arXiv:gr-qc/0209077 v2 19 Dec 2002

Matter with dilaton charge in Weyl–Cartan spacetime and evolution of the Universe

Olga V Babourova†§ and Boris N Frolov‡‖

† Department of Theoretical Physics, Faculty of Physics, Moscow State University, Vorobjovy Gory, Moscow 119992, Russian Federation ‡ Department of Physics, Faculty of Mathematics, Moscow State Pedagogical University, Krasnoprudnaya 14, Moscow 107140, Russian Federation

Abstract. The perfect dilaton-spin fluid (as a model of the dilaton matter, the particles of which are endowed with intrinsic spin and dilaton charge) is considered as the source of the gravitational field in a Weyl–Cartan spacetime. The variational theory of such fluid is constructed and the dilaton-spin fluid energy-momentum tensor is obtained. The variational formalism of the gravitational field in a Weyl–Cartan spacetime is developed in the exterior form language. The homogeneous and isotropic Universe filled with the dilaton matter as the dark matter is considered and one of the field equations is represented as the Einstein-like equation which leads to the modified Friedmann–Lemaître equation. From this equation the absence of the initial singularity in the cosmological solution follows. Also the existence of two points of inflection of the scale factor function is established, the first of which corresponds to the early stage of the Universe and the second one corresponds to the modern era when the expansion with deceleration is replaced by the expansion with acceleration. The possible equations of state for the self-interacting cold dark matter are found on the basis of the modern observational data. The inflation-like solution is obtained.

PACS numbers: 04.50.+h, 04.20.Fy, 98.80-k

§ babourova@mail.ru ‖ frolovbn@mail.ru

Matter with dilaton charge and evolution of the Universe 2

1. Introduction

The basis concept of the modern fundamental physics consists in the preposition that the spacetime geometrical structure is compatible with the properties of matter filling the spacetime. It means that the matter dynamics determines the metric and the connection of the spacetime manifold and in turn is determined by the spacetime geometric properties. Therefore the possible deviation from the geometrical structure of the General Relativity spacetime should be stipulated by the existence of matter with unusual properties, which fills spacetime, generates its structure and interacts with it. As examples of such matter there were considered the perfect media with intrinsic degrees of freedom, such as the perfect fluid with spin and non-Abelian colour charge [1], the perfect hypermomentum fluid (see [2] and the references therein), the perfect dilaton-spin fluid [3, 4, 5]. All these fluids are the generalization of the perfect Weyssenhoff–Raabe spin fluid [6].

The modern observations [7] lead to the conclusion about the existence of dark (nonluminous) matter with the density exceeding by one order of magnitude the density of baryonic matter, from which stars and luminous components of galaxies are formed. It is the dark matter interacting with the equal by order of magnitude positive vacuum energy or with quintessence [8, 9] that realizes the dynamics of the Universe in modern era. Another important consequence of the modern observations is the understanding of the fact that the end of the Friedmann era occurs when the expansion with deceleration is succeeded by the expansion with acceleration, the transition to the unrestrained exponential expansion being possible.

As dark matter we propose to consider the dilaton matter, the model of which is realized as the perfect dilaton-spin fluid. Every particle of such fluid is endowed with spin and dilaton charge. This type of matter generates in spacetime the Weyl–Cartan geometrical structure with curvature, torsion and nonmetricity of the Weyl type and interacts with it. Such hypothetical type of matter was proposed in [3, 4], where the variational theory of perfect fluid of this type has been constructed, and the peculiarities of motion of the particles with spin and dilaton charge in a Weyl–Cartan spacetime have been considered.

The importance of considering matter endowed with the dilaton charge is based on the fact that some variants of low-energy effective string theory are reduced to the theory of interacting metric and scalar dilaton field [10] represented by the gradient part of the Weyl connection. It should be pointed out that this gradient part was successfully used in [11] for explanation some effects of the modern cosmology. Therefore the dilaton gravity is one of the attractive approaches to the modern gravitational theory.

The Weyl–Cartan cosmology was considered in [12, 13, 14] as a particular case of the metric–affine theory of gravitation. In our approach we consider the Weyl–Cartan spacetime geometry from the very beginning, the Weyl’s restriction on a nonmetricity 2-form being imposed with a Lagrange multiplier. This approach in the exterior form language was developed in [15, 5]. These two approaches are not identical and yield the

Matter with dilaton charge and evolution of the Universe 3

different field equations in general, as it will be pointed out in section 4.

Our paper is organized as follows.

In section 2, the variational theory of the perfect dilaton-spin fluid is constructed in a Weyl–Cartan spacetime with torsion and nonmetricity with the help of the exterior form formalism. In section 3, the dilaton-spin fluid energy-momentum tensor and dilaton-spin current are obtained, and the energy conservation law along a streamline of the fluid is derived as a consequence of the generalized hydrodynamic Euler-type equation of the perfect fluid motion. In section 4, the variational formalism of the gravitational field in a Weyl–Cartan spacetime is developed and two gravitational field equations, Γ- and θ-equations, are derived. In section 5, the general solution of the field Γ-equation is obtained. In section 6, the homogeneous and isotropic Universe is considered and the field θ-equation is represented as the Einstein-like equation which leads to the modified Friedmann–Lemaître (FL) equation. From this equation it follows (section 7) that, firstly, under the certain conditions on the parameters of the gravitational Lagrangian this equation has a nonsingular solution and, secondly, two points of inflection of the scale factor function exist. The first one corresponds to the early stage of the Universe and the second one corresponds to the modern era when the expansion with deceleration is replaced by the expansion with acceleration. Here the possible equations of state for the self-interacting cold dark matter are found on the basis of the modern observational data. The inflation-like solution is obtained for the superrigid equation of state of the dilaton matter at the very early stage of the evolution of the Universe. Section 8 is devoted to the discussion.

Some facts of a Weyl–Cartan space and the notations used are stated in Appendix A, in particular, the signature of the metric is assumed to be (+, +, +, −). In Appendices B and C the results of the intermediate calculations are stated. Throughout the paper the conventions c = 1, h̄ = 1 are used.

2. The variational theory of the dilaton-spin fluid

Let us develop the variational theory of the perfect dilaton-spin fluid in a Weyl–Cartan space. We shall describe the additional degrees of freedom, which a fluid element possesses, as it is accepted in the theory of the Weyssenhoff–Raabe fluid, with the help of the material frame attached to every fluid element and consisting of four vectors ⃗l_p (p = 1, 2, 3, 4) and inverse to them vectors ⃗lq. The vectors ⃗l_p are called directors. Three of the directors (p = 1, 2, 3) are space-like and the fourth (p = 4) is time-like. In the exterior form language the material frame of the directors turns into the coframe of 1-forms l^p, which have dual 3-forms l_q, the constraint l^p ∧ l_q = δ^p_q η being fulfilled. This constraint means that l^p_αl^β_p = δ^β_α. Each fluid element possesses a 4-velocity vector ⃗u = u^α⃗e_α which corresponds to a flow 3-form u := ⃗u⌋η = u^αη_α and a velocity 1-form ∗u = u_αθ^α = ğ(⃗u, · · ·) with ∗u ∧ u = −η that means the usual condition ğ(⃗u, ⃗u) = −1.

In case of the dilaton-spin fluid the spin dynamical variable of the Weyssenhoff– Raabe fluid is generalized and becomes the new dynamical variable J^p_q named the

Matter with dilaton charge and evolution of the Universe 4

dilaton-spin tensor [3]:

J^p_q = S^p_q + 1 4 δ^p_q J , S_{pq} = J_{[pq]} , J = J^p_p .

It is well-known due to Frenkel theory of the rotating electron [16] that the spin tensor S^p_q of a particle is spacelike in its nature that is the fact of fundamental physical meaning. This leads to the classical Frenkel condition, which can be expressed in two equivalent forms: S^p_qu^q = 0, u_pS^p_q = 0 or in the exterior form language, S^p_ql_p ∧∗u = 0, S^p_ql^q ∧u = 0. It should be mentioned that the Frenkel condition appears to be a consequence of the generalized conformal invariance of the Weyssenhoff perfect spin fluid Lagrangian [17].

It is important that only the first term of J^p_q (the spin tensor) obeys to the Frenkel condition [3]. The second term is proportional to the specific (per particle) dilaton charge J of the fluid element. The existence of the dilaton charge is the consequence of the extension of the Poincaré symmetry (with the spin tensor as the dynamical invariant) to the Poincaré–Weyl symmetry with the dilaton-spin tensor as the dynamical invariant.

The measure of intrinsic motion contained in a fluid element is the quantity Ω^q_p which generalizes the intrinsic ‘angular velocity’ of the Weyssenhoff spin fluid theory,

Ω^q_pη = u ∧ l^q_αDl^α_p , Dl^α_p = dl^α_p + Γ^α_β l^β_p .

An element of the perfect dilaton-spin fluid possesses the additional intrinsic ‘kinetic’ energy density 4-form, E = 1 2 nJ^p_qΩ^q_pη = 1 2 nS^p_qu ∧ l^q_αDl^α_p + 1 8 nJu ∧ l^p_αDl^α_p , where n is the fluid particles concentration.

The fluid element represents the quasi-closed statistical subsystem (with sufficiently large number of particles), the properties of which coincide with the macroscopic properties of the fluid. The internal energy density of the fluid ε depends on the extensive (additive) thermodynamic parameters: the fluid particles concentration n and the specific (per particle) entropy s of the fluid in the rest frame of reference, the specific spin tensor S^p_q and the specific dilaton charge J. The energy density ε obeys to the first thermodynamic principle, dε(n, s, S^p_q, J) = ε + p n dn + nT ds + ∂ε ∂S^p_q dS^p_q + ∂ε ∂J dJ , (2.1)

where p is the hydrodynamic fluid pressure, the fluid particles number conservation law d(nu) = 0 being taken into account. The entropy conservation law d(nsu) = 0 is also fulfilled along the streamline of the fluid.

The Lagrangian density 4-form of the perfect dilaton-spin fluid can be constructed from the quantities ε and E with regard to the constraints which should be introduced into the Lagrangian density by means of the Lagrange multipliers φ, τ , χ, χ^q and ζ_p, L_{fluid} = −ε(n, s, S^p_q, J)η + 1 2 nS^p_qu ∧ l^q_αDl^α_p + 1 8 nJu ∧ l^p_αDl^α_p + nu ∧ dφ +nτ u ∧ ds + nχ(∗u ∧ u + η) + nχ^qS^p_ql_p ∧ ∗u + nζ_pS^p_ql^q ∧ u . (2.2)

Matter with dilaton charge and evolution of the Universe 5

The fluid motion equations and the evolution equation of the dilaton-spin tensor are derived by the variation of (2.2) with respect to the independent variables n, s, S^p_q , J, u, l^q and the Lagrange multipliers, the thermodynamic principle (2.1) being taken into account and master-formula (B.1) (see Appendix B) being used. We shall consider the 1-form l^q as an independent variable and the 3-form l_p as a function of l^q. One can verify that the Lagrangian density 4-form (2.2) is proportional to the hydrodynamic fluid pressure, L_{fluid} = pη.

The variation with respect to the material coframe l^q yields the motion equations of the directors, which lead to the dilaton charge conservation law J̇ = 0 and to the evolution equation of the spin tensor, Ṡ^α_β + Ṡ^α_γ u^γ u_β + Ṡ^γ_βu_γ u^α = 0 , (2.3)

where the ‘dot’ notation for the tensor object Φ is introduced, Φ̇^α_β = ∗(u ∧ DΦ^α_β ). The equation (2.3) generalizes the evolution equation of the spin tensor of the Weyssenhoff fluid theory to a Weyl–Cartan space. With the help of the projection tensor Π^α_σ these two equations can be represented in the equivalent form [3], Π^α_σ Π^ρ_βJ̇^σ_ρ = 0.

3. The energy-momentum 3-form and the hydrodynamic Euler equation

By means of the variational derivatives of the matter Lagrangian density (2.2) one can derive the external matter currents which are the sources of the gravitational field. In case of the perfect dilaton-spin fluid the matter currents are the canonical energymomentum 3-form Σ_σ , the metric stress-energy 4-form σ^{αβ}, the dilaton-spin momentum 3-form J^α_β , derived in [3].

The variational derivative of the Lagrangian density (2.2) with respect to θ^σ yields the canonical energy-momentum 3-form,

Σ_σ = δL_{fluid} δθ^σ = pη_σ + (ε + p)u_σ u + nṠ_{σρ}u^ρu . (3.1)

Here the Frenkel condition, the dilaton charge conservation law J̇ = 0 and the evolution equation of the spin tensor (2.3) have been used. In case of the dilaton-spin fluid the energy density ε in (3.1) contains the energy density of the dilaton interaction of the fluid.

The metric stress-energy 4-form can be derived in the same way,

σ^{αβ} = 2 δL_{fluid} δg_{αβ} = T^{αβ}η , T^{αβ} = pg^{αβ} + (ε + p)u^αu^β + nṠ^{(α}_γ u^{β)}u^γ . (3.2)

The dilaton-spin momentum 3-form can be obtained in the following way,

J^α_β = − δL_{fluid} δΓ^β_α = 1 2 n ( S^α_β + 1 4 Jδ^α_β ) u = S_{αβ} + 1 4 J δ^α_β . (3.3)

Matter with dilaton charge and evolution of the Universe 6

In a Weyl–Cartan space the matter Lagrangian obeys the diffeomorphism invariance, the local Lorentz invariance and the local scale invariance that lead to the corresponding Noether identities [4]:

DΣ_σ = (⃗e_σ⌋T^α) ∧ Σ_α − (⃗e_σ⌋R^α_β ) ∧ J^β_α − 1 8 (⃗e_σ⌋Q)σ^α_α , (3.4) ( D + 1 4 Q ) ∧ S_{αβ} = θ_{[α} ∧ Σ_{β]} , (3.5) DJ = θ^α ∧ Σ_α − σ^α_α . (3.6) The Noether identity (3.4) represents the quasiconservation law for the canonical matter energy-momentum 3-form. This identity and also the identities (3.5) and (3.6) are fulfilled, if the equations of matter motion are valid, and therefore they represent in essence another form of the matter motion equations.

If one introduces a specific (per particle) dynamical momentum of a fluid element, π_ση = − 1 n ∗u ∧ Σ_σ , π_σ = ε n u_σ − S_{σρ}⃗u⌋Du^ρ , then the canonical energy-momentum 3-form reads,

Σ_σ = pη_σ + n ( π_σ + p n u_σ ) u . (3.7)

Substituting (3.7), (3.2) and (3.3) into (3.4), one obtains after some algebra the equation of motion of the perfect dilaton-spin fluid in the form of the generalized hydrodynamic Euler-type equation of the perfect fluid [4], u ∧ D ( π_σ + p n u_σ ) = 1 n η⃗e_σ⌋Dp − 1 8n η(ε + p)Q_σ − (⃗e_σ⌋T^α) ∧ ( π_α + p n u_α ) u − 1 2 (⃗e_σ⌋R^{αβ} ) ∧ S_{αβ}u + 1 8 (⃗e_σ⌋R^α_α) ∧ Ju . (3.8) Let us evaluate the component of the equation (3.8) along the 4-velocity by contracting one with u^σ . After some algebra we get the energy conservation law along a streamline of the fluid [4],

dε = ε + p n dn . (3.9)

4. Variational formalism in a Weyl–Cartan space

We represent the total Lagrangian density 4-form of the theory as follows L = L_{grav} + L_{fluid} , (4.1) where the gravitational field Lagrangian density 4-form reads,

L_{grav} = 2f_0 ( 1 2 R^α_β ∧ η_α^β − Λη + 1 4 λ R^α_α ∧ ∗R^β_β + ϱ_1 T^α ∧ ∗T_α

+ϱ_2 (T^α ∧ θ_β) ∧ ∗(T^β ∧ θ_α) + ϱ_3 (T^α ∧ θ_α) ∧ ∗(T^β ∧ θ_β) +ξ Q ∧ ∗Q + ζ Q ∧ θ^α ∧ ∗T_α ) + Λ^{αβ} ∧ ( Q_{αβ} − 1 4 g_{αβ}Q ) . (4.2)

Matter with dilaton charge and evolution of the Universe 7

Here f_0 = 1/(2æ) (æ = 8πG), Λ is the cosmological constant, λ, ϱ_1, ϱ_2, ϱ_3, ξ, ζ are the coupling constants, and Λ^{αβ} is the Lagrange multiplier 3-form with the evident properties,

Λ^{αβ} = Λ^{βα} , Λ^γ_γ = 0 , (4.3)

which are the consequences of the Weyl’s condition (A.1).

In (4.2) the first term is the linear Gilbert–Einstein Lagrangian generalized to a Weyl–Cartan space. The second term is the Weyl quadratic Lagrangian, which is the square of the Weyl segmental curvature 2-form (see (C.1) and (A.4)),

R^α_α = dΓ^α_α = 1 2 dQ . (4.4)

Here the Weyl 1-form Q, in contrast to the classical Weyl theory, represents the gauge field, which does not relate to an electromagnetic field, that has been firstly pointed out by Utiyama [18]. The field of the Weyl 1-form Q we shall call a dilaton field. The term with the coupling constant ζ represents the contact interaction of the dilaton field with the torsion that can occur in a Weyl–Cartan space.

The gravitational field equations in a Weyl–Cartan spacetime can be obtained by the variational procedure of the first order. Let us vary the Lagrangian (4.1) with respect to the connection 1-form Γ^α_β (Γ-equation) and to the basis 1-form θ^α (θ-equation) independently, the constraints on the connection 1-form in a Weyl–Cartan space being satisfied by means of the Lagrange multiplier 3-form Λ^{αβ} .

The including into the Lagrangian density 4-form the term with the Lagrange multiplier Λ^{αβ} means that the theory is considered in a Weyl–Cartan spacetime from the very beginning [15, 5]. Another variational approach has been developed in [13, 14] where the field equations in a Weyl–Cartan spacetime have been obtained as a limiting case of the field equations of the metric-affine gauge theory of gravity. These two approaches are not identical in general and coincide only in case when Λ^{αβ} is equal to zero as a consequence of the field equations.

For the variational procedure it is efficiently to use the following general relations which can be obtained for the arbitrary 2-forms Φ^β_α, Φ_α and the arbitrary 3-form Ψ^{αβ} with the help of the Cartan structure equations (A.3) and the structure equation for the nonmetricity 1-form Q_{αβ} (A.1),

δR^α_β ∧ Φ^β_α = d(δΓ^α_β ∧ Φ^β_α) + δΓ^α_β ∧ DΦ^β_α , (4.5) δT^α ∧ Φ_α = d(δθ^α ∧ Φ_α) + δθ^α ∧ DΦ_α + δΓ^α_β ∧ θ^β ∧ Φ_α , (4.6) δQ_{αβ} ∧ Ψ^{αβ} = d(−δg_{αβ}Ψ^{αβ}) + δΓ^α_β ∧ 2Ψ_{(α}^{β)} + δg_{αβ}DΨ^{αβ} . (4.7)

The subsequent derivation of the variations of the Lagrangian density 4-form (4.2) is based on the master formula (B.1) derived in Lemma proved in [19] (see Appendix B). This master formula gives the rule how to compute the commutator of the variation operator δ and the Hodge star operator ∗. The result of the variation of every term of the gravitational field Lagrangian density 4-form (4.2) one can find in Appendix B.

Matter with dilaton charge and evolution of the Universe 8

The variation of the total Lagrangian density 4-form (4.1) with respect to the Lagrange multiplier 3-form Λ^{αβ} yields according to (B.15) the Weyl’s condition (A.1) on the nonmetricity 1-form Q_{αβ}.

The variation of (4.1) with respect to Γ^α_β can be obtained by combining all terms in (B.7)–(B.15) proportional to the variation of Γ^α_β and taking into account the same variation of the fluid Lagrangian density 4-form (2.2), which is the dilaton-spin momentum 3-form (3.3). This variation yields the field Γ-equation, 1 4 λδ^β_αd ∗dQ − 1 8 Q ∧ η_α^β + 1 2 T_γ ∧ η_α^{βγ} + 2ϱ_1θ^β ∧ ∗T_α

+2ϱ_2θ^β ∧ θ_γ ∧ ∗(T^γ ∧ θ_α) + 2ϱ_3θ^β ∧ θ_α ∧ ∗(T^γ ∧ θ_γ ) +4ξδ^β_α ∗Q + ζ ( θ^β ∧ ∗(Q ∧ θ_α) + 2δ^β_αθ^γ ∧ ∗T_γ ) − 1 f_0

Λ_α^β = 1 4f_0 n ( S^β_α + 1 4 Jδ^β_α ) u , (4.8)

the condition (A.1) being taken into account after the variational procedure has been performed.

The variation of (4.1) with respect to the basis 1-form θ^σ can be obtained in the similar way that gives the second field equation (θ-equation), 1 2 R^α_β ∧ η_α^β_σ − Λη_σ + ϱ_1 ( 2D ∗T_σ + T^α ∧ ∗(T_α ∧ θ_σ) + ∗(∗T_α ∧ θ_σ) ∧ ∗T^α )

+ ϱ_2 ( 2D ( θ_α ∧ ∗(T^α ∧ θ_σ) ) − ∗(T^β ∧ θ_α ∧ θ_σ)(T^α ∧ θ_β )

+ 2T^α ∧ ∗(θ_α ∧ T_σ) − ∗ ( ∗(T^β ∧ θ_α) ∧ θ_σ ) ∧ ∗(T^α ∧ θ_β) )

+ ϱ_3 ( 2D ( θ_σ ∧ ∗(T^α ∧ θ_α) ) + 2T_σ ∧ ∗(T^α ∧ θ_α) − ∗(T^β ∧ θ_β ∧ θ_σ)T^α ∧ θ_α − ∗ ( ∗(T^β ∧ θ_β ) ∧ θ_σ ) ∧ ∗(T^α ∧ θ_α) )

+ λ ( 1 4 R^β_β ∧ ∗(R^α_α ∧ θ_σ ) + 1 4 ∗ (∗R^α_α ∧ θ_σ) ∧ ∗R^β_β )

+ ζ ( D ∗(Q ∧ θ_σ ) + Q ∧ θ^α ∧ ∗(T_α ∧ θ_σ) − Q ∧ ∗T_σ + ∗(∗T_α ∧ θ_σ) ∧ ∗(Q ∧ θ^α) ) + ξ ( −Q ∧ ∗(Q ∧ θ_σ) − ∗(∗Q ∧ θ_σ) ∗Q ) = − 1 2f_0

Σ_σ . (4.9)

Here Σ_σ is the fluid canonical energy-momentum 3-form (3.1). In (4.9) the condition (A.1) is used after the variational procedure has been performed.

The result of the variation of the total Lagrangian density 4-form (4.1) with respect to the metric components g_{αβ} (g-equation) is not independent and is a consequence of the field Γ- and θ-equations. For the metric-affine theory of gravitation it was pointed out in [20]. In the Weyl–Cartan theory of gravitation it can be justified as follows. In this theory, as the consequence of the scale invariance, the metric of the tangent space can be chosen in the form [18], g_{ab} = σ(x)g^M_{ab} , where g^M_{ab} is the metric tensor of the Minkowski space and σ(x) is an arbitrary function to be varied when the g-equation

Matter with dilaton charge and evolution of the Universe 9

is derived. Therefore the g-equation appears only in the trace form. But the total Lagrangian density 4-form (4.1) also obeys the diffeomorphism invariance and therefore the Noether identity analogous to the identity (3.4) is valid, from which the trace of the g-equation can be derived via the Γ- and θ-equations. The quantity ⃗e_σ⌋Q in (3.4) does not vanish identically in general, otherwise we should have a Riemann–Cartan spacetime, in which case we could choose σ(x) = const = 1 and the g-equation would not appear.

5. The analysis of the field Γ-equation

Let us give the detailed analysis of the Γ-equation (4.8). The antisymmetric part of this equation determines the torsion 2-form T^α. The symmetric part determines the Lagrange multiplier 3-form Λ_α^β and the Weyl 1-form Q.

After antisymmetrization the equation (4.8) gives the following equation for the torsion 2-form, − 1 2 T^γ ∧ η_{αβγ} + 1 8 Q ∧ η_{αβ} + 2ϱ_1θ_{[α} ∧ ∗T_{β]}

+2ϱ_2θ_{[α} ∧ θ_{|γ|} ∧ ∗(T^{|γ|} ∧ θ_{β]}) + 2ϱ_3θ_α ∧ θ_β ∧ ∗(T^γ ∧ θ_γ)

+ζθ_{[α} ∧ ∗(Q ∧ θ_{β]}) = 1 2 ænS_{αβ}u , æ = 1 2f_0

. (5.1)

The torsion 2-form can be decomposed into the irreducible pieces (the traceless 2-form^{(1)}T^α, the trace 2-form^{(2)}T^α and the pseudotrace 2-form^{(3)}T^α) [20], [13],

T^α =^{(1)}T^α+^{(2)}T^α+^{(3)}T^a . (5.2) Here the torsion trace 2-form and the torsion pseudotrace 2-form of the pseudo-Rieman-nian 4-manifold are determined by the expressions, respectively, (2) T^α = 1 3 T ∧ θ^α , T = ∗(θ_α ∧ ∗T^α) = −(⃗e_α⌋T^α) , (5.3) (3) T^α = 1 3 ∗ (P ∧ θ^α) , P = ∗(θ_α ∧ T^α) = ⃗e_α⌋ ∗ T^α , (5.4)

where the torsion trace 1-form T and the torsion pseudotrace 1-form P are introduced.

The irreducible pieces of torsion satisfy to the conditions [20], (1) T^α ∧ θα = 0 ,^{(2)}T^α ∧ θα = 0 , (5.5)

⃗e_α⌋^{(1)}T^α = 0 , ⃗e_α⌋^{(3)}T^α = 0 . (5.6) Using the computational rules (A.5)–(A.12) and (B.5) let us derive two efficient identities, T^γ ∧ η_{αβγ} = T^γ ∧ (⃗e_γ ⌋η_{αβ}) = ⃗e_γ⌋(T^γ ∧ η_{αβ}) − (⃗e_γ ⌋T^γ ) ∧ η_{αβ} = ⃗e_γ ⌋ ( T^γ ∧ ∗(θ_α ∧ θ_β) ) + T ∧ η_{αβ} = ( ⃗e_γ⌋(θ_α ∧ θ_β ) ) ∧ ∗T^γ + θ_α ∧ θ_β ∧ (⃗e_γ ⌋ ∗ T^γ ) + T ∧ η_{αβ}

Matter with dilaton charge and evolution of the Universe 10

= − θ_{[α} ∧ ∗T_{β]} + θ^α ∧ θ_β ∧ P + T ∧ η_{αβ} , (5.7)

θ_γ ∧ ∗(T^γ ∧ θ_α) = ∗ ( ⃗e_γ ⌋(T^γ θ_α) ) = ∗(−T ∧ θ_α + T_α) = ∗T_α − 3 ∗^{(2)}T_α . (5.8) Using the identities (5.7), (5.8), one can represent the field equation (5.1) as follows,

(1 + 2ϱ_1 + 2ρ_2)θ_{[α} ∧ ∗T_{β]} + ( − 1 2 + 2ϱ_3 ) θ_α ∧ θ_β ∧ P − 6ϱ_2θ_{[α} ∧ ∗^{(2)}T_{β]} − 1 2 T ∧ η_{αβ} + 1 8 Q ∧ η_{αβ} + ζθ_{[α} ∧ ∗(Q ∧ θ_{β]}) = 1 2 ænS_{αβ}u . (5.9) Multiplying the equation (5.9) by θ^β from the right externally, using the computation rules (B.2)–(B.6) and then the Hodge star operation, one gets in consequence of the Frenkel condition the relation between the torsion trace 1-form T (5.3) and the Weyl 1-form Q, T = 3(^1_4 + ζ) 2(1 − ϱ_1 + 2ϱ_2)

Q . (5.10)

As a consequence of (5.10) and the relation (A.11) it can be proved the equality for the trace 2-form,

(1 + 2ϱ_1 − 4ϱ_2)θ_{[α} ∧ ∗^{(2)}T_{β]} − 1 2 T ∧ η_{αβ} + 1 8 Q ∧ η_{αβ} + ζθ_{[α} ∧ ∗(Q ∧ θ_{β]}) = 0 . (5.11)

Then as a consequence of (5.2), (5.4), (5.11) and the conditions (5.5) the field equation (5.9) is transformed as follows,

(1 + 2ϱ_1 + 2ϱ_2) θ_{[α} ∧ ∗^{(1)}T_{β]} − 1 6 (1 − 4ϱ_1 − 4ϱ_2 − 12ϱ_3)θ_α ∧ θ_β ∧ P = 1 2 ænS_{αβ}u . Contracting this equation with g^{βγ}⃗e_γ , we get with the help of the Leibnitz rule (A.7) the equation,

(1 + 2ϱ_1 + 2ϱ_2)∗^{(1)}T_α − 2 3 (1 − 4ϱ_1 − 4ϱ_2 − 12ϱ_3)θ_α ∧ P = ænS_{αβ}u_γ η^{βγ} . (5.12)

By contracting this equation with g^{αβ}⃗e_β we get the equation (1 − 4ϱ_1 − 4ϱ_2 − 12ϱ_3)P = ænσ , (5.13) which represents the torsion pseudotrace 1-form P via the Pauli–Lyubanski spin 1-form σ of a fluid particle, σ = − 1 2 S^{αβ}u^γ η_{αβγ} = 1 2 S^{αβ}u^γ η_{λαβγ}θ^λ . (5.14) As a consequence of (5.13) the field equation (5.12) yields the equation for the traceless piece of the torsion 2-form,

(1 + 2ϱ_1 + 2ϱ_2)^{(1)}T_α = æn ( S_{αβ} u_γ θ^β ∧ θ^γ + 2 3 σ^βη_{βα} ) = − 2 3 ænS_{β(α}u_{γ)}θ^β ∧ θ^γ . (5.15)

Now let us calculate the symmetric part of the Γ-equation (4.8). Because of (4.3) the result can be represented as follows,

æΛ_{αβ} = ϱ_1θ_{(α} ∧ ∗T_{β)} + ϱ_2θ_{(α} ∧ θ_{|γ|} ∧ ∗(T^{|γ|} ∧ θ_{β)}) + 1 8 λg_{αβ} d ∗dQ + 2ξg_{αβ} ∗Q +ζ ( 1 2 θ_{(α} ∧ ∗(Q ∧ θ_{β)}) + g_{αβ}θ_γ ∧ ∗T_γ ) − 1 32 æng_{αβ} Ju . (5.16)

Matter with dilaton charge and evolution of the Universe 11

By contracting the equation (5.16) on the indices α and β and after substituting (5.10) in the result, one finds the equation of the Proca type for the Weyl 1-form,

∗ d ∗dQ + m^2Q = æ 2λ nJ ∗u , m^2 = 16 ξ λ + 3(ϱ_1 − 2ϱ_2 + 8ζ(1 + 2ζ)) 4λ(1 − ϱ_1 + 2ϱ_2)

. (5.17)

The equation (5.17) shows that the dilaton field Q, in contrast to Maxwell field, possesses the non-zero rest mass and demonstrates a short-range nature, as it was pointed out by Utiyama [18] (see also [21]). In the component form the Proca type equation for Weyl vector was used in [18, 22] and in the exterior form language in [13].

By virtue of d(nu) = 0 and J̇ = 0 (see section 2) the equation (5.17) has the Lorentz condition as a consequence,

d ∗Q = 0 ,^R∇_α Q^α = 0 , (5.18)

where^R∇_α is the covariant derivative with respect to the Riemann connection (see Appendix C). Here the latter relation is the component representation of the former one.

If we use (5.10) and (5.17), then the equation (5.16) takes the form,

æΛ_{αβ} = ϱ_1θ_{(α} ∧ ∗T_{β)} + ϱ_2θ_{(α} ∧ θ_{|γ|} ∧ ∗(T^{|γ|} ∧ θ_{β)}) + 4ζ(1 − ϱ_1 + 2ϱ_2)

3(1 + 4ζ) θ_{(α} ∧ ∗(T ∧ θ_{β)}) − 4ζ + ϱ_1 − 2ϱ_2 4(1 + 4ζ) g_{αβ} ∗T . (5.19)

This equation determines the Lagrange multiplier 3-form Λ_{αβ}. It is very important that Λ_{αβ} is in general not equal to zero.

The equations (5.10), (5.13), (5.15) and (5.19) solve the problem of the evaluation the torsion 2-form and the Lagrange multiplier 3-form. With the help of the algebraic field equations (5.13) and (5.15) the traceless and pseudotrace pieces of the torsion 2- form are determined via the spin tensor and the flow 3-form u of the perfect dilaton-spin fluid in general case, when the conditions 1 + 2ϱ_1 + 2ϱ_2 ≠ 0 and 1 − 4ϱ_1 − 4ϱ_2 − 12ϱ_3 ≠ 0 are valid. With the help of the equation (5.10) one can determine the torsion trace 2-form via the dilaton field Q, for which the differential field equation (5.17) is valid. Therefore the torsion trace 2-form can propagate in the theory under consideration.

6. The field θ-equation in homogeneous and isotropic cosmology

Now we consider the homogeneous and isotropic Universe filled with the perfect dilatonspin fluid, which realizes the model of the dark matter with J ≠ 0 in contrast to the ordinary baryonic matter with J = 0. The metric of this cosmological model is the Robertson–Walker (RW) metric with scale factor a(t),

ds^2 = a^2(t) 1 − kr^2 dr^2 + a^2(t)r^2 ( dθ^2 + (sin θ)^2dϕ^2 ) − dt^2 , (6.1)

the comoving frame of reference being chosen,

u^1 = u^2 = u^3 = 0 , u^4 = 1 . (6.2)

Matter with dilaton charge and evolution of the Universe 12

As it was shown in [23, 12], in the spacetime with the RW metric (6.1) the only nonvanishing components of the torsion are T^1_{41} = T^2_{42} = T^3_{43} and T_{ijk} for i = 1, 2, 3. In this case from (5.3) we get that the only nonvanishing component of the trace 1-form is T_4 = T_4(t) (T_i = 0 for i = 1, 2, 3). From (5.4) we also find, P = 3T_{[123]}η^{1234}θ_4. But the field equation (5.13) yields, P^4 ∼ σ^4 = 0, as a consequence of (5.14) and (6.2). Therefore the pseudotrace piece of the torsion 2-form vanishes. It is easy to calculate with the help of (5.2), (5.3) that the traceless piece also vanishes. Therefore for the RW metric (6.1) we have, (1) T α = 0 ,^{(3)}T α = 0 , (6.3) and the torsion 2-form consists only from the trace piece that in the component representation reads, T_{λαβ} = − 2 3 g_{λ[α}T_{β]} . (6.4)

As a consequence of (5.13)–(5.15) and the identity, u_λS_{αβ} ≡ u_{[λ}S_{αβ]} + 2 3 (u_{(λ}S_{α)β} − u_{(λ}S_{β)α}) , (6.5)

we have to conclude that the condition S_{αβ} = 0 is valid for the spin tensor of the matter source in the cosmological model considered. It can be understood in the sense that the mean value of the spin tensor is equal to zero under statistical averaging over all directions in the homogeneous and isotropic Universe. As a consequence of this fact in this section and in the sequential sections we shall simplify the equations of the theory by using the conditions (6.3) and S_{αβ} = 0. In case S_{αβ} = 0 dilaton-spin fluid becomes dilaton fluid.

Let us now decompose the field θ-equation (4.9) into Riemannian and non- Riemannian parts using the formulae (C.1)–(C.6) and then transform the result to the component form. In Appendix C one can find the decomposition of the each part of the field equation (4.9). After gathering all expressions (C.7)–(C.11) together and substituting the relation (5.10) we receive the following results.

The terms with the derivatives of the dilaton field, like^R∇_α Q^α and^R∇_σ Q^α, and the same derivatives of the torsion trace 1-form in a remarkable manner mutually compensate each other and vanish as a consequence of (5.10), 2 3 (1 − ϱ_1 + 2ϱ_2) ( η_σ^R∇_ρ T^ρ − η_ρ^R∇_σ T^ρ ) − (1 4 + ζ ) ( η_σ^R∇_ρ Q^ρ − η_ρ^R∇_σ Q^ρ ) = 0 .

The terms with dQ also vanish, as the equality dQ = 0 is valid identically for the RW metric (6.1) that can be easy verified in the holonomic basis, when θ^α = dx^α,

dQ = ∂_β Q_αdx^β ∧ dx^α = ∂_4Q_4dx^4 ∧ dx^4 = 0 . (6.6)

This follows from the fact that for this metric one has Q_4 = Q_4(t), Q_i = 0 (i = 1, 2, 3) as a consequence of (5.10) and the values of the trace torsion for the metric (6.1).

Matter with dilaton charge and evolution of the Universe 13

The remainder terms of the equation (4.9) after some algebra can be represented as follows, (_R R^ρσ − 1 2 δ^ρ_σ^RR ) η_ρ + Λη_σ + α(2Q_σ Q^ρη_ρ − Q_ρQ^ρη_σ ) = æΣ_σ , (6.7) α = 3 (_1

4 + ζ

)_2

4(1 − ϱ_1 + 2ϱ_2) + ξ − 3 64 . (6.8)

Then we shall derive the Weyl 1-form Q algebraically as a consequence of (6.6) from the equation (5.17) via the right side of this equation,

Q^α = æ 2λm^2 nJu^α , (6.9)

which is in accordance with the conditions (6.2) for the comoving system of reference.

After substituting (6.9) and (3.1) to the equation (6.7), the condition S_{αβ} = 0 being used, we can represent the field equation (4.9) as an Einstein-like equation, R Rσρ − 1 2 g_{σρ}^RR= æ ( (ε_e + p_e)u_σu_ρ + p_eg_{σρ} ) , (6.10)

where^RR_{σρ},^RR are a Ricci tensor and a curvature scalar of a Riemann space, respectively, ε_e and p_e are an energy density and a pressure of an effective perfect fluid:

ε_e = ε + ε_v − αæ ( nJ 2λm^2 )_2

, p_e = p + p_v − αæ ( nJ 2λm^2 )_2

, (6.11)

and ε_v = Λ/æ and p_v = −Λ/æ are an energy density and a pressure of a vacuum with the equation of state, ε_v = −p_v > 0.

7. Evolution of the Universe with dilaton matter

The field equation (6.10) yields the modified Friedmann–Lemaître (FL) equation, (ȧ a )_2 + k a^2 = æ 3 ( ε + ε_v − αæ ( Jn 2λm^2 )_2)

. (7.1)

The integration of the continuity equation d(nu) = 0 (d – the operator of exterior differentiation) for RW metric (6.1) yields the matter conservation law na^3 = N = const. As an equation of state of the dilaton fluid we choose the equation of state p = γε , 0 ≤ γ < 1 . (7.2) Then the integration of the energy conservation law (3.9) for RW metric (6.1) yields the condition, ε a^{3(1+γ)} = E_γ = const , E_γ > 0 . (7.3) By virtue of these relations the modified FL equation (7.1) takes the form, (ȧ a )_2 + k a^2 = æ 3a^6 ( ε_va^6 + E_γ a^{3(1−γ)} − E ) , E = αæ ( JN 2λm^2 )_2

. (7.4)

From this equation one can see that the influence of dilaton matter is most essential at the early stage of the Universe evolution (when a << 1), and that the vacuum

Matter with dilaton charge and evolution of the Universe 14

energy contribution dominates at the last stage a >> 1, when the size of the Universe will exceed some specific magnitude defined by the parameters of the dilaton fluid and dilaton field.

Now we put k = 0 in (7.4) in accordance with the modern observational evidence [7, 8, 9], from which one should conclude that the Universe is spatially flat in cosmological scale. In this case we can conclude from the equation (7.4) that extremum points of the scale factor (ȧ = 0) correspond to zero points of the equation,

a^6 + E_γ ε_v ( a^{3(1−γ)} − E E_γ ) = 0 . (7.5)

We are finding zero points corresponding to the positive values of the scale factor, a > 0. It is easy to see that, if the condition,

0 < E << 1 , (7.6) is valid, then in case a << 1 the equation (7.5) has one such zero point,

a_0 ≈ ( E E_γ ) 1_{3(1−γ)} = ( αæ E_γ ( JN 2λm^2 )_2)^1_{3(1−γ)}

, (7.7)

and none zero points in case a >> 1 (as E_γ > 0).

In order to clarify, whether there is a minimum or a maximum in the extremum point, one can use the other components of the equation (6.10). By virtue of (7.3) and (7.7) the result reads, ä a = − æ 6 (ε_e + 3p_e) = æ 3a^6 ( ε_va^6 − 1 2 (1 + 3γ)E_γ a^{3(1−γ)} + 2E ) . (7.8)

At the extremum point (7.7) (in case a << 1) one gets (ä a ) a=a_0 = æ 3 ( ε_v +

3(1 − γ) 2 E a^6_0 ) > 0 , Therefore the value a_0 corresponds to the minimum point of the scale factor a(t).

We conclude that under the some conditions on the parameters of the Lagrangian density 4-form (4.2) there exists a nonsingular solution of the homogeneous and isotropic cosmological model of the Universe to which the minimum value of the scale factor a_0 and the maximum value of the matter density of the Universe correspond,

ε_{max} ≈ E_γ a^{3(1+γ)} 0 = E a^6_0 = ( E^2_γ E^{1+γ} ) 1_{1−γ} . (7.9)

In case γ = 0 the value (7.9) corresponds to that one which was established in [5], where the influence of the vacuum energy contribution was neglected.

In case a >> 1 we can neglect the last term in (7.8) and get the equation, ä a = æ 3 ( ε_v − 1 2 (1 + 3γ)ε(t) ) , (7.10)

where ε(t) is the current value of the dilaton fluid energy density. This equation is valid for the most part of the history of the Universe.

Matter with dilaton charge and evolution of the Universe 15

Consider now the conditions under which the points of inflection of the function a(t) can exist. To this end let us equate the right side of (7.8) to zero (ä = 0) and find zero points of the equation,

a^6 −

(1 + 3γ)E_γ 2ε_v ( a^{3(1−γ)} − 4 1 + 3γ a^{3(1−γ)} 0 ) = 0 . (7.11)

As the last term in (7.11) is very small, then this equation has two types of zero points: very small by magnitude with the value,

a_1 ≈ a_0 ( 4 1 + 3γ

) 1_{3(1−γ)}

, (7.12)

and large by magnitude with the value,

a_2 ≈ ( (1 + 3γ)E_γ 2ε_v

) 1_{3(1+γ)}

. (7.13)

As both solutions correspond to the positive values of the scale factor (a > 0), then two points of inflection exist. As γ < 1, the first point of inflection (7.12) occurs at once after the minimum a_0 of the scale factor. Then up to the second point of inflection a_2 one has ä < 0 and the expansion with deceleration occurs up to the end of the Friedmann era. The point of inflection a_2 corresponds to the modern era when the Friedmann expansion with deceleration is replaced by the expansion with acceleration that means the beginning of the ”second inflation” era.

By equating to zero the equation (7.10) we get the correlation between the vacuum energy density ε_v and the dilaton matter energy density ε at the point of inflection a_2, ε = 2ε_v 1 + 3γ

. (7.14)

After the second point of inflection a_2 the dilaton matter energy density ε diminishes and the inequality is valid, ε < 2ε_v 1 + 3γ , that corresponds to the condition ä > 0 and therefore to the expansion with acceleration.

For the nonrelativistic cold matter (γ =^2_3 ) the formula (7.14) yields,

Ω_{cdm} = 2 3 Ω_Λ , Ω_{cdm} = ε ε_{tot}

, Ω_Λ = ε_v ε_{tot}

, ε_{tot} =

3H^2 8πG . that fits to the boundary of the modern observational data [7], Ω_Λ = 0.66 ± 0.06 , Ω_{cdm}h^2_0 = 0.17 ± 0.02 ,

with H_0 = 100 h_0 = 65 km s^{−1} Mpc^{−1} [8].

Curiously, that if one takes the generally accepted data of [8], Ω_{cdm} =^1_3 , Ω_Λ =^2_3 , and substitute to (7.14), then one gets the value γ = 1, that corresponds to the equation of state of the superrigid matter. Therefore we can conclude that the theory together

Matter with dilaton charge and evolution of the Universe 16

with the observational data gives the approximate range for the viable values of the factor γ in the equation of state of the dilaton matter, 2 3 ≤ γ ≤ 1 . (7.15)

It is interesting to investigate the limiting case γ = 1. For this case the equations (7.3)–(7.5) are valid, but the zero point of the equation (7.5) in case γ = 1 is

a_e = (E − E_1 ε_v

)^1_6

, (7.16)

where E_1 = E_{γ=1} is the integration constant of the equation (7.3).

In case γ = 1 the equation (7.8) at the extremum point (7.16) yields (ä a ) a=a_e = æ 3a^6_e ( ε_va^6_e − 2E_1 + 2E ) = 3Λ > 0 .

Therefore the value a_e corresponds to the minimum point of the scale factor, a_e = a_{min}.

In case γ = 1, k = 0 the equation (7.4) reads, (ȧ a )_2 = æ 3a^6 ( ε_va^6 − E_1 + E ) = Λ 3a^6 ( a^6 − a^6_{min} ) . This equation can be exactly integrated. The solution corresponding to the initial data t = 0, a = a_{min} reads,

a = a_{min}(cosh √ 3Λ t)^{13} , a_{min} = ( αæ^2 Λ ( JN 2λm^2 )_2 − æE_1 Λ ) 1_6 . This solution describes the inflation-like stage of the evolution of the Universe, which continues until the equation of state of the dilaton matter will change and will become differ from the equation of state of the superrigid matter.

8. Discussion

We come to the conclusion that the matter with dilaton charge can play the essential role in the whole dynamic of the Universe. The existence of such matter at the beginning of the Universe leads, if the condition (7.6) is fulfilled, to the absence of the initial singularity in the cosmological solution of the gravitational theory in a Weyl–Cartan spacetime and to the existence of the maximum value of the matter density of the Universe, in contrast to the opinion of [13]. In [12] the nonsingular solution of the cosmological problem was established in the metric–affine theory of gravitation with quadratic Lagrangians. In the theory under consideration the nonsingular solution appears not as a consequence of the quadratic Lagrangians by itself, but because of the existence of the dilaton matter at the early stage of the Universe.

The condition (7.6) means that α > 0 and the quantity |λm^2| is very large by magnitude. From relation (5.17) it follows that m^2 is determined by the quantities ξ/λ and ζ^2/λ (if ρ_i ≈ 1 , i = 1, 2, 3 ). Therefore the mass m of a quantum of the dilaton field and at least one of the coupling constants, ξ or ζ, has to be very large. As α > 0,

Matter with dilaton charge and evolution of the Universe 17

then we see from (6.8) that it is ζ. From (5.10) it follows that the large value of ζ will intensify to a great extent the value of a torsion field, the coupling constant of which with matter is very small in the absence of the dilaton field. In this case torsion can have any influence on Particle Physics. In other words, the great dilaton field mass specifies the extent of the influence of the torsion field on the matter dynamics that finally determines the minimal radius of the Universe, the initial point of the Friedmann era and maybe some properties of elementary particles behavior.

The condition (7.6) also guarantees the existence of two points of inflection of the scale factor function a(t), between which the Friedmann era of evolution of the Universe settles. The first point of inflection a_1 corresponds to the early stage of the Universe. The second point of inflection a_2 (the end of the Friedmann era and the beginning of the ”second inflation” era) is determined by the condition (7.14). This condition on the basis of the observational data yields the viable range of the possible forms of the dilaton dark matter equation of state, p = γε, from the cold dark matter (with γ =^2_3 ) up to the superrigid matter (with γ = 1). Neither the relativistic matter (γ =^1_3 ) nor the dust matter (γ = 0) does not be allowed to belong to this range. Therefore the theory predicts the dark matter to be cold and self-interacting that coincides with the astrophysical data [24].

It should be emphasized that when the equation of state of the dilaton dark matter is superrigid (γ = 1) at the very early stage of the Universe then the inflation-like stage of the evolution of the Universe occurs until the equation of state of the dilaton matter will change.

The hypothesis on the dilaton matter as the dark self-interacting (by means of the dilaton charge) matter explains, why the dark matter is detected only as a consequence of gravitational effects and cannot be discovered by means of the nongravitational interaction with particles for which the dilaton charge J = 0. This hypothesis also leads to the conclusion that the expansion with acceleration begins when the dark matter energy density becomes equal by order of magnitude to the vacuum energy density. This is the answer on the Steinhardt’s question: ”why is the quintessence dominating after 15 billion year and not, say, 1.5 billion years or 150 billion years” [9].

Appendix A

Let us consider a connected 4-dimensional oriented differentiable manifold M equipped with a metric ğ of index 1, a linear connection Γ and a volume 4-form η. Then a Weyl–Cartan space CW_4 is defined as the space equipped with a curvature 2-form R^α_β and a torsion 2-form T^α with the metric tensor and the connection 1-form obeying the condition ¶

− Dg_{αβ} = Q_{αβ} = 1 4 g_{αβ} Q , Q := g^{αβ}Q_{αβ} = Q_αθ^α , (A.1)

¶ Our notations differ by some details from the notations accepted in [20].

Matter with dilaton charge and evolution of the Universe 18 where Q_{αβ} – a nonmetricity 1-form, Q – a Weyl 1-form and D := d+Γ∧. . . – the exterior covariant differential. Here θ^α (α = 1, 2, 3, 4) – cobasis of 1-forms of the CW_4-space (∧ – the exterior product operator).

A curvature 2-form R^α_β and a torsion 2-form T^α, R^α_β = 1 2 R^α_{βγλ}θ^γ ∧ θ^λ , T^α = 1 2 T^α_{βγ}θ^β ∧ θ^γ , T^α_{βγ} = −2Γ^α_{[βγ]} . (A.2) are defined by virtue of the Cartan’s structure equations, R^α_β = dΓ^α_β + Γ^α_γ ∧ Γ^γ_β , T^α = Dθ^α = dθ^α + Γ^α_β ∧ θ^β . (A.3) The Bianchi identities for the curvature 2-form, the torsion 2-form and the Weyl 1-form are valid [20], DR^α_β = 0 , DT^α = R^α_β ∧ θ^β , dQ = 2R^γ_γ . (A.4) It is convenient to use the auxiliary fields of 3-forms η_α, 2-forms η_{αβ} , 1-forms η_{αβγ} and 0-forms η_{αβγλ} with the properties, η_α = ⃗e_α⌋η = ∗θ_α , η_{αβγ} = ⃗e_γ ⌋η_{αβ} = ∗(θ_α ∧ θ_β ∧ θ_γ ) , (A.5) η_{αβ} = ⃗e_β⌋η_α = ∗(θ_α ∧ θ_β ) , η_{αβγλ} = ⃗e_λ⌋η_{αβγ} = ∗(θ_α ∧ θ_β ∧ θ_γ ∧ θ_λ) . (A.6) Here ∗ is the Hodge operator and ⌋ is the operation of contraction (interior product) which obeys to the Leibnitz antidifferentiation rule, ⃗v⌋(Φ ∧ Ψ) = (⃗v⌋Φ) ∧ Ψ + (−1)^pΦ ∧ (⃗v⌋Ψ) , (A.7) where Φ is a p-form.

The properties (A.5), (A.6) lead to the following useful relations, θ^σ ∧ η_α = δ^σ_αη , θ^σ ∧ η_{α1...αp} = (−1)^{p−1}pδ^σ_{[α1} η_{α2...αp]} , (A.8) θ^σ ∧ θ^ρ ∧ η_{αβ} = 2δ^σ_{[α}δ^ρ_{β]}η , (A.9) θ^σ ∧ θ^ρ ∧ η_{αβγ} = 3θ^σ ∧ δ^ρ_{[α}η_{βγ]} = 6δ^σ_{[α}δ^ρ_β η_{γ]} , (A.10) θ_{[α} ∧ ∗(θ_{β]} ∧ θ_γ ) = − 1 2 η_{αβ} ∧ θ_γ , (A.11) ⃗e_λ⌋(θ^{α1} ∧ . . . ∧ θ^{αp} ) = pδ^{[α1}_λ θ^{α2} . . . ∧ θ^{αp]} . (A.12) In space CW_4 the equality Dη = 0 is fulfilled and the following formulae are valid [20], Dη_{αβγλ} = − 1 2 Qη_{αβγλ} , Dη_{αβγ} = − 1 2 Q ∧ η_{αβγ} + T^λη_{αβγλ} , (A.13) Dη_{αβ} = − 1 2 Q ∧ η_{αβ} + T^γ ∧ η_{αβγ} , Dη_α = − 1 2 Q ∧ η_α + T^β ∧ η_{αβ} . (A.14)

Appendix B The variational procedure in the exterior form language is based on the master formula derived the following Lemma, proved in [19] (see also [25]).

Matter with dilaton charge and evolution of the Universe 19

Lemma. Let Φ and Ψ be arbitrary p-forms defined on n -dimensional manifold. Then the variational identity for the commutator of the variation operator δ and the Hodge star operator ∗ is valid, Φ ∧ δ ∗ Ψ = δΨ ∧ ∗Φ +δg_{σρ} ( 1 2 g^{σρ}Φ ∧ ∗Ψ + (−1)^{p(n−1)+s+1}θ^σ ∧ ∗ (∗Ψ ∧ θ^ρ) ∧ ∗Φ )

+δθ^α ∧ ( (−1)^pΦ ∧ ∗ (Ψ ∧ θ_α) + (−1)^{p(n−1)+s+1} ∗ (∗Ψ ∧ θ_α) ∧ ∗Φ ) . (B.1) The variational procedure is realized with the help of the computation rules [26], ∗ ∗Ψ = (−1)^{p(n−p)+s}Ψ , Φ ∧ ∗Ψ = Ψ ∧ ∗Φ , (B.2) ⃗e_α⌋ ∗ Ψ = ∗(Ψ ∧ θ_α) , θ^α ∧ (⃗e_α⌋Ψ) = pΨ , (B.3) where Ψ and Φ are p-forms and s = Ind(ğ) is the index of the metric ğ, which is equal to the number of negative eigenvalues of the diagonalized metric. The relations (B.2) and (B.3) lead to the consequences, ⃗e_α⌋Ψ = (−1)^{n(p−1)+s} ∗(θ_α ∧ ∗Ψ) , (B.4) ∗(⃗e_α⌋Ψ) = (−1)^{p−1}θ_α ∧ ∗Ψ , (B.5) ∗(⃗e_α⌋ ∗Ψ) = (−1)^{(n−1)(p+1)+s}Ψ ∧ θ_α . (B.6) Let apply the master formula (B.1) to the variation of the Lagrangian density 4- form (4.2), the general relations (4.5)–(4.7) and the computation rules (A.8)–(A.14), (B.2)–(B.6) being used. The results of the variational procedure for every term of (4.2) have the following form, the exact forms being omitted, 2f_0 : δΓ^α_β ∧ ( − 1 4 Q ∧ η_α^β + 1 2 T_λ ∧ η_α^{βλ} + 1 2 η_{αγ} ∧ Q^{βγ} )

+ δg_{σρ} ( 1 2 g^{σρ}R^α_β ∧ η_α^β + 1 2 θ^σ ∧ θ_β ∧ ∗R^{βρ} )

+ δθ^σ ∧ ( 1 2 R^α_β ∧ η_α^β_σ ) , (B.7) 2f_0 ϱ_1 : δΓ^α_β ∧ 2θ^β ∧ ∗T_α + δg_{σρ} ( T^σ ∧ ∗T^ρ + 1 2 g^{σρ}T_α ∧ ∗T^α + θ^σ ∧ ∗(∗T^α ∧ θ^ρ) ∧ ∗T_α ) + δθ^σ ∧ (2D ∗ T_σ + T^α ∧ ∗(T_α ∧ θ_σ ) + ∗(∗T_α ∧ θ_σ) ∧ ∗T^α) , (B.8) 2f_0 ϱ_2 : δΓ^α_β ∧ 2θ^β ∧ θ_γ ∧ ∗(T^γ ∧ θ_α) + δg_{σρ} (1 2 g^{σρ}(T^α ∧ θ_β )

+ 2δ^σ_β T^α ∧ θ^ρ − θ^σ ∧ ∗(∗(T^α ∧ θ_β) ∧ θ^ρ) ) ∧ ∗(T^β ∧ θ_α) + δθ^σ ∧ ( 2D ( θ_α ∧ ∗(T^α ∧ θ_σ) ) − ∗(T^β ∧ θ_α ∧ θ_σ)(T^α ∧ θ_β)

+ 2T^α ∧ ∗(T_σ ∧ θ_α) − ∗ ( ∗(T^β ∧ θ_α) ∧ θ_σ ) ∧ ∗(T^α ∧ θ_β ) ) , (B.9)

2f_0 ϱ_3 : δΓ^α_β ∧ 2θ^β ∧ θ_α ∧ ∗(T^γ ∧ θ_γ ) + δg_{σρ} (1 2 g^{σρ}(T^β ∧ θ_β)

+ 2T^σ ∧ θ^ρ − θ^σ ∧ ∗ ( ∗(T^β ∧ θ_β) ∧ θ^ρ )) ∧ ∗(T^α ∧ θ_α)

Matter with dilaton charge and evolution of the Universe 20 + δθ^σ ∧ ( 2D ( θ_σ ∧ ∗(T^α ∧ θ_α) ) − ∗(T^β ∧ θ_β ∧ θ_σ)T^α ∧ θ_α + 2T_σ ∧ ∗(T^α ∧ θ_α) − ∗ ( ∗(T^β ∧ θ_β ) ∧ θ^σ ) ∧ ∗(T^α ∧ θ_α) ) , (B.10)

2f_0 λ : δΓ^α_β ∧ ( 1 2 δ^β_αD ∗ R^γ_γ )

+ δg_{σρ} ( 1 8 g^{σρ}R^α_α ∧ ∗R^β_β + 1 4 θ^σ ∧ ∗(∗R^α_α ∧ θ^ρ) ∧ ∗R^β_β )

+ δθ^σ ∧ ( 1 4 R^β_β ∧ ∗(R^α_α ∧ θ_σ) + 1 4 ∗ (∗R^α_α ∧ θ_σ) ∧ ∗R^β_β ) , (B.11) 2f_0 ξ : δΓ^α_β ∧ (4δ^β_α ∗ Q) + δg_{σρ} ( 2g^{σρ}D ∗ Q + 1 2 g^{σρ}Q ∧ ∗Q − ∗(∗Q ∧ θ^ρ)θ^σ ∧ ∗Q ) + δθ^σ ∧ (−Q ∧ ∗(Q ∧ θ_σ) − ∗(∗Q ∧ θ_σ) ∧ ∗Q) , (B.12) 2f_0 ζ : δΓ^α_β ∧ ( 2δ^β_αθ^γ ∧ ∗T_γ + θ^β ∧ ∗(Q ∧ θ_α) ) + δg_{σρ} ( g^{σρ}T^α ∧ ∗T_α − g^{σρ}θ^α ∧ D ∗ T_α + 1 2 g^{σρ}Q ∧ θ^α ∧ ∗T_α + θ^σ ∧ ∗(∗T_α ∧ θ^ρ) ∧ ∗(Q ∧ θ^α) + T^σ ∧ ∗(Q ∧ θ^ρ) )

+ δθ^σ ∧ ( D ∗ (Q ∧ θ_σ) + Q ∧ θ^α ∧ ∗(T_α ∧ θ_σ ) + ∗ (∗T_α ∧ θ_σ) ∧ ∗(Q ∧ θ^α) − Q ∧ ∗T_σ ) , (B.13)

2f_0 Λ : δg_{σρ} ( 1 2 g^{σρ}η ) + δθ^σ ∧ η_σ . (B.14) The variation of the term with the Lagrange multiplier in (4.2) has the form, δΛ^{αβ} ∧ ( Q_{αβ} − 1 4 g_{αβ}Q ) + δΓ^α_β ∧ (−2Λ_α^β ) + δg_{σρ} ( −DΛ^{σρ} − 1 4 Λ^{σρ} ∧ Q ) . (B.15)

Appendix C

In a Weyl–Cartan space the following decomposition of the connection 1-form is valid, Γ^α_β =^CΓ^α_β + Δ^α_β , Δ_{αβ} = 1 8 (2θ_{[α}Q_{β]} + g_{αβ} Q) , (C.1)

where^CΓ^α_β denotes a connection 1-form of a Riemann–Cartan space U_4 with curvature, torsion and a metric compatible with a connection. This decomposition of the connection induces corresponding decomposition of the curvature 2-form [4], R^α_β =^CR^α_β +^CD Δ^α_β + Δ^α_γ ∧ Δ^γ_β =^CR^α_β + 1 4 δ^α_β R^γ_γ + P^α_β , (C.2) P_{αβ} = 1 4 ( T_{[α}Q_{β]} − θ_{[α}∧^CD Q_{β]} + 1 8 θ_{[α}Q_{β]} ∧ Q − 1 16 θ_α ∧ θ_βQ_γ Q^γ ) , (C.3)

where^CD is the exterior covariant differential with respect to the Riemann–Cartan connection 1-form^CΓ^α_β and^CR^α_β is the Riemann–Cartan curvature 2-form. The decomposition (C.2) contains the Weyl segmental curvature 2-form R^γ_γ (4.4).

Matter with dilaton charge and evolution of the Universe 21

The Riemann–Cartan connection 1-form can be decomposed as follows [20], C Γ^αβ =^RΓ^αβ + K^αβ , T^α = K^αβ ∧ θ^β , (C.4) K_{αβ} = 2⃗e_{[α}⌋T_{β]} − 1 2 ⃗e_α⌋⃗e_β ⌋(T_γ ∧ θ^γ ) , (C.5)

where^RΓ^α_β is a Riemann (Levi–Civita) connection 1-form and K^α_β is a contortion 1-form.

The decomposition (C.4) of the connection induces the decomposition of the curvature as follows, C R^αβ =^RR^αβ +^RD K^αβ + K^αγ ∧ K^γβ , (C.6)

where^RR^α_β is the Riemann curvature 2-form and^RD is the exterior covariant differential with respect to the Riemann connection 1-form^RΓ^α_β .

Let us substitute the decomposition (C.3) into the equation (4.9) and after this use the decomposition (C.6), the relation (6.4) being taken into account. We get the following results for the every term of the equation (4.9). The linear term or this equation decomposes as follows, − (_R R^ασ − 1 2 δ^α_σ^RR ) η_α + 2 3 (_R ∇α T^α ) η_σ − 2 3 (_R ∇σ T^α ) η_α − 1 9 T_αT^αη_σ − 2 9 T_σT^αη_α + 1 12 T_αQ^αη_σ + 1 12 T_σQ^αη_α + 1 12 Q_σT^αη_α + 1 4 (_R ∇σ Q^α ) η_α − 1 4 (_R ∇α Q^α ) η_σ − 1 64 Q_αQ^αη_σ − 1 32 Q_σQ^αη_α . (C.7)

The other terms decompose as follows,

ϱ_1 : 2 3 (_R ∇σ T^α ) η_α − 2 3 (_R ∇α T^α ) η_σ + 2 9 T_σT^αη_α + 1 9 T_αT^αη_σ − 1 4 Q_σT^αη_α − 1 12 T_σQ^αη_α + 1 12 Q_αT^αη_σ , (C.8)

ϱ_2 : − 4 3 (_R ∇σ T^α ) η_α + 4 3 (_R ∇α T^α ) η_σ − 4 9 T_σT^αη_α − 2 9 T_αT^αη_σ + 1 2 Q_σT^αη_α + 1 6 T_σQ^αη_α − 1 6 Q_αT^αη_σ , (C.9) ζ : − (_R ∇α Q^α ) η_σ + (_R ∇σ Q^α ) η_α + 2 3 T_αQ^αη_σ − 2 3 Q_σT^αη_α + 1 8 Q_αQ^αη_σ − 1 2 Q_σQ^αη_α , (C.10) ξ : Q_αQ^αη_σ − 2Q_σ Q^αη_α . (C.11)

References

[1] Bagrov V G, Babourova O V, Vshivtsev A S and Frolov B N 1988 Motion of a colour particle with spin in nonabelian gauge fields in a Riemann–Cartan space Preprint no. 33 (Tomsk: Tomsk Branch of Siberian Division of USSR Acad. Sci.) (in Russian) Babourova O V, Vshivtsev A S, Myasnikov V P and Frolov B N 1997 A model of perfect fluid with spin and non-Abelian color charge Physics–Doklady 42 611–14

Matter with dilaton charge and evolution of the Universe 22

Babourova O V, Vshivtsev A S, Myasnikov V P and Frolov B N 1998 Perfect spin fluid with intrinsic color charge Phys. Atomic Nucl. 61 No 5 802–7 Babourova O V, Vshivtsev A S, Myasnikov V P and Frolov B N 1998 Perfect spin fluid with a color charge in a color field in Riemann–Cartan space Phys. Atomic Nucl. 61 No 12 2175–79 [2] Babourova O V and Frolov B N 1998 Perfect hypermomentum fluid: variational theory and equation of motion Intern. J. Mod. Phys. 13 5391–407 [3] Babourova O V and Frolov B N 1997 The variational theory of the perfect dilaton-spin fluid in a Weyl–Cartan space Mod. Phys. Letters A 12 2943–50 (Babourova O V and Frolov B N 1997 Preprint gr-qc/9708006) [4] Babourova O V and Frolov B N 1998 Perfect fluid and test particle with spin and dilatonic charge in a Weyl–Cartan space Mod. Phys. Letters A 13 7–13 (Babourova O V and Frolov B N 1997 Preprint gr-qc/9708009) [5] Babourova O V and Frolov B N 1999 Perfect dilaton-spin fluid as a source of post-Riemannian cosmology Gravit. & Cosmol. 5 N. 4 (20) Suppl. 65–72 (in Russian) Babourova O V and Frolov B N 2000 Colour-spin, dilaton-spin and hypermomentum perfect fluids as the sources of non-Riemannian cosmologies Nucl. Phys. B (Proc. Suppl.) (Proc. 19th Texas Symp. on Relativistic Astrophysics and Cosmology, Paris, 1998) 80 04/01 1–9 [6] Weyssenhoff J and Raabe A 1947 Relativistic dynamics of spin fluid and spin particles Acta Phys.

Polon. 9 7–18 Halbwachs E 1960 Théorie Relativiste des Fluides à Spin (Paris: Gauthior–Villars) [7] Bond J R et al 2000 CMB Analysis of Boomerang & Maxima & the Cosmic Parameters Ω_{tot}, Ω_bh^2, Ω_{cdm}h^2, Ω_Λ, n_s Proc. IAU Symposium 201 (PASP), CITA-2000-65 (Bond J R et al 2000 Preprint astro-ph/0011378) Perlmutter S et al 1999 Measurements of Ω and Λ from 42 high-redshift supernovae Astrophys. J 517 565–86 (Perlmutter S et al 1998 Preprint astro-ph/9812133) [8] Bahcall N A, Ostriker J P, Perlmutter S and Steinhardt P J 1999 The cosmic triangle: assessing the state of the Universe Science 284 1481 (Bahcall N A et al 1999 Preprint astro-ph/9906463) [9] Steinhardt P J Quintessential cosmology and cosmic acceleration Preprint feynman.prinston.- edu/∼steinh [10] Green M B, Schwarz J H and Witten E 1987 Superstring Theory vol 1,2 (Cambridge: Cambridge University Press) [11] Behnke D, Blaschke, Pervushin V, Proskurin D and Zakharov A 2000 Cosmological Consequences of Conformal General Relativity Preprint gr-qc/0011091 Pervushin V and Proskurin D 2001 Conformal General Relativity Preprint gr-qc/0106006 [12] Minkevich A V 1993 The homogeneous isotropic gravitating models in affine-metric gauge theory of gravity Dokl. Akad. Nauk Belarus 37 33–8 (in Russian) Minkevich A V and Garkun A S 1998 Isotropic cosmology in metric-affine gauge theory of gravity Preprint gr-qc/9805007 [13] Obukhov Yu N, Vlachynsky E J, Esser W and Helh F W 1997 Irreducible decompositions in metric-affine gravity models Preprint gr-qc/9705039 [14] Puetzfeld D and Tresguerres R 2001 A cosmological model in Weyl–Cartan spacetime Class.

Quantum Grav. 18 677–94 (Puetzfeld D and Tresguerres R 2001 Preprint gr-qc/0101050) Puetzfeld D 2002 A cosmological model in Weyl–Cartan spacetime: I. Field equations and solutions Class. Quantum Grav. 19 3263–80 (Puetzfeld D 2001 Preprint gr-qc/0111014) Puetzfeld D 2002 A cosmological model in Weyl–Cartan spacetime: II. Magnitude–redshift relation Class. Quantum Grav. 19 4463–82 (Puetzfeld D 2002 Preprint gr-qc/0205052) [15] Babourova O V and Frolov B N 1997 Pontryagin, Euler forms and Chern–Simons terms in Weyl– Cartan space Mod. Phys. Lett. A 12 1267–74 (Babourova O V and Frolov B N 1996 Preprint gr-qc/9609005) [16] Frenkel J 1926 Die Electrodynamik des rotierenden Elektrons Z. Phys. 37 243–59 [17] Frolov B N 1996 Generalized conformal invariance and gauge theory of gravity Gravity, Particles

Matter with dilaton charge and evolution of the Universe 23

and Space-time ed P Pronin and G Sardanashvily (Singapore: World Scientific) pp 113–44 [18] Utiyama R 1973 On Weyl’s gauge field Progr. Theor. Phys. 50 2080–90

Utiyama R 1975 On Weyl’s gauge field Gen. Rel. Grav. 6 41–7 [19] Babourova O V, Frolov B N and Klimova E A 1999 Plane torsion waves in quadratic gravitational theories in Riemann–Cartan space Class. Quantum Grav. 16, 1149–62 (Babourova O V, Frolov B N and Klimova E A 1998 Preprint gr-qc/9805005) [20] Hehl F W, McCrea J L, Mielke E W and Ne´eman Yu 1995 Metric-affine gauge theory of gravity:

field equations, Noether identities, world spinors, and breaking of dilation invariance Phys. Reports 258 1-171 (Hehl F W et al 1994 Preprint gr-qc/9402012) [21] Solá J 1989 The cosmological constant and the fate of the cosmon in Weyl conformal gravity Phys.

Lett. B 228 317-24 [22] Baburova O V, Frolov B N and Koroliov M Yu 1992 Perfect fluid with intrinsic hypermomentum 13th Int. Conf. on Gen. Relat. and Grav. Abstracts of Contrib. Papers (Cordoba, Argentina) pp 131 [23] Tsamparlis M 1979 Cosmological principle and torsion Phys. Lett. 75 A 27–8 [24] Spergel D N and Steinhardt P J 1999 Observational evidence for self-interacting cold dark matter Preprint astro-ph/9909386 [25] Muench U, Gronwald F and Hehl F W 1998 Gen. Relat. Gravit. 30 933–61 (Muench U, Gronwald F and Hehl F W 1998 Preprint gr-qc/9801036) [26] Lichnerowicz A 1955 Théorie Globale des Connexions et des Groupes d’Holonomie (Roma: Edizioni Cremonese)