arXiv:gr-qc/0205076 v1 17 May 2002

The CWKB Method of Particle Production in Periodic Potential

S. Biswas^{∗a)}, P. Misra^{a)}and I. Chowdhury^{a)} a) Department of Physics, University of Kalyani, West Bengal, India, Pin.- 741235 ∗email:sbiswas@klyuniv.ernet.in

Abstract

In this work we study the particle production in time dependent periodic potential using the method of complex time WKB (CWKB) approximation. In the inflationary cosmology at the end of inflationary stage, the potential becomes time dependent as well as periodic. Reheating occurs due to particle production by the oscillating inflaton field. Using CWKB we obtain almost identical results on catastrophic particle production as obtained by others.

1 INTRODUCTION

The importance of particle production in expanding universe has been a matter of interest and investigation since long times. Recently the catastrophic particle production has gained importance espcially in discussing the theory of reheating after inflation due to oscillating inflaton field. The literature on the subject, [1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 11] though has contradictory statements, has been extensively reported in ref.[6,7]. The mechanism behind the catastrophic particle production is now called parametric resonance and stochastic resonance. A beautiful discussion of classical parametric resonance will be found in Landau and Lifshitz [12]. The recent attempts try to cast the equation of motion of the particle (that are produced) in the form of the Mathieu equation [13] starting with a basic model describing the inflaton field ϕ with a potential V (ϕ) interacting with a scalar field χ that are produced in the description. Earlier attempts to treat parametric resonance to explain reheating after inflation were due to Dolgov and Kirilova [14, 15] but in [15] the treatment was not rightly placed.

From a few years back we are advocating [16, 17, 18, 19, 20, 21] a method to treat particle production in curved spacetime. The method is called complex trajectory WKB (CWKB) approximation. The method is also applied to the construction of wavefunction of the universe in quantum cosmology [20, 21] with remarkable success and is very transparent from the standpoint of physical arguments. As mentioned already, due to differences in the growth rate factor even in the recent works [9,10,11], we take up the present work to study the reheating mechanism in inflationary cosmology through the method of CWKB and compare our results with the others.

The basic principles and the mechanism inherent in CWKB are discussed in [13,14,15]. We discuss this in section 2 as a preparatory to the following sections. In section 3 we use the CWKB method to study particle production in the large amplitude region. This section will help us understand the analytic theory of parametric resonance which is discussed in the section 4. We synopsize our findings in the concluding section.

The basic idea that reheating occurs due to particle production by the oscillating inflaton field was proposed by Linde [3]. The particles so produced through interaction among themselves attain a state of thermal equilibrium with some temperature T . This process continues so long the scalar field transfers its all energy to the already produced elementary particles. The temperature at this stage is termed as reheating temperature, T_r. A detailed discussion in this respect will be found in the beautiful papers [8, 9] and references of previous works will also be found in that reference.

Consider the decay of a scalar field (supposed to be inflaton) ϕ → χ χ. In the system if already there are many χ particles with n_k > 1, then the probability is greatly enhanced due to Bose statistics. For fermion decay we will find that such enhancement would occur due to multiple reflctions and will be explained in a separate publication. Because of periodicity emerging through the inflaton field ϕ the system evolves with explosive particle production. The temporal equation of χ in a flat Friedman background with scale factor a(t) is given by

χ̈_k + 3 ȧ a χ̇_k + ⃗k 2 a^2

+ m^2_χ(0) − ξR + g^2ϕ^2 χ_k = 0. (1)

Here the time dependence of the background field ϕ and the scale factor is obtained from the evolution equations

H^2 = 8π 3M^2_p ( 1 2 ϕ̇^2 + V (ϕ)), (2) ϕ̈ + 3Hϕ̇ + ∂V ∂ϕ = 0, (3)

where H =^ȧ , V (ϕ) is the effective potential of the scalar field. In a particular model, we can parametrize χ equation in Minkowski space (a(t) = 1) as

χ̈_k + ( k^2 + g^2σ^2 + 2g^2σ Φ sin mt ) χ_k = 0, (4) where the periodicity ϕ(t) = Φ sin mt comes from the inflaton field. This equation is now of the form

χ̈_k + ω^2_k (t)χ_k = 0, (5)

where the time dependent frequency is ω^2_k(t) = k^2 + g^2σ^2 + 2g^2σsin mt. This periodicity is in the root for vigorous particle production and show parametric resonance for modes with certain values of k. The equation. (4) can be cast in Mathieu equation form

χ^{′′}_k + (A_k − 2qcos2z)χ_k = 0, (6)

with mt = 2z − π/2, A_k = 4^{k2 +g2σ2}_{m2} , q =^{4g2σΦ}_{m2} , . Here prime denotes differentiation with respect to z. The properties of Mathieu equation shows that within the set of resonance bands of frequencies the modes grow as χ_k ∝ exp(μ^{(n)}_k z) so that it corresponds to exponential growth of occupation numbers of quantum fluctuations as n_k (t) ∝ exp(2μ^{(n)}_k z) and is interpreted as catastrophic particle production. We will now study the equation (6) to develop an analytic theory of parametric resonance. Before that we review the basic principles of CWKB.

2 BASIC PRINCIPLES OF CWKB

Consider the eqn.(5) and assume that ω(t) is nowhere zero for real t but when considered as a function complex t it has complex turning points given by ω(t_{1,2}) = 0. According to the CWKB, the classical paths contributing in a complex semiclassical approximation joining two prescribed real points t^′ and t^{′′} (see Fig. 1) are composed of two parts coming from the contribution of the direct trajectory and the reflected trajectory. With

S(t_f , t_i) = ∫_{tf} t_i ω(t) dt, (7) the direct trajectory contribution is written as (we assume that t^′ >> t^{′′}) D.T ≡ 1 √ ω(t) e^{iS(t′′,t′)}. (8)

The reflected trajectory starts from t^′ and moving backward in time gets reflected from the turning point t_1 and moving forward arrives at t^{′′}. This contribution is then multiplied by 0, 1, 2, 3, ... reflections between the the two complex turning points t_1 and t_2. This contribution is written as R.T ≡ −i 1 √ ω(t) e^{iS(t1,t′)−iS(t′′ ,t1)} ∞∑ μ=0 [ −ie^{iS(t1,t2)} ]_{2μ} . (9)

Figure 1: Trajectories with no reflection, one reflection and multiple reflections. Using_∞ ∑ μ=0 [ −ie^{iS(t1,t2)} ]_{2μ} = 1 1 + exp(2iS(t_1, t_2))

, (10) and taking t^{′′} = t we get with the replcement t^′ → ∞ χ_k(t, ∞) → e^{iS(t,∞)} + iRe^{−iS(t,∞)}, (11) where we have neglected the WKB pre-exponential factor for convenience. The reflection amplitude is given by R = − e^{2iS(t1,∞)} 1 + e^{2iS(t1,t2)} . (12) Using Feynman-Stuckleberg prescription and the boundary condition that there is no particle at t → −∞ i.e., χ_k(t → −∞) ∼ T e^{iS(t,t0)}, (13) we identify

R_c = − e^{2iS(t1,∞)} √ 1 + e^{2iS(t1,t2)} = √ 1 + e^{2iS(t1,t2)}R, (14)

as the pair production amplitude with |R_c|^2 + |T_c|^2 = 1. In (12) and (14) R (≡ full S-matrx element) is related to disconnected propagator and R_c (≡ connected S-matrix element) is related to connected propagator [19]. The boundary conditions (11) and (13) are known as scattering boundary condition and is applied in time dependent gauge.

Hence for certain complex values of multiple reflection terms, (14) may exhibit poles for some parameter values if

S(t_1, t_2) = (N + 1 2 )π (15)

with N an integer. When the conditions (15) and ω(t_{1,2}) = 0 are not satisfied or the reality condition on z are violated, the physical-region pole becomes a resonance. This resonance occurs in parameter space and we will call it parametric resonance. The poles add up to give nonperturbative contributions enhancing R_c. Thus in CWKB we have a transparent idea of resonance particle production. Depending upon the parameter values in (15) (i.e., the values in A_k and q in eqn.(6)) we have resonance particle production in CWKB. In the next section we will discuss the particle production in large amplitude region.

3 PARTICLE PRODUCTION IN THE LARGE AMPLITUDE REGION

In the large amplitude region the parameter q is large (see eqn.(6)) and hence the resonance is broad. In that case we replace the periodic barrier by piecewise inverted harmonic oscillators and within the interval |z| << π/4 we write cos(2z) ≃ 1 − 2z^2. Let us try to understand this replacement. Considering (6) as a Schrödinger-like equation not in space but in time, in the potential problem qcos2z behaves as potential energy and A_k/2 as the total energy. For A_k <<| q |, there is an infinite succession of large potential barriers separated by allowed region given by A_k − 2qcos 2z > 0. Instead of considering the barriers at once, we consider a single barrier and calculate the particle production which occurs at the turning points given by ω(z) ≡ A_k − 2qcos2z = 0 (16) These turning points occur at z ≃ ( (2n + 1)π 4 + (−1)^n A_k 4q ), with n = 0, ±1, ±2, ±3, ... (17) for large q. Thereafter we repeat the process n times with n ≃ z/π, n being a large integer. Now to calculate the particle production we are to determine particle and antiparticle states i.e., the left and right moving mode solutions with respect to which the in vacuum is defined.

In CWKB these should be the adiabatic modes at large z. In other words the mode solution should satisfy the adiabaticity condition. As we have repeated barriers we are to find out the adiabatic modes at finite z = z_0 such that the modes effectively describe the vacuum at finite z, for large q. Let us consider the central barrier with −^1_4 (^π_4 +^{Ak}_q ) < z <^1_4 (^π_4 −^{Ak}_q ). For large q the approximation gets better and the adiabatic condition is satisfied at finite z = z_0 for | z |≪ π/4 but far away from the turning point z =^1_4 (π −^{Ak}_q ) (considering a single barrier). In such a case the above replacement is a good approximation. As we are considering adiabatic modes far away from the turning points (basically these are the WKB modes), the reflection and transmission coefficients or the Bogolubov coefficients will be constant for a barrier. The maximum of potential barriers occurs at π, 2π, 3π, ... and hence the resonance occurs for a broad range of values of k with k^2/m^2 = A_k − 2q. Now the resonance width varies as q^l with l = 1, 2, 3, ... . So for narrow resonance, the first band with l = 1 will be important with A_K = 1 ± q. Let us consider the broad resonance. In this section we consider only the production of particles at each barrier as if there is no particles in the previous barrier and also neglect the enhancement at the zeroes of the inflaton field where non adiabatic transitions occur . Introducing cos2z ≃ 1 − 2z^2 and with

z^′ = (4q)^{1/4}z, λ = √ qϵ, ϵ = A_k 2q − 1, (18)

the Mathieu equation (6) reduces to the form

d^2ψ dz^{′2} + (λ + z^{′2})ψ = 0. (19)

The left and right moving modes having the asymptotic behaviour of unit flux [10] are given as,

χ_{L,R} = (2 √ qz)^{(−1∓i√qϵ/2)}exp(∓i √ qz^2)

which can be obtained from the solutions of (19) written in terms of parabolic cylinder functions as χ_L(z) ∝ D_{−(i}^√_{qϵ+1)/2}(e^{iπ/4}2q^{1/4}z) with

χ_R(z) = χ^∗_L(z).

Despite the finite range z_0 << π/4, the large q in the argument of D-function makes it possible to use the asymptotic form of these D-functions to use as mode solution as if we are considering the WKB adiabatic modes. In CWKB we do not require the exact mode solutions to evaluate the particle production amplitude; however we are to guarantee that the in vacuum is rightly specified. To evaluate R as in (12) we are to evaluate the complex turning points. The complex turning points of (19) are at z^′ = ±iλ. Using CWKB expression of reflection amplitude, we find after the evaluation of the integrals

|R_c|^2 = e^{−πλ} 1 + e^{−πλ} , = e^{−π√qϵ} 1 + e^{−π√qϵ} . (20)

When we consider full Mathieu equation, the turning points will be repeated and the solution will be of the form ψ(z) ∼ |R|^nP (z) ≡ e^{λz} P (z) = e^{nln|R|}P (z), (21) where n ≃ z/π is the number of barriers crossed during the time z. Hence λ = 1 π ln|R_c|, = 1 π ln exp(−π √ qϵ/2) 1 + exp(−π √ qϵ) . (22)

If q is large, we get λ ≃ − √ qϵ/2 (23) This result exactly coincides with the result obtained by Fujisaki et. al.[11].

This result amply reflects the usefulness of the complex turning points in the CWKB method. The construction of CWKB wavefunction as ∼ |R|^n is however a crude estimate. In obtaining (23), the multiple reflections between the complex turning points have been ignored and the periodic aspect of the potential has been introduced in a qualitative way through (21). However, a general treatment, taking the effect of repeated barriers, will now be taken within the framework of CWKB.

It should be pointed out that while calculating the reflection potential as | R |^n we basically assume that (i) there is no particles produced in the previous barrier , (ii) and neglect the non adiabatic changes at the zeroes of the inflaton field and the phases that the field acquire before entering a potential barrier due to scattering.

It should be pointed out that in the above discussion we have obtained the reflection and transmission coefficients as constants when we consider adiabatic evolution far away from the turning points that lie around the vicinity of the zeroes of the inflaton field. To take into account the non adiabatic changes that occur around the zeroes of the inflaton field, we will expand ω^2(t) around the zeroes of the inflaton field. For the purpose we would bring ω^2(t) term in the form A + Bsin^2mt and then expand around the zeroes t = t_j of the inflaton field. In this case also we can safely assume the adiabatic evolution in the region away from the zeroes t = t_j of the inflaton field. We can then take the coefficients of the CWKB adiabatic modes exp(±iω(t)) as constants until we face the next barrier where the coefficients will change. We take up all these aspects in the next section.

4 ANALYTIC THEOTY OF PARAMETRIC RESONANCE

Figure 2: The CWKB trajectories in periodic potential

Our objective in this section is to develop an analytic theory of parametric resonance particle production using the method of CWKB. We consider a Schrodinger equation with time dependent potential

d^2ψ dt^2 + [k^2 − V (t)]ψ = 0, (24)

where the periodicity in the potential is given by V (t + T ) = V (t), where T is the period. In the previous section we have not considered the effect of periodicity explicitly. When V (t) is periodic the situation is quite interesting.

We now have two types of reflection points, one is complex and other is real in time. For the latter we will use tunneling boundary condition akin to particle production in space dependent gauge [22, 23]. Suppose V (t) = V_0 cos2t with period T = π. The solution of (24) will then behave as exp [±(k^2 − V_0)^{1/2}] as if at these points the solutions undergo non-adiabatic changes. This implies that between two such reflection points, as clarified in the previous section, the solution undergoes adiabatic evolution where the WKB approximation can safely be used. We now call the points t_j where V (t_j ) = V_0 as ‘reflection points’ and the complex points where k^2 − V (t) = 0 as the ‘turning points’. The inflaton ϕ(t) which generates this V (t) is zero at these points. (see (4)). There is another aspect of periodicity. In a particular barrier, between t_j and t_{j+1}, there will be some particles already produced with respect to the previous barrier and hence the boundary condition of ‘no particle state’ at t → −∞ will not be satisfied. This fact is to be taken into account while considering particle production in a given barrier.

Let us define ω(t) = [k^2 − V (t)]^{1/2} (25) and S(t_f , t_i) = ∫_{tf} t_i ω(t) dt (26) as the action for the path that goes from t_0 to t. Suppose we have two complex turning points t_1 and t_2 given by ω(t_{1,2}) = 0. We adopt the boundary conditions such that at t → −∞ we have the transmitted wave ψ(t → −∞) = T_ce^{iS(t,t0)}, (27) and at t → +∞ ψ(t → +∞) = e^{iS(t,t0)} + R_ce^{−iS(t,t0)}. (28) Here R_c and T_c are respectively the reflection and the transmission amplitude. In CWKB the expression of the reflection amplitude is given in (14) and T_c is determined from the relation |R_c|^2 + |T_c|^2 = 1. Equation. (27) and (28) have the interpretation that at t → −∞ we have no particle but at t → +∞ we have pair production in the out vacuum with respect to in vacuum. The same problem can be evaluated in terms of Bogolubov mode decomposition technique with ψ(t → +∞) = α_ωe^{iS(t,t0)} + β_ωe^{−iS(t,t0)}, (29) in which the the Bogolubov coefficients are given in terms of transmission and reflection coefficients as [20]

|α_ω|^2 = 1 |T_c|^2 , |β_ω|^2 = |R_c|^2 |T_c|^2 (30)

In the above treatment the particle and antiparticle states are defined at t → ±∞ with the corresponding vacua respectively as out and in vacuum. We now proceed toward the construction of CWKB eigenfunction. Let t_j and t_{j+1} be the two points where V (t_j ) = 0 and t is a point such that t_j < t < t_{j+1} where we want to calculate the eigenfunction. We choose the rightmoving and left moving waves as follows (see fig.2).

Rightmoving wave from t_0 to t = exp [−iS(t, t_0)] , Leftmoving wave from t_0^′ to t = exp [iS(t, t_0^′)] ,

where S(t_i, t_f ) is given in eqn.(26). For the rightmoving wave the transmission and the reflection coefficients are (T_k, R_k) whereas for the left moving wave we take the coefficients as (T^∗_k , R^∗_k). We now avoid the subscript c on R and T . Let in the region I, t_{j−1} < t < t_j , the CWKB solution before tunneling is (represented by (1) and (1^′) in Fig. 2)

ψ^j_k(t) = α^j_k √ 2ω e^{−iS(t,t0)} + β^j_k √ 2ω e^{+iS(t,t0)}, (31) The Bogolubov coefficients in a given barrier are now supposed to be constants. Between t_j < t < t_{j+1}, in the region II we take similarly

ψ^{j+1}_k (t) = α^{j+1}_k √ 2ω e^{−iS(t,t′0)} + β^{j+1}_k √ 2ω e^{+iS(t,t′0)}, (32) where the coefficients α^{j+1}_k and β^{j+1}_k are constants for t_j < t < t_{j+1}. Henceforth we will not write the WKB pre-exponential factor for convenience. The constuction of ψ^{j+1}_k (t), according to CWKB is now shown in the fig. 2. In the region t_j < t < t_{j+1} the rightmoving part consists of two parts. The part (1) represented by α^j_k exp [−iS(t, t_0)] after transmission gets multiplied by 1/T_k because of transmission at t_j and using (30) we find α^j_k exp [−iS(t.t_0)] → α^j_k T_k exp [−iS(t, t_0)]. (33) There is also a contribution to the rightmoving wave coming from the region III where t > t_j, as shown in the fig.2, giving the part β^j_kexp[+iS(t, t_0)] in the region t < t_j represented by (1^′) in the figure 2. The amplitude of the leftmoving part at t_j is β^j_k exp [+iS(t_j, t_0)]. This amplitude part when continued in the region t > t_j becomes β^j_k/T^∗_k which again being reflected at t_j becomes β^j_kR^∗_k /T^∗_k so that in the region t > t_j β^j_k exp [iS(t, t_0)] → β^j_k R^∗_k T^∗_k exp [+iS(t_j, t_0)] exp (−iS(t, t_j)). (34) Writing S(t, t_j ) = S(t, t_j) + S(t_j, t_0) − S(t_j , t_0) = S(t, t_0) − S(t_j , t_0), we get from (34) for the rightmoving part as ψ^j_{k,RM P} = [ α^j_k T_k + β^j_k R^∗_k T^∗_k e^{2 iS(tj ,t0)} ] e^{−iS(t,t0)}. (35)

To get (35) we can also start from the region III with β^{j+2}_k exp(iS(t, t^′_0)) that now gets multiplied by R^∗_k/T^∗_k because of transmission at t_{j+1} and reflection at t_j and then use the continuity condition β^j_ke^{iS(tj ,t0)} = β^{j+2}_k e^{iS(tj ,t′0)}. We will get the same result as (35). Comparing (35) with the first term in (32) we get

α^{j+1}_k = [ α^j_k T_k + β^j_k R^∗_k T^∗_k e^{2 iS(tj ,t0)} ] . (36)

Now the left moving part has two contributions given by the trajectory (3) and (4) of fig. 2. The trajectory (3) coming from t^′_0 gives the left moving part β^{j+2}_k exp (iS(t, t^′_0)) in the region t < t_{j+1}. Now we use the relation above to convert β^{j+2}_k in terms of β^j_k This part then in t > t_j becomes β^j_k T^∗_k e^{iS(t,t0)}. (37) Another contribution comes from α_k exp (−iS(t, t_0)) which on transmission at t_j and reflection at t_{j+1} gets modified to α^j_k T_k R_ke^{−iS(tj+1 ,t0)+iS(t,tj+1)} (38) Now, iS(t, t_{j+1}) = iS(t, t_{j+1})+iS(t_{j+1}, t_0)−iS(t_{j+1}, t_0) = iS(t, t_0)−iS(t_{j+1}, t_0) so that the left moving part becomes ψ^{j+1}_{k,LM P} = [ β^j_k T^∗_k + α^j_k R_k T_k e^{−2iS(tj+1 ,t0)} ] e^{+iS(t,t0)}. (39) Hence comparing (39) with the second term in (32) we get

β^{j+1}_k = [ β^j_k T^∗_k + α^j_kR_k T_k e^{−2iS(tj+1,t0)} ] . (40)

This result exactly coincides with Kofman, Linde and Starobinsky [7]. We have in the expression of β^{j+1}_k the phase term as S(t_{j+1}, t_0) instead of S(t_j, t_0). It should be pointed out that we have not taken repeated reflections between the turning points t_j and t_{j+1} which will automatically be introduced when we calculate R_k and T_k through the technique of CWKB.

Now we are to determine the transmission and reflection coefficients using CWKB in the region t_j < t < t_{j+1}. For the purpose we need to specify V (t). We take V (t) = −g^2Φ^2 sin^2(mt). Actually this type of terms arise in inflationary scenario from an effective potential V (ϕ) =^{m2}_2 ϕ^2, and the interaction term −^1_2 g^2ϕ^2χ^2. Instead of (4) we now have

χ̈_k + (k^2 + g^2 Φ^2 sin^2(mt))χ_k = 0 (41)

In the vicinity of t_j equation (41) is transformed to d^2X_k dt^2 + ( k^2 + g^2Φ^2m^2(t − t_j )^2 ) X_k = 0. (42)

With τ = k_∗(t − t_j ), λ =^k_{k∗} , k^2_∗ = gΦm, (38) reduces to d^2X_k dτ^2 + (λ^2 + τ^2). (43)

Using the results in (18) and (28) we find

R_k = −ie^{−iϕk} √ 1 + e^{πλ2}

, (44)

T_k = −ie^{−iϕk} √ 1 + e^{−πλ2} . (45)

In CWKB the phase ϕ_k is unknown. However for the particular problem it can be calculated knowing the solutions of (39) in terms of parabolic cylinder functions and we get ϕ_k = argΓ ( 1 + iλ^2 2 ) . (46)

We now calculate the number density of outgoing particles as n^{j+1}_k = |β^{j+1}_k |^2 and find after simple algebra n^{j+1}_k = e^{−πλ2} + (1 + 2e^{−πλ2} )n^j_k −2e^{− π2 λ2} √ 1 + e^{−πλ2} √ n^j_k(1 + n^j_k) sinθ^j_{tot}, (47) where the phase θ^j_{tot} = 2θ^{j+1}_k − ϕ_k + argβ^j_k − argα^j_k . In obtaining (47) we have used |α^j_k | − |β^j_k|^2 = 1 and|α^j_k | = √ 1 + n^j_k). Here the arbitrary point t_0 is now taken as zero and θ^{j+1}_k = S(t_{j+1}, 0) = ∫_{tj+1} 0 [(k^2 + g^2Φ^2sin^2(mt))]^{1/2}dt. (48)

For narrow resonance i.e.,q =^{g2Φ2}_{4m2} << 1 and with A_k =^{k2}_{m2} + 2q we will find S(t_{j+1}, t_j) ≃ √ A_kπ = nπ, (49) taking into consideration the effect of periodicity i.e., at the points t_j the phase in (51) must be an integral multiple of π. We have also neglected the terms like O(q/A_k ) while evaluating the right hand side of (48) through elliptic integrals. Thus e^{2iθj+1k} = (−1)^ne^{θjk} , (50) and our result then exactly coincides with the results given in [6,7,8]. Apart from this minor difference all the results arrived in [6,7,8] will also be the same in our case. Our CWKB treatment in this section and in the previous section (eqns. (22) and (23)) simply reflects the region where both the results are valid.

Let us briefly mention the important results obtained from analytical analysis.

(i) In CWKB the resonance particle production occurs due to rotation of cur-

rents at the ‘turning points’ and ‘reflection points’. The former is independent of time and we call it spontaneous particle creation and the latter is due to multiple reflections at the points t_j and we call it induced particle creation. (ii) Due to spontaneous particle creation the number of produced particles

always increases whereas the induced creation may result in a destructive interference between t_j and t_{j+1} when sinθ_j remains positive and varies. This solely occurs due to the time dependence contained in θ_j and multiple reflections between t_j and t_{j+1}.

(iii) Actually the spontaneous particle creation determines the resonance structure. A large πλ^2 will suppress the the effect of particle creation. Hence we must have λ^2 = A_k − 2q 2 √ q ≤ π^{−1} (51)

where A_k =^{k2}_{m2} + 2q , q =^{g2Φ2}_{4m2} . This gives an estimate of resonance width as

k^2 ≤ k^2_∗ = gmΦ/π. (52)

(iv) Now exp(−πλ^2) ∝ exp(−1/g) and is non-analytic at g = 0. Thus (45) manifests the non-perturbative nature of CWKB resonance effects. (v) In the broad resonance regime q >> 1. We take Φ(t) = constant; it

makes θ_k and ϕ_k independent. It can be shown that in that case the analytical solution nicely matches with the numerical solution of Mathieu equation. The details will be found in [6,7,8].

Let us consider an interesting interpretation of CWKB reflection coefficient. From the expression (12), |R|^2 has the following heuristic interpretation. Since

|R|^2 = 1 n + 1 n (n + 1)

, (53)

and 1/(n + 1) is the probability that in vacuum evolves into the out vacuum, we say that out of n+1 particles in the |out > vacuum, n particles get reflected so that |R|^2 gives the absolute probability of one pair production from the in vacuum as if n paricles remain in the |in > the vacuum. Hence (1 + n)^2|R|^2 gives the number of produced pairs in the |out > vacuum. Now in CWKB exp(−πλ^2) is the number of particles produced in any barrier. The number n^j_k particles already are in the in vacuum, so we do not require the first factor in (53). Thus

|R|^2 = n^j_k n^j_k + 1 n^j_k ≃ n^j_k . (54)

Hence (1 + e^{−πλ2} )^2 n^j_k (55)

gives as the number of particles produced in the out vacuum while n^j_k remaining in the in vacuum. We recall that [23] |R|^2 = e^{−ln(1+N (k))}|R_c|^2 = e^{−2ImLef f (k)V4} |R_c|^2. (56) When no particles are produced N(k) = 0, we get |R| = |R_c| and ImL_{ef f} = 0 leading to |in >= |out > . In that case we have two possibilities: (i) the initial vacuum contains no particles and hence |R| = |R_c| = 0, (ii) the initial vacuum contains some particles (squeezed |in > state) then from (12), (1 + exp(2iS(t_1, t_2)))^2|R|^2 = (1+exp(2iS(t_1, t_2)))^2|R_c|^2 = (1+exp(2iS(t_1, t_2)))^2|n|^2 gives the number of particles in the out vacuum due to presence of n particles in the squeezed |in > vacuum. Hence the number of particles n^{j+1}_k in the barrier between t_j < t < t_{j+1} due to n^j_k particles in the |in > vacuum is

n^{j+1}_k = particles produced in out vacuum for zero particle in state + (1 + exp(2iS(t_1, t_2)))^2|n^j_k|^2).

Hence, n^{j+1}_k = e^{−πλ2} + (1 + e^{−πλ})^2n^j_k (57)

This result coincides with the first two terms of (47) when exp(−πλ^2) << 1. If n^j_k = 0 i.e., zero particle in the in vacuum we get the standard result n_k = exp(−π)λ^2 for any barrier. The skeptical readers may avoid this heuristic arguments.

Next, consider the large occupation number situation in which n_k >> 1. In that case we write (45) as

n^j_k = n^j_kexp(2πμ^j_k), (58)

where μ^j_k = 1 2π ln (1 + 2e^{−πλ2} − 2sinθ^j_{tot}e^{−πλ2/2} √ 1 + e^{−πλ2} ). (59)

After a number of inflaton oscillations we write the number of χ particles occupation number n_k as

n_k (t) = 1 2 e^{2π} ∑ j μ^j_k ≃ e2m ∫_{t dtμk (t)} , (60) so that n_χ = 1 4π^2 ∫ dk k^2e^{2mμk t}. (61) We now evaluate the integral by steepest descent method with μ_{max} = μ at k = k_m and using μ^{′′}_k ∼ 2μ/δk^2, we finally get n_χ ≃ 1 8π^2 δk k^2_m e^{2μmt} √ πμ mt . (62)

The above result comes out the same as that obtained in [7].

5 CONCLUSION

In this work we find that the complex trajectory WKB approximation nicely reproduces all the essential aspects of particle production due to inflaton oscillation. The reason of difference with other works [10, 11] is due to not taking the multiple reflections (a non-perturbative quantum corrections) in their approach. Except for a phase factor the coincidence of our results with that of [6,7,8] leads credence to the CWKB approach. In this work we have concentrated the treatment to the Minskowski spacetime only to understand the effect of periodic potential on particle production. With a(t) ≠ 1, the qualitative conclusion will not change remarkably. In curved spacetime ω^2(t) will be modified as

ω^2(t) =^{k2}_{a2(t)} + g^2Φ^2sin^2mt + Δω

where

Δω = m^2_χ −^3_4 (ȧ/a)^2 −^3_2 (ä/a) − ξR

is usually very small in the region of inflaton oscillation where H^2 << m^2 and can be neglected. In this case we are to replace χ by X_k (t) = a^{3/2}χ_k(t). In the broad resonance regime the effect of a(t) might result in the number of produced particles at some time depending upon the parameter values and the FRW scale factor. The details in this respect will be reported elsewhere. Actually in our approach we do not require much to depend on Mathieu equation, everything can be settled out from the CWKB framework. The stochastic resonance (in which the number of particles may decrease at some moments), backscattering and fermion production can also be taken in our frame work. In our previous works [15, 16] we have discussed fermion production without repeated reflections between the ‘reflection points’. We like to take all these aspects in a future publication.

References

[1] L.A. Kofman, A.D. Linde, and A. A. Starobinsky, Phys. Rev. Letter 73,3195 (1994),hep-th/940518.

[2] A.D. Linde, Particle Physics and Inflationary Cosmology (Harwood, Chur, Switzerland).

[3] A.D. Linde, Phys. Lett. 108B, 389 (1982).

[4] A. Albrecht, P.J. Steinhardt, M.S. Turner, and F. Wilczek, Phys. Rev.

Lett. 48. 1437 (1982).

[5] A.D. Doglov and A.D.Linde, Phys. Lett. 116B, 329 (1982). [6] P. Greene, L.A. Kofman. A.D. Linde, and A. A. Starobinsky, Phys. Rev.

D56, 6156 (1997).

[7] L.A. Kofman, A.D. Linde, and A. A. Starobinsky, Phys. Rev. D56, 3258 (1997),see also hep-th/9704452 [8] L.A. Kofman, hep-th/9802285 (1998). [9] L.A. Kofman, astro-th/9802221 (1998). [10] M. Yoshimura, Prog. Th. Phys. 94, 873 (1995).

[11] H Fujisaki, K. Kumekawa, M. Yamaguchi, and M. Yoshimura, Phys. Rev.

D53, 6805 (1996); H. Fujisaki, K. Kumekawa, M. Yamaguchi, and M. Yoshimura, Phys. Rev D54, 2494 (1996); M. Yoshimura, hep-ph/9605246.

[12] L. D. Landau and L. Lifshitz, Mechanics (Pergamon, New York, 1976). [13] N.W. Mac Lahlan,Theory and Applications of Mathieu functions (Dover, 1961).

[14] A. D. Dolgov and D. P. Kirilova, Sov. J. Nucl. Phys. 51, 172 (1990). [15] J. Traschen and R. Brandenberger, Phy. Rev. D42, 2491 (1990). [16] S. Biswas and J. Guha, Pramana J. Phys. 40, 467 (1993). [17] S. Biswas, J. Guha, and N. G. Sarkar, Pramana J. Phys. 42, 319 (1994). [18] S. Bisws, J. Guha and N.G. Sarkar, Class. Q. Grav. 12, 1591 (1995). [19] J. Guha, D. Biswas, N.G. Sarkar, and S. Biswas, Class. Q. Grav. 12, 1642 (1995).

[20] S. Biswas, B. Modak and D. Biswas, Phys. Rev. D55, 4673 (1997).

[21] S. Biswas, A. Shaw and B. Modak, Gen. Rel. Grav. 32, 2167 (2000). [22] S. Biswas, A. Shaw, and B. Modak, Gen. Rel. Grav. 32, 53 (2000). [23] S. Biswas, A. Shaw, and Bmodak, Int. J. Mod. Phys. A15, 3717 (2001). Acknowledgement The authors are grateful to Dr. Bijan Modak and Prof. Padmanava Dasgupta for very helpful discussion and useful comments during the preparation of the paper.