arXiv:gr-qc/0304044 v2 12 Jul 2003

A Classification of Spherically Symmetric Kinematic Self-Similar Perfect-Fluid Solutions. II

Hideki Maeda,^{1,∗)} Tomohiro Harada,^{2,∗∗)} Hideo Iguchi^{3,∗∗∗)} and Naoya Okuyama^{4,†)}

1Advanced Research Institute for Science and Engineering, Waseda University, Tokyo 169-8555, Japan 2,4Department of Physics, Waseda University, Tokyo 169-8555, Japan 3Department of Physics, Tokyo Institute of Technology, Tokyo 152-8550, Japan

(Received )

We give a classification of spherically symmetric kinematic self-similar solutions. This classification is complementary to that given in a previous work by the present authors [Prog. Theor. Phys. 108, 819 (2002)]. Dust solutions of the second, zeroth and infinite kinds, perfect-fluid solutions and vacuum solutions of the first kind are treated. The kinematic selfsimilarity vector is either parallel or orthogonal to the fluid flow in the perfect-fluid and vacuum cases, while the ‘tilted’ case, i.e., neither parallel nor orthogonal case, is also treated in the dust case. In the parallel case, there are no dust solutions of the second (except when the self-similarity index α is 3/2), zeroth and infinite kinds, and in the orthogonal case, there are no dust solutions of the second and infinite kinds. Except in these cases, the governing equations can be integrated to give exact solutions. It is found that the dust solutions in the tilted case belong to a subclass of the Lemaître-Tolman-Bondi family of solutions for the marginally bound case. The flat Friedmann-Robertson-Walker (FRW) solution is the only dust solution of the second kind with α = 3/2 in the tilted and parallel cases and of the zeroth kind in the orthogonal case. The flat, open and closed FRW solutions with p = −μ/3, where p and μ are the pressure and energy density, respectively, are the only perfect-fluid first-kind self-similar solutions in the parallel case, while a new exact solution with p = μ, which we call the “singular stiff-fluid solution”, is the only such solution in the orthogonal case. The Minkowski solution is the only vacuum first-kind self-similar solution both in the parallel and orthogonal cases. Some important corrections and complements to the authors’ previous work are also presented.

§1. Introduction

Scale-invariance is one of the most fundamental properties of classical gravity. In the vacuum case without a cosmological constant, the gravitational constant G is the only dimensional constant that appears in the field equations in Newtonian gravity, while there appears another physical constant, the speed of light, c, in general relativity. Neither a characteristic time nor a length scale can be constructed from them. This implies that there exists a class of scale-invariant solutions, which are often referred to as self-similar solutions. There also exist self-similar solutions in

∗) E-mail: hideki@gravity.phys.waseda.ac.jp ∗∗) E-mail: harada@gravity.phys.waseda.ac.jp

∗∗∗) E-mail: iguchi@th.phys.titech.ac.jp

†) E-mail: okuyama@gravity.phys.waseda.ac.jp

typeset using PTPTEX.sty <ver.1.0> scalar-tensor theories of gravity. (See Ref. 1) for an investigation of the perfect-fluid case in Brans-Dicke theory.) In contrast, there may not exist self-similar solutions in quantum gravity, since, by definition, there appears a third dimensional constant, the Planck constant, h, with dimensions independent of that of G and c. Matter fields that include some dimensional constants could also lead to violation of the scale-invariance. In general relativity, matter fields consistent with self-similarity include no constants with dimensions independent of those of G and c.

Self-similar solutions have been studied extensively, especially in spherically symmetric systems. This is not only because the self-similarity ansatz leads to the reduction of the governing equations from partially differential equations to ordinary differential equations, whose mathematical treatment is generally simpler, but also because there exist many applications. Although self-similar solutions are only special solutions of the field equations, they often play an important role as an attractor or an intermediate attractor. In particular, there is a self-similarity hypothesis which states that solutions in a variety of astrophysical and cosmological situations may naturally evolve into self-similar forms even if they are initially more complicated.^{2)} In recent years, the validity of this hypothesis in spherically symmetric gravitational collapse has been reported both in Newtonian gravity^{3)} -^{9)} and general relativity.^{10)} -^{15)}

Self-similarity in general relativity is defined by a self-similarity generator, which is a vector field. It includes three subcases, called the “parallel,” “orthogonal” and “tilted” cases. They are distinguished by the relation between the generator and a timelike vector field, which is identified as the fluid flow, if it exists. The “tilted” case, in which the generator is neither parallel nor orthogonal to the fluid flow, is the most general case among them.

Self-similarity in general relativity was first defined by Cahill and Taub as the existence of a generator called a homothetic Killing vector field.^{16)} Such self-similarity is often called homothety. For the perfect-fluid case, homothety restricts a barotropic equation of state to take the linear form p = Kμ, where p and μ are the pressure and energy density, respectively, and K is a constant. The dominant energy condition requires −1 ≤ K ≤ 1. Spherically symmetric homothetic solutions in the tilted case have been intensively investigated in various situations. It has been found both in Newtonian gravity and general relativity that a homothetic solution is an attractor solution in gravitational collapse^{3)} -^{15)} or a critical solution associated with critical phenomena.^{17)} -^{20), 14), 21)} Spherically symmetric homothetic solutions have been used in modeling the growth of primordial black holes^{22), 23)} and the evolution of a cosmic void.^{24)} Those in the tilted case were classified for the dust (K = 0) case by Carr^{25)} and for the perfect-fluid case by Carr and Coley.^{26)} (See also Refs. 27) - 29).) Coley showed that the Friedmann-Robertson-Walker (FRW) solution is the only spherically symmetric homothetic perfect-fluid solution in the parallel case.^{30)} McIntosh showed that a stiff fluid (K = 1) is the only compatible perfect fluid with homothety in the orthogonal case.^{31)}

One possible type of self-similarity compatible with more general equations of state is kinematic self-similarity. It is one natural generalization of homothety and is defined by a generator called a kinematic self-similarity vector field.^{32), 33)} Kinematic self-similarity is classified with respect to an index into four kinds, the first, second, zeroth and infinite kinds. In the context of kinematic self-similarity, homothety is considered the first kind. Thus, when we also take the relation between a self-similarity generator and a fluid flow into consideration, there are twelve subcases of kinematic self-similarity. Although there are some works on kinematic self-similar solutions,^{34)} -^{37)} the importance of kinematic self-similarity is still less clear than that of homothetic solutions. In a previous work by the present authors^{39)} (I), it is assumed that the equation of state is polytropic or p = Kμ and a classification of spherically symmetric kinematic self-similar solutions was presented.^{38), 39)} In that work, we only treated the cases of a non-zero pressure and vacuum, leaving out the pressureless (i.e. the dust) case. Spherically symmetric dust solutions can be obtained in closed form with two arbitrary functions and are known as the Lemaître-Tolman-Bondi family of solutions.^{40)} Among them, spherically symmetric homothetic dust solutions have been used in analyzing naked singularities,^{41)} -^{43)} in modeling the growth of primordial black holes^{22)} and in describing the evolution of a cosmic void.^{24)} Spherically symmetric kinematic self-similar dust solutions could have as many important applications as homothetic solutions. In this paper, we extend I, add some corrections and complements, and complete the classification.

The organization of this paper is the following. In §2, the basic equations in a spherically symmetric spacetime are presented, and kinematic self-similarity is briefly reviewed. In §3, we classify the spherically symmetric kinematic self-similar dust solutions of the second, zeroth and infinite kinds. In §4, we give corrections and complements to I.^{39)} In §5, we classify the spherically symmetric homothetic perfectfluid solutions together with vacuum solutions for which a homothetic Killing vector field is parallel or orthogonal to the fluid flow. Section 6 is devoted to summary and discussion. The flatness of 3-surfaces for kinematic self-similar dust solutions are presented in Appendix A. We adopt units for which c = 1.

§2. Spherically symmetric spacetime and kinematic self-similarity

The line element in a spherically symmetric spacetime is given by

ds^2 = −e^{2Φ(t,r)}dt^2 + e^{2Ψ (t,r)}dr^2 + R(t, r)^2dΩ^2, (2.1)

where dΩ^2 = dθ^2 + sin^2 θdφ^2. We consider a perfect fluid as a matter field, T_{μν} = p(t, r)g_{μν} + [μ(t, r) + p(t, r)]U_μU_ν , (2.2) U_μ = (−e^Φ, 0, 0, 0), (2.3)

where U^μ is the four-velocity of the fluid element. Here we have adopted comoving coordinates. Then, the Einstein equations and the equations of motion for the perfect fluid are reduced to the following simple form:

Φ_r = − p_r μ + p , (2.4)

Ψ_t = − μ_t μ + p − 2R_t R , (2.5) m_r = 4πμR_rR^2, (2.6) m_t = −4πpR_tR^2, (2.7) 0 = −R_{tr} + Φ_rR_t + Ψ_tR_r, (2.8) m = 1 2G R(1 + e^{−2Φ}R_t^2 − e^{−2Ψ} R_r^2), (2.9)

where the subscripts t and r indicate differentiation with respect to t and r, and m(t, r) is the so-called Misner-Sharp mass. The auxiliary equations from the Einstein equations are as follows: − e^{2Φ} R^2 − [( R_t R )_2 + 2 R_t R Ψ_t ] + e^{2Φ−2Ψ} [ 2 R_{rr} R − 2 R_r R Ψ_r + ( R_r R )_2]

= −8πGμe^{2Φ}, (2.10) e^{2Ψ} R^2 + e^{2Ψ −2Φ} [ 2 R_{tt} R − 2 R_t R Φ_t + ( R_t R )_2] − [( R_r R )_2 + 2 R_r R Φ_r ]

= −8πGpe^{2Ψ} , (2.11)

Five of the above eight equations are independent.

On a hypersurface of constant t, the two-sphere R = 2Gm is a marginally trapped surface (or an apparent horizon). The region R < 2Gm is trapped, while the region R > 2Gm is not trapped. If we assume R_r > 0, outgoing (ingoing) null geodesics satisfy dt dr | | |_± = ±e^{Ψ −Φ}, (2.12)

where the subscripts + and − denote outgoing and ingoing, respectively. Along the trajectory of an apparent horizon, the relation ( ds dr | | |AH )_2 = −e^{2Φ} [( dt dr | | |AH )_2 − e^{2Ψ −2Φ} ] , (2.13) = −e^{2Φ} ( dt dr | | |AH − dt dr | | |_+ ) ( dt dr | | |AH − dt dr | | |_− ) (2.14)

is satisfied, where the subscript AH indicates that the derivative is taken at an apparent horizon. It is found from Eq. (2.14) that the trajectory of the apparent horizon is spacelike when dt dr | | |_− < dt dr | | |AH < dt dr | | |_+ (2.15)

is satisfied on it, while it is timelike when dt dr | | |AH < dt dr | | |_− or dt dr | | |_+ < dt dr | | |AH (2.16)

is satisfied on it. The trajectory of an apparent horizon is an outgoing (ingoing) null when dt dr | | |AH = dt dr | | |_± (2.17) is satisfied on it.

A kinematic self-similarity vector ξ satisfies the conditions

L_ξ h_{μν} = 2δh_{μν} , (2.18) L_ξU_μ = αU_μ, (2.19)

where h_{μν} = g_{μν} +U_μU_ν is the projection tensor, L_ξ denotes Lie differentiation along ξ, and α and δ are constants.^{32)} -^{34)} The similarity transformation is characterized by the scale-independent ratio α/δ, which is referred to as the similarity index.

In the case δ ≠ 0, δ can be set to unity, and the kinematic self-similarity vector ξ can be written ξ^μ ∂ ∂x^μ = (αt + β) ∂ ∂t + r ∂ ∂r , (2.20)

if it is tilted, i.e. neither parallel nor orthogonal to the fluid flow. In the case α = 1, which corresponds to self-similarity of the first kind (for which β can be set to zero), it follows that ξ is a homothetic vector, and the self-similarity variable ξ is given by r/t . In the case α = 0, which corresponds to self-similarity of the zeroth kind (for which β can be rescaled to unity), the self-similarity variable is given by

ξ = re^{−t}. (2.21)

In the case α ≠ 0, 1, which corresponds to self-similarity of the second kind (for which β can be set to zero), the self-similarity variable is given by ξ = r (αt)^{1/α} . (2.22)

In the case δ ≠ 0, self-similarity implies that the metric functions can be written R = rS(ξ), Φ = Φ̄(ξ), Ψ = Ψ̄(ξ). (2.23) In the special case that δ = 0 and α ≠ 0, the self-similarity is referred to as that of the infinite kind (here, α = 1 is possible). The kinematic self-similarity vector ξ can be written ξ^μ ∂ ∂x^μ = t ∂ ∂t + r ∂ ∂r . (2.24)

In this case, the self-similarity variable is given by ξ = r t . (2.25)

In the case δ = 0, self-similarity implies that the metric functions can be written

R = S(ξ), e^Φ = e^{Φ̄(ξ)}, e^Ψ = e^{Ψ̄(ξ)}/r. (2.26)

It is noted that ξ is a Killing vector in the case that δ = 0 and α = 0. We omit the bars on Φ̄ and Ψ̄ in §3.1 for simplicity.

If the kinematic self-similarity vector ξ is parallel to the fluid flow, it can be written ξ^μ ∂ ∂x^μ = f(t) ∂ ∂t , (2.27)

where f(t) is an arbitrary function, and the self-similarity variable is now r. When we set f(t) = t, the metric can be written ds^2 = −t^{2(α−1)}e^{2Φ̄(r)}dt^2 + t^2dr^2 + t^2S(r)^2dΩ^2 (2.28) for the first, second and zeroth kinds, and ds^2 = −e^{2Φ̄(r)}dt^2 + dr^2 + S(r)^2dΩ^2 (2.29) for the infinite kind. We omit the bars on Φ̄ in §3.2 and §5.2 for simplicity.

If the kinematic self-similarity vector ξ is orthogonal to the fluid flow, we have ξ^μ ∂ ∂x^μ = g(r) ∂ ∂r , (2.30)

where g(r) is an arbitrary function, and the self-similarity variable is then t. When we set g(r) = r, the metric can be written ds^2 = −r^{2α}dt^2 + e^{2Ψ̄(t)}dr^2 + r^2S(t)^2dΩ^2 (2.31) for the first, second and zeroth kinds, and

ds^2 = −r^2dt^2 + e^{2Ψ̄(t)} r^2 dr^2 + S(t)^2dΩ^2 (2.32)

for the infinite kind. We omit the bars on Ψ̄ in §3.3 and §5.3 for simplicity.

§3. Spherically symmetric kinematic self-similar dust solutions

Setting P_1 = P_2 = 0 in the basic equations for a perfect fluid given in I,^{39)} we obtain those for a dust fluid. Since we classified the vacuum case in I,^{39)} we omit the vacuum case in this section. 3.1. Tilted case

In the tilted case for dust solutions of the second, zeroth and infinite kinds, Φ^′ = 0 is obtained from basic equations. Therefore we set exp(Φ) = c_0, where c_0 is a positive constant, in this subsection. 3.1.1. Self-similarity of the second kind

In the case of self-similarity of the second kind, the Einstein equations imply that the quantities m and μ must be of the forms 2Gm = r [ M_1(ξ) + r^2 t^2

M_2(ξ) ] , (3.1) 8πGμ = 1 r^2 [ W_1(ξ) + r^2 t^2

W_2(ξ) ] , (3.2) where ξ = r/(αt)^{1/α}. The basic equations are the following:

M_1 + M^′_1 = W_1S^2(S + S^′), (3.3) 3M_2 + M^′_2 = W_2S^2(S + S^′), (3.4) M^′_1 = 0, (3.5) 2αM_2 + M^′_2 = 0, (3.6) M_1 = S[1 − e^{−2Ψ} (S + S^′)^2], (3.7) α^2M_2 = SS^{′2}c^{−2}_0 , (3.8) W^′_1S = −W_1(Ψ^′S + 2S^′), (3.9) (2αW_2 + W^′_2)S = −W_2(Ψ^′S + 2S^′), (3.10) S^{′′} + S^′ = (S + S^′)Ψ^′, (3.11) S^′(S^′ + 2Ψ^′S) = α^2W_2S^2c^2_0, (3.12) 2S(S^{′′} + 2S^′) − 2Ψ^′S(S + S^′) = −S^{′2} − S^2 + e^{2Ψ} (1 − W_1S^2), (3.13) 2S(S^{′′} + αS^′) + S^{′2} = 0, (3.14) (S + S^′)^2 = e^{2Ψ} , (3.15)

where the prime denotes differentiation with respect to ln ξ. Here we have implicitly assumed αt > 0. When we define ξ ≡ r/(−αt)^{1/α} for αt < 0, basic equations identical to Eqs. (3.3)–(3.15) are obtained. We extend solutions analytically to the region in which αt < 0 if they are analytic at t = 0. Such extended solutions can be obtained when we allow solutions to be defined for αt < 0.

Equations (3.15) and (3.7) give M_1 = 0, which implies W_1 = 0 from Eq. (3.3), because |S + S^′| = exp(Ψ) cannot be zero. Equation (3.14) gives the evolution equation for S,

2y^′ + 3y^2 + 2αy = 0, (3.16)

where y ≡ S^′/S. This equation can be integrated to yield

S = |s_1 − s_0ξ^{−α}|^{2/3}, (3.17)

where s_0 and s_1 are integration constants. In the present case, s_0 ≠ 0 must be satisfied, because s_0 = 0 gives a vacuum spacetime. The relation M_2 = SS^{′2}/(α^2c^2_0) is obtained from Eq. (3.8), while W_2 = (3 − 2α)y^2/[α^2c^2_0(1 + y)] is obtained from Eqs. (3.12), (3.11) and (3.14). The resulting solution is

e^{2Φ} = c^2_0, (3.18)

e^{2Ψ} =

[s_1 + ((2α/3) − 1)s_0ξ^{−α}]^2

|s_1 − s_0ξ^{−α}|^{2/3} = [s_1r^α + ((2α/3) − 1)s_0αt]^2 r^{4α/3}|s_1r^α − s_0αt|^{2/3} , (3.19)

R = r|s_1 − s_0ξ^{−α}|^{2/3}

= r^{1−2α/3}|s_1r^α − s_0αt|^{2/3}, (3.20)

8πGμ = 4(3 − 2α)s^2_0ξ^{−2α} 9c^2_0t^2(s_1 − s_0ξ^{−α})[s_1 + ((2α/3) − 1)s_0ξ^{−α}] = 4(3 − 2α)s^2_0α^2 9c^2_0(s_1r^α − s_0αt)[s_1r^α + ((2α/3) − 1)s_0αt]

, (3.21) 2Gm = 4s^2_0r^3 9c^2_0t^2 ξ^{−2α} = 4s^2_0α^2 9c^2_0 r^{3−2α}. (3.22)

When the time-reversal solution is also considered, we can choose s_0 > 0 and s_1 ≥ 0 without loss of generality. With the coordinate transformations t → t̄ = c_0t and r → r̄ = |s_0α/c_0|^{2/3}r^{(3−2α)/3}, we obtain a one-parameter family of solutions parametrized by κ ≡ (s_1c_0/(s_0α))|c_0/(s_0α)|^{2α/(3−2α)} for each α,

ds^2 = −dt̄^2 +

9(κr̄^{3α/(3−2α)} + (2α/3 − 1)t̄)^2 (3 − 2α)^2|κr̄^{3α/(3−2α)} − t̄|^{2/3} dr̄^2 + r̄^2|κr̄^{3α/(3−2α)} − t̄|^{4/3}dΩ^2, (3.23) 8πGμ = 4(3 − 2α) 9(κr̄^{3α/(3−2α)} + (2α/3 − 1)t̄)(κr̄^{3α/(3−2α)} − t̄)

, (3.24) 2Gm = 4 9 r̄^3. (3.25)

This solution was obtained previously by Carter and Henriksen^{32)} and has been treated by several authors.^{35), 37)} This solution belongs to the Lemaître-Tolman- Bondi family of solutions for the marginally bound case. We call this solution the second-kind kinematic self-similar Lemaître-Tolman-Bondi (KSS-LTB) solution. We omit the bars on t̄ and r̄ hereafter for simplicity. If s_1 = 0 (i.e., κ = 0), this solution gives the flat FRW solution for any α ≠ 0, 1. When s_1 ≠ 0 (i.e., κ ≠ 0), α ≠ 3/2 must be satisfied for the solution to be a non-vacuum solution. This solution with κ ≠ 0 is asymptotically flat FRW solution for r → ∞ with α < 0 or 3/2 < α and for r → 0 with 0 < α < 3/2 (α ≠ 1). It is noted that for κ ≠ 0, r → +0 corresponds to R → +∞ for α > 3/2 and to R → +0 otherwise. The energy density is positive in the regions satisfying

t < κr^{3α/(3−2α)}, [3/(3 − 2α)]κr^{3α/(3−2α)} < t for 0 < α < 3/2, α ≠ 1 (3.26) and t < [3/(3 − 2α)]κr^{3α/(3−2α)}, κr^{3α/(3−2α)} < t for α < 0, 3/2 < α. (3.27) The singular surfaces are t = κr^{3α/(3−2α)} and t = [3/(3 − 2α)]κr^{3α/(3−2α)}. The former is a shell-focusing singularity, because the circumferential radius R is zero there, while the latter is a shell-crossing singularity, because the quantity ∂R ∂r = {(3/(3 − 2α))κr^{3α/(3−2α)} − t}/(κr^{3α/(3−2α)} − t)^{1/3} for t < κr^{3α/(3−2α)}, {t − (3/(3 − 2α))κr^{3α/(3−2α)}}/(t − κr^{3α/(3−2α)})^{1/3} for t > κr^{3α/(3−2α)} (3.28) is zero there. For the trajectory of the shell-crossing singularity, the relation R = | | 2α 3 − 2α κ | |^{2/3}r_{3/(3−2α)} (3.29)

is satisfied. The fluid is collapsing in the region satisfying t < κr^{3α/(3−2α)} and expanding in the region satisfying t > κr^{3α/(3−2α)}, because the quantity ∂R ∂t = −sign(κr^{3α/(3−2α)} − t) 2 3 r|κr^{3α/(3−2α)} − t|^{−1/3} (3.30) is negative in the former case and positive in the latter case. The trapped region is given by

κr^{3α/(3−2α)} − (8/27)r^3 < t < κr^{3α/(3−2α)} (3.31) and κr^{3α/(3−2α)} < t < κr^{3α/(3−2α)} + (8/27)r^3. (3.32)

The apparent horizons are

t = κr^{3α/(3−2α)} + (8/27)r^3, (AH1) (3.33) and t = κr^{3α/(3−2α)} − (8/27)r^3. (AH2) (3.34)

Here we consider the trajectories of the apparent horizons. We consider only the regions with μ > 0 in which R_r > 0 are satisfied. From Eqs (3.33) and (3.34), we obtain dt dr | | |AH = { {3ακ/(3 − 2α)}r^{(5α−3)/(3−2α)} + (8/9)r^2 for AH1, {3ακ/(3 − 2α)}r^{(5α−3)/(3−2α)} − (8/9)r^2 for AH2.

(3.35)

AH1 has its extremum at r = r_1 ≡ [27ακ/{8(2α − 3)}]^{(3−2α)/{9(1−α)}} for 3/2 < α or α < 0, while does not for 0 < α < 3/2 (α ≠ 1). AH2 has its extremum at r = r_2 ≡ [27ακ/{8(3 − 2α)}]^{(3−2α)/{9(1−α)}} for 0 < α < 3/2 (α ≠ 1), while does not for 3/2 < α or α < 0. For the null geodesics on the apparent horizon, the relation

dt dr | | |_± = ±|{3ακ/(3 − 2α)}r^{(5α−3)/(3−2α)} − (4/9)r^2| for AH1, ±|{3ακ/(3 − 2α)}r^{(5α−3)/(3−2α)} + (4/9)r^2| for AH2

(3.36)

are satisfied. First we consider r > 0. For α < 0, 3/2 < α, the trajectory of AH1 is spacelike (timelike) for

r^{9(1−α)/(3−2α)} < (>) − 27ακ/[2(3 − 2α)], (3.37) while it is outgoing null for r^{9(1−α)/(3−2α)} = −27ακ/[2(3 − 2α)] ≡ r^{9(1−α)/(3−2α)} 3 . (3.38)

For 0 < α < 3/2 (α ≠ 1), the trajectory of AH1 is timelike. For α < 0, 3/2 < α, the trajectory of AH2 is timelike. For 0 < α < 3/2 and α ≠ 1, the trajectory of AH2 is spacelike (timelike) for

r^{9(1−α)/(3−2α)} < (>)27ακ/[2(3 − 2α)], (3.39)

while it is ingoing null for

r^{9(1−α)/(3−2α)} = 27ακ/[2(3 − 2α)] ≡ r^{9(1−α)/(3−2α)}

4 . (3.40)

Next we consider r = 0. For both AH1 and AH2, the relation

lim_{r→0} ( dt dr | | |AH / dt dr | | |_± ) = ±sign(α/(3 − 2α)) (3.41)

is satisfied for α < 1 and 3/2 < α, so that both AH1 and AH2 are ingoing (outgoing) null at r = 0 for α < 0 and 3/2 < α (0 < α < 1). For 1 < α < 3/2, the left-hand-side of equation (3.41) is equal to ±2 and ∓2 for AH1 and AH2, respectively, so that they are not null at r = 0, and the results for r > 0 can be applied for r = 0.

Schematic figures for this solution are displayed in Figs. 1–4, along with those for its time-reversal solutions. For all α (≠ 0, 1 or 3/2), the solution is unphysical in region II, in which the energy density is negative. We consider only regions with positive energy density.

For α > 3/2, region I on the left in Fig. 1 represents a decaying white hole, while region I in its time-reversal solution represents a growing black hole. Region III on the left in Fig. 1 represents the outer region of a contracting shell-crossing singularity that starts from R = +∞ at t = −∞. The singularity reaches the physical center at t = −0. Region III in its time-reversal solution represents the outer region of an expanding shell-crossing singularity that starts from R = +0 at t = +0.

For 0 < α < 3/2 and α ≠ 1, region I on the left in each of Figs. 2 and 3 represents the inner region of an expanding shell-crossing singularity, which forms at the physical center at t = +0. Region I in each of the time-reversal solutions in Figs. 2 and 3 represents the inner region of a contracting shell-crossing singularity that starts from R = +∞ at t = −∞. The singularity reaches the physical center at t = −0. Region III on the left in each of Figs. 2 and 3 represents the formation of a shell-focusing singularity from a regular spacetime. Because the singularity is covered for 1 < α < 3/2, this solution represents the formation and growth of a black hole. For 0 < α < 1, further study is needed to determine whether this singularity is naked or covered. Region III on the right in each of Figs. 2 and 3 represents a decaying white hole. The white hole singularity disappears at t = 0 and leaves a regular spacetime.

For α < 0, region I on the left in Fig. 4 represents a decaying white hole, while region I in its time-reversal solution represents a growing black hole. Region III on

Fig. 1. The figure on the left is for the second-kind KSS-LTB solution [Eqs. (3.23)–(3.25)] with κ ≠ 0 for α > 3/2, and that on the right is for its time time-reversal solution. AH, SFS and SCS indicate an apparent horizon, shell-focusing singularity and shell-crossing singularity, respectively. Each diagram is divided by SFS and SCS into three regions, which we call regions I, II and III. Region II is unphysical, because μ < 0 there. A solid curve represents an apparent horizon whose trajectory is timelike, while a dashed curve represents an apparent horizon whose trajectory is spacelike. r = r1 corresponds to the extremum of AH1. The trajectory of AH1 is outgoing (ingoing) null at r = r3 in the left (right) figure. It is noted that r → +0 corresponds to R → +∞ for this α.

the left in Fig. 4 represents the formation of a non-central shell-crossing singularity from a regular spacetime. The singularity forms at R = +∞ at t = +0 and contracts with time. For t > 0, it represents the inner region of the singularity. Region III on the right in Fig. 4 represents the inner region of an expanding non-central shellcrossing singularity. This singularity reaches R = +∞ at t = −0, then disappears and leaves a regular spacetime. 3.1.2. Self-similarity of the zeroth kind

In the case of self-similarity of the zeroth kind, the Einstein equations imply that the quantities m and μ must be of the forms

2Gm = r[M_1(ξ) + r^2M_2(ξ)], (3.42) 8πGμ = 1 r^2

[W_1(ξ) + r^2W_2(ξ)], (3.43)

where ξ = re^{−t}. In this case, the basic equations are the following:

M_1 + M^′_1 = W_1S^2(S + S^′), (3.44)

Fig. 2. Same as Fig. 1, but for 1 < α < 3/2. Here, r = r2 corresponds to the extremum of AH2.

The trajectory of AH2 is ingoing (outgoing) null at r = r4 in the left (right) figure.

3M_2 + M^′_2 = W_2S^2(S + S^′), (3.45) M^′_1 = 0, (3.46) M^′_2 = 0, (3.47) M_1 = S[1 − e^{−2Ψ} (S + S^′)^2], (3.48) M_2 = SS^{′2}c^{−2}_0 , (3.49) W^′_1S = −W_1(Ψ^′S + 2S^′), (3.50) W^′_2S = −W_2(Ψ^′S + 2S^′), (3.51) S^{′′} + S^′ = (S + S^′)Ψ^′, (3.52) S^′(S^′ + 2Ψ^′S) = W_2S^2c^2_0, (3.53) 2S(S^{′′} + 2S^′) − 2Ψ^′S(S + S^′) = −S^{′2} − S^2 + e^{2Ψ} (1 − W_1S^2), (3.54) 2SS^{′′} + S^{′2} = 0, (3.55) (S + S^′)^2 = e^{2Ψ} , (3.56)

where the prime denotes the differentiation with respect to ln ξ. Equation (3.56) gives exp(2Ψ) = (S + S^′)^2, so that M_1 = 0 is concluded from Eq. (3.48). The equality M_1 = 0 implies W_1 = 0, from Eq. (3.44), because |S + S^′| = exp(Ψ) cannot

Fig. 3. Same as Fig. 1, but for 0 < α < 1. Here, r = r2 corresponds to the extremum of AH2. The trajectory of AH2 is ingoing (outgoing) null at r = r4 in the left (right) figure.

be zero. Equation (3.55) gives the evolution equation for S, 2y^′ + 3y^2 = 0, (3.57) where y ≡ S^′/S. This equation can be integrated to yield S = |s_1 − s_0 ln ξ|^{2/3}, (3.58) where s_0 and s_1 are integration constants. The relation s_0 ≠ 0 must be satisfied for the solution to be a non-vacuum solution. The equality M_2 = SS^{′2}/c^2_0 is obtained from Eq. (3.49), while W_2 = 3y^2/[c^2_0(1 + y)] is obtained from Eqs. (3.53), (3.52) and (3.55). The resulting solution is e^{2Φ} = c^2_0, (3.59) e^{2Ψ} =

(s_1 − 2s_0/3 − s_0 ln ξ)^2 (s_1 − s_0 ln ξ)^{2/3} = (s_1 − 2s_0/3 − s_0(ln r − t))^2 |s_1 − s_0(ln r − t)|^{2/3}

, (3.60) R = r|s_1 − s_0 ln ξ|^{2/3} = r|s_1 − s_0(ln r − t)|^{2/3}, (3.61)

Fig. 4. Same as Fig. 1, but for α < 0. r = r1 corresponds to the extremum of AH1. The trajectory of AH1 is outgoing (ingoing) null at r = r3 in the left (right) figure.

8πGμ = 4s^2_0 3c^2_0(s_1 − s_0 ln ξ)(s_1 − 2s_0/3 − s_0 ln ξ) = 4s^2_0 3c^2_0(s_1 − s_0(ln r − t))(s_1 − 2s_0/3 − s_0(ln r − t))

, (3.62) 2Gm = 4s^2_0r^3 9c^2_0

. (3.63)

With the coordinate transformations t → t̄ = c_0t + c_0s_1/s_0 + (2c_0/3) ln(|s_0|/c_0) and r → r̄ = (|s_0|/c_0)^{2/3}r, a one-parameter family of solutions parametrized by c_0,

ds^2 = −dt̄^2 +

(t̄ − 2c_0/3 − c_0 ln r̄)^2 |t̄ − c_0 ln r̄|^{2/3} dr̄^2 + r̄^2|t̄ − c_0 ln r̄|^{4/3}dΩ^2, (3.64) 8πGμ = 4 3(t̄ − c_0 ln r̄)(t̄ − 2c_0/3 − c_0 ln r̄)

, (3.65) 2Gm = 4 9 r̄^3, (3.66)

is obtained. This solution was obtained previously by Benoit and Coley.^{35)} (See also Ref. 37).) This solution belongs to the Lemaître-Tolman-Bondi family of solutions for the marginally bound case. We call this solution the zeroth-kind KSS-LTB solution. We omit the bars on t̄ and r̄ hereafter for simplicity. For this solution, the energy density is positive in the regions satisfying

t < c_0 ln r, c_0 ln r + 2c_0/3 < t. (3.67)

The singular surfaces are t = c_0 ln r and t = c_0 ln r + 2c_0/3. The former is a shellfocusing singularity, because the circumferential radius R is zero there, while the latter is a shell-crossing singularity, because the quantity ∂R ∂r = { {−t + c_0 ln r + (2c_0/3)}/(−t + c_0 ln r)^{1/3} for t < c_0 ln r, {t − c_0 ln r − (2c_0/3)}/(t − c_0 ln r)^{1/3} for t > c_0 ln r,

(3.68)

is zero there. The fluid is collapsing in the regions in which t < c_0 ln r and expanding in the regions in which t > c_0 ln r, because the quantity ∂R ∂t = sign(t − c_0 ln r) 2 3 r|t − c_0 ln r|^{−1/3} (3.69)

is negative in the former case and positive in the latter case. The trapped region is given by

c_0 ln r − (8/27)r^3 < t < c_0 ln r (3.70) and c_0 ln r < t < c_0 ln r + (8/27)r^3. (3.71)

The apparent horizons are

t = c_0 ln r + (8/27)r^3, (AH1) (3.72) and t = c_0 ln r − (8/27)r^3. (AH2) (3.73)

Here we consider the trajectories of the apparent horizons. We consider only the solution with μ > 0 in which R_r > 0 are satisfied. From Eqs. (3.72) and (3.73), we obtain dt dr | | |AH = { c_0/r + (8/9)r^2 for AH1, c_0/r − (8/9)r^2 for AH2.

(3.74)

AH2 has its extremum at r = r_5 ≡ (9c_0/8)^{1/3}, while AH1 does not. For the null geodesics on the apparent horizon, the relation dt dr | | |_± = { ±| − c_0/r + (4/9)r^2| for AH1, ±| − c_0/r − (4/9)r^2| for AH2 (3

.75)

are satisfied. For r > 0, the trajectory of AH1 is timelike, while the trajectory of AH2 is spacelike (timelike) for

r^3 < (>)(9/2)c_0. (3.76)

16 H. Maeda, T. Harada, H. Iguchi and N. Okuyama

The trajectory of AH2 is ingoing null for

r^3 = (9/2)c_0 ≡ r^3_6. (3.77)

Next, we consider r = 0. The inequality μ < 0 is satisfied for r → 0 along AH1, which is unphysical, and therefore we consider only AH2. For AH2, the relation

lim_{r→0} ( dt dr | | |AH / dt dr | | |_± ) = ±1 (3.78)

is satisfied, so that AH2 is outgoing null at r = 0.

Fig. 5. The figure on the left is for the zeroth-kind KSS-LTB solution [Eqs (3.64)–(3.66)], and that on the right is for its time-reversal solution. AH, SFS and SCS indicate an apparent horizon, a shell-focusing singularity and a shell-crossing singularity, respectively. Each diagram is divided by SFS and SCS into three regions, which we call regions I, II and III. Region II is unphysical, because μ < 0 there. A solid curve represents an apparent horizon whose trajectory is timelike, while a dashed curve represents an apparent horizon whose trajectory is spacelike. r = r5 corresponds to the extremum of AH2. The trajectory of AH2 is ingoing (outgoing) null at r = r6 in the left (right) figure.

A schematic figure for this solution is given in Fig. 5, along with that for its time-reversal solution. The solution is unphysical in region II, in which the energy density is negative. Region I on the left in Fig. 5 represents a growing black hole, while that in its time-reversal solution represents a decaying white hole. Region

III on the left in Fig. 5 represents the inner region of an expanding non-central shell-crossing singularity that starts from R = +0 at t = −∞, while that in its time-reversal solution represents the inner region of a contracting non-central shellcrossing singularity that starts from R = +∞ at t = −∞. 3.1.3. Self-similarity of the infinite kind

In the case of self-similarity of the infinite kind, the Einstein equations imply that the quantities m and μ must be of the forms

2Gm = M_1(ξ)/t^2 + M_2(ξ), (3.79) 8πGμ = W_1(ξ)/t^2 + W_2(ξ), (3.80)

where ξ = r/t. In this case, the basic equations are the following:

M^′_1 = W_1S^2S^′, (3.81) M^′_2 = W_2S^2S^′. (3.82) 2M_1 + M^′_1 = 0, (3.83) M^′_2 = 0, (3.84) M_1 = c^{−2}_0 SS^{′2}, (3.85) M_2 = S(1 − e^{−2Ψ} S^{′2}), (3.86) (2W_1 + W^′_1)S = −W_1(Ψ^′S + 2S^′), (3.87) W^′_2S = −W_2(Ψ^′S + 2S^′), (3.88) S^{′′} = S^′Ψ^′, (3.89) W_1S^2c^2_0 = S^′(2Ψ^′S + S^′), (3.90) (1 − W_2S^2)e^{2Ψ} = 2SS^{′′} + S^{′2} − 2Ψ^′S^′S, (3.91) e^{2Ψ} = S^{′2}, (3.92) 0 = 2S^{′′}S + 2SS^′ + S^{′2}, (3.93)

where the prime denotes the differentiation with respect to ln ξ. Here we have implicitly assumed t > 0. When we define ξ ≡ r/(−t) for t < 0, equations identical to Eqs. (3.81)–(3.93) are obtained. We extend solutions analytically to the region in which t < 0 if they are analytic at t = 0. Such extended solutions can be obtained when we allow solutions to be defined for t < 0.

Equation (3.92) gives exp(2Ψ) = S^{′2}, so that M_2 = 0 is concluded from Eq. (3.86). The equality M_2 = 0 implies W_2 = 0, from Eq. (3.82), because |S^′| = exp(Ψ) cannot be zero. Equation (3.93) gives the evolution equation for S,

2y^′ + 3y^2 + 2y = 0, (3.94)

where y ≡ S^′/S. This equation can be integrated to yield

S = |s_1 − s_0ξ^{−1}|^{2/3}, (3.95)

where s_0 and s_1 are integration constants. Here, s_0 cannot be zero, because this gives the contradictory relation exp(2Ψ) = 0. The relation M_1 = SS^{′2}/c^2_0 is obtained from

Eq. (3.85), while W_1 = −2y/c^2_0 is obtained from Eqs. (3.90), (3.89) and (3.93). The resulting solution is

e^{2Φ} = c^2_0, (3.96) e^{2Ψ} /r^2 = 4 9 s^2_0r^{−2}ξ^{−2}|s_1 − s_0ξ^{−1}|^{−2/3} = 4s^2_0t^2 9r^{10/3}

|s_1r − s_0t|^{−2/3}, (3.97)

R = S = |s_1 − s_0ξ^{−1}|^{2/3}

= r^{−2/3}|s_1r − s_0t|^{2/3}, (3.98) 8πGμ = −4s_0ξ^{−1} 3c^2_0t^2(s_1 − s_0ξ^{−1}) = −4s_0 3c^2_0t(s_1r − s_0t)

, (3.99) 2Gm = 4s^2_0ξ^{−2} 9c^2_0t^2 , = 4s^2_0 9c^2_0r^2

. (3.100)

When the time-reversal solution is also considered, we can choose s_0 > 0 and s_1 ≥ 0 without loss of generality. With the coordinate transformations t → t̄ = c_0t and r → r̄ = (s_0/c_0)^{2/3}r^{−2/3}, a one-parameter family of solutions parametrized by s_1,

ds^2 = −dt̄^2 + t̄^2|s_1r̄^{−3/2} − t̄|^{−2/3}dr̄^2 + r̄^2|s_1r̄^{−3/2} − t̄|^{4/3}dΩ^2, (3.101) 8πGμ = −4 3t̄(s_1r̄^{−3/2} − t̄)

, (3.102) 2Gm = 4 9 r̄^3, (3.103)

is obtained. We omit the bars on t̄ and r̄ hereafter for simplicity. This solution is an asymptotically flat FRW solution for r → ∞ and belongs to the Lemaître-Tolman- Bondi family of solutions for the marginally bound case. We call this solution the infinite-kind KSS-LTB solution. It is noted that for s_1 ≠ 0, this solution has no physical center, and r = 0 corresponds to the R = |s_1|^{2/3}. For s_1 = 0, this solution gives the flat FRW solution. For this solution, the energy density is positive in the regions satisfying

t < 0, s_1r^{−3/2} < t, for s_1 > 0 (3.104) and t < s_1r^{−3/2}, 0 < t, for s_1 < 0. (3.105)

The singular surfaces are t = s_1r^{−3/2} and t = 0, which corresponds to R = |s_1|^{2/3}. The former is a shell-focusing singularity, because the circumferential radius R is zero there, while the latter is a shell-crossing singularity, because the quantity ∂R ∂r = { (−t)/(s_1r^{−3/2} − t)^{1/3} for t < s_1r^{−3/2}, t/(t − s_1r^{−3/2})^{1/3} for t > s_1r^{−3/2}

(3.106)

is zero there. The fluid is collapsing in the region in which t < s_1r^{−3/2} and expanding in the region in which t > s_1r^{−3/2}, because the quantity ∂R ∂t = −sign(s_1r^{−3/2} − t) 2 3 r|s_1r^{−3/2} − t|^{−1/3} (3.107)

is negative in the former case and positive in the latter case. The trapped region is defined by

s_1r^{−3/2} − (8/27)r^3 < t < s_1r^{−3/2} (3.108) and s_1r^{−3/2} < t < s_1r^{−3/2} + (8/27)r^3. (3.109)

The apparent horizons are

t = s_1r^{−3/2} + (8/27)r^3, (AH1) (3.110) and t = s_1r^{−3/2} − (8/27)r^3. (AH2) (3.111)

Here we consider the trajectories of the apparent horizons. We consider only the solution with μ > 0 in which R_r > 0 are satisfied. From Eqs. (3.110) and (3.111), we obtain dt dr | | |AH = { −(3s_1/2)r^{−5/2} + (8/9)r^2 for AH1, −(3s_1/2)r^{−5/2} − (8/9)r^2 for AH2.

(3.112)

AH1 has its extremum at r = r_7 ≡ (27s_0/16)^{2/9}, while AH2 does not. For the null geodesics on the apparent horizon, the relation dt dr | | |_± = { ±|(3s_1/2)r^{−5/2} + (4/9)r^2| for AH1, ±|(3s_1/2)r^{−5/2} − (4/9)r^2| for AH2

(3.113)

are satisfied. In the region r > 0, the trajectory of AH1 is spacelike (timelike) for

r^{9/2} < (>)(27/4)s_1. (3.114)

It is outgoing null for

r^{9/2} = (27/4)s_1 ≡ r^{9/2}_8 . (3.115)

20 H. Maeda, T. Harada, H. Iguchi and N. Okuyama

Fig. 6. The figure on the left is for the infinite-kind KSS-LTB solution [Eqs (3.101)–(3.103)], and that on the right is for its time-reversal solution. AH, SFS and SCS indicate an apparent horizon, a shell-focusing singularity and a shell-crossing singularity, respectively. Each diagram is divided by SFS and SCS into three regions, which we call regions I, II and III. Region II is unphysical, because μ < 0 there. A solid curve represents an apparent horizon whose trajectory is timelike, while a dashed curve represents an apparent horizon whose trajectory is spacelike. r = r7 corresponds to the extremum of AH1. The trajectory of AH1 is outgoing (ingoing) null at r = r8 in the left (right) figure. It is noted that r → +0 and r → +∞ correspond to R → |s1|^{2/3} (constant) and R → +∞, respectively.

The trajectory of AH2 is timelike. Next, we consider r = 0. The inequality μ < 0 is satisfied for r → 0 along AH2, which is unphysical. Therefore we consider only AH1. For AH1, the relation

lim_{r→0} ( dt dr | | |AH / dt dr | | |_± ) = ∓1 (3.116)

is satisfied, so that AH1 is ingoing null at r = 0.

A schematic figure for this solution is given in Fig. 6, along with that for its time-reversal solution. The solution is unphysical in region II, in which the energy density is negative. Region I on the left in Fig. 6 represents a decaying white hole, while that in its time-reversal solution represents a growing black hole. Region III on the left in Fig. 6 represents the formation of a shell-crossing singularity at t = 0 that corresponds to R = |s_1|^{2/3} from a regular spacetime with no physical center. That in its time-reversal solution represents a shell-crossing singularity at t = 0 that corresponds to R = |s_1|^{2/3} and a regular spacetime with no physical center for t > 0. 3.2. ξ^μ parallel to U^μ

In the parallel case for dust solutions of the second, zeroth and infinite kinds, Φ^′ = 0 is obtained from basic equations. Therefore we set exp(Φ) = c_0, where c_0 is a positive constant, in this subsection.

3.2.1. Self-similarity of the second and zeroth kinds

In these cases, the Einstein equations imply that the quantities m and μ must be of the forms

2Gm = tM_1(r) + t^{3−2α}M_2(r), (3.117) 8πGμ = t^{−2}W_1(r) + t^{−2α}W_2(r). (3.118)

The basic equations are the following:

M_1 = 0, (3.119) (3 − 2α)M_2 = 0, (3.120) M^′_1 = W_1S^2S^′, (3.121) M^′_2 = W_2S^2S^′, (3.122) M_1 = S[1 − S^{′2}], (3.123) M_2 = c^{−2}_0 S^3, (3.124) 0 = −W_1, (3.125) 0 = (2α − 3)W_2, (3.126) 2S^{′′}S + S^{′2} = 1 − W_1S^2, (3.127) 3 = c^2_0W_2, (3.128) S^{′2} = 1, (3.129) 2α − 3 = 0, (3.130)

where the prime denotes the differentiation with respect to r. Equation (3.130) shows that α = 3/2 is the only case, and there are no solutions in the case of self-similarity of the zeroth kind. Then, M_1 = 0, W_1 = 0 and W_2 = 3/c^2_0 are obtained from Eqs. (3.119), (3.125) and (3.128). Equation (3.129) gives the evolution equation for S,

S^{′2} = 1, (3.131)

which is integrated to yield

S = ±r + s_0, (3.132)

where s_0 is an integration constant. The relation M_2 = S^3/c^2_0 is obtained from Eq. (3.124). S must be positive for the positive mass solution. The resulting solution is given by

e^{2Φ} = c^2_0, (3.133)

R = t(s_0 ± r), (3.134) 8πGμ = 3 c^2_0t^3

, (3.135)

2Gm = c^{−2}_0 (s_0 ± r)^3. (3.136)

This solution is the flat FRW solution. With the coordinate transformations t → t̄ = (2c_0/3)t^{3/2} and r → r̄ = (3/2c_0)^{2/3}(s_0 ± r), the solution in the more usual form

ds^2 = −dt̄^2 + t̄^{4/3}(dr̄^2 + r̄^2dΩ^2), (3.137) 8πGμ = 4 3t̄^2

, (3.138) 2Gm = 4 9 r̄^3 (3.139)

is obtained.

3.2.2. Self-similarity of the infinite kind

In this case, the Einstein equations imply that the quantities m and μ must be of the forms

2Gm = M(r), (3.140) 8πGμ = W (r), (3.141)

and the Einstein equations and the equations of motion for the matter field (2.4)- (2.11) are written

M = S(1 − S^{′2}), (3.142) M^′ = W S^′S^2, (3.143) 2SS^{′′} + S^{′2} = 1 − W S^2, (3.144) S^{′2} = 1, (3.145)

where the prime denotes the differentiation with respect to r. Because Eqs. (3.144) and (3.145) imply W = 0, there are no solutions in this case. 3.3. ξ^μ orthogonal to U^μ

For the dust case, in the case of self-similarity of the second kind, Eqs. (2.4) and (2.31) are contradictory, and in the case of self-similarity of the infinite kind, Eqs. (2.4) and (2.32) are contradictory, and therefore there are no solutions in these cases.

3.3.1. Self-similarity of the zeroth kind

In this case, the Einstein equations imply that the quantities m and μ must be of the forms

2Gm = rM_1(t) + r^3M_2(t), (3.146) 8πGμ = r^{−2}W_1(t) + W_2(t). (3.147)

In this case, the basic equations are the following: M_1 = W_1S^3, (3.148) 3M_2 = W_2S^3, (3.149) M^′_1 = 0, (3.150) M^′_2 = 0, (3.151) M_1 = S(1 − e^{−2Ψ} S^2), (3.152) M_2 = SS^{′2}, (3.153) W^′_1S = −W_1(Ψ^′S + 2S^′), (3.154) W^′_2S = −W_2(Ψ^′S + 2S^′), (3.155) S^′ = SΨ^′, (3.156) −W_1S^2 = e^{−2Ψ} S^2 − 1, (3.157) W_2S^2 = S^{′2} + 2Ψ^′S^′S, (3.158) 0 = 1 − S^2e^{−2Ψ} , (3.159) 0 = 2S^{′′}S + S^{′2}, (3.160) where the prime denotes the differentiation with respect to t. We obtain exp(2Ψ) = S^2 from Eq. (3.159), so that M_1 = 0 is concluded from Eq. (3.152). The relation M_1 = 0 implies W_1 = 0, from Eq. (3.148). Equation (3.160) gives the evolution equation for S, 2y^′ + 3y^2 = 0, (3.161) where y ≡ S^′/S. This equation can be integrated to yield S = |s_1 − s_0t|^{2/3}, (3.162) where s_0 and s_1 are integration constants. The equalities M_2 = SS^{′2} and W_2 = 3y^2 are obtained from Eqs. (3.153) and (3.158), respectively. The resulting solution is e^{2Ψ} = |s_1 − s_0t|^{4/3}, (3.163) R = r|s_1 − s_0t|^{2/3}, (3.164) 8πGμ = 4s^2_0 3(s_1 − s_0t)^2

, (3.165) 2Gm = 4 9 s^2_0r^3. (3.166)

This solution is the flat FRW solution. With the coordinate transformations t → t̄ = s_1/s_0 − t and r → r̄ = |s_0|^{2/3}r, the solution in the more usual form

ds^2 = −dt̄^2 + t̄^{4/3}(dr̄^2 + r̄^2dΩ^2), (3.167) 8πGμ = 4 3t̄^2

, (3.168) 2Gm = 4 9 r̄^3 (3.169)

is obtained.

§4. Corrections and complements to I

In this section, we give some corrections and complements to I.^{39)} The first is only a typographical error: The right-hand side of Eq. (4.44) in I should be replaced by α^{−2}t^{′(3−2α)/α}r^{′3}. The others are more important: It is found that the solutions that we called the dynamical solutions (A) and (B) result in the singular static solution and the flat FRW solution, respectively. Although the analytic forms of the general solutions have not been obtained for the infinite kind in the tilted case with p + μ = 0 (Eqs. (3.126)–(3.132) of I), they are found to be the Nariai solutions,^{45)} so that the solution, which is a special solution and we called the Λ-cylinder solution, is also the Nariai solution. We give a detailed demonstrations of them in the following.

In the case P_2 = W_2 = 0 and α = 3/2 considered in §3.1.2 of I, Eqs. (3.15) and (3.55) there give

0 = y[(1 + K)(9K + 2)y^′ + 2(3K + 1)(1 + K)^2yy^′ +3(3K + 1)(1 + K)^2y^2 + 3(1 + K)(9K + 2)y + 3(K^2 + 6K + 1)].(4.1)

Eliminating y^′ from Eq. (4.1) by using Eq. (3.51) of I, we obtain an algebraic equation for y:

0 = Ky^2[(1 + K)y + 1][6(1 + K)(3K + 1)y + (11 + 15K)]. (4.2)

Then, because K ≠ 0 has been assumed, y must be constant. From Eq. (3.51), the constant y must be equal to −(K − 3)/[3(1 − K)(1 + K)] or 0. Substituting y = −(K − 3)/[3(1 − K)(1 + K)] into Eq. (4.2), we obtain

0 = K^2(K − 3)^2(3K + 5)(3K − 1), (4.3)

and therefore K = 1/3 is concluded. When K = 1/3, which implies y = −1, Eq. (3.55) of I gives the contradictory relation exp(2Ψ) = 0, and hence y must be zero. The equality y = 0 results in the singular static solution given by Eqs. (3.30)– (3.35) of I.

In the case P_2 = W_2 = 0 and K ≠ −1 considered in §3.3.2 of I, the relations

2Φ^′ = −

W^′_1 W_1 + S^{′′} S^′ − S^′ S , (4.4)

2Ψ^′ = [ 2K 1 + K

(S^{′2} + SS^{′′}) + 2(1 + 3K)S^′S^{′′} ] / [ 2K 1 + K

SS^′ + (1 + 3K)S^{′2} ] (4.5)

are obtained from Eqs. (3.140) and (3.141) of I. Substituting Eqs. (4.4) and (4.5) into Eq. (3.115) of I and eliminating y^′ by using Eq. (3.139) of I, we obtain

K[3(1 + 3K)(1 + K)y^2 + (9K + 5)y + 2] = 0. (4.6)

Because we have assumed K ≠ 0, the solution of Eq. (4.6) is y = −2/[3(1 + K)], which is consistent with Eq. (3.139) of I for K ≠ 1, while it is consistent with

Eq. (3.141) of I for K = 1. This solution is found to be the flat FRW solution: e^Φ = c_0, (4.7) e^Ψ = 2 3(1 + K) s_0ξ^{−2/[3(1+K)]}, (4.8) S = s_0ξ^{−2/[3(1+K)]}, (4.9) M_1 = 4 9(1 + K)^2 c^{−2}_0 s^3_0ξ^{−2/(1+K)}, (4.10) M_2 = 0, (4.11) P_1 = KW_1 = 4K 3(1 + K)^2 c^{−2}_0 , (4.12) P_2 = KW_2 = 0, (4.13) where c_0 and s_0 are positive constants. With the coordinate transformations t → t̄ = c_0t and r → r̄ = (s_0/c^{2/[3(1+K)]} 0 )r^{−2/[3(1+K)]}, a more usual form of the solution, ds^2 = −dt̄^2 + t̄^{4/[3(1+K)]}(dr̄^2 + r̄^2dΩ^2), (4.14) 2Gm = 4 9(1 + K)^2 r̄^3 t̄2K/(1+K) , (4 .15) 8πGp = 8πGKμ = 4K 3(1 + K)^2 t̄^{−2}, (4.16)

is obtained.

We show that a 4-dimensional spherically symmetric spacetime, which contains a perfect fluid with p + μ = 0 and has a constant circumferential radius, is described by the Nariai solution. In the following, Greek indices denote the 4-dimensional spacetime, uppercase Latin indices the 2-dimensional (1 + 1) reduced spacetime, and lowercase Latin indices the 2-spheres. We write the general spherically symmetric spacetime as a manifold M = M^2 × S^2 with the metric g_{μν} = diag(g_{AB}, R^2γ_{ab}), (4.17) where g_{AB} is an arbitrary Lorentzian metric on M^2, R is a scalar on M^2 and γ_{ab} is the unit curvature metric on S^2. With the shorthand v_A ≡ R_{|A} R , (4.18)

where | denotes the covariant derivative on M^2, the Einstein equations for a perfect fluid with p + μ = 0 in spherical symmetry, in the 2 + 2 split, are

−2(v_{A|B} + v_Av_B ) + (2v^{|C}_C + 3v_C v^C − R^{−2})g_{AB} = −8πGμg_{AB}, (4.19) v^{|C}_C + v_C v^C − R = −8πGμ, (4.20) where R ≡ (1/2)R^A_A is the Gauss curvature of g_{AB}. The energy-momentum conservation equations give that μ is constant (see Eqs. (A.2) and (A.3)). When R is constant, Eqs. (4.19) and (4.20) give that R^2 = 1/(8πGμ) and R = 8πGμ, i.e., μ must be positive and M^2 is a 2-dimensional positive constant curvature spacetime. Since a 2-dimensional positive constant curvature spacetime is the 2-dimensional de-Sitter spacetime (dS^2), the resulting 4-dimensional spacetime is the Nariai spacetime, which is dS^2 × S^2 with a constant circumferential radius. Since the spherically symmetric kinematic self-similar perfect-fluid solutions of the infinite kind in the tilted case with p + μ = 0, which satisfies Eqs. (3.127)–(3.132) of I, have a constant circumferential radius, they are found to be the Nariai solutions,^{45)} although the analytic forms of the general solutions in the self-similarity coordinates have not been obtained.

§5. Spherically symmetric kinematic self-similar perfect-fluid solutions of the first kind

5.1. Tilted case

In this case, complete classification has already been carried out. (See Refs. 26) - 29).)

5.2. ξ^μ parallel to U^μ

In this case, the Einstein equations imply that the quantities m, μ and p must be of the forms 2Gm = tM(r), (5.1) 8πGμ = t^{−2}W (r), (5.2) 8πGp = t^{−2}P (r). (5.3) The resulting equations for a perfect fluid, (2.4)–(2.11), reduce to the following: P = − 1 3 W, (5.4) (P + W )Φ^′ = −P^′, (5.5) M = −P S^3, (5.6) M^′ = W S^2S^′, (5.7) 0 = Φ^′S, (5.8) M = S(1 + e^{−2Φ}S^2 − S^{′2}), (5.9) 1 − W S^2 = −3S^2e^{−2Φ} + 2SS^{′′} + S^{′2}, (5.10) −1 − P S^2 = S^2e^{−2Φ} − 2Φ^′S^′S − S^{′2}, (5.11) where the prime denotes the differentiation with respect to r. These equations result in e^Φ = c_0, (5.12) P = − 1 3 W = p_0, (5.13) M = −p_0S^3, (5.14)

S^{′2} = 1 + (c^{−2}_0 + p_0)S^2, (5.15) S^{′′} = (c^{−2}_0 + p_0)S, (5.16) where c_0 is a positive constant, and the constant p_0 must be negative for positive energy density. The resulting solution is the FRW solution: S = (1/a) sin (ar), for c^{−2}_0 + p_0 < 0, (closed FRW ) s_1 ± r, for c^{−2}_0 + p_0 = 0, (flat FRW) (1/a) sinh (ar), for c^{−2}_0 + p_0 > 0, (open FRW )

(5.17)

2Gm = −p_0S^3t, 8πGp = −8πG(μ/3) = p_0 t^2

, (5.18)

where s_1 is an integration constant, and a ≡ √ −(c^{−2}_0 + p_0) for the closed FRW solution, while a ≡ √ c^{−2}_0 + p_0 for the open FRW solution. S must be positive for a positive mass solution. For the closed and open FRW solutions, the coordinate transformations t → t̄ = c_0t and r → r̄ = ar are used to write the solution in the more usual form

ds^2 = −dt̄^2 + t̄^2 c^2_0a^2

(dr̄^2 + S̄^2dΩ^2), (5.19) 2Gm = − p_0 c_0a^3

S̄^3t̄, (5.20) 8πGp = −8πG(μ/3) = p_0c^2_0 t̄2 , (5

.21)

S̄ = { sin r̄, (the closed FRW ) sinh r̄. (the open FRW ) (5

.22)

For the flat FRW solution, the coordinate transformations t → t̄ = c_0t and r → r̄ = (r + s_1)/c_0 are used to write the solution in the more usual form ds^2 = −dt̄^2 + t̄^2(dr̄^2 + r̄^2dΩ^2), (5.23) 2Gm = t̄r̄^3, (5.24) 8πGp = −8πG(μ/3) = − 1 t̄2 . (5

.25)

In the vacuum case (i.e., that in which p_0 = 0), the Minkowski solution in the Milne form, ds^2 = −dt̄^2 + t̄^2(dr̄^2 + sinh^2 r̄dΩ^2), (5.26) is obtained.

5.3. ξ^μ orthogonal to U^μ

In this case, the Einstein equations imply that the quantities m, μ and p must be of the forms 2Gm = rM(t), (5.27) 8πGμ = r^{−2}W (t), (5.28) 8πGp = r^{−2}P (t). (5.29)

It is noted that in this case, the solution is always singular at the physical center. The resulting equations for a perfect fluid, (2.4)–(2.11), reduce to the following:

P = W, (5.30) −W^′S = (P + W )(Ψ^′S + 2S^′), (5.31) M = W S^3, (5.32) M^′ = −P S^2S^′, (5.33) 0 = Ψ^′S, (5.34) M = S(1 + S^{′2} − e^{−2Ψ} S^2), (5.35) 1 − W S^2 = −S^{′2} + e^{−2Ψ} S^2, (5.36) −1 − P S^2 = 2S^{′′}S + S^{′2} − 3e^{−2Ψ} S^2, (5.37)

where the prime denotes the differentiation with respect to t. These equations result in e^Ψ = c_1, (5.38) M = W S^3, (5.39) P = W = w_0S^{−4}, (5.40)

S^′ = ± √ c^{−2}_1 S^4 − S^2 + w_0 S , (5.41)

where c_1 and w_0 are positive constants. A positive value of w_0 is required for a positive energy density. c_1 can be set to unity with the transformations c_1r → r, t/c_1 → t, S/c_1 → S and w_0/c^2_1 → w_0. In this case, a general solution parametrized by w_0 can be obtained. The function S is given by

S^2 = 1/2 ± √ w_0 − 1/4 sinh(2t + t_0) (5.42)

for w_0 > 1/4,

S^2 = 1/2 ± √ 1/4 − w_0 cosh(2t + t_0), or (1 ± √ 1 − 4w_0)/2 (5.43)

for 0 < w_0 < 1/4, and

S^2 = 1/2 + e^{±2t+t0} , 1/2 − e^{±2t+t0} , or 1/2 (5.44)

for w_0 = 1/4, where t_0 is a constant and can be set to zero with the transformation ±2t+t_0 → ±2t. We call this solution the “singular stiff-fluid solution.” The inequality w_0 > 0 must be satisfied for a positive energy density. Also, the sign of S must be positive for a positive mass solution. The function S in various cases is plotted in Fig. 7. For 0 < w_0 ≤ 1/4, there exist static solutions with singular centers. Next, we discuss the dynamical solutions. For w_0 > 1/4, the dynamical solution represents a big-bang cosmological model or gravitational collapse with a singular center. For 0 < w_0 < 1/4, this solution represents a bouncing cosmological solution with a singular center or a big-bang cosmological model with a singular center that ends in a

(a)

(b)

(c) Fig. 7. The function S of the singular stiff-fluid solution for (a) w0 > 1/4, (b) w0 = 1/4 and (c) 0 < w0 < 1/4.

big-crunch. For w_0 = 1/4, the solution S^2 = 1/2+exp(±2t) represents an expanding or contracting universe with a singular center, while the solution S^2 = 1/2−exp(±2t) represents a big-bang cosmological model or gravitational collapse with a singular center. The trapping condition 2Gm < R corresponds to w_0 > S^2.

In the vacuum case, these equations result in

e^Ψ = c_1, (5.45) S^{′2} = −1 + c^{−2}_1 S^2, (5.46) S^{′′} = c^{−2}_1 S, (5.47)

where c_1 is a constant. The solution is S = c_1 cosh(c^{−1}_1 t), which is the Minkowski spacetime with the metric

ds^2 = −r^2dt^2 + c^2_1dr^2 + c^2_1r^2 cosh^2(c^{−1}_1 t)dΩ^2. (5.48)

This metric can be obtained with the coordinate transformations (t, r) → (τ, x), with τ = c_1r sinh(c^{−1}_1 t) and x = c_1r cosh(c^{−1}_1 t) from ds^2 = −dτ^2 + dx^2 + x^2dΩ^2.

§6. Summary and discussion

Table I. Kinematic self-similar solutions for the dust case. Here, ‖ and ⊥ denote the parallel and orthogonal cases, respectively.

Self-similarity Solution Equation number 1st (tilted) see Ref. 25) 1st (‖) none 1st (⊥) none 2nd (tilted) 2nd-kind KSS-LTB (see also Refs. 32), 35), 37)) (3.23)–(3.25) 2nd (‖) flat FRW (α = 3/2) 2nd (⊥) none zeroth (tilted) zeroth-kind KSS-LTB (see also Refs. 35), 37)) (3.64)–(3.66) zeroth (‖) none zeroth (⊥) flat FRW infinite (tilted) infinite-kind KSS-LTB (3.101)–(3.103) infinite (‖) none infinite (⊥) none

We have classified kinematic self-similar spherically symmetric dust solutions of the second, zeroth and infinite kinds and perfect-fluid solutions, together with vacuum solutions of the first kind, in which the kinematic self-similarity vector is either parallel or orthogonal to the fluid flow. Except for the cases in which there are no solutions, the governing equations can be integrated to obtain exact solutions. These kinematic self-similar dust solutions belong to the Lemaître-Tolman-Bondi family of solutions only for the marginally bound case, while, in contrast, there exist some first-kind dust solutions that belong to this family for the non-marginally bound case. We give a proof of this in Appendix A. We also presented corrections and complements to I.^{39)} It is found that the solutions which in I we called the dynamical solutions (A) and (B) result in the singular static solution and the flat

FRW solution, respectively. It is found that the spherically symmetric kinematic selfsimilar perfect-fluid solutions of the infinite kind in the tilted case with p + μ = 0, which satisfies Eqs. (3.127)–(3.132) of I and includes the special solution which in I we called the Λ-cylinder solution, are the Nariai solutions.^{45)} The results of the present work, together with the corrected results of I are listed in Tables I–V.

We first summarize the results of this work for the first-kind cases. In the parallel case, the flat, open and closed FRW solutions with p = −μ/3 are the only solutions. In the orthogonal case, the equation of state must be p = μ, and a new exact solution, which we call the singular stiff-fluid solution, is the only solution. This solution is singular at the physical center.

Next, we summarize the results for the dust case. There are no dust solutions in the parallel case of the second kind (except for α = 3/2), zeroth kind and infinite kind and in the orthogonal case of the second kind and infinite kind. The flat FRW solution is the second-kind solution in the parallel case for α = 3/2 and also the zeroth-kind solution in the orthogonal case. In the tilted case, general solutions, which represent a collapsing or an expanding dust fluid, can be obtained in closed form in the cases of the second kind (second-kind KSS-LTB solution), zeroth kind (zeroth-kind KSS-LTB solution) and infinite kind (infinite-kind KSS-LTB solution). The second-kind KSS-LTB solution with α = 3/2 is the flat FRW solution. The second-kind KSS-LTB solution with α ≠ 3/2, the zeroth-kind KSS-LTB solution and the infinite-kind KSS-LTB solution are characterized by a single parameter, and the second-kind KSS-LTB solution for α ≠ 3/2 and the infinite-kind KSS-LTB solution include the flat FRW solution as a special case. In all three solutions, if they are not the flat FRW solutions, there exist a shell-crossing singularity and a shell-focusing singularity. There exists an unphysical region, in which the energy density is negative. We considered only physical regions. In the collapsing regions, the second-kind KSS-LTB solutions for 0 < α < 1 and 1 < α < 3/2 represent the formation of a shell-focusing singularity from a regular spacetime. For 1 < α < 3/2, this singularity is covered; i.e., this solution represents the formation and growth of a black hole. It is important to clarify whether the singularity is naked or covered for 0 < α < 1. The second-kind KSS-LTB solution for α < 0 and 3/2 < α, the zerothkind KSS-LTB solution and the infinite-kind KSS-LTB solution represent a growing black hole in the collapsing region, although they do not represent the formation of a black hole. These solutions could be important in modeling the growth of a black hole. The second-kind KSS-LTB solution for 0 < α < 1 and 1 < α < 3/2 in the expanding region could be important in modeling the evolution of a cosmic void. The infinite-kind KSS-LTB solution with s_1 ≠ 0 does not have a physical center. This solution could be attached to an inner region that is represented by another solution. This solution could also be important in modeling dust collapse or the evolution of a cosmic void. In the high-density region, a relativistic polytrope gas might be approximated by a dust, so that the central region in the generic collapse of a gas could converge to one of these kinematic self-similar solutions.

Adding the results of the present work to those of Refs. 25), 26), 38), 39), the classification of spherically symmetric kinematic self-similar solutions with the vacuum, dust or perfect fluid obeying a relativistic polytropic equation of state or that

32 H. Maeda, T. Harada, H. Iguchi and N. Okuyama

of the form p = Kμ, has been completed.

Table II. Kinematic self-similar solutions for an equation of state of the form p = Kμ^γ [EOS(I)], where K and γ are constants. It is assumed that K ≠ 0 and γ ≠ 0, 1. Here, ‖ and ⊥ denote the parallel and orthogonal cases, respectively. (See I^{39)} for the values of the parameters.)

Self-similarity Solution 1st (tilted) none 1st (‖) none 1st (⊥) none 2nd (tilted) none 2nd (‖) none 2nd (⊥) none zeroth (tilted) none zeroth (‖) none zeroth (⊥) flat FRW infinite (tilted) none infinite (‖) All static solutions with the EOS (I) infinite (⊥) none

Table III. Kinematic self-similar solutions for an equation of state of the form that p = Kn^γ and μ = mbn + p/(γ − 1) [EOS(II)], where the constant mb and n(t, r) represent the mean baryon mass and the baryon number density, respectively, and K and γ are constants. It is assumed that K ≠ 0 and γ ≠ 0, 1. Here, ‖ and ⊥ denote the parallel and orthogonal cases, respectively. (See I^{39)} for the values of the parameters.)

Self-similarity Solution 1st (tilted) none 1st (‖) none 1st (⊥) none 2nd (tilted) none 2nd (‖) closed FRW 2nd (⊥) none zeroth (tilted) none zeroth (‖) none zeroth (⊥) flat FRW infinite (tilted) none infinite (‖) All static solutions with the EOS (II) infinite (⊥) none

Acknowledgements

The authors would like to thank H. Kodama for critical comments on the Nariai solution, and K. Maeda for continuous encouragement. This work was partly supported by Grants-in-Aid for Scientific Research (Nos. 05540 and 11217) from the Japanese Ministry of Education, Culture, Sports, Science and Technology.

A Classification of Kinematic Self-Similar Perfect-Fluid Solutions II 33

Table IV. Kinematic self-similar solutions for p = Kμ [EOS(III)], where K is a constant and −1 ≤ K ≤ 1 (K ≠ 0). Here, ‖ and ⊥ denote the parallel and orthogonal cases, respectively. (See the main text and I^{39)} for the values of the parameters α and K.) It is noted that the kinematic self-similar solution of the infinite kind with K = −1 for a tilted case is the Nariai solution^{45)} , although the analytic forms of the solutions in the self-similarity coordinates have not been obtained.

Self-similarity Solution Equation number 1st (tilted) see Refs. 26), 12) 1st (‖) FRW (K = −1/3) 1st (⊥) Singular stiff-fluid (K = 1) (5.38)–(5.44) 2nd (tilted) flat FRW Singular static (3.41)–(3.46) in I 2nd (‖) flat FRW 2nd (⊥) Singular static (5.28)–(5.31) in I zeroth (tilted) de-Sitter (K = −1) Singular static (3.96)–(3.101) in I zeroth (‖) de-Sitter (K = −1) zeroth (⊥) flat FRW de-Sitter (K = −1) infinite (tilted) flat FRW Nariai (K = −1) (3.127)–(3.132) in I infinite (‖) All static solutions with the EOS (III) infinite (⊥) none

Table V. Kinematic self-similar solutions for the vacuum case. Here, ‖ and ⊥ denote the parallel and orthogonal cases, respectively. Self-similarity Solution 1st (‖) Minkowski 1st (⊥) Minkowski 2nd (tilted) Minkowski (all α) Schwarzschild (α = 3/2) 2nd (‖) none 2nd (⊥) none zeroth (tilted) Minkowski zeroth (‖) none zeroth (⊥) Minkowski infinite (tilted) none infinite (‖) Minkowski Schwarzschild infinite (⊥) none

Appendix A Flatness of 3-Surfaces for Kinematic Self-Similar Dust Solutions

In this appendix, we give the integrability conditions for kinematic self-similarity of the Einstein equations and a proof of the flatness of 3-surfaces for kinematic selfsimilar dust solutions. The covariant derivative of u_μ can be decomposed into its irreducible parts as

u_{μ;ν} = σ_{μν} + 1 3 θh_{μν} + ω_{μν} − u̇_μu_ν , (A.1)

where θ ≡ g^{μν} θ_{μν} (with θ_{μν} ≡ h^κ_{(μ} h^λ_{ν)} u_{κ;λ}) is the expansion scalar, σ_{μν} ≡ θ_{μν} − (1/3)θh_{μν} is the shear tensor (from which we obtain σ^2 ≡ (1/2)σ_{μν}σ^{μν} ), ω_{μν} ≡ h^κ_{[μ} h^λ_{ν]} u_{κ;λ} is the vorticity tensor (from which we obtain ω^2 ≡ (1/2)ω_{μν} ω^{μν} ), and u̇_μ ≡ u_{μ;ν} u^ν is the acceleration vector.^{44)} The conservation laws become

μ̇ + (μ + p)θ = 0, (A.2) (μ + p)u̇_μ = −p_{,ν} h^ν_μ, (A.3)

where the dot represents operation with_{;ν} u^ν , while the Ricci identities with the Einstein equations become

θ̇ + 1 3 θ^2 − u̇^μ_{;μ} + 2(σ^2 − ω^2) + 8πG 2 (μ + 3p) = 0, (A.4) h^μ_ν ( ω̇^ν + 2 3 θω^ν ) = σ^μ_ν ω^ν + 1 2 η^{μνκλ}u_νu̇_{κ;λ}, (A.5) h^μ_ν ( ω^{νκ}_{;κ} − σ^{νκ}_{;κ} + 2 3 θ^{,ν} ) + (ω^μ_ν + σ^μ_ν )u̇^ν = 0, (A.6)

ω^μ_{;μ} = 2ω^μu̇_μ, (A.7) h^κ_μ h^λ_ν σ̇_{κλ} − h^κ_μ h^λ_ν u̇_{(κ;λ)} − u̇_μu̇_ν + ω_μω_ν + σ_{μκ}σ^κ_ν + 2 3 θσ_{μν} + h_{μν} ( − 1 3 ω^2 − 2 3 σ^2 + 1 3 u̇^κ_{;κ} ) + E_{μν} = 0, (A.8)

H_{μν} = 2u̇_{(μ}ω_{ν)} − h^λ_μ h^ζ_ν (ω^{ν;ρ}_{(λ} + σ^{ν;ρ}_{(λ} )η_{ζ)κνρ}u^κ, (A.9)

with E_{μν} ≡ C_{μκνλ}u^κu^λ, (A.10) H_{μν} ≡ 1 2 η^{ρσ}_{μκ} C_{ρσνλ}u^κu^λ, (A.11) where C_{μνκλ} and η_{μνκλ} are the Weyl tensor and the totally-skew pseudotensor, respectively. In the case of zero vorticity (ω_{μν} = 0), the Gauss-Codacci equations become

3R_{μν} = (−θσ_{κλ} − σ̇_{κλ} + u̇_{(κ;λ)})h^κ_μ h^λ_ν

+u̇_μu̇_ν + 1 3 h_{μν} ( − 2 3 θ^2 + 2σ^2 + 16πGμ − u̇^ρ_{;ρ} ) , (A.12) 3R = − 2 3 θ^2 + 2σ^2 + 16πGμ, (A.13)

where^3R_{μν} is the Ricci tensor of the 3-spaces orthogonal to u^μ, and^3R is the corresponding Ricci scalar.

Now we derive the integrability conditions for kinematic self-similarity on the Einstein equations, i.e., L_ξR_{μν} = 8πGL_ξ ( T_{μν} − 1 2 g_{μν} T ) , (A.14)

where R_{μν} is the Ricci tensor and ξ^μ is a kinematic self-similarity vector that is defined by Eqs. (2.18) and (2.19). From Eqs. (2.18) and (2.19), we obtain

L_ξg_{μν} = 2δg_{μν} + 2(δ − α)u_μu_ν . (A.15)

Hence, we obtain

L_ξ R_{μν} = (L_ξΓ^κ_{μν} )_{;κ} − (L_ξΓ^κ_{μκ})_{;ν} = (δ − α) [ 2σ̇_{μν} + 2θσ_{μν} + 2σ_{μκ}ω^κ_ν + 2σ_{νκ}ω^κ_μ + 4ω_{μκ}ω^κ_ν + 2 3 θg_{μν} (θ̇ + θ) + u_μ(2ω^{;κ}_{κν} − 2σ_{νκ}u̇^κ − 2ω_{νκ}u̇^κ) +u_ν (2ω^{;κ}_{κμ} − 2σ_{μκ}u̇^κ − 2ω_{μκ}u̇^κ) +u_μu_ν ( 2 3 θ(θ̇ + θ) − 2u̇^{;κ}_κ )] , (A.16)

where L_ξΓ^μ_{νλ} ≡ 1 2 g^{μκ}[(L_ξg_{κν} )_{;λ} + (L_ξg_{κλ})_{;ν} − (L_ξg_{νλ})_{;κ}]. (A.17)

Decomposing this equation in various ways, we obtain

(L_ξR_{μν} )u^μu^ν = (δ − α)(−8ω^2 − 2u̇^{;κ}_κ ), (A.18) (L_ξR_{μν} )h^{μν} = 2(δ − α)(θ̇ + θ^2 − 4ω^2), (A.19) (L_ξR_{μν} )u^μh^ν_λ = (δ − α)(2ω_{λμ}u̇^μ + 2ω^{;κ}_{κλ} −4ω^2u_λ), (A.20) (L_ξR_{μν} ) ( h^μ_λh^ν_ρ − 1 3 h_{λρ}h^{μν} ) = 2(δ − α) (σ̇_{λρ} − u_ρσ_{λν}u̇^ν − u_λσ_{ρμ}u̇^μ +θσ_{λρ} + σ_{λκ}ω^κ_ρ + σ_{ρκ}ω^κ_λ +2ω^κ_λ ω_{κρ} + 4 3 h_{λρ}ω^2 ) . (A.21)

In the perfect-fluid case, the relation T_{μν} − 1 2 g_{μν} T = 1 2 (μ + 3p)u_μu_ν + 1 2 (μ − p)h_{μν} (A.22)

is satisfied. Then, we obtain L_ξ ( T_{μν} − 1 2 g_{μν} T ) = 1 2 {L_ξμ + 2αμ + 3(L_ξp + 2αp)}u_μu_ν + 1 2 {L_ξμ + 2δμ − L_ξp − 2δp}h_{μν} . (A.23)

Decomposing this equation, we obtain [ L_ξ ( T_{μν} − 1 2 g_{μν} T )] u^μu^ν = 1 2 (L_ξμ + 2αμ) + 3 2 (L_ξp + 2αp), (A.24) [ L_ξ ( T_{μν} − 1 2 g_{μν} T )] h^{μν} = 3 2 (L_ξμ + 2δμ) − 3 2 (L_ξp + 2δp), (A.25) [ L_ξ ( T_{μν} − 1 2 g_{μν} T )] u^μh^ν_λ = 0, (A.26) [ L_ξ ( T_{μν} − 1 2 g_{μν} T )] ( h^μ_λh^ν_ρ − 1 3 h_{λρ}h^{μν} ) = 0. (A.27)

Hence, from Eqs. (A.18)–(A.21) and Eqs. (A.24)–(A.27), the integrability conditions for the kinematic self-similarity (A.14) are obtained as follows:

(δ − α)(−8ω^2 − 2u̇^{;κ}_κ ) = 8πG [ 1 2 (L_ξμ + 2αμ) + 3 2 (L_ξp + 2αp) ] ,(A.28)

2(δ − α)(θ̇ + θ^2 − 4ω^2) = 8πG [ 3 2 (L_ξμ + 2δμ) − 3 2 (L_ξp + 2δp) ] , (A.29)

2ω_{λμ}u̇^μ + 2ω^{;κ}_{κλ} − 4ω^2u_λ = 0, (A.30) and σ̇_{λρ} − u_ρσ_{λν}u̇^ν − u_λσ_{ρμ}u̇^μ + θσ_{λρ} + σ_{λκ}ω^κ_ρ + σ_{ρκ}ω^κ_λ + 2ω^κ_λ ω_{κρ} + 4 3 h_{λρ}ω^2 = 0.(A.31)

These equations must be satisfied in addition to the basic equations. The integrability conditions of the finite kinds (i.e., the first, second and zeroth kinds), assuming ‘physical’ self-similarity for the perfect fluid, i.e., L_ξμ = aμ, L_ξp = bp, (A.32) where a and b are constants, were obtained by Coley.^{34)}

If it is assumed that the fluid is irrotational, so that the vorticity is zero (i.e., ω_{μν} = 0), comoving coordinates can be adopted, and we obtain

μ̇ + (μ + p)θ = 0, (A.33) (μ + p)u̇_μ = −p_{,ν} h^ν_μ, (A.34)

θ̇ + 1 3 θ^2 − u̇^μ_{;μ} + 2σ^2 + 8πG 2 (μ + 3p) = 0, (A.35) ( −σ^{νκ}_{;κ} + 2 3 θ^{,ν} ) h^μ_ν + σ^μ_νu̇^ν = 0 (A.36) from Eqs. (A.2), (A.3), (A.4), (A.6) and (A.8), respectively, while −2(δ − α)u̇^{;κ}_κ = 8πG [ 1 2 L_ξ μ + αμ + 3 2 L_ξ p + 3αp ] , (A.37)

2(δ − α)(θ̇ + θ^2) = 8πG [ 3 2 L_ξ μ + 3δμ − 3 2 L_ξp − 3δp ] , (A.38)

0 = σ̇_{λρ} − u_ρσ_{λν}u̇^ν − u_λσ_{ρμ}u̇^μ + θσ_{λρ} (A.39)

from Eqs. (A.28), (A.29) and (A.31), respectively. The Gauss-Codacci equations must be satisfied in addition. The remaining non-trivial equations serve to define E_{μν} and H_{μν} . The Einstien tensor on the hypersurface orthogonal to u^μ are obtained from Eqs. (A.8), (A.12), (A.13) and (A.39) as 3R_{μν} − 1 3 h_{μν}^3R = E_{μν} + σ_{μκ}σ^κ_ν − 1 3 θσ_{μν} − 2 3 σ^2h_{μν} . (A.40)

Now we demonstrate the flatness of 3-surfaces orthogonal to the fluid flow for kinematic self-similar dust solutions. When p = 0, Eq. (A.3) gives u̇_μ = 0; i.e., the dust fluid is geodesic. From Eq. (A.4), we obtain 8πG 2 μ = −θ̇ − 1 3 θ^2 − 2σ^2. (A.41)

When μ > 0, θ cannot be identically zero, since σ^2 ≥ 0. Hence the following Lemma is shown.

Lemma 1 If a spacetime that satisfies the Einstein equations contains an irrotational dust fluid with positive energy density, then θ cannot be identically zero.

When p = 0, Eq. (A.37) gives L_ξ μ = −2αμ. Hence, the following Lemma is shown.

Lemma 2 If a spacetime satisfies the Einstein equations, contains an irrotational dust fluid, and admits a kinematic self-similarity vector field of the second, zeroth or infinite kind, then the dust fluid exhibits physical self-similarity with a = −2α.

We now show the following theorem.

Theorem 1 Any three surface orthogonal to the fluid flow in a kinemetic self-similar solution to the Einstein equations of the second, zeroth or infinite kind that contains only irrotational dust with positive energy density as a matter field is flat.

Proof. Equation (A.39) gives

σ̇_{μν} + θσ_{μν} = 0. (A.42)

Multiplying this equation by σ^{μν} , we obtain

σ[σ̇ + θσ] = 0. (A.43)

Equations (A.37) and (A.35) with Lemma 2 give (δ − α) ( θ̇ + 1 3 θ^2 + 2σ^2 + 8πG μ 2 ) = 0. (A.44)

Differentiating this and using Eqs. (A.43) and (A.44), we obtain (δ − α) ( θ̈ + 8 3 θθ̇ + 2 3 θ^3 + 8πG μ̇ + 2θμ 2 ) = 0, (A.45)

which yields, with use of Eq. (A.33) and the equation that is obtained by differentiating Eq. (A.38) with Lemma 2, (δ − α)θ [ 2 3 (θ̇ + θ^2) − 8πGμ ] = 0. (A.46)

By Lemma 1, this equation reduces to (δ − α) [ 2 3 (θ̇ + θ^2) − 8πGμ ] = 0. (A.47)

Hence we obtain 2(δ − α) ( − 1 3 θ^2 + σ^2 + 8πGμ ) = 0 (A.48)

from Eqs. (A.44) and (A.47). Finally, from Eqs. (A.12), (A.42) and (A.48), we consequently find that

(δ − α)^3R_{μν} = 0; (A.49)

i.e., 3-spaces orthogonal to u^μ are flat in the case of kinematic self-similarity of the second, zeroth and infinite kinds, because α ≠ δ.

If the spacetime is spherically symmetric, the solution can be obtained as the Lemaître- Tolman-Bondi family of solutions. Because the fact that the 3-surfaces orthogonal to the fluid flow are flat corresponds to the fact that these solutions are those for the marginally bound case, we can show the following corollary.

Corollary 1 A spherically symmetric kinemetic self-similar solution to the Einstein equations of the second, zeroth or infinite kind that contains only dust with positive energy density as its matter field is described by the marginally bound Lemaître- Tolman-Bondi family of solutions.

References

1) H. Maeda, J. Koga and K. Maeda, Phys. Rev. D 66 (2002), 087501. 2) B. J. Carr, in Proceedings of the Ninth Workshop on General Relativity and Gravitation, Hiroshima, Japan, 1999, ed. Y. Eriguchi et al., p. 425, gr-qc/0003009.

3) R. B. Larson, Mon. Not. R. Astron. Soc. 145 (1969), 271. 4) M. V. Penston, Mon. Not. R. Astron. Soc. 144 (1969), 425. 5) P. N. Foster and R. A. Chevalier, Astrophys. J. 416 (1993), 303.

A Classification of Kinematic Self-Similar Perfect-Fluid Solutions II 39

6) T. Hanawa and K. Nakayama, Astrophys. J. 484 (1997), 238. 7) T. Tsuribe and S. Inutsuka, Astrophys. J. 526 (1999), 307. 8) H. Maeda and T. Harada, Phys. Rev. D 64 (2001), 124024. 9) T. Harada, H. Maeda and B. Semelin, Phys. Rev. D 67 (2003), 084003. 10) A. Ori and T. Piran, Phys. Rev. Lett. 59 (1987), 2137. 11) A. Ori and T. Piran, Gen. Relat. Gravit. 20 (1988), 7. 12) A. Ori and T. Piran, Phys. Rev. D 42 (1990), 1068. 13) T. Harada, Phys. Rev. D 58 (1998), 104015. 14) T. Harada and H. Maeda, Phys. Rev. D 63 (2001), 084022. 15) T. Harada, Class. Quantum Grav. 18 (2001), 4549. 16) M. E. Cahill and A. H. Taub, Commun. Math. Phys. 21 (1971), 1. 17) M. W. Choptuik, Phys. Rev. Lett. 70 (1993), 9.

18) C. R. Evans and J. S. Coleman, Phys. Rev. Lett. 72 (1994), 1782. 19) T. Koike, T. Hara and S. Adachi, Phys. Rev. Lett. 74 (1995), 5170; Phys. Rev. D 59 (1999), 104008.

20) D. W. Neilsen and M. W. Choptuik, Class. Quantum Grav. 17 (2000), 733; Class. Quantum Grav. 17 (2000), 761.

21) P. R. Brady, M. W. Choptuik, C. Gundlach and D. W. Neilsen, Class. Quantum Grav. 19 (2002), 6359.

22) B. J. Carr and S. W. Hawking, Mon. Not. R. Astron. Soc. 168 (1974), 399. 23) G. V. Bicknell and R. N. Henriksen, Astrophys. J. 219 (1978), 1043; Astrophys. J. 225 (1978), 237.

24) K. Tomita, Astrophys. J. 451 (1995), 1; Phys. Rev. D 56 (1997), 3341; Gen. Relat. Gravit.

29 (1997), 815.

25) B. J. Carr, Phys. Rev. D 62 (2000), 044022.

26) B. J. Carr and A. A. Coley, Phys. Rev. D 62 (2000), 044023.

27) M. Goliath, U. Nilsson and C. Uggla, Class. Quantum Grav. 15 (1998), 167; Class. Quantum Grav. 15 (1998), 2841.

28) B. J. Carr, A. A. Colley, M. Goliath, U. S. Nilsson and C. Uggla, Phys. Rev. D 61 (2000), 081502(R).

29) B. J. Carr, A. A. Colley, M. Goliath, U. S. Nilsson and C. Uggla, Class. Quantum Grav.

18 (2001), 303.

30) A. A. Coley, Class. Quantum. Grav. 8 (1991), 955. 31) C. B. G. McIntosh, Gen. Relat. Gravit. 7(1975), 199 . 32) B. Carter and R. N. Henriksen, Ann. de Phys. 14 (1989), 47. 33) B. Carter and R. N. Henriksen, J. Math. Phys. 32 (1991), 2580. 34) A. A. Coley, Class. Quantum Grav. 14 (1997), 87.

35) P. M. Benoit and A. A. Coley, Class. Quantum Grav. 15 (1998), 2397. 36) A. M. Sintes, P. M. Benoit and A. A. Coley, Gen. Relat. Gravit. 33 (2001), 1863. 37) C. F. C. Brandt, L.-M. Lin, J. F. Villas da Rocha, and A. Z. Wang, Int. J. Mod. Phys. D 11 (2002), 155.

38) H. Maeda, T. Harada, H. Iguchi and N. Okuyama, Phys. Rev. D 66 (2002), 027501. 39) H. Maeda, T. Harada, H. Iguchi and N. Okuyama, Prog. Theor. Phys. 108 (2002), 819. 40) G. Lemaître, Ann. Soc. Sci. Bruxelles I A 53 (1933), 51; R. C. Tolman, Proc. Natl. Acad.

Sci. U.S.A. 20 (1934), 169; H. Bondi, Mon. Not. Roy. Astr. Soc. 107 (1947), 410. 41) T. Zannias, Phys. Rev. D 44 (1991), 2397.

42) R. N. Henriksen and K. Patel, Gen. Relat. Gravit. 23 (1991), 527. 43) K. Lake, Phys. Rev. Lett. 68 (1992), 3129.

44) G. F. R. Ellis, Relativistic Cosmology, in General Relativity and Cosmology, XLVII Corso, Varenna, Italy, 1969, ed. by R. Sachs (Academic, New York).

45) H. Nariai, Sci. Rep. Tohoku Univ. Ser. 1 35 (1951), 62.