arXiv:gr-qc/0211092 v1 27 Nov 2002

2D-gravity and the Hamilton-Jacobi formalism

Dumitru Baleanu^1 and Yurdahan Güler^2

Department of Mathematics and Computer Sciences, Faculty of Arts and Sciences, Cankaya University-06530, Ankara , Turkey

Abstract

Hamilton-Jacobi formalism is used to study 2D-gravity and its SL(2, R) hidden symmetry. If the contribution of the surface term is considered the obtained results coincide with those given by the Dirac and Faddeev-Jackiw approaches.

1On leave of absence from Institute of Space Sciences, P.O BOX, MG-23, R 76900 Magurele-Bucharest, Romania, E-mail: dumitru@cankaya.edu.tr 2E-Mail: yurdahan@cankaya.edu.tr

1 Introduction

Two dimensional gravity models were subjected to an intense investigation during last years due to its relation with string theory and its potential applications to a better understanding of classical and quantum properties of gravity models [1, 2, 3, 4, 5, 6, 7, 8, 9]. Polyakov [2] proved that an induced 2D-gravity has a hidden SL(2, R) symmetry. This symmetry was analysed in the context of the canonical and extended Hamiltonian formalisms [10, 11, 12, 13] as well as in the context of improper gauge transformations [14]. Despite of a huge number of publications on the above topics still a final conclusion and consensus on the main problems is missing.

Recently, Hamilton-Jacobi (HJ) formalism was investigated in the context of strings and p-Branes [15], strongly coupled gravitational systems [16],nonholonomic-constrained systems with second-class constraints and Proca’s model [17] and the quantum HJ formulation was obtained from the equivalence principle [18].

A new method of quantization of the system with constraints based on the Carathéodory’s equivalent Lagrangians method [19] was initiated in [20, 21] and developed in [22, 23, 24, 25, 26]. The connection between the integrability conditions and Dirac’s consistency conditions [27] were established [28]. The importance of the surface terms [29] was analyzed and the relation between Batalin-Fradkin-Tyutin [30] and HJ formalism [25] was traced. The advantage of HJ formalism is that we have no difference between first and second class constraints and we do not need gauge-fixing term because the gauge variables are separated in the processes of constructing an integrable system of total differential equations. The action of the formalism is suitable for the path integral quantization method of the constrained systems. However the role of the surface term for HJ formalism requires a deep analysis especially when we are dealing with gravity.

For these reasons the application of HJ formalism to 2D-gravity and the investigation of its SL(2,R) hidden symmetry is an interesting issue.

The plan of the paper is as follows:

In sec. 2 HJ formalism is presented. 2D-gravity is analyzed using HJ formulation in sec.3 In sec. 4 conclusions are given.

2 Hamilton-Jacobi formalism

Let us assume that the Lagrangian L is singular and the Hessian matrix has the rank n-r. The ”Hamiltonians” to start with are

H^′_α = H_α(t_β, q_a, p_a) + p_α, (1)

where α, β = n − r + 1, · · · , n,a = 1, · · · n − r. The usual Hamiltonian H_0 is defined as

H_0 = −L(t, q_i, q̇_ν , q̇_a = w_a) + p_aw_a + q̇_μp_μ |_{pν =−Hν} , ν = 0, n − r + 1, · · · , n. (2) which is independent of q̇_μ. Here q̇_a =^{dqa}_{dτ} , where τ is a parameter. The equations of motion are obtained as total differential equations in many variables as follows

dq_a = δH^′_α δp_a dt_α, dp_a = − δH^′_α δq_a dt_α, dp_μ = − δH^′_α δt_μ dt_α, μ = 1, · · · , r, (3)

dz = (−H_α + p_a δH^′_α δp_a )dt_α, (4)

where z = S(t_α, q_a) and^{δH ′α}_{δx} represents the variation of H^′_α with respect to x. The variations of constraints will produce a complete set of ”Hamiltonians” and some of them are not in the form given in (1) or they are divergence as in the Proca’s case. In order to maintain the physical significance of multi HJ formulation we are forced to modify the ”Hamiltonians” by reducing or extending the initial phase space. We can adapt the above formalism to 2D-gravity considering the components of the metric as fields and taking into account that the canonical Hamiltonian is zero due to the reparametrization invariance.

3 Hamilton- Jacobi formulation of 2D-gravity

The action proposed by Polyakov for 2D-gravity is [2] S = − 1 2 ∫ √ −g[g^{αβ}∂_αϕ∂_βϕ + αRϕ]dτ dσ. (5) After some integrations by parts this action gives expression for the Lagrangian density as L = 1 2 √ −gg^{μν} ∂_μϕ∂_ν ϕ + α 2 √ −g (ϵ^{μα}∂_μϕ)(ϵ^{νβ}∂_β g_{μν} ) − αϕ 8 √ −g g^{αβ}ϵ^{ρσ} ϵ^{μν} (∂_μg_{αρ})(∂_ν g_{βσ}), (6) where the determinant g is given by

g = g_{00}g_{11} − g^2_{01}. (7) Here g_{00}, g_{01} and g_{11} represent the independent fields.

In order to simplify the form of the Hamiltonian we add to (6) a surface term [10]. The new Lagrangian density has the form

L̃ = L + ∂_μ( ϕ 2 √ −gg_{11} ϵ^{μν} ϵ^{αβ}g_{1α}∂_ν g_{1β} ) (8) or explicitly

L̃ = 1 2 √ −g ((−g_{11}ϕ̇^2 + 2g_{01}ϕ̇ϕ^′ − g_{00}ϕ^{′2}) + α ( ġ_{11}ϕ̇ − 2g^′_{01}ϕ̇ + g^′_{00}ϕ^′ ) + αg_{01} g_{11}

(g^′_{11}ϕ̇ − ġ_{11}ϕ^′ )). (9)

The overdots and primes denote time and space derivatives, respectively. The above expression leads us to the canonical momenta corresponding to ϕ and g_{11} as

π_ϕ =

(g_{01}ϕ^′ − g_{11}ϕ̇) √ −g + α 2 √ −g (ġ_{11} − 2g^′_{01} + g_{01}g^′_{11} g_{11}

), (10)

π^{11} = α 2 √ −g (ϕ̇ − g_{01} g_{11} ϕ^′ ). (11)

The other momenta π_{00}, p_{01} are zero. The canonical Hamiltonian is expressed as

H_c = ∫ dx(− √ −g g_{11}

Φ_1 + g_{01} g_{11}

Φ_2), (12)

where Φ_1 and Φ_2 are

Φ_1 = 1 2 ( ϕ^{′2} − 4( g_{11}π^{11})^2 α^2 − 4 α (g_{11}π^{11})π_ϕ − αg^′_{11}ϕ^′ g_{11} + 2αϕ^{′′} ) , (13)

Φ_2 = π_ϕϕ^′ − 2g_{11}π^{11′} − π^{11}g^′_{11}. (14) Thus, the ”Hamiltonians” which are the basic components of the method, are expressed as H^′_0 = p_0 + H_c, H^′_1 = π_{00}, H^′_2 = p_{01}. (15) Here g_{00} and g_{01} are gauge variables. Consistency conditions require the variations of H^′_0, H^′_1, H^′_2. These variations lead us to new constraints

H^′_3 = Φ_1, H^′_4 = Φ_2. (16)

Further variations of H^′_3 and H^′_4 do not give independent constraints. The above results are in agreement with those obtained by Dirac’s canonical formalism [10].

3.1 SL(2, R) symmetry in the light-cone gauge

To exibit the SL(2, R) symmetry we introduce the light cone variables x^± which are given as x^± =^{1√}_2 (x^0 ± x^1). Besides, choosing the metric tensor as g_{μν} = ( g_{++} g_{+−} g_{−+} g_{−−} )

= ( h −1 −1 0 ) , (17) where h is a field, the Lagrangian density becomes L = ∂_+ϕ∂_−ϕ + 1 2 h(∂_−ϕ)^2 − α 2 ∂_−ϕ∂_−h, (18) where ∂_± =^{1√}_2 (∂_0 ± ∂_1). Treating x^+ as time, the momenta corresponding to ϕ and h are defined as P = ∂_−ϕ, Π = 0. (19) This formulation gives the canonical Hamiltonian density H_c = P ∂_+ϕ + Πh − L as H_c = ∂_+ϕ(P − ∂_−ϕ) + Πh − 1 2 h(∂_−ϕ)^2 + α 2 ∂_−ϕ∂_−h (20) Thus, the basic ”Hamiltonians” to start with are H^′_0 = p_0 − h∂_−ϕ∂_−ϕ + α∂_−ϕ∂_−h, H^′_1 = P − ∂_−ϕ, H^′_2 = Π (21) Again, the consistency conditions give a new constraint H^′_3 as H^′_3 = (∂_−ϕ)^2 + α∂^2_−ϕ (22) The next step is to analyze the variation of H^′_3. ¿From (21) we conclude that dP = (h∂^2_−ϕ − α 2 ∂^2_−h)dτ (23) Imposing dH^′_1 = 0 and using (23) we found the following constraint H^′_4 = ∂^3_−h. (24) The ”Hamiltonians” satisfy the following algebra: {H^′_2(x^−), H^′_4(x^−)} = {H^′_4(x^−), H^′_2(x^−)} = ∂^3_−δ(x^− − x^{−′} ), {H^′_1(x^−), H^′_1(x^−)} = −2∂_−δ(x^− − x^{−′} ), {H^′_1(x^−), H^′_3(x^−)} = (2∂^′_−ϕ∂_− − α∂^2_−)δ(x^− − x^{−′} ), {H^′_3(x^−), H^′_1(x^−)} = (2∂^′_−ϕ∂_− + α∂^2_−)δ(x^− − x^{−′} ). (25)

We would like to mention that in [12] the same constraints were obtained by using Faddeev-Jackiw formalism [31]. Algebra (25) describes a system which is not integrable. Hence we would like to transform it to an integrable one. Solving (24) we obtain

h(x^−, x^+) = B_1(x^+) + 2x^−B_2(x^+) + (x^−)^2B^3(x^+), (26)

where B_1(x^+), B_2(x^+), B^3(x^+) are arbitrary functions of x^+.

On the other hand since H_c and H^′_3 are the ”Hamiltonian” densities we observed that they are proportional up to a surface term. Taking into account this result and using (26) we obtain

H^′_0 = p_0 + B_1(x^+)(∂_−ϕ)^2 + B_3(x^+)[(x^−∂_−ϕ)^2 + αϕ − α∂_−ϕx^−] + 2B_2(x^+) 1 2 [2x^−(∂_−ϕ)^2 − α∂_−ϕ]. (27)

which becomes

H^′_0 = p_0 + B_1(x^+)(P ∂_−ϕ) + +2B_2(x^+) 1 2 [2x^−∂_−ϕP − αP ] + B_3(x^+)[(x^−)^2∂_−ϕP + αϕ − αP x^−] (28)

with the use of the constraints H^′_1 = 0. This expression makes it possible to define quantities

L^1(x^+) = ∫ P ∂_−ϕdx^−, L^2(x^+) = 1 2 ∫ [2x^−P ∂_−ϕ − αP ]dx^−, L^3(x^+) = ∫ [(x^−)^2P ∂_−ϕ + αϕ − αP x^−]dx^−. (29)

which fulfill the SL(2, R) algebra on the surface of constraint ∫ P dx^− = 0.

This result coincides with that obtained by using Dirac’s canonical formalism, in [10]

4 Conclusions

The surface term plays an important role for HJ formalism of constrained systems. This role becomes crucial when a Hamiltonian represents a total divergence. In this paper we applied the HJ formalism to the 2D-gravity model. The analysis of 2D- gravity in the light-cone coordinates is quite unusual for HJ formalism. The starting point was a theory with two ”Hamiltonians” and two gauge variables. Imposing the integrability conditions we found the same constraints as obtained by using Dirac and Faddeev-Jackiw formalisms. SL(2,R) symmetry arose in the HJ formalism after we obtained the reduced phase space and eliminated the surface terms in order to find an integrable system of total differentiable equations.

5 Acknowledgments

One of the authors (DB) would like to thank R. Jackiw and F. Devecchi for their interesting comments and suggestions, and T. Strobl for reading the manuscript. This work is partially supported by the Scientific and Technical Research Council of Turkey.

References

[1] B. M. Barbashov, V. V. Nesterenko and A. M. Chervjakov, Theor. Math. Phys. 40 (1), 15 (1979), C. Teitelboim, Phys. Lett. B126, 41 (1981), R. Jackiw, In Quantum theory of gravity, p. 403, ed. S. Christensen, (Bristol: Hilger 1984).

[2] A. M. Polyakov, Mod. Phys. Lett. A2, 893 (1987),

V. H. Knizhnik, A. M. Polyakov and A. B. Zamolodchikov, Mod. Phys. Lett. A3 819 (1988).

[3] M. Bershadsky and H. Ooguri, Commun. Phys. 126, 49 (1989).

[4] M. O. Katanaev and I. V. Volovich, Phys. Lett. B175, 413 (1986),

M. O. Katanaev, Ann. Phys. 296, 1 (2002).

[5] E. Witten, Phys. Rev. , D44(2), 314 (1991),

G. Mandal, A. M. Sengupta and S. Wadia, Mod. Phys. Lett., A6, 1685 (1991), W. Kummer and D. J. Schwarz, Phys. Rev. D45(8), 3628 (1992).

[6] A. T. Fillipov and V. G. Ivanov , Mod. Phys. Lett. A11(21), 1691 (1996), M. Cavaglia, Phys. Rev. D57, 5295 (1998).

[7] E. Benedict, R. Jackiw and H.-J. Lee, Phys. Rev. D54, 6213 (1996), D. Cangemi, R. Jackiw and B. Zwiebach, Ann. Phys. 245 , 408 (1996).

[8] P. Schaller and T. Strobl, Mod. Phys. Lett. A9, 3129 (1994),

P. Schaller and T. Strobl, Class. Quant. Grav. 11, 331 (1994), T. Strobl, Phys. Rev. D50 7346 (1994), T. Klösch and T. Strobl, Class. Quant. Grav. 13, 965 (1996);Phys. Rev. D57, 1034 (1998); Class. Quant. Grav.13, 2395 (1996), ibid 14, 1689 (1997), T. Strobl, hep-th/0011240.

[9] D. Grumiller, W. Kummer, V. Vassilievich, het-th/0204253.

[10] E. S. Egorian and R. P. Manvelian, Mod. Phys. Lett. A5, 2371 (1990).

[11] E. Abdalla, M. C. B. Abdalla, J. Gamboa and A. Zadra, Phys. Lett., B273, 222 (1991).

[12] J. Barcelos-Neto, Phys. Rev. D49(2), 1012 (1994).

[13] F. P. Devecchi, Phys. Rev. D58, 045009 (1998).

[14] S. Ghosh, S. Mukherjee, Ann. Phys. 231, 41 (1994).

[15] Y. Hosotani, R. Nakayama, Mod. Phys. Lett.A14, 1983 (1999) ,

L. M. Baker, D. B. Fairlie, Nucl. Phys.B596, 348 (2001).

[16] D. S. Salopek, Class. Quant. Grav.16, 299 (1999).

[17] S. T. Hong, W. T. Kim, Y. W. Kim, Y. J. Park, quant-ph/0109032, S. T. Hong, W. T. Kim, Y. W. Kim, Y. J. Park and K. D. Rothe, Mod. Phys. Lett. A17,435 (2002).

[18] A. E. Faraggi, M. Matone, Phys. Lett.B437, 369 (1998),

A. E. Faraggi, M. Matone, Phys. Lett.B445, 77 (1998) , A. E. Faraggi, M. Matone, Phys.Lett. B445, 357 (1999), A. E. Faraggi, M. Matone, Phys. Lett.B450, 34 (1999).

[19] C. Carathéodory Calculus of Variations and Partial Differential Equations of First Order, Part II (Holden-Day, 1967), H. A. Kastrup, Phys. Rep. 101 no. 1-2, 1 (1983).

[20] Y. Güler, Nuovo Cimento B100 , 251 (1987),

Y. Güler, J. Math. Phys. 30, 785 (1989) .

[21] Y. Güler, Nuovo Cimento B107, 1398 (1992).

[22] B. M. Pimentel , R. G. Teixeira and J. L. Tomazelli, Nuovo Cimento B111, 841 (1996).

[23] B. M. Pimentel , R. G. Teixeira, Nuovo Cimento B113 , 805 (1998) .

[24] D. Baleanu and Y. Güler, J. Phys. A: Math. Gen. 34, 73 (2001).

[25] D. Baleanu and Y. Güler, Mod. Phys. Lett. , A16(13), 873 (2001).

[26] D. Baleanu and Y. Güler, Int. Journ. Mod. Phys. A16(13) , 2391 (2001).

[27] P. A. M. Dirac, Lectures on Quantum Mechanics (Yeshiva University, New York, N.Y., 1964), A. Hanson, T. Regge and C.Teitelboim, Constrained Hamiltonian systems (Academia Nationale dei Lincei, Rome, 1976), K. Sundermeyer, Constrained Dynamics, Lecture Notes in Physics, vol. 169 (Springer-Verlag, New-York, 1982), M. Henneaux and C. Teiteilbom, Quantization of gauge systems (Princeton Univ. Press, 1992),

D. M. Gitman, Quantization of Fields with Constraints, (Springer-Verlach 1990), J. Govaerts, Hamiltonian Quantisation and Constrained Dynamics (Leuven University Press, Leuven, 1991), S. Shabanov, Phys. Rep. 326, 1 (2000).

[28] B. M. Pimentel, R. G. Teixeira and J. L. Tomazelli Ann. Phys. 267, 75 (1998).

[29] M. Henneaux , C. Teilteilboim and J. D. Vergara, Nucl. Phys.

B387, 391 (1992).

[30] I. A. Batalin and E. S. Fradkin, Phys. Lett . B180, 156 (1986), I. A. Batalin and E. S. Fradkin, Nucl. Phys. B279, 514 (1987), I. A. Batalin, E. S. Fradkin and E. S. Fradkina, Nucl. Phys. B314, 158 (1989), B323 , 734 (1989), I. A. Batalin and I. V. Tyutin, Int. J. Mod. Phys. A6, 3255 (1991).

[31] L. Faddeev and R. Jackiw, Phys. Rev. Lett. 60, 1692 (1998).