arXiv:gr-qc/0202094 v2 1 Apr 2003

Detectability of cosmic topology in flat universes

G.I. Gomero^∗ and M.J. Rebouças^†,

Centro Brasileiro de Pesquisas Físicas, Rua Dr. Xavier Sigaud 150 22290-180, Rio de Janeiro – RJ, Brazil

April 1, 2003

Abstract

Recent observations seem to indicate that we live in a universe whose spatial sections are nearly or exactly flat. Motivated by this we study the problem of observational detection of the topology of universes with flat spatial sections. We first give a complete description of the diffeomorphic classification of compact flat 3-manifolds, and derive the expressions for the injectivity radii, and for the volume of each class of Euclidean 3- manifolds. There emerges from our calculations the undetectability conditions for each (topological) class of flat universes. To illustrate the detectability of flat topologies we construct toy models by using an assumption by Bernshteǐn and Shvartsman which permits to establish a relation between topological typical lengths to the dynamics of flat models.

∗german@cbpf.br †reboucas@cbpf.br

1 Introduction

A great deal of work has recently gone into studying the possibility that the universe may possess compact spatial sections with a nontrivial topology, including the construction of different topological indicators (see, for example, refs. [1] – [3]). A fair number of these studies have concentrated on cases where the densities corresponding to matter and vacuum energy are substantially smaller than the critical density. This was motivated by the fact that until very recently observations favoured a low density universe. However, recent measurements of the position of the first acoustic peak in the angular power spectrum of cosmic microwave background radiation (CMBR) anisotropies, by BOOMERANG-98, MAXIMA-I, and WMAP experiments, seem to provide strong evidence that the corresponding ratio for the total density to the critical density, Ω_0, is close to one [4] – [6].

In addition an important aim of most of previous works in Cosmic Topology has often been to produce examples where the topology of the universe has strong observational signals, and can therefore be detected and even determined. Until very recently it was never considered in detail the possibility that the topology of the universe may not be detectable from the current astro-cosmological observations due to its almost flatness.

In two previous articles [7, 8] we have studied the question of detectability of a possible nontrivial compact topology in locally homogeneous and isotropic universes with total density parameter close to (but different from) one, i.e. the so-called nearly flat hyperbolic or spherical universes. We have employed an indicator T_{inj} which is defined by the ratio of the injectivity radius, r_{inj} , to the depth of a given catalogue, d_{obs}. In recent articles Gausmann et al. [9] and Weeks [10] et al. have also studied which spherical topologies are likely to be detectable by using crystallographic and circles-in-the sky methods. More recently Gomero et al. [11] and Weeks [12] have discussed the detectability of cosmic topology of nearly flat hyperbolic universes. An important outcome from these studies [7] – [12] is that by using any method of detection of topology which rely on observations of repeated patterns the topology of an increasing number of nearly flat (hyperbolic and spherical) becomes undetectable as Ω_0 → 1. Thus, it would appear at first sight that in the limiting case Ω_0 = 1 the topology of FLRW universes would definitely be undetectable. However, it is well known that when Ω_0 is exactly one the topological possibilities for the universe are completely different, and the detectability of cosmic topology may again become possible. In this article we complete our previous works [7, 8] by extending the analysis of detectability of cosmic topology to the flat cases, by considering multiple images of clusters of galaxies or pattern repetitions in CMBR maps.

The underlying cosmological setting and new results of this paper are stated and structured as follows. In Section 2 we give an account of the cosmological framework employed throughout this work. Section 3 gives a complete description of the diffeomorphic classification of compact flat 3-manifolds. In this section we also derive the expressions for the injectivity radii r_{inj} and present the formulae (derived in Appendix B ) for the volume for each class of Euclidean compact 3-manifolds. In Section 4 we present a brief discussion of the question of detectability of topology, recasting (and refining upon) some of the detectability aspects discussed in our previous articles [7, 8]. In Section 5 we use the results of Sections 3 and 4 in connection with an assumption first suggested by Bernshteǐn and Shvartsman [13] to illustrate the problem of the detectability of flat topologies. We remark from the outset that our use of an ad hoc hypothesis, such as that of Bernshteǐn and Shvartsman’s, is just for illustrative purposes, and we are not suggesting that this particular hypothesis is a realistic assumption for establishing a relation between topological typical lengths and the dynamics of flat models. As a particular result we show that all models of two specific classes of flat universes which satisfy Bernshteǐn-Shvartsman hypothesis have a detectable topology (at least in principle for some observers) if the existing catalogues of clusters of galaxies are used. However, we also show that an alternative version of Bernshteǐn-Shvartsman assumption leads to flat universes with undetectable topologies, even if CMBR is used. Section 6 contains a summary of our main results and further remarks. The details of the isometric classification of compact flat 3-dimensional manifolds is treated in Appendix A. Finally in Appendix B we present the relevant piece of calculations which lead to the expressions of the volume of all compact Euclidean 3-manifolds.

2 Cosmological setting

We shall assume in this work that the universe is modelled by a 4-manifold M which allows a (1 + 3) splitting, M = R × M, endowed with Robertson-Walker metric with locally flat spatial sections ds^2 = −c^2dt^2 + R^2(t) [ dχ^2 + χ^2(dθ^2 + sin^2θ dϕ^2) ] , (2.1)

where t is a cosmic time, c is the speed of light, and R(t) is the scale factor. Furthermore, we shall also assume that the 3-space M is a compact flat manifold, i.e. M = E^3/Γ, where Γ is a discrete group of Euclidean isometries acting freely on E^3. The group Γ is the so-called the covering group of M, and is isomorphic to the fundamental group π_1(M).

For non-flat models (k ≠ 0), the scale factor R(t) is identified with the curvature radius of the spatial section of the universe at time t, and thus χ can be interpreted as the distance of any point with coordinates (χ, θ, ϕ) to the origin of coordinates (in the covering space) in units of curvature radius, which is a natural unit of length. For flat models, χ can still be interpreted as the distance of any point with coordinates (χ, θ, ϕ) to the origin of coordinates in units of R(t), but since the curvature radius of Euclidean 3-space is infinite, one cannot identify R(t) with the curvature radius, and so in this case there is no natural unit of length. Thus in this work, differently from refs. [7, 8], we will use megaparsecs (Mpc)as unit of length.

In the light of current observations, we assume the current matter content of the universe to be well approximated by pressureless dust plus a cosmological constant [14]. The redshiftdistance relation in FLRW models with Euclidean spatial sections can be written in the form d(z) = c H_0

∫_{1+z} 1 dx √ Ω_{Λ0} + Ω_{m0}x^3

, (2.2)

where Ω_{m0} and Ω_{Λ0} are, respectively, the matter and the cosmological density parameters, satisfying Ω_0 ≡ Ω_{m0} + Ω_{Λ0} = 1. Finally we note that the horizon radius d_{hor} is defined as the limit of (2.2) when z → ∞.

To close this section we remark that it is unlikely that astro-cosmological observations can fix the density parameter Ω_0 to be exactly equal to one. However, since the algebraic structure of the fundamental group of a constant curvature manifold is different for each constant curvature 3-geometry, the identification of the topology of space would unambiguously fix the sign of the 3-curvature. Moreover, if it turns out that Ω_0 is exactly equal to one, topology seems to be the only way to precisely determine such a sharp value for Ω_0 [13].

3 Compact flat space forms

In this section we describe the classification of all flat compact 3-manifolds (treated in full details in Appedix A) and derive the explicit expressions for the corresponding injectivity radii r_{inj} . Further, we also present the formulae for the volumes of these 3-manifolds, which are obtained with some details in Appendix B. The expressions for the injectivity radii are needed to build the topological indicator T_{inj} (Section 4), which together with the expressions for the volumes are employed in Section 5 to concretely discuss the detectability of the topology of classes of compact flat cosmological models.

The diffeomorphic classification of Euclidean 3-dimensional space forms is well known [15]. There are ten classes of compact Euclidean 3-manifolds, six of which are orientable. Tables 1 and 2 give the diffeomorphism classes of orientable and non-orientable compact Euclidean 3-dimensional space forms, respectively. In these tables, the triple {a, b, c} is a set of three linearly independent vectors in Euclidean 3-space (basis). An isometry in Euclidean 3-space is denoted by (A, a), where a is a vector and A is an orthogonal transformation, and the action of (A, a) is given by (A, a) : x → Ax + a , (3.3) for any vector x. An isometry of the form (I, a), where I is the identity transformation, is written simply as a.

The orthogonal transformations that appear in the classification of the Euclidean space forms take, in the basis {a, b, c}, the following matrix representations [15]:

A_1 =

1 0 0 0 −1 0 0 0 −1

, A_2 =

−1 0 0 0 1 0 0 0 −1

, A_3 =

−1 0 0 0 −1 0 0 0 1 , (3.4) B = 1 0 0 0 0 −1 0 1 −1 , C = 1 0 0 0 0 −1 0 1 0 and D =

1 0 0 0 0 −1 0 1 1 , for the rotations, and E = 1 0 0 0 1 0 0 0 −1 and F =

1 0 2 0 1 1 0 0 −1

. (3.5)

for the reflections.

Euclidean manifolds are not rigid, in the sense that they can be deformed while still conserving its zero curvature at every point. As a consequence, manifolds in each class are topologically equivalent but can have different sizes, and even shapes, i.e. although diffeomorphic they may not be isometric. For example, a 3-torus can be constructed by taking any parallelepiped and identifying opposite faces by translations.^1 Note that parallelepipeds

1Usually, it is considered a parallelepiped with mutually orthogonal faces (a brick), the simplest example being that of a cube.

Class Generators of Γ r_{inj} Volume

G_1 a, b, c^1_2 |a| |a × b · c|

G_2 (A_1,a), b, c^1_2 min{|a|, |b|} |a| |b × c|

G_3 (B,a), b, c^1_2 min{|a|, |b|}^{√3}_2 |a| |b|^2

G_4 (C,a), b, c^1_2 min{|a|, |b|} |a| |b|^2

G_5 (D,a), b, c^1_2 min{|a|, |b|}^{√3}_2 |a| |b|^2 (A_1,a), G_6 (A_2,b + c),^1_2 min{|a|, |b|, |c|} 2|a| |b| |c| (A_3,a + b + c)

Table 1: Diffeomorphism classes of compact orientable 3-dimensional Euclidean space forms. The first

column contains Wolf’s notation for each class. The second gives the generators of the corresponding covering groups. The third column gives the injectivity radius, and the fourth the volume. An isometry in Euclidean 3-space is written as (A, a), where A is an orthogonal transformation and a is a vector. The action of the isometry (A, a) on Euclidean 3-space is given by (3.3), while the orthogonal transformations in the second column are given by (3.4). From the isometric classification of flat 3-manifolds (Appendix A) one has that for class G_1 the vectors a, b, c can always be ordered such that |a| ≤ |b| ≤ |c|. Further, for the class G_2 the vectors b and c can be always be ordered such that |b| ≤ |c|. Finally, for the classes G_3 – G_5 one always has |b| = |c|. This makes apparent why the parameters |b| and |c| do not appear in the expression of r_{inj} for the class G_1, and also why |c| does not appear in the expressions for r_{inj} for the classes G_2 − G_5.

with different volumes give rise to non-isometric torii. Also stretching the parallelepiped in one or more directions while leaving the volume constant also gives rise to non-isometric torii.

More exactly, the generators of the covering group of a torus form a basis in Euclidean 3-space. Since the only condition for three vectors in Euclidean 3-space to form a basis is to be linearly independent, no restriction is imposed on the lengths of these vectors, nor on their mutual orientations, i.e. the angles between them. These six parameters (three lengths and three angles) uniquely characterize a torus “locally” in the 6-dimensional parameter space formed by the lengths of the basis vectors and the angles between them. So, two torii with these six parameters approximately equal are non-isometric, but very similar in shape and size. However, this characterization is not unique. This can be seen by considering any basis {a, b, c}, and using it to construct another basis, say {a, a + b, c}, that generates the same fundamental group, and hence the same torus. Clearly the lengths of the vectors and the angles between them are very different for these two bases. Thus we have two different sets

Class Generators of Γ r_{inj} Volume

B_1 (E,a), b, c^1_2 min{|a|, |b|, |c|} |a × b| |c|

B_2 (F ,a), b, c^1_2 min{|a|, |b|, |c|} |a × b| |c − (a +^1_2 b)|

B_3 (A_1,a), (E,b), c^1_2 min{|a|, |b|, |c|} |a| |b| |c|

B_4 (A_1,a), (E,b + c), 2c^1_2 min{|a|, |b|, 2|c|} 2 |a| |b| |c|

Table 2: Diffeomorphism classes of compact non-orientable 3-dimensional Euclidean space forms. The

contents of the columns are of the same type as in Table 1. The orthogonal transformations in the second column are given by (3.4) and (3.5).

of these six parameters characterizing the same torus.

It is therefore clear that, to uniquely characterize isometrically a torus, one has to perform some identifications in the 6-dimensional parameter space formed by the lengths of the basis vectors and the angles between them. This resulting quotient space is a kind of modular space for the torus, and uniquely gives the isometric classification for it. The isometric classification, i.e. the modular spaces, of Euclidean 3-dimensional compact space forms is given with some details in Appendix A, where we rectify some points of Wolf’s classification [15].

A natural way to characterize the shape of compact manifolds is through the size of their closed geodesics. A suitable indicator is constructed using the injectivity radius defined by (see [7, 8]) r_{inj} = 1 2 min (g,x)∈~Γ×P {δ_g(x)} , (3.6)

where ~Γ denotes the covering group without the identity map, i.e. ~Γ = Γ \ {id}, and P is any fundamental polyhedron for M. The distance function δ_g(x) for a given isometry g ∈ Γ is defined by δ_g(x) = d(x, gx) , (3.7)

for all x ∈ P , where d is the Euclidean metric. The distance function gives the length of the closed geodesic associated with the isometry g ∈ Γ that passes through the projection of x onto M. So, from (3.6) and (3.7) one has that the injectivity radius is half of the length of the smallest closed geodesic in M, or equivalently, the radius of the smallest sphere inscribable in M.^2

2Incidentally, as far as we are aware, the injectivity radius was introduced in Cosmic Topology by Sokolov and Shvartsman [16] who called it the “minimum gluing parameter l”. It was defined by saying that “at distances r < l there isn’t a single ghost”. In modern terms it means that any survey with depth smaller than the injectivity radius does not present multiple images nor pattern repetitions (see Section 4).

In a globally homogeneous manifold, the distance function for any covering isometry g is constant, and so is the length of the closed geodesic associated to g and that passes through any x ∈ M. However, this is not the case in a locally, but not globally, homogeneous manifold, so the calculation of r_{inj} for these cases requires some careful work.

To compute r_{inj} it is convenient to choose a faithful representation of M. We take the Dirichlet domain P of Γ centered at the origin of Euclidean 3-space. Consider the subset Δ ⊂ ~Γ consisting on the isometries that transform P to a neighbouring cell in the correspondent tessellation. Thus for all g ∈ Δ, gP ∩ P is either a face, an edge, or a vertex of P . Now, for any g = (A, a_g) ∈ Δ, the set of points that A leaves unchanged (the axis of rotation if det(A) = 1, or the plane of reflection if det(A) = −1) passes through the origin and thus intersects P , so min_{x∈P} {δ_g(x)} = |a^‖_g| , (3.8)

where a^‖_g is the projection of a_g onto the set of fixed points of A. From eqs. (3.6) and (3.8) and taking into account the above reasoning we have r_{inj} = 1 2 min (g,x)∈Δ×P {δ_g(x)} (3.9) = 1 2 min_{g∈Δ} { min_{x∈P} {δ_g(x)} } (3.10) = 1 2 min_{g∈Δ} {|a^‖_g|} . (3.11)

Analyzing separately each case from Tables 1 and 2 one can compute the injectivity radius for any compact Euclidean 3-dimensional space form. The results are exhibited in the third column of each table. Let us illustrate this procedure for the case of manifolds of class G_6. Firstly note that the matrices A_1, A_2 and A_3 satisfy the products A_iA_j = A_k, where the indices i, j, k run in a cyclic order. Secondly note that the vectors a, b, and c, are parallel to the axes of rotation of A_1, A_2 and A_3 respectively. As a consequence, any isometry of the covering group of a manifold of class G_6 is of the form λ = (A_i, u), where i = 1, 2, 3 and u is a linear combination of the vectors a, b, and c. Since λ has no fixed points, then the coefficient of a is a non-zero integer if i = 1, and similarly for other values of i. It is now clear that u^‖ is a multiple of a, b, or c for i = 1, 2 or 3 respectively. Thus the minimum length of a closed geodesic in a G_6 manifold is min{|a|, |b|, |c|}.

To conclude this section note that the volumes of all closed Euclidean 3-manifolds are listed in the fourth column of Tables 1 and 2. The relevant calculations are given in Appendix B.

4 Detectability problem in cosmic topology

Regardless of our present-day inability to predict the topology of the universe, its detection and determination is ultimately expected to be an observational problem. At present it is becoming clear that the detection of a possible nontrivial topology of the universe may be a difficult problem to accomplish in view of the bounds on the cosmological parameters set by recent observations [7] – [12]. Indeed, it was shown in [7, 8] (see [9] and [10] for detectability of spherical spaces, and also [11]and [12] for the hyperbolic manifolds) that, if one uses pattern repetitions, increasing number of nearly flat spherical and hyperbolic possible topologies for the universe become undetectable as Ω_0 → 1. It would appear at first sight that in the limiting case Ω_0 = 1 the topology of such universes would definitely be undetectable. It turns out, however, that when Ω_0 is exactly one the topological possibilities for the universe are completely different, and the detectability of cosmic topology may again become possible. In this section we shall briefly review our approach to the detectability of cosmic topology in order to study explicitly in Section 5 the detectability of the topology of flat universes.

For cosmological models with compact spatial sections M which have nontrivial topology it is clear that any attempt at the discovery of such a topology through observations must start with the comparison between the horizon radius and suitable characteristic sizes of the manifold M. We use the injectivity radius as a characteristic size of M. The ratio of the injectivity radius to the horizon radius, T^{hor}_{inj} = r_{inj} d_{hor} , (4.12)

is very useful to identify cosmological models whose topology is undetectable through methods that rely on the existence of multiple images or pattern repetitions in any survey. In fact, for the case in which T^{hor}_{inj} ≥ 1 the whole observable universe lies inside a fundamental polyhedron of M, no matter what is the location of the observer in the manifold (universe). In such cases no multiple images (or pattern repetitions) will arise from any survey. Thus, any method for the search of cosmic topology based on the existence of repeated patterns (multiple images) will fail — the topology of the universe is definitely undetectable in such cases. Note that this is nothing but a formal rewording of Sokolov and Shvartsman’s statement quoted in footnote 2.

We shall now discuss the detectability problem when we restrict the search to specific catalogues. There are basically three types of catalogues which can possibly be used in order to search for repeated patterns in the universe: namely, clusters of galaxies, containing clusters with redshifts of up to z ≈ 0.3; active galactic nuclei (mainly QSO’s and quasars), with a redshift cut-off of z_{max} ≈ 4; and maps of the CMBR with a redshift of z ≈ 10^3. In this way, instead of d_{hor} it is observationally more suitable to consider the largest distance d_{obs} = d(z_{max}) covered by a given survey, and define the indicator T_{inj} = r_{inj} d_{obs} . (4.13)

In this context, we shall refer to the region covered by a given survey by “observed universe”.

Now, if for a given catalogue T_{inj} > 1, every source in the survey is inside a fundamental polyhedron of M, no matter the location of the observer within the manifold. Actually, the whole “observed universe” lies inside a fundamental polyhedron of M. So, there are no multiple images in that survey any method for the search of cosmic topology based on the existence of repeated patterns will fail — the topology of the universe is undetectable with this specific survey. Thus, there emerges trivially from eq. (4.13) and the expressions for the injectivity radii for all classes of flat manifolds given in Section 3 the undetectability conditions for each (topological) class of flat universes. Equations (5.17) of Section 5 constitute an example of such conditions for the flat classes G_3 and G_5 (see also [17] for another explicit example).

The bounds provided by recent cosmological observations [4] – [6] can be used to identify flat models having undetectable topologies, since an absolute lower bound of r_{inj} for undetectability of flat universes can be obtained by calculating the horizon radius corresponding to the limiting values of the density parameters. Indeed, for Ω_{m0} = 0.3 and Ω_{Λ0} = 0.7, one obtains d_{hor} ≈ 10000h^{−1} Mpc from equation (2.2). Thus, flat universes for which r_{inj} ≥ 10000h^{−1} Mpc have undetectable topologies.^3

Some remarks are in order here. The indicator T_{inj} is useful for the identification of cosmological models whose topology is undetectable by search methods based on the presumed existence of multiple images, for when T_{inj} ≥ 1, the whole “observed universe” lies inside a fundamental polyhedron of M. However, it should be noted that without further considerations, nothing can be said when T_{inj} < 1. In fact in this case, despite the depth of a given survey is larger than r_{inj} , it may be that, due to the location of the observer, the “observed universe” would still be inside a fundamental polyhedron of M making the topology undetectable. This is the case when the smallest closed geodesic that passes through the observer is larger than 2d_{obs}.

There is the case when d_{obs} is larger than the length of the smallest closed geodesic that passes through the position of the observer, but not too much larger, so that only a small fraction of the ”observed universe” contains multiple images. Current methods that look for multiple images are not sensitive enough to detect this small quantity of copies, so even in this case the topology of the universe would be in practice undetectable until suitable refined new methods are developed (and used). These and other points will be dealt with in future works.

The topology of a given cosmological model being undetectable for a given survey up to a depth z_{max}, clearly may be detectable by using a deeper survey. However, the deepest catalogue (survey) ever constructed will have z_{max} < z_{SLS} ≈ 10^3. Thus the quotient (4.13) computed with z_{SLS} is a lower bound for the indicator T_{inj} . It turns out that, in practice, there is almost no difference if we push z_{SLS} to infinite, and take T^{hor}_{inj} as the lower bound for T_{inj} (see [7, 8]).

5 Detectability of flat topologies: a case study

Since there is no natural unit of length in Euclidean geometry, there is no natural way to relate the typical lengths of the spatial sections of a flat cosmological model with the density parameters within the General Relativity framework, as in the case of non-flat cosmological models (see e.g. [13] and [7]). So one should rely on other kinds of grounds to establish such a connection. Althouigh it is not our purpose here to discuss the origin and motivation of this sort of connection, it is interesting to concretely explore the consequences of one of such a hypothetical interrelation. For this purpose we will construct some toy models based on a hypothesis first proposed by Bernshteǐn and Shvartsman [13]. A word of clarification is in order here. We emphasize that we are not claiming that this is a sound assumption for constructing realistic theoretical models for our universe. Instead, our intention here is to illustrate how a hypothesis like this, that may arrive from, e.g., a fundamental theory unifying elementary particles with gravity,^4 can be used to construct models which can be in

3Note that, e.g., for current catalogues of clusters (z_{max} = 0.3), the undetectable flat universes are now those for which r_{inj} ≥ 840h^{−1} M pc, making clear that relative lower bounds arise when different catalogues are used.

4Note that we are not suggesting nor conjecturing that the Bernshteǐn and Shvartsman assumption can arise from any unified theory of fundamental interactions.

principle confronted with cosmological observations.

Thus, following Bernshteǐn and Shvartsman [13] we will suppose that the total number of baryons in our universe equals the reciprocal of the square of the gravitational fine structure constant,

N = α^{−2}_{gr} = ( Gm^2_p h̄c )_{−2} ≈ 2.87 · 10^{76} , (5.14)

where G is the gravitational constant, here h = 2π h̄ is Planck’s constant and m_p is the proton mass. This hypothesis enables one to construct cosmological models in which the volume of the universe is related to cosmological parameters and fundamental physical constants as follows. Since the total baryonic mass is M_b = Nm_p, the volume of our universe is V = 8π 3 GNm_p Ω_bH^2_0

, (5.15)

where we have used Ω_b =^{8πGρb}_{3H 20} for the baryon density parameter. Taking the current value for Ω_bh^2 = 0.03 and H_0 = 100 h km Mpc^{−1} /s (see, e.g. [5]), one obtains

V ≈ 2.9 · 10^9Mpc^3 (5.16)

for the volume of the universe.

In order to illustrate the method of analysis of detectability of topology in these models, let us restrict to those ones whose spatial sections have a G_3 or G_5 topology. Note that the expressions for both r_{inj} and the volumes of these two classes are identical, and moreover, the other classes can be dealt with in a similar way. Let us also consider that we are looking for multiple images with a catalogue of clusters of galaxies with redshift cut-off z_{max} = 0.3. Using the values Ω_{m0} = 0.3 and Ω_{Λ0} = 0.7 (see [4, 5]) for h = 0.7 one obtains d_{obs} = 1200 Mpc. From Table 1 we have that the region of undetectability is given by |b| > 2 d_{obs} if |a| ≥ |b| , |a| > 2 d_{obs} if |a| < |b| . (5.17)

This region is shown in Figure 1, together with a curve of constant volume given by (5.16). This figure shows that the region of undetectability does not intersect the curve of constant volume, making clear that it may be possible to detect the topology in such universes. However, the possibility of detecting and even deciding the topology in these models clearly also depends on other factors such as the location of the observer in M, and the quality and reliability of the catalogues and methods used for the search of repeated patterns. We will deal with these problems in forthcoming articles.

It is interesting to mention that if one introduces a modified version of the Bernshteǐn- Shvartsman assumption in which N equals the reciprocal of the square of a new gravitational fine structure constant now given by

α^{−2}_{gr} = (Gm_pm_e h̄c )_{−2} ≈ 9.68 · 10^{82} , (5.18)

where m_e is the electron mass, following the above reasoning one obtains a figure in which the curve of constant volume lies in the undetectability region, making clear that the topology of

Figure 1: The undetectability region in the (|a| , |b|) plane [defined by (5.17)] for universes with G_3 and G_5 topologies. Also a constant volume curve, whose expression is given in Table 1, for the value of the volume given by (5.16). The vertical axis represents |a|, while the horizontal axis gives |b|. Since the curve does not intersect the undetectability region it is potentially possible to detect the shape of such universes, with G_3 and G_5 topologies, using catalogues of clusters of galaxies (z_{max} = 0.3).

such flat universes of classes G_3 and G_5 is undetectable even if CMBR is used. We shall not go into details of such a simple (and rather similar) calculations here for the sake of brevity.

Furthermore, note that the above results are insensitive to substantial variations of the values of the cosmological density parameters Ω_{m0} and Ω_{Λ0}. In fact, even for the extreme cases of Einstein-de Sitter (Ω_{m0} = 1) and pure cosmological constant (Ω_{m0} = 0), the constant volume curve does not cross the undetectability region of Figure 1 if the Bernshteǐn-Shvartsman assumption is used, whereas if the above mentioned modified version of this assumption is employed one arrives at flat universes with undetectable topologies.

Alternatively, one can consider models in which the injectivity radius of the universe before inflation was of the order of the Planck length. A simple calculation shows that to the topology be undetectable, inflation should have expanded the universe more than a factor of e^{135} . Thus the detection of topology would set stringent constraints on inflationary models.

6 Conclusion and further remarks

It is becoming generally known that the detection of a possible nontrivial topology of the universe may be a difficult problem to accomplish in view of the bounds on the cosmological parameters set by recent observations which seem to indicate that we live in FLRW accelerating universe with nearly flat spatial sections Indeed, its has been shown in [7] – [10] that if one uses pattern repetitions, an increasing number of nearly flat spherical and hyperbolic possible topologies for the universe become undetectable as Ω_0 → 1.

In this paper we have given a first prime of the diffeomorphic classification of compact flat 3-manifolds, and derive the expressions for both the injectivity radius r_{inj} and the volume for each class of Euclidean compact 3-manifolds.

We have used the expression of the injectivity radius for the classes G_3 and G_5, and the topological indicator T_{inj} in connection with Bernshteǐn-Shvartsman [13] assumption to illustrate how one can materialize and quantify the problem of the detectability of flat topologies. As a particular result we have shown that all models of these two classes of flat universes that satisfy Bernshteǐn-Shvartsman hypothesis have a detectable topology (at least in principle for some observers) if the existing catalogues of clusters of galaxies are used. We have also shown that a modified version of Bernshteǐn-Shvartsman assumption leads to flat universes of classes G_3 and G_5 with undetectable topologies.

In addition we have presented a brief discussion of the question of detectability of topology and refined upon some of the detectability aspects discussed in our previous articles [7, 8].

Acknowledgments

We thank CLAF and CNPq for the grants under which this work was carried out.

Appendices

A Isometric classification of flat 3-manifolds

In this appendix we shall present in full details the isometric classification of compact Euclidean 3-dimensional space forms following and rectifying some points presented very briefly by Wolf (see Lemma 3.5.11 and comments below on pages 123 – 124 of [15]). The isometric classification can be collected together in the following theorem:

Theorem A.1 The isometric classif ication of Euclidean 3-dimensional compact space forms is as follows:

1. The class G_1 is parametrized by the equivalence classes SL(3, Z) · A(T^3) · O(3), where A(T^3) is the matrix whose rows are formed by the vectors of a base of Euclidean 3-space that generates the covering group of the torus.

2. The class G_2 is parametrized by the ordered triples (|a|, r, w), where the pair (r, w) parametrizes the bidimensional torus generated by the vectors b and c.

3. The classes G_3, G_4 and G_5 are parametrized by the ordered pairs (|a|,|b|).

4. The classes G_6, B_3 and B_4 are parametrized by the ordered triples (|a|,|b|,|c|).

5. The classes B_1 and B_2 are parametrized by the triples (r, w, |c|), where the pair (r, w) parametrizes the double covering of the modular space of the bidimensional torus generated by the vectors a and b, which interchanges the generators of the lattice. Additionally, for the class B_2, we have the constraint |c| > |a +^1_2 b|.

Proof. We begin by constructing the modular space for the simplest classes, namely G_3, G_4 and G_5. Consider first the class G_3 and note that Ba = a, Bb = c, and Bc = − (b + c). Since B is an orthogonal transformation, it follows that |b| = |c| = |b + c|, and from ⟨b, c⟩ = ⟨Bb, Bc⟩ = − ⟨c, b + c⟩ = −⟨b, c⟩ − |c|^2 , one finds that the angle between b and c is π/3. Furthermore, a is orthogonal to b and c. We have then that all the angles between the basis vectors are fixed, and two lengths (those of b and c) are equal, leaving just two free parameters, namely |a| and |b|. It is now clear that the ordered pair (|a|, |b|) parametrizes isometrically manifolds of class G_3.

Manifolds of classes G_4 and G_5 are analyzed in a similar way, by just looking at the action of the transformations C and D on the basis vectors, respectively. One obtains the following:

G_4. The three basis vectors are mutually orthogonal, and b and c are of the same length.

The ordered pair (|a|, |b|) parametrizes isometrically this class.

G_5. The vectors b and c are of the same length and the angle between them is π/6, furthermore a is orthogonal to both b and c. Again, the ordered pair (|a|, |b|) parametrizes isometrically this class.

Let us now turn our attention to manifolds with 3-dimensional modular spaces, i.e. manifolds of classes G_6, B_3 and B_4. In all these cases the basis vectors are mutually orthogonal, as can be seen by analyzing the action of the transformations A_1, A_2, A_3 and E on the vectors a, b and c. Moreover, there is no restriction on the lengths of these vectors, so the parameter space is 3-dimensional. In order to see that these classes are parametrized by the ordered triple (|a|, |b|, |c|) note that the vector a is the only one that enters as a translation along the axis of rotation of a screw motion. Also, for the classes B_3 and B_4, the vector b is in the invariant subspace of the reflection E, while c is not. On the other hand, for the class G_6, the vector b is in the invariant subspace of the rotation in the screw motion (A_2, b + c), while c does not have an analog property. Clearly, the vectors a, b and c play distinguished roles as translations in the generators of the corresponding covering groups.

We now briefly review the isometric classification of the bidimensional torus in order to continue with the proof of theorem A.1. The generators of the covering group of a 2-torus are two linearly independent vectors in the Euclidean plane, say ξ = {a, b}. These two vectors generate a lattice in the plane, namely

Λ_ξ = {na + mb : n, m are integers} .

Actually, the lattice Λ_ξ is the orbit of the origin under the action of the group generated by the basis ξ.

It is clear that two different bases give rise to equivalent lattices if they are related by an orthogonal transformation of the plane, so one can always order the generators so that (i) |a| ≤ |b|, (ii) a lies along the positive direction of the x−axis, and (iii) b is in the upper half plane with non-negative first component. Moreover, the bases {a, b} and {a, na + b}, with n being a positive integer, give rise to the same lattice, so b can be taken to be such that its projection to the x−axis lies between 0 and |a|/2. Thus a 2-torus is characterized isometrically by the pair (r, w), where r = |a|, and w is the complex number representing the same point in the plane as the vector^1_r b. The parameter w satisfies the following conditions:

1. |w| ≥ 1, and

2. 0 ≤ Re w ≤ 1/2 .

Next we study classes with 4-dimensional parameter spaces. Class G_2 is the simplest, the vector a is orthogonal to b and c, and there is no restriction to the angle between these two vectors, nor to the lengths of the three basis vectors. Thus ordering the vectors b and c such that |b| ≤ |c| one concludes that the modular space of the class G_2 is (|a|, r, w), where (r, w) is the modular space for the bidimensional torus generated by b and c.

For the class B_1 one notes that the vectors a and b are in the invariant subspace of the reflection E, and c is orthogonal to it. Since there is no restriction to the angle between a and b, these two vectors form a bidimensional torus. However, one cannot simply set the condition |a| ≤ |b| without loss of generality, since the vectors a and b enter in a very different way in generating the covering group of the manifold, i.e. b is a pure translation while a enters as part of a glide reflection. Hence we use a double covering of the modular space of the 2-torus generated by a and b to parametrize the class B_1, one sheet parametrizing the case |a| ≤ |b|, the other parametrizing the case |b| ≤ |a|. The class B_2 is similar to the class B_1, except that c is not orthogonal to the plane formed by a and b, but has a projection (a +^1_2 b) on this plane. This is the origin of the constraint |c| > |a +^1_2 b|.

Finally let us consider the class G_1, or the 3-dimensional torus. The isometric classification of the torus has been partially discussed in Section 3. There, we have seen that bases related by orthogonal transformations give rise to isometric torii, and furthermore, one has to perform additional identifications on the set of bases of 3-dimensional Euclidean space to give a unique characterization of isometric torii. To put this in mathematical (and useful) language, let us first choose as a reference basis the canonical one (î = (1, 0, 0), ĵ = (0, 1, 0), and k̂ = (0, 0, 1)) to write the components of vectors and transformations. Now, let us write a basis in Euclidean 3-space as a square matrix whose rows are the components of the vectors of the basis. If the basis ξ = {e_1, e_2, e_3} is related to the basis η = {f_1, f_2, f_3} by an orthogonal transformation, one can write η = ξB , where B ∈ O(3). In this case, the bases ξ and η generate two isometric torii.

A lattice in Euclidean 3-space is the orbit of the origin by the action of a group generated by three linearly independent vectors. Thus if ξ = {e_1, e_2, e_3}, the lattice generated by ξ is the set Λ_ξ = {n_1e_1 + n_2e_2 + n_3e_3 : n_1, n_2, n_3 are integers} .

Now, two bases ξ and η may produce the same lattice, and hence generate the same torus. In fact, consider the group SL(3, Z) formed by the square matrices of order three with integer entries and determinant unity. Any two bases related by a matrix A ∈ SL(3, Z) generates the same lattice, for if η = Aξ, each f_i is an integer linear combination of ξ, and thus Λ_η ⊆ Λ_ξ. On the other side, ξ = A^{−1}η, thus Λ_ξ ⊆ Λ_η, and so Λ_ξ = Λ_η. We have that two bases ξ and η generate the same torus if there exist A ∈ SL(3, Z) and B ∈ O(3) such that η = AξB.

B Volumes of flat 3-manifolds

In this appendix we show how to calculate the volumes of compact flat 3-manifolds in terms of their modular spaces. The calculations are based on the following simple observations:

1. The volume of a compact manifold of constant curvature equals the volume of any of its fundamental domains.

2. If Γ is the covering group of a compact flat 3-dimensional manifold in the form given in Tables 1 and 2, the orbit of the origin by Γ is a lattice, and a fundamental domain of this lattice is a fundamental domain of Γ.

3. A fundamental domain of the lattice generated by the base ξ = {a, b, c} is the parallelepiped naturally constructed with these vectors, and thus its volume is |a · b × c|.

Now, in terms of the correspondent modular spaces given in Theorem A.1, the orbit of the origin by the covering group of a manifold of any of the classes G_1– G_5 or B_1– B_3, is the lattice generated by the vectors a, b and c. While the orbit of the origin by the covering group of a manifold of class G_6 is a lattice generated by the vectors a, b + c and b − c. Finally, note that a manifold of class B_4 is a double covering of the manifold of class B_3 with the same parameters, hence its volume doubles that of the corresponding manifold of class B_3.

The results of this appendix are listed in the fourth column of Tables 1 and 2.

References

[1] G.F.R. Ellis, Gen. Rel. Grav. 2, 7 (1971);

R. Lehoucq, M. Lachièze-Rey & J.-P. Luminet, Astron. Astrophys. 313, 339 (1996); B.F. Roukema, Mon. Not. R. Astron. Soc. 283, 1147 (1996); J.J. Levin, J.D. Barrow & J. Silk, Phys. Rev. Lett. 79, 974 (1997); N.J. Cornish, D.N. Spergel & G.D. Starkman, Class. Quantum Grav. 15, 2657 (1998); N.J. Cornish, D.N. Spergel & G.D. Starkman, Proc. Nat. Acad. Sci. 95, 82 (1998); N.J. Cornish, D.N. Spergel & G.D. Starkman, Phys. Rev. D 57, 5982 (1998); N.J. Cornish & J.R. Weeks, Measuring the Shape of the Universe, astro-ph/9807311 (1998), to appear as a feature article in the Notices of the American Mathematical Society.

J.J. Levin, E. Scannapieco & J. Silk, Phys. Rev. D 58, 103516 (1998); J.J. Levin, E. Scannapieco & J. Silk, Class. Quantum Grav. 15, 2689 (1998); J.J. Levin, E Scannapieco, E. Gasperis, J. Silk, & J.D. Barrow, Phys. Rev. D 58, 123006 (1999);

R. Lehoucq, J.-P. Luminet & J.-P. Uzan, Astron. Astrophys. 344, 735 (1999); J.-P. Uzan, R. Lehoucq & J.-P. Luminet, Astron. Astrophys. 351, 776 (1999); H.V. Fagundes & E. Gausmann, Phys. Lett. A 261, 235 (1999); R. Aurich, Astrophys. J. 524, 497 (1999);

J.R. Bond, D. Pogosyan & T. Souradeep, Phys. Rev. D 62, 043005 (2000); J.R. Bond, D. Pogosyan & T. Souradeep, Phys. Rev. D 62, 043006 (2000); G.I. Gomero, M.J. Rebouças & A.F.F. Teixeira, Phys. Lett. A 275, 355 (2000); G.I. Gomero, M.J. Rebouças & A.F.F. Teixeira, Int. J. Mod. Phys. D 9, 687 (2000);

M.J. Rebouças, Int. J. Mod. Phys. D 9, 561 (2000);

G.I. Gomero, M.J. Rebouças & A.F.F. Teixeira, Class. Quantum Grav. 18, 1885 (2001); G.I. Gomero, A.F.F. Teixeira, M.J. Rebouças & A. Bernui, Int. J. Mod. Phys. D11, 869 (2002);

R. Aurich & F. Steiner, Mont. Not. Roy. Astron. Soc. 323, 1016 (2001); E. Gausmann, R. Lehoucq, J-P Luminet, J-P Uzan, J.R. Weeks, Class. Quantum Grav. 18, 5155 (2001).

[2] J.J. Levin, Phys. Rep. 365, 251 (2002);

K.T. Inoue, Exploring Topology of the Universe in the Cosmic Microwave Background, PhD Thesis, Kyoto University, astro-ph/0103158 (2001); R. Lehoucq, J.-P. Uzan & J.-P. Luminet, Astron. Astrophys. 363, 1 (2000); V. Blanlœil & B.F. Roukema, Eds., astro-ph/0010170 (2000); G.D. Starkman, Class. Quantum Grav. 15, 2529 (1998); M. Lachièze-Rey & J.-P. Luminet, Phys. Rep. 254, 135 (1995).

[3] Ya. B. Zeldovich & I.D. Novikov, The Structure and Evolution of the Universe, p. 633- 640, The University of Chicago Press (1983). See on p. 637 refs. of the earlier works by Süveges (1966), Sokolov (1970), Paál (1971), Sokolov and Shvartsman (1974), and Starobinsky (1975).

[4] P. de Bernadis et al., Nature 404, 955 (2000);

S. Hanany et al., Astrophys. J. Lett. 545, 5 (2000); A.E. Lange et al., Phys. Rev. D 63, 042001 (2001);

P. de Bernardis et al., First Results from BOOMERANG Experiment, astro-ph/0011469 (2000). In Proc. of the CAPP2000 conference, Verbier, 17-28 July 2000; J.R. Bond et al., The Cosmic Background Radiation circa ν2K , astro-ph/0011381 (2000). In Proc. of Neutrino 2000 (Elsevier), CITA-2000-63, Eds. J. Law & J. Simpson; J.R. Bond et al., The Quintessential CMB, Past & Future. In Proc. of CAPP-2000 (AIP), CITA-2000-64;

J.R. Bond et al., CMB Analysis of Boomerang & Maxima & the Cosmic Parameters, {Ω_{tot} , Ω_bh^2 ,Ω_{cdm}h^2 , Ω_Λ , astro-ph/0011378 (2000). In Proc. IAAU Symposium 201 (PASP), CITA-2000-65;

A. Balbi et al., Astrophys. J. 545, L1–L4 (2000).

[5] B.P. Schmidt et al., Astrophys. J. 507 46 (1998);

A.G. Riess et al., Astron. J. 116, 1009 (1998).

[6] D.N. Spergel et al., First Year Wilkinson Microwave Anisotropy Probe (WMAP) Observations: Determination of Cosmological Parameters, astro-ph/0302209 (2003); C.L. Bennett et al., First Year Wilkinson Microwave Anisotropy Probe (WMAP) Observations: Preliminary Maps and Basic Results astro-ph/0302207 (2003);

[7] G.I. Gomero, M.J. Rebouças & R. Tavakol, Class. Quantum Grav. 18, 4461-4476 (2001).

[8] G.I. Gomero, M.J. Rebouças & R. Tavakol, Class. Quantum Grav. 18, L145-L150 (2001).

[9] E. Gausmann, R. Lehoucq, J-P Luminet, J-P Uzan & J.R. Weeks, Class. Quantum Grav.

18, 5155 (2001).

[10] J.R. Weeks, R. Lehoucq & J-P Uzan, Detecting Topology in a Nearly Flat Spherical Universe, astro-ph/0209389 (2002).

[11] G.I. Gomero, M.J. Rebouças & R. Tavakol, Int. J. Mod. Phys. A 17, 4261-4271 (2002). [12] J.R. Weeks, Detecting Topology in a Nearly Flat Hyperbolic Universe astro-ph/0212006 (2002). To appear in Int. J. Mod. Phys. A.

[13] I.N. Bernshteǐn & V.F. Shvartsman, Sov. Phys. JETP 52(5), 814-820 (1980). [14] B.P. Schmidt et al., Astrophys. J. 507 46 (1998);

A.G. Riess et al., Astron. J. 116, 1009 (1998); S. Perlmutter et al., Astrophys. J. 517, 565 (1999);

S. Perlmutter, M.S. Turner & M. Write, Phys. Rev. Lett. 83, 670 (1999). [15] J.A. Wolf, Spaces of Constant Curvature, fifth ed., Publish or Perish Inc., Delaware (1984).

[16] D.D. Sokolov & V.F. Shvartsman, Sov. Phys. JETP 39(2), 196-200 (1974). [17] G.I. Gomero, M.J. Rebouças & R. Tavakol, Can we see the shape of the universe? , in M. Novello’s Festschrift, ed. by J.M. Salim, World Sci. Po., Singapore (2003).