Theorem 2.4. Suppose ξ^a is nowhere tangential to ∂Σ. Let (D) δ(φ)|_{∂Σ} = 0, δ(h^μ_a )|_{∂Σ} = 0 (2.95) (N) δ(|h|s^a∂_aφ)|_{∂Σ} = 0, δ(K^μ_a )|_{∂Σ} = 0 (2.96) where |h| = det(h^μ_a ) is the determinant of the components of the frame h^μ_a associated to B. Under Dirichlet (D) or Neumann (N) boundary conditions for both φ and θ^μ_a , there exists a Hamiltonian H(ξ; θ, φ) + H_B (ξ; θ, φ) conjugate to ξ^a on Σ, with the boundary term (2.94) given by H^D(ξ; θ, φ) = 8 ∫ ∂Σ ξ^aP^D_a (θ)dS, (2.97) H^N(ξ; θ, φ) = 8 ∫ ∂Σ ξ^a(P^N_a (θ) − 1 2 t_aφs^d∂_dφ)dS, (2.98) in terms of the Dirichlet and Neumann symplectic vectors (2.42) and (2.43).

D. Yang-Mills and Higgs fields

Last, we generalize the previous two examples by considering on (M, g_{ab}) a set of Yang- Mills fields A^Υ_a and Higgs fields φ^Υ , Υ = 1, . . . , n, with a gauge group given by any ndimensional semi-simple Lie group G, n ≥ 3. Let C^Υ_{ΔΛ} be the commutator structure constants of the Lie algebra A of G (in a fixed basis). The structure constants are skew C^Υ_{ΔΛ} = −C^Υ_{ΛΔ} and satisfy the Jacobi relation C^Υ_{[ΔΛ} C^Φ_{Π]Υ} = 0. Let Γ^Υ_{a Δ}(A) = C^Υ_{ΛΔ} A^Λ_a be the Yang-Mills connection, and define k_{ΔΥ} = −^1_2 C^Π_{ΔΛ} C^Λ_{Υ Π} , which denotes the positive definite Cartan-Killing metric on A.

The Yang-Mills Lagrangian for A^Υ_a is given by the 4-form L_{abcd}(A; θ) = 1 2 ϵ_{abcd}(g)k_{ΛΥ} F^Λ_{mn}F^{Υ mn} = 3k_{ΛΥ} F^Λ_{[ab}∗F^Υ_{cd]} (2.99) where

F^Λ_{ab} =^g∇_{[a}A^Λ_{b]} + 1 2 C^Λ_{ΔΥ} A^Δ_a A^Υ_b (2.100)

is the Yang-Mills field strength, ∗F^Λ_{ab} = ϵ_{abcd}(g)F^{Λcd} is the dual field strength in terms of F^{Λcd} = g^{ca}g^{db}F^Λ_{bd}, with g_{ab} = θ^μ_a θ^ν_b η_{μν} . For φ^Υ , it is convenient to introduce the gaugecovariant Higgs field strength

W^Λ_a =^g ∇_aφ^Λ + eΓ^Λ_{a Υ} (A)φ^Υ . (2.101)

In terms of this field strength the Higgs Lagrangian is given by the 4-form L_{abcd}(φ; θ) = ϵ_{abcd}(g)( 1 2 k_{ΛΥ} W^Λ_mW^{mΥ} + V (|φ|)) (2.102)

where V (|φ|) is a Higgs potential with |φ|^2 = k_{ΛΥ} φ^Λφ^Υ , and e = const is a coupling constant. These Lagrangians are gauge invariant under Yang-Mills gauge symmetries on the fields A^Υ_a and φ^Υ . (In particular, if U^Υ_Λ denotes a homomorphism of A given by a function of the spacetime coordinates x^μ, it is straightforward to show that the Yang-Mills gauge symmetry is then given by A^Υ_a → U^{−1Υ}_ΛA^Λ_a − C^{∗Υ Δ}_ΛU^{−1Λ}_Π ∂_aU^Π_Δ and φ^Υ → U^{−1Υ}_Λφ^Λ, where C^{∗Υ Δ}_Λ = k^{Υ Π} C^Δ_{ΛΠ} denotes the structure constants of the dual Lie algebra A^∗ and k^{Υ Π} is the inverse of the Cartan-Killing metric. Under these transformations, the field strengths are gauge covariant, F^Υ_{ab} → U^{−1Υ}_ΛF^Λ_{ab} and W^Υ_a → U^{−1Υ}_ΛW^Λ_a .)

To proceed, we consider the combined Yang-Mills-Higgs Lagrangian, L_{abcd}(A, φ; θ) = L_{abcd}(A; θ) + L_{abcd}(φ; θ). (2.103) First, the coefficient of the variation δA^Υ_a yields the Yang-Mills field equations

k^{Υ Λ} ∗ E_{aΥ} (A; g) =^g ∇^bF^Λ_{ba} + Γ^{bΛ}_Υ (A)F^Υ_{ba} − eC^Λ_{ΠΥ} φ^Π W^Υ_a = 0 (2.104) where eC^Λ_{ΠΥ} φ^Π W^Υ_a has the role of a current source. The coefficient of the variation δφ^Υ similarly yields the Higgs field equations k^{Υ Λ} ∗ E_Υ (A; g) =^g∇^aW^Λ_a + Γ^{aΛ}_Υ (A)W^Υ_a − 1 |φ| V^′(|φ|)φ^Λ = 0 (2.105)

Next, by variation of θ^μ_a , one obtains the Yang-Mills-Higgs stress-energy tensor T^e_μ (A, φ; θ)θ^μ_e = T^e_d (A, φ; g) where

T^b_a (A, φ; g) = k_{ΛΥ} (2F^Λ_{ac}F^{Υ bc} + W^Λ_a W^{Υ b}) − 1 2 δ^b_ak_{ΛΥ} (F^Λ_{mn}F^{Υ mn} + W^Λ_mW^{mΥ}) − δ^b_aV (|φ|). (2.106) The symplectic potential 3-form arising from the Lagrangian (2.103) is given by Θ_{bcd}(A, φ, δA, φ; θ) = 4ϵ_{abcd}(g)k_{ΛΥ} (δA^Λ_e F^{Υ ae} + δφ^ΛW^{Υ a}). (2.107) This yields the Noether current J_{abc}(ξ, A, φ; g)= Θ_{abc}(A, φ, L_ξA, L_ξφ; θ) + 4ξ^dL_{abcd}(A, φ; θ) = ϵ_{abcd}(g)(k_{ΛΥ} (−4F^{Λde}L_ξA^Υ_e + ξ^d2F^Λ_{mn}F^{Υ mn}) +k_{ΛΥ} (−4W^{Λd}L_ξφ^Υ + 2W^Λ_mW^{mΥ})) + 4V (|φ|)) = 4ϵ_{dabc}(g)(ξ^eT^d_e (A, φ; g) + 6∂_{[a}(k_{ΛΥ} ∗F^Λ_{bc]}ξ^eA^Υ_e ) (2.108) for Yang-Mills-Higgs solutions. Hence, one obtains the Noether charge

Q_Σ(ξ; A, φ) = ∫ Σ J_{abc}(ξ, A, φ; g) = 4 ∫ Σ ξ^e ϵ_{dabc}(g)T^d_e (A, φ; g) + 2 ∫ ∂Σ k_{ΛΥ} ϵ_{bcda}F^{Λda}ξ^eA^Υ_e . (2.109) For the Yang-Mills-Higgs equations coupled to the Einstein equations R^a_μ (θ) − 1 2 θ^μ_a R(θ) = T^a_μ (A, φ; θ) (2.110) using the field variables A^Υ_a , φ^Υ , θ^μ_a , the total Lagrangian is given by L_{abcd}(θ, A, φ) = L_{abcd}(θ) − L_{abcd}(A, φ; θ) from Eqs. (2.27) and (2.103).

Through same analysis as used in the Maxwell and Klein-Gordon examples, we obtain the following results.

Proposition 2.5. Suppose ξ^a is tangential to ∂Σ. Then no boundary conditions are necessary for existence of a Hamiltonian conjugate to ξ^a on Σ. Consequently, a Hamiltonian is given by H(ξ; θ, A, φ) = 8 ∫ Σ ϵ_{dabc}(g)ξ^eθ^μ_e (R^d_μ (θ) − 1 2 θ^d_μR(θ) − T^d_μ (A, φ; θ)) (2.111) up to an inessential boundary term.

Theorem 2.6. Suppose ξ^a is nowhere tangential to ∂Σ. Let

(D) δ(A^Υ_a )|_{∂Σ} = 0, δ(φ^Υ )|_{∂Σ} = 0, δ(h^μ_a )|_{∂Σ} = 0 (2.112) (N) δ(|h|s_bh^a_c F^{Υ cb})|_{∂Σ} = 0, δ(|h|s^aW^Υ_a )|_{∂Σ} = 0, δ(K^μ_a )|_{∂Σ} = 0 (2.113)

where |h| = det(h^μ_a ) is the determinant of the components of the frame h^μ_a associated to B. Under Dirichlet (D) or Neumann (N) boundary conditions for both φ and θ^μ_a , there exists a Hamiltonian H(ξ; θ, A, φ) + H_B (ξ, θ, A, φ) conjugate to ξ^a on Σ, with the boundary term given by

H^D(ξ; θ, A, φ) = 8 ∫ ∂Σ ξ^a(P^D_a (θ) − P^D_a (A))dS, (2.114)

H^N(ξ; θ, A, φ) = 8 ∫ ∂Σ ξ^a(P^N_a (θ) − P^N_a (A, φ))dS, (2.115)

where

P^D_a (A) = 1 2 k_{ΛΥ} t_ds_eF^{Υ de}A^Λ_a , (2.116)

P^N_a (A, φ) = k_{ΛΥ} (σ^c_{[a} t_{d]}s_eF^{Υ de}A^Λ_c + 1 2 t_as^dW^Υ_d φ^Λ), (2.117)

and P^D_a (θ), P^N_a (θ) are the symplectic vectors given by (2.42) and (2.43).

E. Remarks

Clearly, the previous results when ξ^a is not tangential to ∂Σ are easily generalized to mixed Dirichlet-Neumann boundary conditions on the tetrad and matter fields similar to Theorem 2.4 and Theorems 3.5 and 3.6 in Ref. [1]. In particular, for allowed boundary conditions, note that one can have the tetrad satisfying (D) while the matter fields satisfy (N), and vice versa.

III. PROPERTIES OF THE SYMPLECTIC VECTORS

We first review some geometry of spatial 2-surfaces in spacetime (most of this material is standard, e.g., [2,5,6]). Then we describe the properties of the Dirichlet and Neumann symplectic vectors regarded as locally constructed geometrical vector fields associated to a fixed spatial 2-surface in spacetime, independently of any Hamiltonian structure.

A. 2-surface geometry

Let (S, σ_{ab}) be a closed, orientable smooth spacelike 2-surface in a spacetime (M, g_{ab}), where σ_{ab} is the pullback of g_{ab} to S. Let T (S) and T (S)^⊥ denote, respectively, the tangent space of S and the normal space to S (defined by the orthogonal complement of T (S) in

T (M)). Since T (S) ⊕ T (S)^⊥ = T (M), every vector in T (M) has a unique decomposition into vectors tangent and normal to T (S), given by projection operators P_S : T (M) → T (S), P^⊥_S : T (M) → T (S)^⊥.

Fix an oriented orthonormal frame {t^a, s^a} for T (S)^⊥, t^as_a = 0, −t^at_a = s^as_a = 1, (3.1) with t^a being a future timelike unit vector and s^a being an outward spacelike unit vector. (If M is spatially non-compact, we define the “outward” direction by the exterior of the set M −S. If M is spatially compact, there is no preferred way in general to distinguish the sets S and M − S, so we then make an arbitrary consistent choice for an “outward” direction. ) The metric on S is given by σ_{ab} = g_{ab} + t_at_b − s_as_b. (3.2) The compatible volume form on S is given by ϵ_{ab} = ϵ_{abcd}(g)s^ct^d, (3.3) satisfying σ_{c[a}σ_{b]d} = ϵ_{ab}ϵ_{cd}. The projection operators for T (S) and T (S)^⊥ are given by (P_S )^b_a = σ^b_a = ϵ_{ac}ϵ^{bc}, (P^⊥_S )^b_a = s_as^b − t_at^b = σ^⊥_a^b = ϵ^⊥_{ac} ϵ^{⊥bc} (3.4) where ϵ^⊥_{ab} = 2s_{[a}t_{b]} and σ^⊥_{ab} = s_as_b − t_at_b. (3.5) Both σ_{ab} and ϵ_{ab} are independent of choice of the orthonormal frame. Since σ^⊥_{ab} is a two-dimensional Lorentz metric, any two oriented orthonormal frames {t^a, s^a} and {t^{′a}, s^{′a}} differ by a local boost t^{′a} = (cosh χ)t^a + (sinh χ)s^a, s^{′a} = (cosh χ)s^a + (sinh χ)t^a, (3.6) where χ is a function on S. Under an arbitrary boost (3.6), σ_{ab} and ϵ_{ab} are invariant.

The intrinsic geometry of the 2-surface S is completely determined by the metric σ_{ab}. In particular, the intrinsic curvature of S is given by [D_a, D_b]v_c = R^d_{abc} v_d (3.7) where v_c is any dual tangent vector field on S, and D_a denotes the metric compatible (torsion-free) derivative operator on S defined by D_aσ_{bc} = 0. Since S is two-dimensional, it follows that the intrinsic curvature tensor has only one linearly independent component R^d_{abc} = 1 2 σ_{c[a}σ^d_{b]} R = 1 2 ϵ_{ab}ϵ^d_c R (3.8) where R denotes the scalar curvature of S.

The 2-surface S also has an extrinsic geometry with respect to (M, g_{ab}), which is characterized by the following curvatures [2,3]. Let ∇^S_a = σ^b_a ∇_b where ∇_b is the metric compatible (torsion-free) derivative operator on (M, g_{ab}). Then ∇^S_a can be decomposed into the tangential derivative operator D_a and a normal derivative operator D^⊥_a , with ∇^S_a = D_a + D^⊥_a , defined by D^⊥_a v^b = σ^⊥_c^b∇^S_a v^c for any vector field v^a in T (M) at S. Now consider ∇^S_a t_b and ∇^S_a s_b. The tangential parts yield the extrinsic curvature tensors of S with respect to the orthonormal frame κ_{ab}(t) = D_at_b, κ_{ab}(s) = D_as_b, (3.9) which are symmetric tensors on S. These measure the spatial rotation of the orthonormal frame in T (S)^⊥ under displacement on S. The normal parts of ∇^S_a t_b and ∇^S_a s_b give D^⊥_a t_b = s_bJ^⊥_a , D^⊥_a s_b = −t_bJ^⊥_a , (3.10) where J^⊥_a = s^c∇^S_a t_c, (3.11) which measures the boost of the orthonormal frame in T (S)^⊥ under displacement on S. The commutator of D^⊥_a defines the normal curvature of S [D^⊥_a , D^⊥_b ]v_c = R^⊥_{abc}^dv_d, (3.12) with R^⊥_{abcd} = 2D_{[a}J^⊥_{b]} ϵ^⊥_{cd} , (3.13) where v_c is any dual normal vector field on S. Hence, J^⊥_a is geometrically a connection 1-form on S associated to the normal curvature of S. Since S is two-dimensional, note R^⊥_{abcd} has only one linearly independent component, which is proportional to ϵ^{ab}∇^S_a J^⊥_b .

The trace of the extrinsic curvatures (3.9) of S κ(t) = σ^{ab}κ_{ab}(t), κ(s) = σ^{ab}κ_{ab}(s), (3.14) measure how the 2-surface area changes under infinitesimal dragging of S along each direction of the orthonormal frame. In particular, for any vector field v^a in T (S)^⊥, P_S (L_v ϵ_{ab}) = κ(v)ϵ_{ab}, (3.15) with κ(v) = D_av^a = 1 2 σ^{ab}L_v σ_{ab}. (3.16)

Thus, S is “expanding” or “contracting” in the direction v^a according to whether its trace extrinsic curvature κ(v) is positive or negative. (More precisely, κ(v) equals the rate of change of the area of the image of S under any diffeomorphism of M whose generator agrees with v^a at S.) We say that the expansion of S defined by (3.15) for a direction v^a is spacelike, timelike, or null, if v^av_a is, respectively, positive, negative, or zero. If v^a is non-null, we refer to^1_{|v|} |κ(v)| as the absolute expansion of S in the direction v^a (with |v| = √ |v^av_a|). A preferred direction in T (S)^⊥ is given by the mean curvature vector [2,3]

H^a = κ(s)s^a − κ(t)t^a. (3.17)

If H^a is spacelike or timelike, then this is the direction of, respectively, minimum absolute spacelike or minimum absolute timelike expansion of S. Furthermore, the minimum value of the absolute expansion is given by the mean extrinsic curvature of S, 1 |H | |κ(H )| = √ |κ(s)^2 − κ(t)^2|. Note, here, the norm of H^a is H^aH_a = κ(s)^2 − κ(t)^2 ≡ H^2.

The mean curvature vector and normal curvature tensor of S are each independent of choice of the orthonormal frame, namely, H^a and R^⊥_{abcd} are invariant under boosts (3.6) of {t^a, s^a}. In contrast, the extrinsic curvatures of S are not invariant but instead transform like the orthonormal frame, while the normal connection transforms like a SO(1, 1) connection

J^{′ ⊥}_a = J^⊥_a + ∇^S_a χ (3.18) with respect to the SO(1, 1) group generated by the boosts (3.6).

B. Dirichlet Symplectic vector

It is convenient to work with a null frame for T (S)^⊥. Let √ 2θ^+_a = t_a + s_a, √ 2θ^−_a = t_a − s_a, (3.19) which respectively define outgoing and ingoing future pointing null dual vectors satisfying θ^+_a θ^{−a} = −1. (3.20)

Note that any two such oriented null frames {θ^+_a , θ^−_a } and {θ^{′ +}_a , θ^{′−}_a } are related by a local boost θ^{′+}_a = e^χθ^+_a , θ^{′−}_a = e^{−χ}θ^−_a , (3.21) where χ is a boost parameter given by a function on S.

The extrinsic curvatures of S in the θ^±_a directions are given by

κ^±_{ab} = D_aθ^±_b . (3.22) Then κ^± = D_aθ^{±a} = 1 2 σ^{ab}L_θ± σ_{ab} (3.23) are the trace extrinsic curvatures which measure the expansion of S in the θ^±_a directions. Specifically, κ^± is the rate of change of 2-surface area of S P_S (L_θ± ϵ_{ab}) = κ^±ϵ_{ab} (3.24) under any diffeomorphism of M whose generator is given by θ^±_a at S. Equivalently, κ^± measures the focusing of a congruence of null geodesics normal to S.

The mean curvature vector of S is given by H^a = −(κ^−θ^{+a} + κ^+θ^{−a}) (3.25) and the connection for the normal curvature of S is given by J^⊥_a = θ^{+b}∇^S_a θ^−_b (3.26) We now consider the Dirichlet symplectic vector (2.44) associated to S in the frame {t^a, s^a}, and separate it into vectors that are normal and tangential to S (P_⊥)^a = P^⊥_S (P^a) = κ^+θ^{−a} − κ^−θ^{+a}, (3.27) (P_‖)^a = P_S (P^a) = σ^{ac}θ^{−b}∇^S_c θ^+_b . (3.28) We call (P_⊥)^a the Dirichlet normal vector associated to S. It has the important property that it is independent of choice of the null frame at S [4–6].

Proposition 3.1. (P_⊥)^a is invariant under arbitrary boosts (3.21) of the oriented null frame.

Consequently, (P_⊥)^a depends only on the 2-surface S and the spacetime metric g_{ab}. (In particular, its components in any coordinate system can be locally constructed out of the components of g and their partial derivatives, but not in a coordinate invariant form.) Moreover, (P_⊥)^a has three significant geometrical properties.

First of all, we consider the extrinsic curvature of S in the direction (P_⊥)^a κ^⊥_{ab} = D_a(P_⊥)_b. (3.29) Remarkably, the trace of this extrinsic curvature vanishes κ^⊥ = D_a(P_⊥)^a = κ^+D_aθ^{−a} − κ^−D_aθ^{+a} = 0 (3.30) by Eq. (3.23) and θ^{±a}∇^S_a = 0. Then we have L_{P⊥} ϵ_{ab} = κ^+L_θ− ϵ_{ab} − κ^−L_θ+ ϵ_{ab} = κ^⊥ϵ_{ab} = 0. (3.31) This result yields the following key geometrical property of (P_⊥)^a.

Theorem 3.2. The normal direction (P_⊥)^a to S in the spacetime (M, g_{ab}) is area preserving, i.e. S has zero expansion in the direction (P_⊥)^a.

Moreover, this property essentially characterizes the directional part of (P_⊥)^a since there is a unique area-preserving normal direction at all points of S, except, if any, where κ^+ = κ^− = 0 (in which case all normal directions to S are area-preserving).

Second, we find that the norm of (P_⊥)^a is given by (P_⊥)^2 = 2κ^+κ^−. (3.32) Hence, the direction of (P_⊥)^a is timelike, spacelike, or null if the expansions κ^± of S are, respectively, opposite sign, same sign, or at least one is zero. (These are boost invariant properties.) In general, the signs of κ^± can vary on S even if the spacetime curvature satisfies positive energy conditions. Therefore, the sign of (P_⊥)^2 need not be the same everywhere on S. We note that the situation (P_⊥)^2 > 0 characterizes S as a trapped surface, related to the formation of black-holes [7]. Further remarks on this aspect of (P_⊥)^a will be made in Sec. V.

Third, we see that (P_⊥)^a is closely related to the mean curvature vector of S. Proposition 3.3.

(P_⊥)^aH_a = 0, (P_⊥)^2 = −H^2. (3.33)

Thus, (P_⊥)^a is respectively timelike, spacelike, or null as H^a is spacelike, timelike, or null. Let |H | = √ |H^2|, |P_⊥| = √ |(P_⊥)^2| denote the absolute norms of H^a and (P_⊥)^a. Then, in the non-null case, the relations (3.33) give a unique characterization of (P_⊥)^a (up to a sign) as a vector in T (S)^⊥ orthogonal to H^a and with the same absolute norm as H^a. Consequently, we will write (P_⊥)^a = H^a_⊥ and refer to H^a_⊥ = κ^+θ^{−a} − κ^−θ^{+a} (3.34) as the normal mean curvature vector of S, with H^a_⊥H_a = 0, H^2_⊥ = −H^2. Lemma 3.4. Suppose |H | ≠ 0 or equivalently |P_⊥| ≠ 0, i.e. H^a and H^a_⊥ = (P_⊥)^a are non-null. Then {^1_{|H |} H^a,^1_{|H |} H^a_⊥} is an orthonormal frame for T (S)^⊥. Correspondingly, the pair of vectors

θ̂^{+a} ≡ 1√ 2|H | (H^a + H^a_⊥) = −κ^− √ |κ^+κ^−| θ^{+a}, (3.35)

θ̂^{−a} ≡ 1√ 2|H | (H^a − H^a_⊥) = −κ^+ √ |κ^+κ^−| θ^{−a}, (3.36)

is a null frame for T (S)^⊥.

Thus, in the non-null case, H^a and H^a_⊥ = (P_⊥)^a determine a preferred orthonormal frame (or null frame) of T (S)^⊥ which depends just on the 2-surface S and spacetime metric g_{ab}. Then we can summarize the geometrical properties of these vectors in terms of the following orthonormal vectors in T (S)^⊥,

Ĥ^a = 1 √ 2|κ^+κ^−| (κ^−θ^{+a} + κ^+θ^{−a}), (3.37)

Ĥ^a_⊥ = 1√ 2|κ^+κ^−| (κ^−θ^{+a} − κ^+θ^{−a}). (3.38)

Theorem 3.5. Suppose κ^+κ^− ≠ 0 on S, i.e. H^a and H^a_⊥ are non-null. Then:

(1) The expansion of S is zero in the unique normal direction Ĥ^a_⊥, which is spacelike or timelike as κ^+κ^− is positive or negative on S.

(2) The absolute expansion of S in the orthogonal normal direction Ĥ^a is √ 2|κ^+κ^−|.

This is the minimum absolute spacelike expansion or minimum absolute timelike expansion where κ^+κ^− is, respectively, positive or negative on S.

We now turn to consider the geometrical properties of (P_‖)^a. To begin, (P_‖)^a can be identified [5,6] with the connection J^⊥_a for the normal curvature of S, in the null frame {θ^+_a , θ^−_a }.

Proposition 3.6.

(P_‖)^a = −σ^{ab}J^⊥_b (3.39) where J^⊥_a = θ^{+c}∇^S_a θ^−_c . (3.40)

Hence, in contrast to the invariance of (P_⊥)^a under boosts (3.21) of the null frame, (P_‖)^a is not invariant but instead transforms as a SO(1, 1) connection

(P_‖)^′_a = (P_‖)_a − ∇^S_a χ (3.41) where χ is a boost parameter given by a function on S. This describes a gauge transformation of (P_‖)^a associated to the boosts (3.21) acting on T (S)^⊥ as an SO(1, 1) gauge group. Consequently, the curl of (P_‖)^a has the role of the gauge invariant curvature. Proposition 3.7.

−D_{[a}(P_‖)_{b]} = 1 4 R^⊥_{abcd} ϵ^{⊥cd} (3.42) is invariant under arbitrary boosts (3.21) of the null frame, where R^⊥_{abcd} is the normal curvature of S.

Thus, the curvature D_{[a}(P_‖)_{b]} depends only on the 2-surface S and the spacetime metric g_{ab}. Interestingly, in the case when H^a is non-null, we can use the preferred orthonormal frame or null frame given by Lemma 3.4 to gauge-fix (P_‖)^a. We introduce

(P̂_‖)_a= 1 H^2

H^b_⊥D_aH_b = 1 H^2_⊥

H^bD_aH_{⊥b} (3.43)

= (P_‖)_a + 1 2 ∇^S_a ln(κ^+/κ^−)

related to (P_‖)_a by a gauge transformation (3.41) with boost parameter χ =^1_2 ln(κ^−/κ^+) on S. Proposition 3.8. (P̂_‖)_a is invariant under arbitrary boosts (3.21) of the oriented null frame.

Consequently, we call (P̂_‖)_a the invariant Dirichlet tangent vector associated to S. In particular, (P̂_‖)_a depends only on the 2-surface S and the spacetime metric g_{ab}. We now state the main geometrical property of (P̂_‖)_a, which follows from Eq. (3.43). Theorem 3.9. Suppose κ^+κ^− ≠ 0 on S, i.e. H^a and H^a_⊥ are non-null. Then the boost (with respect to T (S)^⊥) of the area-preserving unit normal vector Ĥ^a_⊥ to S under displacement on S is a maximum in the direction (P̂_‖)_a. By orthogonality of H^a and H^a_⊥, this is equivalent to the tangent direction on S in which the boost of the unit mean curvature vector Ĥ^a under displacement on S is a maximum.

Finally, from Propositions 3.1 and 3.8, when the mean curvature vector is non-null we can define an invariant locally constructed Dirichlet 4-vector associated to S by

P̂^a = (P_⊥)^a + (P̂_‖)^a = κ^+θ^{−a} − κ^−θ^{+a} + σ^{ac}θ^{−b}∇^S_c θ^+_b + 1 2 ∇^S_a ln(κ^+/κ^−). (3.44)

Note that this vector depends only on S and g_{ab} and is independent of the choice of null frame {θ^+_a , θ^−_a }. Indeed, in terms of purely geometrical structure associated to S,

P̂^a = H^a_⊥ + 1 H^2

H^b_⊥D^aH_b (3.45)

where H^a is the mean curvature vector (3.25) and H^a_⊥ is the normal mean curvature vector (3.34) of S.

C. Neumann symplectic vector

Finally, we consider the Neumann symplectic vector (2.45) associated to S,

P^a = g^{ac}θ^{−b}∇_cθ^+_b . (3.46)

Notice, first of all, the tangential part of P^a with respect to S

(P_‖)^a = P_S (P^a) = σ^{ac}θ^{−b}∇^S_c θ^+_b (3.47)

is identically equal to the tangential part of the Dirichlet symplectic vector (3.28). Hence, similarly to Theorem 3.9, (P_‖)^a gives the direction in which the boost of the null frame θ^±_a under displacement on S is a maximum. In contrast, the normal part of P^a with respect to S (P_⊥)^a = P^⊥_S (P^a) = σ^{⊥ac}θ^{−b}∇_cθ^+_b = −σ^{⊥ac}θ^{+b}∇_cθ^−_b (3.48)

involves derivatives of the null frame θ^±_a in normal directions to S. In particular, note through substitution of

σ^⊥_a^b = −(θ^+_a θ^{−b} + θ^−_a θ^{+b}) (3.49)

that

(P_⊥)^a = −θ^{+a}θ^{−b}θ^{−c}∇_cθ^+_b + θ^{−a}θ^{+b}θ^{+c}∇_cθ^−_b = σ^⊥_c^a[θ^−, θ^+]^c (3.50)

since θ^{+b}∇_cθ^+_b = θ^{−b}∇_cθ^−_b = 0.

Proposition 3.10. (P_⊥)^a is the normal part of the commutator [θ^−, θ^+]^a of the null frame, (P_⊥)^a = P^⊥_S [θ^−, θ^+]^a.

Consequently, unlike (P_‖)^a which is well-defined just given the 2-surface S and a null frame θ^{±a} of T (S)^⊥, it is necessary to consider “nearby” 2-surfaces S^′, diffeomorphic to S, to extend the null frame θ^±_a of T (S)^⊥ off S so that (P_⊥)^a is well-defined.

Let S_{(λ+,λ−)} denote a two-parameter (λ_+, λ_−) local null congruence of 2-surfaces S^′ diffeomorphic to S in (M, g_{ab}) with S_{(0,0)} = S. (The congruence is defined to be ingoing as a function of λ_− and outgoing as a function of λ_+.) Extend the null frame {θ^{+a}, θ^{−a}} off T (S)^⊥ to T (S^′)^⊥. This extension is unique up to boosts (3.21). Then (P_⊥)^a = σ^{⊥ac}θ^{−b}∇_cθ^+_b is a well-defined normal vector at each point on S. We call (P_⊥)^a the Neumann normal vector associated to S in a null congruence S_{(λ+,λ−)} ≃ S × (λ_+, λ_−). It depends, of course, on the congruence but also on the choice of null frame for T (S_{(λ+,λ−)})^⊥. Proposition 3.11. Under boosts (3.21) of the null frame on the 2-surfaces S_{(λ+,λ−)} ≃ S × (λ_+, λ_−), (P_⊥)^a transforms as

(P_⊥)^′_a = (P_⊥)_a − σ^⊥_a^b∇_bχ (3.51)

where χ is a boost parameter given by a function of (λ_+, λ_−).

By Proposition 3.6, (P_‖)^a has a similar boost transformation property, which has the geometrical meaning of a SO(1, 1) connection for the normal curvature of S. This suggests that, geometrically, P^a = (P_⊥)^a + (P_‖)^a is also related to a SO(1, 1) connection associated to an extrinsic curvature of S.

Consider the derivative operator ∇^⊥_a defined by ∇^⊥_a v^b = σ^⊥_c^b∇_av^c for any normal vector field v^a on the 2-surfaces S_{(λ+,λ−)}. The commutator of ∇^⊥_a gives the curvature [∇^⊥_a , ∇^⊥_b ]v_c = R^⊥_{abc}^dv_d. (3.52) (Note that, on functions, [∇^⊥_a , ∇^⊥_b ]f = 2∇_{[a}∇_{b]}f = 0.) Clearly, P^⊥_S ([∇^⊥_a , ∇^⊥_b ])v_c = [D^⊥_a , D^⊥_b ]v_c = R^⊥_{abc}^dv_d yields the normal curvature of S. Hence, R^⊥_{abcd} is a generalization of R^⊥_{abcd} , which we call the sectional curvature normal to S in the null congruence S_{(λ+,λ−)}. Proposition 3.12.

R^⊥_{abcd} = 2∇^⊥_{[a}J^⊥_{b]} ϵ^⊥_{cd} (3.53) where J^⊥_a = θ^{+b}∇_aθ^−_b .

Here J^⊥_a is geometrically a connection 1-form for R^⊥_{abcd} . In particular, boosts of the null frame act as an SO(1, 1) gauge group on T (S_{(λ+,λ−)})^⊥ under which J^⊥_a transforms as J^{′⊥}_a = J^⊥_a + ∇_aχ where χ is a function on S_{(λ+,λ−)} ≃ S × (λ_+, λ_−). Note that the curvature R^⊥_{abcd} is invariant under these boosts. This leads to the main geometrical result concerning P^a.

Theorem 3.13. In any null congruence of 2-surfaces S_{(λ+,λ−)}, P_a = 2J^⊥_a is a connection 1-form for the sectional curvature normal to S,

−∇^⊥_{[a}P_{b]} = 1 4 R^⊥_{abcd} ϵ^{⊥cd}. (3.54) Thus the curl ∇^⊥_{[a}P_{b]} is invariant under arbitrary boosts of the null frame on S_{(λ+,λ−)}. It depends, still, on the choice of null congruence S_{(λ+,λ−)} ≃ S × (λ_+, λ_−).

In general, there is no unique null congruence determined just by S and g_{ab}. However, a natural choice is given by ingoing and outgoing null geodesics congruences S_{λ±} through S, with S_{(λ+,λ−)} defined as (S_{λ+} )_{λ−} or (S_{λ−} )_{λ+} corresponding to constructing successive one-parameter ingoing and outgoing congruences [8].

If S_{(λ+,λ−)} ≃ S × (λ_+, λ_−) is chosen to be a null geodesic congruence, then the geodesic equation implies that θ^{±a} satisfies θ^{′±b}∇_bθ^{′ ±a} = 0 where θ^{′±a} is given by a boost (3.21) for some function χ of (λ_+, λ_−). Thus, θ^{+b}∇_bθ^{+a} = −θ^{+a}θ^{+b}∇_bχ, θ^{−b}∇_bθ^{−a} = θ^{−a}θ^{−b}∇_bχ. (3.55) This leads to a simplification of (P_⊥)^a from Eq. (3.50), (P_⊥)^a= θ^{+a}θ^{+b}θ^{−c}∇_cθ^−_b − θ^{−a}θ^{−b}θ^{+c}∇_cθ^+_b = −θ^{+a}θ^{−c}∇_cχ − θ^{−a}θ^{+c}∇_cχ. (3.56)

Proposition 3.14. In a null geodesic congruence, (P_⊥)^a = σ^{⊥ab}∇_bχ, and consequently, P^⊥_S (R^⊥_{abcd} ) = 0.

The converse of this result also holds, since if the normal part of R^⊥_{abcd} vanishes, then (P_⊥)_a is a gradient and hence θ^{±a} satisfies the geodesic equation (3.55) so that the congruence S_{(λ+,λ−)} arises from null geodesics through S.

Geometrically, the boost function χ in the geodesic equation (3.55) is related to the choice of parameterization of the null congruence. Indeed, we can fix the parameterization in a natural way by χ = 0, which implies a corresponding gauge-fixing of (P_⊥)^a,

(P̂_⊥)^a = 0. (3.57) To conclude, we remark that the use of ingoing and outgoing null congruences in defining (P_⊥)^a can be replaced by using timelike and spacelike congruences, denoted S_{λs} and S_{λt} , through S. Moreover, if g_{ab} has isometries then it may be possible to fix a unique local two-parameter congruence S_{(λs,λt)} constructed in a natural way from the Killing vectors and invariant surfaces of the isometries. In general, then (P_⊥)^a is no longer just a gradient. This will be illustrated in the examples in the next section.

Finally, it is important to note that there is no ambiguity in (P_⊥)^a appearing in the Neumann Hamiltonian boundary term (2.43), since this involves only the component of (P_⊥)^a in the direction of the time-flow vector, which is well-defined using the unique timelike congruence through S generated by the time-flow vector on M.

IV. EXAMPLES

We now consider examples for the Dirichlet and Neumann symplectic vectors described in Sec. III. In particular, we calculate these vectors and their properties for spacelike, topologically spherical 2-surfaces in (A) Minkowski Spacetime, (B) Spherically Symmetric Spacetimes, (C) Axisymmetric Spacetimes, (D) Homogeneous Isotropic Spacetimes, (E) Asymptotically Flat Spacetimes.

A. Minkowski Spacetime

Consider a closed orientable spacelike 2-surface S embedded in a spacelike hyperplane in Minkowski spacetime (R^4, η), using spherical coordinates

η_{ab} = −(dt)_a(dt)_b + (dr)_a(dr)_b + r^2((dθ)_a(dθ)_b + sin^2 θ(dϕ)_a(dϕ)_b), (4.1) where S is given by t = t_0, r = R(θ, ϕ) for some function R(θ, ϕ) and constant t_0. Fix an orthonormal frame ϑ^μ_a adapted to S in (R^4, η) by

ϑ^0_a = (dt)_a, ϑ^1_a = 1 ψ ( (dr)_a − ∂_aR ) , (4.2)

ϑ^2_a = 1 μ r(dθ)_a + ∂_θR r (dr)_a , ϑ^3_a = μ ψ r sin θ(dϕ)_a + ∂_ϕR μ^2r sin θ ((dr)_a − ∂_θR(dθ)_a) (4.3) where μ = √ 1 + r^{−2}(∂_θR)^2, ψ = √ 1 + r^{−2}((∂_θR)^2 + (∂_ϕR/ sin θ)^2). (4.4) Note the metric associated to S is given in spherical coordinates by σ_{ab} = (1 − ψ^{−2})(dr)_a(dr)_b + 2ψ^{−2}(dr)_{(a}∂_{b)}R − ψ^{−2}∂_aR ∂_bR

+r^2((dθ)_a(dθ)_b + sin^2 θ(dϕ)_a(dϕ)_b). (4.5) The pullback of σ_{ab} to S yields the induced metric on S σ_{ab}|_S = (R^2 + (∂_θR)^2)(dθ)_a(dθ)_b + (R^2 sin^2 θ + (∂_ϕR)^2)(dϕ)_a(dϕ)_b + 2∂_θR∂_ϕR(dθ)_{(a}(dϕ)_{b)}. (4.6) Correspondingly, let ψ_S = ψ|_S = √ 1 + R^{−2}((∂_θR)^2 + (∂_ϕR/ sin θ)^2).

The trace of the extrinsic curvatures of (S, σ_{ab}) with respect to the frame on T (S)^⊥ t_a = ϑ^0_a|_S = (dt)_a, s_a = ϑ^1_a|_S = 1 ψ_S ( (dr)_a − ∂_aR ) (4.7) are respectively κ(t) = σ^{ab}∇_at_b = −(Γ^{02}_2 (ϑ) + Γ^{03}_3 (ϑ))|_S = 0 (4.8) and κ(s) = σ^{ab}∇_as_b = −(Γ^{12}_2 (ϑ) + Γ^{13}_3 (ϑ))|_S = 2(ϑ^a_1ϑ^b_2∂_{[a}ϑ^2_{b]} + ϑ^a_1ϑ^b_3∂_{[a}ϑ^3_{b]})|_{r=R(θ,ϕ)}, (4.9) calculated in terms of the Ricci rotation coefficients Γ^{μν}_λ (ϑ) = ϑ^a_λϑ^{bν} ∇_aϑ^μ_b = 2ϑ^a_λϑ^{b[μ}∂_{[a}ϑ^{ν]}_{b]} − ϑ^{bμ}ϑ^{cν} ∂_{[b}ϑ_{c]λ}. (4.10) Here κ(s) is the standard Euclidean extrinsic curvature of S in R^3 [2]. (The explicit expression for κ(s) as a function of the spherical coordinates is lengthy and will be omitted.)

A preferred direction in T (S)^⊥ is given by the mean curvature vector

H^a = s^aκ(s) − t^aκ(t) = κ(s) ψ_S (∂_r)^a − ∂_θR R^2

(∂_θ)^a − ∂_ϕR R^2 sin^2 θ

(∂_ϕ)^a

, (4.11)

which is spacelike. This vector gives the direction of the minimum absolute spacelike expansion of S in (R^4, η). Furthermore, the value of the expansion is the mean extrinsic curvature of S given by 1 √ H^2 κ(H) = |κ(s)| = √ H^2. (4.12) Note S is convex or concave according to where the sign of κ(s) is negative or positive.

The normal part of the Dirichlet symplectic vector is given by the normal mean curvature vector

(P^D_⊥ )^a = H^a_⊥ = t^aκ(s) − s^aκ(t) = κ(s)(∂_t)^a. (4.13)

Note that (P^D_⊥ )^a is timelike, orthogonal to H^a, with the same absolute norm as H^a. Most significant, (P^D_⊥ )^a gives the direction of zero expansion of S.

A preferred orthonormal frame for T (S)^⊥ is

t̂^a = 1√

H^2

H^a_⊥ = (∂_t)^a|_S , ŝ^a = 1 √ H^2

H^a = 1 ψ ((∂_r)^a − ∂_θR r^2

(∂_θ)^a − ∂_ϕR r^2 sin^2 θ

(∂_ϕ)^a)|_S ,

(4.14)

which depend only on S and η_{ab} but not on the Minkowski frame ϑ^μ_a . In the preferred frame (4.14), the tangential part of the Dirichlet symplectic vector is

(P^D_‖ )^a = σ^{ac}t̂^b∇_cŝ_b = − 1 ψ_S σ^{ac} (∂_r)^b − ∂_θR R^2

(∂_θ)^b − ∂_ϕR R^2 sin^2 θ

(∂_ϕ)^b

∇_c(dt)_b = 0, (4.15)

and thus the normal curvature of S is zero.

Hence the complete Dirichlet symplectic vector is

P^a = (P^D_⊥ )^a + (P^D_‖ )^a = κ(s)(∂_t)^a, (4.16)

which depends only on S and η_{ab}. In particular, it is independent of choice of the original orthonormal frame (4.2) and (4.3) on Minkowski space and of the normals (4.7) in T (S)^⊥.

To define the Neumann symplectic vector, it is natural to extend the preferred orthonormal frame (4.14) off S by using the obvious isometries of η_{ab}. With respect to this extension, the normal part of the Neumann symplectic vector is given by the commutator

(P^N_⊥ )^a = P^⊥_S [t̂, ŝ]^a = 1 ψ_S P^⊥_S ( [(∂_t), (∂_r)]^a − 1 R^2 sin^2 θ

[(∂_t), sin^2 θ∂_θR (∂_θ) + ∂_ϕR (∂_ϕ)]^a ) = 0.

(4.17)

(Alternatively, the same result for (P^N_⊥ )^a is obtained by extending (4.14) off S to the congruence of 2-surfaces t = const, r − R(θ, ϕ) = const, which lie in parallel hyperplanes to S and are isometric to S.) Then, since (P^N_‖ )^a = (P^D_‖ )^a = 0, the complete Neumann symplectic vector in the congruence of 2-surfaces associated to S under isometries of η_{ab} is given by

P^a = (P^N_⊥ )^a + (P^N_‖ )^a = 0. (4.18)

Thus the sectional curvature normal to S vanishes, reflecting the fact that S lies in a flat hyperplane.

Light cone 2-sphere Next, consider a closed orientable spacelike 2-surface S embedded in a light cone in (R^4, η). Let u = (t − r)/ √ 2, v = (t + r)/ √ 2, θ, ϕ be light cone coordinates (i.e. r, θ, ϕ are spherical coordinates with respect to the origin point for the cone), with

η_{ab} = −2(du)_{(a}(dv)_{b)} + 1 2 (v − u)^2((dθ)_a(dθ)_b + sin^2 θ(dϕ)_a(dϕ)_b). (4.19) Then S is given by u = u_0, v = V (θ, ϕ) for some function V (θ, ϕ) and constant u_0. Note that (du)_a and (dv)_a − ∂_aV are, respectively, a null normal and spacelike normal for S, while (∂_θ)^a + ∂_θV (∂_v)^a and (∂_ϕ)^a + ∂_ϕV (∂_v)^a are orthogonal tangent vectors on S.

Fix a null frame ϑ^μ_a adapted to S in (R^4, η) by

ϑ^0_a = (du)_a, ϑ^1_a = 1 2 ψ^2(du)_a + (dv)_a − ∂_aV, (4.20) ϑ^2_a = r(dθ)_a − ∂_θV r (du)_a, ϑ^3_a = r sin θ(dϕ)_a − ∂_ϕV r sin θ

(du)_a (4.21) satisfying ϑ^μ_a ϑ^ν_b η^{ab} = −2δ^{(μ}_0 δ^{ν)}_1 + δ^μ_2 δ^ν_2 + δ^μ_3 δ^ν_3, where ψ = |dV | = r^{−1} √ (∂_θV )^2 + (∂_ϕV/ sin θ)^2. (4.22) Note the metric associated to S is given by σ_{ab} = ψ^2(du)_a(du)_b − 2(du)_{(a} ( ∂_θV (dθ)_{b)} + ∂_ϕV (dϕ)_{b)} ) + r^2((dθ)_a(dθ)_b + sin^2 θ(dϕ)_a(dϕ)_b), (4.23) where σ_{ab}|_S = 1 2 (V − u_0)^2((dθ)_a(dθ)_b + sin^2 θ(dϕ)_a(dϕ)_b) (4.24) yields the induced metric on S.

The trace of the extrinsic curvatures of (S, σ_{ab}) with respect to the null frame on T (S)^⊥ u_a = ϑ^0_a|_S = (du)_a, (4.25) v_a = ϑ^1_a|_S = ψ^2_S (du)_a + (dv)_a − ∂_θV (dθ)_a − ∂_ϕV (dϕ)_a (4.26) are respectively κ(u) = σ^{ab}∇_au_b = −(Γ^{02}_2 (ϑ) + Γ^{03}_3 (ϑ))|_S = − 2 R (4.27) and κ(v) = σ^{ab}∇_av_b= −(Γ^{12}_2 (ϑ) + Γ^{13}_3 (ϑ))|_S = 2 R (1 + ψ^2_S ) − 2∂_θR R^2 cos θ sin θ − 2∂^2_θ R R^2 − 2∂^2_ϕR R^2 sin^2 θ

(4.28)

where

ψ_S = 1 √ 2 ψ|_S = R^{−1} √ (∂_θR)^2 + (∂_ϕR/ sin θ)^2, R = √ 2r|_S = V − u_0. (4.29)

A preferred direction in T (S)^⊥ is given by the mean curvature vector

H^a = −u^aκ(v) − v^aκ(u) (4.30)

in terms of the null vectors

u^a = −(∂_v)^a|_S , v^a = −

(∂_u)^a + ψ^2 2 (∂_v)^a + ∂_θV r^2

(∂_θ)^a + ∂_ϕV r^2 sin^2 θ

(∂_ϕ)^a

|_S . (4.31)

The norm of H^a gives the mean extrinsic curvature of S 1 |H| |κ(H)| = √ 2|κ(u)κ(v)| = |H|. (4.32) Now, the normal part of the Dirichlet symplectic vector is given by the normal mean curvature vector (P^D_⊥ )^a = H^a_⊥ = v^aκ(u) − u^aκ(v), which simplifies to

(P^D_⊥ )^a = −κ(u)(∂_u)^a − ( κ(u)ψ^2_S − κ(v) ) (∂_v)^a − κ(u) 2∂_θR R^2

(∂_θ)^a − κ(u) 2∂_ϕR R^2 sin^2 θ

(∂_ϕ)^a.

(4.33)

This vector gives the direction of zero expansion of S in (R^4, η).

A preferred null frame for T (S)^⊥ consists of

û^a = 1 √ 2|H| (H^a_⊥ + H^a) = κ(v) κ(u) (∂_v)^a, (4.34)

v̂^a = 1 √ 2|H| (H^a_⊥ − H^a) = κ(u) κ(v) (∂_u)^a + ψ^2_S (∂_v)^a + 2∂_θR R^2

(∂_θ)^a + 2∂_ϕR R^2 sin^2 θ

(∂_ϕ)^a

, (4.35)

which depend only on S and η_{ab} but not on the Minkowski frame ϑ^μ_a . In the preferred frame (4.34) and (4.35), the tangential part of the Dirichlet symplectic vector is given by

(P^D_‖ )^a = σ^{ac}v̂^b∇_cû_b = σ^{ac}v^b∇_c(du)_b + 1 2 σ^{ac}∂_c ln(κ(u)/κ(v)). (4.36)

This simplifies to

(P^D_‖ )^a = 1 R^2 ( (∂_θ)^a + ∂_θR(∂_v)^a ) ∂_θ ln(κ(u)/κ(v)) + 1 R^2 sin^2 θ ( (∂_ϕ)^a + ∂_ϕR(∂_v)^a ) ∂_ϕ ln(R^2 + κ(u)/κ(v)). (4.37)

Therefore, since the dual vector (P^D_‖ )_a =^1_2 ∇^S_a ln(R^2 + κ(u)/κ(v)) is a gradient on S, the normal curvature of S is zero.

The complete Dirichlet symplectic vector is

P^a = (P^D_⊥ )^a + (P^D_‖ )^a (4.38)

which depends only on S and η_{ab}. In particular, it is independent of choice of the original null frame (4.20) and (4.21) on Minkowski space and of the corresponding frame (4.25) and (4.26) on T (S)^⊥. Geometrically, the dual vector (P^D_⊥ )_a provides a preferred normal direction for a family of hypersurfaces defined to cut the light cone at S, with vanishing normal curvature.

Finally, the commutator of the null frame (4.31) yields the normal part of the Neumann symplectic vector

(P^N_⊥ )^a = P^⊥_S [v, u]^a= P^⊥_S [∂_u + ψ^2 2 ∂_v + ∂_θV r^2

∂_θ + ∂_ϕV r^2 sin^2 θ ∂_ϕ, ∂_v]^a|_S = √ 2 r P^⊥_S ψ^2 2 (∂_v)^a + ∂_θV r^2

(∂_θ)^a + ∂_ϕV r^2 sin^2 θ

(∂_ϕ)^a |_S = −2 ψ^2_S R (∂_v)^a (4.39)

through ∂_vψ^2 = − √ 2ψ^2/r. The tangential part of the Neumann symplectic vector is simply (P^N_‖ )^a = (P^D_‖ )^a. Hence, this yields the complete Neumann symplectic vector

P^a = (P^N_⊥ )^a + (P^N_‖ )^a, (4.40)

which depends only on the congruence of spacelike 2-surfaces u = const, v −V (θ, ϕ) = const, lying on the light cones in Minkowski space.

Constant curvature 2-sphere

In the special case of a constant curvature 2-sphere S, viewed as embedded either in a hyperplane t = t_0 = const, r = R = r_0 = const, or in a light cone, u = u_0 = (t_0 − r_0)/ √ 2, v = V = v_0 = (t_0 + r_0)/ √ 2, the mean curvature vector of S is simply H^a =^2_{r0} (∂_r)^a, and the complete Dirichlet symplectic vector reduces to

P^a = H^a_⊥ = 2 r_0

(∂_t)^a, (4.41)

while the complete Neumann symplectic vector vanishes.

B. Spherically Symmetric Spacetimes In a spherically symmetric spacetime (R × Σ, g_{ab}),

g_{ab} = −e^{2ψ}(dt)_a(dt)_b + e^{−2ν} (dr)_a(dr)_b + r^2((dθ)_a(dθ)_b + sin^2 θ(dϕ)_a(dϕ)_b), (4.42) where ψ = ψ(t, r) and ν = ν(t, r), consider a spacelike 2-surface S given by an isometry sphere r = r_0 = const and t = t_0 = const. The metric on S is σ_{ab} = r_0^2(dθ)_a(dθ)_b + r_0^2 sin^2 θ(dϕ)_a(dϕ)_b (4.43) and the area of S is A(S) = 4πr_0^2. Fix an orthonormal frame adapted to S by ϑ^0_a = e^ψ(dt)_a, ϑ^1_a = e^{−ν} (dr)_a, ϑ^2_a = r(dθ)_a, ϑ^3_a = r sin θ(dϕ)_a. (4.44) The Ricci rotation coefficients of the frame Γ^{μν}_λ (ϑ) = ϑ^a_λϑ^{bν} ∇_aϑ^μ_b = 2ϑ^a_λϑ^{b[μ}∂_{[a}ϑ^{ν]}_{b]} − ϑ^{bμ}ϑ^{cν} ∂_{[b}ϑ_{c]λ} (4.45) have the following non-vanishing components: Γ^{10}_0 = −(∂_re^ψ)e^ν e^{−ψ} , (4.46) Γ^{01}_1 = −(∂_te^ν )e^{−ν} e^{−ψ}, (4.47) Γ^{12}_2 = − e^ν r = Γ^{13}_3 , (4.48) Γ^{23}_3 = − cos θ r sin θ

. (4.49) The trace of the extrinsic curvatures of (S, σ_{ab}) with respect to the frame on T (S)^⊥ t_a = ϑ^0_a|_S , s_a = ϑ^1_a|_S , (4.50) are respectively κ(t) = σ^{ab}∇_at_b = −(Γ^{02}_2 + Γ^{03}_3 )|_S = 0, (4.51) and κ(s) = σ^{ab}∇_as_b = −(Γ^{12}_2 + Γ^{13}_3 )|_S = 2e^{ν(t0,r0)} r_0

. (4.52) A preferred direction in T (S)^⊥ is given by the mean curvature vector H^a = s^aκ(s) − t^aκ(t) = 2e^{2ν(t0,r0)} r_0

(∂_r)^a, (4.53) which is spacelike (outside of any horizon). This vector gives the direction of the minimum absolute spacelike expansion of S. Furthermore, the value of the expansion is given by the trace extrinsic curvature of S with respect to the unit vector in the direction H^a,

1 √ H^2 κ(H) = |κ(s)| = 2e^{ν(t0,r0)} r_0

, (4.54)

which is equal to the norm of H^a.

The normal part of the Dirichlet symplectic vector is given by the normal mean curvature vector

(P^D_⊥ )^a = H^a_⊥ = t^aκ(s) − s^aκ(t) = 2 e^{ν(t0 ,r0)}e^{−ψ(t0,r0)} r_0

(∂_t)^a. (4.55)

Here (P^D_⊥ )^a is timelike (outside of any horizon), orthogonal to H^a, with the same absolute norm as H^a. Most significant, (P^D_⊥ )^a gives the direction of zero expansion of S.

A preferred orthonormal frame for T (S)^⊥ is

t̂^a = 1√

H^2

H^a_⊥ = e^{−ψ} (∂_t)^a, ŝ^a = 1 √ H^2

H^a = e^ν (∂_r)^a, (4.56)

which depend only on S and η_{ab} but not on the chosen frame ϑ^μ_a . In the preferred frame (4.56) the tangential part of the Dirichlet symplectic vector is

(P^D_‖ )^a = σ^{ac}t̂^b∇_cŝ_b = (ϑ^{2a}Γ^{10}_2 + ϑ^{3a}Γ^{10}_3 )|_S = 0, (4.57)

and thus the normal curvature of S is zero.

Hence the complete Dirichlet symplectic vector is

P^a = (P^D_⊥ )^a + (P^D_‖ )^a = 2 e^{ν(t0,r0)−ψ(t0,r0)} r_0

(∂_t)^a, (4.58)

which depends only on S and η_{ab}. In particular, it is independent of choice of the original orthonormal frame (4.44) for g_{ab} and (4.50) for σ^⊥_{ab}.

To define the Neumann symplectic vector, it is natural to use the orthonormal frame (4.56) extended off S to the congruence of isometry spheres t = const, r = const. Then, for this extension, the normal part of the Neumann symplectic vector is given by the commutator

(P^N_⊥ )^a = P^⊥_S [t̂, ŝ]^a = (t̂^aΓ^{10}_0 + ŝ^aΓ^{10}_1 )|_S = ( −(∂_re^ψ)e^ν e^{−2ψ}(∂_t)^a + (∂_te^ν )e^{−ψ}(∂_r)^a ) |_S . (4.59)

Since (P^N_‖ )^a = (P^D_‖ )^a = 0, the complete Neumann symplectic vector with respect to the congruence of isometry spheres associated to S is given by

P^a = (P^N_⊥ )^a + (P^N_‖ )^a = e^{ν(t0,r0)−ψ(t0,r0)} ( −∂_rψ(t_0, r_0)(∂_t)^a + ∂_tν(t_0, r_0)(∂_r)^a ) . (4.60)

Finally, as a special case, consider the Reissner-Nordström black hole spacetime obtained for e^ψ = e^ν = √ 1 − 2m/r + q^2/r^2 (4.61)

where m = const and q = const are the black hole mass and charge; q = 0 yields the Schwarzschild black hole. The mean curvature vector of an isometry sphere S, t = const, r = const, outside of the horizon is given by

H^a = 2 r ( 1 − 2m r + q^2 r^2 ) (∂_r)^a (4.62)

which gives the direction of the minimum absolute spacelike expansion of S. Furthermore, the value of the expansion is given by the norm of H^a,

|κ(s)| = 2 r √ 1 − 2m r + q^2 r^2

. (4.63)

The complete Dirichlet symplectic vector is given by

P^a = 2 r (∂_t)^a (4.64)

which depends only on S and η_{ab}. Note that P^a is timelike, orthogonal to H^a, with the same absolute norm as H^a, and it gives the direction of zero expansion of S.

With respect to the congruence of isometry spheres associated to S, the complete Neumann symplectic vector is given by

P^a = − ( m r^2 − q^2 r^3 ) ( 1 − 2m r + q^2 r^2 )_{−1} (∂_t)^a. (4.65)

The curl of this vector yields the sectional curvature normal to S.

C. Axisymmetric Spacetimes

Now consider a stationary axisymmetric spacetime (R × Σ, g_{ab}),

g_{ab} = −e^{2ψ}(dt)_a(dt)_b + e^{−2ν} (dr)_a(dr)_b + e^{−2μ1} (dθ)_a(dθ)_b

+e^{−2μ2} ((dϕ)_a − w(dt)_a)((dϕ)_b − w(dt)_b), (4.66)

where [9] w = w(r, θ), ψ = ψ(r, θ), ν = ν(r, θ), μ_1 = μ_1(r, θ) and μ_2 = μ_2(r, θ). Let S be a spacelike 2-surface given by r = r_0 = const and t = t_0 = const, which has the metric

σ_{ab} = e^{−2μ1(r0,θ)}(dθ)_a(dθ)_b + e^{−2μ2(r0,θ)}(dϕ)_a(dϕ)_b. (4.67)

The area of S is A(S) = 2π ∫_π 0 e^{−μ1 (r0,θ)−μ2 (r0,θ)}dθ. A natural orthonormal frame adapted to S is given by

ϑ^0_a = e^ψ(dt)_a, ϑ^1_a = e^{−ν} (dr)_a, ϑ^2_a = e^{−μ1} (dθ)_a, ϑ^3_a = e^{−μ2} ((dϕ)_a − w(dt)_a) . (4.68)

The Ricci rotation coefficients of the frame

Γ^{μν}_λ (ϑ) = ϑ^a_λϑ^{bν} ∇_aϑ^μ_b = 2ϑ^a_λϑ^{b[μ}∂_{[a}ϑ^{ν]}_{b]} − ϑ^{bμ}ϑ^{cν} ∂_{[b}ϑ_{c]λ} (4.69)

have the following non-vanishing components:

Γ^{01}_0 = e^{−ψ}e^ν ∂_re^ψ, Γ^{01}_3 = 1 2 e^{−ψ}e^ν e^{−μ2} ∂_rw, (4.70) Γ^{02}_0 = e^{−ψ}e^{μ1} ∂_θe^ψ, Γ^{02}_3 = 1 2 e^{−ψ}e^{μ1} e^{−μ2} ∂_θw, (4.71) Γ^{03}_1 = 1 2 e^{−ψ}e^ν e^{−μ2} ∂_rw, Γ^{03}_2 = 1 2 e^{−ψ} e^{μ1} e^{−μ2} ∂_θw, (4.72) Γ^{12}_1 = e^ν e^{μ1} ∂_θe^{−ν} , Γ^{12}_2 = −e^ν e^{μ1} ∂_re^{−μ1} , (4.73) Γ^{13}_0 = 1 2 e^{−ψ}e^ν e^{−μ2} ∂_rw, Γ^{13}_3 = −e^ν e^{μ2} ∂_re^{−μ2} , (4.74) Γ^{23}_0 = 1 2 e^{−ψ}e^{μ1} e^{−μ2} ∂_θw, Γ^{23}_3 = −e^{μ1} e^{μ2} ∂_θe^{−μ2} . (4.75) The trace of the extrinsic curvatures of (S, σ_{ab}) with respect to the frame on T (S)^⊥ t_a = ϑ^0_a|_S , s_a = ϑ^1_a|_S (4.76) are respectively κ(t) = σ^{ab}∇_at_b = −(Γ^{02}_2 + Γ^{03}_3 )|_S = 0, (4.77) and κ(s) = σ^{ab}∇_as_b = −(Γ^{12}_2 + Γ^{13}_3 )|_S = −e^{ν(r0,θ)}∂_rμ(r_0, θ) (4.78) where μ(r, θ) = μ_1 + μ_2. A preferred direction in T (S)^⊥ is given by the mean curvature vector H^a = s^aκ(s) − t^aκ(t) = −e^{2ν(r0,θ)}∂_rμ(r_0, θ)(∂_r)^a, (4.79) which is spacelike (outside of any horizon). This vector gives the direction of the minimum absolute spacelike expansion of S. Furthermore, the value of the expansion is given by the trace extrinsic curvature of S with respect to the unit vector in the direction H^a, 1 √ H^2 κ(H) = |κ(s)| = e^{ν(r0,θ)}|∂_rμ(r_0, θ)|, (4.80) which is equal to the norm of H^a.

The normal part of the Dirichlet symplectic vector is given by the normal mean curvature vector

(P^D_⊥ )^a = H^a_⊥ = t^aκ(s) − s^aκ(t) = −e^{−ψ(r0,θ)}e^{ν(r0,θ)}∂_rμ(r_0, θ) ( (∂_t)^a + w(∂_ϕ)^a ) . (4.81) Here (P^D_⊥ )^a is timelike (outside of any horizon), orthogonal to H^a, with the same absolute norm as H^a. Most significant, (P^D_⊥ )^a gives the direction of zero expansion of S.

A preferred orthonormal frame for T (S)^⊥ is

t̂^a = 1√ H^2 H^a_⊥ = e^{−ψ} ( (∂_t)^a + w(∂_ϕ)^a ) , ŝ^a = 1 √ H^2

H^a = e^ν (∂_r)^a, (4.82) which depend only on S and η_{ab} but not on the chosen frame ϑ^μ_a . In the preferred frame (4.82) the tangential part of the Dirichlet symplectic vector is

(P^D_‖ )^a = σ^{ac}t̂^b∇_cŝ_b = (ϑ^{2a}Γ^{10}_2 + ϑ^{3a}Γ^{10}_3 )|_S = 1 2 e^{−ψ(r0,θ)}e^{ν(r0,θ)}∂_rw(r_0, θ)(∂_ϕ)^a. (4.83)

The curl of this vector yields the normal curvature of S.

Hence the complete Dirichlet symplectic vector is

P^a= (P^D_⊥ )^a + (P^D_‖ )^a = e^{−ψ(r0,θ)+ν(r0 ,θ)} ( −∂_rμ(r_0, θ) ( (∂_t)^a + w(∂_ϕ)^a ) + 1 2 ∂_rw(r_0, θ)(∂_ϕ)^a ) , (4.84)

which depends only on S and η_{ab}. In particular, it is independent of choice of the original orthonormal frame (4.68) for g_{ab} and (4.76) for σ^⊥_{ab}.

To define the Neumann symplectic vector, it is natural to use the orthonormal frame (4.82) extended off S to the congruence of 2-surfaces t = const, r = const. With respect to this extension, the normal part of the Neumann symplectic vector is given by the commutator

(P^N_⊥ )^a = P^⊥_S [t̂, ŝ]^a = (t̂^aΓ^{10}_0 + ŝ^aΓ^{10}_1 )|_S = −e^{−ψ(r0,θ)}e^{ν(r0,θ)}∂_rψ(r_0, θ) ( (∂_t)^a + w(∂_ϕ)^a ) . (4.85)

Since (P^N_‖ )^a = (P^D_‖ )^a, the complete Neumann symplectic vector in this congruence of 2- surfaces associated to S is given by

P^a= (P^N_⊥ )^a + (P^N_‖ )^a = e^{−ψ(r0,θ)+ν(r0 ,θ)} ( −∂_rψ(r_0, θ) ( (∂_t)^a + w(∂_ϕ)^a ) + 1 2 ∂_rw(r_0, θ)(∂_ϕ)^a ) . (4.86)

The curl of this vector yields the sectional curvature normal to S.

As a special case, consider the Kerr black hole spacetime obtained for

e^ψ = √ Δρ Υ , e^{−ν} = ρ √ Δ , e^{−μ1} = ρ, e^{−μ2} = Υ sin θ ρ , w = 2amr Υ^2

(4.87)

where

Υ^2 = (r^2 + a^2)^2 − a^2Δ sin^2 θ, Δ = r^2 − 2mr + a^2, ρ^2 = r^2 + a^2 cos^2 θ. (4.88)

Here m = const and a = const are the black hole mass and angular momentum; a = 0 yields the Schwarzschild black hole. The mean curvature vector of a 2-surface S, t = const, r = const, outside the horizon is given by

H^a = Δ ρ^2

∂_rΥ Υ (∂_r)^a = Δ ρ^2Υ^2

(2r(r^2 + a^2) − a^2(r − m) sin^2 θ)(∂_r)^a (4.89)

which gives the direction of the minimum absolute spacelike expansion of S. Furthermore, the value of the expansion is given by the norm of H^a,

|κ(s)| = √ Δ ρΥ^2

(2r(r^2 + a^2) − a^2(r − m) sin^2 θ). (4.90)

The complete Dirichlet symplectic vector is given by

P^a= Υ ρ^2

∂_rΥ Υ ( (∂_t)^a + w(∂_ϕ)^a ) + ∂_rw 2 (∂_ϕ)^a = 2r(r^2 + a^2) − a^2(r − m) sin^2 θ ρ^2Υ

(∂_t)^a + am ρ^2Υ

(∂_ϕ)^a (4.91)

which depends only on S and η_{ab}. Note that the normal part of P^a is timelike, orthogonal to H^a, with the same absolute norm as H^a, and it gives the direction of zero expansion of S. With respect to this congruence of 2-surfaces S, the complete Neumann symplectic vector is given by

P^a= Υ ρ^2

∂_rΥ Υ − ∂_rΔ 2Δ − ∂_rρ 2ρ ( (∂_t)^a + w(∂_ϕ)^a ) + ∂_rw 2 (∂_ϕ)^a = − 2m ρ^4ΥΔ ( (r^2 + a^2)^2(r^2 − a^2) + a^2((r^2 + a^2)^2 − 4mr^3) sin^2 θ ) (∂_t)^a + am ρ^4ΥΔ ( (r^2 − a^2)^2 − 4r^3(r − m) − a^2(a^2 − r^2) sin^2 θ ) (∂_ϕ)^a. (4.92)

D. Homogeneous Isotropic Spacetimes

Next, consider a Friedmann-Robertson-Walker spacetime (R × Σ, g_{ab}),

g_{ab} = −(dt)_a(dt)_b + a^2(t) ( 1 1 − kr^2 (dr)_a(dr)_b + r^2((dθ)_a(dθ)_b + sin^2 θ(dϕ)_a(dϕ)_b) ) , (4.93)

where k = 0, 1, −1 (Σ is R^3 if k = 0, −1 or S^3 if k = 1) corresponding to a spatially flat, spherical, or hyperbolic geometry on Σ. Let S be a spacelike 2-surface given by an isometry sphere r = r_0 = const and t = t_0 = const. The metric on S is

σ_{ab} = a^2(t_0)r_0^2 ( (dθ)_a(dθ)_b + sin^2 θ(dϕ)_a(dϕ)_b ) (4.94)

and the area of S is A(S) = 4πa(t_0)r_0^2. Fix an orthonormal frame adapted to S by

ϑ^0_a = (dt)_a, ϑ^1_a = a(t) √ 1 − kr^2 (dr)_a, ϑ^2_a = a(t)r(dθ)_a, ϑ^3_a = a(t)r sin θ(dϕ)_a. (4.95)

The Ricci rotation coefficients of the frame

Γ^{μν}_λ (ϑ) = ϑ^a_λϑ^{bν} ∇_aϑ^μ_b = 2ϑ^a_λϑ^{b[μ}∂_{[a}ϑ^{ν]}_{b]} − ϑ^{bμ}ϑ^{cν} ∂_{[b}ϑ_{c]λ} (4.96) have the following non-vanishing components:

Γ^{01}_0 = ȧ(t) a(t) = Γ^{02}_2 = Γ^{03}_3 , (4.97)

Γ^{12}_1 = √ 1 − 2kr a(t)r = Γ^{13}_3 , (4.98)

Γ^{23}_3 = − cos θ a(t)r sin θ . (4.99)

(Here, an over-dot “·” denotes a derivative with respect to t.)

The trace of the extrinsic curvatures of (S, σ_{ab}) with respect to the frame on T (S)^⊥

t_a = ϑ^0_a|_S , s_a = ϑ^1_a|_S , (4.100)

are respectively

κ(t) = σ^{ab}∇_at_b = −(Γ^{02}_2 + Γ^{03}_3 )|_S =

2ȧ(t_0) a(t_0)

(4.101) and κ(s) = σ^{ab}∇_as_b = −(Γ^{12}_2 + Γ^{13}_3 )|_S = 2 √ 1 − kr_0^2 r_0a(t_0)

. (4.102)

A preferred direction in T (S)^⊥ is given by the mean curvature vector

H^a = s^aκ(s) − t^aκ(t) = 2 ( 1 − kr_0^2 a(t_0)^2r_0

(∂_r)^a − ȧ(t_0) a(t_0)

(∂_t)^a ) . (4.103)

This vector gives the direction of the minimum absolute spacelike expansion of S. Furthermore, the value of the expansion is given by the trace extrinsic curvature of S with respect to the unit vector in the direction H^a, 1 √ H^2 κ(H) = |κ(s)| = 2 a(t_0) √ 1 − kr_0^2

r_0^2

− ȧ^2(t_0), (4.104)

which is equal to the norm of H^a.

The normal part of the Dirichlet symplectic vector is given by the normal mean curvature vector

(P^D_⊥ )^a = H^a_⊥ = t^aκ(s) − s^aκ(t) = 2 √ 1 − kr_0^2 a(t_0) ( 1 r_0

(∂_t)^a − ȧ(t_0) a(t_0)

(∂_r)^a ) . (4.105)

Here (P^D_⊥ )^a is orthogonal to H^a, with the same absolute norm as H^a. Most significant, (P^D_⊥ )^a gives the direction of zero expansion of S. Note that (P^D_⊥ )^a is timelike (and H^a is spacelike) if and only if the acceleration of Σ satisfies |ȧ(t_0)| ≤ √ 1 − kr_0^2/r_0, depending on the radius of S.

A preferred orthonormal frame for T (S)^⊥ is

t̂^a = 1√

H^2

H^a_⊥ = (∂_t)^a, ŝ^a = 1 √ H^2

H^a = √ 1 − kr^2 a(t) (∂_r)^a, (4.106)

which depend only on S and η_{ab} but not on the chosen frame ϑ^μ_a . In the preferred frame (4.56) the tangential part of the Dirichlet symplectic vector is

(P^D_‖ )^a = σ^{ac}t̂^b∇_cŝ_b = (ϑ^{2a}Γ^{10}_2 + ϑ^{3a}Γ^{10}_3 )|_S = 0, (4.107)

and thus the normal curvature of S is zero.

Hence the complete Dirichlet symplectic vector is

P^a = (P^D_⊥ )^a + (P^D_‖ )^a = 2 √ 1 − kr_0^2 a(t_0) ( 1 r_0

(∂_t)^a − ȧ(t_0) a(t_0)

(∂_r)^a ) , (4.108)

which depends only on S and η_{ab}. In particular, it is independent of choice of the original orthonormal frame (4.95) for g_{ab} and (4.100) for σ^⊥_{ab} .

To define the Neumann symplectic vector, it is natural to use the orthonormal frame (4.106) extended off S to the congruence of isometry spheres t = const, r = const. Then, for this extension, the normal part of the Neumann symplectic vector is given by the commutator

(P^N_⊥ )^a = P^⊥_S [t̂, ŝ]^a = (t̂^aΓ^{10}_0 + ŝ^aΓ^{10}_1 )|_S = − ( √ 1 − kr_0^2 a(t_0)^2 ) ȧ(t_0)(∂_r)^a. (4.109)

Since (P^N_‖ )^a = (P^D_‖ )^a = 0, the complete Neumann symplectic vector with respect to the congruence of isometry spheres associated to S is given by

P^a = (P^N_⊥ )^a + (P^N_‖ )^a = − √ 1 − kr_0^2 ȧ(t_0) a(t_0)^2

(∂_r)^a. (4.110)

For an isometry sphere S, r = const, t = const, in a time-symmetric hypersurface Σ, since ȧ(t) = 0 it follows that H^a is spacelike, (P^D_⊥ )^a is timelike. Then the complete Dirichlet symplectic vector is

P^a = 2 √ 1 − kr^2 ra(t) (∂_t)^a, (4.111)

while the complete Neumann symplectic vector vanishes.

E. Asymptotically flat spacetimes

Consider an asymptotically flat spacetime (M, g_{ab}) with g_{ab} = η_{ab} + O(1/r) and ∂_cg_{ab} = O(1/r^2 ) as r → ∞ at fixed t, where η_{ab} is a flat metric (4.1) in Minkowski spherical coordinates t, r, θ, ϕ. Suppose the total ADM mass, m, of the spacetime (M, g_{ab}) is finite and positive. Then the metric has the asymptotic form [10,11] g_{ab} = −(1 − 2m/r + O(1/r^2 ))(dt)_a(dt)_b + (1 + 2m/r + O(1/r^2))(dr)_a(dr)_b +r^2((dθ)_a(dθ)_b + sin^2 θ(dϕ)_a(dϕ)_b + O(1/r^3)) as r → ∞ at fixed t. (4.112) (Note that any gravitational radiation terms vanish in this limit.) We first discuss the ADM energy-momentum vector [8]. In the spacetime (M, g_{ab}), spatial infinity, ι^0, can be represented as the set of asymptotic 2-spheres S_∞ given by t = const, r =→ ∞, which are regarded as being identified under asymptotic time translations generated by the Killing vector (∂_t)^a of η_{ab}. Now, for a spacelike hypersurface Σ_t, t = const, the ADM energy and momentum in standard asymptotic Minkowski coordinates x^μ on M are given by [12]

P_μ = ∑ ν,ρ≠0 1 16π ∫ S_∞ s_ν (∂_ρg_{ρν} − ∂_ν g_{ρρ})dS = m , μ = 0 ∑ ν≠0 1 16π ∫ S_∞ (s_ν ∂_tg_{μν} − s_μ∂_tg_{νν} )dS = 0 , μ = 1, 2, 3.

(4.113)

Hence, the ADM energy-momentum vector at spatial infinity is represented by (P^{ADM})_a = m(dt)_a|_{S∞} . Let n^a = (∂_t)^a|_{S∞} . Then, geometrically, the vector 1 m (P^{ADM})^a = −n^a (4.114)

corresponds to an asymptotic stationary unit-norm Killing vector of the asymptotically flat metric (4.112).

To proceed, let S be any family of spacelike 2-surfaces that approaches the 2-sphere S_∞ as r → ∞ at fixed t. Since the spacetime metric is asymptotic to the Schwarzschild metric, we may use the results obtained in Example (B) to calculate the Dirichlet and Neumann symplectic vectors in this limit.

The Dirichlet symplectic vector is given by

(P^D)^a = 2 r (1 − m/r)t^a + O(1/r^3) (4.115)

where t^a = (1 + m/r + O(1/r^2))(∂_t)^a is a unit timelike vector of (M, g_{ab}). For a comparison with (P^{ADM})^a, we scale (P^D)^a by the area of S, A(S) = 4πr^2 + O(1/r), which yields

A(S)(P^D)^a = 8π(r − m + O(1/r))t^a. (4.116) Note that the first term in this expression is singular as r → ∞. It corresponds to the Dirichlet symplectic vector for S_∞ with respect to the flat metric η_{ab} on M. We extend this vector in a natural geometrical manner from S_∞ to S by

(P^D_{flat})^a = 2 r t^a (4.117)

which depends only on the radius of S and the timelike unit vector t^a with respect to g_{ab}. We now subtract (P^D_{flat})^a from (P^D)^a to obtain the normalized Dirichlet symplectic vector

(P̄^D)^a = A(S)((P^D)^a − (P^D_{flat})^a) = (−8πm + O(1/r))t^a. (4.118) Then the limit r → ∞ yields a well-defined (finite) vector associated to S_∞ in terms of t^a → n^a. This establishes our main result.

Theorem 4.1. For an asymptotically flat spacetime (M, g_{ab}), at spatial infinity the normalized Dirichlet symplectic vector (4.118) is equal to 8π times the ADM energy-momentum vector (4.114), 1 8π (P̄^D)^a|_{S∞} = (P^{ADM})^a = −m n^a (4.119)

(The 8π factor reflects the normalization chosen for the Hamiltonian variational principle for the Einstein equations in Sec. II.)

We remark that the ADM vector (P^{ADM})^a can be derived [13] directly from the symplectic structure of the Einstein equations similarly to the analysis given in Sec. 3 in Ref. [1] by using asymptotically flat boundary conditions at S_∞ in place of the Dirichlet boundary condition at S on the spacetime metric.

Finally, we discuss the Neumann symplectic vector. Note that the normalized symplectic vector (4.118) is obtained from the locally constructed Dirichlet symplectic vector (P^D)^a associated to a spacelike 2-surface S, where (P^D)^a depends only on S and g_{ab}. In contrast, the Neumann symplectic vector (P^N)^a associated to S also depends on a choice of congruence of 2-surfaces S^′ diffeomorphic to S. If a suitably parameterized null geodesic congruence through S is used to define (P^N)^a, it follows from Proposition 3.14 that the normal part of (P^N)^a vanishes. Moreover, the tangential part of (P^N)^a is equal to the tangential part of (P^D)^a. Thus for any topological 2-sphere S that approaches S_∞ as r → ∞, by Eq. (4.115) the resulting vector (P^N)^a is at most O(1/r^3) and is tangential to S. Consequently, if we consider the normalized symplectic vector

(P̄^N)^a = A(S)((P^N)^a − (P^N_{flat})^a) (4.120)

defined analogously to (P̄^D)^a, then

(P̄^N)^a|_{S∞} = 0. (4.121)

Note that for an asymptotically flat metric (4.112), as S approaches S_∞, all null geodesic congruences through S approach future and past null infinity, I^±, and thereby provide a natural congruence of spacelike 2-spheres S_I± associated to the 2-sphere S_∞ representing spatial infinity, ι^0. In particular, S_I± are related to S_∞ by null geodesic asymptotic isometries of g_{ab}. Hence, the normalized symplectic vector (4.121) effectively depends only on S and g_{ab} (including its asymptotic structure), similarly to the vector (4.118).

V. CONCLUDING REMARKS

In this paper we have considered the covariant symplectic structure associated to the Einstein equations with matter sources. One main result is that we derive a covariant Hamiltonian under Dirichlet and Neumann type boundary conditions for both the gravitational field and matter fields in any fixed spatially bounded region of spacetime (M, g_{ab}), allowing the time-flow vector ξ^a to be timelike, spacelike, or null.

The Dirichlet and Neumann Hamiltonians evaluated on solutions of the coupled gravitational and matter field equations reduce to a surface integral over the spatial boundary 2-surface, S. (In fact, this result is known to hold for any diffeomorphism covariant spacetime field theory [14].) For each of the boundary conditions this surface integral has the form of ∫ S ξ^aP_adS where P_a is a locally constructed dual vector field associated to the 2-surface S and boundary conditions, which we call the Dirichlet and Neumann symplectic vectors. Similar results are discussed in Ref. [18,19].

Our principle result is to show that the purely gravitational part of the Dirichlet symplectic vector (P^D)^a has very interesting geometrical properties when decomposed into its normal and tangential parts, (P^D_⊥ )^a and (P^D_‖ )^a, with respect to S. First, (P^D_⊥ )^a depends only on the 2-surface S and spacetime metric g_{ab} and thus yields a geometrical vector field normal to S in spacetime. This vector (P^D_⊥ )^a is shown to be orthogonal to the mean curvature vector of S and, most importantly, it gives the direction of zero expansion of S in spacetime, i.e. L_{P⊥} ϵ_{ab}(S) = 0 where ϵ_{ab}(S) is the area volume form of S. Furthermore, the norm of the vector (P^D_⊥ )^a is equal to the product of the expansions of S with respect to ingoing and outgoing null geodesics, θ^{−a} and θ^{+a} (and is independent of parameterization of the geodesics). This expression is obviously related to the condition for a spatial 2-surface S to be trapped (or marginally trapped), namely, κ^+κ^− is positive (or zero) on S, where L_θ± ϵ_{ab}(S) = κ^±ϵ_{ab}(S). Consequently, S is trapped (or marginally trapped) precisely when (P^D_⊥ )^a is spacelike (or null) on S. If this notion is applied to the ingoing and outgoing null geodesics at each point p on S (i.e. the pair of null geodesics through p is “trapped” (or “marginally trapped”) if κ^+κ^− is positive (or zero) at p), then, in this sense, (P^D_⊥ )^a measures point-wise how close S is to being a trapped surface.

In contrast, (P^D_‖ )^a depends not only on the 2-surface S and spacetime metric g_{ab} but also on a choice of orthonormal frame or null frame for the normal tangent space T (S)^⊥ of S. Geometrically, (P^D_‖ )^a is shown to be a connection for the normal curvature of S in spacetime and consequently changes by a gradient under a boost of the frame. However, if the normal vector (P^D_⊥ )^a is non-null, then (P^D_⊥ )^a and the mean curvature vector of S comprise a preferred frame for T (S)^⊥ and hence there exists a corresponding preferred tangential vector (P^D_‖ )^a (evaluated in this frame). Thus, in this situation, the complete Dirichlet symplectic vector is a well-defined geometrical vector field depending only on S and g_{ab}. We refer to this as the invariant Dirichlet symplectic vector associated to S.

Apart from its geometrical interest, the Dirichlet symplectic vector is also related to definitions of canonical energy, momentum, and angular momentum given by the value of the Dirichlet Hamiltonian for solutions of the Einstein (and matter) equations. In particular, we have shown that in an asymptotically flat spacetime in the limit of S approaching spatial infinity S_∞, the Dirichlet symplectic vector reduces in a suitable sense to the ADM energy-momentum vector. Hence, the integral ∫ S_∞ ξ a(P^D)_adS yields total energy, momentum, angular momentum of the spacetime when ξ^a is chosen to be an asymptotic Killing vector associated to time-translations, space-translations, or rotations of the asymptotic flat background metric.

In addition, for a compact spatial 2-surface S in (M, g_{ab}), it follows from results in Refs.

[15] that the quasi-local quantities ∫ S ξ^a(P^D)_adS for ξ^a chosen to be normal and tangential to S reproduce Brown and York’s [16,17] quasilocal energy, momentum, and angular momentum quantities. (See also Refs. [1,5].) Furthermore, we have obtained matter contributions to these quantities, for an electromagnetic field and a set of Yang-Mills-Higgs fields. In a forthcoming paper we will explore geometrical quasi-local quantities defined purely in terms of (P^D_⊥ )^a and (P^D_‖ )^a. We will also explore the use of (P^D)^a as a time flow vector for a boundary-initial value formulation of the Einstein equations.

ACKNOWLEDGMENTS

The authors thank the organizers of the 2nd workshop on Formal Geometry and Mathematical Physics where this work was initiated. Bob Wald is thanked for helpful discussions.

REFERENCES

[1] S.C. Anco and R.S. Tung, “Covariant Hamiltonian boundary conditions in General Relativity for spatially bounded spacetime regions”, To appear in J. Math. Phys. (2002).

[2] B. O’Neill, Semi-Reimannian Geometry, (Academic Press: New York) (1983). [3] B-Y. Chen, Total Mean Curvature and Submanifolds of Finite Type, (World Scientific:

Singapore) (1984).

[4] S. Anco and K. Wong, Unpublished notes (1992).

[5] R.J. Epp, “Angular momentum and an invariant quasi-local energy in General Relativity”, Phys. Rev. D62 (2000) 124018.

[6] L. B. Szabados, “Two-dimensional Sen connections in general relativity”, Class. Quantum Grav. 11 (1994), 1833-1846.

[7] S.A. Hayward, “General laws of black-hole dynamics”, Phys. Rev. D. 49 (1994), 6467- 6474.

[8] R.M. Wald, General Relativity (University of Chicago Press: Chicago) (1984). [9] S. Chandrasekhar, “An introduction to the theory of the Kerr metric and its perturbations”, in General Relativity, ed. S.W. Hawking and W. Israel (Cambridge: Cambridge University Press) (1979).

[10] R. Arnowitt, S. Deser, C.W. Misner, ”The Dynamics of General Relativity”, in Gravitation: An Introduction to Current Research ed. L. Witten (New York: Wiley) (1962).

[11] T. Regge and C. Teitelboim, ”Role of surface integrals in the Hamiltonian Formulation of General Relativity”, Annals of Physics 88 (1974) 286-318.

[12] Y. Choquet-Bruhat, “Positive-energy theorems”, in Relativity, groups, topology II, ed.

B.S. DeWitt and R. Stora (North Holland: Amsterdam) (1984).

[13] V. Iyer and R.M. Wald, ”Some Properties of Noether Charge and a Proposal for Dynamical Black Hole Entropy”, Phys. Rev. D 50, (1994) 846-864.

[14] J. Lee and R.M. Wald, ”Local symmetries and constraints”, J. Math. Phys. 31, (1990) 725-743.

[15] V. Iyer and R.M. Wald, ”A comparison of Noether charge and Euclidean methods for Computing the Entropy of Stationary Black Holes”, Phys. Rev. D 52, (1995) 4430-4439.

[16] J.D. Brown and J.W. York, “Quasilocal energy and conserved charges derived from the gravitational action”, Phys. Rev. D 47, (1993) 1407-1419.

[17] J.D. Brown, S.R. Lau, J.W. York, ”Action and Energy of the Gravitational Field”, Annals Phys. 297, (2002) 175-218.

[18] C. M. Chen, J. M. Nester and R. S. Tung, “Quasilocal energy-momentum for geometric gravity theories”, Phys. Lett. A 203, (1995) 5-11.

[19] C. M. Chen and J. M. Nester, “Quasilocal quantities for general relativity and other gravity theories”, Class. Quantum Grav. 16, (1999) 1279-1304.