arXiv:gr-qc/0302017 v2 3 Apr 2003

Gravitational Collapse of Null Radiation and a String fluid

K S Govinder^∗ and M Govender^† School of Mathematical and Statistical Sciences, University of Natal, Durban 4041, South Africa (Dated: April 3, 2003)

We consider the end state of collapsing null radiation with a string fluid. It is shown that, if diffusive transport is assumed for the string, that a naked singularity can form (at least locally). The model has the advantage of not being asymptotically flat. We also analyse the case of a radiation-string two-fluid and show that a locally naked singularity can result in the collapse of such matter. We contrast this model with that of strange quark matter.

PACS numbers: 04.20.Dw, 04.20.Jb, 04.70.Bw, 11.27.+d Keywords: cosmic censorship, string fluid

I. INTRODUCTION

The end state of a collapsing star has attracted much attention in its own right and especially so since the statement of the Cosmic Censorship Conjecture (CCC) (See [10] for a detailed discussion of the CCC.). While the end state of a sufficiently massive collapsing star is a singularity [8], there is no guarantee that such a singularity should be hidden as is required by the CCC [16]. Indeed, a number of papers have been written describing various scenarios in which naked singularities form (See [11] for a recent review.). Such examples clearly violate the CCC. Future formulations of the CCC will have to be carefully re-considered in light of these examples.

Here we present another spherically symmetric spacetime which admits a naked singularity. This spacetime is not asymptotically flat and describes the collapse of null radiation with a string fluid first introduced by Glass and Krisch [6]. A full physical description of the model is contained in [7]. We merely quote the relevant information for our analysis of the singularities.

However, we do make one observation: In their analysis Glass and Krisch [6, 7] state that the matter content of their model is a radiation-string two fluid. The matter content is taken to be a string fluid together with Vaidya null (pure) radiation. We proceed in a similar manner for the main part of our paper. However, in §V we consider the special case of Ricci flat spacetimes. Here, we do not assume that the string satisfies a diffusion equation. The combination of these two characteristics (Ricci flatness and non-diffusing strings) now allows the matter content to be treated as a different radiation-string two fluid (or, perhaps, a three fluid), where, in addition to the Vaidya null (pure) radiation, we also have incoherent radiation (as the radiation fluid equation of state p = ρ/3 is now satisfied) together with the string fluid.

This note is organised as follows: In §II we introduce the metric of Glass and Krisch [6] and present the main equations to solve. We make a few comments on these equations and provide some special solutions. These solutions are used in §III to study the nature of the collapse. We show that one solution results in a black hole while the other could result in a naked singularity. The strength of the naked singularity is examined in §IV. During the analysis, we present the general forms of the Kretschmann and Ricci scalars. We investigate the collapse of Ricci flat spacetimes in §V and show that the presence of a string fluid can lead to the occurrence of locally naked singularities for radiation fluids. We compare our results to a similar metric that has recently appeared in the literature in §VI.

II. THE NULL RADIATION–STRING FLUID MODEL

Glass and Krisch [6] start with a spherically symmetric metric in retarded time co-ordinate, u, of the form

ds^2 = Adu^2 + 2dudr − r^2(dϑ^2 + sin^2 ϑdφ^2), (1)

where

A = 1 − 2m(u, r) r . (2)

∗govinder@nu.ac.za †govenderm43@nu.ac.za

Note that they chose the mass function to be a function of both retarded time and distance along the outgoing null geodesics. As a result, they were able to extend the Vaidya [18] radiating metric to include a string fluid.

Remark: A spherically symmetric line element in advanced time u is usually taken to be of the form

ds^2 = −Adu^2 + 2dudr + r^2(dϑ^2 + sin^2 ϑdφ^2), (3)

Thus, the difference between (1) and (3) is not only a signature change, but also a change of sign of u. We will comment further on this later.

Glass and Krisch [6] introduced the unit vectors v̂^μ, r̂^μ, ϑ̂^μ and φ̂^μ such that

g_{μν} = v̂_μv̂_ν − r̂_μr̂_ν − ϑ̂_μϑ̂_ν − φ̂_μφ̂_ν , (4)

where the unit vectors have their usual definition from (1). The Einstein tensor then took on the form G_{μν} = 2ṁ r^2 l_μl_ν − 2m^′ r^2

(v̂_μv̂_ν − r̂_μr̂_ν ) + m^{′′} r (ϑ̂_μϑ̂_ν + φ̂_μφ̂_ν), (5)

where^′ and^· denote differentiation with respect to r and u respectively and l_μ is a principal null geodesic vector, from which the nature of the matter content is easily seen.

Using the Einstein field equations they identified the matter portion of the Einstein tensor as a string fluid:

T_{μν} = ψl_μl_ν + ρv̂_μv̂_ν + p_rr̂_μr̂_ν + p_⊥(ϑ̂_μϑ̂_ν + φ̂_μφ̂_ν ) (6)

and thus obtained 4πψ = − ṁ r^2 (7) 4πρ = −4πp_r = m^′ r^2 (8) 8πp_⊥ = − m^{′′} r , (9)

where ψ is the energy density of the Vaidya radiation, ρ is the string fluid energy density and p_r and p_⊥ the string fluid thermodynamic radial and tangential pressures respectively.

In addition to the field equations (7)–(9) they also assumed that the density ρ satisfied the diffusion equation

ρ̇ = D r^2 ∂ ∂r ( r^2 ∂ρ ∂r ) , (10)

where D is the positive coefficient of self-diffusion. Manipulating equations (7)–(10) they concluded that, once a solution to the linear pde (10) was obtained, the mass function could be found by integrating (8) and ṁ = 4πDr^2 ∂ρ ∂r . (11)

They presented a few solutions of (10) and determined the corresponding expressions for m.

Equation (11) is a result of the integrability conditions taking (7), (8) and (10) into account. However, it would seem that an additive function of u was omitted in (11) which should be written as (See Appendix A.) ṁ = 4πDr^2 ∂ρ ∂r + k(u). (12)

However, in our calculations, we will still use (11) and merely add on an arbitrary k(u).

We observe that (10) can be transformed to the heat equation with a nonconstant diffusion coefficient if we set R = −1/r. Thus all the known solutions to the heat equation can be applied in this setting.

It is easy to see that, when ρ = R(r)U (u) we obtain

ρ = e^{u λ} C^1 e^r √_{λD} r + C_2e^r √_{λD} 2 r √_λ D , (13) where C_1 and C_2 are constants and λ is the separation constant. This leads to the following mass function:

m(u, r) = −4 D e^{u λ−r} √_{λD} π C_1 λ − 4 D e^{u λ−r} √_{λD} π r √_λ D C_1 λ + 2 D e^{u λ+r} √_{λD} π r C_2 λ − 2 D^2 e^{u λ+r} √_{λD} π √_λ D C_2 λ^2

. (14)

If we require that ρ = R(r) + U (u) then

ρ = C_0 + λu +

C_1 r + λr^2 6D (15)

with corresponding mass function m(u, r) = 2 π r^5 λ 15 D

− 4 D π u C_1 +

2 π r^2 (2 r(u λ + C_0) + 3C_1) 3 + C_2. (16)

If we let

M (u) = −4DπC_1u (17)

be the Vaidya mass and note that the 4πC_0r^3/3 term makes a contribution similar to the cosmological constant, we can define S(u, r) = 2 π r^5 λ 15 D + 2 π r^2 (2 λru + 3C_1) 3 + C_2 (18)

as a mass contribution from the string fluid. We note that both S(u) and M (u) have a term involving C_1. Thus, in this model, it is not possible to separate the Vaidya mass from the string mass. This is a result of the relationships (8) and (11) which are a consequence of (10).

We note that, if we require the string to behave like a perfect fluid, then we must have p_r = p_⊥ = p and so p = −ρ remains as the equation of state for the string fluid. Using equations (8) and (9), this means that

rm^{′′} − 2m^′ = 0 (19)

whence

m = F (u)r^3 + G(u). (20)

If we further impose (10), we have that F (u) = F_0, a constant and the resulting part of the mass function, ie. F_0r^3 is a cosmological constant term – the metric is Vaidya-de Sitter (See [20] for a discussion of the CCC in this context.). In the resulting discussion, we will assume that the fluid is anisotropic.

III. NATURE OF THE COLLAPSE

The geodesic equations (taking the null condition K^aK_a into account, where K^a = dx^a/dk is the tangent vector of a geodesic) for the metric (1) are

d^2u dk^2 + m − m^′r r^2 ( du dk )_2

= 0 (21)

d^2r dk^2 − ṁ r ( du dk )_2

= 0. (22)

To investigate the structure of the collapse we need to consider the radial null geodesics defined by ds^2 = 0 taking ϕ̇ = θ̇ = 0 into account. For (1) the radial null geodesics must satisfy the null condition du dr = − 2 1 −^{2m(u,r)}_r . (23)

However, we recall that the co-ordinate u is a retarded time co-ordinate. As remarked earlier, in most examples in the literature, an advanced time co-ordinate is used. In order to compare our results with those usually found in the literature we need to set u → −u in (23) and obtain du dr = 2 1 −^{2m(−u,r)}_r . (24)

For appropriate forms of m, this equation will have a singularity at r → 0, u → 0. In order to classify the radial and non-radial outgoing non-spacelike geodesics terminating at this singularity in the past, we need to consider the limiting values of X = u/r along a singular geodesic as the singularity is approached [10]. Thus, for the geodetic tangent to exist uniquely at this point we must have that

X_0 = lim u→0 r→0 u r = lim u→0 r→0 du dr = lim u→0 r→0 2 1 −^{2m(−u,r)}_r . (25)

Thus the crucial aspect of metric (1) that dictates the nature of the collapse is, as expected, the mass function m.

We note that ρ = ρ_0, a constant, is a solution of (10). The corresponding mass function is m(u, r) = m_0 +4πρ_0r^3/3. For this form of m, we have

X_0 = lim u→0 r→0 2 1 −^{2m0+8πρ0 r3/3} r = 2 1 − lim_{r→0}^{2m0}_r

= 0. (26)

Since there is no real, positive X_0, there is no non-spacelike geodesic emanating from the singularity and so the singularity is not visible to any observer. However, this is not a realistic model as m is independent of time and so the model is static. The reason we comment on this form of m is to show that any constant part of m will result in a black hole. As a result in our further analysis of the structure of the collapse we will always set m_0 = 0.

Let us consider solution (14). It is clear from that solution that, as r, u → 0, we have m → k, a constant and so, from (26) that a black hole forms.

In the case of (16) (with C_2 = 0) we observe that (25) reduces to

X_0 = 2 1 − 8πDC_1X_0

(27)

from which we obtain

X_0 = a_± = 1 ± √ 1 − 64C_1πD 16C_1πD

. (28)

If we define δ = 8C_1πD we can rewrite (28) as

X_0 = a_± = 1 ± √ 1 − 8δ 2δ . (29)

In order for real positive solutions in (29) to exist we must have that δ ≤ 1 8 . (30)

This is exactly the same form of X_0 (and restriction) obtained by Dwivedi and Joshi [3] and Wagh and Maharaj [20]. That the similarity arises should not be of any surprise. It is clear that, if one is dealing with a mass function that is of the form λu + F (u, r) where F (u, r)/r is polynomial in r and/or u (of degree at least one), then the only contribution to the condition for the existence of a time-like geodesic emanating from the singularity is from λu, the Vaidya mass. Indeed, this is the reason that asymptotic flatness is not essential for the existence of a locally naked singularity, a conclusion first obtained in [20].

IV. STRENGTH OF THE SINGULARITY

The main importance of determining the strength of the singularity is due to the fact that the CCC does not need to rule out the possibility of the occurrence of weak naked singularities [14]. This arises as one may continue the geometry of a weak naked singularity through the singularity to make it geodesically complete [4, 15] (See also [14].).

In order to determine the strength of the singularity we utilise the ideas of Nolan [14] as explained in [5]. Thus, for a weak singularity, we require dr dk ∼ d_0 ⇒ r ∼ d_0k. (31)

Using the definition

X_0 = lim u→0 r→0 u r = lim u→0 r→0 du dr (32)

we have, asymptotically, du dk ∼ d_0X_0 ⇒ u ∼ d_0X_0k. (33)

The geodesic equation (21) then becomes d^2u dk^2 ∼ 2X^2_0 πd_0 15kD (4λd^4_0k^4 + 20d^3_0k^3dX_0λ + 20d^2_0k^2DC_0 + 15d_0kDC_1 + 30d^2X_0C_1) (34)

which is of O(k)^{−1} and so is inconsistent with (33). Thus the singularity is gravitationally strong in the sense of Tipler [17].

The Kretschmann scalar K = R_{abcd}R^{abcd} for (1) is given by K = 4 r^6

((m^{′′})^2 − 4m^{′′}m^′r^3 + 4mm^{′′}r^2 + 8(m^′)^2r^2 − 16mm^′r + 12m^2). (35)

If we utilise the mass function (16), (35) evaluates to K = 64π^2 225D^2r^6

(1200r^6D^2uλC_0 + 600r^6D^2u^2λ^2 + 900r^5D^2C_0C_1 + 300r^8λ^2Du + 300r^8λDC_0 + 150r^7λDC_1 + 2700D^4u^2C^2_1 + 720r^5λD^2uC_1 + 600r^6D^2C^2_0 + 450r^4D^2C^2_1 + 53r^{10}λ^2) which clearly diverges at the naked singularity. Hence the singularity is a scalar polynomial singularity.

The Ricci scalar for (1) is given by R = −2 r^2

(m^{′′}r + 2m^′) (36)

which, in the case of (16) evaluates to R = −8π Dr (r^3λ + 4Druλ + 4DrC_0 + 3DC_1) (37)

and also diverges at the naked singularity.

V. RICCI FLAT SPACETIMES

It is clear from (36) that none of the solutions presented above cover the case of Ricci flat spacetimes. If we relax the requirement that the string diffuses (ie. we do not impose (10)) we can now consider the case of R = 0. From (36) this means that the mass function must take on the form m(u, r) = M̄(u) + S̄(u) r , (38)

where we can again interpret M̄ (u) as the Vaidya mass and S̄(u) as the mass contribution from the matter content. Forcing the spacetime to be Ricci flat requires the matter content to obey the (incoherent) radiation fluid equation of state, ie. p ≡ p_r + 2p_⊥ 3 = − p_r 3 = ρ 3 (39)

TABLE I: Positive numerical solutions to (41) for specific forms of α = 1.0 and β. β X0 −1 1.35321 −0.9 1.42537 −0.8 1.51454 −0.7 1.62861 −0.6 1.78145 −0.5 2.0 −0.4 2.3436 −0.3 2.96715 −0.2 4.3797 −0.1 9.1457

from (8) and (9). Thus if we begin with a metric of the form (1) (together with an energy–momentum tensor of the form (6)) and require it to be Ricci flat, then, as expected, the fluid must satisfy (39). These spacetimes must be asymptotically flat via (38).

To proceed further, we must assume some form for M̄ (u) and S̄(u). Given the interpretation above, it makes sense to assume that M̄ (u) = −αu. In order for S̄(u) to contribute to the existence (or otherwise) of a naked singularity, it must be of O(u)^2. Thus we set S̄(u) = βu^2. The null condition (24) now becomes du dr = 2 1 −^{2αu+2βu2/r}_r . (40)

This equation has a singularity at r → 0, u → 0. The condition for a geodetic tangent to exist uniquely at this point reduces to

X_0 = lim u→0 r→0 u r = lim u→0 r→0 du dr = lim u→0 r→0 2 1 −^{2αu+2βu2/r}_r = 2 1 − 2αX_0 − 2βX^2_0

(41)

This cubic equation in X_0 has (at least) one real positive root provided that, for α > 0, β < 0. This can be seen from the numerical results [21] given in Table I. Thus, in the case of Ricci flat spacetimes, we also have the possibility of a locally naked singularity.

As above, we investigate the strength of the naked singularity. Taking (31) and (33) into account, (21) (with (38) and the assumed forms of M̄ (u) and S̄(u)) becomes

d^2u dk^2 ∼ 2βX_0 − α d_0k

(42)

which is inconsistent with (33) and so this singularity is also gravitationally strong.

For Ricci flat spacetimes, the Kretschmann scalar (35) is given by K = 16 r^8

(14S̄(u)^2 + 12S̄(u)M̄ (u)r + 3M̄(u)^2r^2) (43)

which, for the assumed forms of M̄(u) and S̄(u), evaluates to K = 16u^2 r^8

(14β^2u^2 − 12βαur + 3α^2r^2). (44)

Clearly (44) diverges at the naked singularity. As expected, we have a scalar polynomial singularity.

VI. DISCUSSION

We have presented a scenario for the gravitational collapse of a string fluid together with Vaidya null radiation in which the end state becomes a naked singularity. We have also investigated the collapse of Ricci flat spacetimes. Such collapse can also give rise to naked singularities. Both scenarios provided naked singularities which were gravitationally strong and, as expected, were scalar polynomial singularities. These are two more in the long list of examples that proliferate the literature and should serve to tighten future formulations of the CCC.

We comment briefly on our results and those of Ghosh and Dadhich [5]. The metrics (apart from a signature change and change of sign of time co-ordinate) are similar. As a result, the Einstein field equations also reduce to (7–9) (though their p represents isotropic pressure). However, in their model, Ghosh and Dadhich [5] interpret the matter content as strange quark matter. Thus, while ψ is still the radiation density, their p and ρ refer to strange quark matter thermodynamic pressure and energy density respectively. As a result of that interpretation, they impose an equation of state relating p to ρ: p = 1 n (ρ − 4B), (45)

where B is the bag constant. This differential equation can be treated as an ode and the general solution was presented in [5].

Here, following Glass and Krisch [6], the matter content has been interpreted as a string fluid which diffuses like point particle diffusion where the number density, n, diffuses from higher numbers to lower according to (10) (Note we have used the fact that ρ = M_sn, M_s a constant, to obtain (10).). The string equation of state is always satisfied as a result of the energy-momentum tensor (6). As a result, the solutions presented here (and in [6]) will not coincide with those found in [5].

That other interpretations of the metric (1) together with (6) are possible is evident from the case of Ricci flat collapse investigated in §V. Indeed, this case is of considerable importance as the matter content satisfies both the string equation of state p_r = −ρ and the (incoherent) radiation fluid equation of state p = ρ/3 (see (39)). Thus the matter content is a two-fluid, in addition to the Vaidya null (pure) radiation. We have shown that a naked singularity can arise in this scenario. In [2] it was shown that a naked singularity only forms if the ratio of pressure to density was less than −1/3. Here, we have shown that a naked singularity can exist outside this range, ie. for a ratio of 1/3. We conclude that it is the presence of the string matter that contributes to the occurrence of the locally naked singularity.

As observed in §II, an arbitrary function of u, k(u) say, can be added to the mass function m. This additive function of u can be seen as a further contribution from the string mass S. However, unless it is linear in u, it would not contribute to the condition (30) and even then, would only serve to redefine δ.

We note that the usual manner in which the existence of a naked singularity is presented is to show that the singularity forms before the event horizon forms. Interestingly, it has been shown that, for some models, an apparent horizon will not form at all [1, 9, 12] (See also [19].).

Acknowledgments

We thank Naresh Dadhich, Roy Maartens and Sunil Maharaj for useful discussions and helpful suggestions. KSG thanks the University of Natal for continuing support. Many of the tensor calculations have been performed using GRTensor 1.79 [13]. We thank the referees for their constructive criticisms that have helped improve this paper.

APPENDIX A: INTEGRABILITY CONDITIONS FOR m(u, r)

Here we consider the derivation of (11). Differentiating (7) and (8) with respect to r and u respectively results in

ṁ^′ = −4π(r^2ψ)^′ (A1) ṁ^′ = 4πr^2ρ̇. (A2)

Thus

− (r^2ψ)^′ = r^2ρ̇. (A3)

However, (10) yields

r^2ρ̇ = D ∂ ∂r ( r^2 ∂ρ ∂r ) . (A4)

Thus, from (A1), (A3) and (A4) we have

− (r^2ψ)^′ = ṁ^′ 4π = D ∂ ∂r ( r^2 ∂ρ ∂r ) (A5) whence

ṁ^′ = 4πD ∂ ∂r ( r^2 ∂ρ ∂r ) . (A6)

Glass and Krisch [6] presumably integrated this equation to obtain (11). However, since this is a pde, the integration should yield (12).

[1] Banerjee A., Chatterjee S. and Dadhich N. Mod. Phys. Lett. A 17 (2002) 2335–2340 [2] Cooperstock F. I., Jhingan S., Joshi P. S. and Singh T. P. Class. Quantum Grav. 14 (1997) 2195–2201 [3] Dwivedi I. H. and Joshi P. S. Class. Quantum Grav. 6 (1989) 1599–1606; Class. Quantum Grav. 8 (1991) 1339–1348 [4] Ellis G. F. R. and Schmidt B. G. Gen. Rel. Grav. 8 (1977) 915 [5] Ghosh S. G. and Dadhich N. K. Gen. Rel. Grav. 35 (2003) 359–370 [6] Glass E. N. and Krisch J. P. Phys. Rev. D 57 (1998) 5945–5947 [7] Glass E. N. and Krisch J. P. Class. Quantum Grav. 16 (1999) 1175–1184 [8] Hawking S. W. and Ellis G. F. R. The Large Scale Structure of Spacetime (Cambridge University Press, Cambridge, 1973) [9] Harada T., Iguchi H. and Nakao K.-I. Phys. Rev. D 58 041502(R) (1998) [10] Joshi P. S. Global Aspects in Gravitation and Cosmology (Clarendon Press, Oxford, 1993) [11] Joshi P. S. Cosmic Censorship: A Current Perspective (to appear in Mod. Phys. Lett. A) grqc/0206087 [12] Kudoh H., Harada T. and Iguchi H. Phys. Rev. D 62 104016 (2000) [13] Musgrave P., Pollney D. and Lake K. GRTensorII V1.79 (http://grtensor.phy.queensu.ca/, 1994–2001) [14] Nolan B. C. Phys Rev D 60 (1999) 024014 [15] Ori A. Phys Rev D 61 (2000) 064016 [16] Penrose R. Riv. del Nuovo Cim. 1 (1969) 252; in General Relativity, an Einstein Centenary Volume Hawking S. W. and Israel W. edd (Cambridge University Press, Cambridge, 1979) [17] Tipler F. J. Phys Lett A 64 (1977) 8 [18] Vaidya P. C. Proc. Indian Acad. Sci. A33 (1951) 264–276 [19] Wagh S. M., Govender M., Govinder K.S., Maharaj S. D., Muktibodh P. S. and Moodley M. Class. Quantum Grav. 18 (2001) 2147–2162 [20] Wagh S. M. and Maharaj S. D. Gen. Rel. Grav. 31 (1999) 975–982 [21] Wolfram Research Inc. Mathematica V 4.1 (Wolfram, Champaign, Illinois, 1988–2000)