arXiv:gr-qc/0304037 v1 9 Apr 2003

April 8, 2003

On Diffeomorphism Invariance and Black Hole Entropy

Chao-Guang Huang^{a,c∗}, Han-Ying Guo^{b,c†}, Xiaoning Wu^{d‡}

a Institute of High Energy Physics, Chinese Academy of Sciences, P.O. Box 918(4), Beijing 100039, China.

b CCAST, World Laboratory, B.O. Box 8730, Beijing 100080, China c Institute of Theoretical Physics, Chinese Academy of Sciences, P.O. Box 2735, Beijing 100080, China.

d Max-Plank-Insitut für Gravitationsphysik, Am Mühlenberg 1, 14476 Golm, Germany.

Abstract. The Noether-charge realization and the Hamiltonian realization for the diff(M) algebra in diffeomorphism invariant gravitational theories are studied in a covariant formalism. For the Killing vector fields, the Nother-charge realization leads to the mass formula as an entire vanishing Noether charge for the vacuum black hole spacetimes in general relativity and the corresponding first law of the black hole mechanics. It is analyzed in which sense the Hamiltonian functionals form the diff(M) algebra under the Poisson bracket and shown how the Noether charges with respect to the diffeomorphism generated by vector fields and their variations in general relativity form this algebra. The asymptotic behaviors of vector fields generating diffeomorphism of the manifold with boundaries are discussed. In order to get more precise estimation for the “central extension” of the algebra, it is analyzed in the Newman-Penrose formalism and shown that the “central extension” for a large class of vector fields is always zero on the Killing horizon. It is also checked whether the Virasoro algebra may be picked up by choosing the vector fields near the horizon. The conclusion is unfortunately negative.

PACS numbers: 04.20.Cv, 97.60.Lf

∗Email: huangcg@mail.ihep.ac.cn

†Email: hyguo@itp.ac.cn

‡Email: wuxiaon@yahoo.com.cn

Contents

I Introduction 3

II Noether Charges in Diffeomorphism Invariant Gravitational Theory 5 A Noether currents and their charges with respect to diffeomorphism . . . . 5 B Noether charges for the Killing vectors and the vacuum mass

formula in GR . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 6 C The first law of black hole mechanics in vacuum GR . . . . . . . . . . . . 7

III On Realizations of diff(M) Algebra 8 A The Hamiltonian realization . . . . . . . . . . . . . . . . . . . . . . . . . 8 B The Noether-charge realization . . . . . . . . . . . . . . . . . . . . . . . . 10 C The 2-cocycle condition for the central extension in Noether-charge realization 12

IV Diffeomorphism Algebra for a Portion of a Manifold 13 A Noether-charge realization . . . . . . . . . . . . . . . . . . . . . . . . . . . 15 B Hamiltonian realization . . . . . . . . . . . . . . . . . . . . . . . . . . . . 16

V Asymptotic Behaviors 16 A Near the spatial infinity . . . . . . . . . . . . . . . . . . . . . . . . . . . . 16 B Near the bifurcation surface S_H . . . . . . . . . . . . . . . . . . . . . . . . 17 C Near the stretched horizon B_ϵ . . . . . . . . . . . . . . . . . . . . . . . . . 17

VI The Null Tetrad and Central Extension 17 A Null tetrad . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 18 B The vector-field realization of diff(M) under Lie bracket . . . . . . . . . . 18 C On the central extension . . . . . . . . . . . . . . . . . . . . . . . . . . . 20

VII Comment on Virasoro Algebra 24 A The vector fields and the boundary condition . . . . . . . . . . . . . . . . 24 B Realization of Virasoro algebra by vector fields . . . . . . . . . . . . . . . 25 C The Hamiltonian realization of Virasoro algebra . . . . . . . . . . . . . . 26 1 The non-zero Hamiltonian functionals . . . . . . . . . . . . . . . . . . 26 2 The surface densities the classical Virasoro algebra . . . . . . . . . . . 26

VIII Conclusion and Discussion 27

APPENDIXES 28

A Asymptotic Conditions on Horizon 28

B Some useful relations 30

I. INTRODUCTION

It is well known that the relation between the symmetry and related conservation law is one of the cornerstones in physics. For the spacetime manifolds in general relativity (GR), the diffeomorphisms form an infinite dimensional group under the composition. Therefore, it should also play certain important roles.

In the canonical formalism, Brown and Henneaux [1] showed that the asymptotic symmetry group for the three-dimensional gravity with negative cosmological constant is the pseudo-conformal group in 2-dimension. Its canonical generators form a pair of Virasoro algebras with nontrivial central charges. Strominger [2] suggested that with the help of the Cardy formula [3], the asymptotic symmetry and the central charge can be used to explain the statistical origin of the Bekenstein-Hawking entropy [4] of the 3-dimensional black hole. In 1999, Carlip attempted to generalize the Brown-Henneaux-Strominger construction to the black holes in any dimension [5] but met some conceptual problems [6]. Recently, the generalization is analyzed more carefully by Park in the canonical formalism [7].

Carlip [8,9] also tries to realize the Strominger’s idea in any dimension by using the covariant phase-space formalism developed by Wald et al [10]- [13]. Carlip’s approach has been generalized to the charged black hole [14], the dilaton black hole [15], the Kaluza- Klein black hole [16], the quantum correction [17], etc. In the meanwhile, Dreyer, Ghosh and Wiśniewski pointed out that this covariant phase-space formalism by Carlip contains technical flaws [18]. Koga related the flaws to the singular behavior of the asymptotic forms of the relevant quantities [19]. In the study of the asymptotic symmetries on the Killing horizon in spherically symmetric spacetimes, Koga also showed that the algebra of the Poisson brackets does not acquire nontrivial central charges [19]. An alternative version of this approach is also studied in the first-order gravity formalism [20].

In the covariant phase-space formalism [8,9], the Hamiltonian functional conjugate to a vector field is treated as the generator of diffeomorphism algebra just like the Hamiltonian in the canonical approach. The diffeomorphism algebra is assumed to be realized by the Poisson bracket or by Dirac bracket [21] on the constraint surface. Unfortunately, the Hamiltonian functional conjugate to a vector field ξ^a, as was pointed out by Wald [11,12], does not always exist for a given boundary condition. In addition, in the lack of the definition of the Poisson bracket and thus the Dirac bracket in the covariant phase-space formalism, Carlip borrowed the Poisson bracket and the Dirac bracket from the ADM formalism [21]– [23]. Although there are a number of studies on the definition and properties of the Poisson brackets in the covariant phase-space approach [24], such as the ones in the de Donder-Weyl field theory, it is still no explicit proof for their equivalence with the Poisson bracket in the ADM formalism. In fact, in the ADM formalism the Poisson bracket is defined on the basis of the 1+3 decomposition of a spacetime manifold, but in the covariant phase-space formalism there is no explicit splitting of the time and the space components.

On the other hand, however, in both classical and quantum field theories, if a Lagrangian possesses certain symmetries, such as gauge symmetry and Poincaré symmetry, the corresponding Lie algebras can be generated by the Noether charges of the conservation currents with respect to the symmetries. This general approach should also be available for the diffeomorphism invariance of the diffeomorphism-invariant theories of gravity such as GR.

The main purposes of the present paper are four folds. First, it is to obtain, in a covariant formalism, the Noether charge by the horizontal variation of the Lagrangian for diffeomorphism invariant gravitational theories. It is shown that for the Killing vector fields the covariant formalism leads to the vacuum black hole mass formula as a vanishing Noether charge as well as the first law of the black hole mechanics in vacuum GR. Secondly, it is analyzed in which sense the Hamiltonian functionals form the diff(M) algebra in the covariant formalism. It is also shown how the diff(M) algebra with possible “central extension” can be realized by virtue of the Noether charges in vacuum GR. The third purpose is to show why the “central extension” of the algebra vanishes on shell near the horizon. When the boundary of the (partial) Cauchy surface is fixed on the horizon, it is obvious that the “central extension” vanishes because the realizations themselves are trivial. In the approach [8,9], the “central extensions” of the diff(M) and the Virasoro algebra are dependent on the asymptotic behaviors of the vector fields specially chosen that correspond to the situation that the boundary of the partial Cauchy surface is not fixed. In order to estimate more precisely the asymptotic behaviors of such a kind of the vector fields, the Newman-Penrose (N-P) formalism is employed in this paper. The advantage of the N-P formalism is obvious. It not only can be set up on the horizon as well as the spacetime region with r > r_h, but also may avoid the arbitrariness in the asymptotic behavior estimation. It is then shown that the “central extension” of diff(M) for the diffeomorphism generated by the vector field ξ^a = T l^a + Rn^a with R ∼ O(χ_K ) is always zero on the horizon. The fourth purpose of the present paper is to check whether the Virasoro algebra can be picked up by choosing the vector fields near the horizon. It is shown in the N-P formalism that algebra of the vector fields selected in [8] under the Lie bracket does not give the Virasoro algebra. Even in the sense of [8] that the Lie brackets of the vector fields form a Virasoro algebra on the horizon, the algebra of the Hamiltonian functionals conjugate to the vector fields is trivial, too, and should not be regarded as a Virasoro algebra. This indicates that such a kind of pure symmetry analysis is not enough to give the statistical or conformal field theory origin of the black hole entropy.

The paper is organized as follows: In the next section, we review the covariant formalism including the Noether currents with respect to the diffeomorphisms generated by vector fields and their charges in a diffeomorphism-invariant theory. We also show how the vacuum black hole mass formula as a whole is a total vanishing Noether charge with respect to the combination of the Killing vector fields for the stationary axisymmetric black holes in GR and re-derive the fist law of the black hole mechanics for this configuration [25]. In section III, the Hamiltonian realization and the Noether-charge realization of the diffeomorphism algebra in the covariant phase-space formalism are studied. In section IV, the diffeomorphism algebra for a part of a manifold is discussed. Sec. V is devoted to the asymptotic behavior of the vector fields generating the diffeomorphism. In section VI, the “central extension” of diff(M) is estimated in the N-P formalism and shown why it always vanishes near the horizon. In section VII, we show in what sense the Virasoro algebra can be obtained as a subalgebra of diffeomorphism algebra and why it is trivial. Finally, we summarize this paper and make some discussion in section VIII. The correspondence, in the N-P formalism, of the asymptotic conditions on the horizon proposed by Carlip [8,9] is given in Appendix A. In Appendix B, some relations used in the calculation in the N-P formalism are listed.

II. NOETHER CHARGES IN DIFFEOMORPHISM INVARIANT GRAVITATIONAL THEORY Let us consider a diffeomorphism-invariant gravitational theory on 4-dimensional spacetime manifold M [26].

A. Noether currents and their charges with respect to diffeomorphism The horizontal variation of the Lagrangian 4-form L of such a kind of theories induced by a vector field ξ^a can be written as [11,12,25] δ̂_ξL = Eδ̂_ξg + dΘ(g, δ̂_ξg), (2.1) where E = 0 gives rise to the Euler-Lagrange equation for the theory and Θ(g, δ̂_ξg) is the symplectic potential 3-form. On the other hand, using the Lie derivative L_ξ, one has δ̂_ξL = L_ξ L = d(ξ · L). (2.2) Equating Eqs.(2.1) and (2.2), one gets d ∗ j(ξ) + Eδ̂_ξg = 0, (2.3) where ∗ is the Hodge star and j(ξ) = ∗(Θ(g, δ̂_ξg) − ξ · L) (2.4) is the Noether current 1-form with respect to the diffeomorphism generated by the given vector field ξ^a. Its (entire) Noether charge is given by the integral over a generic Cauchy surface Σ ∈ M Q(ξ) = ∫ Σ ∗j(ξ). (2.5) In order to obtain the differential formula for mass, i.e. the first law of the black hole mechanics, it is needed the variation relation of this Noether current. To this end, it is natural to calculate the following bi-variation with respect to vertical and horizontal variation δ and δ̂ of L, δδ̂_ξL = δ(Eδ̂_ξg + dΘ(δ̂_ξg)) = δd(ξ · L) . (2.6) Therefore, from these equations, it follows the variation relation of this Noether current 0 = δ(Eδ̂_ξg) + dδ ∗ j , (2.7) where we have used the commutative property between the vertical variation operator and the differential operator, i.e. δd = dδ. Thus, for the conservation of variation of the Noether current (2.4), i.e.

dδ ∗ j = 0 , (2.8) the necessary and sufficient condition is δ(Eδ̂_ξg) = 0 . (2.9)

B. Noether charges for the Killing vectors and the vacuum mass formula in GR

In vacuum GR, the Lagrangian 4-form in units of G = c = 1 reads L = 1 16π Rϵ, (2.10)

where R is the scalar curvature and ϵ the volume 4-form. The symplectic potential takes the form of Θ_{abc}(g, δ̂_ξg) = 1 16π [∇^d(g_{ef} δ̂_ξg^{ef} ) − ∇_eδ̂_ξg^{de}]ϵ_{dabc}. (2.11) Thus, the Noether current and its charge may be explicitly written as

j_a(ξ) = 1 8π G_{ab}ξ^b − 1 16π ∇^b(∇_bξ_a − ∇_aξ_b) (2.12) and Q(ξ) = 1 8π ∫ Σ ∗(G_{ab}ξ^b) − 1 16π ∫ ∂Σ ∗dξ, (2.13) respectively, where G_{ab} is the Einstein tensor and ∂Σ the boundary of the Cauchy surface.

In particular, for the stationary axisymmetric black holes in the vacuum GR and the Killing vector

χ^a_K = t^a_K + Ω_H ϕ^a_K , (2.14)

Q(χ_K) vanishes and leads to the black hole mass formula [25], where t^a_K and ϕ^a_K are the timelike and spacelike Killing vectors of the spacetime, respectively, Ω_H the angular velocity on the horizon and hereafter, the subscript ‘K’ denotes the vector (or the corresponding one-form) being the Killing one. The reasons for the vanishing Noether charge leading to the black hole mass formula are as follows: For a Killing vector, 1 2 (∇_b∇^aχ^b_K − ∇_b∇^bχ^a_K ) = R^a_b χ^b_K , (2.15)

which is zero on shell and leads to

j(χ_K ) = − 1 16π Rξ_a + 1 4π R_{ab}ξ^b = − 1 16π Rξ_a − 1 8π ∇^b(∇_bξ_a − ∇_aξ_b). (2.16)

Consequently, Q(χ_K ) vanishes on shell. By the definition of the mass and the angular momentum of the black hole,

Q_∞(χ_K ) = − 1 8π ∫ S_∞ ∗dχ_K = M − 2Ω_H J. (2.17)

On the other hand,

Q_{SH} (χ_K) = − 1 8π ∫ S_H ∗dχ_K = κ 4π A, (2.18) where κ is the surface gravity and A the area of the cross section of the event horizon. Q will be referred to as the partial Noether charge of a close surface. For the whole asymptotically flat region, the Cauchy surface emanates from the bifurcation surface and extends to the spatial infinity. Thus, the boundary of the Cauchy surface ∂Σ should be S^{(−)}_H ∪ S_∞, and the Noether charges should take the form

Q(χ) = Q(χ^∞_K ) + Q(χ^H_K ) = Q_∞(χ_K ) − Q_{SH} (χ_K ), (2.19)

where Q(χ^∞_K ) and Q(χ^H_K) are the Noether charges for the Cauchy surface with compact interior and the one with compact infinity, respectively. This directly leads to the vacuum mass formula in GR as a vanishing (entire) Noether charge. Namely, κ 4π A − M + 2Ω_H J = 0. (2.20)

It should be mentioned that there are somewhat differences between the present Noether charge approach and the one by Wald et al. First, in their approach the Noether charge for a spacetime manifold with the Cauchy surface possessing both interior and infinite asymptotically flat boundaries has not been considered rather what the Cauchy surface has been introduced is the one with compact infinity. Secondly, the orientation of the bifurcation surface S_H is taken as positive rather than the one induced from the Cauchy surface with compact infinity. In fact, if the induced orientation could be taken, the entropy were no longer the Noether charge even in their approach but the negative one.

The Noether charge may be defined for a finite region of a spacetime. When Σ is not chosen to be the whole of the Cauchy surface but its portion with two boundaries B_1 and B_2 such that A_{B2} > A_{B1}, where A_B stands for the area of the surface B,

Q(ξ) = Q_{B2} (ξ) − Q_{B1} (ξ) (2.21)

gives the Noether charge for the portion of the spacetime region R × Σ_p.

C. The first law of black hole mechanics in vacuum GR

Let us now derive, from the variation relation of this vanishing Noether charge, the differential formula for mass, i.e. the first law of black hole mechanics, for the vacuum stationary axisymmetric black holes in GR by the variational approach.

For the vacuum gravitational fields in GR, the variation relation of this vanishing Noether current Eq. (2.9) becomes 0 = 1 16π δ(G_{ab}δ̂_{χK} g^{ab}) + δ[∇^aj_a(χ_K )] , (2.22)

where j_a(χ_K ) is given by Eq. (2.12). As was mentioned before, it is obvious that the conserved current j vanishes for the Killing vector field χ^a_K (2.14) if the vacuum Einstein equation holds. Further, if the variation or the perturbation δg is restricted in such a way that both g and g + δg are stationary axisymmetric black hole configurations and χ^a_K is the Killing vector (2.14), the vanishing Noether current and the variation of the dual of the conserved current should also vanish, i.e. δ∗j = 0 as well.

Thus it is straightforward to get 0 = 1 8π ∫ Σ δ[R_{ab}χ^b_Kdσ^a] = δ[M − κ 4π A − 2Ω_H J], (2.23)

and Eq. (2.9) is also satisfied. Here Σ is a Cauchy surface.

It should be noticed that Eq. (2.23) is just the start point of Bardeen, Carter and Hawking’s calculation for the first law of the black hole mechanics [27]. As was required in [27], under the above perturbations, the positions of event horizon and the two Killing vector fields in Eq. (2.14) are unchanged. Consequently, as long as following what had been done in [27], Eq. (2.23) definitely leads to the differential formula for mass, i.e., the first law of black hole mechanics, among the stationary axisymmetric black hole configurations δM − κ 8π δA − Ω_H δJ = 0 . (2.24)

Thus both the mass formula (2.20) and its differential formula (2.24), i.e., the first law of black hole mechanics for the stationary axisymmetric black hole configurations are all derived from the diffeomorphism invariance of the Lagrangian by the Noether charge via variational approach. Especially, they are in certain sense the vanishing Noether charge and its perturbation among the stationary axisymmetric black hole configurations.

III. ON REALIZATIONS OF diff(M) ALGEBRA

In this section, we shall consider two different ways of realizations for the algebra diff(M), i.e. the Hamiltonian realization and the Noether charge realization.

A. The Hamiltonian realization

It has been shown [28] that in gauge theories the flux of the symplectic current ∫ Σ ∗[δ_2j(ϕ, δ_1ϕ) − δ_1j(ϕ, δ_2ϕ)] (3.1)

is equivalent to the Hamiltonian bracket in the reduced phase space. In Eq.(3.1) j is the Noether current, which is the dual of the symplectic potential Θ(ϕ, δϕ) = π_ϕδϕ and δ_2j(ϕ, δ_1ϕ) − δ_1j(ϕ, δ_2ϕ) is the (pre)symplectic current, where δ is a vertical variation.

The attempts to generalize the equivalence to the diffeomorphism invariant theories have been made [10]- [12] [29]. The (pre)symplectic current in a diffeomorphism invariant theory and its flux over a spacelike hypersurface are

ω(ϕ, δ_1ϕ, δ_2ϕ) = δ_1Θ(ϕ, δ_2ϕ) − δ_2Θ(ϕ, δ_1ϕ) (3.2) and Ω(ϕ, δ_1ϕ, δ_2ϕ) = ∫ Σ ω(ϕ, δ_1ϕ, δ_2ϕ), (3.3) respectively. In Eqs.(3.2) and (3.3), δ_1 and δ_2 have been generalized to arbitrary variations, which include both vertical and horizontal variations. The (pre-)symplectic structure, i.e. the flux of the (pre)symplectic current Eq.(3.3), has a remarkable property [10,29]

Ω(ϕ, δ_1ϕ, δ̂_ξϕ) = Ω(ϕ, δ_1ϕ, L_ξϕ) = 0. (3.4)

Namely, if one of the two variations is horizontal one, then the flux of the (pre)symplectic current must vanish. In [11] it has been shown explicitly that when the variation δ_2 in Eq.(3.3) is restricted to the horizontal variation δ̂_ξ, δH(ξ) = Ω(ϕ, δϕ, δ̂_ξϕ), (3.5) where H(ξ) = Q(ξ) − ∫ ∂Σ ξ · B, (3.6)

B is the 3-form satisfying δ ∫ ∂Σ ξ · B(ϕ) = ∫ ∂Σ ξ · Θ(ϕ, δϕ). (3.7) It should be noted that in Eqs.(3.5)–(3.7)

δξ = 0 (3.8)

is required [11]. In general, the vertical variations satisfy the condition (3.8), but the horizontal ones do not.

In [8] the variation δ in Eq.(3.5) is further restricted to the horizontal variation δ̂_{ξ2} = L_{ξ2} so that the Cartan formula L_ξ = d ∘ i_ξ + i_ξ ∘ d for any differential form can be used, and the identification of the flux of the presymplectic current and the Poisson bracket { , } is made. Then, Eq.(3.5) becomes

δ̂_{ξ2} H(ξ_1) = Ω(ϕ, δ̂_{ξ2} ϕ, δ̂_{ξ1} ϕ) = {H(ξ_1), H(ξ_2)}. (3.9)

However, there are two difficulties in Eq.(3.9). First, in accordance with the requirement (3.8) for the first equality, we should have δ̂_{ξ2} ξ_1 = 0, which is obvious in contradiction with the basic formula L_{ξ2} ξ_1 = [ξ_2, ξ_1]. Second, it is the non-trivial flux of symplectic current that can be used to define the Poisson bracket. Unfortunately, the property (3.4) says that the flux of presymplectic current Ω(ϕ, δ̂_{ξ2} ϕ, δ̂_{ξ1} ϕ) vanishes, so that the second equality is not valid. In order to reconcile the first contradiction, we have two choices:

A. The two vector fields are not arbitrary but fall into special classes. For example, the vector fields coincide up to a multiplication constant at the boundaries of Cauchy surfaces if δ̂_ξH is the algebraic summation of boundary terms.

B. Since the first variations of fields are linear and homogeneous functions of ξ, we may define a new quantity by

δ̄_{ξ2} F (ξ_1) := δ̂_{ξ2} F (ξ_1) − F (δ̂_{ξ2} ξ_1) = δ̂_{ξ2} F (ξ_1) − F ([ξ_2, ξ_1]). (3.10)

By use of Eqs.(3.10), (2.1), (2.4), one gets δ̄_{ξ2} ∗ j(ξ_1) = δ̄_{ξ2} Θ(ξ_1) − ξ_1 · δ̄_{ξ2} L = δ̄_{ξ2} Θ(ξ_1) − ξ_1 · [Eδ̄_{ξ2} g + dΘ(δ̄_{ξ2} g)] = δ̄_{ξ2} Θ(ξ_1) − L_{ξ1} Θ(δ̄_{ξ2} g) + d[ξ_1 · Θ(δ̄_{ξ2} g)]. (3.11) where on-shell condition has been used. Therefore, if the variation equation δ̄ ∫ ∂Σ ξ · B(ϕ) = ∫ ∂Σ ξ · Θ(ϕ, δ̄ϕ), (3.12) then the first equality of Eq.(3.9) should be modified as δ̄_{ξ2} H(ξ_1) = Ω^′(ϕ, δ̂_{ξ2} ϕ, δ̂_{ξ1} ϕ), (3.13) where Ω^′(ϕ, δ̂_{ξ1} ϕ, δ̂_{ξ2} ϕ) = ∫ Σ ω^′(ϕ, δ̂_{ξ1} ϕ, δ̂_{ξ2} ϕ) = ∫ Σ δ̄_{ξ1} Θ(ϕ, δ̂_{ξ2} ϕ) − δ̄_{ξ2} Θ(ϕ, δ̂_{ξ1} ϕ). (3.14)

In Eq.(3.14), L_{ξ1} Θ(δ̄_{ξ2} g) has been written as δ̄_{ξ1} Θ(ϕ, δ̂_{ξ2} ϕ) on account that the appearance of δ̄_ξ implies that [ξ_1, ξ_2] is discarded in the calculation.

Even when the triviality problem of the flux of the presymplectic current is put by, there is ambiguity in the identification of the Poisson bracket with the flux of the presymplectic currents, taking the form of Eq.(3.9) or the form like Ω^′(ϕ, δ̂_{ξ1} ϕ, δ̂_{ξ2} ϕ) = {H(ξ_1), H(ξ_2)}. (3.15) According to the Brown-Henneaux analysis in the canonical approach [1], the diffeomorphism algebra in terms of the Dirac bracket for the boundary terms of the Hamiltonian functionals in the covariant phase space formalism is, in Ref. [8], represented in the form {J(ξ_1), J(ξ_2)}^∗ = J([ξ_1, ξ_2]) + K^H (ξ_1, ξ_2), (3.16) where K^H (ξ_1, ξ_2) is the possible central extension in the Hamiltonian realization of diff(M). The upper index H stands for this realization.

B. The Noether-charge realization In gauge theories the (pre)symplectic current (3.2) and the antisymmetric combination of the vertical variations of the Noether current δ_1 ∗ j(ϕ, δ_2ϕ) − δ_2 ∗ j(ϕ, δ_1ϕ) =: ω̃(ϕ, δ_1ϕ, δ_2ϕ). (3.17) coincide. In general, however, they are different from each other in diffeomorphism invariant theories. With the help of the flux of the current (3.17), it is possible to realize the diff algebra by use of Noether charges [30].

In order to set up the Noether-charge realization, let us consider the two successive horizontal variations of the Lagrangian 4-form induced by two vector fields ξ_1 and ξ_2 denoted by δ̂_{ξ1} and δ̂_{ξ2} , respectively, δ̂_{ξ1}δ̂_{ξ2} L = δ̂_{ξ1} [Eδ̂_{ξ2}g + dΘ(g, δ̂_{ξ2} g)] = δ̂_{ξ1} d(ξ_2 · L). (3.18) Exchanging the order of the variation, one obtains δ̂_{ξ2}δ̂_{ξ1} L = δ̂_{ξ2} [Eδ̂_{ξ1}g + dΘ(g, δ̂_{ξ1} g)] = δ̂_{ξ2} d(ξ_1 · L). (3.19) Subtraction of the two equations gives rise to

δ̂_{ξ1}δ̂_{ξ2} L − δ̂_{ξ2}δ̂_{ξ1} L = δ̂_{ξ1} [Eδ̂_{ξ2} g + dΘ(g, δ̂_{ξ2} g)] − δ̂_{ξ1} [Eδ̂_{ξ2} g + dΘ(g, δ̂_{ξ2} g)] = δ̂_{ξ1} d(ξ_2 · L) − δ̂_{ξ2} d(ξ_1 · L). (3.20) Since the Lie bracket of two vector fields gives a new vector field, Eqs.(2.1) and (2.2) can also apply to the Lie bracket of the two vector fields, namely, δ̂_{[ξ1,ξ2]}L = Eδ̂_{[ξ1,ξ2]}g + dΘ(g, δ̂_{[ξ1,ξ2]}g) = d([ξ_1, ξ_2] · L). (3.21) Subtracting Eq.(3.21) from Eq.(3.20) and using the identity [δ̂_{ξ1} , δ̂_{ξ2} ] = δ̂_{[ξ1,ξ2]}, (3.22) one has

0 = [δ̂_{ξ1} , δ̂_{ξ2} ]L − δ̂_{[ξ1,ξ2]}L

= δ̂_{ξ1} [Eδ̂_{ξ2} g + dΘ(g, δ̂_{ξ2} g)] − δ̂_{ξ1} [Eδ̂_{ξ2} g + dΘ(g, δ̂_{ξ2} g)] − Eδ̂_{[ξ1,ξ2]}g + dΘ(g, δ̂_{[ξ1,ξ2]}g) = δ̂_{ξ1} d(ξ_2 · L) − δ̂_{ξ2} d(ξ_1 · L) − d([ξ_1, ξ_2] · L). (3.23) It follows that

d{δ̂_{ξ1} [∗j(ξ_2)] − δ̂_{ξ2} [∗j(ξ_1)] − ∗j([ξ_1, ξ_2])} = δ̂_{ξ2} (Eδ̂_{ξ1} g) − δ̂_{ξ1} (Eδ̂_{ξ2} g) + Eδ̂_{[ξ1,ξ2]}g. (3.24) Namely, the combination of the current 1-forms as a Noether-like current 1-form k(ξ_1, ξ_2) = ∗δ̂_{ξ1} [∗j(ξ_2)] − ∗δ̂_{ξ1} [∗j(ξ_2)] − j([ξ_1, ξ_2]) (3.25) is conserved as long as δ̂_{ξ2} (Eδ̂_{ξ1} g) − δ̂_{ξ1} (Eδ̂_{ξ2} g) + Eδ̂_{[ξ1,ξ2]}g = 0. (3.26) Obviously, Eq.(3.26) is valid on shell. It should be noted that the condition Eq.(3.26) is weaker than the on-shell condition. If the charge of k(ξ_1, ξ_2) is denoted by −K^Q(ξ_1, ξ_2) with the upper index Q for the Noether-charge realization, then K^Q(ξ_1, ξ_2) satisfies^§

§In the present paper, we consider the case that the Cauchy surface keeps unchanged under the horizontal variation.

δ̂_{ξ1} [Q(ξ_2)] − δ̂_{ξ2} [Q(ξ_1)] = Q([ξ_1, ξ_2]) − K^Q(ξ_1, ξ_2). (3.27)

The left hand side of Eq.(3.27) is nothing but the flux of the current (3.17) over a Cauchy surface with the substitution of the vertical variation by the horizontal one

Ω̃(ϕ, δ̂_1ϕ, δ̂_2ϕ) = ∫ Σ ω̃(ϕ, δ̂_1ϕ, δ̂_2ϕ) = δ̂_1Q(ϕ, δ̂_2ϕ) − δ̂_2Q(ϕ, δ̂_1ϕ). (3.28)

Again, the requirement Eq.(3.8) should be satisfied in the second variation in Eq.(3.28) in accordance with Eq.(3.17), which results in either the vector fields falling into specific classes or δ̂ being replaced by δ̄ in the second variation. For the second choice, by use of Eq. (3.10) the left-hand side of Eq.(3.27) becomes

(δ̂_{ξ1} Q)(ξ_2) + Q(δ̂_{ξ1} ξ_2) − (δ̂_{ξ2} Q)(ξ_1) − Q(δ̂_{ξ2} ξ_1) = (δ̂_{ξ1} Q)(ξ_2) + Q([ξ_1, ξ_2]) − (δ̂_{ξ2} Q)(ξ_1) − Q([ξ_2, ξ_1]) − Q([ξ_1, ξ_2]) = δ̄_{ξ1} Q(ξ_2) − δ̄_{ξ2} Q(ξ_1) + 2Q([ξ_1, ξ_2]). (3.29)

Therefore, the Noether charges and their variations on shell form the algebraic relation of diff(M) δ̄_{ξ2} Q(ξ_1) − δ̄_{ξ1} Q(ξ_2) = Q([ξ_1, ξ_2]) + K^Q(ξ_1, ξ_2), (3.30)

where K^Q(ξ_1, ξ_2) is the possible central extension.

It should be stressed again that in Eq.(3.30) the variation of Q is carried out under the condition that the first vector ξ keeps unchanged. In another word, the variation does not act on the vector field. The left-hand side of Eq.(3.30) is the flux of the exterior variation of the dual of Noether current Eq.(3.28) after the replacement of δ̂ by δ̄. It is remarkable that the ambiguity in the definition of the Poisson bracket in the Hamiltonian realization does not appear in the Noether-charge realization because the Poisson bracket does not come in the Noether-charge realization at all.

C. The 2-cocycle condition for the central extension in Noether-charge realization

If an algebra realization satisfies the Jacobi identity, its central extension always obeys 2-cocycle condition from the Jacobi identity and vice versa. Now, let us consider

C_{{1,2,3}}δ̂_{ξ1} {δ̂_{ξ2} [Q(ξ_3)] − δ̂_{ξ3} [Q(ξ_2)]} = C_{{1,2,3}}δ̂_{ξ1} [Q([ξ_2, ξ_3])] − C_{{1,2,3}}δ̂_{ξ1} [K^Q(ξ_2, ξ_3)], (3.31)

where C_{{1,2,3}} denotes the circular summation. By use of identity (3.22), the left-hand side of (3.31) can be written as

C_{{1,2,3}}{δ̂_{ξ1}δ̂_{ξ2} [Q(ξ_3)] − δ̂_{ξ2}δ̂_{ξ1} [Q(ξ_3)]} = C_{{1,2,3}}δ̂_{[ξ1,ξ2]}[Q(ξ_3)] = C_{{1,2,3}}δ̂_{[ξ2,ξ3]}[Q(ξ_1)]. (3.32)

It follows from (3.31) that

C_{{1,2,3}}δ̂_{ξ1} [K^Q(ξ_2, ξ_3)] = C_{{1,2,3}}{δ̂_{ξ1} [Q([ξ_2, ξ_3])] − δ̂_{[ξ2,ξ3]}[Q(ξ_1)]}. (3.33)

On the other hand, from (3.27) one has

δ̂_{[ξ2,ξ3]}[Q(ξ_1)] − δ̂_{ξ1} [Q([ξ_2, ξ_3])] = Q([[ξ_2, ξ_3], ξ_1]) − K^Q([ξ_2, ξ_3], ξ_1). (3.34) Eqs. (3.33) and (3.34) and the Jacobi identity C_{{1,2,3}}[δ̂_{ξ1} , [δ̂_{ξ2} , δ̂_{ξ3} ]] = 0 (3.35) give rise to C_{{1,2,3}}δ̂_{ξ1} [K^Q(ξ_2, ξ_3)] = C_{{1,2,3}}K^Q([ξ_1, ξ_2], ξ_3). (3.36) On account of identity (3.22), the Jacobi identity becomes C_{{1,2,3}}[δ̂_{ξ1} , δ̂_{[ξ2,ξ3]}] = 0. (3.37) Applying it on L, one has C_{{1,2,3}}{δ̂_{ξ1} [Q([ξ_2, ξ_3])] − δ̂_{[ξ2,ξ3]}[Q(ξ_1)]} = 0, (3.38) which leads to C_{{1,2,3}}δ̂_{ξ1} [K^Q(ξ_2, ξ_3)] = C_{{1,2,3}}K^Q([ξ_1, ξ_2], ξ_3) = 0. (3.39) This is the 2-cocycle condition for the central extension.

IV. DIFFEOMORPHISM ALGEBRA FOR A PORTION OF A MANIFOLD In this section, we focus on the case of stationary, asymptotically flat, axisymmetric spacetimes in vacuum GR. The Carter-Penrose diagram for the asymptotically flat region of a stationary axisymmetric spacetime is shown in the figure 1.

Now, we consider the Cauchy surface which is combined by two pieces Σ_1 and Σ_2 as shown in the figure 1. Namely, Σ = Σ_1 ∪ Σ_2. (4.1) Σ_1 emanates from the bifurcation surface S_H , extends almost along the generator of the event horizon and ends at the certain place of the stretched Killing horizon [8] denoted by B_ϵ. At the end of calculation, Σ_1 tends to the event horizon by taking ϵ → 0. Σ_2 is a spacelike hypersurface matching Σ_1 at B_ϵ and extending to the spatial infinity. The boundaries of Σ_1 and Σ_2 are ∂Σ_1 = S^{(−)}_H ∪ B_ϵ and ∂Σ_2 = B^{(−)}_ϵ ∪ S_∞, respectively. Such a choice of the Cauchy surface, may be called a combined Cauchy surface, will not affect the fact that the Noether charge corresponding to the Killing vector field (2.14) for the whole asymptotically flat region leads to the black hole mass formula [25]. In the following, we will discuss the problem in the Noether-charge realization and the Hamiltonian realization separately.

FIG. 1. The Carter-Penrose diagram of an asymptotically-flat region for stationary axisymmetric spacetimes. I^+, I^−, and i^0 are the future and past null infinity, and the spatial infinity, respectively. H^+, H^− , and S_H are the future and past event horizon, and the bifurcation surface, respectively. Σ = Σ_1 ∪ Σ_2 is the Cauchy surface for the whole of the asymptotically flat region. Σ_1 and Σ_2 match at B_ϵ. ϵ tends to 0 so that Σ_1 tends to the event horizon.

A. Noether-charge realization The Noether charge defined on the combined Cauchy surface (4.1) is combined in the following way:

Q_Σ(ξ) = Q_{Σ1} (ξ) + Q_{Σ2} (ξ), (4.2) where Q_{Σ1} (ξ) and Q_{Σ2} (ξ) are the Noether charges on Σ_1 and Σ_2, respectively. On shell, Q_{Σ1} and Q_{Σ2} may always be expressed, as mentioned before, in terms of the algebraic summation of the boundary terms Q_{Σ1} (ξ) = Q_{Bϵ} (ξ) − Q_H (ξ), (4.3) Q_{Σ2} (ξ) = Q_∞(ξ) − Q_{Bϵ} (ξ), (4.4) where Q_{Bϵ} (ξ), Q_H (ξ), and Q_∞(ξ) are evaluated at B_ϵ, the bifurcation surface S_H and the spatial infinity S_∞, respectively. It is easy to show that for the Killing vector field (2.14), lim_{ϵ→0} Q_{Bϵ} (χ_K) = Q_H (χ_K ) = κ 8π A. (4.5) That is, lim_{ϵ→0}Q_{Bϵ} for the Killing vector (2.14) is proportional to the area A of the 2-dimensional horizon.

According to Sec. III.B, the Noether charges Q_{Σ1} (ξ) and Q_{Σ2} (ξ) over Σ_1 and Σ_2 and their (horizontal) variation form the algebraic relations for diff(R × Σ_1) and diff(R × Σ_2), respectively. For example, the algebraic relation for Q_{Σ2} (ξ) takes the form δ̄_{ξ2} Q_{Σ2} (ξ_1) − δ̄_{ξ1} Q_{Σ2} (ξ_2) = Q_{Σ2} ([ξ_1, ξ_2]) + K^Q_{Σ1} (ξ_2, ξ_2). (4.6) By use of Eq.(4.4), Eq.(4.6) reduces to δ̄_{ξ2} Q_{Bϵ} (ξ_1) − δ̄_{ξ1} Q_{Bϵ} (ξ_2) − Q_{Bϵ} ([ξ_1, ξ_2]) − K̃^Q_{Bϵ} (ξ_1, ξ_2) = δ̄_{ξ2} Q_∞(ξ_1) − δ̄_{ξ1} Q_∞(ξ_2) − Q_∞([ξ_1, ξ_2]) − K̃^Q_∞(ξ_1, ξ_2). (4.7) The two sides of Eq.(4.7) are evaluated at two different places. Therefore, each of them should form an algebra independently. At most, they are equal to the same constant on Σ_2. (The value of the constant may be the vector-field dependent.) Absorbing the constant into the central extension K^Q(ξ_1, ξ_2), one has δ̄_{ξ2} Q_{Bϵ} (ξ_1) − δ̄_{ξ1} Q_{Bϵ} (ξ_2) = Q_{Bϵ} ([ξ_1, ξ_2]) + K^Q_{Bϵ} (ξ_1, ξ_2), (4.8) and δ̄_{ξ2} Q_∞(ξ_1) − δ̄_{ξ1} Q_∞(ξ_2) = Q_∞([ξ_1, ξ_2]) + K^Q_∞(ξ_1, ξ_2). (4.9) Eqs.(4.8) and (4.9) are the algebraic relation for the partial Noether charges.

B. Hamiltonian realization Since the Hamiltonian functional is also an additive quantity, it may be written as H_Σ(ξ) = H_{Σ1} (ξ) + H_{Σ2} (ξ). (4.10) On Σ_i (i = 1, 2), the Hamiltonian realization is {H_{Σi} (ξ_1), H_{Σi} (ξ_2)} = H_{Σi} ([ξ_1, ξ_2]) + K^H_{Σi} (ξ_1, ξ_2). (4.11) If the field B exists on the intersection of Σ_1 and Σ_2, the Hamiltonian functionals, like the Noether charges, may be expressed in terms of their boundary terms H_{Σ1} (ξ) = J_{Bϵ} (ξ) − J_H (ξ), (4.12) H_{Σ2} (ξ) = J_∞(ξ) − J_{Bϵ} (ξ). (4.13) Similar to the Noether-charge realization, {J_H (ξ_1), J_H (ξ_2)}^∗ = J_H ([ξ_1, ξ_2]) + K^H_H (ξ_1, ξ_2), (4.14) {J_{Bϵ} (ξ_1), J_{Bϵ} (ξ_2)}^∗ = J_{Bϵ} ([ξ_1, ξ_2]) + K^H_{Bϵ} (ξ_1, ξ_2), (4.15) {J_∞(ξ_1), J_∞(ξ_2)}^∗ = J_∞([ξ_1, ξ_2]) + K^H_∞(ξ_1, ξ_2). (4.16) Eq.(4.15) is used to calculate the central term in [8].

V. ASYMPTOTIC BEHAVIORS A. Near the spatial infinity In the present paper, we are only interested in the diffeomorphism of a manifold into itself. The horizontal variations induced by such kinds of diffeomorphism do not change the characters of a manifold. In particular, a Cauchy surface is mapped into another Cauchy surface under a horizontal variation in active point of view. For stationary asymptotically flat spacetimes, it requires that the infinite boundaries of Cauchy surfaces coincide at the same point i^0 on the Carter-Penrose diagram. If the discussion is confined in the deformation of ‘t − r’ plane, it requires that the vector fields generating diffeomorphisms must satisfy ξ^a ∼ C ( ∂ ∂t )_a , as r → ∞, (5.1) where C is a constant, (^∂_{∂t} )^a is the timelike Killing vector. The Lie bracket of two vector fields of such a kind obviously vanishes at the spatial infinity.

B. Near the bifurcation surface S_H

For the stationary asymptotically flat spacetimes with a black hole, the inner boundary of the Cauchy surfaces coincide at the bifurcation surface S_H . Limited in the deformation of ‘t − r’ plane, it requires that the vector fields generating diffeomorphisms must satisfy

ξ^a ∼ C^′χ^a_K , (5.2)

where C^′ ∼ O(1) is another constant, χ^a_K the Killing vector Eq.(2.14). Since χ^a_K = 0 on the bifurcation surface, the Lie bracket of two vector fields of such a kind is also zero at the bifurcation.

C. Near the stretched horizon B_ϵ

Let S = lim_{ϵ→0} B_ϵ be on the Killing horizon. If S is fixed on the Killing horizon, Σ_1 and Σ_2 are the Cauchy surfaces for the spacetime regions Σ_1 × R and Σ_2 × R, respectively. In that case, if the discussion is again limited in ‘t − r’ plane,

ξ^a → 0, as ϵ → 0. (5.3)

Thus, the Lie bracket of the two vector fields is still zero on S.

If S is not fixed on the Killing horizon under the diffeomorphism, Σ_1 and Σ_2 are not the Cauchy surfaces of the spacetime regions Σ_1 × R and Σ_2 × R, respectively, but Σ_1 ⋃ Σ_2 is still the Cauchy surface of the asymptotically flat region. In order S to be mapped from a sphere to another sphere on the Killing horizon, the vector field should has the form

ξ^a = T̃ χ^a_K , on the Killing horizon. (5.4)

where T̃ is, at most, the function of v, θ, and ϕ, where v is the parameter of the generator of the Killing horizon and θ and ϕ are coordinates on the cross section of the horizon. The Lie bracket of two vector fields of type (5.4) gives a new vector field of the same type. It should be noted that the vector field (5.4) does not satisfy the boundary condition (4.3) in [8] generally, which reads χ^a_Kχ^b_K χ^2_K δ̂_ξg_{ab} → 0, χ2_K → 0. (5.5)

The boundary condition (4.3) in [8] is discussed in detail in Appendix A.

VI. THE NULL TETRAD AND CENTRAL EXTENSION

Now we are ready to calculate the central extension. It is obvious that both the Hamiltonian and Noether-charge realizations are trivial at the spatial infinity and the bifurcation surface S_H . Even on S, both realizations are also trivial when S is fixed. In these cases, the central extensions are all zero.

In this section, we focus on the central extension on S in the case that S is unfixed under the diffeomorphism. As was emphasized in the introduction, in order to estimate the asymptotic behavior precisely we employ the N-P formalism.

A. Null tetrad

The (timelike) Killing vector χ_K defines the Killing horizon of a black hole via χ^2_K = 0. Define a (spacelike) vector field ρ^a orthogonal to the Killing vector χ^a_K by

∇_aχ^2_K = −2κρ_a, (6.1)

where κ is the surface gravity on the horizon. Let t^a_i (i = 1, 2) be the two independent tangent vector fields on the cross section of the horizon.

It is easy to check that ρ^2 → 0, ρ^a → χ^a_K and ρ^2/χ^2_K → −1 as the horizon is tended. These properties result in that the set of basis consisting of the four vector fields {χ^a_K , ρ^a, t^a_i } is ill-defined on the horizon.

In order to set up the basis that are well-defined on the horizon, we can first choose two real null vector fields l^a, n^a as

l^a = 1 2 (χ^a_K + |χ_K | ρ ρ^a)

n^a = − 1 χ^2_K (χ^a_K − |χ_K | ρ ρ^a), (6.2) or χ^a_K = l^a − χ^2_K 2 n^a ρ^a = ρ |χ_K | (l^a + χ^2_K 2 n^a). (6.3)

It is easy to see that l^an_a = −1, l^al_a = n^an_a = 0 holds on the whole spacetime. Combined with other two complex null vector fields m^a and m̄^a, the set of the null vector fields {l, n, m, m̄} constitute the well-defined null tetrad fields on the whole spacetime.

Now, consider the vector fields

ξ^a = T l^a + Rn^a = T̃ χ^a_K + R̃ρ^a. (6.4)

Obviously,

T = T̃ + ρ |χ_K| R̃ R = χ^2_K 2 (−T̃ + ρ |χ_K | R̃). (6.5)

If we require both T̃ and R̃ to be regular functions on the whole spacetime as required in [8], we have R ∼ O(χ^2_K ).

B. The vector-field realization of diff(M) under Lie bracket

Let us consider [l, n] first. By definition,

[l, n] = 1 2 { [χ^a_K, − 1 χ^2_K χ^a_K ] − [ |χ_K| ρ ρ^a, 1 χ^2_K χ^a_K ] + [χ^a_K, 1 χ^2_K |χ_K | ρ ρ^a] +[ |χ_K| ρ ρ^a, 1 χ^2_K |χ_K| ρ ρ^a] } (6.6)

The first term in the brace bracket in Eq.(6.6) is [χ^a_K , 1 χ^2_K χ^a_K ] = 1 χ^2_K

[χ^a_K, χ^a_K ] + (D 1 χ^2_K

)χ^a_K = 0, (6.7)

where D := χ^a_K ∇_a. The second term is [ |χ_K | ρ ρ^a, 1 χ^2_K χ^a_K ] = |χ_K | ρ (D̃ 1 χ^2_K )χ^a_K − 1 χ^2_K (D |χ_K | ρ )ρ^a + |χ_K | ρ 1 χ^2_K [ρ, χ] = −2κ 1 χ^2_K ρ |χ_K| χ^a_K , (6.8)

where D̃ := ρ^a∇_a. The third term is [χ^a_K, 1 χ^2_K |χ_K| ρ ρ^a] = (D 1 χ^2_K ) |χ_K| ρ ρ^a + 1 χ^2_K (D |χ_K | ρ )ρ^a + 1 χ^2_K |χ_K | ρ [χ, ρ] = 0. (6.9)

The last term is [ |χ_K| ρ ρ^a, 1 χ^2_K |χ_K | ρ ρ^a] = − χ^2_K ρ^2 (D̃ 1 χ^2_K

)ρ^a + 1 χ^2_K [ |χ_K| ρ ρ^a, |χ_K| ρ ρ^a] = −2κ 1 χ^2_K ρ^a. (6.10)

So, the Lie bracket of the null vector fields l and n is [l^a, n^a] = −κ ρ |χ_K| n^a. (6.11)

For the sake of the later convenience, denote n^a∇_a as Δ and l^a∇_a as D̄. Then, the above result is equivalent to [D̄, Δ] = −κ ρ |χ_K | Δ (6.12)

for any function f. In comparison with the commutator of the N-P formalism [31], the following relation among the N-P coefficients are obtained:

τ + π̄ = 0, γ + γ̄ = 0, ϵ + ϵ̄ = κ ρ |χ_K| . (6.13)

For the vector fields of Eq.(6.4),

[ξ^a_1 , ξ^a_2 ] = [T_1l^a, T_2l^a] + [R_1n^a, T_2l^a] + [T_1l^a, R_2n^a] + [R_1n^a, R_2n^a] = (T_1D̄T_2 − T_2D̄T_1)l^a + (R_1ΔT_2 − R_2ΔT_1)l^a + (T_1D̄R_2 − T_2D̄R_1)n^a +κ ρ |χ_K | (R_1T_2 − T_1R_2)n^a + (R_1ΔR_2 − R_2ΔR_1)n^a. (6.14)

Because

D̄χ^2_K = 1 2 (χ^a_K + |χ_K | ρ ρ^a)∇_aχ^2_K = χ^2_K κ ρ |χ_K | = O(χ^2_K )

Δχ^2_K = − 1 χ^2_K (χ^a_K − |χ_K | ρ ρ^a)∇_aχ^2_K = 2κ ρ |χ_K | = O(1), (6.15)

it is easy to see that the Lie bracket of ξ’s is closed as long as R = O(χ^2_K ).

C. On the central extension

When S is mapped from one sphere to another on the Killing horizon under the diffeomorphism, either Σ_1 or Σ_2 cannot be regarded as the Cauchy surface of subsystems Σ_1 × R and Σ_2 × R and the Cauchy surface of the whole asymptotically flat region as well. The legitimacy of applying Eq.(3.5) to the subsystem becomes questionable because the integral over the (partial) Cauchy surface is taken in Eq.(3.5). In this subsection,we do not plan to discuss the problems in the formulation. Instead, we will just estimate the central extension in the null tetrad according to Ref. [8].

It has been written in [8] that for vacuum GR

{J_{Bϵ} (ξ_1), J_{Bϵ} (ξ_2)}^∗ = 1 16π ∫ B_ϵ ϵ_{abcd}[ξ^c_2∇_e(∇^eξ^d_1 − ∇^dξ^e_1) − ξ^c_1∇_e(∇^eξ^d_2 − ∇^dξ^e_2)]. (6.16)

For a class of vector fields considered in [8],

[ξ_1, ξ_2] · B = 0 (6.17)

on the boundary. Thus, the boundary term of the Hamiltonian functional reads

J_{Bϵ} ([ξ_1, ξ_2]) = Q_{Bϵ} ([ξ_1, ξ_2]) = − 1 16π ∫ B_ϵ ϵ_{abcd}∇^c(ξ^e_1∇_eξ^d_2 − ξ^e_2∇_eξ^d_1 ), (6.18)

and then the possible central term is

K^H_S (ξ_1, ξ_2) = lim_{ϵ→0} ({J_{Bϵ} (ξ_1), J_{Bϵ} (ξ_2)}^∗ − J_{Bϵ} ([ξ_1, ξ_2]))

= lim_{ϵ→0} 1 8π ∫ B_ϵ ϵ_{abcd} [ ∇_e(ξ^c_{[1}∇^dξ^e_{2]}) − 2ξ^{[c}_{[1}∇^{e]}∇_{|e|}ξ^d_{2]} ] . (6.19)

For the vector field (6.4), the right-hand side of Eq.(6.16) becomes 1 16π ∫ B_ϵ ϵ_{abcd}{(T_2l^c + R_2n^c)∇_e[∇^e(T_1l^d + R_1n^d) − ∇^d(T_1l^e + R_1n^e)] (6.20)

−[1 ↔ 2]} (6.21)

The first term of the integrand in Eq.(6.20) is ϵ_{abcd}{(T_2l^c + R_2n^c)∇_e∇^e(T_1l^d + R_1n^d) − [1 ↔ 2]} = ϵ_{abcd}{2T_2l^c(∇_eT_1)∇^el^d + 2R_2n^c(∇_eR_1)∇^en^d + T_2l^c(∇_e∇^eR_1)n^d +2T_2l^c(∇_eR_1)∇^en^d + R_1l^cT_2∇_e∇^en^d + R_2n^c(∇_e∇^eT_1)l^d +2R_2n^c(∇_eT_1)∇^el^d + R_2T_1n^c∇_e∇^el^d − [1 ↔ 2]} = ϵ_{abcd}{2T_2l^c(∇_eT_1)∇^el^d + T_2l^c(∇_e∇^eR_1)n^d + 2T_2l^c(∇_eR_1)∇^en^d −[1 ↔ 2]} + O(χ^2_K ). (6.22) Similarly, the second term is

ϵ_{abcd}{(T_2l^c + R_2n^c)∇_e∇^d(T_1l^e + R_1n^e) − [1 ↔ 2]} = ϵ_{abcd}{T_2l^c(∇_e∇^dT_1)l^e + T_2l^c(∇^dT_1)∇_el^e + T_2l^c(∇_eT_1)∇^dl^e + T_2l^c(∇_e∇^dR_1)n^e +T_2l^c(∇^dR_1)∇_en^e + T_2l^c(∇_eR_1)∇^dn^e − [1 ↔ 2]} + O(χ^2_K ). (6.23) Now, Eq.(6.20) becomes

Eq.(6.20) = 1 16π ∫ B_ϵ ϵ_{abcd}{[2T_2l^c(∇_eT_1)∇^el^d + T_2l^c(∇_e∇^eR_1)n^d + 2T_2l^c(∇_eR_1)∇^en^d −T_2l^c(∇_e∇^dT_1)l^e − T_2l^c(∇^dT_1)∇_el^e − T_2l^c(∇_eT_1)∇^dl^e −T_2l^c(∇_e∇^dR_1)n^e − T_2l^c(∇^dR_1)∇_en^e − T_2l^c(∇_eR_1)∇^dn^e] −[1 ↔ 2]} + O(χ^2_K ). (6.24) In the N-P formalism, we have g_{ab} = −l_an_b − n_al_b + m_am̄_b + m̄_am_b, δ^a_b = −l^an_b − n^al_b + m^am̄_b + m̄^am_b, and ∇_a = −l^aΔ − n^aD̄ + m̄^aδ + m^aδ̄, (6.25) where δ = m^a∇_a and δ̄ = m̄^a∇_a. These lead to

∇_a∇^a = −D̄Δ − ΔD̄ + δ̄δ + δδ̄ − [(ϵ + ϵ̄) − (ϱ + ϱ̄)]Δ +[(γ + γ̄) − (μ + μ̄)]D̄ + (π − τ̄ − α + β̄)δ + (π̄ − τ − ᾱ + β)δ̄ = −D̄Δ − ΔD̄ + δ̄δ + δδ̄ − [κ ρ |χ_K| − (ϱ + ϱ̄)]Δ − (μ + μ̄)D̄ +(π − τ̄ − α + β̄)δ + (π̄ − τ − ᾱ + β)δ̄, (6.26) where Eq.(6.13) has been used in the second equality. In addition, ϵ_{abcd} = il_a ∧ n_b ∧ m_c ∧ m̄_d.

Now, we may much more precisely analyze Eq.(6.24) term by term under the assumptions that R, δR, δ̄R ∼ O(χ^2_K ) (6.27) and ϱ + ϱ̄ = −m̄^am^b∇_al_b − m^am̄^b∇_al_b ∼ O(χ^2_K ). (6.28) Since the volume element on B_ϵ is ϵ_{ab} = im_a ∧ m̄_b, only those terms in the brace bracket in Eq.(6.24), which contains l ∧ n, will contribute to the integral. So, we will only write out those terms in following calculation and denote those equalities as ‘^∘=’. In the calculation, the relations for the null tetrad in Appendix B will be used. The first term is 2T_2l^c(∇_eT_1)∇^el^d = 2T_2l^c(−l^dn_f − n^dl_f + m^dm̄_f + m̄^dm_f )(∇_eT_1)∇^el^f ∘= −2T_2l^cn^dl_f (∇_eT_1)∇^el^f = −l^cn^dT_2(∇_eT_1)∇^el^2 = 0. (6.29) The second term is

T_2l^cn^d∇_e∇^eR_1 = l^cn^dT_2{−D̄Δ − ΔD̄ − κ ρ |χ_K | Δ + (ϱ + ϱ̄)Δ}R_1. (6.30) The third term is 2T_2l^c(∇_eR_1)∇^en^{d ∘}= −2T_2l^cn^d(∇_eR_1)l_f ∇^en^f = l^cn^d(2κ ρ |χ_K | T_2ΔR_1) + O(χ^2_K ). (6.31) The forth term is [32]

−T_2l^c(∇_e∇^dT_1)l^{e ∘}= T_2l^cn^dl^el_f ∇_e∇^f T_1 = l^cn^d[T_2D̄^2T_1 + T_2(l^en^f ∇_el_f )D̄T_1 − T_2(l^em̄^f ∇_el_f )δT_1 −T_2(l^em^f ∇_el_f )δ̄T_1] = l^cn^d[T_2D̄^2T_1 − κ ρ |χ_K| T_2D̄T_1 + ῑT_2δT_1 + ιT_2δ̄T_1]. (6.32) The fifth term is −T_2l^c(∇^dT_1)∇_el^{e ∘}= l^cn^dT_2(D̄T_1)∇_el^e = l^cn^d(κ ρ |χ_K| T_2D̄T_1) + O(χ^2_K ), (6.33) The sixth term is −T_2l^c(∇_eT_1)∇^dl^{e ∘}= l^cn^dT_2(∇_eT_1)l_f ∇^f l^e = l^cn^dT_2(κ ρ |χ_K| T_2D̄T_1 − ιδ̄T_1 − ῑδT_1). (6.34) The seventh term is −T_2l^c(∇_e∇^dR_1)n^{e ∘}= l^cn^dT_2n^el_f ∇_e∇^f R_1 = l^cn^d(T_2ΔD̄R_1) + O(χ^2_K ). (6.35) The eighth term is −T_2l^c(∇^dR_1)∇_en^{e ∘}= l^cn^dT_2(D̄R_1)∇_en^e = O(χ^2_K ). (6.36) The last term is

−T_2l^c(∇_eR_1)∇^dn^{e ∘}= l^cn^dT_2(∇_eR_1)l_f ∇^f n^e = −l^cn^d(κ ρ |χ_K | T_2ΔR_1) + O(χ^2_K ). (6.37)

Thus,

Eq.(6.20) = 1 16π ∫ B_ϵ ϵ_{abcd}l^cn^d{[T_2(−D̄Δ − ΔD̄ − κ ρ |χ_K| Δ)R_1 +2κ ρ |χ_K | T_2ΔR_1 + T_2D̄^2T_1 − κ ρ |χ_K | T_2D̄T_1 +κ ρ |χ_K | T_2D̄T_1 + κ ρ |χ_K | T_2D̄T_1 + T_2ΔD̄R_1 − κ ρ |χ_K | T_2ΔR_1] +O(χ^2_K ) − [1 ↔ 2]} = 1 16π ∫ B_ϵ ϵ_{abcd}l^cn^d{[−T_2D̄ΔR_1 + T_2D̄^2T_1 + κ ρ |χ_K | T_2D̄T_1] +O(χ^2_K ) − [1 ↔ 2]}. (6.38) On the other hand, the boundary term of the Hamiltonian functional is equal to the partial Noether charge for the given vector fields, which may be written on shell as J_{Bϵ} (ξ) = Q_{Bϵ} (ξ) = − 1 16π ∫ B_ϵ ∗dξ = − 1 16π ∫ B_ϵ ∗(dT ∧ l + T dl + dR ∧ n + Rdn) = − 1 16π ∫ B_ϵ ∗(dT ∧ l + T dl + dR ∧ n) + O(χ^2_K ). (6.39) Since dT ∧ l^∘= (D̄T )l ∧ n (6.40) (dl)_{ab}^∘= −2n_{[a}D̄l_{b]} − 2l_{[a}Δl_{b]}

∘= −(n^cD̄l_c)l ∧ n = κ ρ |χ_K | l ∧ n + O(χ^2_K ) (6.41)

dR ∧ n^∘= −(ΔR)l ∧ n, (6.42) the boundary term of the Hamiltonian functional with respect to the vector field takes the form of J_{Bϵ} (ξ) = − 1 16π ∫ B_ϵ ϵ_{abcd}l^cn^d(D̄T + κ ρ |χ_K | T − ΔR) + O(χ^2_K ). (6.43)

Thus,

J_{Bϵ} ([ξ_1, ξ_2]) = − 1 16π ∫ B_ϵ ϵ_{abcd}l^cn^d[D̄(T_1D̄T_2 + R_1ΔT_2) + κ ρ |χ_K| (T_1D̄T_2 + R_1ΔT_2)

−Δ(T_1D̄R_2 + κ ρ |χ_K | R_1T_2 + R_1ΔR_2)] − (1 ↔ 2) = − 1 16π ∫ B_ϵ ϵ_{abcd}l^cn^d(T_1D̄^2T_2 + κ ρ |χ_K | T_1D̄T_2 − T_1D̄ΔR_2) + O(χ^2_K ) −(1 ↔ 2). (6.44)

Therefore,

{J_S (ξ_1), J_S (ξ_2)}^∗ − J_S ([ξ_1, ξ_2]) = 0. (6.45)

This means that even when S is mapped from one point to another on the Killing horizon as considered in [8], the central extension is also zero as long as the conditions (6.27) and (6.28) are satisfied!

It should be mentioned that in [8] the asymptotic conditions had been proposed to specify a subset of the class of vector fields for getting the non-vanishing center extension. However, those vector fields do satisfy conditions (6.27) and (6.28). This will be shown in details in Appendix A.

Since the boundary terms of the Hamiltonian functionals coincide with the partial Noether charges, all the calculations in this subsection are available to the Noether-charge realization. Namely, the central extension in the Noether-charge realization also vanishes [30].

VII. COMMENT ON VIRASORO ALGEBRA

Now, we turn to discuss the realization of the subalgebra of the diff(M) algebra on the boundary S in the basis of {χ^a_K , ρ^a, t^a_1, t^a_2}.

A. The vector fields and the boundary condition

Following Ref. [8], consider the vector fields

ξ^a = T̃ χ^a_K + R̃ρ^a (7.1)

with

R̃ = 1 κ χ^2_K ρ^2 χ^a_K∇_aT̃ (7.2) and ρ^a∇_aT̃ |_H = 0. (7.3)

Since the tangent vector fields on a spacetime manifold with either Lorentzian signature or Euclidean signature are all real vector fields, T̃ must be a real function. In order to obtain the subalgebra on the boundary S, T̃ may be further chosen as

A_n = 1 κ cos[n(κv + φ)] (7.4) and B_n = 1 κ sin[n(κv + φ)], (7.5) where v is the parameters of the integral curves of χ^a_K such that χ^a_K∇_av = 1, the integers n ≥ 0, and φ is the coordinate on B_ϵ with 2π period. Obviously, the complex combinations of A_n and B_n,

T̃_n = A_n ± iB_n = 1 κ e^{in(κv+φ)}, (7.6) has the form of

T̃_n = 1 κ e^{inκv} f_n, with n ∈ Z, (7.7)

where f_n, ∀n ∈ Z, satisfy ∫ S ϵ̂_{ab}f_mf_n = δ_{m+n,0}. (7.8)

Eq.(7.7) with Eq.(7.8) has been used to obtain the Virasoro algebra in [8].

B. Realization of Virasoro algebra by vector fields

In [8], the Lie bracket of two vector fields of type (7.1) was

[ξ_1, ξ_2]^a = (T̃_1DT̃_2 − T̃_2DT̃_1)χ^a_K + 1 κ χ^2_K ρ^2

D(T̃_1DT̃_2 − T̃_2DT̃_1)ρ^a. (7.9)

When T̃ = A_m and B_m, Eq.(7.9) is given by equivalent to

[A_m, A_n] = κ(mB_mA_n − nA_mB_n), (7.10) [B_m, B_n] = −κ(mA_mB_n − nB_mA_n), (7.11) [A_m, B_n] = κ(nA_mA_n + mB_mB_n), (7.12)

which lead to

[A_m, A_n] − [B_m, B_n] = (m − n)B_{m+n}, (7.13) [A_m, B_n] − [A_n, B_m] = (m − n)A_{m+n}. (7.14)

They are equivalent to

i[T̃_m, T̃_n] = (m − n)T̃_{m+n}. (7.15)

Eq.(7.15) is nothing else but the complex expression of the classical Virasoro algebra [34], (more precisely, the Witt algebra diff(S^1) [35],) while (7.13) and (7.14) are the real expressions for the same algebra. Therefore, T̃_n (or equivalently, the set of A_n and B_n) chosen in such a way would form a representation of the classical Virasoro algebra if the condition (7.3) was reasonable and if Eq.(7.9) was valid.

It has been argued in [18] that the condition (7.3) implies D̃T̃ = 0 on the horizon which is conflict to the basic requirement DT̃ ≠ 0. According to the discussion in the Sec. VI and Appendix A, the Lie bracket of the two vector fields of type (7.1) should be

[ξ^a_1 , ξ^a_2 ] = (T_1D̄T_2 − T_2D̄T_1)l^a + (R_1ΔT_2 − R_2ΔT_1)l^a + O(χ^2_K ), (7.16)

which leads to

[ξ^a_1 , ξ^a_2 ] = 1 2 [(T̃_1 + ρ |χ| R̃_1)(D + |χ| ρ D̃)(T̃_2 + ρ |χ| R̃_2)]l^a + 1 2 χ^2[(−T̃_1 + ρ |χ| R̃_1) 1

χ^2 (−D + |χ| ρ D̃)(T̃_2 + ρ |χ| R̃_2)]l^a − (1 ↔ 2) + O(χ^2_K ) = 1 2 (T̃_1DT̃_2 − T̃_2DT̃_1)χ^a + 1 2 1 κ χ^2 ρ^2

D(T̃_1DT̃_2 − T̃_2DT̃_1)ρ^a − 1 2 1 κ |χ^2| ρ D(T̃_1DT̃_2 − T̃_2DT̃_1)χ^a + 1 2 |χ^2| ρ (T̃_1DT̃_2 − T̃_2DT̃_1)ρ^a + O(χ^2_K ) (7.17)

under the condition (7.3). It is obviously different from Eq.(7.9). Hence, even for the choice (7.7), Eq.(7.17) does not give the Virasoro algebra.

C. The Hamiltonian realization of Virasoro algebra

1. The non-zero Hamiltonian functionals

By definition,

Q_S (T̃_n) = 1 16π ∫ S ϵ̂_{ab} ( 2κT̃_n − 1 κ D^2T̃_n ) = 2 + n^2 16π A_H δ_{n,0} = A_H 8π δ_{n,0}. (7.18)

Namely, the partial Noether charges and thus the boundary terms of the Hamiltonian functionals with respect to the vector fields chosen in the above way all vanish except Q_S (T̃_0) and J_S (T̃_0), which are equal to A_H /8π.

In the Virasoro algebra, {L_n} are the generators of the conformal symmetry, which should not be equal to zero. In the present case, the boundary terms of the Hamiltonian functionals act as the generators of the conformal symmetry. The vanishing boundary terms of the Hamiltonian functionals imply the Virasoro algebra is trivial. Namely, when n, m ≠ 0 and n ≠ −m, {J_S (T_m), J_S (T_n)}^∗ = (m − n)J_S (T̃_{m+n}) (7.19)

reads 0 = 0 actually.

2. The surface densities the classical Virasoro algebra

The problem may not be so serious because the integrands of the boundary terms of the Hamiltonian functionals may form the required algebraic relation. Unfortunately, the following calculation shows that the surface densities with respect to the vector fields chosen above do not agree with the classical Virasoro algebra.

For the vector fields (7.1) with (7.2) and (7.3), Eq.(6.16) in the (ill-defined) basis {χ^a_K, ρ^a, t^a_1, t^a_2} gives rise to [33]

{J_S (T̃_m), J_S (T̃_n)}^∗ = 1 16π ∫ S ϵ̂_{ab}[ 1 κ (DT̃_nD^2T̃_m − DT̃_mD^2T̃_n) −2κ(T̃_nDT̃_m − T̃_mDT̃_n)] = −i(m − n)J_S (T̃_{m+n}) + i (m^3 − n^3)κ 16π ∫ S ϵ̂_{ab}T̃_{m+n} (7.20)

It looks like the classical Virasoro algebra because ∫ S ϵ̂_{ab}T̃_{m+n} = 0. Unfortunately, J_S (T̃_{m+n}) = 0 (as well as J_S (T̃_m) = 0, ∀ m ≠ 0 ) on the same footing as ∫ S ϵ̂_{ab}T̃_{m+n} = 0.

Thus, Eq.(7.20) cannot be regarded as the Virasoro algebra. It is obvious from Eq.(7.20) that the surface densities of the boundary terms of the Hamiltonian functionals do not fulfill the classical Virasoro algebra. Therefore, it is difficult to convince that Eq.(7.20) is the realization of a Virasoro algebra because all terms deviating from the Virasoro algebra as well as all boundary terms of Hamiltonian functionals except one vanish on the same footing.

VIII. CONCLUSION AND DISCUSSION

In a diffeomorphism invariant theory of gravity, the Noether charges themselves, as in other classical and quantum field theories, may be used to realize the symmetry (in the present case, the diffeomorphism invariance) of the theory. This is a complete covariant approach without using the Poisson bracket, which is well defined in the canonical formalism but still contains some ambiguities in the covariant formalism, at least, for the horizontal variations. It is emphasized that the Noether charge on shell are well defined for any given boundary condition and any given vector field and may always be expressed on shell in terms of the algebraic summation of the boundary terms on a Cauchy surface [12,25]. The latter property results in the Noether-charge realization being separated into the realization of the partial Noether charge of the two-dimensional closed surface that is the boundary of the Cauchy surface.

For the Killing vectors, the Noether charge approach may give rise to certain relations among the Noether charges with respect to the symmetries generated by the Killing vectors. For the stationary axisymmetric spacetimes with a black hole, the vacuum black hole mass formula as a whole can be viewed as a (total) Noether charge for the combination of the Noether charges for the Killing vectors in GR. The first law of black hole mechanics can also be re-derived within the Noether charge formalism under certain conditions. In addition, only the horizontal variations are needed in the Noether charge approach. This is also in agreement with the spirit of Noether’s theorem.

In vacuum GR and when ξ · B = 0 on the boundary, the Noether-charge realization should coincide with the Hamiltonian realization because in this case the boundary terms of the Hamiltonian functional are equal to the partial Noether charges of boundary surface. Unfortunately, Hamiltonian functionals do not always exist because they are related to Noether charges by Eq. (3.6) with the definition of B given in variational equation (3.7) and because the variational equation does not always have a solution for a given boundary condition and a vector field. This problem, in fact, has been pointed out by Ward and his collaborator [11,12]. Obviously, if the 3-form B does not exist, one cannot define the Hamiltonian functional and thus the Hamiltonian realization of diff(M) algebra.

As mentioned before, the Hamiltonian realization has not well set up because the problem in the definition of the Poisson bracket in the covariant phase-space formalism has not yet been solved without debate. Discarding this problem, we may conclude from Eqs.(4.15), (6.16) and (6.44) that the central extension on the Killing horizon for the large class of vector fields including those studied in [8] should vanish, even though in that case the boundary of Σ_1 or Σ_2 is not fixed in the variation so that they cannot be treated as the Cauchy surfaces of portions of the manifold. The main reason that our conclusion is different from [8,9], [14]- [17] is that the null tetrad is used here, which is well-defined on the horizon, while in the previous works the vector fields {χ^a_K , ρ^a, t^a_1, t^a_2} are treated as a set of basis, which are ill-defined on the horizon. The vanishing central term implies that the black hole entropy cannot be explained by such a kind of the classical symmetry analysis on the horizon.

It should be mentioned, however, that in the abstract and the section I all the phrases “central term ” are always with the quotation mark. This is due to the fact that it is not really the central term in usual sense. It is in fact the one proportional to the partial Noether-like charge of the Noether-like current in (3.25). In order to justify whether the one corresponding to the entire Norther-like charge is vanishing, it is needed to consider the whole Cauchy surface Σ from the bifurcation surface S_H to the spacial infinity i^0 rather than the partial Cauchy surface. But, even for the null-frame has been used in this paper there are still some flaws to be solved. In addition, the event horizon is not a real boundary of the spacetime with a black hole. Therefore, it is also questionable to merely consider the Hamiltonian functionals with respect to the partial Cauchy surface Σ_2. How to solve these problems are still under investigation.

Although the algebra of the vector fields satisfying (7.1), (7.2) and (7.3) under the Lie bracket seems to be equivalent to the classical Virasoro algebra in the ill-defined basis {χ^a_K , ρ^a, t^a_1, t^a_2}, the analysis in the N-P formalism shows that it does not give a Virasoro algebra. Even in the sense of [8] that the Lie bracket algebra of the vector fields is equivalent to the Virasoro algebra on the horizon, the algebra of the corresponding boundary terms of Hamiltonian functionals is trivial because all the boundary terms except one vanish. The surface densities of the boundary terms do not form the algebraic relation of the Virasoro algebra. It again challenges the proposal that the origin of the black hole entropy can be explained by the classical symmetry analysis on the horizon.

Finally, as was mentioned at beginning, though the present discussion is confined in 4 dimension, it is easy to generalize the discussion to any dimension in principle.

ACKNOWLEDGMENTS

We would like to thank Professors/Drs. C.-B. Liang, Y. Ling, R.-S. Tung, K. Wu, M. Yu Z. Chang, B. Zhou, and C.-J. Zhu for helpful discussion. This project is in part supported by National Science Foundation of China under Grants Nos. 90103004, 10175070. One of the authors, Wu, thanks the support of Alexander von Humboldt Foundation.

APPENDIX A: ASYMPTOTIC CONDITIONS ON HORIZON

In [8], two asymptotic conditions had been given χ^a_K χ^b_K χ^2_K δ̂g_{ab} → 0 (A1) and χ^a_K t^bδ̂g_{ab} → 0 (A2)

as χ^2_K → 0. Because χ^a_K χ^b_K χ^2_K δ̂g_{ab} = χ^{aK}χ^{bK} χ^2_K L_ξg_{ab} = 2χ^a_K χ^b_K χ^2_K

∇_a(T l_b + Rn_b) = 2 χ^2_K (l^a − χ^2_K 2 n^a)(l^b − χ^2_K 2 n^b)[(∇_aT )l_b + T ∇_al_b + (∇_aR)n_b + R∇_an_b] = 2 χ^2_K

[−(D̄R) + Rl^al^b∇_an_b + χ^2_K 2 (ΔR) − χ^2_K 2 Rn^al^b∇_an_b + χ^2_K 2 (D̄T ) − χ^2_K 2 T l^an^b∇_al_b − χ^4 4 (ΔT ) + χ^4 4 T n^an^b∇_al_b] = 2 χ^2_K (−D̄R + κ ρ |χ_K | R) + ΔR + D̄T + κ ρ |χ_K | T + O(χ^2_K ), (A3)

the condition (A1) becomes [ 1 χ^2_K (−D̄R + κ ρ |χ_K| R) + ΔR + D̄T + κ ρ |χ_K | T ]_H = 0. (A4)

The condition (A2) is equivalent to

χ^a_K m^bδ̂g_{ab} → 0 as χ^2_K → 0. (A5)

Due to

χ^a_K m^bδ̂g_{ab} = (l^a − χ^2_K 2 n^a)m^bL_ξ g_{ab} = (l^a − χ^2_K 2 n^a)m^b[(∇_aT )l_b + T ∇_al_b + (∇_aR)n_b + R∇_an_b +(∇_bT )l_a + T ∇_bl_a + (∇_bR)n_a + R∇_bn_a] = T l^am^b∇_al_b + Rl^am^b∇_an_b − m^a∇_aR + Rl^am^b∇_bn_a + O(χ^2_K ) = −ιT − δR + (π̄ + ᾱ + β)R + O(χ^2_K ), (A6)

Eq.(A5) requires ιT ∼ −δR ∼ O(χ^2_K ). (A7) Namely, ι ∼ O(χ^2_K ). Therefore, the asymptotic conditions on the horizon specify a special class of the vector fields which has the form of ξ^a = T l^a + Rn^a with R ∼ O(χ^2_K ).

APPENDIX B: SOME USEFUL RELATIONS

In this appendix, some useful relations for the null tetrad are listed. In the proof of the relations, the identities in Appendix A of [8] are used.

First,

l^al^b∇_al_b = 1 2 D̄l^2 = 0, (B1)

n^al^b∇_al_b = 1 2 Δl^2 = 0, (B2)

l^an^b∇_an_b = 1 2 D̄n^2 = 0, (B3)

n^an^b∇_an_b = 1 2 Δn^2 = 0, (B4)

m^al^b∇_al_b = 1 2 δl^2 = 0, (B5)

m^an^b∇_an_b = 1 2 δn^2 = 0. (B6)

Because of Eq.(6.11),

l^al^b∇_an_b = l^bn^a∇_al_b − κ ρ |χ_K| n_bl^b = κ ρ |χ_K| , (B7) n^al^b∇_an_b = −n^an^b∇_al_b = −n^bl^a∇_an_b − κ ρ |χ_K| n_bn^b = 0, (B8)

l^an^b∇_al_b = −l^al^b∇_an_b = −l^bn^a∇_al_b + κ ρ |χ_K| n_bl^b = −κ ρ |χ_K| , (B9)

n^an^b∇_al_b = n^bl^a∇_an_b + κ ρ |χ_K | n_bn^b = 0. (B10)

In addition,

∇_al^a = 1 2 (∇_aχ^a_K + D̃ |χ_K | ρ + |χ_K| ρ ∇_aρ^a) = 1 2 {− 1 2 ρ |χ_K | D̃ χ^{2K} ρ^2 + |χ_K | ρ [−2κ ρ^2 χ^2_K

+ O(χ^2_K )]} = κ ρ |χ_K | + O(χ^2_K ). (B11)

∇_an^a = − 1 χ^2_K ∇_aχ^a_K − χ^a_K ∇_a 1 χ^2_K + |χ_K | ρ D̃ 1 χ^2_K + 1 χ^2_K D̃ |χ^K| ρ + 1 χ^2_K |χ_K | ρ ∇_aρ^a = |χ_K | ρ D̃ 1

χ^2_K + 1 χ^2_K D̃ |χ^K| ρ + 1 χ^2_K |χ_K| ρ ∇_aρ^a = |χ_K | ρ 1 χ^4

(2κ)ρ^2 − 1 2 1 χ^2_K ρ |χ_K| D̃ χ^{2K} ρ^2 + 1 χ^2_K |χ_K| ρ ∇_aρ^a = −2κ 1 χ^2_K ρ |χ_K | − 1 2 1 χ^2_K ρ |χ_K | O(χ^2_K ) + 1 χ^2_K |χ_K| ρ [−2κ ρ^2 χ^2_K

+ O(χ^2_K )]

= O(1). (B12)

REFERENCES

[1] J. D. Brown and M. Henneaux, Central Charges in the Canonical Realization of Asymptotic Symmetries: An Example from Three Dimensional Gravity, Commun. Math. Phys. 104 (1986), 207.

[2] A. Strominger, Black Hole Entropy from Near-Horizon Microstates, JHEP 9802 (1998) 009, hep-th/9712251.

[3] J. A. Cardy, Operator content of two-dimensional conformally invariant theories, Nucl.

Phys. B270 (1986), 186.

[4] J. Bekenstein, Phys. Rev. D7 (1973), 2333; S. W. Hawking, Nature 248 (1974) 30, Commun. Math. Phys. 43 (1975), 199.

[5] S. Carlip, Black Hole Entropy from Conformal Field Theory in Any Dimension, Phys.

Rev. Lett 82 (1999), 2828, hep-th/9812013.

[6] M.-I. Park and J. Ho, Comment on ”Black Hole Entropy from Conformal Field Theory in Any Dimension”, Phys. Rev. Lett 83 (1999), 5595, hep-th/9910158; S. Carlip, Replies, Phys. Rev. Lett 83 (1999), 5596, hep-th/9910247.

[7] M.-I. Park, The Hamiltonian Dynamics of Bounded Spacetimes and Black Hole Entropy:

The Canonical Method, hep-th/0111224.

[8] S. Carlip, Entropy from Conformal Field Theory at Killing Horizons, Class. Quantum Gravity 16, 3327(1999); gr-qc/9906126.

[9] S. Carlip, Black Hole Entropy from Horizon Conformal Field Theory, talk given at QG99, ”Constrained Dynamics and Quantum Gravity,” Villasimius, Sept. 1999; Nucl. Phys. Proc. Suppl. 88 (2000) 10-16; gr-qc/9912118.

[10] J. Lee and R. M. Wald, Local Symmetries and Constraints, J. Math. Phys. 31 (1990), 725-743; R. M. Wald, On identically closed forms locally constructed from a field, J. Math. Phys. 31 (1990), 2378-2384.

[11] R.M. Wald, Black Hole Entropy Is the Noether Charge, Phys. Rev. D48 (1993), R3427- R3431, gr-qc/9307038.

[12] V. Iyer and R.M. Wald, Some Properties of Noether Charge and a Proposal for Dynamical Black Hole Entropy, Phys. Rev. D50 (1994), 846-864, gr-qc/9403028.

[13] V. Iyer and R.M. Wald, A comparison of Noether charge and Euclidean methods for Computing the Entropy of Stationary Black Holes, Phys.Rev. D52 (1995), 4430-4439, gr-qc/9503052.

[14] J. Jing and M.-L. Yan, Entropies of Rotating Charged Black Holes from Conformal Field Theory at Killing Horizons, Phys.Rev. D62 (2000) 104013, gr-qc/0004061.

[15] J. Jing and M.-L. Yan, Statistical Entropy of a Stationary Dilaton Black Hole from Cardy Formula, Phys.Rev. D63 (2001) 024003, gr-qc/0005105; S. Carlip, Near-Horizon Conformal Symmetry and Black Hole Entropy, gr-qc/0203001.

[16] J. Jing and M.-L. Yan, Statistical Entropy of the Kaluza-Klein Black Hole from Horizon Conformal Field Theory, Chin. Phys. Lett. 18 (2001), 331.

[17] S. Carlip, Logarithmic Corrections to Black Hole Entropy from the Cardy Formula, Class. Quant. Grav. 17 (2000) 4175-4186, gr-qc/0005017; A. J. M. Medved, Quantum- Corrected Cardy Entropy for Generic 1+1-Dimensional Gravity, hep-th/0201079.

[18] O. Dreyer, A. Ghost, and J. Wiśniewski, Black hole entropy calculations based on symmetries, Class. Quant. Grav. 18 (2001), 1929.

[19] J.-i. Koga, Asymptotic symmetries on Killing horizons, Phys. Rev. D64 (2001), 124012.

[20] R. Aros, Gravitational Charges: a covariant phase space analysis in even dimensions, gr-qc/0011009; The horizon and first order gravity, gr-gc/0208033.

[21] A. Hanson, T. Regge, C. Teitelboim, Constrained Hamiltonian System, Acc. Naz. dei Lincei, Rome, 1976; S. Weinberg, The Quantum Theory of Fields, Vol. I Foundations, (Cambridge University Press, Cambridge, 1995).

[22] R. Arnowitt, S. Deser, and C. W. Misner, in Gravitation, ed. by L. Witten, (Wiley, New York, 1962) [23] C. Teitelboim, How Commutators of Constraints Reflect the Spacetime Structure, Ann Phys.(N.Y.) 79 (1973), 542.

[24] For example, M. Forger, C. Paufler, and H. Römer, The Poisson Bracket for Poisson Forms in Multisysmplectic Field Theory, math-ph/0202043.

[25] Xiao-Ning Wu, Han-Ying Guo, Chao-Guang Huang and Ke Wu, Vacuum Black Hole Mass Formula is a Noether Charge, Commun. Theor. Phys. 38 (2002), 309-312.

[26] It is more or less straightforward to formulate the Noether charge formalism on an arbitrary dimensional spacetime manifold.

[27] J.M. Bardeen, B. Carter, and S.W. Hawking, Commun. Math. Phys. 31 (1973) 161. [28] G. Barnich, M. Henneaux, and C. Schomblond, Covariant Description of the Canonical Formalism, Phys. Rev. D 44 (1991), R939.

[29] C. G. Torre, Covariant Phase Space Formulation of Parameterized Field Theories, J.

Math. Phys. 33 (1992), 3802-3812.

[30] H.-Y. Guo, C.-G. Huang, X. Wu, Noether-Charge Realization of Diffeomorphism Algebra, to appear in Phys. Rev. D.

[31] D.Kramer, H.Stephani, E.Herlt and M.MacCallum, Exact Solution of Einstein’s Field Equations, Cambridge University Press, 1980 [32] In order to get rid of the confusion with the surface gravity κ, we denote the N-P coefficient −l^am^b∇_al_b by ι.

[33] The straightforward calculation shows that the term DT̃_2D^2T̃_1 rather than T̃_2D^3T̃_1 appears in {J_S (ξ_1), J_S (ξ_2)}^∗. The replacement of T̃_2D^3T̃_1 only changes the sign of the last term in Eq.(7.20), but does not changes the main conclusion of Sec.6.3.2.

[34] For example, see P. D.Francesco, P. Mathieu, and David Sénéchal, Conformal Field Theory, (Springer-Verlag, New York, 1997).

[35] For example, see G. B. Seligman, Modular Lie Algebras, Ergebnisse der Mathemaik und Ihrer Grenzgebibete Band 40 (Springer-Verlag, Berlin Heidelberg, 1967).