arXiv:gr-qc/0203068 v2 23 Sep 2002

Spin 1 fields in Riemann-Cartan space-times via Duffin-Kemmer-Petiau theory

R. Casana^a , J. T. Lunardi^b, B. M. Pimentel^a and R. G. Teixeira^c

aInstituto de Física Teórica, Universidade Estadual Paulista Rua Pamplona 145, 01405-900, São Paulo, SP, Brazil

bDepartamento de Matemática e Estatística, Universidade Estadual de Ponta Grossa Av. Gal. Carlos Cavalcanti 4748, 84032-900, Ponta Grossa, PR, Brazil

cFaculdade de Tecnologia e Ciências Exatas, Universidade São Judas Tadeu Rua Taquari 546, 03166-000, São Paulo, SP, Brazil

We consider massive spin 1 fields, in Riemann-Cartan space-times, described by Duffin-Kemmer- Petiau theory. We show that this approach induces a coupling between the spin 1 field and the spacetime torsion which breaks the usual equivalence with the Proca theory, but that such equivalence is preserved in the context of the Teleparallel Equivalent of General Relativity.

Dedicated to Professor Gerhard Wilhelm Bund on the occasion of his 70th birthday.

I. INTRODUCTION

The Duffin-Kemmer-Petiau (DKP) equation is a first order relativistic equation, similar to the Dirac’s one, which describes fields of spin 0 and 1 [1–4]. The basic aspects and properties of the DKP equation which are necessary to the comprehension of this work can be found in the references [5,6], where it was adopted the same metric signature. For a historical review covering the theory until the decade of 1970 we refer to reference [7].

Recently there have been a renewed interest in DKP theory. For instance, it has been studied in the context of QCD [8], covariant hamiltonian dynamics [9], in the Causal Approach [10], in the context of five-dimensional galilean covariance [11], in the scattering K^+-nucleus [12], and in curved space-times [5,13], among other situations.

One important question concerning the DKP theory is about the equivalence or not of its spin 0 and 1 sectors to the Klein-Gordon (KG) and the Proca theories, respectively. This is an old question for which, nowadays, still lacks a complete answer. Recently, there have been some efforts to give strict proofs of equivalence between the KG equation and the spin 0 sector of the DKP equation in various situations [14–16]. In the same context, some aspects regarding the minimal interaction with the electromagnetic field have been clarified [6,17]. Moreover, the equivalence between the DKP and the KG and the Proca fields for spin 0 and 1 has also been proved in the context of a riemannian space-time [5].

On the other hand, the study of the DKP theory for massive spin 0 fields minimally coupled to Riemann-Cartan (RC) space-time has been carried out in the reference [18], where it was shown that, in the context of Einstein-Cartan theory, the DKP formalism naturally induces an interaction between the spin 0 field and the space-time torsion, breaking the equivalence with the KG equation, which does not present any interaction with torsion. In the same reference it was also discussed the conceptual differences between this kind of interaction and that which appears in the context of the Teleparallel Equivalent of General Relativity (Teleparallelism theory), where the spin 0 sector of DKP field and KG field are completely equivalent.

Our aim in this paper is to complete this analysis by studying massive spin 1 fields in Riemann- Cartan space-times using the DKP theory, both in the context of Einstein-Cartan and Teleparallelism theories, and comparing the results with those obtained in the framework of Proca’s field approach. In the next section we present the DKP theory in Minkowski space-time. In section 3 we introduce minimally coupling to the Riemann-Cartan space-time and select the spin 1 sector in order to compare the results with those obtained through Proca’s field. In section 4 we analyse both the DKP and the Proca fields in the context of the Teleparallelism theory and, in section 5, we present our concluding remarks.

II. DKP FIELD IN MINKOWSKI SPACE-TIMES

The Duffin-Kemmer-Petiau equation in Minkowski space (M^4) is given by iβ^a∂a ψ − m ψ = 0, (1) where a = 0, 1, 2, 3 are spatiotemporal Minkowski indexes^∗ . The matrices β^a obey the DKP algebra, given by

β^aβ^bβ^c + β^cβ^bβ^a = β^aη^{bc} + β^cη^{ba} ; (2)

with η^{ab} being the metric tensor of Minkowski space-time with signature (+ − −−).

The DKP equation (1) is very similar to the Dirac’s one, but the algebraic properties of β^a matrices, which have no inverses, make it more difficult to deal with. This equation can also be obtained from the Lagrangian density L = i 2 ψβ^a∂aψ − i 2 ( ∂a ψ ) β^aψ − mψψ, (3) where ψ = ψ^† η^0 , η^0 = 2 ( β^0

)_2

− 1 and we choose β^0 to be hermitian and β^i (i = 1, 2, 3) antihermitian.

It can be shown [2,4] that DKP algebra has only 3 inequivalent irreducible representations, with degrees 1, 5 and 10. The first one is trivial (β^a = 0), having no physical significance, while the other two represent fields of spin 0 and 1, respectively. Moreover, for any representation, one can define a set of operators (Umezawa’s “projectors”) which selects the scalar and vector sectors of the DKP field [4].

III. THE EINSTEIN-CARTAN THEORY

From now on we follow the definitions and notations from the references [5,18] for the DKP field in curved manifolds. We remember that the covariant derivative ∇ in the Einstein-Cartan theory (which assumes a Riemman-Cartan space-time geometry) has an affine connection Γμν^α, not necessarily symmetric in the lower indexes, whose antisymmetric part Qμν^α is the Cartan torsion, i. e., Qμν^α = 1 2 (Γμν^α − Γνμ^α) . (4)

Then we can write the affine connection as

Γμν^α =^rΓ_{μ ν}^α − Kμν^α, (5)

where^rΓ_{μν}^α is the Christoffel symbol (or the riemannian part of the connection) and Kμν^α is the contorsion tensor, defined as Kμν^α = −Qμν^α − Q^α νμ + Qμ^αν . (6)

∗The Latin alphabet will be used throughout this paper to indicate Minkowski indexes while Riemman-Cartan indexes will be indicated by Greek letters.

The covariant derivative of the DKP field is given by [5] ∇μψ = Dμψ = ( ∂μ + 1 2 ωμabS^{ab} ) ψ (7)

and is formally similar to that of Dirac’s field [19]. In this expression ωμab is the spin connection and Sab = βaβb − βbβa. The matrices β^μ are defined through contraction with the tetrad (or vierbein) fields e^μa, i.e. β^μ = e^μaβ^a, and they satisfy the generalized DKP algebra β^μβ^ν β^α + β^αβ^ν β^μ = β^μg^{να} + β^αg^{νμ} , (8) where g^{νμ} is the Riemann-Cartan metric tensor. In the Einstein-Cartan theory the spin connection can be written in terms of the affine connection and the tetrad field as [19] ωμ^{ab} = γμ^{ab} − Kμ^{ba}, (9) where Kμ^{ba} = −Kμ^{ab} = e^{αa}e^{βb}Kμαβ , (10) while γμ^{ab} is the riemannian part of the spin connection, given by γμ^{ab} = −γμ^{ba} = eμi ( C^{abi} − C^{bia} − C^{iab} ) , (11)

being C^{abi} the Ricci rotation coefficients^† Cab^i = e^μa (x) e^ν b (x) ∂_{[μ}e_{ν]}^i . (12)

The Lagrangian density for the DKP field minimally coupled [20,21] to the Riemann-Cartan manifold is given by [18] L = √ −g [ i 2 ψβ^μ∇μψ − i 2 ( ∇μψ ) β^μψ − mψψ ] , (13)

from which we get the equation of motion for the massive DKP field in the Einstein-Cartan theory as i β^μ∇μψ + i 2 Kσμ^σ β^μψ − mψ = 0. (14) We can promptly see that this equation differs from the one that would be obtained from the Minkowskian DKP equation of motion (1) through the minimal coupling procedure as is usual in Einstein-Cartan theory [22,23].

A. Spin 1 sector

Now we use the Umezawa’s “projectors” R^μ and R^{μν} in order to analyse the spin 1 sector of the theory. We remember that each component of R^μψ is a vector and each one of R^{μν} ψ is a second rank antisymmetric tensor [4–6]. Applying these operators on the left of equation of motion (14) we get, respectively, m R^μψ = i D̃ν (R^{μν} ψ), (15a) m (R^{μν} ψ) = i (~ D^ν R^μψ − D̃^μR^ν ψ ) , (15b)

where the derivative operator D̃ν is defined as

D̃_μ = ∇_μ + 1 2 Kσμ^σ . (16) Combining both the equations (15) we get the equation of motion for the massive vector field R^μψ D̃_βD̃_αT^{αβμ} + m^2 (R^μψ) = 0, (17)

or, written explicitly, ( ∇β + 1 2 Kσβ^σ ) ( ∇α + 1 2 Kσα^σ ) T^{αβμ} + m^2 (R^μψ) = 0, (18)

where we have defined T^{αβμ} = g^{αβ} (R^μψ) − g^{αμ} (R^β ψ).

†The brackets in this expression denote antisymmetrization of the enclosed indexes.

1. Proca’s field

In Minkowski space-time the Lagrangian density for Proca’s field is given by

L_M = − 1 4 FabF^{ab} + 1 2 m^2AaA^a, (19)

where Fab = ∂aAb − ∂bAa is the field strength tensor.

When the procedure of minimal coupling to the Riemann-Cartan manifold is performed on the above Lagrangian we obtain

L_U = √ −g ( − 1 4 Fμν F^{μν} + 1 2 m^2 AμA^μ + Fμν Q^{μν}_σ A^σ − Q^ρ_{μν} Q^{μν}_σAρA^σ ) , (20)

where Fμν = ∂μ Aν − ∂ν Aμ. (21) The equations of motion for the field Aμ, obtained from this Lagrangian, are given by

(∇ν + Kσν^σ ) (∇^ν A^μ − ∇^μA^ν ) + m^2A^μ = 0, (22) or (∇β + Kσβ^σ ) ∇αT^{αβμ} + m^2A^μ = 0, (23)

being T^{αβμ} = g^{αβ} A^μ − g^{αμ} A^β . These equations show the usual interaction between Proca´s field and torsion, as known in literature, and are very different from equations (17) and (18) given by the DKP approach for the spin 1 field in the Einstein-Cartan theory.

B. Comparison between DKP and Proca fields

In order to compare the results obtained through DKP field with those from Proca’s one we will use the explicit representation of β matrices given in [6]. With this representation we have R^μψ = ( ψ^μ 09x1 ) , R^{μν} ψ = ( ψ^{μν} 09x1 ) , μ = 0, 1, 2, 3, where the ten-component DKP field is ψ = ( ψ^0 , ψ^1 , ψ^2, ψ^3 , ψ^4 , ψ^5 , ψ^6, ψ^7 , ψ^8 , ψ^9 )_T . We have denoted the field components as

ψ^4 = ψ^{23}, ψ^5 = ψ^{31} , ψ^6 = ψ^{12} , ψ^7 = ψ^{10} , ψ^8 = ψ^{20} , and ψ^9 = ψ^{30} ,

so that we get from equation (15) ψ^{μν} = i m (~ D^ν ψ^μ − D̃^μψ^ν ) . (24)

Finally, we can define ψ^μ = √_m 2 A^μ, with A^μ being a real vector field. Then, using the explicit form of ψ given above, the DKP Lagrangian (13) can be rewritten in terms of the fields A^μ as L = √ −g ( − 1 4 Uμν U^{μν} + 1 2 m^2AμA^μ ) , (25)

where

U^{μν} = D̃^μA^ν − D̃^ν A^μ . (26)

The Lagrangian above can be written explicitly as L = √ −g ( − 1 4 Fμν F^{μν} + 1 2 m^2AμA^μ + Fμν Q^{μν}_σ A^σ+ −Q^ρ_{μν} Q^{μν}_σAρA^σ − 1 4 Fμν Σ^{μν} + 1 2 Σμν Q^{μν}_σA^σ − 1 16 Σμν Σ^{μν} ) , (27) where the tensor Σ^{μν} is defined as Σμν = K^σ_{σμ} Aν − K^σ_{σν} Aμ . (28) Due to the presence of the last three terms in the above Lagrangian it is not equivalent to the minimally coupled Proca’s Lagrangian (20). In fact, it is straightforward to see from (26) that the minimally coupled DKP Lagrangian (equation (13) or (27)) is equivalent to that obtained from the Minkowskian Proca Lagrangian by means of the following non-minimal substitution^‡ ∂a → D̃μ. (29)

IV. DKP FIELD IN THE TELEPARALLEL THEORY

The analysis of DKP field coupled to gravitation in the framework of the Teleparallel Equivalent of General Relativity [24] was developed in reference [18]. Specifically, it was considered the spin 0 sector of the theory and the results were compared to those obtained from KG field. Here we will extended such analysis to the spin 1 sector of the DKP theory and compare the results with those obtained from Proca’s field.

We remember that the DKP Lagrangian minimally coupled to the Riemann space-time (which is the space-time of General Relativity and is a special case of the Riemann-Cartan space-time whose torsion vanishes identically) can be equivalently written in terms of the Teleparalell structure, which describes fields in a Weitzenböck space-time (another special case of a Riemann-Cartan space-time whose curvature vanishes identically).

To construct the equations for DKP field in the Teleparallel framework we will start from the corresponding equations for DKP theory in General Relativity, as given in reference [6]. Then, we will simply replace the riemannian quantities in these equations by the corresponding teleparallel ones, according to the rules [18] r Γαβ^μ → Γαβ^μ + Kαβ^μ , (30a) r ∇μ ψ → ( ∂μ − 1 2 Kμαβ S^{αβ} ) ψ, (30b) r ∇μ ψ → ψ (←− ∂ μ + 1 2 Kμαβ S^{αβ} ) . (30c)

Making so, the General Relativity Lagrangian written in terms of the Teleparalell structure is given by [18] L = e { i 2 [ ψβ^μ ( ∂μ − 1 2 Kμαβ S^{αβ} ) ψ − ψ (←− ∂ μ + 1 2 Kμαβ S^{αβ} ) β^μψ ] − mψψ } , (31)

from which we get the equation of motion iβ^μ ( ∂μ − 1 2 Kμαβ S^{αβ} ) ψ − mψ = 0 . (32)

A. Spin 1 sector

Now we apply the operators R^μ and R^{μν} on the equation of motion (32). From the results of [6] and making use of the rules (30) we get R^μψ = i m Dν (R^{μν} ψ) (33a) R^{μν} ψ = i m [D^μ(R^ν ψ) − D^ν (R^μψ)] , (33b)

‡Besides, of course, the global multiplication by the factor √ −g.

where the covariant derivative Dμ is defined as^§ Dμ = ∇μ + Kμ , with ∇μ = ∂μ + Γμ , (34) In these last expressions Γμ is the Cartan connection [18] Γμν^α = e^αi∂μeν^i, which is associated with the Weitzenböck space, and K is the corresponding contorsion tensor, as given by equation (6).

Combining the equations (33a) and (33b) we obtain the equation of motion for the spin 1 DKP field in the Teleparallel framework

Dν [D^ν (R^μψ) − D^μ(R^ν ψ)] + m^2(R^μψ) = 0 . (35)

B. Proca’s field

The General Relativity Lagrangian density of Proca’s field, written in terms of the Teleparallel structure, is given by L = e ( − 1 4 Fμν F^{μν} + 1 2 m^2AμA^μ ) . (36)

This expression could be obtained from the Proca’s Lagrangian in Minkowski space by means of the following prescription [25]^{∗∗} ∂a → Dμ ≡ ∂μ + Γμ + Kμ = ∇μ + Kμ . The stress tensor for the Proca’s field in the Teleparallel structure is given by Fμν = DμAν − Dν Aμ . By using the explicit form of Dμ and the definition of torsion and contorsion tensors, it is an easy task to verify that Fμν = ∂μAν − ∂ν Aμ, and from the Lagrangian (36) we get the teleparallel version of the Proca’s equation

Dν F^{νμ} + m^2 A^μ = 0. (37)

Thus, comparing equations (35) and (37), we conclude that the DKP and the Proca theories for massive spin 1 fields in the context of the Teleparallel description of General Relativity are completely equivalent. This is an expected result because both Proca theory and the spin 1 sector of DKP theory give the same results in the context of General Relativity, of which the Teleparallelism is an equivalent description.

V. CONCLUDING REMARKS

In the reference [18] it was shown that the spin 0 sector of DKP theory is not equivalent to Klein-Gordon theory in the context of Einstein-Cartan theory with minimal coupling procedure. Differently to what happens with the KG theory, in which does not appear any interaction between the scalar field and the space-time torsion, in the DKP theory this interaction naturally arises. It is interesting to notice that the concept of a scalar field interacting naturally (i.e. through a minimal coupling procedure) with torsion [26] is useful in the context of a quantum theory of matter fields

§The derivative Dμ is sometimes referred to as the teleparallel version of General Relativity’s covariant derivative [25], because it is nothing more than the General Relativity covariant derivative written in terms of the teleparallel quantities. ∗∗Besides, we must multiply the whole lagrangian by a factor e = det|e^aμ| = √ −g to make it a scalar density.

in a Riemann-Cartan space-time because it gives the possibility of constructing a renormalizable theory [27,28].

Here we completed this analysis by studying the massive spin 1 sector of DKP theory. We showed that the spin 1 sector of DKP theory and Proca theory are inequivalent in the context of Einstein-Cartan theory with minimal coupling. Although in this context Proca’s formalism allows an interaction between massive spin 1 fields and the space-time torsion (see the Lagrangian (20)), the DKP formalism presents a more general interaction with the torsion, containing all the terms present in the Proca Lagrangian plus three additional terms (see equation (27)).

Still extending the analysis of reference [18], we considered the massive spin 1 sector of DKP theory in the framework of the Teleparallel Equivalent of General Relativity. Nevertheless the fact that in this framework the gravitational field is associated with the space-time torsion and not with curvature, the DKP and the Proca approaches give identical results. This was an expected result since both formalisms are equivalent in the context of General Relativity.

Finally, as it is well known, the application of the minimal coupling procedure to the Maxwell Lagrangian induces a coupling to the space-time torsion which breaks the gauge invariance of the theory, a consequence which is usually avoided by the introduction of non minimal couplings. From the results of reference [18] and those of the present work we saw that, in the context of Einstein-Cartan theory, the DKP field with minimal coupling is equivalent to performing non-minimal couplings in the KG or Proca’s fields. Then, it seems interesting to investigate if the use of DKP field in the study of massless spin 1 fields^{††} on Einstein-Cartan backgrounds can give further insights on the incompatibility between gauge invariance and the interaction with torsion. This question is presently under our investigation.

VI. ACKNOWLEDGEMENTS

B.M.P. and R.C. thank to CNPq for partial and full support, respectively. J.T.L. and R.G.T. thank to Instituto de Física Teórica (IFT) for granting them access to its facilities during the development of this work.

[1] R. J. Duffin, Phys. Rev. 54, 1114 (1938). [2] N. Kemmer, Proc. Roy. Soc. A 173, 91 (1939).

[3] G. Petiau, University of Paris thesis (1936). Published in Acad. Roy. de Belg., Classe Sci., Mem in 8^o 16, No. 2 (1936). [4] H. Umezawa, Quantum Field Theory (North-Holland, 1956).

[5] J. T. Lunardi, B. M. Pimentel and R. G. Teixeira, in Geometrical Aspects of Quantum Fields, proceedings of the 2000 Londrina Workshop, Londrina, Brazil; edited by A. A. Bytsenko, A. E. Gonçalves and B. M. Pimentel; World Scientific, Singapore (2001), p. 111. Also available as gr-qc/9909033.

[6] J. T. Lunardi, B. M. Pimentel, R. G. Teixeira and J. S. Valverde, Phys. Lett. A 268, 165 (2000). [7] R. A. Krajcik and M. M. Nieto, Am. J. Phys. 45, 818 (1977). [8] V. Gribov, Eur. Phys. J. C 10, 71 (1999). [9] I. V. Kanatchikov, Rep. Math. Phys. 46, 107 (2000).

[10] J. T. Lunardi, L. A. Manzoni, B. M. Pimentel and J. S. Valverde, Int. J. Mod. Phys. A 17, 205 (2002). [11] M. de Montigny, F. C. Khanna, A. E. Santana, E. S. Santos, J. D. M. Vianna, J. Phys. A 33, L273 (2000). [12] L. K. Kerr, B. C. Clark, S. Hama, L. Ray and G. W. Hoffmann, Prog. Theor. Phys. 103, 321 (2000). [13] V. M. Red’kov, quant-ph/9812007.

[14] V. Ya. Fainberg and B. M. Pimentel, Theor. Math. Phys. 124, 1234 (2000). [15] V. Ya. Fainberg and B. M. Pimentel, Phys. Lett. A 271, 16 (2000). [16] V. Ya. Fainberg and B. M. Pimentel, Braz. J. Phys. 30, 275 (2000). [17] M. Nowakowski, Phys. Lett. A 244, 329 (1998).

[18] J. T. Lunardi, B. M. Pimentel and R. G. Teixeira, Gen. Rel. Grav. 34, 491 (2002).

††We observe that DKP formalism for massless spin 1 fields cannot be obtained as a limiting case of the massive theory, as it happens in the case of Maxwell and Proca theories.

[19] V. de Sabbata and M. Gasperini, Introduction to Gravitation (World Scientific, 1985). [20] C. W. Misner, K. S. Thorne, and J. A. Wheeler, Gravitation (Freeman, San Francisco, 1973). [21] F. W. Hehl, P. von der Heyde, and G. D. Kerlick, Rev. Mod. Phys. 48, 393 (1976). [22] A. Saa, Mod. Phys. Lett. A 8, 2565 (1993). [23] A. Saa, Grav. Cosmol. 2, 89 (1996).

[24] K. Hayashi and T. Shirafuji, Phys. Rev. D 19, 3524 (1979). [25] V. C. de Andrade and J. G. Pereira, Int. J. Mod. Phys. D 8, 141 (1999).

[26] R. Casana, J. T. Lunardi, B. M. Pimentel and R. G. Teixeira, Proceedings of the XXII Brazilian National Meeting on Particles and Fields, São Lourenço, Brazil (2001). To be eletronically published on the site http://www.sbf.if.usp.br.

[27] I. L. Shapiro, Phys. Rept. 357, 113 (2001).

[28] I. L. Buchbinder and I. L. Shapiro, Class. Quantum Grav. 7, 1197 (1990).