arXiv:gr-qc/0110016 v1 2 Oct 2001

Classical and Quantum Solutions of 2+1 Dimensional Gravity under De Broglie-Bohm Interpretation

M. Kenmoku^1, T. Matsuyama^2, R. Sato^3 and S. Uchida^4

1 Department of Physics, Nara Women’s University, Nara 630-8506, Japan 2 Department of Physics, Nara University of Education, Takabatake-cho, Nara 630-8528, Japan

3 4 Graduate School of Human Culture, Nara Women’s University, Nara 630-8506,

Japan

Abstract

We have studied classical and quantum solutions of 2+1 dimensional Einstein gravity theory. Quantum theory is defined through the local conserved angular momentum and mass operators in the case of spherically symmetric space-time. The de Broglie-Bohm interpretation is applied for the wave function and we derive the differential equations for metrics. Metrics including quantum effect are obtained in solving these equations and we compare them with classical metrics. Especially the quantum effect on the closed de Sitter universe is evaluated quantitatively.

PACS numbers: 98.80.Hw, 03.65.Bz, 04.60.Kz, 04.60.-m

1 kenmoku@phys.nara-wu.ac.jp 2matsuyat@nara-edu.ac.jp 3reika@phys.nara-wu.ac.jp 4satoko@phys.nara-wu.ac.jp

1 Introduction

Recently 2+1 dimensional gravity theory, especially AdS_3 has been studied extensively [1, 2, 3]. It was shown that the theory is equivalent to the 2+1 Chern- Simons theory [4] and has been investigated to understand the black hole thermodynamics, i.e. Hawking temperature [5] and others. The 2+1 dimensional AdS supergravity theories were investigated in the Chern-Simons form [6]. Topalogically massive gravity, which is the sum of Einstein and Chern-Simons terms, was also analyzed in the canonical form [7]. The purpose of this paper is to investigate the canonical formalism of the original 2+1 dimensional Einstein gravity theory instead of the Chern-Simons theory. For the spherically symmetric spacetime, local conserved quantities (mass and angular momentum) are introduced and using them canonical quantum theory is defined. Constraints are imposed on state vectors and solved analytically. In order to extract the physical meaning of the wave function, we adopt the de Broglie-Bohm interpretation [8, 9, 10] and derive the differential equations for the metrics, which include the quantum effect.

After fixing the gauge choice, special solutions of the metrics are obtained. Especially the quantum effect on the closed de Sitter universe is obtained quantitatively. It is interesting to note that the birth of universe appears as the real time tunneling in stead of the imaginary time tunneling in the WKB approximation by Vilenkin [11] and in the path integral method by Hartle and Hawking [12]. The strategy to obtain the solution is followed by our previous work in the 3+1 dimensional gravity [13]. The new developments in this paper are to take into account a general form of metrics and to make a quantitative evaluation to quantum effects in the 2+1 dimensional spherically symmetric gravity.

This paper is organized as follows. In section 2, we review the canonical formalism of the Einstein theory with a cosmological constant in spherically symmetric space-time. We introduce the local conservation quantities, the angular momentum J and the mass function M. In section 3, the canonical quantization is presented. Using some operator ordering the quantum theory could be constructed and the analytic solutions could be obtained. In section 4, we adopt the de Broglie-Bohm interpretation in order to extract geometrical information from the analytic solutions. Some examples of the comparison between classical limit and classical solutions which have already been known are also exhibited. In section 5, we try to evaluate the finite quantum effect for closed de Sitter universe. Summary and concluding remark are given in the final section.

2 Canonical Formalism

We start to consider the Einstein-Hilbert action with cosmological constant λ in 2+1 dimensional space-time, I = 1 16πG_2 ∫ d^3x √ −^{(3)}g(^{(3)}R − 2λ). (1)

The gravitational constant in 2+1 dimensions is set to G_2 = 1/4 in the following. The metrics in polar coordinates are expressed in ADM decomposition [14] as

ds^2 = −N^2dt^2 + Λ^2(dr + N^rdt)^2 + R^2(dϕ + N^ϕdt)^2 (2) +2C(dr + N^rdt)(dϕ + N^ϕdt), where all metrics are assumed to be function of time t and radial coordinate r. In the following, dot and dash denotes the derivative with respect to t and r.

The action in the canonical formalism is in the form, I = ∫ dt dr [P_ΛΛ̇ + P_RṘ + P_CĊ − (NH + N^rH_r + N^ϕH_ϕ)] − ∫ dt dr ( [(ΛP_Λ + CP_C )N^r]^′ + [( C Λ P_Λ + R^2P_C )N^ϕ]^′ ) , (3)

where canonical momenta are

P_Λ = ∂L ∂Λ̇ = ΛR(N^rR^′ − Ṙ) N √ h , (4)

P_R = ∂L ∂Ṙ = R[CN^{ϕ′} + Λ{(ΛN^r)^′ − Λ̇}] N √ h , (5)

P_C = ∂L ∂Ċ = − (N^rC)^′ + R^2N^{ϕ′} − Ċ 2N √ h , (6)

and the Hamiltonian and the momentum functions are defined as H = √ h ( − P_ΛP_R ΛR + P^2_C + R^{′2} + RR^{′′} h − RR^′h^′ 2h^2 + λ ) , (7)

H_r = R^′P_R − CP_C^′ − ΛP_Λ^′ , (8)

H_ϕ = − (C Λ P_Λ + R^2P_C )_′ . (9)

In the expression of canonical momenta in Eq. (4)-(6), L is the Lagrangian

density and h = Λ^2R^2 − C^2 is the determinant of the spatial part of metrics.

It is essential to introduce the local conservation quantities, the angular

momentum J and the mass function M as follows

J := −2 ∫ drH_ϕ = 2 ( C Λ P_Λ + R^2P_C ) , (10) M := − ∫ dr ( RR^′ √ h H + P_Λ Λ H_r + P_C H_ϕ )

= 1 2 ( P_Λ^2 + 2CP_ΛP_C Λ + R^2P_C^2 −

R^2R^{′2} h − λR^2 + 1 ) . (11)

The angular momentum function J could be derived as a conservative quantity

for a infinitesimal continuous rotation by Noether’s Theorem, and the mass function M could be derived by using the form of J and the transformation

method from the canonical data which was considered by Fischler, Morgan and

Polchinski [15] and by Kuchar̆ [16]. The physical meaning of the mass function

in the 3+1 dimensional space-time is studied by Nambu and Sasaki [17]. These

local conserved quantities are essential in defining and solving the quantum

theory in spherically symmetric gravity.

Before going to the detail of the quantum theory, we make transformation

from old variables Λ, R and C into new variables by Λ R C −→ Λ̄ R̄ C̄ = √ Λ^2 − C^2R^{−2} R CR^{−2} . (12)

The corresponding momenta are transformed as

P_Λ P_R P_C −→ P¯_Λ P¯_R P¯_C = √ Λ^2 − C^2R^{−2}Λ^{−1}P_Λ C^2Λ^{−1}R^{−3}P_Λ + P_R + 2CR^{−1}P_C CΛ^{−1}P_Λ + R^2P_C . (13)

These new variables will be used extensively in the following calculation.

3 Quantum Theory

Next we proceed to the quantum theory in the Schrödinger picture. The mo-

mentum operators are expressed in the new variables in Eqs.(12) and (13) as

P̂_{Λ̄}(r) := −i δ δΛ̄(r) , P̂¯_R(r) := −i δ δR̄(r) , P̂¯_C (r) := −i δ δC̄(r) . (14)

The notation hat denotes the quantized operator in the followings. According

to the Dirac approach, the constraints are treated as operator restriction on the

wave function Ψ:

ĤΨ = 0 , Ĥ_rΨ = 0 , Ĥ_ϕΨ = 0 . (15)

The first equation is the Wheeler-DeWitt equation and others are the momentum constraint equations.

Our strategy is to solve the eigenvalue equation for Ĵ, M̂ and the constraint equation for Ĥ_r step by step instead of solving the constraint equations (Eq. (15)).

Step 1: Angular momentum eigenequation The eigenvalue equation of the local angular momentum (Eqs. (10) and (13)) with the eigenvalue j ĴΨ = P̂_{C̄} Ψ = jΨ (16) is satisfied by the eigenfunction in the form Ψ = e^{ijΦ}u(Λ̄, R̄) , (17) with the variable Φ = ∫ drC̄(r) . (18) Step 2: Momentum constraint equation The radial momentum constraint equation Ĥ_r Ψ = (R̄^′P̂_{R̄} − Λ̄(P̂_{Λ̄})^′)e^{ijΦ}u(Λ̄, R̄) = 0 , (19) restricts the functional form of the wave function to Ψ = e^{ijΦ}u(Z) , (20) where we introduce variable Z Z = ∫ drΛ̄f(R̄, χ) = ∫ dr ∫_{Λ̄(r)}

dΛ̄f̄(R̄, χ) , (21) with the definition χ := R̄^{′ 2}Λ̄^{−2} . (22) The function f and f̄ are arbitrary functions and are related each other by f(R̄, χ) = − ∫_χ dχ f̄(R̄, χ) 2χ . (23) Step 3: Mass equation The mass operator M̂ consists of the integration of the linear combination of constraints with respect to radial coordinate r in Eq.(11) and is imposed on the state vector as (M̂ − m)Ψ = 0 , (24) where m is an integration constant. Three operators Ĵ , M̂ and Ĥ_r should form a closed algebra in order to ensure the consistency among three wave equations (16), (19) and (24):

[Ĵ(r), Ĵ(r^′)] = 0 , (25) [Ĵ(r), Ĥ_r (r^′)] = iĴ^′(r)δ(r − r^′) , (26) [Ĵ(r), M̂ (r^′)] = 0 , (27) [Ĥ_r(r), Ĥ_r (r^′)] = i(Ĥ_r(r)δ^′(r − r^′) − (r ↔ r^′)) , (28) [Ĥ_r(r), M̂ (r^′)] = iM̂^′(r)δ(r − r^′) , (29) [M̂(r), M̂ (r^′)] = 0 . (30) The factor ordering of mass operator M̂ is determined by this requirement and is expressed as M̂ − m = 1 2 AP̂¯_ΛA^{−1}P̂¯_Λ + 1 2 (−χ + F̂ (R̄)) , (31) where χ is in Eq.(22) and F̂ (R̄) = 1 − 2m − λR̄^2 + 1 4 Ĵ^2R̄^{−2} . (32)

The ordering factor A is introduced to take account of the factor ordering ambiguity and is expressed by the product of two functions as

A = A_Z (Z)Ā(R̄, χ) , (33)

where A_Z and Ā are arbitrary functions with respect to the variable Z and R̄ , χ respectively. We choose one of these function Ā as Ā = δZ δΛ̄ = f̄ = √ χ − F_j (R̄) , (34)

where F_j (R̄) := F̂ |_{Ĵ =j} (R̄) . (35) Then using the mass operator for each eigenvalue of angular momentum j M̂_j := M̂ |_{Ĵ=j} , (36)

the mass equation M̂_j u_{j,m}(Z) = mu_{j,m}(Z) , (37) can reduce to the equation with respect to Z d^2u_{j,m}(Z) dZ^2 − A_Z^{−1} δA_Z δZ du_{j,m}(Z) dZ + u_{j,m}(Z) = 0. (38)

If we choose the remaining ordering factor as A_Z = Z^{2ν−1}, the above equation becomes the Bessel equation d^2u_{j,m}(Z) dZ^2 − 2ν − 1 Z du_{j,m}(Z) dZ + u_{j,m}(Z) = 0, (39) and the solution is

u^{(ν)}_{j,m}(Z) = Z^ν [b_1H^{(1)}_ν (Z) + b_2H^{(2)}_ν (Z)], (40)

where H_ν (Z) is the Hankel function and b_1 and b_2 are constant coefficients. In conclusion, the quantum wave function becomes

Ψ(Z) = e^{ijΦ}u^{(ν)}_{j,m}(Z) , (41)

where the argument Z is expressed using Eqs. (21) and (34) as Z = ∫ dr ∫¯_{Λ(r)} dΛ̄ √ χ − F_j (R̄) = ∫ dr ( Λ̄ √ χ − F_j (R̄) − R̄^′ ln | | | | √ χ + √ χ − F_j (R̄) √ | F_j(R̄) | | | | | ) , (42)

where χ and F_j are given in Eqs. (22) and (35).

The solution in Eq. (41) is shown to satisfy the original constraint equations (15) automatically, because the operators Ĵ and M̂ are expressed by the linear combination of the original constraints (see Eqs. (10) and (11)). The closure of the algebras among original constraints H, H_r and H_ϕ is ensured in a similar way.

In the final part of this section, we comment on other choice of factor ordering for A_Z . For example, if we choose A_Z = e^{2Z} Z^{−σ} (Z − 1)^σ, we obtain the wave function of the hypergeometric function. The factor ordering ambiguity appears in our approach, because the factor ordering is determined by requiring a closed algebra among constraint operators and not requiring to define a inner product among state vectors.

4 De Broglie-Bohm Interpretation

We obtained the analytic wave function of the 2+1 dimensional gravity theory. The wave function is the functional of the metrics and its physical and geometrical meaning is not clear. We adopt the de Broglie-Bohm (dBB) interpretation in order to extract geometrical information from the wave function. For this purpose, we choose only the 2nd kind Hankel function in Eq. (40) as the wave function which satisfies the Vilenkin boundary condition [11]. Then the wave function in the polar coordinates is written as

Ψ(Z) = Z^ν H^{(2)}_ν (Z) =| Ψ | e^{iΘ}(Z) . (43)

In the dBB interpretation, the momenta are defined by the gradient of the phase of the wave function as

P¯_Λ = δΘ δΛ̄ , P¯_R = δΘ δR̄ , P¯_C = δΘ δC̄ . (44)

Inserting the original expressions of the momenta in Eqs. (4)- (6) and (13) into Eq. (44), we obtain the differential equations for the metrics with respect to the time and space coordinates as 1 N (N^rR̄^′ − ˙R̄) = f̄ dΘ dZ , (45) 1 N ((Λ̄N^r)^′ − ˙Λ̄) = Λ̄ R̄′ f̄^′ dΘ dZ , (46) − R̄3 NΛ̄ ((N^rC̄)^′ + (N^ϕ)^′ − ˙C̄) = j . (47)

In the dBB interpretation, the quantum effect is expressed by the factor

(n_{dBB})^{−1} := − dΘ dZ = 2 πZ|H^{(2)}ν (Z)|^2 . (48)

The limit n_{dBB} → 1 is the classical limit, because the dBB equations (45),(46) and (47) reduce to the Einstein equation in this limit. The metrics solving these dBB equations include quantum effects through the factor n_{dBB}.

In order to integrate the Eqs. (45)-(47), we fix a part of gauge freedom of the general coordinate transformation as

N^r = N^ϕ = 0 . (49)

Then the metric C̄ is determined from Eq. (47) as ˙C̄ = NΛ̄ R̄3 j . (50) We can derive the relation free from quantum effects taking the ratio of Eq. (46) over Eq. (45) ˙Λ̄ Λ̄ = ˙R̄ R̄′ f̄ ′ f̄ . (51) We show some examples of the solution by the dBB interpretation in the followings.

Example 1: BTZ black hole

If we further restrict the solution by the conditions as R̄^′ = 0 and ˙R̄ = 1 , (52)

we have the relation R̄ = t . Then we find

ds^2 = 1 F_j n_{dBB}^2dt^2 − F_j dr^2 + t^2(C̄dr + dϕ)^2 , (53)

from Eqs. (45) and (46) where F_j = 1 − 2m + j^2/(4t^2) − λt^2 . The classical limit of the metrics under the space-time transformation t ↔ r, C̄ ↔ N^ϕ, represents the BTZ black [2] .

Example 2: de Sitter universe

Next we show the example of de Sitter universe. We set N = 1 and m = j = 0 and we put the ansatz for metrics as R̄ = a(t)r and Λ̄ = b(t)/ √ 1 − Kr^2 , (54)

where K = 0 or 1 represent the open or closed universe respectively. From Eq. (51), we obtain a(t) = b(t) and from Eq. (45) we obtain the equation for the scale factor of the universe as

ȧ = √ λa^2 − K n_{dBB}^{−1} . (55)

The corresponding classical solutions (put n_{dBB} = 1 in Eq. (55)) are open or closed de Sitter universe a = { exp ( √ λt) for K = 0 λ^{−1/2} cosh ( √ λt) for K = 1 .

(56)

The classical closed de Sitter universe is created with a finite size at t = 0 and expands exponentially as t ≫ 0 . A special interest is the closed de Sitter universe because the finite quantum effect can be estimated.

5 Evaluation of Quantum Effect of de Sitter universe

In this section, we investigate the quantitative evaluation of quantum effects for the metrics of de Sitter universe which were studied in the previous section. We note that the quantum effect does not appear for a open de Sitter universe. This is because the argument Z becomes infinity as its spatial integration region is infinite and therefore the factor n_{dBB} becomes one, which indicates the classical

limit. The finite quantum effect is evaluated only for the case of closed de Sitter

universe as was explained in the previous section:

R̄ = a(t)r and Λ̄ = a(t)/ √ 1 − r^2 , (57)

where the scale factor is determined by the dBB equation (55) with the relation

(48) as

ȧ = √ λa^2 − 1 2 πZ | H^{(2)}ν (Z) |^2

. (58)

To evaluate this equation we should first integrate with respect to r and

obtain the expression of the argument Z as a function of the scale factor a(t). It

is expressed in the classical region ( √ λa ≥ 1) and the quantum tunneling region

(0 ≤ √ λa ≤ 1) as

Z = a √ λa^2 − 1 − 1 √ λ tanh^{−1} √ λa^2 − 1 √ λa (for √ λa ≥ 1) ,

i ( a √ 1 − λa^2 − 1 √ λ tan^{−1} √ 1 − λa^2 √ λa ) (for 0 ≤ √ λa < 1) , (59)

The criterion of analytic continuation from the classical region to the quantum

tunneling region is that the value of Z^2 is connected smoothly at boundary

point √ λa = 1, because Z takes the real value for the classical region and the

imaginary value for the quantum region. The value of the argument Z^2 is shown

in Fig. 1.

Now we turn to the evaluation of the scale factor in Eq. (58). We note that

at the boundary √ λa = 1 the rate of change of the scale factor ȧ(t) is zero

for the classical limit (n_{dBB} = 1) and for |ν| > 1/3 and infinity for |ν| < 1/3,

Figure 1: The argument Z^2 as a function of the scale factor a given by Eq. (59) with the cosmological constant λ = 1/2

where ν is the index of the Hankel function. The interesting tunneling effect is obtained for the case of index of the Hankel function ν = 1/3, where the rate of change of the scale factor takes a finite value at the boundary: lim √ λa→1 ȧ = lim_{√λa→1} √ λa^2 − 1 2 πZ | H^{(2)}_{1/3}(Z) |^2 = λ^{1/6}3^{4/3}Γ(2/3)^2 4π . (60)

The case for ν = −1/3 gives the same result because of the identity: H^{(2)}_{−ν} (Z) = exp (−iπν)H^{(2)}_ν (Z). Then the scale factor both in the classical region and the quantum region is determined by

ȧ(t) = 2 √ λa^2 − 1 πZ|H^{(2)}_{1/3}(Z)|^2

(for √ λa ≥ 1) ,

2i √ 1 − λa^2 πZ|H^{(2)}_{1/3}(Z)|^2

(for 0 ≤ √ λa < 1) , (61)

where the argument Z is given in Eq. (59). From this equation the rate of change of the scale factor ȧ(t) as a function a(t) is obtained and shown in Fig. 2 with λ =^1_2 . The scale factor as a function of t is obtained by integrating

Figure 2: The rate of change of the scale factor ȧ(t) as a function a(t). (A) The classical case: ȧ = √ λa^2 − 1 and (B) The quantum case: ȧ in Eq. (58) with the cosmological constant λ = 1/2.

Eq.(61) numerically and the result is shown in Fig. 3.

Here we can see from Figs. 2 and 3 that the quantum scale factor (denoted by a letter B) approaches to the classical scale factor (denoted by a letter A) asymptotically ( a(t) → ∞ ), which was required by the Vilenkin’s boundary condition. The quantum scale factor extend in the classically forbidden region (t ≤ 0) as a real time quantum tunneling effect. This is one of characteristic features of the de Broglie-Bohm approach and are compared with other approaches: the WKB approach [11] or the path integral approach [12]. A similar analysis was done by Horiguchi [18] in 3+1 dimension, in which metrics were treated as function of only time t while we have treated more generally spherically symmetric metrics as function of both time and radial coordinates.

Figure 3: The scale factor a(t) for the closed de Sitter universe. (A) The classical scale factor a(t) = λ^{−1/2} cosh ( √ λt) , (B) The numerical solution of Eq. (61), which includes quantum effects. The cosmological constant is set to λ = 1/2 and the time is normalized as a = 1/ √ λ at t = 0.

6 Summary

We have studied the 2+1 dimensional spherically symmetric gravity theory and obtained the following results.

(1) Quantum theory is defined through local conserved quantities Ĵ(r) and M̂(r). (2) The de Broglie-Bohm interpretation is applied for the analytic wave function of universe.

(3) The differential equations of the dBB interpretation are solved and black hole metrics as well as expanding universe metrics are obtained after fixing the coordinate conditions.

(4) Especially we have evaluated the quantum effects of the closed de Sitter universe as the real time tunneling in the classically forbidden region occurs through the de Broglie-Bohm interpretation. It is interesting to compare with other approaches that the universe creates form nothing through imaginary time tunneling using WKB approximation by Vilenkin [11] and the path integral method by Hartle and Hawking [12].

There are some other interesting topics characteristic in 2+1 dimensional gravity. Localized sources can affect global geometrical structure which is expressed as topological conical singularity [1]. Other interesting topological solutions are torus solutions considered by Hosoya and Nakano [19]. It may be interesting to make the de Broglie-Bohm interpretation for the conical singurarity in the closed universe and torus solutions in 2+1 dimensional gravity because the evaluation of the quantum effects are expected to be finite and the relation between the quantum solutions and the classical solutions becomes clear. These are our future problems.

7 Acknowledgements

We would like to thank T.Takahashi for useful discussions and numerical calculations.

References

[1] S. Deser, R. Jackiw and G.t’ Hooft, Ann. Phys. 152, 220(1984)

[2] M. Banados, C. Teitelboim and J. Zanelli , Phys. Lett. 69, 1849 (1992).

[3] Y. Yoshida and T. Kubota, Phys. Rev. D60, 044013 (1999).

[4] E. Witten, Nucl. Phys. B311, 46(1988).

[5] S.W. Hawking, Commun. Math. Phys. 43, 199(1975).

[6] A. Achúcarro and P.K. Townsend, Phys. Lett. B180, 89(1986).

[7] S. Deser and X. Xiang, Phys. Lett. B263 39(1991). [8] D. Bohm, Phys. Rev. 85, 166(1952); 85, 180(1952).

[9] J.S. Bell, Speakable and Unspeakable in Quantum Mechanics (Cambridge University Press, Cambridge, 1987).

[10] P.R. Holland, Quantum Theory of Motion (Cambridge University Press, Cambridge, 1993). (Cambridge University Press, Cambridge, 1987).

[11] A. Vilenkin, Phys. Lett. 117B, 25(1982); Phys. Rev. D27, 2848(1983);

Phys. Rev. D37, 888(1988).

[12] J.B. Hartle and S. Hawking, Phys. Rev. D28, 2960(1983). [13] M. Kenmoku, H. Kubotani, E. Takasugi and Y. Yamazaki , Phys. Rev.

D59, 124004 (1999); Prog. Theor. Phys. 105, 897 (2001).

[14] R. Armowitt, S. Deser and C.W. Misner, in Gravitation: An Introduction to Current Research, edited by L.Witten (Wiley, New York, 1962).

[15] W. Fishler, D. Morgan and J. Polchinski, Phys. Rev. D42, 4042(1990). [16] K.V. Kuchar̆, Phys. Rev. D50, 3961 (1994).

[17] Y. Nambu and M. Sasaki, Prog. Theor. Phys. 79, 96 (1988). [18] T. Horiguchi, Mod. phys. Lett. A9, 1429 (1994).

[19] A. Hosoya and K. Nakano, Prog. Theor. Phys. 84, 739 (1990); Class. Quantum Grav. 7, 163 (1990).