arXiv:gr-qc/0304053 v3 26 Sep 2003

Quasinormal modes of d-dimensional spherical black holes with a near extreme cosmological constant

C. Molina^∗ Instituto de Física, Universidade de São Paulo C.P. 66318, CEP 05315, São Paulo-SP, Brazil

We derive an expression for the quasinormal modes of scalar perturbations in near extreme d-dimensional Schwarzschild-de Sitter and Reissner-Nordström-de Sitter black holes. We show that, in the near extreme limit, the dynamics of the scalar field is characterized by a Pöschl-Teller effective potential. The results are qualitatively independent of the spacetime dimension and field mass.

PACS numbers: 04.30.Nk,04.70.Bw

I. INTRODUCTION

Recent observational results suggest that the universe in large scale is described by an Einstein equation with an (at least effective) cosmological constant. In this context, the dynamics of fields in spacetimes which are not asymptotically flat has taken on new importance. Quasinormal modes are a fundamental part of this dynamics. In general, perturbations in the spacetime exterior of a black hole are followed by oscillations which decay exponentially in time. Roughly speaking, these are quasinormal modes, complex frequency modes which carry information about the background geometry, and are independent of the initial perturbation. The characterization of the quasinormal modes originated from compact objects are of particular relevance in gravitational wave astronomy [1]. Their detection is expected to be realized through gravitational wave observations in the near future.

In asymptotically anti-de Sitter spacetimes, the antide Sitter/conformal field theory (AdS/CFT) correspondence [2] plays a very important role. In this framework, a link is established among the quasinormal frequencies of a test field in AdS black holes and the decay rates in the dual field theory. The first study of the scalar quasinormal modes in AdS space was performed by Chan and Mann [3]. For Bañados-Teitelboim-Zanelli (BTZ) black holes, exact expressions for the quasinormal modes were obtained by Cardoso and Lemos for scalar, electromagnetic, and Weyl perturbations [4]. In this context, the connection of CFT and quasinormal modes was explored by Birmingham et al. [5]. The problem in higher dimensions was considered by Horowitz and Hubeny [6]. Their basic results were confirmed in [7] by direct calculation of the wave functions. Some other perturbations in AdS backgrounds were treated in [8].

For asymptotically de Sitter spacetimes, similar conjectures have been formulated. Strominger [9] proposed a holographic duality relating quantum gravity on ddimensional de Sitter space (dS_d) to a conformal field the-

∗Electronic address: cmolina@fma.if.usp.br

ory residing on the past boundary of dS_d. This dS/CFT correspondence has motivated several works (as, e.g., [10]).

A very different and intriguing application of quasinormal modes have been suggested recently. In the context of loop quantum gravity, it has been shown that the area of the event horizon is quantized, but the expression involves a free quantity, the Barbero-Immirzi parameter. Hod noticed that the asymptotic real part of the quasinormal frequency of the Schwarzschild black hole is proportional to ln 3 [11]. This observation was applied by Dreyer to fix the Barbero-Immirzi parameter [12]. And in [13], Motl proved Hod’s observation. Kunstatter used these ideas [14] to propose a Bekenstein-Hawking entropy spectrum for d-dimensional spherically symmetric black holes. In [15], Abdalla, Castello-Branco, and Lima-Santos proposed an area quantization prescription for the near extreme Schwarzschild-de Sitter and Kerr black holes.

Calculating analytic expressions for the quasinormal frequencies is usually difficult, except in particular situations. Approximation schemes were developed to circumvent this problem [16]. One case where analytic expressions were found is the Pöschl-Teller potential [17]. For this potential, many properties have been proved and the frequencies have been calculated [18, 19]. In a recent work [20], Cardoso and Lemos studied the Schwarzschildde Sitter geometry in four dimensions, and showed that the dynamics is specified by a Pöschl-Teller effective potential. They calculated exact expressions for the quasinormal modes, demonstrating why a previous approximation made by Moss and Norman [21] hold in the near extreme regime.

In the present work, we generalize the method used by Cardoso and Lemos in [20]. We analyze scalar fields, massless and massive, in the d-dimensional Schwarzschild-de Sitter (SdS) and Reissner-Nordström-de Sitter (RNdS) geometry. The approach here is a bottom-up one. In the next section, the horizon structure of the d-dimensional Schwarzschild-de Sitter is discussed. The geometry of the block outside the event horizon is then treated in the near extreme limit. In Sec. IV, we show that the ideas developed in the previous sections can be applied to more general spacetimes, including the d-dimensional Reissner-Nordström-de Sitter black holes. In Sec. V, the dynamics of the scalar field in spherical backgrounds is discussed, and analytical formulas for the quasinormal frequencies are calculated. In Sec. VI some final remarks are made.

II. SCHWARZSCHILD-DE SITTER METRIC

The metric describing a d-dimensional nonasymptotically flat spherical black hole was presented in [22]. Written in spherical coordinates, the Schwarzschild-de Sitter metric is given by

ds^2 = −h(r)dt^2 + h(r)^{−1}dr^2 + r^2dΩ^2_{d−2} , (1)

where the function h(r) is

h(r) = 1 − 2m r^{d−3} − Λr^2 3 . (2)

The integration constant m is proportional to the black hole mass, and dΩ^2_{d−2} is the line element of the (d − 2)- dimensional unit sphere:

dΩ^2_{d−2} = ( dθ^1 )_2

+ sin^2 θ^1 ( dθ^1 )_2 + · · · + sin^2 θ^1 · · · sin^2 θ^{d−2} ( dθ^{d−2} )_2 . (3)

If the cosmological constant is positive, the spacetime is asymptotically de Sitter. In this case, Λ is usually written in terms of a “cosmological radius” a as Λ = 3 a^2

. (4)

The causal structure of the spacetime described by the metric presented depends of the positive real roots of the function h(r). By rescaling the metric and the coordinates t and r, it can be seen that only one parameter is necessary to characterize the set of possible zeros of h(r). Indeed, if the mass is nonvanishing, a convenient parameter is m^2/a^{2(d−3)}. We will classify the possible horizons of the spacetime in the following proposition.

Proposition 1 Let d ≥ 4, a^2 > 0 and m > 0.

• The spacetime has two horizons if and only if the condition

m^2 a^{2(d−3)} < (d − 3)^{d−3} (d − 1)^{d−1} (5) is satisfied. This is the usual d-dimensional Schwarzschild-de Sitter black hole.

• The spacetime has one horizon if and only if the condition

m^2 a^{2(d−3)} = (d − 3)^{d−3} (d − 1)^{d−1} (6) is satisfied. This is the extreme Schwarzschild-de Sitter black hole.

• The spacetime has no horizon if and only if the condition

m^2 a^{2(d−3)} > (d − 3)^{d−3} (d − 1)^{d−1} (7) is satisfied.

From proposition 1 we learn that the global structure of the manifolds described by the Schwarzschild-de Sitter metric is largely independent of the dimension. With a small value of m^2/a^{2(d−3)}, this metric describes a spacetime with two horizons — an event horizon r_+ and a cosmological horizon r_c (0 < r_+ < r_c). The region of interest in this paper is the block T_+ = {(t, r, θ_1, · · · , θ_{d−2}), r_+ < r < r_c} . (8) In the critical value, the event horizon and the cosmological horizon coincide. This is the extreme Schwarzschildde Sitter black hole. When m^2/a^{2(d−3)} is larger than the critical value, the metric no longer describes a black hole.

III. NEAR EXTREME SCHWARZSCHILD-DE SITTER BLACK HOLE

Since we are interested in the limit where the event and cosmological horizons are very close, it is natural to define the dimensionless parameter δ^′ as

δ^′ = r_c − r_+ a , (9)

so that the near extreme limit is such that

0 < δ^′ ≪ 1 . (10)

In the Schwarzschild-de Sitter (SdS) black hole case, however, it is convenient to use another dimensionless parameter δ̄, defined as

δ̄ = √ 1 − m^2 a^{2(d−3)} (d − 1)^{d−1} (d − 3)^{d−3} . (11)

It is clear from proposition 1 that the near extreme SdS black hole corresponds to the limit

0 < δ̄ ≪ 1 . (12)

The limits (10) and (12) are equivalent. Furthermore, it can be shown that they go to zero at the same rate:

δ̄ = d − 1 2 δ^′ + O(δ^{′2}) . (13)

In the Schwarzschild-de Sitter scenario, the function h(r) has one local maximum r_0 in the interval [r_+, r_c]. This point can be expressed in terms of the parameters m and a as

r_0 = [ (d − 3)ma^2 ]_{1/(d−1)} . (14)

Near the extreme limit, the function h(r) can be approximated by its Taylor expansion up to the second order in δ^′ around the local maximum r = r_0:

h(r) = h(r_0) + a^2 2 d^2h(r) dr^2 | | | |_{r=r0} ( r − r_0 a )_2 + O ( δ^{′3} ) . (15) To lowest order δ^′ and δ̄ are proportional, and the expression (15) can be written as h(r) = d − 1 a^2 (r^{ap}_c − r) ( r − r^{ap}_+ ) + O (¯ δ^3 ) , (16)

where the constants r^{ap}_+ and r^{ap}_− are approximations of the event and cosmological horizons, given by

r^{ap}_c = r_0 + a √ 1 − ( 1 − δ̄^2 ) 1_{d−1} d − 1 = a (√ d − 3 d − 1 + δ̄ d − 1 ) + O (¯ δ^2 ) , (17)

r^{ap}_+ = r_0 − a √ 1 − ( 1 − δ̄^2 ) 1_{d−1} d − 1 = a (√ d − 3 d − 1 − δ̄ d − 1 ) + O (¯ δ^2 ) . (18)

The next step is to calculate the tortoise radial function x(r), defined at the block T_+ in the usual way, x(r) = ∫ dr h(r) = − 1 2κ^{ap}_c ln (r^{ap}_c − r) + 1 2κ^{ap}_+ ln ( r − r^{ap}_+ ) +O (¯ δ^3 ) , (19)

where the constants κ^{ap}_c and κ^{ap}_+ are

κ^{ap}_c = κ^{ap}_+ = d − 1 2a^2 ( r^{ap}_c − r^{ap}_+ ) = δ̄ a + O (¯ δ^2 ) . (20)

Observe that these constants are approximations to the surface gravities of the event and cosmological horizons, which tend to zero in the extreme limit.

The key point is that, in this limit, the function x(r) can be analytically inverted. With the expression for r(x), the function h(x) ≡ h (r(x)) can be explicitly calculated h(x) = δ̄2 d − 1 1 cosh^2(κ^{ap}_+ x) + O (¯ δ^3 ) . (21)

All the constants in Eq. (21) can be obtained from the parameters m and Λ.

The approach used here to treat the near extreme Schwarzschild-de Sitter black hole can be generalized. In the next section we will see that h(x) in the expression (21) have the same form in a broader class of near extreme spacetimes.

IV. MORE GENERAL SETTING

The fact that the function h(r) for the d-dimensional Schwarzschild-de Sitter black hole can be written in the form (16) is not a particularity of this specific geometry. Basically, all we have used is the following:

• The function h(r) has at least two positive real roots r_1 and r_2 (r_1 < r_2). If r_1 and r_2 are consecutive roots, we are interested in the submanifold given by the block

T_1 = {(t, r, θ_1, · · · , θ_{d−2}), r_1 < r < r_2} . (22)

• The function h(r) is, at least, a C^3 function at the interval [r_1, r_2].

• The points r_1 and r_2 are simple roots of h(r).

• There is a near extreme limit, a region of the parameter space where the horizons are arbitrarily close, such that 0 < r_2 − r_1 r_1

≪ 1 . (23)

Since h(r) is continuous, there is a maximum or minimum point r_0 ∈]r_1, r_2[. But in general the analytical determination of r_0 in terms of the parameters of the metric is not easy. It is convenient then to consider r_1, r_2, and κ_1 as the fundamental parameters of the spacetime, where κ_1 is the surface gravity at the horizon r = r_1.

In terms of these parameters, the function h(r) can be approximated, in the near extreme limit, as h(r) = 2κ_1 r_2 − r_1

(r_2 − r)(r − r_1) + O ( δ^3 ) , (24)

with δ = (r_2 − r_1)/r_1. The tortoise function x(r), whose domain is the interval ]r_1, r_2[, can be easily calculated from the expression (24). From its inverse r(x) it is straightforward to obtain h(x): h(x) = (r_2 − r_1)κ_1 2 cosh^2(κ_1x) + O ( δ^3 ) . (25)

One possible generalization of the d-dimensional Schwarzschild-de Sitter geometry is the metric in the form (1) with the function h(r) given by

h(r) = 1 − 2m r^{d−3} + q^2 r^{2d−6} − Λr^2 3 . (26)

This is the d-dimensional Reissner-Nordström-de Sitter metric [22], which describes a charged black hole asymptotically de Sitter. The integration constants m and q are proportional to the black hole mass and electric charge.

The parameter space for the RNdS metric is much more complex than the SdS case. It can be shown that the function h(r), for arbitrary d, has at most three positive real roots (plus negative roots). And if the number of positive roots is three, they are simple. These roots are the Cauchy (r_−), event (r_+), and cosmological (r_c) horizons, with 0 < r_− < r_+ < r_c. The function h(r) is smooth in both intervals ]r_−, r_+[ and ]r_+, r_c[, and there are regions of the parameter space in which the intervals collapse to points.

The conditions shown in the beginning of this section therefore apply to the RNdS metric, and we have two possible near extreme situations for the RNdS metric, where r_− ≈ r_+ and r_+ ≈ r_c. Although the work developed in this section applies for both cases, we are mainly interested in the second one. We will therefore specify the work to the near extreme T_+ block of the Schwarzschildde Sitter and Reissner-Nordström-de Sitter metric.

V. EFFECTIVE POTENTIAL AND QUASINORMAL MODES

We introduce in the d-dimensional SdS or RNdS spacetime a real scalar field Φ, with mass μ ≥ 0, described by the equation ( □ − μ^2 ) Φ = 0 . (27)

Expanding the field in (hyper)spherical harmonics, in the form Φ = ∑ ℓ m r^{−(d−2)/2}ψ_ℓ(t, r)Y_{ℓ m}({θ_i}) , (28) we get a decoupled wave equation for each value of ℓ. In terms of the coordinates t and x, this equation reads − ∂^2ψ_ℓ ∂t^2 + ∂^2ψ_ℓ ∂x^2 = V (x)ψ_ℓ . (29)

The effective potential V (x) ≡ V (r(x)) is obtained using the function r(x) and the effective potential in terms of the radial coordinate r:

V (r) = h(r)Ω(r) , (30)

with the function Ω(r) given by

Ω(r) = μ^2 + ℓ(ℓ + d − 3) r^2 + d − 2 2r h^′(r) + (d − 2)(d − 4)

4r^2 h(r) . (31)

Expanding the function V (r) around the point r = (r_+ + r_c)/2, we have, for ℓ > 0 or μ > 0:

V (r) = [ ℓ(ℓ + d − 3) r^2_+

+ μ^2 ] 2κ_+(r_c − r)(r − r_+) r_c − r_+ +O(δ) . (32) The expression (32) for V (r) is not useful when μ = ℓ = 0 because in this case V (r) = 0 + O(δ). Assuming ℓ > 0 or μ > 0, we calculate the function V (x) as

V (x) =

V_0 cosh^2 (κ_+x)

+ O(δ) , (33)

where the constant V_0 is given by

V_0 = [ ℓ(ℓ + d − 3) r^2_+

+ μ^2 ] (r_c − r_+)κ_+ 2 . (34)

The effective potential V (x) in the expression (33) is the Pöschl-Teller potential [17], which has been extensively studied. In particular, attention has been dedicated to the quasinormal modes associated [18, 19]. One way to introduce the problem [1, 23] is Laplace transforming the wave equation (29), so the problem can be put as a Cauchy initial value problem. It is found that there is a discrete set of possible values to s such that the function ψ̂_ℓ, the Laplace transformed field, satisfies both boundary conditions:

lim x→−∞ ψ̂_ℓ e^{sx} = 1 , (35)

lim x→+∞ ψ̂_ℓ e^{−sx} = 1 . (36)

By making the formal replacement s = iω, we have the usual quasinormal mode boundary conditions. The frequencies ω (or s) are called quasinormal frequencies.

Using the result (34), we find that for both Schwarzschild-de Sitter and Reissner-Nordström-de Sitter cases we have

ω κ_+ = √[ ℓ(ℓ + d − 3) r^2_+

+ μ^2 ] r_c − r_+

2κ_+ − 1 4 − i ( n + 1 2 ) . (37)

For the SdS geometry, V_0 can be written in terms of m and Λ. The real and imaginary parts of the quasinormal frequencies in this case are

Re(ω) = [ Λ 3 − m^2Λ^{d−2} 3^{d−2} (d − 1)^{d−1} (d − 3)^{d−3} ]^1_2 [ ℓ(ℓ + d − 3) d − 3 + 3μ^2 (d − 1)Λ − 1 4 ] 1_2 , (38)

Im(ω) = − ( n + 1 2 ) [ Λ 3 − m^2Λ^{d−2} 3^{d−2} (d − 1)^{d−1} (d − 3)^{d−3} ]^1_2 , (39) with n ∈ {0, 1, . . .} labelling the modes.

VI. CONCLUSIONS

We have studied a scalar field outside the event horizon of spherical d-dimensional black holes with near extreme cosmological constant. Its dynamics is determined by a Pöschl-Teller effective potential, which allows us to calculate analytic expressions for the quasinormal frequencies. In the Schwarzschild-de Sitter case, the parameter space can be precisely characterized. As a consequence, the quasinormal modes can be written in terms of the parameters m and Λ of the metric.

Our results generalize the previous conclusions obtained in [20]. In particular, we see that the real part of the quasinormal frequencies does not depend on the mode (n), and that the relaxation time of the field is independent of its mass. We also demonstrate that the addition of charge to the black hole or mass to the scalar field does not alter the basic characteristics of the field dynamics in the near extreme regime.

Since we are imposing spherical symmetry, it is not too surprising that the field evolution is qualitatively independent of the dimension. However, it is interesting to note that the explicit expressions of the frequencies are very similar for any value of d. It would be instructive to see if this happens in non-spherical geometries.

Acknowledgments

The author is grateful to E. Abdalla for very useful discussions and encouragement. This work was supported by Fundação de Amparo à Pesquisa do Estado de São Paulo (FAPESP), Brazil.

[1] K. D. Kokkotas and B. G. Schmidt, Living Rev. Relativity 2 (1999) 2, gr-qc/9909058, and references therein.

[2] J. M. Maldacena, Adv. Theor. Math. Phys. 2, 231 (1998), hep-th/9711200; E. Witten, idib. 2, 253 (1998), hep-th/9802150; S. S. Gubser, I. R. Klebanov, and A. M. Polyakov, Phys. Lett. B 428, 105 (1998), hep-th/9802109.

[3] J. S. F. Chan and R. B. Mann, Phys. Rev. D 55, 7546 (1997), gr-qc/9612026.

[4] V. Cardoso and J. P. S. Lemos, Phys. Rev. D 63, 124015 (2001), gr-qc/0101052.

[5] D. Birmingham, Phys. Rev. D 64, 064024 (2001), hep-th/0101194; D. Birmingham, I. Sachs, and S. Sen, Int. J. Mod. Phys. D 10, 833 (2001), hep-th/0102155.

[6] G. T. Horowitz and V. E. Hubeny, Phys. Rev. D 62, 024027 (2000), hep-th/9909056.

[7] B. Wang, C. Molina, and E. Abdalla, Phys. Rev. D 63, 084001 (2001), hep-th/0005143.

[8] V. Cardoso and J. P. S. Lemos, Phys. Rev. D 64, 084017 (2001), gr-qc/0105103; V. Cardoso and J. P. S. Lemos, Class. Quantum Grav. 18, 5257 (2001), gr-qc/0107098; R. A. Konoplya, Phys. Rev. D 66, 084007 (2002), gr-qc/0207028; R. A. Konoplya, Phys. Rev. D 66, 044009 (2002), hep-th/0205142.

[9] A. Strominger, J. High Energy Phys. 110, 034 (2001), hep-th/0106113.

[10] S. Nojiri and S. D. Odintsov, Phys. Lett. B 531, 143 (2002), hep-th/0201210; H. W. Lee and Y. S. Myung, idib. 537, 117 (2002), hep-th/0204083; E. Abdalla, B. Wang, A. Lima-Santos, and W. G. Qiu, Phys. Lett. B

538, 435 (2002), hep-th/0204030; E. Abdalla, K. H. C. Castello-Branco, and A. Lima-Santos, Phys. Rev. D 66, 104018 (2002), hep-th/0208065.

[11] S. Hod, Phys. Rev. Lett. 81, 4293 (1998), gr-qc/9812002. [12] O. Dreyer, Phys. Rev. Lett. 90, 081301 (2003), gr-qc/0211076.

[13] L. Motl, Adv. Theor. Math. Phys. 6, 1135 (2003), gr-qc/0212096.

[14] G. Kunstatter, Phys. Rev. Lett. 90, 161301 (2002), gr-qc/0212014.

[15] E. Abdalla, K. H. C. Castello-Branco, and A. Lima- Santos, Mod. Phys. Lett. A 18, 1435, (2003), gr-qc/0301130.

[16] R. Konoplya, Phys. Rev. D 68, 024018 (2003), gr-qc/0303052; V. Suneeta, idib. 68, 024020 (2003), gr-qc/0303114.

[17] G. Pöschl and E. Teller, Z. Phys. 83, 143 (1933). [18] V. Ferrari and B. Mashhoon, Phys. Rev. D 30, 295 (1984).

[19] H. Beyer, Commun. Math. Phys. 204, 397 (1999), gr-qc/9803034.

[20] V. Cardoso and J. P. S. Lemos, Phys. Rev. D 67, 084020 (2003), gr-qc/0301078.

[21] I. G. Moss and J. P. Norman, Class. Quantum Grav. 19, 2323 (2002), gr-qc/0201016.

[22] F. Tangherlini, Nuovo Cimento 27, 636 (1963). [23] H. P. Nollert and B. G. Schmidt, Phys. Rev. D 45, 2617 (1992).