arXiv:gr-qc/0110058 v1 11 Oct 2001

The Energy of the Gamma Metric in the Møller Prescription

I-Ching Yang^{† 1} and Irina Radinschi^{‡ 2} †Department of Natural Science Education, National Taitung Teachers College, Taitung, Taiwan 950, Republic of China and ‡Department of Physics, “Gh. Asachi” Technical University, Iasi, 6600, Romania

ABSTRACT We obtain the energy distribution of the gamma metric using the energy-momentum complex of Møller. The result is the same as obtained by Virbhadra in the Weinberg prescription.

PACS No.:04.20.-q, 04.50.+h

1E-mail:icyang@dirac.phys.ncku.edu.tw 2E-mail:iradinsc@phys.tuiasi.ro

1 INTRODUCTION

Energy-momentum is regarded as the most fundamental conserved quantity in physics, and associated with a symmetry of space-time geometry. According to Noether’s theorem and translations invariance, one could define a conserved energy-momentum T^{μν} as a consequence of its satisfying the differential conservation law ∂_ν T^{μν} = 0. However, in a curve space-time where the gravitational field is presented, the differential conservation law becomes

∇_ν T^{μν} = 1 √ −g ∂ ∂x^ν ( √ −gT^{μν} ) − 1 2 g^{νρ} ∂g^{νρ} ∂x^λ T^{μλ} = 0, (1)

and generally does not lead to any conserved quantity. Early energy-momentum investigations attempted to determine the conserved energy-momentum for the gravitational field and the matter located in it, and led to energy-momentum complex

Θ^{μν} = √ −g(T^{μν} + t^{μν} ), (2)

which satisfies the differential conservation equation ∂_ν Θ^{μν} = 0. Here, T^{μν} is the energy-momentum tensor of matter and t^{μν} is regarded as the contribution of energy-momentum from the gravitational field. There are various energy-momentum complexes, including those of Einstein [1], Tolman [2], Papapetrou [3], Bergmann [4], Landau and Lifshitz [5], Møller [6], and Weinberg [7]. On the other way, a different idea, quasilocal (i.e., associated with a closed 2-surface) was proposed. The Hamiltonian for a finite region, H(N) = ∫ Σ N^μ H_μ + ∮ S=∂Σ B(N), (3) generates the space-time displacement of a finite spacelike hypersurface Σ along a vector field N^μ. Noether’s theorem guarantee that H_μ is proportional to the filed equation. Consequently, the value depends only on the boundary term B, which gives the quasilocal energy-momentum. Moreover, there are also a large number of definitions of quasilocal mass [8, 9]. In their recent article, Chang et al. [9] showed that every energy-momentum complex can be associated with a particular Hamiltonian boundary term. So the energymomentum complexes may also be considered as quasilocal.

Though Penrose [10] points out that a quasilocal mass is conceptually important. However, Bergqvist [11] studied several different definitions of quasilocal masses for the Reissner- Nordström and Kerr space-times and came to the conclusion that not even two of these definitions gave the same results. On the contrary, several energy-momentum complexes have been showing a high degree of consistency in giving the same energy distribution for a given space-time. Recently, Virbhadra and his collaborators [12, 13, 14, 15, 16] have investigated that for a given space-time (like as the Kerr- Newman, the Vaidya, the Einstein-Rosen, the Bonnor-Vaidya and all Kerr-Schild class space-time) different energy-momentum complexes (the Einstein, the Landau-Lifshitz, the Papapetrou, the Tolman, The Weinberg, etc.) give the same energy distribution. Moreover some interesting results [12, 17, 18, 19, 20] led to the conclusion that in a given space-time (the Reissner-Nordström, the Kerr-Newman, the Garfinkle-Horowitz-Strominger, the de Sitter-Schwarzschild, and the charged regular metric, etc.) the energy distribution according to the energy-momentum complex of Møller is different from of Einstein. But in some specific case [6, 17] (the Schwarzschild, the Janis-Newman-Winicour metric, etc.) there are the same. Recently, the energy distribution in the Weinberg prescription obtained by Virbhadra [21] using the gamma metric, is given as E = m γ. (4) So, in this letter, we evaluate the energy distribution of the gamma metric by using Møller energy-momentum complex, and compare with the result obtained by Virbhadra with Weinberg energy-momentum complex.

2 ENERGY IN THE MØLLER PRESCRIP- TION

First, the well-known gamma metric [21, 22], a static and asymptotically flat exact solution of Einstein vacuum equations, is given as

ds^2 = (1− 2m r )^γ dt^2−(1− 2m r )^{−γ} ( Δ Σ )_γ^2_{−1}

dr^2 +

Δ^{γ2} Σ^{γ2 −1} dθ^2 + Δsin^2θdϕ^2 ,(5) where

Δ = r^2 − 2mr, Σ = r^2 − 2mr + m^2sin^2θ. (6)

For |γ| = 1 the metric is spherically symmetric and for |γ| ≠ 1, it is axially symmetric. In the situation |γ| = 1, the gamma metric reduces to the Schwarzschild space-time. However, in another situation |γ| ≠ 1, the gamma metric gives the Schwarzschild space-time with negative mass, as putting m = −M(M > 0) and carrying out a coordinate transformation r → R = r + 2M one gets the Schwarzschild space-time with positive mass.

Next, let us consider the Møller energy-momentum complex which is given by [6]

Θ^μ_ν = 1 8π ∂χ^{μσ}_ν ∂x^σ , (7)

where the Møller superpotential,

χ^{μσ}_ν = √ −g ( ∂g_{να} ∂x^β − ∂g_{νβ} ∂x^α ) g^{μβ} g^{σα}, (8) are quantities antisymmetric in the indices μ, σ. According to the definition of the Møller energy-momentum complex, the energy component is given as E = ∫ Θ^0_0 dx^1dx^2dx^3 = 1 8π ∫ ∂χ^{0k}_0 ∂x^k dx^1dx^2dx^3, (9)

where the Latin index takes values from 1 to 3. However, in the case, the only nonvanishing component of Møller’s superpotential is

χ^{01}_0 = 2 m γ sinθ. (10)

Applying the Gauss theorem to (9) and using (10), we evaluate the integral over the surface of a sphere with radius r, and find the energy distribution is

E = m γ. (11)

It is the same result as obtained by Virbhadra in the Weinberg prescription.

3 DISCUSSION

It is well-known that the subject of the energy-momentum localization is associated with much debate. In contradiction with Misner et al.[23], Cooperstock and Sarracino [24] gave their viewpoint that if the energy localization is meaningful for spherical system it is, also, meaningful for all systems. Also,

Cooperstock [25] gave his opinion that the energy and momentum are confined to the regions of non-vanishing energy-momentum tensor of the matter and all non-gravitational fields. Bondi [26] sustained that a nonlocalizable form of energy is not admissible in relativity so its location can in principle be found.

We calculate the energy distribution of the gamma metric using the energy-momentum complex of Møller. The energy depends on the mass m. Thus, we get the same result as Virbhadra [21] obtained using the energymomentum complex of Weinberg. This result sustains the opinion that different energy-momentum complexes could give the same expression for the energy distribution in a given space-time. As we noted, for some given spacetimes [17] the energy distribution according with the energy-momentum complex of Møller is the same as those calculated in the Einstein prescription. Our results sustain the conclusion of Lessner [27] that the Møller energymomentum complex is an important concept of energy and momentum in general relativity. Also, the Møller energy-momentum complex allows to make the calculations in any coordinate system.

References

[1] A. Trautman, in Gravitation: an Introduction to Current Research, edited by L. Witten (Wiley, New York, 1962).

[2] R. C. Tolman, Phys. Rev. 35, 875 (1930).

[3] A. Papapetrou, Proc. R. Ir. Acad. A 52,11 (1948).

[4] P. G. Bergmann and R. Thompson, Phys. Rev. 89, 400 (1953).

[5] L.D. Landau and E.M. Lifshitz, The Classical Theory of Fields (Addison-Wesley, Reading, MA, 1962), 2nd ed.

[6] C. Møller, Ann. Phys.(NY) 4, 347 (1958).

[7] S. Weinberg, Gravitation and Cosmology (Wiley, New York, 1972).

[8] See J.D. Brown and J.W. York, Jr., Phys. Rev. D 47, 1407 (1993), and references therein.

[9] C.-C. Chang, J. M. Nester, and C.-M. Chen, Phys. Rev. Lett. 83, 1897 (1999), and references therein.

[10] R. Penrose, Proc. Roy. Soc. London A 381, 53 (1982). [11] G. Bergqvist, Class. Quantum Grav. 9, 1753 (1992). [12] K.S. Virbhadra, Phys. Rev. D42, 1066 (1990); ibid. D42, 2919 (1990). [13] J.M. Aguiregabiria, A. Chamorro and K.S. Virbhadra, Gen. Rel. Grav.

28, 1393 (1996); S.S. Xulu, Mod. Phys. Lett. A24, 1511 (2000). [14] K.S. Virbhadra, Pramana-J. Phys. 38, 31 (1992).

[15] N. Rosen and K.S. Virbhadra, Gen. Rel. Grav. 25, 429 (1993); K.S.

Virbhadra, Pramana-J. Phys. 45, 215 (1995).

[16] A. Chamorro and K.S. Virbhadra, Pramana-J. Phys. 45, 181 (1995). [17] S.S. Xulu, gr-qc/0010068.

[18] K.S. Virbhadra and J. C. Parikh, Phys. Lett. B137, 312 (1993); A.

Chamorro and K.S. Virbhadra, Int. J. Mod. Phys. D5, 251 (1996); I.-C. Yang, C.-T. Yeh, R.-R. Hsu and C.-R. Lee, Int. J. Mod. Phys. D6, 349 (1997); I.-C. Yang, W.-F. Lin and R.-R. Hsu, Chin. J. Phys. 37,113 (1999); S.S. Xulu, Int. J. Theor. Phys. 37, 1773 (1998); S.S. Xulu, Int. J. Mod. Phys. D7, 773 (1998); I. Radinschi, Acta. Phys. Slov. 49, 789 (1999).

[19] I.-C. Yang, Chin. J. Phys. 38, 1040 (2000); I. Radinschi, Mod. Phys.

Lett. A15, 803 (2000); I.-C. Yang and I. Radinschi, gr-qc/0108067. [20] I. Radinschi, Mod. Phys. Lett. A16, 673 (2001); I. Radinschi, grqc/0103110; I. Radinschi, gr-qc/0104004.

[21] K.S. Virbhadra, gr-qc/9606004.

[22] B.H. Voorhees, Phys. Rev. D2, 2119 (1970); B.W. Stewart, D. Papadopoulos, L. Witten, R. Berezdivin, and L. Herrera, Gen. Rel. Grav. 14, 97 (1982).

[23] C.W. Misner, K. S. Thorne and J. A. Wheeler, Gravitation (W. H.

Freeman and Co, NY, p. 603, 1973).

[24] F.I. Cooperstock and R. S. Saracino, J. Phys. A11, 877 (1978). [25] F.I. Cooperstock, Mod. Phys. Lett. A14, 1531 (1999). [26] H. Bondi, Proc. R. Soc. London A427, 249 (1990). [27] G. Lessner, Gen. Relativ. Gravit. 28, 527 (1996).