arXiv:gr-qc/0201029 v1 9 Jan 2002

Exact impulsive gravitational waves in spacetimes of constant curvature

J. Podolský^∗

Institute of Theoretical Physics, Charles University in Prague, V Holešovičkách 2, 180 00 Prague 8, Czech Republic.

January 7, 2002

Abstract

Exact solutions exist which describe impulsive gravitational waves propagating in Minkowski, de Sitter, or anti-de Sitter universes. These may be either nonexpanding or expanding. Both cases in each background are reviewed here from a unified point of view. All the main methods for their construction are described systematically: the Penrose “cut and paste” method, explicit construction of continuous coordinates, distributional limits of sandwich waves, embedding from higher dimensions, and boosts of sources or limits of infinite accelerations.

Attention is concentrated on the most interesting specific solutions. In particular, the nonexpanding impulsive waves that are generated by null multipole particles are described. These generalize the well-known Aichelburg–Sexl and Hotta–Tanaka monopole solutions. Also described are the expanding spherical impulses that are generated by snapping and colliding strings. Geodesics and some other properties of impulsive wave spacetimes are also summarized.

1 Outline and personal notes

In recent years, various aspects of exact solutions of Einstein’s equations which describe impulsive waves in spaces of constant curvature have been thoroughly investigated. However, these studies are mostly scattered in a great number of particular articles published in different journals. The first purpose of this essay is to collect and unify the principal results. We attempt to provide a brief but comprehensive and self-contained review of all impulsive gravitational waves which may propagate in Minkowski, de Sitter, or anti-de Sitter universe. We hope that such a summary may be useful for further studies in classical relativity and also in quantum gravity or string theory.

Nevertheless, the main motivation for our work was to pay a tribute to Professor J. Bičák on the occasion of his 60th birthday. Jiří Bičák’s lifelong devotion to the investigation of exact radiative spacetimes is famous. He has contributed to various specific topics, including those closely related to impulsive waves, which we survey here. But Professor Bičák not only wrote many contributions which will be mentioned below in the appropriate context. During the past decades he has also been an inexhaustible fountain-head of inspiration and a continuous source of encouragement — and not only to members of the Prague relativity group.

Even more personally, it was Jiří Bičák — my academic teacher — who in 1985 suggested the topic of my diploma thesis “Gravitational radiation in cosmology”. Later he carefully supervised my doctoral thesis “On exact radiative space-times with cosmological constant”. During all these years I have been learning fundamental issues concerning the theory of gravitational radiation from him. In particular, the geometrical and physical investigation of the Kundt and the Robinson–Trautman classes of exact gravitational waves later proved to be crucial for my understanding of possible impulses in spaces of constant curvature. Moreover, almost all of my recent works on impulsive solutions have emerged

∗E–mail: podolsky@mbox.troja.mff.cuni.cz

from a fruitful collaboration with Professor J. B. Griffiths from Loughborough University. And again, it was Jiří Bičák who established our mutual contacts and has been promoting and encouraging these during the last years . . . It is thus only natural to dedicate this summarizing essay to him on the occasion of the exceptional anniversary of his birthday.

The present work is organized as follows. We shall first briefly describe the background spaces of constant curvature, present all (nontwisting) type N exact vacuum solutions with a cosmological constant, and “heuristically” introduce gravitational impulses as limits of corresponding sandwich waves. In the main section 3, we shall describe in detail the methods of construction of these impulsive waves — the Penrose “cut and paste” method, explicit construction of continuous coordinates, distributional limits of sandwich waves, geometrical embedding from higher dimensions, and boosts or limits of infinite acceleration of particular solutions. Using all these methods, both nonexpanding and expanding impulsive waves are constructed, as summarized at the end of section 3. The physically important particular solutions are presented in section 4, namely nonexpanding impulses generated by multipole particles, and expanding impulses generated by snapping or colliding strings. Finally, some other properties are also discussed, in particular the behaviour of geodesics.

2 Exposition

2.1 Spaces of constant curvature

The spaces of constant curvature — Minkowski, de Sitter, and anti-de Sitter spacetimes — which form backgrounds for the impulsive solutions investigated here, are the simplest exact solutions of Einstein’s vacuum field equations with vanishing, positive, and negative cosmological constant Λ, respectively. Yet, these are extremely important in contemporary theoretical physics. As Jiří Bičák writes in his recent substantial essay [1] in honour of Jürgen Ehlers: “These solutions have played a crucial role in many issues in general relativity and cosmology, and most recently, they have become important prerequisites on the stage of the theoretical physics of the ‘new age’, including string theory and string cosmology”. The de Sitter universe is the basic model of early quasi-exponential inflationary phase of expansion of the universe [2]. Moreover, according to the “cosmic no-hair” conjecture [3], it is locally the asymptotic state of many cosmological models with a positive Λ. Recently, the anti-de Sitter spacetime has also become a subject of intensive studies thanks to the Maldacena’s conjecture [4] which relates string theory in asymptotically anti-de Sitter space to a non-gravitational conformal field theory on the boundary at spatial infinity.

The spacetimes of constant curvature are highly symmetric: they admit ten Killing vector fields which correspond to the maximal number of isometries possible in a 4-dimensional spacetime. Also, they are conformally flat and can thus be understood as specific portions of the Einstein static universe. Their global conformal structures are however different for different signs of Λ (see below).

It is well-known that the de Sitter and anti-de Sitter spacetimes can be represented as the 4- dimensional hyperboloid

− Z_0^2 + Z_1^2 + Z_2^2 + Z_3^2 + ϵZ_4^2 = ϵa^2 , a = √ 3/|Λ| , (1) in the flat 5-dimensional space with metric

ds^2_0 = −dZ_0^2 + dZ_1^2 + dZ_2^2 + dZ_3^2 + ϵdZ_4^2 , (2)

where ϵ = 1 for Λ > 0 and ϵ = −1 for Λ < 0. Obviously, the de Sitter spacetime has the topology R^1 ×S^3 (R^1 corresponding to the time), whereas the topology of the anti-de Sitter spacetime is S^1×R^3.

Various parameterizations of the hyperboloid (1) are known which introduce suitable coordinates for the de Sitter or the anti-de Sitter spacetime. For example, the expressions

Z_0 =^{1√}_2 (U + V)/ [ 1 +^1_6 Λ(ηη̄ − UV) ] , Z_1 =^{1√}_2 (U − V)/ [ 1 +^1_6 Λ(ηη̄ − UV) ] ,

Z_2 =^{1√}_2 (η + η̄)/ [ 1 +^1_6 Λ(ηη̄ − UV) ] , (3)

Z_3 =^−i√_2 (η − η̄)/ [ 1 +^1_6 Λ(ηη̄ − UV) ] , Z_4 = a [ 1 −^1_6 Λ(ηη̄ − UV) ] / [ 1 +^1_6 Λ(ηη̄ − UV) ] , i.e. inversely U = √ 2a(Z_0 + Z_1)/(Z_4 + a), V = √ 2a(Z_0 − Z_1)/(Z_4 + a), η = √ 2a(Z_2 + iZ_3)/(Z_4 + a), give the line element for all spaces of constant curvature in the conformally flat unified form

ds^2_0 =

2 dη dη̄ − 2 dU dV [ 1 +^1_6 Λ(ηη̄ − UV) ]^2

. (4)

This is de Sitter space when Λ > 0, anti-de Sitter space when Λ < 0, and Minkowski space when Λ = 0.

However, the most natural coordinates which cover the whole de Sitter hyperboloid (1) are

Z_0 = a sinh(τ/a) , Z_1 = a cosh(τ/a) cos χ , Z_2 = a cosh(τ/a) sin χ sin θ cos ϕ , (5) Z_3 = a cosh(τ/a) sin χ sin θ sin ϕ , Z_4 = a cosh(τ/a) sin χ cos θ .

With these the line element (2) becomes

ds^2_0 = −dτ^2 + a^2 cosh^2(τ/a) [ dχ^2 + sin^2 χ (dθ^2 + sin^2 θ dϕ^2) ] . (6)

In this case, the privileged timelike observers have worldlines on which the space coordinates χ, θ and ϕ are constant. For this family, the 3-spaces τ = const. (which represent the universe at this instant) have the geometry of S^3 which contracts to a minimum size at τ = 0 and then re-expand. The global conformal structure of the de Sitter spacetime becomes obvious if we introduce the conformal time η_E by sin η_E = 1/ cosh(τ/a). The line element (6) then becomes ds^2_0 = Ω^2 ds^2_E , where Ω = a/ sin η_E , and ds^2_E = −dη^2_E + dχ^2 + sin^2 χ (dθ^2 + sin^2 θ dϕ^2) is the standard metric of the Einstein static universe. Therefore, the corresponding Penrose conformal diagram covers the coordinate ranges χ ∈ [0, π] and η_E ∈ (0, π). The boundaries of η_E (i.e. τ = ±∞) represent the conformal infinities J^±. Obviously, these have a spacelike character.

The natural global coordinate system for the anti-de Sitter spacetime is obtained by

Z_0 = a cosh(r) sin(t/a) , Z_4 = a cosh(r) cos(t/a) , Z_1 = a sinh(r) cos θ , (7) Z_2 = a sinh(r) sin θ cos ϕ , Z_3 = a sinh(r) sin θ sin ϕ ,

with which the line element (2) becomes

ds^2_0 = − cosh^2r dt^2 + a^2 [ dr^2 + sinh^2r (dθ^2 + sin^2 θ dϕ^2) ] . (8)

Again, the privileged timelike (non-geodesic) observers have worldlines r, θ and ϕ constants, their proper times are given by τ = t cosh(r). However, the timelike slices t = const. are 3-dimensional spaces of constant negative curvature. The conformal structure is seen by introducing η_E = t/a and tan χ = sinh(r). Then ds^2_0 = Ω^2 ds^2_E , where Ω = a/ cos χ, so that the conformal diagram of the antide Sitter spacetime is given by the range χ ∈ [0,^π_2 ), η_E arbitrary. Thus, contrary to the Minkowski or de Sitter universe, the conformal infinity J corresponding to χ =^π_2 has a timelike character in the anti-de Sitter spacetime.

Fundamental geometrical properties of the spaces of constant curvature have been described in detail in [5] and in more recent works and reviews, see e.g. [6]. Note also that the Minkowski, de Sitter, and anti-de Sitter spacetimes are stable with respect to general, nonlinear (but “weak”) vacuum perturbations, as shown recently in [7], [8].

2.2 Exact type N Einstein spaces

Impulsive waves can (at least from a physical point of view) most naturally be understood as “distributional limits” of suitable families of waves with “sandwich” profiles, such that these have ever “shorter duration” but simultaneously become “stronger” in the limit. Impulsive gravitational waves can be intuitively understood in exactly this way. Incidentally, in our contributions [9], [10] with Jiří Bičák we investigated classes of exact radiative spacetimes, which may be used for the above construction. It will thus be useful and convenient for our later purposes to summarize the fundamental properties of these spacetimes here.

In particular, we studied all nontwisting Petrov-type N solutions of vacuum Einstein field equations with a cosmological constant. For type N spacetimes, the Debever–Penrose vector field k^α is quadruple and defines a privileged null congruence characterized by expansion Θ =^1_2 k^α_{;α}, twist ω =

√_1 2 k_{[α;β]}k^{α;β},

and shear |σ| =

√_1 2 k_{(α;β)}k^{α;β} − Θ^2. The Bianchi identities and the Kundt–Thompson theorem for type N Einstein spaces give σ = 0. Considering the nontwisting case only, we are left with two classes:

• the Kundt class of nonexpanding gravitational waves (Θ = 0), cf. [11], [12], Ch. 27 in [13],

• the Robinson–Trautman class of expanding gravitational waves (Θ ≠ 0), cf. [14], Ch. 24 in [13].

Hereafter, we denote the above Kundt class by KN(Λ), and the Robinson–Trautman class by RT N(Λ).

In [9] we described these spacetimes in detail from a geometrical point of view in a unified formalism, we presented invariant subclasses, and found relations between them. All solutions of the Kundt class KN(Λ) can be written in suitable coordinates, first given in [12], as

ds^2 = 2 1 p^2 dξdξ̄ − 2 q^2 p^2 dudv + F du^2 , (9)

where p = 1+^1_6 Λξξ̄, q = (1−^1_6 Λξξ̄) α+β̄ ξ+β ξ̄, F = κ(q^2/p^2)v^2−(q^2/p^2)_{,u} v+(q/p) H, κ =^1_3 Λα^2+2ββ̄, and H = H(ξ, ξ̄, u). The vacuum field equation is p^2 H_ξ¯_ξ +^1_3 Λ H = 0 , which has an explicit general solution given by H = (f_{,ξ} + f̄_,¯_ξ) −^1_3 Λ(ξ̄f + ξf̄)/p , where f(ξ, u) is an arbitrary function (otherwise (9) is a pure radiation spacetime). As shown in [12], [9], there exist the following geometrically distinct canonical subclasses characterized by specific choices of the parameters α and β:

KN(Λ)

Λ = 0 { κ = 0 : P P ≡ KN(Λ = 0)[α = 1, β = 0] , κ > 0 : KN ≡ KN(Λ = 0)[α = 0, β = 1] ,

Λ ≠ 0 κ > 0 : KN(Λ)I ≡ KN(Λ)[α = 0, β = 1] , κ < 0 : KN(Λ^−)II ≡ KN(Λ < 0)[α = 1, β = 0] , κ = 0 : KN(Λ^−)III ≡ KN(Λ < 0)[α = 1, β = √ −^Λ_6 e^{iω(u)}] → KN(Λ^−)III_K ≡ KN(Λ < 0)[α = 1, β = √ −^Λ_6 ] .

For vanishing cosmological constant Λ there are two subclasses. The simpler one represents the wellknown pp -waves denoted here as P P , for which p = 1 = q, F = f_{,ξ} + f̄_,¯_ξ . This has been investigated by many authors (for details and references see section 21.5 in [13]). The second subclass with Λ = 0 is KN which is a special class of solutions discovered by Kundt [11] (see Ch. 27 in [13]). Interestingly, there is an asymmetry in the case Λ ≠ 0: there exist three distinct subclasses of nonexpanding waves for Λ < 0, whereas there is only one such subclass for Λ > 0, namely KN(Λ)I. The reason is the condition κ =^1_3 Λα^2 + 2ββ̄ which for Λ > 0 excludes the cases κ < 0 and κ = 0. Note also that there exists a special subsubclass KN(Λ^−)III_K of the KN(Λ^−)III subclass such that the Debever–Penrose vector is the Killing vector. It was explicitly demonstrated [9] that this subsubclass is identical with an interesting family of solutions found by Siklos [15], and analyzed in detail in [16].

The class of expanding Robinson–Trautman solutions RT N(Λ) has been known for a long time [14]. In 1981, a more convenient coordinate parametrization was found [17]

ds^2 = 2 v^2dξdξ̄ + 2 vĀ dξdu + 2 vA dξ̄du + 2 ψ dudv + 2 (AĀ + ψB) du^2 , (10) where A = ϵξ − vf, B = −ϵ +^1_2 v (f_{,ξ} + f̄_,¯_ξ) +^1_6 Λv^2ψ, ψ = 1 + ϵξξ̄, and ϵ = −1, 0, +1. Again, the solutions depend on an arbitrary function f(ξ, u). The parameter ϵ is proportional to the Gaussian curvature of the 2-surfaces u = const. Thus, there are nine invariant subclasses of this class since the cases ϵ = +1, 0, −1 and Λ > 0, Λ = 0, Λ < 0 are independent.

In the subsequent paper [10] we presented a physical interpretation of all the nontwisting type N Einstein spaces (9), (10) which we based on the study of the deviation of geodesics [18]. It was demonstrated that there always exists an (essentially unique) orthonormal frame tied to any timelike observer. For the KN(Λ) spacetimes this is given by

e^μ_{(0)} = ( v̇, ξ̇, ˙ξ̄, u̇ ) , e^μ_{(1)} = − p √ 2 ( 2 Reξ̇ q^2u̇ , 1, 1, 0 ) , e^μ_{(2)} = − p √ 2 ( 2 Imξ̇ q^2u̇ , i, −i, 0 ) , e^μ_{(3)} = − ( v̇ − p^2 u̇q^2 , ξ̇, ˙ξ̄, u̇ ) , (11)

and for the RT N(Λ) solutions by

e^μ_{(0)} = ( v̇, ξ̇, ˙ξ̄, u̇ ) , e^μ_{(1)} = 1 √ 2 v ( 2v ψu̇ Re{vξ̇ + Au̇}, −1, −1, 0 ) , e^μ_{(2)} = 1 √ 2 v ( 2v ψu̇ Im{vξ̇ + Au̇}, −i, i, 0 ) , e^μ_{(3)} = − ( v̇ + 1 ψu̇ , ξ̇, ˙ξ̄, u̇ ) . (12)

An invariant form of the equation of geodesic deviation with respect to the above interpretation frame, along any timelike geodesic in the KN(Λ) and RT N(Λ) spacetimes, is then given by

Z̈^{(1)} = Λ 3 Z^{(1)} − A_+Z^{(1)} + A_×Z^{(2)} ,

Z̈^{(2)} = Λ 3 Z^{(2)} + A_+Z^{(2)} + A_×Z^{(1)} , (13)

Z̈^{(3)} = Λ 3 Z^{(3)} .

The amplitudes of the gravitational waves are given by A_+ = Re {A}, A_× = Im {A} such that A = − pq 2 u̇^2 f_{,ξξξ} (14)

for the KN(Λ) spacetimes, and A = − ψ 2v u̇^2 f_{,ξξξ} (15)

in the RT N(Λ) spacetimes (evaluated along the geodesics). The equations (13) express relative accelerations of nearby free test particles in terms of their actual positions. The frame components of the displacement vector Z^{(i)} ≡ e^{(i)}μ Z^μ determine the invariant distance between the test particles. Similarly, Z̈^{(i)} ≡ e^{(i)}_μ (D^2Z^μ/dτ^2) are relative accelerations. The system (13) enables us to draw the following physical conclusions:

• The particles move isotropically one with respect to the other if A = 0, in which case no gravitational wave is present. Indeed, both the KN(Λ) and RT N(Λ) spacetimes are conformally flat vacuum for f_{,ξξξ} = 0, and therefore Minkowski (Λ = 0), de Sitter (Λ > 0), and anti-de Sitter (Λ < 0). These maximally symmetric, homogeneous, and isotropic spacetimes are thus natural backgrounds for other “non-trivial” KN(Λ) and RT N(Λ) radiative solutions.

• If f_{,ξξξ} ≠ 0 then the amplitudes A do not vanish. The particles are influenced by the wave, in a similar way as they are affected by a standard gravitational wave in Minkowski background. For Λ ≠ 0, the influence of the wave is added to the (anti-)de Sitter isotropic expansion/contraction. Therefore, the KN(Λ) and RT N(Λ) metrics can be interpreted as exact gravitational waves which propagate in spaces of constant curvature.

• The wave has a transverse character as only motions in the plane (e_{(1)}, e_{(2)}) perpendicular to e_{(3)} are affected. The propagation direction is e_{(3)} and coincides with the projection of the Debever–Penrose vector on the hypersurface orthogonal to the observer’s four-velocity.

• There are two polarization modes of the wave, “+” and “×”, with the corresponding amplitudes A_+ and A_×. Under rotations in the transverse plane they transform according to A^′_+ = cos 2ϑA_+ − sin 2ϑA_×, A^′_× = sin 2ϑA_+ + cos 2ϑA_×, so that the helicity of the wave is 2, as with linearized waves on a Minkowski background.

• Curvature singularities (which might be considered as “sources” of the gravitational waves) occur where the amplitudes A diverge. Note that the singularities of the RT N(Λ) spacetimes can be characterized by the non-vanishing invariant constructed recently by Bičák and Pravda [19] from the second derivatives of the Riemann tensor.

• Special classes of explicit geodesics were also discussed in [10]. For a positive cosmological constant, the amplitudes A decay exponentially fast, i.e. the waves are damped. The spacetimes locally approach the de Sitter universe, which is an explicit demonstration of the cosmic nohair conjecture [3] under the presence of waves in exact model spacetimes. With Jiří Bičák we also discussed the validity of the cosmic no-hair conjecture in the Robinson–Trautman radiative spacetimes of Petrov type II [20].

2.3 Motivation: impulses as limits of exact sandwich waves

We have already indicated at the beginning of previous section that probably the most natural way how to introduce impulsive waves in spaces of constant curvature is to consider a distributional limit of sandwich waves of the above KN(Λ) and RT N(Λ) spacetimes. Indeed, all these solutions depend, in suitable coordinates (9), (10), on an arbitrary function f(ξ, u) where the coordinate u is the “retarded time”. Thus, an arbitrary wave-profile can be prescribed within the above families of exact radiative solutions. In particular, we can consider sandwich waves for which the wave-profiles d_ε(u) of the function f(ξ, u) ≡ f(ξ) d_ε(u) are nonvanishing only on a finite interval of u (of the length ε around u = 0). In the context of the simplest class of pp -waves this has been introduced already in the late 50’s by Bondi, Pirani and Robinson [21].

Now, the distributional limit d_ε(u) → δ(u), where δ is the Dirac delta distribution, results (at least formally) in a solution which clearly represents an impulsive gravitational wave localized on a single wave-front u = 0. Such a procedure, in which a sequence of sandwich pp -waves with profiles d_ε(u) becomes infinitesimal in duration but unbounded in the amplitude as ε → 0, was considered in [22], [23] and later elsewhere [24]. In this simplest case given by the metric (9) with p = 1 = q, F = H(ξ, ξ̄) d_ε(u), one directly obtains the metric

ds^2 = 2 dξ dξ̄ − 2 du dv + H δ(u) du^2 , (16)

which is the well-know Brinkmann form of impulsive plane wave in Minkowski background [22], [25]. Analogously, more general nonexpanding impulsive waves of the Kundt class KN(Λ) for Λ ≠ 0, and expanding Robinson–Trautman impulsive waves of the RT N(Λ) class can be constructed (see section 3.3 below for more details).

Mathematical problems and questions arise however with the above procedure. What is the meaning of the metric with distributional terms? What is the manifold structure? Usually, the metric coefficients are considered to be C^2 continuous functions. And even worse: in the limit of the RT N(Λ) sandwich-wave spacetimes one obtains a metric which contains a term proportional to δ^2. The product of the Dirac distributions is a mathematically ill-defined object within the Schwartz linear distribution theory. For this, it may be necessary to invoke the more advanced Colombeau nonlinear theory of generalized functions [26].

In view of these (and other) open questions, it is of primary importance to investigate the construction of impulsive-wave spacetimes by various methods and approaches. These may provide a deeper understanding of the impulsive solutions based on mathematically sound definitions, discover mutual relations, investigate specific properties, and elucidate their physical interpretation.

3 Main theme: methods of construction of impulsive waves

The history of studies of impulsive waves can be divided (roughly speaking) into three periods. During the first epoch, which culminated in classic works by Lichnerowicz and others [27], principal mathematical properties of possible shock or impulsive waves in general relativity were found and investigated. It was demonstrated that these must necessarily be localized on null hypersurfaces, across which the derivatives of the metric (the second or the first) are discontinuous. Nevertheless, explicit constructions of impulsive solutions and further investigation of their properties had not been performed until the fundamental contributions by Penrose [25] and Aichelburg and Sexl [28] appeared at the beginning of 1970’s. During this “Golden Era” most of the different methods of construction occured almost simultaneously. These methods, based on various approaches, are summarized in the following table:

method of construction basic characteristics “cut and paste” general but only “formal” continuous coordinates general and explicit limits of sandwich waves general, explicit (problems for expanding impulses) embedding special (nonexpanding Λ ≠ 0 impulses only), explicit boosts/infinite acceleration special (but physically important) and explicit

The last era, which can be called the “Renaissance”, started at the beginning of 1990’s with a fundamental paper by Hotta and Tanaka [29]. By boosting the Schwarzschild–(anti-)de Sitter black hole to the speed of light they constructed (after previous “no-go” attempts by several authors) a nonexpanding impulse in the de Sitter and anti-de Sitter universes. Simultaneously, an interesting expanding impulsive-wave solution generated by a “snapping” cosmic string in Minkowski space was discovered and discussed by Gleiser and Pullin [30], Bičák [31], Nutku and Penrose [32], and Hogan [33], [34].

As a result of these and subsequent systematic investigations an almost complete picture has now emerged. This comprises both nonexpanding and expanding impulses in constant-curvature spaces with an arbitrary value of the cosmological constant. We will describe the classic and also more recent results here. We shall present these in the context of a unifying description of the main methods by which complete families of impulsive gravitational waves can be constructed. We will also mention the corresponding references and historical remarks in some more detail.

3.1 The “cut and paste” method

Let us start with an elegant geometrical method for constructing general nonexpanding (plane) and expanding (spherical) impulsive gravitational waves in Minkowski background. This was presented by Penrose in now classic works [22], [25]. His “cut and paste” approach, which is in some respects similar to that of Israel [35], is based on cutting the spacetime manifold M along a suitable null hypersurface and then re-attaching the two pieces with a specific “warp”. The first case leads to impulsive pp -waves, the second case gives expanding impulsive waves. Recently, this approach has also been extended to constant-curvature backgrounds with a nonzero cosmological constant Λ [36]-[40].

3.1.1 Nonexpanding impulsive waves

In this case, the Penrose method is based on the removal of the null hypersurface U = 0 from spacetime in the metric form (4)

ds^2_0 =

2 dη dη̄ − 2 dU dV [ 1 +^1_6 Λ(ηη̄ − UV) ]^2

, (17)

and re-attaching the halves M_−(U < 0) and M_+(U > 0) by making the identification with a “warp” in the coordinate V such that [ η, η̄, V, U = 0_− ] M− ≡ [ η, η̄, V − H(η, η̄), U = 0_+ ] M+ , (18) where H(η, η̄) is an arbitrary function of η and η̄ alone. It was shown in [25] that the condition (18) automatically guarantees that the Einstein field equations are satisfied everywhere including on U = 0. However, impulsive components are introduced into the curvature tensor proportional to δ(U). These represent gravitational (plus possibly null-matter) impulsive waves.

In [25] Penrose considered only the Minkowski background space (4) with Λ = 0, in which case the impulsive surface U = 0 is a plane. Impulsive pp -waves are thus obtained. However, the above method can easily be generalized to Λ ≠ 0 cases. It was shown in [37] that exactly the same junction conditions (18) applied to a general background spacetime (17) introduce impulsive waves also in the de Sitter (Λ > 0) or anti-de Sitter (Λ < 0) universes. However, the geometries of these impulses are different as the null hypersurface U = 0, along which the spacetime is cut and pasted, is described by the 2-metric dσ^2 = 2 ( 1 +^1_6 Λ η η̄ )^{−2} dη dη̄. This is obviously a 2-dimensional space of constant Gaussian curvature K =^1_3 Λ. When Λ = 0 the impulsive wave surface is a plane. For Λ > 0 it is a sphere, while for Λ < 0 it is a hyperboloid. For cases Λ ≠ 0, the geometry of these impulsive spherical and hyperboloidal waves was described in detail in [41] using various convenient coordinate representations. It was also demonstrated that the wave surfaces are indeed nonexpanding.

Let us remark that the Penrose “cut and paste” approach to construction of nonexpanding impulsive waves is closely related to the Dray and ’t Hooft method of “shift function”, which is prescribed on the horizon of a suitable background space [42].

3.1.2 Expanding impulsive waves

In [25] Penrose demonstrated that his “cut and paste” method can be also used to construct expanding spherical impulsive (purely) gravitational waves. However, the junction conditions are somewhat more complicated than in the nonexpanding case. Instead of starting with the familiar form of Minkowski or (anti-)de Sitter spacetime (4), it is necessary to first perform the transformation U = ZZ̄ p V − U , V = V p − ϵU , η = Z p V , (19)

where p = 1 + ϵZZ̄ , ϵ = −1, 0, +1 . (20) With this, the constant curvature spacetimes take the following form

ds^2_0 =

2 (V/p)^2 dZ dZ̄ + 2 dU dV − 2ϵ dU^2

[ 1 +^1_6 ΛU(V − ϵU) ]^2

. (21)

In these coordinates, the hypersurface U = 0 is a null cone (a sphere expanding with the speed of light) as ηη̄ − UV ≡ U(V − ϵU) = 0. The spacetime can now be divided into two halves M_−(U < 0) inside the null cone, and M_+(U > 0) outside this. Now, the Penrose junction conditions prescribe the identification [ Z, Z̄, V, U = 0_− ] M− ≡ [ h(Z), h̄(Z̄), (1 + ϵhh̄ ) V (1 + ϵZZ̄)|h^′| , U = 0_+ ] M+ (22)

of the points from the two re-attached parts across the impulsive sphere U = 0. In (22) an arbitrary function h(Z) introduces a specific “warp” corresponding to one of all possible impulsive vacuum spacetimes of this type.

In [25] Penrose described the above “cut and paste” construction for the case of expanding spherical gravitational waves in a Minkowski background. He assumed the simplest case Λ = 0, ϵ = 0. Generalization to impulsive spherical waves in the de Sitter and anti-de Sitter universe (with ϵ = 0) was later found by Hogan [36]. In [34] he also introduced impulses in Minkowski spacetime with ϵ = +1. The completely general form (21), (22) of the Penrose junction conditions has been recently presented in our contributions [38], [40].

Note finally that a similar (yet somewhat different) “cut and paste” approach was considered by Gleiser and Pullin [30] for constructing a specific solution which represents a spherical impulsive gravitational wave generated by a “snapping” cosmic string in Minkowski space. This particular solution will be discussed below in subsection 3.5.2.

3.2 Continuous coordinates

The Penrose “cut and paste” approach described in the previous section 3.1 is a general method. By prescribing the junction conditions (18) or (22) in (17) or (21), respectively, all nonexpanding and expanding impulsive gravitational waves in Minkowski, de Sitter, and anti-de Sitter universe can be constructed. Nevertheless, these formal identifications of points on both sides of the impulsive hypersurface do not immediately provide explicit metric forms of the complete spacetimes. It is thus of primary interest to find a suitable coordinate system for the above solutions in which the metric is explicitly continuous everywhere, including on the impulse. In the following we describe the construction of these privileged continuous coordinates.

3.2.1 Nonexpanding impulsive waves

We start again with the metric (4) which represents spaces of constant curvature. Let us perform the transformation U = U, V = V + H + UH_{,Z} H_,¯_Z , and η = Z + UH_,¯_Z , where H(Z, Z̄) is an arbitrary real function. This yields the metric

ds^2_0 =

2 |dZ + U(H_{,Z}¯_Z dZ + H_,¯_Z¯_Z dZ̄)|^2 − 2 dUdV [ 1 +^1_6 Λ(ZZ̄ − UV − UG) ]^2

, (23)

where G = H −ZH_{,Z} −Z̄H_,¯_Z . We now consider (23) for U > 0 and combine this with the line element (4) in which we take U = U, V = V , η = Z for U < 0. The resulting metric can be written as

ds^2 =

2 |dZ + UΘ(U)(H_{,Z}¯_Z dZ + H_,¯_Z¯_Z dZ̄)|^2 − 2 dUdV [ 1 +^1_6 Λ(ZZ̄ − UV − UΘ(U)G) ]^2

, (24)

where Θ(U) is the Heaviside step function. This is continuous across the null hypersurface U = 0 but the discontinuity in the derivatives of the metric introduces impulsive components in the Weyl and curvature tensors proportional to the Dirac distribution [37], Ψ_4 = (1 +^1_6 ΛZZ̄)^2H_{,ZZ} δ(U) , Φ_{22} = [ (1 +^1_6 ΛZZ̄)^3((1 +^1_6 ΛZZ̄)^{−1}H)_{,Z}¯_Z +^1_3 Λ H ] δ(U) , in a natural tetrad. The metric (24) thus explicitly describes impulsive waves in de Sitter, anti-de Sitter or Minkowski backgrounds. For Λ = 0, the line element (24) reduces to the well-known Rosen form of impulsive pp -waves [25], [43], [44]. Note also that the continuous coordinate system for the particular Aichelburg–Sexl solution [28] (see (52) further in the text) was found by D’Eath [45] and used for analytic investigation of ultrarelativistic black-hole encounters. This was used for studies of high-energy scattering in quantum gravity on the Planck scale [46].

The complete transformation which relates (4) and (24) can be written as U = U , V = V + H Θ(U) + U Θ(U) H_{,Z} H_,¯_Z , (25) η = Z + U Θ(U) H_,¯_Z ,

which is discontinuous in the coordinate V on U = 0. From (25), using the fact that the coordinates U, V, Z are continuous, we obtain exactly the Penrose junction condition (18) for reattaching the two halves of the spacetime M_− and M_+ with a warp. Thus, the above procedure is indeed an explicit Penrose’s “cut and paste” construction of all nonexpanding impulsive gravitational waves.

Of course, the discontinuity in the complete transformation (25), which (formally) relates the continuous to the distributional form of impulsive solutions, causes some mathematical problems. However, it has been recently shown in [44], using the previous results [47], that (25) is in fact a rigorous example of a generalized coordinate transformation in the sense of Colombeau’s generalized functions (at least in the case of impulsive pp -waves). Moreover, it is possible to interpret this change of coordinates as the distributional limit of a family of smooth transformations which is obtained by a general regularization procedure, i.e. by considering the impulse as a limiting case of sandwich waves with an arbitrarily regularized wave profile. These results put the formal (“physical”) equivalence of both continuous and distributional forms of impulsive spacetimes on a solid ground.

3.2.2 Expanding impulsive waves

In this case, we perform a more involved transformation of the metric (4) given by V = AV − DU , U = BV − EU , (26) η = CV − F U , where A = 1 p|h^′| , B = |h|^2 p|h^′| , C = h p|h^′| , D = 1 |h^′| { p 4 | | | | h^{′′} h^′ | | | | 2 + ϵ [ 1 + Z 2 h^{′′} h^′ + Z̄ 2 h̄′′ h̄′ ]} , (27) E = |h|^2 |h^′| { p 4 | | | h^{′′} h^′ − 2 h^′ h | | | 2 + ϵ [ 1 + Z 2 ( h^{′′} h^′ − 2 h^′ h ) + Z̄ 2 ( h̄′′ h̄′ − 2 h̄′ h̄ )] } , F = h |h^′| { p 4 ( h^{′′} h^′ − 2 h^′ h )¯ h^{′′} h̄′ + ϵ [ 1 + Z 2 ( h^{′′} h^′ − 2 h^′ h ) + Z̄ 2 h̄′′ h̄′ ] } . Here h = h(Z) is an arbitrary function and the derivative with respect to its argument Z is denoted by a prime. With this, the metric (4) of a constant curvature space becomes

ds^2_0 = 2 | |(V/p) dZ + U p H̄ dZ̄ | |^2 + 2 dU dV − 2ϵ dU^2 [ 1 +^1_6 ΛU(V − ϵU) ]^2

, (28)

where H(Z) = 1 2 [ h^{′′′} h^′ − 3 2 ( h^{′′} h^′ )_2 ] . (29)

Similarly as in the nonexpanding case, we may now combine the line element (28) for U > 0 and attach this to the metric (21) for U < 0 (which was obtained from (4) by the transformation (19)). The resulting complete line element can thus be written in the form

ds^2 = 2 | |(V/p) dZ + UΘ(U) p H̄ dZ̄ | |^2 + 2 dU dV − 2ϵ dU^2 [ 1 +^1_6 ΛU(V − ϵU) ]^2

. (30)

This metric which was presented for a Minkowski background in [32]-[34], with a cosmological constant in [36], and in the most general form in [38], [40] is explicitly continuous everywhere, including across the null hypersurface U = 0. Again, the discontinuity in the derivatives of the metric yields impulsive components in the Weyl and curvature tensors, Ψ_4 = (p^2H/V ) δ(U), Φ_{22} = (p^4HH̄/V^2) U δ(U), using a naturally adapted tetrad. The spacetime is clearly conformally flat everywhere except on the impulsive wave surface U = 0. It is a vacuum solution everywhere except on the wave surface at V = 0, and at possible singularities of the function p^2H.

By comparing the transformations (19) at U = 0_− with (26), (27) at U = 0_+, we obtain exactly the Penrose junction conditions (22). The above procedure is thus an explicit “cut and paste” construction of expanding spherical pure gravitational waves in spaces of constant curvature.

Note also that new continuous coordinates which generalize (30) for the case Λ = 0 were found recently [48] as an extension of previous results for spherical shock waves [49]. These contain an additional parameter which is related to acceleration of the coordinate system.

3.3 Limits of sandwich waves We have already mentioned in the introductory section 2 that impulsive waves can be understood as distributional limits of appropriate sequence of sandwich waves in a suitable family of exact radiative spacetimes. In fact, this seems to be the most intuitive way of construction of impulsive waves, although mathematical difficulties occur with this approach in the case of expanding impulses of the Robinson–Trautman type.

3.3.1 Nonexpanding impulsive waves

It has been demonstrated in [50] that all nonexpanding impulses in Minkowski, de Sitter or antide Sitter universes can simply be constructed from the Kundt class KN(Λ) of exact type N solutions (9) by considering the distributional form H(ξ, ξ̄) δ(u) of the structural function H. These metrics can thus be written as

ds^2 = 2 1 p^2 dξdξ̄ − 2 q^2 p^2 dudv + [ κ q^2 p^2 v^2 −

(q^2)_{,u} p^2 v + q p H(ξ, ξ̄) δ(u) ] du^2 , (31)

where p = 1 +^1_6 Λξξ̄, q = (1 −^1_6 Λξξ̄) α + β̄ ξ + β ξ̄, and κ =^1_3 Λα^2 + 2ββ̄. As indicated in section 2.2, for a general wave-profile of the function H there exist various distinct canonical subclasses of (9) characterized by specific choices of the parameters α and β. However, impulsive limits of these subclasses become (locally) equivalent. Indeed, in the case of vanishing cosmological constant Λ there are two subclasses, namely the pp -waves P P and the Kundt subclass KN. However, the transformation

U = (ξ + ξ̄)(1 + uv)u , V + 1 = (ξ + ξ̄)v , η = ξ + (ξ + ξ̄)uv , (32)

converts the impulsive KN metric (31) with α = 0, β = 1 to the impulsive P P metric with α = 1, β = 0. The only non-trivial impulsive gravitational waves of the form (31) in Minkowski space are thus impulsive pp -waves (16).

Similar results hold also for the Λ ≠ 0 case. Generically, there are three distinct subclasses of nonexpanding waves KN(Λ)I, KN(Λ^−)II, and KN(Λ^−)III (see section 2.2). It was shown in [50] that although these canonical subclasses are different for smooth profiles, they are equivalent for impulsive profiles. For example, the metric of the KN(Λ^−)I subclass of (31) given by α = 0, β = 1, Λ < 0 can be expressed, using the transformation ξ = √ 2a e^{iϕ1} tanh(R_1/2), v =^{1√}_2 a/t_1, u =^{1√}_2 (ρ_1 − t_1)/a, as

ds^2 = a^2 t^2_1 sinh^2 R_1 cos^2 ϕ_1 (dρ^2_1 − dt^2_1) + a^2(dR^2_1 + sinh^2 R_1dϕ^2_1)

+ sinh R_1 cos ϕ_1 H(R_1, ϕ_1)δ(t_1 − ρ_1)(dt_1 − dρ_1)^2 . (33)

Similarly, the transformation ξ = √ 2a e^{iϕ2} tanh(R_2/2) , v = −a^2/ρ_2 , u = t_2 − ρ_2 brings the impulsive subclass KN(Λ^−)II of the metric (31) with α = 1, β = 0, Λ < 0 to the form

ds^2 = a^2 ρ^2 cosh^2 R_2 (dρ^2 − dt^2) + a^2(dR^2 + sinh^2 R_2dϕ^2)

+ cosh R_2 H(R_2, ϕ_2)δ(t_2 − ρ_2)(dt_2 − dρ_2)^2 . (34)

However, the two metrics (33) and (34) are equivalent under the transformation

t^2_1 = t^2 − ρ^2(1 − tanh^2 R_2 cos^2 ϕ_2) , ρ_1 = ρ_2 tanh R_2 cos ϕ_2 ,

cosh R_1 = t_2 ρ_2 cosh R_2 , sin Φ_1 = − sinh R_2 sin ϕ_2 √ t^2ρ^{−2}_2 cosh^2 R_2 − 1

. (35)

In this way, by considering the above distributional limit (31) of the KN(Λ) class (9) we obtain an explicit form of solutions which represent nonexpanding impulses. The metric (31) contains a single Dirac delta in the du^2 term, and obviously generalizes the well-known Brinkmann form of impulsive pp -waves (16) to which it reduces when p = 1 = q.

Interestingly, there exists yet another simple coordinate form of the complete family of nonexpanding impulses of the Kundt class KN(Λ) which also contains a term with the Dirac delta. This is obtained from the continuous form of the impulsive-wave metric (24) by applying the transformation

(25). If we take into account the terms which arise from the derivatives of Θ(U), this transformation relates (24) to

ds^2 =

2 dη dη̄ − 2 dU dV + 2H(η, η̄) δ(U) dU^2 [ 1 +^1_6 Λ(ηη̄ − UV) ]^2

, (36)

which explicitly includes the impulse located on the wavefront U = 0. This is a gravitational wave or an impulse of null matter in any spacetime of a constant curvature (4), depending on the specific form of the function H (see [37], [51] for more details). Again, in Minkowski background this is just the Brinkmann form of a general impulsive pp -wave (16). In fact, the metric (36) is conformal to (16). (Recall in this context that Siklos [15] proved that Einstein spaces conformal to pp -waves only occur when Λ < 0. The impulsive case is clearly a counter-example to this result.)

The explicit transformation between (31) and (36) for the KN(Λ)I subclass is U = (ξ + ξ̄)(1 + uv)u 1 −^1_6 Λ(ξ + ξ̄)(1 + uv)u , V = (ξ + ξ̄)v +^1_6 Λξξ̄ 1 −^1_6 Λ(ξ + ξ̄)(1 + uv)u

− 1 , (37) η = ξ + (ξ + ξ̄)uv 1 −^1_6 Λ(ξ + ξ̄)(1 + uv)u , which reduces to (32) in the case Λ = 0. Similar transformations hold also for the subclasses KN(Λ^−)II and KN(Λ^−)III. Therefore, the full family of impulsive limits (31) of nonexpanding sandwich waves of the Kundt class KN(Λ) is indeed equivalent to the distributional form of the solutions (36), and consequently to the continuous metric (24) obtained by the explicit “cut and paste” method.

3.3.2 Expanding impulsive waves

As has been argued in [38], the family of solutions for expanding impulsive spherical gravitational waves can be considered to be an impulsive limit of the class RT N(Λ) of vacuum Robinson–Trautman type N solutions with a cosmological constant. It is convenient to consider these solutions in the García–Plebański [17] coordinates (10). Introducing a new coordinate w by w = ψ v, and assuming the impulsive limit f ≡ f(ξ)δ(u), we can express the above family of expanding impulses as

ds^2 = 2 w^2 ψ^2 | | | dξ − f δ(u) du | | |^2 + 2 du dw +

(_1 3 Λw^2 − 2ϵ ) du^2 +w [ (f_{,ξ} + f̄_,¯_ξ) − 2ϵ ψ (fξ̄ + f̄ξ) ] δ(u)du^2 , (38)

where f(ξ) is an arbitrary function. Similarly as in the nonexpanding case (31), the spherical impulse in the form (38) is explicitly located on the null surface u = 0. For u ≠ 0 the spacetime again reduces to the background of constant curvature. However, a difficult mathematical problem occurs in this case: the metric (38) contains the product of the Dirac distributions in the first term. This is not a well-defined concept in the linear theory of distributions, so that the metric (38) is only formal. Nevertheless, it demonstrates that impulsive limits of Robinson–Trautman type N vacuum spacetimes are equivalent to expanding impulsive gravitational waves (30). Indeed, the transformation w = w̃ 1 +^1_6 Λũ(w̃ − ϵũ) , u = ∫ dũ 1 − ϵ^1_6 Λũ^2

, (39)

converts (38) to

ds^2 = 1 [ 1 +^1_6 Λũ(w̃ − ϵũ) ]^2 [ 2 w̃^2 ψ^2 | | dξ − f δ(ũ) dũ | |^2 + 2 dũ dw̃ − 2ϵ dũ_2

+w̃ [ (f_{,ξ} + f̄_,¯_ξ) − 2ϵ ψ (fξ̄ + f̄ξ) ] δ(ũ)dũ^2 ] . (40)

Dropping the tildes and performing the following discontinuous transformation u = U + Θ(U) [U_{inv}(U, V, Z, Z̄) − U ] , w = V + Θ(U) [V_{inv}(U, V, Z, Z̄) − V ] , (41) ξ = Z + Θ(U) [Z_{inv}(U, V, Z, Z̄) − Z ] , where the functions U_{inv} , V_{inv} , Z_{inv} are obtained by the composition of the inverse transformation to (19) with (26), we put (40) into the metric form of all expanding impulsive spherical waves expressed in the continuous coordinate system (30) (see [38] for more details). This relation is obvious for all U ≠ 0 if we use the identity u(w − ϵu) = U(V − ϵU). Keeping the distributional terms arising from Θ and its derivative, we formally obtain also the impulsive terms proportional to δ, with the identification f ≡ Z_{inv} − Z (evaluated on U = 0).

Of course, much work is required before the metric (38) and the discontinuous transformation (41) can be fully accepted in a mathematically rigorous way. A natural tool appears to be the Colombeau theory of nonlinear generalized functions [26], in the context of which products of distribution can (in principle) be handled.

3.4 Embedding from higher dimensions

The complete class of nonexpanding impulsive waves in spaces of constant curvature with a nonvanishing cosmological constant Λ can alternatively be introduced using a convenient 5-dimensional formalism as metrics

ds^2 = −dZ_0^2 + dZ_1^2 + dZ_2^2 + dZ_3^2 + ϵ dZ_4^2 + H(Z_2, Z_3, Z_4) δ(Z_0 + Z_1) (dZ_0 + dZ_1)^2 , (42)

restricted by the constraint (1). Physically, this is an embedding of impulsive pp -waves (42) which propagate in 5-dimensional flat space onto the (anti-)de Sitter hyperboloid. The wave is absent when H = 0, in which case (42) with the constraint (1) reduces to the standard form of the de Sitter or the anti-de Sitter spacetime (2). It has been demonstrated in [52] that for a nontrivial H the metric represents impulsive waves propagating in the (anti-)de Sitter universe. Each impulse is located on the null hypersurface Z_0 + Z_1 = 0. Considering (1), this is given by

Z_2^2 + Z_3^2 + ϵZ_4^2 = ϵa^2 , (43)

which is a nonexpanding 2-sphere in the de Sitter universe or a hyperboloidal 2-surface in the antide Sitter universe. The wave surfaces can naturally be parametrized as

Z_2 = a √ ϵ(1 − z^2) cos ϕ , Z_3 = a √ ϵ(1 − z^2) sin ϕ , Z_4 = a z . (44)

Various 4-dimensional parametrizations of the solutions (42) on (1) can be considered. For example,

Z_0 = U + V √ 2 Ω , Z_1 = U − V √ 2 Ω , Z_2 + iZ_3 = √ 2 η Ω , Z_4 = a ( 2 Ω − 1 ) , (45)

where Ω = 1+^1_6 Λ(ηη̄−UV) , brings the metric to the previous form (36) with H = √ 2H/(1 +^1_6 Λ η η̄).

Other natural coordinates which parametrize (42) have been discussed in [41].

We have remarked in previous sections that the above metrics may describe impulsive gravitational waves and/or impulses of null matter. Purely gravitational waves occur when the vacuum field equation

(Δ +^2_3 Λ) H = 0 (46)

is satisfied [51], [53], [37], in which Δ ≡^1_3 Λ{∂_z[(1 − z^2)∂_z ] + (1 − z^2)^{−1}∂_ϕ∂_ϕ)} is the Laplacian on the impulsive surface.

3.5 Boosts and limits of infinite acceleration

Let us finally outline yet another fundamental method for the construction of particular (but physically important) impulses in spaces of constant curvature. It is based on boosting suitable, initially static sources to the speed of light which yields specific nonexpanding impulsive waves. Similarly, limits of infinite acceleration of specific sources give special expanding impulsive solutions.

3.5.1 Nonexpanding impulsive waves

It was first demonstrated in 1971 by Aichelburg and Sexl in a classic paper [28] that a specific impulsive gravitational pp -wave solution can be obtained by boosting the Schwarzschild black hole to the speed of light, while its mass is reduced to zero in an appropriate way. Let us start with the metric

ds^2 = −dt^2 + dr^2 + r^2(dϑ^2 + sin^2 ϑ dφ^2) + Ψ(dt^2 + dr^2) , (47)

where Ψ = 2M/r, which is the Schwarzschild (static and spherically symmetric) solution linearized for small values of M. We introduce Cartesian coordinates x = r sin ϑ cos φ, y = r sin ϑ sin φ, z = r cos ϑ, and perform a boost in the x-direction, t = t̃ + vx̃ √ 1 − v^2 , x = x̃ + vt̃ √ 1 − v^2

. (48)

In the limit as v → 1, the line element (47) takes the form

ds^2 = −dt̃^2 + dx̃^2 + dy^2 + dz^2 + 2(dt̃ + dx̃)^2 lim_{v→1} Ψ 1 − v^2

, (49)

where Ψ = 2M (x^2 +y^2 +z^2)^{−1/2} and x is given by (48). To evaluate this limit, we employ the identity

lim_{v→1} 1 √ 1 − v^2

Ψ(x) = δ(t̃ + x̃) ∫_{+∞} −∞ Ψ(x) dx , (50)

(see [29], [41]) which is valid in the distributional sense. It is also necessary to scale the parameter M in Ψ to zero such that 8M = b_0 √ 1 − v^2 , where b_0 is a new constant. Obviously, we obtain an impulsive pp -wave metric (16),

ds^2 = −dt̃^2 + dx̃^2 + dy^2 + dz^2 + H δ(t̃ + x̃)(dt̃ + dx̃)^2 , (51)

where H =^1_2 b_0 ∫_{+∞} −∞ (ρ^2 + x^2)^{−1/2} dx, and ρ^2 = y^2 + z^2. The divergence in the integral can be removed

by the transformation t̃ − x̃ → t̃ − x̃ −^1_2 b_0 lim_{v→1} log ( x̃ + vt̃ − √ (x̃ + vt̃)^2 + 1 − v^2 ) , which gives

H =^1_2 b_0 ∫_{+∞} −∞ [ (ρ^2 + x^2)^{−1/2} − (1 + x^2)^{−1/2} ] dx = −b_0 log ρ . (52)

This is the famous Aichelburg–Sexl solution [28] which represents an axially-symmetric impulsive gravitational wave in Minkowski space generated by a single null monopole particle located on ρ = 0. Using a similar approach, numbers of other specific impulsive waves in flat space have been obtained by boosting various spacetimes of the Kerr–Newman [54] or the Weyl family [55].

The method can be generalized to obtain impulses in spacetimes with Λ ≠ 0. This was first done in 1993 by Hotta and Tanaka [29] who boosted the Schwarzschild–de Sitter solution to obtain a nonexpanding spherical impulsive gravitational wave generated by a pair of null monopole particles in the de Sitter background. They also described an analogous solution in the anti-de Sitter universe. Their main “trick” was to consider the boost in the 5-dimensional representation of the (anti-)de Sitter spacetime (1), (2) where the boost can explicitly (and consistently) be performed. One starts with the line element

ds^2 = − ( 1 − ϵ r^2/a^2 ) dt^2 + ( 1 − ϵ r^2/a^2 )_{−1} dr^2 + r^2(dϑ^2 + sin^2 ϑdφ^2) +Ψ [ dt^2 + ( 1 − ϵ r^2/a^2 )_{−2} dr^2 ] , (53) where Ψ = 2M/r. This is a perturbation of the de Sitter (ϵ = +1) or anti-de Sitter (ϵ = −1) space corresponding to the Schwarzschild–(anti-)de Sitter solution [56], linearized for small M. As Λ → 0, the line element (53) reduces to the Schwarzschild-like perturbations of the Minkowski spacetime (47). For M = 0 the metric (53) is the (anti-)de Sitter spacetime in standard “static” coordinates. These parametrize the hyperboloid (1) by Z_1 = r sin ϑ cos φ, Z_3 = r sin ϑ sin φ, Z_2 = r cos ϑ, and

for ϵ = +1 : Z_0 = √ a^2 − r^2 sinh(t/a) , Z_4 = ± √ a^2 − r^2 cosh(t/a) , for ϵ = −1 : Z_0 = √ a^2 + r^2 sin(t/a) , Z_4 = √ a^2 + r^2 cos(t/a) . (54)

Writing (53) as ds^2 = ds^2_0 + ds^2_1, where ds^2_0 has the form (2), we may now express the perturbation as ds^2_1 = a^2Ψ [ ( Z_4dZ_0 − Z_0dZ_4

Z_4^2 − ϵZ_0^2

)_2 + a^2 r^2 ( Z_0dZ_0 − ϵZ_4dZ_4 Z_4^2 − ϵZ_0^2

)_2 ] , (55)

where r = √ Z_0^2 + ϵ(a^2 − Z_4^2). Performing a boost in the Z_1-direction,

Z_0 =

Z̃_0 + vZ̃_1 √ 1 − v^2

, Z_1 =

Z̃_1 + vZ̃_0 √ 1 − v^2

, (56)

the (anti-)de Sitter background ds^2_0 is, of course, invariant. Using again the identity (50) and rescaling the coefficient as 8M = b_0 √ 1 − v^2, in the limit v → 1 the term ds^2_1 takes the form

ds^2_1 = H δ(Z̃_0 + Z̃_1) (dZ̃_0 + dZ̃_1)^2 , (57)

where H(Z_4) =^1_4 b_0 a^2 ∫_{+∞} −∞ ϵ(a^2 − Z_4^2)Z_4^2 + (a^2 + Z_4^2)x^2 ( Z_4^2 − ϵx^2

)_2 [

x^2 + ϵ(a^2 − Z_4^2)

]_{3/2} dx . (58)

We immediately observe that the structure of the boosted metric is exactly that of (42) with the impulse located on (43). Considering the parametrization (44) of this wave surface and substituting θ for x so that x = a √ ϵ(1 − z^2) cot θ, we explicitly evaluate the integral (58) as

H =^1_4 b_0 ∫_π 0 z^2 + cos^2 θ (z^2 − cos^2 θ)^2 sin^3 θ dθ = b_0 ( z 2 log | | | | 1 + z 1 − z | | | | − 1 ) . (59)

This is the axially-symmetric Hotta–Tanaka solution [29]. Further details on boosting monopole (and also multipole) particles to the speed of light in the (anti-)de Sitter universe, the geometry of the nonexpanding wave surfaces, and discussion of various useful coordinates can be found in [41], [55]. In particular, it was demonstrated that although the impulsive wave surface is nonexpanding, for Λ > 0 this coincides with the horizon of the closed de Sitter universe. The background space contracts to a minimum size and then reexpand in such a way that the nonexpanding impulsive wave in fact propagates with the speed of light from the “north pole” of the universe across the equator to its “south pole”.

3.5.2 Expanding impulsive waves

As shown above, nonexpanding impulsive waves can be obtained by boosting particular (initially static) sources to the speed of light. Interestingly, specific expanding impulsive spherical gravitational waves can also be obtained by considering exact solutions representing accelerating sources and taking these to the limit in which the acceleration becomes unbounded. It was first realized by Jiří Bičák [31] (see also [57], with recent generalizations in [58], [59]) that expanding impulses can be obtained from boost-rotation symmetric solutions which represent gravitational field of uniformly accelerating objects. In the limit of infinite acceleration, these well-known explicit exact radiative spacetimes form spherical impulsive waves attached to conical singularities.

As Bičák writes in his essay [1], “the boost-rotation symmetric solutions representing uniformly accelerated objects ... play a unique role among radiative spacetimes since they are asymptotically flat, in the sense that they admit global smooth sections of null infinity. And as the only known radiative solutions describing finite sources they can provide expressions for the Bondi mass, the news function, or the radiation patterns in explicit forms.” Special solutions of this type have been studied for almost forty years, first by Bondi [60], Bonnor and Swaminarayan [61], Israel and Khan [62], and then by many others — but Jiří Bičák in particular. In fact, the investigation of various aspects of radiative spacetimes and fields with boost-rotation symmetry is his “most typical” topic. The analysis of radiative properties of the Bonnor–Swaminarayan solutions became the basis of Bičák’s Ph. D. thesis and of his first paper published abroad [63]. He realized that these belong to a wide class of boostrotation symmetric solutions (of which, for example, the well-known C-metric is also a member) and that the boost symmetry is the only admissible second symmetry of axially symmetric, asymptotically flat spacetimes which admit gravitational radiation. He and his collaborators have studied the unique properties of these spacetimes, including their global structure, in a number of fundamental works, e.g. [63]-[70], [31], [57]. He has also summarized these results in many inspiring reviews [71]-[76], [1]. Altogether, the contributions concerning boost-rotation symmetric solutions represent almost a quarter of all Bičák’s original publications.

The boost-rotation symmetric spacetimes can be described by the line element

ds^2 = e^λdρ^2 + ρ^2e^{−μ}dϕ^2 + (ζ^2 − τ^2)^{−1} [ e^λ(ζdζ − τdτ)^2 − e^μ(ζdτ − τdζ)^2 ] , (60)

where specific metric functions μ and λ depend only on ζ^2 − τ^2 and ρ^2. In particular, the Bonnor– Swaminarayan solution [61] generally contains five arbitrary constants m_1, m_2, A_1, A_2, and B which determine the masses and uniform accelerations of two pairs of particles, and the singularity structure on the axis of symmetry ρ = 0 (see e.g. [61], [72], [58]). It is possible to choose the constant B such that some sections of the axis are regular. Of particular interest are special cases described by Bičák, Hoenselaers and Schmidt [64], [65] which represent only two (Curzon–Chazy) particles^1 of mass m which are accelerating in opposite directions with acceleration A. For these solutions the metric functions in (60) can be written in a simple form μ = − 2m AR + 4mA + B , λ = − m^2 A^2R^4 ρ^2(ζ^2 − τ^2) + 2mA R (ρ^2 + ζ^2 − τ^2) + B , (61)

where R =^1_2 √ (ρ^2 + ζ^2 − τ^2 − A^{−2})^2 + 4A^{−2}ρ^2. For B = 0, the axis ρ = 0 is regular between the symmetrically located particles but these are connected to infinity by two semi-infinite strings which cause their acceleration. For B = −4mA there is a finite expanding strut between the particles.

The limit of infinite acceleration A → ∞ of these solutions was investigated by Bičák [31], [57]. It is necessary to scale the mass parameter m to zero in such a way that the “monopole moment” M_0 = −4mA remains constant. In this limit we obtain

μ = B − M_0 , λ = B − sign ( ρ^2 + ζ^2 − τ^2 ) M_0 . (62)

The resulting spacetime is locally flat everywhere except on the sphere ρ^2 + ζ^2 = τ^2. It therefore describes an expanding spherical impulsive gravitational wave generated by two particles which move apart at the speed of light in the Minkowski background and are connected to infinity by two semiinfinite strings (B = 0), or each other by an expanding strut (B = M_0). Performing the transformation (see, e.g. [68]) ρ =^1_2 (v − u), τ = ±^1_2 (v + u) cosh χ, ζ =^1_2 (v + u) sinh χ, we put the solution (60), (62) into the standard form of boost-rotational symmetric spacetimes

ds^2 =^1_4 (v − u)^2 e^{−μ} dϕ^2 +^1_4 (v + u)^2 e^μ dχ^2 − e^λ du dv . (63)

1In [58] we investigated systematically all the spacetimes with four accelerating particles. Their limits Ai → ∞ are unphysical, with the only exception of a particular solution which represents a finite string/strut between the two outer particles which snaps/breaks at its midpoint and the two broken ends separate at the speed of light.

The metric functions are μ = −M_0, λ = [ Θ(uv) − Θ(−uv) ] M_0 for the two receding strings, or μ = 0, λ = 2 Θ(uv)M_0 for the expanding strut. In both cases μ is a constant, but there is a discontinuity in the otherwise constant value of λ with the step 2M_0 on the null cone uv = 0. It is possible to perform a further transformation to coordinates in which the metric is continuous everywhere. Indeed, in the region where the functions μ and λ are constant, the transformation U = −u e^{λ+μ/2}, V =^1_2 v e^{−μ/2}, ψ = χ e^μ, brings (63) into the form

ds^2 = (V +^1_2 P U)^2 dϕ^2 + (V −^1_2 P U)^2 dψ^2 + 2 dU dV , (64)

where P = e^{−(λ+μ)}. The solution for two receding strings can thus be written in the form (64) with

P = Θ(−U) + β^2 Θ(U) , (65)

where β = exp(M_0). The metric (64), (65) is exactly that constructed by Gleiser and Pullin [30] by their “cut and paste” method. It represents an impulsive spherical gravitational wave propagating in the Minkowski universe. Outside the wave (U > 0), there are two receding strings characterized by a deficit angle (1 − β)2π, which can be interpreted as remnants of one cosmic string which “snapped”. However, as pointed out by Bičák [31], [77], the complete solution rather describes two semi-infinite strings approaching at the speed of light and separating again at the instant at which they collide. The complementary solution for an expanding strut is also given by (64) with

P = β^{−2} Θ(−U) + Θ(U) . (66)

In this case there is a string with the deficit angle (1 − β^{−1})2π in the locally Minkowski space inside the impulsive wave (U < 0).

Recall that there is an alternative continuous form of the above solutions. Introducing Z = 1√ 2 (ψ + i ϕ), we convert the metric (64), (65) into the form ds^2 = 2 | V dZ + UHdZ̄ |^2 + 2 dU dV , where H = −^1_2 β^2. Performing another transformation of the metric (63) in the region u > 0, v > 0 as U = − uv u + v exp [_λ 2 − χ e^{(μ−λ)/2} ] , V =^1_2 (u + v) exp [_λ 2 + χ e^{(μ−λ)/2} ] , (67)

Z =^{1√}_2 v − u v + u exp [ −χ e^{(μ−λ)/2} + i ϕ e^{−(μ+λ)/2} ] , we obtain ds^2 = 2 V^2 dZ dZ̄ + 2 dU dV . These two metrics for U > 0 and U < 0 can be matched continuously across the null cone U = 0. In fact, this is exactly a particular case of the metric (30) for Λ = 0, ϵ = 0, and constant H = −^1_2 β^2, which describes impulsive spherical wave [25], [32], [33], [38].

Recently we analyzed [58] the limit of infinite acceleration of much larger class of boost-rotationally symmetric spacetimes which generalize the Bonnor–Swaminarayan solution. These explicit solutions were found by Bičák, Hoenselaers and Schmidt [65] and represent two uniformly accelerating particles with an arbitrary multipole structure attached to conical singularities (as in the two cases above). These solutions can be written as [58]

μ = 2 ∞∑ n=0 M_n P_n (x − y)^{n+1} + B − M , λ = −2 ∞∑ k,l=0 M_kM_l (k + 1)(l + 1) (k + l + 2)

(P_kP_l − P_{k+1}P_{l+1}) (x − y)^{k+l+2} (68)

− ( x + y x − y )_∞∑ n=0 M_n 2^n n∑ l=0 ( 2 x − y )_l P_l + B , where the constants M_n represent the multipole moments, the argument of the Legendre polynomials P_n is α = (1 − xy)/(x − y), B is a constant, M ≡ ∞∑ n=0 M_n 2^n

, (69) and for x, y and α in (68) one has to substitute from

x − y = 4A^2R , x + y = 2A^2(ρ^2 + ζ^2 − τ^2) , α =^1_2 (ρ^2 − ζ^2 + τ^2 + A^{−2})/R . (70)

The axis is regular between the two particles if B = 0. In this case there are strings connecting the particles to infinity. The alternative situation with a strut between the particles (and the axis regular outside) is given by B = M. The axis is regular everywhere (except at the particles) if the combination of multipole moments satisfies the condition M = 0 and we assume B = 0. In this case the particles are self-accelerating [65]. Considering only the case n = 0 in (68), we recover the previous solution (61) for the accelerating monopole particles, with M = M_0 = −4mA.

Now, we consider the null limit A → ∞ of the general class of solutions (68) in which all the multipole moments M_n are kept constant. Interestingly, in this limit we again obtain (62), only the parameter M_0 is now replaced by a more general parameter M introduced in (69). For the particular values of the constant B described above this solution describes a snapping cosmic string, or an expanding strut. The ends of the strings/strut move in opposite directions with the speed of light, generating an impulsive spherical gravitational wave. In the limit, the multipole structure of initial particles disappears and the solution is characterised by the single constant M only. Thus, the limit A → ∞ of any uniformly accelerating multipole particle is identical to that of a monopole particle M_0 = M, as obtained originally in [31], [57]. Of course, the metric can also be represented in the coordinates (64) or (30) with H = −^1_2 β^2, the only difference is that the parameter β has a more general form

β = exp (_∞ ∑ n=0 M_n 2^n ) . (71)

In the subsequent paper [59] we also investigated all possible null limits A → ∞ of another important explicit class of solutions with boost-rotation symmetry, namely the well-know C-metric

ds^2 = −A^{−2}(x + y)^{−2} ( F^{−1}dy^2 + G^{−1}dx^2 + Gdϕ^2 − F dt^2 ) , (72)

where F = −1 + y^2 − 2mAy^3, G = 1 − x^2 − 2mAx^3. It was shown already in 1970 by Kinnersley and Walker [78] that this metric represents two uniformly accelerating black holes, each of mass m. The acceleration A is caused either by a strut between the black holes or by two semi-infinite strings connecting them to infinity. Radiative and asymptotic properties were investigated in [79]. Bonnor [80] found an explicit transformation of (72) into a form (60). When mA < 1/(3 √ 3) there are four possible spacetimes according to different ranges of the coordinates x and y [81], and the corresponding explicit functions λ, μ have more complicated forms. In [59] we investigated the limits A → ∞ of all these possibilities. It was demonstrated that (scaling again the mass parameter m to zero such that mA remains constant) this limit is identical to the metric (64) of a spherical impulsive gravitational wave generated either by a snapping string (65), or an expanding strut (66), with

β =^1_2 [ 1 + √ 3 cot(φ +^1_3 π) ] ∈ (0, 1] , where φ =^1_3 arccos(1 − 54 m^2A^2) . (73)

Note finally that it is natural to expect that the analogous null limit of infinite acceleration A → ∞ of a more general C-metric, which admits a nonvanishing value of the cosmological constant Λ [82], would generate an expanding spherical impulsive wave (30) in the (anti-)de Sitter universe. However, such limit is mathematically more involved and has not yet been explicitly performed. We are currently investigating this problem. A first step has been achieved in [83] where a physical interpretation of the parameters of the solutions [82], which represent uniformly accelerating black holes in spacetimes of constant nonvanishing curvature, was presented (see also [84]). However, a deeper understanding of the global structure of these solutions is required. The most recent contribution by Bičák and Krtouš [85] may be of a great help.

3.6 Summary Let us now summarize for convenience all the methods described above for the construction of impulsive waves in spacetimes of constant curvature, together with the main corresponding references. This is presented in the following four diagrams, which separately describe the construction of nonexpanding/expanding waves in Minkowski/(anti-)de Sitter universes.

3.6.1 Nonexpanding impulsive waves

nonexpanding impulsive waves Λ = 0

plane wavefront

“cut and paste” method [22], [25], [42]

continuous coordinates [25], [45], [43], [44]

limits of sandwich waves [22], [23], [24], [47], [50]

boosts of static sources [28], [54], [55], [87]

nonexpanding impulsive waves Λ ≠ 0

spherical/hyperboloidal wavefront

“cut and paste” method [37], [53]

continuous coordinates [37], [50]

limits of sandwich waves [50], [52], [94]

boosts of static sources [29], [41], [55]

In addition, nonexpanding impulses with Λ ≠ 0 can also be constructed by embedding impulsive pp -waves from higher dimensions on the (anti-)de Sitter hyperboloid, see the references [29], [41], [51], [52], [37].

3.6.2 Expanding impulsive waves

expanding impulsive waves Λ = 0

spherical wavefront

“cut and paste” method [25], [30], [32], [33], [34], [40]

continuous coordinates [32], [33], [34], [38], [40], [48]

limits of sandwich RT waves [38], [39]

infinitely accelerated sources [31], [57], [58], [59]

expanding impulsive waves Λ ≠ 0

spherical wavefront

“cut and paste” method [36], [38], [40]

continuous coordinates [36], [38], [40]

limits of sandwich RT waves [38]

infinitely accelerated sources —

4 Particular solutions and some other properties

In the remaining part of this review some other properties of impulsive waves in spaces of constant curvature are briefly described. First, we present particular solutions of this type which are of interest from a physical point of view. Subsequently, we characterize geodesics and symmetries in these spacetimes.

4.1 Nonexpanding impulses generated by null multipole particles It has been demonstrated above in section 3.5.1 that the simplest nonexpanding impulsive gravitational waves can be generated by boosting the Schwarzschild–(anti-)de Sitter black hole solutions. In the case Λ = 0 this gives the Aichelburg–Sexl solution (51), (52), and for Λ ≠ 0 one obtains the Hotta– Tanaka solution (42), (59). Thus, the simplest impulsive solutions can be regarded as limits of static

“monopole” solutions boosted to the speed of light. This result can be generalized: it has been shown [55] that it is possible to consider particular nonexpanding impulsive waves generated by null multipole particles as limits of boosted static multipole particles.

It is well-known [13], [86] that static, axially symmetric and asymptotically flat vacuum solutions which represent external field of sources with a multipole structure can be written in the Weyl coordinates as ds^2 = −e^{2ψ} dt^2 + e^{−2ψ} [e^{2γ} (dϱ^2 + dz^2) + ϱ^2dφ^2] , (74)

where ψ = ∞∑ m=0 a_m r^{m+1} P_m(cos θ) , (75) γ = ∞∑ m,n=0 (m + 1)(n + 1)

m + n + 2 a_ma_n r^{m+n+2} (P_{m+1}P_{n+1} − P_mP_n) , r = √ ϱ^2 + z^2, cos θ = z/r, and P_m are the Legendre polynomials with argument cos θ. Arbitrary constants a_m determine the m^{th} multipole moments of the source. Performing the boost (48) where x = ϱ cos φ, y = ϱ sin φ, the line element (74) in the limit v → 1 may be written in the form (49) with Ψ = −2ψ. Considering again the identity (50) and rescaling the parameters a_m to zero such that 8a_m = −m b_m √ 1 − v^2 , with b_m being new constants which characterize the corresponding multipole moments of the boosted source, we obtain the impulsive pp -wave metric (51) where H = ∞∑ m=0 b_mH_m = ∞∑ m=0 1 2 m b_m ∫_{+∞} −∞ 1 (ρ^2 + x^2)^{(m+1)/2} P_m ( z √ ρ^2 + x^2 ) dx . (76)

For the simplest case a_0 ≠ 0, a_m = 0 for m ≥ 1 (which corresponds to the boosted Curzon–Chazy solution) the integral gives exactly the same result (52) as the Aichelburg–Sexl solution [28] generated by a single null monopole particle. For the higher multipole components m ≥ 1 the integral (76) can also be explicitly evaluated. As shown in [55], we obtain

H_m(ρ, ϕ) = ρ^{−m} cos[m(ϕ − ϕ_m)] , (77)

where ρ^2 = y^2 + z^2, cos(ϕ − ϕ_m) = z/ρ, and ϕ_m is a constant. This term represents the m^{th} multipole component of the exact impulsive purely gravitational pp -wave generated by a source of an arbitrary multipole structure [87]. Indeed, the field equations for the metric (51) with

H = −b_0 log ρ + ∞∑ m=1 b_m ρ^{−m} cos[m(ϕ − ϕ_m)] , (78)

correspond to a source localized on the impulsive wavefront u ≡ t̃ + x̃ = 0 at ρ = 0, which is described by T_{uu} = J(ρ, ϕ) δ(u) where

J(ρ, ϕ) =^1_8 b_0 δ(ρ) + ∞∑ m=1 1 8 b_m (−1)^m (m − 1)!

δ^{(m)}(ρ) cos[m(ϕ − ϕ_m)] . (79)

Clearly, the parameters b_m and ϕ_m represent the amplitude and phase of each multipole component.

Interestingly, there are analogous impulsive solutions also in the case Λ ≠ 0. It was demonstrated in [52] that nontrivial solutions of the vacuum Einstein equation (46) for the metric (42) on (1), expressed in terms of the parameters (44), can be written as H(z, ϕ) = ∞∑ m=0 b_mH_m = ∞∑ m=0 b_mQ^m_1 (z) cos[m(ϕ − ϕ_m)] , (80)

where Q^m_1 (z) are associated Legendre functions of the second kind generated by the relation

Q^m_1 (z) = (−ϵ)^m|1 − z^2|^{m/2} d^mQ_1(z) dz^m . (81)

The first term for m = 0, Q_1(z) ≡ Q^0_1(z) = z 2 log | | | | 1 + z 1 − z | | | | − 1 , (82)

exactly corresponds to the simplest axisymmetric Hotta–Tanaka solution (59). The higher components H_m describe nonexpanding impulsive gravitational waves in (anti-)de Sitter universe generated by null point sources with an m-pole structure, localized on the wave-front (43) at the singularities z = ±1, see [52]. The general solution (80) corresponds to a source described by J(z, ϕ) = ∞∑ m=0 b_m ϵ(−1)^m 8π (1 − z^2)^{m/2} [ δ^{(m)}(z − 1) + δ^{(m)}(−z − 1) ] cos[m(ϕ − ϕ_m)] . (83)

Again, each component represents a point source with an m-pole structure, where the constants b_m give the strength, and ϕ_m the orientation of each m-pole.

To complete the picture, it would be natural to regard these explicit impulsive solutions (80) in the (anti-)de Sitter universe generated by null multipole particles as limits of boosted static multipole particles, as in the case of Minkowski background. Unfortunately, no explicit exact solutions are known which describe static sources of any multipole structure in a background with Λ ≠ 0. Nevertheless, we were able to argue in [55] that it is possible to obtain the correct structure of the impulsive multipole solution (42), (80) by boosting the perturbation of the (anti-)de Sitter spacetime of the form (53) if the function Ψ(t, r, ϑ) has an appropriate form. The corresponding function H in (57) is given by

H(z, ϕ) = a^3[ϵ(1 − z^2)]^{3/2} ∫_π 0 z^2 + cos^2 θ (z^2 − cos^2 θ)^2 Ψ(t, r, ϑ) r^2 dθ , (84)

in which the coordinates t, r, ϑ must be expressed using the relations

cosh^2 t a = z^2 sin^2 θ z^2 − cos^2 θ , r = a √ ϵ(1 − z^2) sin θ

, cos ϑ = sin θ cos ϕ , (85)

(for Λ < 0 the function cosh must be replaced by cos). This is a generalization of the integral (59) which yields the Hotta–Tanaka solution in the monopole case Ψ = 2M/r.

4.2 Expanding impulses generated by snapping and colliding strings

A physically most interesting expanding spherical impulsive gravitational wave is probably that generated by a snapping cosmic string. This explicit solution, described in detail above in section 3.5.2., can be written in various forms — for example using the coordinates (64) with (65), or in the form (30) with a constant value H = −^1_2 β^2 (see the transformation (67) and the related text). Alternatively, the spacetime can also be written in the form (30) with the function H given by H = 1 2 δ(1 −^1_2 δ)

Z^2

, (86)

where δ > 0. This is generated from the function

h(Z) = Z^{1−δ}, (87)

by the expression (29). As shown in [32], [40], the generating function h is closely related to a geometrical interpretation of the Penrose junction conditions (22). If we evaluate the ratio η/V using (19) for U < 0, and using (26) for U > 0, which is related to the explicit construction of a continuous coordinates (30), we observe that on the impulse U = 0 η V = { Z for U = 0_− ,

h(Z) for U = 0_+ .

(88)

However, it follows from (4), (3) that η/V = (x + i y)/(t − z) in Minkowski space, or similarly η/V = (Z_2 + i Z_3)/(Z_0 − Z_1) in (anti-)de Sitter space. In both cases, this is exactly the relation for a stereographic correspondence between a sphere and an Argand plane by projection from the North pole onto a plane through the equator [88]. This permits us to represent the wave surface U = 0 either as a Riemann sphere, or as its associated complex plane parametrized by the coordinate Z. The Penrose junction condition (22) across the wave surface then can be understood as a mapping on the complex Argand plane Z → h(Z). According to (88), this is equivalent to mapping points P_− on the “inside” of the wave surface to the identified points P_+ on the “outside”.

We may assume that the spacetime U < 0 inside the impulse represented by Z = |Z|e^{iϕ} covers the complete sphere, ϕ ∈ [−π, π). However, the range of the function h(Z) does not cover the entire sphere outside the spherical impulse for U > 0. In particular, the complex mapping (87) covers the plane minus a wedge as arg h(Z) ∈ [−(1 − δ)π, (1 − δ)π). This represents Minkowski, de Sitter, or anti-de Sitter space with a deficit angle 2πδ which may be considered to describe a snapped cosmic string in the region outside the spherical wave. The strings have a constant tension and are located along the axis η = 0.

With the help of the above geometrical insight we were able to construct even more general explicit solutions, namely expanding impulsive waves generated by two colliding cosmic strings [40]. In such a situation, as first suggested by Nutku and Penrose [32], two non-aligned strings initially approach each other and snap at their common point at the instant at which they collide. The remnants are four semi-infinite strings which recede from the common point of interaction with the speed of light, generating a specific spherical impulse. As shown in [40], such a solution is described by the metric (30) with the structural function of the form H = 1 2 δ(1 −^1_2 δ) Z^2 − 1 2 ε(1 −^1_2 ε)16w^2_1(1 − δ)^2Z^{−2δ} [(w_1 + i)Z^{1−δ} + (w_1 − i)]^2[(w_1 − i)Z^{1−δ} + (w_1 + i)]^2

, (89)

which is generated from

h(Z) = w_2 h^{1−ε}_c − 1 h^{1−ε}c + 1

, where h_c = −

(w_1 − i)Z^{1−δ} + (w_1 + i) (w_1 + i)Z^{1−δ} + (w_1 − i)

. (90)

Here the parameters δ and ε are the deficit angles of the first and the second pair of strings, respectively, and w_1, w_2 determine their velocities. For more details and illustrative pictures see [40].

Let us also mention that Hortaçsu and his collaborators [89] analyzed vacuum fluctuations and aspects of particle creation on the backgrounds of expanding impulsive waves.

4.3 Geodesics in impulsive spacetimes

In this final section we now mention some other properties of impulsive waves in spaces of constant curvature. In particular, we describe the behaviour of geodesics in these spacetimes.

4.3.1 Geodesics in nonexpanding impulsive waves

Geodesics in Minkowski space with plane-fronted impulsive pp -waves were discussed in many works, e.g. in [42], [53], [90]. However, as the corresponding geodesic and geodesic deviation equations in standard coordinates (16) contain highly singular products of distributions, an advanced framework of Colombeau algebras of generalized functions had to be employed to solve these equations in a mathematically rigorous sense [47].

In [91] we have studied the behaviour of geodesics in spacetimes which describe nonexpanding impulsive waves in the (anti-)de Sitter background. These recent results generalize those for impulsive pp -waves to the case of a nonvanishing cosmological constant Λ. The geodesic equations in such spacetimes can be derived conveniently using the embedding of the 5-dimensional pp -waves (42) onto the 4-dimensional hyperboloid (1). We obtain [91]

Ü = −^1_3 Λ U e ,

V̈ −^1_2 H δ^′(U) U̇^2 − H_{,p} Ż_p δ(U) U̇ = −^1_3 Λ V [ e +^1_2 G δ(U) U̇^2 ] , (91)

Z̈_i −^1_2 H_{,i} δ(U) U̇^2 = −^1_3 Λ Z_i [ e +^1_2 G δ(U) U̇^2 ] , Z̈_4 −^1_2 ϵH_{,4} δ(U) U̇^2 = −^1_3 Λ Z_4 [ e +^1_2 G δ(U) U̇^2 ] , where p = 2, 3, 4, i = 2, 3, e = 0, −1, +1 for null, timelike or spacelike geodesics, respectively, and G = Z_p H_{,p} −H (summation convention is used). The coordinates U ≡^{1√}_2 (Z_0 +Z_1) and V ≡^{1√}_2 (Z_0 −Z_1) are introduced here for convenience, and are different from those used in the metric (24). Also, we have rescaled the structural function as √ 2 H → H.

The equation for U in (91) is clearly decoupled and does not involve any distributional term. The solution, which is everywhere a smooth function of the affine parameter τ, can be written (without loss of generality) as

U = τ , U = a U̇^0 sinh(τ/a) , U = a U̇^0 sin(τ/a) , (92)

for ϵe = 0, ϵe < 0 or ϵe > 0, respectively. These relations allow us to take U as the geodesic parameter. Then a general solution of the remaining four functions Z_p and V in (91) can be written as

Z_p(U) = Z^0_p √ 1 −^1_3 Λ e (U̇^0)^{−2} U^2 + (Ż^0_p /U̇^0) U + A_p Θ(U) U , (93)

V (U) = V^0 √ 1 −^1_3 Λ e (U̇^0)^{−2} U^2 + (V̇^0/U̇^0) U + B Θ(U) √ 1 −^1_3 Λ e (U̇^0)^{−2} U^2

+ (U̇^0)^{−1}(Ż^0_i A_i + ϵŻ^0_4 A_4) Θ(U) U + C Θ(U) U .

The coefficients are

A_i =^1_2 [ H_{,i}(0) −^1_3 Λ Z^0_i G(0) ] , A_4 =^1_2 [ ϵH_{,4}(0) −^1_3 Λ Z^0_4 G(0) ] , B =^1_2 H(0) ,

C =^1_8 [ H^2_{,2}(0) + H^2_{,3}(0) + ϵH^2_{,4}(0) +^1_3 Λ H^2(0) −^1_3 Λ ( Z^0_p H_{,p}(0)

)_2] , (94)

in which H(0) ≡ H(Z_p(0)) = H(Z^0_p ), and the constants of integration are constrained by

− 2 U̇^0V̇^0 + (Ż^0_2 )^2 + (Ż^0_3 )^2 + ϵ(Ż^0_4 )^2 = e , −2 U^0V^0 + (Z^0_2 )^2 + (Z^0_3 )^2 + ϵ(Z^0_4 )^2 = ϵa^2 , (95) −U^0V̇^0 − U̇^0V^0 + Z^0_2Ż^0_2 + Z^0_3Ż^0_3 + ϵZ^0_4 Ż^0_4 = 0 .

Interestingly, these general results also describe all geodesics in impulsive pp -wave spacetimes in a Minkowski universe. For Λ = 0 the geodesic equations (91) exactly reduce (omitting the coordinate Z_4) to the system which has been rigorously solved by Kunzinger and Steinbauer [47] using the Colombeau algebras. Of course, the solution (93), (94) reduces to the explicit form of geodesics presented in [47] and previous works [42], [90]. The same results are also obtained from the chaotic behaviour of geodesics in nonhomogeneous sandwich pp -waves [92]: in the impulsive limit the chaotic motion smears and becomes regular [93].

The main advantage of the approach presented above is that for any Λ this yields the system (91) which includes only “weakly” singular terms. In particular, there is no square of δ, contrary to other “direct” approaches, such as that presented in [53] which used the coordinates introduced in [42].

It follows from (93) that the geodesics are continuous but refracted by the impulse in the transverse directions Z_p. However, there is a discontinuity in the longitudinal coordinate V (and its derivative) on the impulse. The jump on U = 0 is given by ΔV = B =^1_2 H(0), which is in agreement with the Penrose junction conditions (18) in the “cut and paste” method. Further specific effects of nonexpanding impulses on privileged families of comoving observers associated with the natural coordinates (5) in the de Sitter and in the anti-de Sitter universe were discussed in [91] in detail. In particular, the behaviour of timelike and null geodesics (including their focusing) in the Hotta–Tanaka spacetime, a solution with a conformally flat pure radiation impulsive wave, and the Defrise-type impulse [94] were presented.

Note finally that symmetries of spacetimes with impulsive nonexpanding waves were studied for Λ = 0 in [95], and for Λ ≠ 0 in [91]. There are always at least three Killing vector fields. In the metric form (36), these are null rotations generated by x (∂/∂V) + U (∂/∂x) , y (∂/∂V) + U (∂/∂y) , (96) [1 −^1_{12} Λ(x^2 + y^2)] (∂/∂V) −^1_6 Λ U [x (∂/∂x) + y (∂/∂y) + U (∂/∂U)] , where η =^{1√}_2 (x+i y). The Killing vectors (96) exactly reduce to those found previously by Aichelburg and Balasin [95] for impulsive pp -waves in the Minkowski background. Additional symmetries arise for specific forms of the structural function. For example, in case of the Hotta–Tanaka solution (59) the function H only depends on z = √ 1 − ϵa^{−2}(Z^2_2 + Z^2_3 ). There is thus also an axial symmetry.

Again, this is analogous to the axisymmetric Aichelburg–Sexl solution for the case Λ = 0 which also admits four Killing vectors [95].

4.3.2 Geodesics in expanding impulsive waves As far as we know, an explicit form for geodesics in spacetimes with expanding spherical gravitational impulses has not been presented in the literature so far. It is possible to derive such geodesics assuming these are C^1 in the continuous coordinate system (30). With this assumption, the constants Z_i ≡ Z(τ_i) , V_i ≡ V (τ_i) , U_i ≡ U(τ_i) = 0 , Ż_i ≡ Ż(τ_i) , V̇_i ≡ V̇ (τ_i) , U̇_i ≡ U̇(τ_i) , (97)

which characterize the positions and velocities at τ_i, the instant of interaction with the impulsive wave, must have the same values when evaluated in the limits U → 0 both from the region in front (U > 0) and behind (U < 0) the impulse. Let us consider here only the case Λ = 0 for the sake of simplicity. We start with a general free motion t^− = γ τ , x^− = ẋ_0 (τ − τ_i) + x_0 , (98) y^− = ẏ_0 (τ − τ_i) + y_0 , z^− = ż_0 (τ − τ_i) + z_0 ,

where γ = √ ẋ^2_0 + ẏ^2_0 + ż^2_0 − e, in the flat Minkowski region U < 0. It is straightforward to express the constants (97) in terms of the initial data (98) using the inverse to (19) and standard relations U =^{1√}_2 (t + z), V =^{1√}_2 (t − z), η =^{1√}_2 (x + i y), as

Z_i = x_0 + i y_0 γτ_i − z_0 , V_i =^{1√}_2 [(1 + ϵ)γτ_i − (1 − ϵ)z_0] ,

Ż_i = ẋ^0 + i ẏ^0 γτ_i − z_0 − x_0 + i y_0 (γτ_i − z_0)^2 × [(1 − ϵ)γ − (1 + ϵ)ż_0](γτ_i − z_0) + 2ϵ(x_0ẋ_0 + y_0ẏ_0) (1 + ϵ)γτ_i − (1 − ϵ)z_0

, (99)

V̇_i =^1√_2 { [(1 − ϵ)γ − (1 + ϵ)ż_0] [(1 − ϵ)γτ_i − (1 + ϵ)z_0] +4ϵ(x_0ẋ_0 + y_0ẏ_0) } [(1 + ϵ)γτ_i − (1 − ϵ)z_0]^{−1} ,

U̇_i = √2 x^0ẋ^0 + y^0ẏ^0 + z^0ż^0 − γ^2τ^i (1 + ϵ)γτ_i − (1 − ϵ)z_0 . Now, we express the geodesics outside the impulse in the (locally) Minkowski space U > 0 V^+ = V̇^+_0 (τ − τ_i) + V^+_0 , U^+ = U̇^+_0 (τ − τ_i) + U^+_0 , (100) η^+ = η̇^+_0 (τ − τ_i) + η^+_0 , using (26) as

V^+_0 = AV_i , U^+_0 = BV_i , η^+_0 = CV_i , V̇^+_0 = AV̇_i − DU̇_i + (A_{,Z}Ż_i + A_{,Z̄} ˙Z̄_i)V_i , (101)

U̇^+_0 = BV̇_i − EU̇_i + (B_{,Z}Ż_i + B_{,Z̄} ˙Z̄_i)V_i ,

η̇^+_0 = CV̇_i − F U̇_i + (C_{,Z}Ż_i + C_,¯_Z ˙Z̄_i)V_i ,

in which the coefficients and their derivatives are given by the functions (27) evaluated at Z_i.

These general results can be used for a physical discussion of geodesics in specific impulsive solutions [96], such as the expanding spherical impulse generated by a snapping cosmic string which we have described above in sections 3.5.2 and 4.2.

5 Repetition and a few final remarks

In this essay, we have presented a brief review of exact solutions of Einstein’s equations which describe impulsive waves in spaces of constant curvature. These are either gravitational and/or null matter nonexpanding impulses, or expanding spherical impulsive purely gravitational waves (attached to cosmic strings) which propagate in Minkowski, de Sitter, or anti-de Sitter universes. We have systematically and explicitly described all the main methods for their construction: the “cut and paste” method, introduction of the continuous coordinate system, considering distributional limits of sandwich waves, geometrical embedding from higher dimensions, and boosts or limits of infinite acceleration of some initially static or accelerating sources. In the further part of the contribution we concentrated on some of their properties, in particular on the behaviour of geodesics. Physically interesting special solutions were also emphasized.

We have tried to provide an overall review. Nevertheless, we are aware of the fact that the point of view presented could depend on our own approach to the subject. The essay may thus be biased, as more space was certainly devoted to a description of those aspects of impulsive spacetimes which we had personally investigated. However, we attempted to present a comprehensive list of the relevant references. If some are missing this is unintentional, and the author deeply apologizes for this.

We have dedicated the essay to Professor Bičák on the occasion of the landmark anniversary of his birthday. It has been demonstrated that he contributed significantly also to the investigation of impulsive waves. Of course, this is just one small part of his both extensive and intensive work in the field of exact radiative spacetimes.

Let me finally close this contribution by personal words once more. It was Professor Bičák who put me wise to many of the secrets, mysteries, and wonders of Einstein’s theory. He has also led my first steps in the world of relativity, formed and guided my professional activities. From the very beginning I have always admired his approach to general relativity. This is based on a deep understanding of the geometry and global structure of investigated spacetimes, yet with the emphasis being placed on presenting their clear physical interpretation. I hope that I have succeeded to emulate (at least partially) his “style” here. And I also hope that Jiří Bičák will not take his pencil during the reading of this essay, making many strokes, remarks, corrections, amendments, and improvements, as he has done so many times before with my previous manuscripts.

Acknowledgements

I wish to thank very much Jerry Griffiths, my long-standing collaborator on impulsive waves, for all his suggestions and comments concerning this review. Special thanks are due to my wife for her patience and understanding. The work was supported by the grant GACR-202/99/0261 from the Czech Republic, and GAUK 141/2000 of Charles University in Prague.

References

[1] Bičák J., Selected Solutions of Einstein’s Field Equations: Their Role in General Relativity and Astrophysics, in Einstein’s Field Equations and Their Physical Implications (Lecture Notes in Physics 540), B.G. Schmidt (ed.) Springer, Berlin (2000) pp 1-126.

[2] Guth A.H., Inflationary universe: A possible solution to the horizon and flatness problems, Phys.

Rev. D 23 (1981) 347-356.

Kolb E.W. and Turner M.S., The Early Universe, Addison-Wesley, New York (1990). Olive K.A., Inflation, Phys. Rep. 190 (1990) 307-403.

Peebles P.J.E., Principles of physical cosmology, Princeton University Press, Princeton (1993).

[3] Gibbons G.W. and Hawking S.W., Cosmological event horizons, thermodynamics, and particle creation, Phys. Rev. D 15 (1977) 2738-2751.

Maeda K., Inflation and Cosmic No Hair Conjecture, in Proc. 5th M.Grossman Meeting on Gen. Rel., D.G. Blair and M.J.Buckingham (eds.), World Scientific, Singapore (1989) pp 145-155.

[4] Maldacena J., The large N limit of superconformal field theories and supergravity, Adv. Theor.

Math. Phys. 2 (1998) 231-252.

Witten E., Anti-de Sitter Space and Holography, Adv. Theor. Math. Phys. 2 (1998) 253-291. Aharony O., Gubser S.S., Maldacena J., Oouri H. and Oz Y., Large N field theories, string theory and gravity, Phys. Rep. 323 (2000) 183-386.

[5] Penrose R., The Structure of Space-Time, in Batelle Rencontres (1967 Lectures in Mathematics and Physics), C.M. DeWitt and J.A. Wheeler (eds.) Benjamin, New York (1968) pp 121-235. Hawking S.W. and Ellis G.F.R., The Large Scale Structure of Space-Time, Cambridge University Press, Cambridge (1973).

Misner C.W., Thorne K.S. and Wheeler J.A., Gravitation, Freeman, San Francisco (1973).

[6] Wald R.M., General Relativity, The University of Chicago Press, Chicago (1984).

d’Inverno R., Introducing Einstein’s Relativity, Clarendon Press, Oxford (1992). Schmidt H.J., On the de Sitter Space-Time – the Geometric Foundation of Inflationary Cosmology, Fortschr. Phys. 41 (1993) 179-199.

Podolský J., Lorentz boosts in de Sitter and anti-de Sitter space-times, Czech. J. Phys. 43 (1993) 1173-1176.

Eriksen E. and Grøn Ø., The de Sitter universe models, Int. J. Mod. Phys. D 4 (1995) 115-159.

[7] Christodoulou D. and Klainerman S., The global nonlinear stability of the Minkowski spacetime, Princeton University Press, Princeton (1994).

[8] Friedrich H., Asymptotic structure of space-time, in Recent Advances in General Relativity, A. Janish and J. Porter (eds.) Birkhäuser, Boston (1992).

Friedrich H., Einstein equations and conformal structure: existence of anti-de Sitter-type spacetimes, J. Geom. Phys. 17 (1995) 125-184.

Friedrich H., Einstein’s Equations and Geometric Asymptotics, in Gravitation and Relativity: At the Turn of the Millenium (Proc. GR-15 conference), N. Dadhich and J. Narlikar (eds.) Inter-University Centre for Astr. and Astrophys. Press, Pune (1998) pp 153-176.

[9] Bičák J. and Podolský J., Gravitational waves in vacuum spacetimes with cosmological constant.

I. Classification and geometrical properties of nontwisting type N solutions, J. Math. Phys. 40 (1999) 4495-4505.

[10] Bičák J. and Podolský J., Gravitational waves in vacuum spacetimes with cosmological constant.

II. Deviation of geodesics and interpretation of nontwisting type N solutions, J. Math. Phys. 40 (1999) 4506-4517.

[11] Kundt W., The Plane-fronted Gravitational Waves, Z. Phys. 163 (1961) 77-86.

Ehlers J. and Kundt W., Exact solutions of gravitational field equations, in Gravitation: an Introduction to Current Research, L. Witten (ed.) Wiley, New York (1962) pp 49-101.

[12] Ozsváth I., Robinson I. and Rózga K., Plane-fronted gravitational and electromagnetic waves in spaces with cosmological constant, J. Math. Phys. 26 (1985) 1755-1761.

[13] Kramer D., Stephani H., MacCallum M.A.H. and Herlt E., Exact Solutions of the Einstein’s Field Equations, Cambridge University Press, Cambridge (1980).

[14] Robinson I. and Trautman A., Spherical Gravitational Waves, Phys. Rev. Lett. 4 (1960) 431- 432.

Robinson I. and Trautman A., Some spherical gravitational waves in general relativity, Proc. Roy. Soc. Lond. A265 (1962) 463-473.

[15] Siklos S.T.C., Lobatchevski Plane Gravitational Waves, in Galaxies, Axisymmetric Systems and Relativity, M.A.H. MacCallum (ed.) Cambridge University Press, Cambridge (1985) pp 247-274.

[16] Podolský J., Interpretation of the Siklos solutions as exact gravitational waves in the anti-de Sitter universe, Class. Quantum Grav. 15 (1998) 719-733.

[17] García Díaz A. and Plebański J.F., All nontwisting N’s with cosmological constant, J. Math.

Phys. 22 (1981) 2655-2658.

Salazar H.I., García Díaz A. and Plebański J.F., Symmetries of the nontwisting type-N solutions with cosmological constant, J. Math. Phys. 24 (1983) 2191-2196.

[18] Pirani F.A.E., On the physical significance of the Riemann tensor, Acta. Phys. Polon. 15 (1956) 389-405.

Pirani F.A.E., Invariant formulation of gravitational radiation theory, Phys. Rev. 150 (1957) 1089-1099.

Szekeres P., The gravitational compass, J. Math. Phys. 6 (1965) 1387-1391.

[19] Bičák J. and Pravda V., Curvature invariants in type N spacetime, Class. Quantum Grav. 15 (1998) 1539-1555.

[20] Bičák J. and Podolský J., Cosmic no-hair conjecture and black-hole formation: An exact model with gravitational radiation, Phys. Rev. D 52 (1995) 887-895.

Bičák J. and Podolský J., Global structure of Robinson-Trautman radiative space-times with cosmological constant, Phys. Rev. D 55 (1997) 1985-1993.

[21] Bondi H., Pirani F.A.E. and Robinson I., Gravitational waves in general relativity III. Exact plane waves, Proc. Roy. Soc A251 (1959) 519-533.

Bondi H. and Pirani F.A.E., Gravitational waves in general relativity XIII. Caustic property of plane waves, Proc. Roy. Soc A421, (1989) 395-410.

[22] Penrose R., Twistor Quantisation and Curved Space-Time, Int. Jour. Theor. Phys. 1 (1968) 61-99.

[23] Rindler W., Essential Relativity, Van Nostrand, New York (1977).

[24] Podolský J. and Veselý K., New examples of sandwich gravitational waves and their impulsive limit, Czech. J. Phys. 48 (1998) 871-878.

Podolský J., Smooth sandwich gravitational waves, Czech. J. Phys. 49 (1999) 981-984.

[25] Penrose R., The geometry of impulsive gravitational waves , in General Relativity, L. O’Raifeartaigh (ed.), Clarendon Press, Oxford (1972) pp 101-115.

[26] Colombeau J.F., Multiplication of Distributions, Springer, Berlin (1992).

Oberguggenberger M., Multiplication of Distributions and Applications to Partial Differential Equations, Pitman Research Notes in Mathematics 259, Longman, Harlow (1992). Vickers J.A., Nonlinear generalised functions in general relativity, in Nonlinear Theory of Generalised Functions (Research Notes in Mathematics 401), M. Grosser, G. Hörmann, M. Kunzinger, M. Oberguggenberger (eds.), Chapman & Hall/CRC, Boca Raton (1999) pp 275-290. Steinbauer R., Distributional Methods in General Relativity, Dissertation, Universität Wien (2000).

[27] Lichnerowicz A., Thèorie relativistes de la gravitation et de l’electromagnetisme, Masson, Paris (1955).

Synge J.L., Relativity: the general theory, North-Holland, Amsterdam (1960).

[28] Aichelburg P.C. and Sexl R.U., On the Gravitational Field of a Massless Particle, Gen. Relativ.

Gravit. 2 (1971) 303-312.

[29] Hotta M. and Tanaka M., Shock-wave geometry with non-vanishing cosmological constant, Class.

Quantum Grav. 10 (1993) 307-314.

[30] Gleiser R. and Pullin J., Are cosmic strings gravitationally stable topological defects?, Class.

Quantum Grav. 6 (1989) L141-L144.

[31] Bičák J., Is there a news function for an infinite cosmic string?, Astron. Nachr. 311 (1990) 189-192.

[32] Nutku Y. and Penrose R., On Impulsive Gravitational Waves, Twistor Newsletter No. 34, 11 May (1992) 9-12.

[33] Hogan P.A., A Spherical Impulse Gravity Wave, Phys. Rev. Lett. 70 (1993) 117-118.

[34] Hogan P.A., Lorentz group and spherical impulsive gravity wave, Phys. Rev. D 49 (1994) 6521- 6525.

[35] Israel W., Singular Hypersurfaces and Thin Shells in General Relativity, Nuovo Cim. B 44 (1966) 1-14.

Barrabès C. and Israel W., Thin shells in general relativity and cosmology: The lightlike limit, Phys. Rev. D 43 (1991) 1129-1142.

Barrabès C. and Hogan P.A., Lightlike signals in general relativity and cosmology, Phys. Rev. D 58 (1998) 044013.

[36] Hogan P.A., A spherical gravitational in the de Sitter universe, Phys. Lett. A 171 (1992) 21-22.

[37] Podolský J. and Griffiths J.B., Nonexpanding impulsive gravitational waves with an arbitrary cosmological constant, Phys. Lett. A 261 (1999) 1-4.

[38] Podolský J. and Griffiths J.B., Expanding impulsive gravitational waves, Class. Quantum Grav.

16 (1999) 2937-2946.

[39] Griffiths J.B. and Podolský J., Exact solutions for impulsive gravitational waves, Ann. Phys.

(Leipzig) 9 (2000) SI59-SI62.

[40] Podolský J. and Griffiths J.B., The collision and snapping of cosmic strings generating spherical impulsive gravitational waves, Class. Quantum Grav. 17 (2000) 1401-1413.

[41] Podolský J. and Griffiths J.B., Impulsive gravitational waves generated by null particles in de Sitter and anti-de Sitter backgrounds, Phys. Rev. D 56 (1997) 4756-4767.

[42] Dray T. and ’t Hooft G., The gravitational shock wave of a massless particle, Nucl. Phys. B 253 (1985) 173-188.

[43] Podolský J. and Veselý K., Continuous coordinates for all impulsive pp-waves, Phys. Lett. A 241 (1998) 145-147.

[44] Kunzinger M. and Steinbauer R., A note on the Penrose junction conditions, Class. Quantum Grav. 16 (1999) 1255-1264.

[45] D’Eath P.D., High-speed black-hole encounters and gravitational radiation, Phys. Rev. D 18 (1978) 990-1019.

Curtis G.E., Ultrarelativistic Black-Hole Encounters, Gen. Relativ. Gravit. 9 (1978) 999-1008. D’Eath P.D. and Payne P.N., Gravitational radiation in black-hole collisions at the speed of light. I. Perturbation treatment of the axisymmetric collision, Phys. Rev. D 46 (1993) 658-674.

[46] ’t Hooft G., Graviton dominance in ultra-high-energy scattering, Phys. Lett. B 198 (1987) 61-63.

Verlinde E. and Verlinde H., High-energy scattering in quantum gravity, Class. Quantum Grav. 10 (1993) S175-S184.

[47] Steinbauer R., Geodesics and geodesic deviation for impulsive gravitational waves, J. Math. Phys.

39 (1998) 2201-2212.

Kunzinger M. and Steinbauer R., A rigorous solution concept for geodesic and geodesic deviation equations in impulsive gravitational waves, J. Math. Phys. 40 (1999) 1479-1489.

[48] Aliev A.N. and Nutku Y., Impulsive spherical gravitational waves, Class. Quantum Grav. 18 (2001) 891-906.

[49] Nutku Y., Spherical shock waves in general relativity, Phys. Rev. D 44 (1991) 3164-3168.

[50] Podolský J., Non-expanding impulsive gravitational waves, Class. Quantum Grav. 15 (1998) 3229-3239.

[51] Horowitz G.T. and Itzhaki N., Black Holes, Shock Waves, and Causality in the AdS/CFT Correspondence, J. High Energy Phys. 2 (1999) U154-U172.

[52] Podolský J. and Griffiths J.B., Impulsive waves in de Sitter and anti-de Sitter space-times generated by null particles with an arbitrary multipole structure, Class. Quantum Grav. 15 (1998) 453-463.

[53] Sfetsos K., On gravitational shock waves in curved spacetimes, Nucl. Phys. B 436 (1995) 721-746.

[54] Ferrari V. and Pendenza P., Boosting the Kerr Metric, Gen. Relat. Grav. 22 (1990) 1105-1117.

Loustó C.O. and Sánchez N., The ultrarelativistic limit of the boosted Kerr-Newman geometry and the scattering of spin-^1_2 particles, Nucl. Phys. B 383 (1992) 377-394. Balasin H. and Nachbagauer H., The ultrarelativistic Kerr geometry and its energy-momentum tensor, Class. Quantum Grav. 12 (1995) 707-713.

Balasin H. and Nachbagauer H., Boosting the Kerr geometry in a arbitrary direction, Class. Quantum Grav. 13 (1996) 731-737.

[55] Podolský J. and Griffiths J.B., Boosted static multipole particles as sources of impulsive gravitational waves, Phys. Rev. D 58 (1998) 124024.

[56] Kottler F., Über die physikalischen Grundlagen der Einsteinschen Gravitationstheorie, Ann.

Phys. (Leipzig) 56 (1918) 410.

Lake K. and Roeder R.C., Effects of a nonvanishing cosmological constant on the spherically symmetric vacuum manifold, Phys. Rev. D15 (1977) 3513-3519.

Geyer K.H., Geometrie der Raum-Zeit der Maßbestimmung von Kottler, Weyl und Trefftz, Astron. Nachr. 301 (1980) 135-149.

Brill D.R. and Hayward S.A., Global structure of a black hole cosmos and its extremes Class. Quantum Grav. 11 (1994) 359-370.

Podolský J., The structure of the extreme Schwarzschild-de Sitter spacetime, Gen. Relativ. Gravit. 31 (1999) 1703-1725.

[57] Bičák J. and Schmidt B., On the asymptotic structure of axisymmetric radiative spacetimes, Class. Quantum Grav. 6 (1989) 1547-1559.

[58] Podolský J. and Griffiths J.B., Null limits of generalised Bonnor-Swaminarayan solutions, Gen.

Relativ. Gravit. 33 (2001) 83-103.

[59] Podolský J. and Griffiths J.B., Null limits of the C-metric, Gen. Relativ. Gravit. 33 (2001) 105-110.

[60] Bondi H., Negative Mass in General Relativity, Rev. Mod. Phys. 29 (1957) 423-428.

[61] Bonnor W.B. and Swaminarayan N.S., An Exact Solution for Uniformly Accelerated Particles in General Relativity, Z. Phys. 177 (1964) 240-256.

Bonnor W.B., Wissenschaft. Z. der Friedrich-Schiller-Universität Jena 15 (1966) 71. Bonnor W.B., Griffiths J.B. and MacCallum M.A.H., Physical Interpretation of Vacuum Solutions of Einstein’s Equations. Part II. Time-dependent Solutions, Gen. Relativ. Gravit. 26 (1994) 687-729.

[62] Israel W., Khan K. A., Collinear Particles and Bondi Dipoles in General Relativity, Nuov. Cim.

33 (1964) 331-344.

[63] Bičák J., Gravitational radiation from uniformly accelerated particles in general relativity, Proc.

Roy. Soc. A302 (1968) 201-224.

[64] Bičák J., Hoenselaers C. and Schmidt B.G., The solutions of the Einstein equations for uniformly accelerated particles without nodal singularities. I. Freely falling particles in external fields, Proc. Roy. Soc. Lond. A390 (1983) 375-409.

[65] Bičák J., Hoenselaers C. and Schmidt B.G., The solutions of the Einstein equations for uniformly accelerated particles without nodal singularities. II. Self-accelerating particles, Proc. Roy. Soc. Lond. A390 (1983) 411-419.

[66] Bičák J. and Schmidt B.G., Isometries compatible with gravitational radiation, J. Math. Phys.

25 (1984) 600-606.

[67] Bičák J., Reilly P. and Winicour J., Boost-rotation symmetric gravitational null cone data, Gen.

Relativ. Gravit. 20 (1988) 171-181.

[68] Bičák J. and Schmidt B.G., Asymptotically flat radiative space-times with boost-rotation symmetry I. The general structure, Phys. Rev. D 40 (1989) 1827-1853.

[69] Bičák J. and Pravdová A., Symmetries of asymptotically flat electrovacuum space-times and radiation, J. Math. Phys. 39 (1998) 6011-6039.

[70] Bičák J. and Pravda V., Spinning C-metric: radiative spacetime with accelerating, rotating black holes, Phys. Rev. D60 (1999) 044004.

[71] Bičák J., Selected topics in the problem of energy and radiation, in Relativity and Gravitation, C.G. Kuper and A. Peres (eds.) Gordon and Breach, New York (1971) pp 47-67.

[72] Bičák J., On exact radiative solutions representing finite sources, in Galaxies, Axisymmetric Systems and Relativity (Essays presented to W.B. Bonnor on his 65th birthday), M.A.H. MacCallum (ed.), Cambridge University Press, Cambridge (1985) pp 91-124.

[73] Bičák J., Radiative properties of space-times with the axial and boost symmetries, in Gravitation and Geometry (A volume in honour of I. Robinson), W. Rindler and A. Trautman (eds.) Bibliopolis, Naples (1987) pp 55-69.

[74] Bičák J., Exact radiative space-times, in Proc. 5th M. Grossman Meeting on Gen. Rel., D.G.

Blair and M.J. Buckingham (eds.) World Scientific, Singapore (1989) pp 309-341.

[75] Bičák J., Radiative spacetimes: exact approaches, in Relativistic Gravitation and Gravitational Radiation (Proceedings of the Les Houches School of Physics), J.-A. Marck and J.-P. Lasota (eds.) Cambridge University Press, Cambridge (1997) pp 67-87

[76] Bičák J., Exact radiative spacetimes: some recent developments, Ann. Phys. (Leipzig) 9 (2000) 207-217.

[77] Bičák J., The creation and splitting of an infinite cosmis string: an exact solution (1990) unpublished notes.

[78] Kinnersley W. and Walker M., Uniformly Accelerating Charged Mass in general Relativity, Phys.

Rev. D 2 (1970) 1359-1370.

[79] Farhoosh H. and Zimmerman R.L., Killing horizons and dragging of the inertial frame about a uniformly accelerating particle, Phys. Rev. D 21 (1980) 317-327.

Ashtekar A. and Dray T., On the Existence of Solutions to Einstein’s Equation With Non-Zero Bondi News, Commun. Math. Phys. 79 (1981) 581-589.

[80] Bonnor W.B., The Sources of the Vacuum C-metric, Gen. Relat. Grav. 15 (1983) 535-551.

[81] Cornish F.H.J. and Uttley W.J., The Interpretation of the C Metric. The Vacuum Case, Gen.

Relativ. Gravit. 27 (1995) 439-454.

Pravda V. and Pravdová A., Boost-rotation symmetric spacetimes – review, Czech. J. Phys. 50 (2000) 333-440.

[82] Plebanski J.F. and Demianski M., Rotating, Charged, and Uniformly Accelerating Mass in general Relativity, Ann. Phys. (NY) 98 (1976) 98-127.

Carter B., Hamilton-Jacobi and Schrodinger Separable Solutions of Einstein’s Equations, Commun. Math. Phys. 10 (1968) 280-310.

Debever R., On type D expanding solutions of Einstein-Maxwell equations, Bull. Soc. Math. Belg. 23 (1971) 360-376.

[83] Podolský J. and Griffiths J.B., Uniformly accelerating black holes in a de Sitter universe, Phys.

Rev. D 63 (2001) 024006.

[84] Mann R.B. and Ross S.F., Cosmological production of charged black hole pairs, Phys. Rev. D 52 (1995) 2254-2265.

Mann R.B., Pair production of topological anti–de Sitter black holes, Class. Quantum Grav. 14 (1997) L109-L114.

[85] Bičák J. and Krtouš P., Accelerated sources in de Sitter spacetime and the insufficiency of retarded fields, Phys. Rev. D 64 (2001) 124020.

[86] Quevedo H., Multipole Moments in General Relativity — Static and Stationary Vacuum Solutions, Fortschr. Phys. 38 (1990) 733-840.

[87] Griffiths J.B. and Podolský J., Null multipole particles as sources of pp-waves, Phys. Lett. A 236 (1997) 8-10.

[88] Penrose R. and Rindler W., Spinors and Space-time, vol. 1, Cambridge University Press, Cambridge (1984).

[89] Hortaçsu M., Quantum fluctuations in the field of an impulsive spherical gravitational wave, Class. Quantum Grav. 7 (1990) L165-L169.

Özdemir N. and Hortaçsu M., Quantum fluctuations of a spherical shock wave, Class. Quantum Grav. 12 (1995) 1221-1227.

Bilge A.H., Hortaçsu M. and Özdemir N., Particle Creation if a Cosmic String Snaps, Gen. Relativ. Gravit. 28 (1996) 511-525.

Hortaçsu M., Vacuum fluctuations for a spherical gravitational impulsive waves, Class. Quantum Grav. 13 (1996) 2683-2691.

[90] Ferrari V., Pendenza P. and Veneziano G., Beam-Like Gravitational Waves and Their Geodesics, Gen. Relativ. Gravit. 20 (1988) 1185-1191.

Balasin H., Geodesics for impulsive gravitational waves and the multiplication of distributions, Class. Quantum Grav. 14 (1997) 455-462.

Gemelli G., Dynamical Effects of Gravitational Shock Waves, Gen. Relativ. Gravit. 29 (1997) 1163-1180.

[91] Podolský J. and Ortaggio M., Symmetries and geodesics in (anti–)de Sitter spacetimes with non-expanding impulsive waves, Class. Quantum Grav. 18 (2001) 2689-2706.

[92] Podolský J. and Veselý K., Chaos in pp-wave spacetimes, Phys. Rev. D 58 (1998) 081501.

Podolský J. and Veselý K., Chaotic motion in pp-wave spacetimes, Class. Quantum Grav. 15 (1998) 3505-3521.

Veselý K. and Podolský J., Chaos in a modified Hénon-Heiles system describing geodesics in gravitational waves, Phys. Lett. A 271 (2000) 368-376.

[93] Podolský J. and Veselý K., Smearing of chaos in sandwich pp-waves, Class. Quantum Grav. 16 (1999) 3599-3618.

Podolský J., Chaos in pp-wave spacetimes and its smearing in the impulsive limit, Ann. Phys. (Leipzig) 9 (2000) SI147-SI148.

[94] Defrise L., Groupes d’isotropie et groupes de stabilité conforme dans les escapes lorentziens, Thése: Université Libre de Bruxelles (1969).

Podolský J., Exact non-singular waves in the anti-de Sitter universe, Gen. Relativ. Gravit. 33 (2001) 1093-1113.

[95] Aichelburg P.C. and Balasin H., Symmetries of pp -waves with distributional profile, Class. Quantum Grav. 13 (1996) 723-729.

Aichelburg P.C. and Balasin H., Generalized symmetries of impulsive gravitational waves, Class. Quantum Grav. 14 (1997) A31-A41.

[96] Podolský J. and Steinbauer R., Geodesics in expanding impulsive gravitational waves, in preparation.