arXiv:gr-qc/0207078 v2 7 Oct 2002

On the Intrinsic Parity of Black Holes

Stephen D.H. Hsu^∗ Department of Physics University of Oregon, Eugene OR 97403-5203

October 8, 2002

Abstract

We investigate the intrinsic parity of black holes. It appears that discrete symmetries require the black hole Hilbert space to be larger than suggested by the usual quantum numbers M (mass), Q (charge) and J (angular momentum). Recent results on black hole production in trans-Planckian scattering lead to gravitational effects which do not decouple from low-energy physics. Dispersion relations incorporating these effects imply that the semi-classical black hole spectrum is similar in parity even and odd channels. This result can be generalized to other discrete and continuous symmetries.

∗hsu@duende.uoregon.edu

1 Black hole quantum numbers

No-hair theorems [1] suggest that black holes are classified by quantum numbers such as mass M, charge Q and angular momentum J. (There are more exotic possibilities, depending on the details of the matter content of the model [2].) In this note we investigate the intrinsic parity of black holes.

We adopt the viewpoint [3] that black holes can be described by quantum mechanics and have a unitary S-matrix. Given this assumption there are two possibilities: either the Hamiltonian commutes with parity, or not. Consider the following gedanken process. Let N massive pseudoscalar particles undergo adiabatic, S-wave collapse to form a black hole. The parity of the initial state is P|i⟩ = (−1)^N |i⟩ . (1) If semi-classical gravitational interactions are parity invariant ([P, H] = 0), we have |f⟩ = e^{−iHT} |i⟩ P|f⟩ = e^{−iHT} P|i⟩ = (−1)^N |f⟩ (2) The final state |f⟩ is a black hole characterized by its mass M, charge Q and angular momentum J (zero in this case), but with an intrinsic parity determined by the number of pseudoscalars N.

This suggests that the usual quantum numbers must be supplemented by a ± parity of the black hole wavefunction under spatial inversion ⃗x → −⃗x. This additional quantum number doubles the size of the black hole Hilbert space: |M, J, Q⟩ → |M, J, Q, ±⟩ . (3) Interestingly, the Kerr metric has + parity for all angular momenta J, whereas we expect that a generic quantum object has parity ±(−1)^J , where ± reflects intrinsic parity. Unlike other forms of hair, intrinsic parity does not seem to have a classical counterpart in exterior black hole solutions.

However, it isn’t clear that [H, P] = 0. Consider the evaporation of a black hole. One can make a convincing argument that the semi-classical evaporation of a black hole violates continuous global symmetries such as baryon number. Because there is no classical hair associated with global symmetries, the evaporation process is independent of global charge, and hence the final state might have different charge than the black hole. In the case of a continuous symmetry an arbitrary amount of charge can be hidden in a large black hole, and the last moment of quantum evaporation cannot compensate for a large difference between the charges of the hole and of the semi-classical radiation.

In the case of discrete symmetries like C, P and T this argument is not conclusive: one could imagine each black hole storing a single bit of information representing the net parity of everything radiated, and then compensating for this in the final quantum part of the evaporation. Indeed, discrete symmetries might be the remnant of a local symmetry and therefore conserved by gravity [4] (this is true of parity in some string models).

Let us consider the implications of [H, P] ≠ 0 due to gravitational effects. An immediate consequence is that the Hamiltonian cannot be diagonalized on the subspace of definite ± parity, but rather has the form H = A C^∗ C B , (4) where A and B are real and C is complex. Each are functions of M, J and Q. Energy eigenstates are of the form: (|α|^2 + |β|^2 = 1) |1⟩ = α|+⟩ + β|−⟩ |2⟩ = β|+⟩ − α|−⟩ . (5) Note that for every M, J and Q there are now two energy eigenstates, generally with E_1 ≠ E_2. The states |1⟩ and |2⟩ are further distinguishable if they decay with different probabilities to plus or minus parity final states.

Neither E_1 nor E_2 need be equal to the classical black hole energy as a function of M, J and Q. The part of the Hamiltonian that violates parity must produce a mass splitting. Is there a way to avoid these strange results? One interesting (albeit speculative) possibility is to take H = 0 E E 0 . (6) so that the eigenvalues are ±E. If we reinterpret the negative eigenvalue as a kind of black hole antiparticle energy, we obtain equal energies for each M, J and Q at the cost of introducing a new type of (anti) black hole. The energy eigenstates are |1⟩ = 1 √ 2 (|+⟩ + |−⟩) |2⟩ = 1 √ 2 (|+⟩ − |−⟩) . (7) and appear equally likely to decay into plus or minus parity final states.

Whether or not [H, P] = 0, we seem to be led to a larger Hilbert space of black hole states. Similar conclusions hold for discrete symmetries such as C and T.

What are the observable consequences of intrinsic parity? Can we give a more general argument that black holes of both parities exist? Below we consider black hole production from the collision of particles with known parity. Recent work reveals a range of (trans- Planckian) energies and impact parameters where the quantum amplitude can be reliably computed, and the cross section is geometrical. The black holes are large compared to the Planck length L_{Planck} and are themselves semi-classical. Seemingly, they can be produced in both plus and minus parity channels.

We investigate this using dispersion relations, which, due to analyticity, allow us to relate low energy correlators to black hole production at high energy. We study dispersion relations involving correlators of opposite parity. The correlators themselves are calculable at low energy, and through the dispersion relations imply the existence of large, semi-classical black holes in both ± parity channels.

Our analysis is similar in spirit to that of Peskin and Takeuchi [5], who used precision electroweak data to constrain the spectrum of states in technicolor models. In this case, we use low energy physics (low means relative to the Planck scale!) to constrain the black hole spectrum.

2 Black hole production from collisions

Eardley and Giddings [6] have analyzed classical solutions in general relativity which describe the collision of ultra-relativistic particles at non-zero impact parameter^1. They demonstrate the existence of a closed trapped surface for any collision with sufficiently small impact parameter (at fixed center of mass energy). The lower bound on the critical impact parameter is of order the radius R_s ∼ GE , (8) where G is Newton’s constant and E the center of mass energy. This leads to a geometrical classical cross section for black hole production in agreement with Thorne’s hoop conjecture [17].

In a classical collision which produces a black hole the maximum angular momentum is J_{max} ∼ R_sE ∼ Gs. The geometrical cross section for fixed J is σ_J (E) ∼ J/s, and the total cross section is σ_{total} = ∫_{Jmax} 0 dJ σ_J (E) ∼ J^2_{max}/s ∼ R^2_s . (9) 1For previous work on high energy scattering in general relativity, see [7]-[11]; for recent work on black hole production in particle collisions, see [12]-[16].

The relationship between classical and quantum black hole production has been investigated recently in [18] using a path integral representation of the S-matrix [19]-[20]. Although there are only two colliding particles, there are many gravitons in the initial state due to the strong gravitational fields. Thus, from the gravitational point of view the initial state is semi-classical, and from this perspective the subsequent evolution should not depend on whether the initial two particle state is in a parity even or odd state.

One would expect that the semi-classical approximation holds as long as GE^2 >> 1 and the impact parameter is larger than the Planck length L_{Planck}. To express this in terms of angular momentum, note that a semi-classical initial state must have Δp << p and Δx << x. Hence, using the uncertaintly principle, we have J ∼ px >> 1.

We can obtain a more restrictive condition by requiring that the curvature is small everywhere up to the formation of the closed trapped surface [18]. This is only possible if we leave the Aichelburg-Sexl limit of the metric, which describes an infinitely boosted particle of zero size [9], and instead consider particles of finite size r [18, 21]. In this case the maximum curvature in Planck units is given by R ∼ ( R_s r )_2 (L_{Planck} r )_2

. (10)

The impact parameter of the collision is given by b ∼ J/E, and the particle size r must be less than b. This leads to the requirement that E << M_{Planck}J^{2/3}, or equivalently that the range of validity of the semi-classical approximation for fixed J is

M^2_{Planck} << s << M^2_{Planck}J^{4/3} . (11)

Clearly, only processes with large J can be described semi-classically.

Let us briefly comment on regions of s outside of (11) for scattering at fixed J. When s ∼ M^2_{Planck} the resulting black hole is intrinsically quantum mechanical and stringy effects are expected. When s ∼> M^2_{Planck}J^{4/3} the resulting black hole is large and classical, however the initial state is not semi-classical. Roughly speaking, fixing J as s → ∞ requires that the impact parameter goes to zero. Eventually the impact parameter is smaller than the Planck length, and the uncertainty in position Δx is larger than x. In this regime we expect black hole production, but cannot reliably calculate its cross section. If the geometrical result continues to hold, the dispersive integrals we consider below will get a logarithmically divergent contribution from production at asymptotically large s, thereby violating unitarity. However, as discussed above, there is no reason to expect the semi-classical result to continue to hold in this region. We expect that the actual cross section is parametrically smaller than the geometric one at asymptotic energies, leading to convergent integrals.

3 Dispersive analysis

Analyticity allows us to relate the low- and high-energy behavior of quantum amplitudes. For example, given a vector current J^μ_V (x), we define its correlator

(q^μq^ν − q^2g^{μν} )Π_V (q^2) = i ∫ d^4x e^{iq·x}⟨0|T (J^μ_V (x)J^μ_V (0)|0⟩ . (12)

Using Cauchy’s theorem and some general properties of the singularity structure of a correlator in the complex q^2 plane, we obtain the following relation between the correlator and an integral over its imaginary part:

Π(q^2) = 1 π ∫_∞ s_0 ds ImΠ(s) s − q^2 − iϵ (13)

The imaginary part is also known as the spectral function, and describes the production of resonances or multi-particle final states with the same quantum numbers as the current.

Before proceeding further, let us discuss whether dispersion relations like (13) apply in the hyper-Planckian region, s > M^2_{Planck}. Naively, one might think that quantum gravity governs the behavior of the integrand in this region. However, a quantum treatment of gravity is only necessary for curvatures larger than the Planck scale. It is easy to see that trans-Planckian energies alone do not require quantum gravity, since any collision of macroscopic objects (for example, billiard balls) could involve energies larger than the Planck scale. As discussed in the previous section, there is a region in s (given in (11)) in which the amplitude is dominated by semi-classical configurations of low curvature.

More fundamentally, the derivation of (13) only requires unitarity and analyticity of scattering amplitudes, both properties which we expect to hold even at high energies (for example, in string theory). Indeed, in our use of (13) the left hand side is a forward scattering amplitude involving particles of low energy and in nearly flat space time. The relation of this amplitude to its imaginary part only requires analytic properties which are expected to be valid everywhere in the complex plane, even very large s. Black holes appear as poles near the real axis in the complex s plane, and there is a branch cut (associated with a threshold for black hole production at s_0 ∼ M^2_{Planck}) on the real axis. The part of the integral given in (11) only involves semi-classical black holes of low curvature.

Consider operators which produce states with large angular momentum J, whose correlators receive contributions from semi-classical black hole formation. Define S_J to be the difference of correlators of currents with opposite parity:

S_J (q^2) = Π_Γ(q^2) − Π^P_Γ (q^2) , (14)

where we extract the dimensionless scalar function Π_Γ(q^2) from the angular momentum J component of ⟨0| T (J_Γ(x)J_Γ(0)) |0⟩. Π_Γ(q^2) is a function of q^2 only, and we can always rescale by q^2 to obtain something dimensionless. The current is defined as J_Γ = ψ̄Γψ, with Γ ∼ ∏_J i ^∂_i, where ^∂ denotes a unit vector. We obtain the angular momentum J component by symmetrizing and subtracting the appropriate traces. In Π^P_Γ we replace Γ by γ_5Γ.

By taking q^2 large and spacelike, we can ensure that short distance contributions dominate. In an asymptotically free theory, (14) can then be reliably computed, and shown to cancel up to corrections suppressed by powers of 1/q^2. If there are no low-energy condensates that appear in the operator product expansion of the correlator, this cancellation is exact. Note, we keep q^2 << M^2_{Planck}, so that quantum gravity effects remain negligible. In perturbation theory, the leading contribution to each correlator comes from a one loop diagram. The leading contribution to Π_Γ(q^2) is of the form

(−)^J Tr [ S/ Γ^† S/ Γ ] , (15)

where S/ is a fermion propagator. The leading contribution to the opposite parity correlator Π^P_Γ (q^2) is of the form (−)^{J+1} Tr [ S/ γ_5Γ^† S/ Γγ_5 ] . (16)

So, Π_Γ(q^2) = Π^P_Γ (q^2) and S_J (q^2) vanishes at leading order.

However, for sufficiently large J, there will be a trans-Planckian^2 region of s (see(11)) in the dispersion integral where the semi-classical approximation applies, and the black hole production cross section is given by σ_J (s) ∼ J/s. This cross section implies constant ImΠ(s) in this region, with s >> q^2. If black holes only exist with a single (e.g., either + or −) intrinsic parity, then the integrand is zero in one of the channels and the dispersion integral yields a correction ΔS_J ∼ J log J (17)

for large J. Since the dispersion integral (13) runs to infinity, this result is independent of the Planck scale, and remains even if we take M_{Planck} → ∞. ΔS_J can be made arbitrarily large by considering J → ∞, which contradicts the result that (14) must vanish at large q^2.

The region s > M^2_{Planck}J^{4/3} gives another unbalanced contribution to ΔS_J if there are not black holes of both parities, although we cannot calculate its size. It is highly unlikely that these contributions are cancelled by stringy processes in the region s ∼ M^2_{Planck}. This would require that string scattering be highly parity asymmetric. Further, the string cross sections would have to be larger than geometric in order to cancel the contributions at larger energies.

2Strictly speaking, correlators of operators separated by less than a Planck length may be ill-defined in quantum gravity. However, one can avoid this problem by considering the dispersion relation (13) as a relation between scattering amplitudes and their imaginary parts, without reference to operators or correlators. As discussed, the scattering amplitudes of interest are well-defined even at trans-Planckian energy.

The most plausible resolution is that black holes states appear in both parity channels, leading to a cancellation if the spectral functions are the same. As discussed, this can be the case whether or not [H, P] = 0.

This conclusion is quite general, and does not depend in detail on the matter content of the model. It is straightforward to generalize this result to other discrete symmetries, or even to continuous symmetries. If the symmetry can be applied to the low-energy amplitude (i.e. at energies small compared to M_{Planck}, where quantum gravity is negligible), then the corresponding dispersion relation requires that it apply to the black hole production process in that channel. Hence we conclude that black holes exist in each of the channels related by the symmetry.

Acknowledgments The author thanks N. Deshpande, R. Hwa, L. Krauss, J. Polchinski, D. Soper and M. Wise for discussions. This work was supported in part under DOE contract DE-FG06-85ER40224 and NSF contract PHY99-07949. The author acknowledges the hospitality of the Kavli Institute for Theoretical Physics at UC Santa Barbara, where this work was completed.

References

[1] See, for example, R. Wald, General Relativity, University of Chicago Press, (1984). [2] See, for example, S. R. Coleman, J. Preskill and F. Wilczek, Nucl. Phys. B 378, 175 (1992), arXiv:hep-th/9201059.

[3] G. ’tHooft, Phys. Lett. B 198, 61 (1987); Nucl. Phys. B 304, 867 (1988). [4] L. Krauss and F. Wilczek,Phys.Rev.Lett.62, 1221 (1989).

[5] M. Peskin and T. Takeuchi, Phys.Rev.Lett.65, 964 (1990); Phys.Rev.D46, 381 (1992). [6] D. M. Eardley and S. B. Giddings, arXiv:gr-qc/0201034.

[7] D. Amati, M. Ciafaloni and G. Veneziano, Phys. Lett. B 197, 81 (1987); Phys. Lett.

B 216, 41 (1989); Int. J. Mod. Phys. A3, 1615 (1988); Nucl. Phys. B 347, 550 (1990); Nucl. Phys. B 403, 703 (1993).

[8] T. Banks and W. Fischler, arXiv:hep-th/9906038. [9] P. C. Aichelburg and R. U. Sexl, Gen. Rel. Grav. 2, 303 (1971).

[10] P. D. D’Eath and P. N. Payne, Phys. Rev. D 46, 658 (1992); Phys. Rev. D 46, 675 (1992); Phys. Rev. D 46, 694 (1992).

[11] P.D. D’Eath, Black Holes: Gravitational Interactions, Oxford Science Publications (1996).

[12] S. B. Giddings and S. Thomas, arXiv:hep-ph/0106219, to appear in Phys. Rev. D;

S. Dimopoulos and G. Landsberg, Phys. Rev. Lett. 87, 161602 (2001). [13] S. B. Giddings, “Black hole production in TeV-scale gravity, and the future of high energy physics,” in Proc. of the APS/DPF/DPB Summer Study on the Future of Particle Physics (Snowmass 2001) ed. R. Davidson and C. Quigg, arXiv:hep-ph/0110127.

[14] J. L. Feng and A. D. Shapere, arXiv:hep-ph/0109106; L. Anchordoqui and H. Goldberg, arXiv:hep-ph/0109242; R. Emparan, M. Masip and R. Rattazzi, arXiv:hep-ph/0109287; K. M. Cheung, Phys.Rev.Lett.88:221602 (2002), arXiv:hep-ph/0110163; Y. Uehara, arXiv:hep-ph/0110382; A. Ringwald and H. Tu, Phys. Lett. B 525, 125 (2002), arXiv:hep-ph/0111042; L. A. Anchordoqui, J. L. Feng, H. Goldberg and A. D. Shapere, arXiv:hep-ph/0112247; A. Ringwald, M. Kowalski and H. Tu, Phys. Lett. B 529, 1 (2002), arXiv:hep-ph/0201139.

[15] V. Cardoso and J. Lemos, arXiv:gr-qc/0202019.

[16] S. N. Solodukhin, arXiv:hep-ph/0201248.

[17] K. S. Thorne, “Nonspherical Gravitational Collapse: A Short Review,” in J.R. Klauder, Magic Without Magic, San Francisco 1972, pp.231-258.

[18] S. D. H. Hsu, to appear in Physics Letters B, arXiv:hep-ph/0203154.

[19] T. M. Gould, S. D. H. Hsu and E. R. Poppitz, Nucl. Phys. B437, 83 (1995), arXiv:

hep-ph/9403353.

[20] S. D. H. Hsu, “Quantum Scattering and Classical Solutions,” in Sintra ’94 NATO ASI Workshop on Electroweak Physics and the Early Universe, arXiv:hep-ph/9406234.

[21] E. Kohlprath and G. Veneziano, arX-v:gr-qc/0203093.