arXiv:gr-qc/0110023 v4 5 Nov 2003

Exact Solution of the Massless DKP Equation in a Nonstationary Gödel-Type Cosmological Universe

Ali Havare^1, Taylan Yetkin^2, Oktay Aydogdu^1 1Department of Physics, Mersin University, Mersin, 33342, Turkey 2Department of Physics, Cukurova University, Mersin, 01330, Turkey

Abstract

In this paper the massless Duffin-Kemmer-Petiau equation in a nonstationary rotating, causal Gödel-type cosmological background is studied. Exact solutions of the corresponding filed equation are obtained and used to calculate the frequency spectrum of photon in nonstationary Gödel-type universe. To compare our results with the classical filed solutions it is also given the solutions of Maxwell equations in the appendix. The solutions of mDKP equation and the Maxwell equations are found in consistent.

I. INTRODUCTION

In generally electromagnetic fields are considered as classical fields and understanding the propagation phenomenon of the electromagnetic fields (hereafter referred as photon fields) requires to solve classical field equations, Maxwell equations; and it is a well known feature that the solution of the Maxwell equations are space-time dependent. The Maxwell equations can be easily generalized to curved manifolds by using a minimal coupling procedure [1] to analyze the propagation phenomena where the classical nature of the photon fields and gravitational fields are both important. In that procedure scalar products are performed with the Riemannian metric g_{μν} , and the partial derivatives are replaced covariant ones. After that procedure the effect of the space-time curvature, which is zero in Minkowski space-time, to the propagation of photon fields can be seen explicitly. In the above approach both photon fields and gravitational fields are described as classical fields and there exist only field-field interaction between them. During the last two decades there were attempts to describe classical photon fields in a quantum filed manner. Good [2] showed that the Maxwell equations can be written in Schrödinger form, Moses [3] also found a fourcomponent spinor formulation to cast the Maxwell equations in the form of a massless Dirac equation. As it is known, in quantum field theory, fields are described by field equations that is in appropriate form in terms of their spins. In point of the spin concept view photon fields should be described by using a spin-one field equation. Earlier then the attempts in 1950s, Duffin, Kemmer and Petiau formulated the field equation (the DKP equation) of a massive spin-one particle [4,5] which can be represented in the Dirac-like matrix form [ iβ^{(j)}∂_{(j)} − m ] Ψ = 0, (1)

where β matrices satisfy the following relation β^{(a)}β^{(b)}β^{(c)} + β^{(c)}β^{(b)}β^{(a)} = β^{(a)}δ^{(b)(c)} + β^{(c)}δ^{(b)(a)}. (2)

The DKP equation represents spin-zero and spin-one particles and on the contrary of the other relativistic filed equations for bosons it is a first order differential equation. The DKP equation can be solved by using standard techniques used for the Dirac equation.

In a curved manifold one expects to have a spin-curvature interaction effect in addition the usual propagation phenomenon. To describe the effects of gravitational fields on the spin of the particles, field equations of relativistic quantum mechanics in flat space-time are generalized to the general relativistic quantum field equations by using the principle of covariance mentioned before and the tetrad formalism according to the Tetrode-Weyl-Fock- Ivanenko procedure [6–14]. The covariant generalization of the DKP equation to curved manifolds has done by Red’kov [15] and Lunardi et al [16], 60 years after Duffin, Kemmer and Petiau. The covariant form of the DKP equation is given by

(iβ^μ∇_μ − m)Ψ = 0, (3)

where β^μ(x) = γ^μ(x)⊗I + I ⊗γ^μ(x) are the Kemmer matrices in curved space-time and they are related to flat Minkowski space-time as

β^μ = e^μ_{(i)} ~β^{(i)} (4)

with a tetrad frame that satisfies g_{μν} = e^{(i)}μ e^{(j)}ν η_{(i)(j)}.The covariant derivative in equation (3) is ∇_μ = ∂_μ + Λ_μ, (5)

with spinorial connections which can be written as

Λ_μ = Γ_μ ⊗ I + I ⊗ Γ_μ, (6)

where

Γ_ρ = 1 8 [ ~γ^{(i)}, ~γ^{(k)} ] e^ν_{(i)}e_{(k)ν;ρ}. (7)

The photon fields can be described in quantum field theory in curved space-time as the zeromass limit of the DKP equation. In 1997 Ünal wrote the field equation of massless spin-1 particle in flat space-time and also showed the equivalence of it to the free space Maxwell equations [17]. Then Ünal and Sucu solved the general relativistic massless DKP equation in Robertson-Walker space-time [18]. By using the same technique Havare et al solved the mDKP equation in stationary Gödel and Gödel-type space-time [19] and Yetkin et al show the correspondence between mDKP equation and Maxwell equations in Bianchi type III space-times [20]. The treatment of the massless DKP (mDKP) equation is straightforward. Since the mass of the photon is zero the particle the particle and anti-particle are identical and mass eigenvalue then becomes zero. This situation reduces the 16 × 16 matrix DKP equation to 4 × 4 matrix mDKP equation. The mDKP equation is given as

β^μ∇_μΨ = 0, (8) where β^μ are now β^μ(x) = σ^μ(x)⊗ I+I ⊗σ^μ(x) with σ^μ(x) = (I, −→σ (x)). The covariant derivative ∇_μ with the spinorial connections Σ_μ are given with the limit γ^μ → σ^μ as

∇_μ = ∂_μ + Σ_μ = ∂_μ+ lim_{γ→σ} Λ_μ. (9)

This representation leads to a spinor which is related to complex combination of the electric and magnetic fields. In terms of mathematical point of view usage the mDKP equation simplify the differential equation solving procedure comparing with the covariant Maxwell equations. In terms of physical point of view one can treat photon fields as quantum fields like the other fields. Furthermore, the mDKP equation removes the unavoidable usage of 3+1 space-time splitting formalism for the Maxwell equations mentioned by Saibatalov [21].

In the literature there are many papers about the solving quantum fields equations, mainly Klein-Gordon and Dirac equations, where background gravitational filed has chosen as homogeneous and expanding space-times [22–26]. With the fact that expansion of the universe, however, it is possible that our universe has a small global rotation. Theoretical works of Gamow [27] and Gödel [28], and evidences of this rotation [29–32] have directed us to investigate behavior of electromagnetic fields [33–35] and spinning particles in curved rotating backgrounds. Gödel’s universe is homogeneous and has a constant rotational speed in all the points of the space and presents a stationary solution for Einstein’s equations of gravitation. The line element of the Gödel model has the following cylindrically symmetric form

ds^2 = − (dt + e^{ar}dθ)^2 + dr^2 + 1 2 (e^{ar}dθ)^2 + dz^2. (10)

Recently Klein-Gordon equation ( −∇_α∇^α + ξR + m^2 ) Φ(x) = 0 (11)

and Weyl equation

γ^α∇_αΨ(x) = 0 (12)

have been studied for this background [36].

Other studies are associated with the line-element

ds^2 = −dt^2 + c^2t^2 ( dx^2 + λe^{2mx}dy^2 + dz^2 ) − 2cte^{mx}dydt (13) where m, λ and c are positive constants and m is related the matter vorticity in this model. This model so-called nonstationary Gödel-type universe has a rotational speed with a value Ω = m 2ct √ λ + 1

. (14)

For the line element given by Eq.(13) the massless Klein-Gordon equation and Weyl equation have been studied [37,38].

In this paper we studied the solution of mDKP equation in a nonstationary Gödeltype universe. The paper organized as follow. In section II we write down the mDKP equation explicitly for the nonstationary Gödel-type space-time and solved it exactly using the method of separation of variables. In section III energy spectrum of the photon and quantum mechanical oscillatory region of the solution are found to make a connection with particle concept. In the appendix we showed the solutions of the Maxwell equations to compare the solutions of mDKP equation.

II. THE SOLUTION OF THE MDKP EQUATION

For the line element given in equation (13) the tetrads and curved Dirac matrices are (γ^μ(x) = e^μ_{(i)}(x)~γ^{(i)})

e^μ_{(0)} = δ^μ_0 e^μ_{(1)} = 1 ct δ^μ_1 e^μ_{(3)} = 1 ct δ^μ_3 e^μ_{(2)} = e^{−mx} √ λ + 1 ( 1 ct δ^μ_2 − e^{mx}δ^μ_0 ).

(15)

γ^0 = ~γ^0 + 1 √ λ + 1

~γ^{(2)} γ^1 = 1 ct ~γ^{(1)} γ^2 = e^{−mx} ct √ λ + 1

~γ^{(2)} γ^3 = 1 ct ~γ^{(3)} (16)

The spinorial connections are obtained from equation (7 ) as follows

Γ_0 = m 4ct √ λ + 1

~γ^{(1)}~γ^{(2)} − 1 2t √ λ + 1

~γ^{(2)}~γ^{(0)} (17)

Γ_1 = − m 4 √ λ + 1

~γ^{(2)}~γ^{(0)} + c 2 ~γ^{(1)}(~γ^{(0)} − 1 √ λ + 1

~γ^{(2)}) (18)

Γ_2 = me^{mx} 4 ~γ^{(1)}~γ^{(0)} + λce^{mx} 2 √ λ + 1

~γ^{(2)}~γ^{(0)} − (2λ + 1)me^{mx} 4 √ λ + 1

~γ^{(1)}~γ^{(2)} (19)

Γ_3 = c 2 ~γ^{(3)}~γ^{(0)} + c 2 √ λ + 1

~γ^{(2)}~γ^{(3)}. (20)

Using standard representation of the Dirac matrices we obtain photon equation as follows (β^μ = σ^μ⊗ I+I ⊗σ^μ) { (~β^{(0)} − 1 √ λ + 1

~β^{(2)})∂_η + ~β^{(1)}∂_x + e^{−mx}√ λ + 1

~β^{(2)}∂_y + ~β^{(3)}(∂z + im 2 √ λ + 1 )

+ c 2 [(~β^{(1)})^2 + (~β^{(2)})^2 + ~(β^{(3)})^2] − ic 2 √ λ + 1

(~β^{(1)} ~β^{(3)} − ~β^{(3)} ~β^{(1)}) − m 4 √ λ + 1

(~β^{(1)} ~β^{(2)} − ~β^{(2)} ~β^{(1)})

− im 2 ~β^{(2)} ~β^{(3)} + c√ λ + 1

~β^{(2)} } Ψ = 0 (21)

where we used the following conformal time

t = exp(cη). (22)

Equation (18) gives four coupled first order differential equations in terms of the components of the spinor as

2(∂_η + 2c + ∂_z )Ψ_1 + [ i √ λ + 1

(∂_η + 2c − e^{−mx}∂_y ) + ∂_x ] (Ψ_2 + Ψ_3) = 0 (23)

(∂_x + m) (Ψ_1 + Ψ_4) − ie^{−mx} √ λ + 1

[e^{mx}(∂_η + 2c) − ∂_y] (Ψ_1 − Ψ_4) + 2(∂_η + c)Ψ_2 + 2cΨ_3 = 0 (24)

(∂_x + m)(Ψ_1 + Ψ_4) − ie^{−mx} √ λ + 1

[e^{mx}(∂_η + 2c) − ∂_y] (Ψ_1 − Ψ_4) + 2(∂_η + c)Ψ_3 + 2cΨ_2 = 0 (25)

2(∂_η + 2c − ∂_z )Ψ_4 + [ − i √ λ + 1

(∂_η + 2c − e^{−mx}∂_y ) + ∂_x ] (Ψ_2 + Ψ_3) = 0 (26)

It can be seen that from Eq. (24) and Eq.(25) Ψ_2 = Ψ_3.After separating variables by using following spinor definition

Ψ = exp(−2cη) exp [i(−ωη + k_2y + k_3z)] Φ (27)

we can write the coupled equations as

[∂_x + 1 √ λ + 1

(ω + k_2e^{−mx})]Φ_3 − i(ω − k_3)Φ_1 = 0, (28)

(∂_x + m)(Φ_1 + Φ_4) − 1 √ λ + 1

(ω + k_2e^{−mx})(Φ_1 − Φ_4) − 2iωΦ_3 = 0, (29)

[∂_x − 1 √ λ + 1

(ω + k_2e^{−mx})]Φ_3 − i(ω + k_3)Φ_4 = 0 (30)

Inserting equations (28) and (30) in equation (29) we find second order differential equation for Φ_3 as

∂^2_xΦ_3 + m∂_xΦ_3 + [ mk_3 √ λ + 1 − ( ω + k_2e^{−mx} √ λ + 1

)^2 + ω^2 − k^2_3 ] Φ_3 = 0. (31)

Equation (31) can be transformed into Whittaker differential equation by using coordinate transformation u =^{2k2e−mx}_m^√_{λ+1} . Then we obtain the following well-known equation [39]

4u^2∂^2_uΦ_3 + [ −u^2 + 4αu − (4μ^2 − 1) ] Φ_3 = 0, (32)

where α = − ω m √ λ + 1 μ = 1 m √ k^2_3 − λω^2 λ + 1 − mk_3 √ λ + 1 + m^2 4 (33)

Equation (31) has two independent solutions one is regular close to zero, and the other one is regular close to infinities. Hence, the solution is the linear combination of these two solutions,

Φ_2 = N_1W_{α,μ}(u) + N_2M_{α,μ}(u). (34)

The exact solution of second (or equivalently third) component of the spinor can be written in terms of confluent hypergeometric functions as follows

Ψ_{2,3} = t^{−(2+ iωc )}e^{i(k2y+k3 z)}e^{− k2e} −mx m √ λ+1 ( 2k_2e^{−mx} m √ λ + 1 )_{1/2+μ}

× [ N_1U( 1 2 + μ − α, 2μ + 1; 2k_2e^{−mx} m √ λ + 1

) + N_2M( 1 2 + μ − α, 2μ + 1; 2k_2e^{−mx} m √ λ + 1 ) ] (35)

The other components of spinor can be obtained using recursion relations of Whittaker functions in equations (28) and (30).

The solution (35) must be bounded for all values of u =^{2k2 e−mx}_m^√_{λ+1} . Hence, regular solution can be find imposing the condition 1 2 + μ − α = −n, (36) where n is a positive integer or zero. Using this expression and values of μ and α we obtain the discrete frequency spectrum for the photon as ω = − mN √ λ + 1 + √ m^2( 1 4 + N^2 λ + 1

) + k^2_3 − mk_3 √ λ + 1

. (37)

where N = n + 1/2. For the Gödel-type universe ω ⩾ m, so it is interesting to note that no electromagnetic waves with frequency smaller than m can propagate in the Gödel-type universe. In the study of Saibatalov [21] the similar relation for equation (37) has been found, hence the same arguments in this study can be hold for the frequency that obtained here. The important thing that must be mentioned that the relation contains helicity-angular-velocity coupling term mk_3 in the propagation of photons in this rotating-universe model. It can be shown that the solution to equation (31) is oscillatory in behavior in the region (for detail ref. [35]) −ω − [ (λ + 1)(ω^2 − k^2_3 ) + mk_3 ]_{1/2} < k_2e^{−mx} < −ω + [ (λ + 1)(ω^2 − k^2_3) + mk_3 ]_{1/2} . (38)

III. RESULTS

In this paper we have analyzed the mDKP equation in the background of nonstationary Gödel-type universe. Because of the simple geometry of the Gödel universes the method of separation of variables could be used to solve the corresponding differential equation. By using the exact solutions found the energy spectrum of particle is obtained and it has shown that oscillatory character of the solutions is restricted to a central region of u = 2k_2e^{−mx} m √ λ+1 coordinate. We have also shown in the appendix that chargless and massless spin-1 particle and free space Maxwell equations have the same energy relation and satisfy the same differential equations. The results obtained in that paper can be used to study for second quantization to interpret particles in quantum field theory and to find out vacuum states that are unstable in because of the curved space-time.

IV. APPENDIX

As a quantum mechanical particle the photon obeys the mDKP equation. However, there must be a consistency with the corresponding solution of the Maxwell equations. Here we solve the Maxwell equations for the line element given in (13) to show the equivalence. The interaction of electromagnetic and gravitational fields is described by the Maxwell equations in a given curved background and source. In the absence of electromagnetic source these equations are 1 √ −g ( √ −gF^{μν} ),_ν = 0 (A1) and F_{μν,σ} + F_{σμ,ν} + F_{νσ,μ} = 0. (A2) The contravariant field strengths F^{μν} and F_{μν} in the general coordinates are

F^{01} = 1 ct ( E^{(1)} + 1 √ λ + 1

B^{(3)} ) F_{01} = −ctE^{(1)}

F^{02} = e^{−mx} ct √ λ + 1

E^{(2)} F_{02} = − √ λ + 1e^{mx}ctE^{(2)} F^{03} = 1 ct ( E^{(3)} − 1 √ λ + 1

B^{(1)} ) F_{03} = −ctE^{(3)} (A3)

F^{12} = e^{−mx} c^2t^2 √ λ + 1

B^{(3)} F_{12} = c^2t^2e^{mx}[E^{(1)} + √ λ + 1B^{(3)}]

F^{13} = − 1 c^2t^2

B^{(2)} F_{13} = −c^2t^2B^{(2)}

F^{23} = e^{−mx} c^2t^2 √ λ + 1

B^{(1)} F_{23} = c^2t^2e^{mx}( √ λ + 1B^{(1)} − E^{(3)})

where E^{(i)} and B^{(i)} are the components of the electric and magnetic fields in the local Lorentz frame. In terms of the components, these can be written as

(∂_x + m) ( E^{(1)} B^{(1)} ) + e^{−mx} √ λ + 1 ∂_y ( E^{(2)} B^{(2)} ) − 1 √ λ + 1

(∂_x + m) ( −B^{(3)} E^{(3)} ) + ∂_z ( E^{(3)} B^{(3)} )

+ 1 √ λ + 1 ∂_z ( −B^{(1)} E^{(1)} ) = 0 (A4)

(∂_η + 2c) ( −B^{(1)} E^{(1)} ) + ∂_z ( E^{(2)} B^{(2)} ) − e^{−mx} √ λ + 1 ∂_y ( E^{(3)} B^{(3)} ) + 1 √ λ + 1

∂_x0 ( E^{(3)} B^{(3)} ) = 0 (A5)

−(∂_η + 2c) ( −B^{(2)} E^{(2)} ) + ∂_z ( E^{(1)} B^{(1)} ) − ∂_x ( E^{(3)} B^{(3)} ) = 0 (A6)

−(∂_η + 2c) ( −B^{(3)} E^{(3)} ) + e^{−mx} √ λ + 1 (e^{mx}∂_η − ∂_y) ( E^{(1)} B^{(1)} ) + (∂_x + m) ( E^{(2)} B^{(2)} ) = 0. (A7)

where we used new time parameter as t = exp(cη). If we define a complex spinor G as

G = exp(−2cη)

G^1 G^2 G^3 = exp(−2cη) E^{(1)} + iB^{(1)} E^{(2)} + iB^{(2)} E^{(3)} + iB^{(3)}

(A8)

the spinor form of the Maxwell equations are found as

(∂_x + m + i √ λ + 1

∂_z )G^1 + e^{−mx} √ λ + 1

∂_y G^2 − i √ λ + 1

(∂_x + 2m + i √ λ + 1∂_x3 )G^3 = 0, (A9)

∂_ηG^1 − i∂_zG^2 + ie^{−mx} √ λ + 1

(∂_y − e^{mx}∂_η)G^3 = 0, (A10)

∂_z G^1 − i∂_ηG^2 − ∂_xG^3 = 0, (A11) e^{−mx} √ λ + 1

(e^{mx}∂_η − ∂_y)G^1 + (∂_x + m)G^2 − i∂_ηG^3 = 0. (A12)

If the following form of the spinor is used to separate variables G^k (x^1) = exp [ i(k_2y + k_3z^3 − iωη) ] U^k (x^1), (k = 1, 2, 3) (A13) the components U^1 and U^2 can be expressed in terms of U^3 as follows

U^1 = i (ω^2 − k^2_3 )

[k_3∂_x + ω(ω + k_2e^{−mx}) √ λ + 1

]U^3, (A14)

U^2 = 1 (k^2_3 − ω^2)

[ω∂_x + k_3(ω + k_2e^{−mx}) √ λ + 1

]U^3. (A15)

Then from the set of above equations it is found that the second order differential equation for U^3

∂^2_xU^3 + m∂_xU^3 + [ mk_3 √ λ + 1 − ( ω + k_2e^{−mx} √ λ + 1

)^2 + ω^2 − k^2_3 ] U^3 = 0. (A16)

This is the same as equation (27) and the solutions of it are the same as equations (31). By comparing equations (28)-(30) and (A14)-(A15) one can obtain the relations between spinor components of the mDKP equation and the Maxwell equations as follow φ_1 = −U^1 + iU^2 φ_2 = φ_3 = U^3 (A17) φ_4 = U^1 + iU^2.

In terms of the electric and magnetic fields which are given as

E^{(i)} = e^{(0)}_μ e^{(i)}_ν F^{μν} B^{(i)} = e^{(i)}_μ e^{(0)}_ν^∗F^{μν} = 1 2 √ −g e^{(i)}_μ e^{(0)}_ν ε^{μναβ} F_{αβ} (A18)

the components of the spinor of the mDKP equation are found that φ_1 = iRD(F^{02} − i^∗F^{02}) − R(F^{01} − i^∗F^{01}) − R^2H(F^{21} − i^∗F^{21}) φ_2 = φ_3 = R(F^{03} − i^∗F^{03}) + R^2H(F^{23} − i^∗F^{23}) (A19) φ_4 = iRD(F^{02} − i^∗F^{02}) + R(F^{01} − i^∗F^{01}) + R^2H(F^{21} − i^∗F^{21}).

REFERENCES

[1] M. Gasperini, V. de Sabbata, Introduction to Gravitation,(World Scientific, 1985). [2] R. H. Good Phys. Rev. 105, 1914-9 (1957).

[3] H. E. Moses, Nuovo Cim. Suppl. 7, 1-18 (1958), Phys. Rev. 113, 1670-9(1959). [4] G. Petiau, Acad. R. Belg. Cl. Sci. Mem. Collect. (8) 16, No. 2 (1936);

R. J. Duffın, Phys. Rev. 54, 1114 (1938);

N. Kemmer, Proc. Roy. Soc. (London) A173, 91 (1939); N. Kemmer, Proc. Camb. Phil. Soc. 39, 189{96 (1943);

M. Taketani and S. Sakata, Proc. Phys. Math. Soc. Japan 22, 757-70 (1940) [Reprinted in Suppl. Progr. Theor. Phys. 22, 84 (1955)].

[5] R. A. Krajcik and M. M. Nieto, Am. J. Phys. 45, 818 (1977). [6] H. Tetrode, Z. Phys. 50, 336 (1928). [7] H. Weyl, Z. Phys. 56, 330 (1929). [8] V. A. Fock, Z. Phys. 57, 261 (1929).

[9] V. Fock, D. Ivanenko, Compt. Rend. Acad. Sci. 188, 1470 (1929). [10] V. A. Fock, Compt. Rend. Acad. Sci. 189, 25 (1929). [11] W. L. Bade, H. Jehle, Rev. Mod. Phys. 25, 714 (1953). [12] D. Brill, J. Wheeler, Rev. Mod. Phys. 29, 465 (1957).

[13] S. Weinberg, Gravitation and Cosmology: Principles and Applications of the General Theory of Relativity (Wiley, New York, 1970).

[14] N. D. Birrel, P. C. W. Davies, Quantum Fields in Curved Space (Cambridge University Press, New York, 1982).

[15] V. M. Red’kov, quant-ph/9812007.

[16] J. T. Lunardi, B. M. Pimentel, and R. G. Teixeria, in Geometrical Aspects of Quantum Fields, proceedings of the 2000 Londrina Workshop, Londrina, Brazil, edited by A. A. Bytsenko, A. E. Golcalves, and B. M. Pimentel; World Scientific,Singapore, (2001), p. 111.

[17] N. Ünal, Found. Phys. 27, 795 (1997).

[18] N. Ünal, Y. Sucu, Int.J.Mod.Phys. A17,1137-1147 (2002). [19] A. Havare, T. Yetkin, Class. Quantum. Grav. 19, 2783-2791(2002). [20] [21] R. X. Saibatalov, Gen. Rel. and Grav. 27, 697(1995). [22] D.R. Brill and J.A. Wheeler, Rev. Mod. Phys. 9, 29 (1957). [23] S. N. G. Takurta, Phys. Rev. D 21, 4 (1980) . [24] R Portugal, Nuovo Cimento B112,12 (1997). [25] T. C. Chapmann, Amer.Jour. Phys. 44 (1976). [26] A. O. Barut and I. H. Duru, Phys. Rev. D 36, (1987). [27] G. Gamow, Nature 158, (1946). [28] K. Gödel, Rev. Mod. Phys. 21 (1949). [29] P. Brich, Nature 298, 451 (1982); 301, 736 (1983). [30] B. Nodland and J. P. Ralston, Phys. Rev. Lett. 78,3043 (1997). [31] Y.N. Obukhov, V.A. Korotky, and F.W. Hehl, assto-ph/9705243. [32] R.W. Kühne, Mod. Phys. Lett. A 12, 2473 (1997). [33] B. Mashoon, Phys. Rev. D 11(10), 2679 (1975). [34] Y. A. Abd-Eltwab, Nuovo Cimento B 108(4), 465 (1993).

[35] J.M. Cohen, C.V. Vishveshwara, and S.V. Dhurandhar, J. Phys. 13, 933 (1980) . [36] L. O. Pimentel , A. Macias, Phys.Lett. A 117(7), 325 (1986). [37] V.F. Panov, Izv. Vuzov. Fizika 1, 62 (1990). [38] V. M. Villalba, Mod. Phys. Lett. A 8(32), 3011 (1993).

[39] M. Abramowitz and I. Stegun, Handbook of Mathematical Functions, (Dover, New York,1974).